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1. Introduction

It has been widely recognized that the symplectic integrator has the numerical superiority when
applied to solving Hamiltonian ODEs. A systemic theory of symplectic integrators for Hamiltonian
ODEs has been established by some authors. The Runge-Kutta methods play an important role in
numerically solving differential equations (see [1, 3, 4, 6, 9-19] and references therein). The symplectic
condition of Runge-Kutta methods was founded independently by Lasagni, Sanz-Serna and Suris in
1988 (see [6, 13, 15, 18] and references therein). The numerical analysis has been investigated and
developed by some authors (see [4, 6, 10, 13, 19] and references therein). Some characterizations of
symplectic partitioned Runge-Kutta method, which are very useful for the construction of symplectic
schemes for solving numerical Hamiltonian problems, were obtained by Sanz-Serna in [14], Sun
in [16, 17] and Suris in [19], and recently discussed by Marsden and West in [11]. Reich in [12]
considered Hamiltonian wave equations, and showed that the Gauss-Legendre discretization applied
to the scalar wave equation (and Schrédinger equation) both in time and space direction, leads to
a multi-symplectic integrator (also see [9]) . Motivated by ref. [6, 12, 14, 16, 17, 19], questions we
considered are : are there any multi-symplectic partitioned Runge-Kutta methods for Hamiltonian
PDEs? what is the characterization of multi-symplectic partitioned Runge-Kutta methods for the
general case of Hamiltonian PDEs? The answer to the first question is obviously affirmative. The
last question is closely related to the construction of higher order multi-symplectic schemes for
Hamiltonian PDEs. In this article we consider the general case of Hamiltonian PDEs, and investigate
the multi-symplecticity of partitioned Runge-Kutta methods, then present some conditions for multi-
symplectic partitioned Runge-Kutta methods. In the rest of this section we introduce some basic

concepts on multi-symplectic discretization and multi-symplecticity of Hamiltonian PDEs, and give
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an extension version of Reich’s result on the multi-symplecticity of Gauss-Legendre methods for
the general case of Hamiltonian PDEs. In section 2 we present conditions for multi-symplecticity
of partitioned Runge-Kutta methods when applied to a Hamiltonian PDE. In section 3, the multi-
symplecticity of partitioned Runge-Kutta methods for the wave equation is discussed. In section 4
we investigate conservative properties of energy and momentum for Runge-Kutta methods of linear
Hamiltonian PDEs. In what follows we assume that all numerical methods proposed are numerically
solvable, and only focus on the multi-sympleciticity of methods.

Consider the Hamiltonian partial differential equation
Mz + Kz, = V.S(2), (1) € QC R?, (1)

where M and K are skew-symmetric matrices, and S is a real smooth function of variable z. As
well-known, some very important partial differential equations can be rewritten in this form (see [2,

7, 8, 12] and references therein). The following is its multi-symplectic conservation law

ow(U, V) n Ok(U, V)

=0 2
ot or ’ (2)
where
w(U,V)=UTMTV, k(U V)=UTKTV,
U(x,t) and V(x,t) are solutions of the variational equation
Mdzy + Kdz, = D,,S(2)dz. (3)

In order to study the multi-symplecticity (2)-preserving Runge-Kutta method, we introduce an
uniform grid (z;,t) € R? with mesh-length At in the t direction and mesh-length Az in the
« direction. The value of the function ¢ (x,t) at the mesh point (z;,%x) is denoted by ;. The

equation (1), (2) and (3) can be, respectively, schemed numerically as

MO)* 2 + K0P 20 = (V2Sin), )

0P wj + 0%k = 0, (5)

Mo}*(dz)j . + KOL*(dz)jx = (DEFS; k) (d2) 0, (6)

where Sj’k; = S(Zj,ka$j7tk)7
wjr =< MUj,kn‘/j,k > Kjk =< KUj,ka‘/}',k >,

U, and Vj, are solutions of (6), and ag*’“, 03k are discretizations of the derivatives 9; and 9,

respectively. The following definition is from [2]

Definition 1 The numerical scheme (4) is called multi-symplectic if (5) is a discrete conservation

law of (4).



To simplify notations, let the starting point (xg,t9)=(0,0) in numerical methods proposed throu-

ghout this paper. The Runge-Kutta method for the equation (1) is the following

e = 29 + At 22:1 a0t Zpmj, (7)
zh =20 + At bkOi ik, (8)
Tt = 28+ A5 n O Zn (9)
=2+ Ax Y bmOn Do, (10)
MO Zyic + KOy Zyie = V28 (Zmi), (1)

where notations are used as follows Z,,, ~ z(c Ax, dpAt), 29 = 2(c;n Az, 0), Ot Zpj ~ Opz(cm Az, dpAt),

02 Zmj =~ Opz(Cm Az, diAt), 2L ~ 2(cp Az, At). 2§ ~ 2(0,dpAt), 2§ ~ z(Ax, dyAt), and

s r
Cm = § Umn, di, = § Q.
n=1 j=1

Corresponding variational equations to (7-11) respectively are

dka- = dZ,gL + At Z;:l akjd(ﬁthj), (12)
dz}t, = dz8 + At Y, bid(0: Zmy), (13)
AZpp, = d2§ + A2 Y0 | G d (00 Znk), (14)
def = dzf + Ax Y byd(8p Zomk), (15)
where D,,S(Z) is a symmetric matrix.
Theorem 1 If in the method (7-11)
bkbj — bkakj — bjajk == O (17)
and  byby — by — bpdpm = 0 (18)

hold for k,5=1,2,--- r and m,n =1,2,---,s, then the method (7-11) is multi-symplectic with the
conservation law

Az 35y b ((d2d)TMT (dzh) — (d20,)T MT(d29,))

FATS (@) TR (d2E) — (do) KT (d=8) = 0, 19)

where

{dzk,, d20,, d2%, A2k, dZe, d(Dy Znk ), A(D Zomie)}

and {dz}, d20 ,dzk, dzk, dZm, d(Op Znt,), d(0s Zmi) }

are solutions of the variational equation (12-16).



Proof. Let

{21, d20 | d2k, dzk, dZpg, A(Dy Zonk ), (O Zumie) }
{dz}  d28 . dzk, dzb, dZm, d(Op Zm), d(0s Zmi) }

are solutions of the variational equation (12-16). It follows from (12-16) and (17-18) that

(A=) M7 (d2},) = (d2B) T M7 (d29)

= AL (A0 Z) M <dzmk>+<dE;k>TMTd<atzmk>>
+(Af)2§:§,k:1(bkb bkaka bjaji)d(; Zmi) MTd(athk)
)

(20)
= At 22:1 by (d(at mk) (dka + (dka) MTd(Bthk)),
and . N
()7 K (d4) — (d=§)" K (d=) o
- —— T — T
=Ax anzl bm(d(axzmk) KT(dka) + (dka) KTd(amek))'
Using (16) and the symmetry of the matrix D,,S(Z,x) produce
= T o P
d(athk) M (dka) + (dka) M d(athk) (22)

T T 7 LT
+d(8mek) K (dka) + (dka) K d(axzmk') =0
Combining (20), (21) and (22), the proof of theorem is completed.

Remark 1 This theorem can be extended to the Hamiltonian partial differential equation with va-
rying coefficients

M(2z)z + K(t)z, = V. S(z, 2, 1), (23)

where M(x) and K (t) are skew-symmetric matrices and smooth in x and t respectively, S(z,x,t) is

a smooth real function.

The following corollary is a natural extension of the result in [12]

Corollary 1 Ifin (7-11), the method applied to both time direction and space direction is of Gauss-
Legendre, then the method (7-11) is a multi-symplectic integrator.

2. Partitioned Runge-Kutta methods

We consider the blocked Hamiltonian partial differential equation

M, My Dt Ki Ko pe \ _ [ VS q)

(—M&F M2><Qt)+<_Kg KQ)(Qw)_<VqS(p7Q)>7 (24)
where M., K, (1 = 1,2) are a X « skew-symmetric matrices, My, Ky are o X o matrices, S(p, q) is
a smooth real function in p = (p1,p2, -+, Pa)’ and ¢ = (q1,42,"**,qa)’ -

The corresponding multi-symplectic conservation law is :

Ow(U, V) N Ok(U, V)
ot Ox

=0, (25)



where

T
T M, My
WU, V) =U (MOT W) v

k(U V)=UT (

U(x,t) and V(z,t) are solutions of the variational equation

My M, K1 Ko _
( “MT M, >dzt+< KT K, >dz$—DZZS(z)dz

and z = (p1,P2, "+ Pa» 71592, o)’ . Now we apply partitioned Runge-Kutta method to the

equation (24).

Ky

Ky
K Kg) v,

(26)

P = 10, + At Y 0l 0, Py, (27)
Qui = 4% + At a2 0:Qumj, (28)
Phy = D0+ AL ST b0, Pk, (29)
G = 4+ AT B 0Qu, (30)
Prge = Db + Az Y0, @n 0y P, (31)
Qmk = g5 + Az Zn 1 amnﬁ Qnk» (32)
Pk =k + Az Y0 b0y P, (33)
af = ab + Ax Y0 b 05 Qs (34)
( MM ) ( O P ( KK ) ( O P ) _ ( VpS(Pon; Q) ) R
My My 9 Qmk -K; K 0x Qi VS (Prkes Q)
where we make use of notations
P & plem Az, 0), Pm & plem Az, At),
ph =~ p(0,dpAt), pk ~ p(Ax, diAt),
0 ~ q(em Az, 0), I % q(em Az, At),
g8 =~ (0, diAt), a1 ~ q(Az, dpAb),
P =~ p(emAx, dipAt), Qmk =~ q(cmAx, dpAt),
Ot Pt = L (cnAx, dpAt), 0y Py ~ %(Cmm,dkm),
Qi ~ S (cmAz, dpAt),  0,Qui ~ %(cmm, diAt)
under the assumption that
Za(l) = Z 2) — ., Za(l) = Z = d. (36)
n=1 j=1
The corresponding system of variation equations of this method to (27-35) to (6) is

APy = dp®, + At Zj 1 akj d@t s (37)




Qi = g%, + At Y7 a0 Qmj, (38)
dpt, = dp® + At _ bV dd, Py, (39)
dgl, = dg% + At Y, 07 d0y Qo (40)

APy = dply + Az 3% _ | alhd0y Pog, (41)

AQuk = dgk + Az Y0 _ | a$2hd0, Qur, (42)
dph = dpk + Az S° b3 dd, P, (43)
gt = dgk + Az Y0 _ b d0, Q. (44)

Md(0s Zmk) + Kd(0r Zmik) = Apmrd(Zmk), (45)

where

dOy Py,
do, Py,

Ami = ( DPPS( mkank) quS( mkank) )
" DQIJS( mkank) quS( nLkank) ’

_ M, My _ K, K
u=( ) (R R)
Obviously, A,k is a symmetric matrix. Now we let

{dp;lna dp0m7 dp’{a dp(lga dpmk7 datpmk7 daxpmka dq'}na dq'yona dqllc7 dq’éa dek7 datkaa damek}
{@/na C/i;g/w &;11;7 Zl;%a dﬁ,,;k, da?ﬁmkv da;PJmk)a C/i;'yfna C@;, &;}16/7 Zi\an d@kv daztblmka da;Q/mk}

be solutions of the variational equations (37-45), and

—~T —T dnt —T —T dn9
s = gt aat, e () qant gt (). (16)
Qm q’I’TL
—~T —T d k —~T —T d k
0okt = (dpf dgf )KT< i )—(dp(’ﬁ ,dqp )KT( e ) (47)
q1 do
By a straightforward calculation, we have
S = AL (APt a0 0 [V 40Pk
tWm k=1 mk mk b,(f)dﬁtka
— T — T dP,,
+(bl(cl)datpmk 7b(2)d8tka )MT( dQ » >)a
A5y (0 ag) + 0 el —b ”b“) A0, Ps) Mid(0Pyr) (48)

(
+(07al? + 7Y — 0P\ d(9,Q, ng O
+(b(2)ak])+b(l) () Q)b(l))d(a mj) (8 Qmk)
O~ 60— 6025 Y0P



and

T T 7(1)
Sorh = A2 (AP Qe VKT (O WOa

bf)damek
sy T pgy . —— T dP,,
0000, o 70,0 T (g7 )

~ ~ — T
(A ) Efm (0N alh + 0Vl — 0908 d(0, Por) K1d(8y Pu)
FOPCR G r
+( m mn b bn )d(aank)T KQd(a:erk)
+<b<2 an + b4l b“)i)(”) (0, Pox) Kod(D: Qo)
+ODbY — “’ a2, — B d(0rQui) Kod(DyPork).
If for k=1,2,---,rand m=1,2,---,s

+

1 2 7 7 7
B = b = by, BN =02 =,
Then the corresponding multi-symplectic conservation law of the method (27-35) to (5) is

Az i by Oswm + At ZT: bpdnkF = 0.

m=1 k=1

Consequently, in this case, it is sufficient for (51), which holds, that

L =0 and I, =0,

where
— T
L= (A2 Y5 () + 050 aly) = 5060)d(9,Pnj) Mid(De P
— T
+(07 0l + 7Sy — 0PbP)d (&Qmj) M2d(0,Qmk)
+(07al; “ b§1 @) B0, Pry) Mod(D1 Qi)
(bf>b§: — 50l b d(0Qumy) Mod(3, o)
and
I :(Am)Qanynzl((b%)aﬁ%—&—b(l) A b(”b(1 )A(DsPoi) K1d(Dy Pouy)
+0al + 5P al, — b b )d(0, an) 2d(02 Qimk)
(O an + 0Vl — b b5)d(0, Pnk)T 0 (D, Q)
HODD — b at, — 2>a£3m> (0 Qni) Kod(9:Pnt))-
We let
)y = b al + 6l — pDpD,
(2)r = b<2>a]<€2;> +62a@ — b,
2 1 1 2 2 1
(a)e; = bPal) +5(0a () el
Wwn = BDED L FOGD) GO0,
(V) mn = bPa?) +Pa2) —p@p2)
V8)mn = bR, +bNal, — bDb.

Then the following result is concluded

(49)

(50)

(51)

(52)

(53)

(54)



Theorem 2 In the method (27-35), suppose that (36) and (50) hold. The method (27-35) is multi-

symplectic, with discrete multi-symplectic law (51), if one of following conditions holds

1. fort=1,2,3
(/’L‘r)k]’ =0 (k7.7 = 1,2,"'7‘) and (V‘r)mn =0 (m,n = 172a"'75)7 (55)

when My #0, Kx #0 (A=1,2), My # 0 and Ky # 0;

2. fort=1,2,3,

(11)kj = (u2)k; = 0(k, 5 =1,2,---r)(resp. (ur )i = 0 (k, 5 = 1,2,---71)), (56)

Wr)mn =0(m,n=1,2,--- s)(resp. (1)mn = (V2)mn =0(m,n=1,2,---,5)), (57)

when My =0 (resp. Ko =0);

3. form=1,2, (ur)g; =0(k, 7 =1,2,---7) and (V7 )mn = 0(m,n = 1,2,---,s), when My =0
and Ky =0;

4. (p3)kj = (W3)mn =0, fork,j=1,2,---,r;mn=1,2,---,s, when M, =K, =0 fort=1,2.
(This is a typical multi-symplectic partitioned condition) ;

5 fort=1,2, (u3)k; = (Vr)mn =0, fork,j=1,2,---,r;mn=1,2,---,s, when M, = Ko =0
foro=1,2;

6. fort=1,2, (pbr)kj = (V3)mn =0, fork,j=1,2,--- ,r;mn=1,2,---,s, when My =K, =0
foro=1,2;

7 (t)rj = W3)mn =0, fork,j=1,2,---,r;m,n=1,2,---,s, when My = My = K, =0 for
o=1,2;

8 (u3)kj = (W)mn =0, fork,j=1,2,---,7;m,n=1,2,---,s, when M, = Ko = Ko =0 for
oc=1,2.

Now we give some remarks.

Remark 2 In Theorem 2 we list only eight conditions for multi-symplecticity of partitioned Runge-
Kutta method of (27-35). By using Iy = 0 and Iy = 0, we can conclude more conditions for multi-
symplectic partitioned Runge-Kutta methods. This theorem can be extended naturally to the case of

Hamiltonian partial differential equation with varying coefficients.

Remark 3 It is trivial and apparent to extend Theorem 1 and Theorem 2 to the Hamiltonian partial

differential equation with higher spatial dimension

Mz + Y Krz,, = V.S(2), (58)
T=1
where v > 2, M and K. (1=1,2,---,1) are skew-symmetric matrices, and S is a smooth function.



Remark 4 In Theorem 2 the condition 1 implies agj) = agfj) fork,j=1,2,---7 and &7(71% = aﬁ; for

m,n =1,2,---,s. In fact, in this case only one symplectic Runge-Kutta method is applied in each

direction.

Remark 5 Consider the nonlinear Schrodinger equation

2
o S P =0, (59)

"ot

Let ¥(x,t) = u(z,t) +iv(z,t). Then the equation (59) is read as

—Gp+ S (u? 4 0P)u =0
ou 8211$ 2 2 (60)
St T g2 + (v +v%)v =0.
We take z = (u,v,uy,v,)", then the equation (6) can be rewritten as the following
0z 0z
ME f KEZ —v.S(z,1), 61
5 T K5, = V521 (61)
where
0 -1 0 0 0 0 1 0
1 0 0 0 0 0 0 1
M = 0 0 0 O , K= -1 0 0 0 ’
0 0 0 0 0 -1 0 O

S(z,t) = —L(u? +0?2)? — 1(u2 +02).
The equation (61) accords with the case of condition 7 in Theorem 2 . Thus the partitioned Runge-
Kutta (27-85) method can be applied to the equation (61). The numerical experiments of multi-
symplectic method applied to equation (59) has been given in the ref.[7,9].

Remark 6 We consider the nonlinear Dirac equation

P = Ay +if ([1* — |12]?) By, (62)

where ¢ = (P1,92)T, i = /=1, f(s) is a real function of a real variable s and matrices A and
B are ( _01 0 > and < _01 ? ) respectively, o = (p1,p2)T is sufficiently smooth. Let ¢; =

u; +ivy (j =1,2) and z = (u1,v1, uz,v2)T. Then the equation (62) can be written as

Mz + Kz, = V.S5(z2), (63)
where
0 1 0 0 0 0 0 1
-1 0 0 0 0 0 -1 0
M= o o o0 1|’ K= o 1 0 o0 |’
0 0 -1 0 -1 0 0 O
and

—1
S(z) = 7F(U§ + 0] —u3 —v3),

where the real smooth function F () satisfies that d%F(C) = f(Q).
The equation (63) is in the case of condition (6) in Theorem 2.



Now we denote z = (u1,us,v1,v2), the equation (62) can be rewritten as

M2, + K2, = V:5(3), (64)
where
0 0 1 0 0 0 0 1
- 0 0 0 1 - 0 0 1 0
M = -1 0 0 0 |’ K= 0 -1 0 O
0O -1 0 O -1 0 0 0

The equation (64) is in the case of condition (4) in Theorem 2.

3. Hamiltonian wave equations

In this section we consider the scalar wave equation
Ut = Uge — G,(U), (l’,t) €NC R27 (65)

where G : R — R is a smooth function. The investigation on symplectic integration for the equation
(65) can be found in [4, 10] and references therein.

Let 2 = (u,p,v,w)’, uy = v, uy = w, Then the equation (65) can be written as
Mz + K2, = V:5(2), (66)

where

(an]
o O O O
o O o
OO OO
= o o o
o O OO
o O OO
o O O

The case 4 in Theorem 2 is suitable for the equation (66).
In [12], the following result is given by Reich

Proposition 1 Let (65) be discretized in space and in time by a pair of Gauss-Legendre colloca-
tion methods with s, r, respectively, stages. Then the resulting discretization is a multi-symplectic

integrator.

A similar result is proven in [9] for the nonlinear Schrédinger equation. the multi-symplecticity
of Preissman type scheme and the multi-symplectic structure for the wave equation have been
discussed in [20]. Now we investigate the multi-symplecticity of partitioned Runge-Kutta method

for the equation (65) by using the multi-symplectic conservation law (see [12])
O (du A duy) = Oz (du A duy,). (67)

The partitioned Runge-Kutta method applied to the equation (65) is

10



Ui = uk + Az S5 ah0:Uni,
Wk = ub + Az Y5 alh 0 Wik,
Ui = u9, —l—Ath 1akJ6t mjs
Vi = 09, + Atzj 1 ak] (“)t i

uf = uf + Ax Zm:l b%)ﬁmUmk,

uly = u® + At by 0 U,
ol =00 + AL b8,V

atUmk = mG:7 aa:Uvmk = ka:7

(68)
(69)
(70)
(71)
(72)
wk = wh + AxY S _ bR 0, Wk, (73)
(74)
(75)
(76)
(77)

8tv;ﬂk = a:erk - G/(Umk)v

under the assumption that

r 1 r 2
Sral) =30 el = dy, (78)
S A =3 Al = . (79)

Here notations are in the following sense, U,k =~ u(cn Az, dkAt) WU ~ 8tu(cmAx diAt), 0, Upi =~
Opu(Cm Az, dpAt), ub ~ u(0, diAt), uf ~ u(Ax, diAt), u0, ~ u(cm Az, 0), ul, ~ u(c, Az, At).

Theorem 3 In the method (68-77), assume that (78), (79) and

bl({)l) = b](f) = bk7 Bg) = 55721) = ~ma (80)

BB 5 Da@, — 5al), — o, (81)
2 2

pOB? — pVa? — pPalh) = 0 (82)

hold for myn = 1,2,---,s;k,j = 1,2,---,s. Then the method (68-77) is multi-symplectic with a
discrete multi-symplectic conservation law

At Z b (duf A dwh — dulf A dwh) = Ax Z b (dul, A dol — dul, A dw?). (83)

k=1 m=1
Proof. Tt follows from (68-77) and the conditions (78) - (82) that

duf A dwh — duf A dw§

= Az an:l Em (AU A d(OxWink)) (84)
and
dul, A dol, — dul, A dvd, (85)
= At ZZ:l bk(dUmk A d(@thk))
On the other hand, (77) implies
AUk N d(@mek) =dU N d(&thk) (86)

11



From (84), (85) and (86), the discrete conservation law (83) is concluded. This completes the proof.

Remark 7 (76) and (77) imply that (78) and (79), in essence, are not necessary for the characte-
rization (80-82) of multi-symplectic partitioned Runge-Kutta methods (68-77).

4. The conservation of energy and momentum

It has been shown, by S. Reich in [12] (also see [2, 9]), that multi-symplectic Gauss-Legendre
schemes preserve both the discrete energy and momentum conservation laws exactly for linear Ha-
miltonian PDEs. In this section we show that the scheme (7-11) preserves the discrete energy and

momentum conservation laws exactly for linear Hamiltonian PDEs
Mz + Kz, =V,5(z2), (87)

where M and K are skew-symmetric matrices, and S(z) = %ZTAZ, A is a symmetric matrix. The

equation (87) has the energy conservation law

WE(z)+ 0. F(z) = 0, (88)
Ol(z) +0,G(z) = 0, (89)
where
L r Lo 1t
E(z) = 57 Az—iawz K*z,
F(z) = %@zTKTz,
Lor Lo 1T
G(z) = 5% Azfiﬁtz M* z,
I(z) = %a$ZTMTZ.

Theorem 4 Under the assumptions of Theorem 1, if the matrices of RK methods in the method

(7-11) are invertible, then the method (7-11) has a discrete energy conservation law
A Y Bn(B(:1) — BG0)) + ALY (F(E) ~ F:5) = 0 (90
m=1 k=1
and a discrete momentum conservation law
Ar Y Ba(I(R) — 1(00) + ALY by (G - G(ak) = 0. (91)
m=1 k=1

Proof. First of all, we introduce the system

aachk' = (8952)21 + At Z akjat (6$ZTYLj)7 (92)
j=1

(3952),1” = (8952)21 + At Z b0y (O Zmk ) (93)
k=1

12



8thk: - (atz + Az Z CLn’m at nk)

n=1
(022)7 = (022) + A2 bm0e(0eZums),
m=1
where (9,2)%, and (0;2)k satisfy
n=1
T
2 = b+ AtZakj(ﬁtz)g,
j=1

respectively, and

Ot (0 Zmi) = Oppz(cmAx, dpAt),
02 (01 Zimi) = Oppz(cm Az, dipAt).

Because matrices A = (ag;)rxr and A = (Gmn)sxs are invertible, we have
8t (axzmk') = 837 (8thk)-

In fact, (9), (92) and (96) imply that

ke = 26 +2° — 20 + AmAtZ Z Ak Crmn 0t (05 Znj)-

j=1n=1

Similar, (7), (94) and (97) imply that

Lty = 22, + zlg — zg + ACUAtZ Z Ak Crmn Oz (01 Znj).

j=1n=1

From (99) and (100), we conclude that (98) holds for m =1,2,---,sand k =1,2,---,r

From the assumptions, we have

3 (1) ET(02)7 = 5(26)" KT (0i2)5 i
+% anzl bm(ka:)TK 61(815ka) + AT Zm 1 b 8E(ka)TKT(athk:);
therefore,

F(Z]f)_F(Zg)_ls~ T 7T 1~

Az = § P bm(ka) K am(atzmk) + 5 ] bm6$(ka)
A similar (but little bit tedious) calculation leads to
E(zy) — E(zp)
T:**;bk k)T KT 0,(00 Zmi) — Zbka

This means that (90) holds. Analogously, we show that (91) holds. The proof is finished.

(100)

(101)

(102)

(103)

Remark 8 The discrete conservation of energy and momentum for (27-35) can be discussed in a

stmilar way, but with tedious calculation.
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5. Conclusion Theorem 1 tells us that concatenating two symplectic Runge-Kutta methods
probably produce a multi-symplectic integrator with order that we need. Theorem 2 provides theo-
retically much more constructing ways of multi-symplectic integrators by using partitioned Runge-
Kutta methods. For example, a multi-symplectic integrator of the wave equation can be produced

by using the Lobatto IIIA-ITIB pair to discrete the equation both in time and in space directions.
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