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Abstract We investigate the formation of multiple images as the radio signals from fast
radio bursts (FRBs) pass through the plane of a plasma clump. The exponential model for
the plasma clump is adopted to analyze the properties of the multiple images. By compar-
ing with the classical dispersion relations, we find that one image has exhibited specific
inverse properties to others, such as their delay times at high frequency is higher than that
at low frequency, owing to the lensing effects of the plasma clump. We demonstrate that
these inverse effects should be observable in some repeating FRBs. Our results predict
deviation in the estimated DM across multiple images, consistent with the observations
of FRB 121102 and FRB 180916.J0158+65. If other plasma lenses have effects similar
to an exponential lens, we find that they should also give rise to the similar dispersion
relation in the multiple images. For some repeating FRBs, analysis of the differences in
time delay and in DM between multiple images at different frequencies can serve as a
method to reveal the plasma distribution.

Key words: galaxies: distances and redshifts − galaxies: interstellar medium − gravita-
tional lensing: strong − ISM: structure − scattering

1 INTRODUCTION

Fast radio bursts (FRBs) are bright extragalactic transient radio pulses, in the order of Jansky, with
durations of a few milliseconds. The first FRB, also known as the Lorimer burst (Lorimer et al. 2007),
was discovered in 2007 in the Parkes radio telescope archival data. Since then, more than 600 FRBs
have been detected by many telescopes around the world (Petroff et al. 2016; Luo et al. 2020; Amiri
et al. 2021). Among them, 27 FRBs have been reported with multiple bursts, and eleven have been
given the exact locations (Connor et al. 2020; Macquart et al. 2020). By comparing the free electron
column density derived along the line of sight to the FRBs with that in the Milky Way, anomalously
high dispersion measures (DMs) were obtained for FRBs. This indicates that they are extragalactic
sources (or cosmological origin) rather than Galactic origin (Thornton et al. 2013). FRBs can be broadly
categorized as repeating and non-repeating. The origin of repeating FRBs, or repeaters for short, may
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be distinctly different from that of the non-repeating FRBs (Andersen et al. 2019), or non-repeaters. For
instance, the emission mechanism in the former has been suggested in relation to the luminous coherent
emission processes around magnetars (Kumar et al. 2017; Andersen et al. 2019, 2020; Li et al. 2021a).
An example is that found in SGR 1935+2154 (FRB 20200428) in the Milky Way, which possesses
several features similar to repeaters. On the contrary, catastrophic events such as collapse of compact
objects and supernovae have been associated with the cause of the non-repeaters (Platts et al. 2019).
Many theories have been proposed (Platts et al. 2019; Zhang 2020; Xiao et al. 2021) but the origin of
FRBs remains one of the popular investigations in science.

Radio signals from large cosmological distances are dispersed when propagating through cold
plasma. In the classical form, the delay time, td, is related to the DM and the frequency of the sig-
nal, ν, given by td ∝ ν−2DM, where DM =

∫
ne dl represents the free electron column density along the

line of sight. In general, the electron density is dependent on the propagation path of the radio signal.
This gives rise to the plasma lensing effects, such as diverging refraction (Clegg et al. 1998), resulting in
multiple images and delays in the received signals. Similarly, signals from some repeaters can also suffer
from the effects of plasma lens resulting in possible multiple images (Cordes et al. 2017; Er & Rogers
2018), with the delay times showing unusual time−frequency relation after de-dispersion (Tuntsov et

al 2021). Such delay times in bursts have been reported in the observations of some repeaters (Gajjar
et al. 2018; Shannon et al. 2018; Andersen et al. 2019; Amiri et al. 2019; Fonseca et al. 2020). They
exhibit as downward drift in the observing frequency in a sequence of bursts known as “sad trombone”.
The radius-to-frequency mapping, which suggests that radiation observed at different frequencies are
coming from different heights, can only explain delays of several milliseconds between bursts (Wang et
al. 2019; Lyutikov 2020). However, some repeaters emit independent pulses in time interval of about
tens of milliseconds (Chawla et al. 2020; Platts et al. 2021). Another type of delay times observed from
bursts of some repeaters’ bursts exhibits as upward drift in frequency or “happy trombone” (Rajabi et al.
2020). In addition, the measured DMs are low at low frequencies compared to that at high frequencies.
For example, the DM difference at frequency between 0.9− 1.6GHz is approximately 1–2 pccm−3 for
FRB 121102 (Platts et al. 2021), and the difference in DM is & 0.5pccm−3 for FRB 180916.J0158+65
at frequency between 0.4−0.8GHz (Chamma et al. 2020). This is different from that suggested by the
radius-to-frequency mapping model (Wang et al. 2019; Lyutikov 2020). It is also incompatible with a
gravitational lens, which demonstrates . 10ms delay between the lensed images from the burst (Muñoz
et al. 2016).

The effects of a plasma lens are determined by parameters such as the characteristic scale and the
plasma density along the line of sight as well as the frequency of bursts. These parameters are dominant
in the plasma lens that forms multiple imaged bursts. When the emission from repeating FRBs passes
through a plasma lens of large structure, the delay times due to the geometric effect dominates, which
can account for the formation of the “sad trombone" (Er et al. 2020). For high magnification (µ > 5),
multiple images at the same frequency will have different arrival times ranging from less than a few
microseconds to tens of milliseconds (Cordes et al. 2017). However, the spectral pattern will appear
to be very narrow-band, which is different from that observed in the FRBs (Gajjar et al. 2018; Pastor-
Marazuela et al. 2020). The results given by Cordes et al. (2017) are also insufficient to explain several
inverse properties observed in some multiple images that vary across the frequency bandwidth compared
with other images. For example, their delay times may display as “happy trombone” in opposite to the
behavior mentioned by Er et al. (2020). From the observations (Chatterjee et al. 2017; Tendulkar et
al. 2017), FRB 121102 has been associated with a persistent radio and optical source possessing a
projected size of . 0.7pc. Multiple images observed from FRB 180916.J0158+65 may also originate
from the effect of a plasma lens (Amiri et al. 2020). The FRB is located behind a star-forming clump
with a projected size of roughly 1.5kpc, and the source environment occupies the whole clump with
the structure spanning between 30 ∼ 60pc (Marcote et al. 2020; Tendulkar et al. 2021). The latent
plasma lens may be hidden behind the clump. In addition, the circular polarisation of up to 75% and the
source environment in FRB 20201124A suggest that the radiation from the repeater may pass through
a foreground object before reaching the observer (Xu et al. 2021). Many repeaters that discovered at
frequencies between 400− 800MHz also show time delay characteristics in the images similar to that
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Fig. 1 Diagram showing refracted light rays by a plasma lens. The σ represents the effective
angular structure of the lens as defined by Vedantham et al. (2017a).

from FRB 180916.J0158+65 (Amiri et al. 2019; Fonseca et al. 2020). This paper will investigate the
possibility of the formation of multiple images due to a plasma lens. The frequency-dependent delay
time from the multiple images would cause bias in the observed dispersion relation of the FRB, and we
will discuss the relationship between the delay times in multiple images and the dispersion relation.

The paper is organized as follows. In Section 2 we outline the theory and the equations for plasma
lens. In Section 3 we will discuss the possible effects from a plasma lens of exponential form. Discussion
and a summary of the paper is given in Section 4. In this paper, the parameters for the standard ΛCDM
cosmology are adopted as ΩΛ = 0.6791 and Ωm = 0.3209 based on the Planck data, and the Hubble
constant is taken as H0 = 100hkms−1 Mpc−1 with h = 0.6686 (Adam et al. 2016).

2 THE BASIC MODEL OF PLASMA LENS

We assume a thin and axially symmetric lens in Cartesian angular coordinate system. The geometric
effect for light rays passing through the thin plasma lens can be expressed in the equation similar to that
due to a gravitational lens (Schneider et al. 1992). Fig. 1 shows the geometry for deflected light rays from
FRBs illustrating the additional geometric and dispersive delays as compared to non-refractive bursts.
In this model, the distribution of the deflected rays on the image plane is described by the gradient of
the deflection potential given by (Schneider et al. 1992)

β = θ−α = θ−∇θψ(θ). (1)

Here, β and θ are the angular positions of the source and the image, respectively, and α is the deflection
angle of the light ray due to the plasma lens. The deflection potential of the lens is signified by ψ(θ), and
∇θ represents the gradient with respect to the angular position on the image plane.

The deflecting structure of the plasma lens is described as a refractive medium with spatially varying
refractive index. The deflection potential is due to perturbation in the effective refractive index (Wagner
& Er 2020), which results in greater phase velocity through the lens than the speed of light, c, in vacuum.
The ψ(θ) is related to the dispersive potential, ψ̃(θ), by Fermat’s principle (Wagner & Er 2020), which
can be summarized as (Fiedler et al. 1987; Cordes et al. 2017; Vedantham et al. 2017a; Wagner & Er
2020)

ψ(θ) =
dls

dosdol
ψ̃(θ)

=
1

(1 + zd)
dls

dosdol

rec2

2πν2 N(θ). (2)
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Here, dls is the distance between the lens and the source, dos is the distance from the observer to the
source, and dol represents the distance from the observer to the lens. The classical radius of an electron
is given by re, zd is the redshift at the lens plane, and N(θ) is the projected electron density along the line
of sight. We assume N(θ) ≈ DM(θ), where DM(θ) specifies the DM of the lens at θ. For large distances
and approximating light rays reaching the lens in parallel, the beaming solid angle of FRB (ΩF), as given
by Kumar et al. (2017), is much greater than the effective solid angle of the plasma lens (σ).

By comparing with the non-lensing case, the total delay time, ttot, is the sum of the dispersive and
geometric delays. The geometric delay, tg, is due to the increased path of propagation along the trajectory
from the source position to the observer, and the dispersive delay, tψ, is owing to the increased DM in
the path of propagation. They are given by (Cordes et al. 2017; Wagner & Er 2020)

tg =
1
2

(1 + zd)
c

dosdol

dls
α2(θ,ν), (3)

and

tψ =
(1 + zd)

c
dosdol

dls
ψ(θ,ν). (4)

Coupled with Equations (1) and (2), the geometric delay has a relationship signified by α2(θ,ν) ∝
DM(θ)2 ν−4, and the dispersive delay is given by ψ(θ,ν) ∝ DM(θ)ν−2.

The plasma lens may be located in the Milky Way, in the host galaxy of the FRB or in faint inter-
vening galaxies in intergalactic space (Vedantham et al. 2017a; Er et al. 2020). This leads to time delay
and perturbation in the DM in the observed bursts from repeating FRBs as revealed by the multiple
images that are caused by plasma lenses. As small perturbations in DM have been reported in FRBs
180916.J0158+65 and 121102 (Amiri et al. 2020; Li et al. 2021b), in the following sections, we will
discuss multiple images as due to the effects of a plasma lens at different distances and different ef-
fective structures. Based on the suggested possible source distance of around dos ≈ 1Gpc (Petroff et al.
2016; Amiri et al. 2021), we compare the differences in the properties of the multiple images assuming
that the plasma lens is located in (i) the host galaxy of the FRB (dls ≈ 1kpc), (ii) the faint intervening
galaxy (zd ≈ 0.0219367 ∼ dol ≈ 100Mpc), and (iii) the Milky Way (dol ≈ 1kpc). Although the axially
symmetric electron distribution within a plasma lens has been widely described in the exponential and
the power-law models (Clegg et al. 1998; Cordes et al. 2017; Vedantham et al. 2017a; Er & Rogers
2018; Er et al. 2020), there is still lack of a detailed empirical or analytical expression for the density
structure of the plasma. The similar multiple images can be predicted from the two models. However,
the power-law model requires removal of a singularity in the electron density at the center of the lens,
and the addition of a finite core with angular core radius (θC) to the angular radius θ ∼ (θ2 +θ2

C)1/2 (Er &
Rogers 2018). Considering the parameter θC in the power-law model being artificial and also influential
for determining whether multiple images will be produced by the lens (Er & Rogers 2018), we will
adopt the exponential lens as it is sufficient to interpret the observations as shown in the next section.

3 THE MULTIPLE IMAGES

3.1 Multiple images due to an exponential lens

A special case of the exponential model involves the axisymmetric Gaussian lens (h = 2) (Clegg et al.
1998), which was introduced to describe the U-shaped trough observed in some extragalactic sources.
The other exponential forms (h = 1 and h = 3) have been developed by Er & Rogers (2018). In this
model, a single lens is considered along the line of sight in order to study the distinct physics graph. The
exponential form for DM in the plane of the lens is given by (Clegg et al. 1998; Vedantham et al. 2017a;
Er & Rogers 2018; Rogers & Er 2019)

DM(θ) = DM0 exp
(
−

θh

hσh

)
, (5)
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Fig. 2 Plots showing the relationships between image position (θ) and source position (β) for
three different values of θ0. In each plot, the center of the lens is at θ = β = 0, and the dashed
black and dashed cyan lines represent, respectively, the inner and outer boundaries between
which multiple images occur.

where DM0 represents the maximum electron column density of the lens. Using Equations (2) and (5),
the deflection potential can be rewritten as

ψ(θ) = θ2
0 exp

(
−

θh

hσh

)
, (6)

where θ0 is the characteristic angular scale which has the form given by

θ0(σ,ν,DM0) =

[ 1
(zd + 1)

dls

dosdol

rec2

2πν2 DM0

]1/2
. (7)

To simplify the calculations, the exponential forms defined by h = 1, h = 2 and h = 3 as referred by Er
& Rogers (2018) are discussed in the next paragraph.

Formation of multiple images requires the partial derivative of Equation (1), with respect to θ, to
satisfy 1/∂θ(β) < 0. This means that the minimum characteristic angular scale for h = 1, h = 2 and
h = 3 each corresponds to the critical value of θ0 given by θ0,cr = σ, θ0,cr =

√
2

2 exp(3/4)σ and θ0,cr =

[(
√

7 + 1)−1/2(
√

7 + 3)−1/6 exp( 3+
√

7
6 )]σ, respectively, and θh=2

0,cr > θ
h=3
0,cr ≈ θ

h=1
0,cr . The Young diagrams as

defined by Equations (1) and (6) are given in Fig. 2. In each of the three plots, the unlensed case (θ0 = 0)
is signified by the black solid line, and the red dashed curve corresponds to θ0 = θ0,cr. In addition, the
case for emerging multiple images is represented by the blue solid curve (θ0 > θ0,cr). The curve has two
critical turning points in each of the positive and negative β ranges, which are marked by the vertical
cyan and black dashed lines, illustrating the dual-caustic structure. We refer to the areas enclosed by the
two cyan and the two black dashed lines as windows of multiple images and the corresponding dashed
lines indicate the outer and inner boundaries, respectively. For θ0 > θ0,cr, a source locates between the
two boundaries results in two (for h = 1) or three image positions implying that two or three images
are detectable, whereas only one image is obtained from the plasma lens for θ0 ≤ θ0,cr. It is apparent
from Fig. 2 that the outermost image from the lens center has θ ≈ β, and the positions of other images
deviate from the source position. The figure also shows that image deflection due to the lens with h = 1
or h = 3 is stronger than Gaussian lens for identical θ0, and the two lenses show similarities to the
Gaussian lens. This suggests that only Gaussian lens is required to account for the multiple images, and
we will consider only the case of h=2 for the rest of the paper. From Equation (7), the θ0 is related to the
observing frequency and DM, such that θ0 ∝ ν

−1 and θ0 ∝ DM1/2
0 . Fig. 3 demonstrates the relationships

of these parameters at the critical value for h = 2 (θ0,cr =
√

2
2 exp(3/4)σ). It indicates that the multiple

images are constrained by σ, ν and DM0. For specific values of DM0 and σ, and assuming that the
multiple images begin at 1GHz, i.e., θ0,GHz = θ0,cr, multiple images will also appear at lower frequency.

The diverged images due to the plasma lens yield either a burst of amplification or attenuation, which
is inversely related to the determinant of the Jacobian matrix defined by µ−1 = det(A), where A = ∂β/∂θ.
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Fig. 3 Plots showing the relations of DM0, σ and frequency at the critical value (θ0,cr =
√

2
2 exp(3/4)σ). The frequency range is from 0.1GHz to 10GHz. The orange region represents

different DM0 that scales from 0.1pccm−3 to 20pccm−3. The plasma lens on the left is based
on dls = 1kpc and dol ≈ dos = 1Gpc (in the host galaxy), and the plasma lens on the right is
located in the faint intervening galaxy with zd = 0.0219367.

The inverse magnification from the potentials of an exponential lens is given by (Er & Rogers , 2018)

µ−1 = 1 + hθ2
0
θh−2

σh

(
1−

θh

hσh

)
e−

θh

hσh

+θ4
0
θ2(h−2)

σ2h

(
h−1−

θh

σh

)
e−2 θh

hσh . (8)

From Equation (8), the magnification for each image is subjected to θ0 and the image position. From Fig.
2, the positions for the multiple images change as the source position varies. We refer to the variation
in the positions of the multiple images across the plots from large to small as the first, second and
third images, respectively. The first image with the largest image position leads to exp[−(θ/σ)h]→ 0 in
Equation (8), and the magnification is estimated to be µ ' 1. However, the second and third images at
some source positions can have much lower magnifications suggesting that only one image is detectable.
Based on the observed intensity density ratio of the multiple images (Amiri et al. 2020; Platts et al.
2021), the minimum magnification of all images is set to µ = 0.1 hereafter.

It should be mentioned that not only does the images caused by a plasma lens come from different
propagation paths, they also suffer from different DMs as θ is different. These lead to the different delay
times in different images. From the Young diagrams and Equation (6), the deflection potential of the first
image satisfies ∇θψ(θ) ≈ ψ(θ) ≈ 0, meaning that the first image should have relatively shorter delay time
and lower DM than that of the other two images. It also indicates that the differences in the delay time
and DM will be present in between the first and the other two images. The image positions of the first
and third images increase monotonically as the source position increases, but decreases for the second
image. This suggests that specific properties in the second image should be in opposite to that in the first
and third images. These properties will be examined in the next subsection.

3.2 The delay times and DMs for each image

For a plasma lens that forms multiple images, the lensing parameters are not only constrained by the
critical value shown in Fig. 3 but their values are also required to take the observations into consider-
ation. Pulsar observations give the size for a diverging plasma lens ranging from one au to tens of au
in the Milky Way, and possibly larger (Graham Smith et al. 2011; Kerr et al. 2018). The lens, in the
environment of the repeaters, may have similar structure to that in the Milky Way. However, the size
of the plasma lens in the intervening galaxy is likely to be much greater than that in the Milky Way
or in the host galaxy (Vedantham et al. 2017a; Er et al. 2020), otherwise the effects of the lens will be
insignificant for σ→ 0 (Wagner & Er 2020). Here, we assume a small scale Gaussian lens with either
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dolσ = 30au or dolσ = 50au in both the host galaxy and the Milky Way, and either dolσ = 104 au or
dolσ = 2×104 au in the intervening galaxy. In addition, most repeaters were discovered between around
400MHz and 800MHz by CHIME or even lower at 100MHz. Their extragalactic DMs are in the range
between 60 and ∼ 3000pccm−3 (Amiri et al. 2021), with the estimated DM for FRB 180916.J0158+65
being 149.2pccm−3 (NE2001) or 19.2pccm−3 (YMW16) (Andersen et al. 2019). From the study of our
Galactic halo (Prochaska & Zheng 2019), the contribution of DM from intervening galaxy is expected
in the range of ≈ 50− 80pccm−3. Based on the discussion above, we assume DM0 = 10pccm−3. In
addition, the observed characteristics in the radio signals are likely due to a collective effect of multiple
plasma lenses. In this paper, we consider only the case of a single lens.

Coupled with Equations (1)−(8), the variations in the delay time and in the DM for each image due
to the Gaussian lens in the host galaxy are shown in Figs. 4 and 5. From the two figures, the observable
range of frequency for each image from a specific source position is limited by the boundaries at high and
low frequencies, which is referred to as the frequency window. It can be seen that all frequency windows
for multiple images exhibit downward drift to lower frequencies as the source position increases. The
frequency at which the first image is observable is dominated by the dual-boundary, and the drift rate at
the higher boundary is greater than that at the lower boundary. The frequency windows for the second
and third images are each limited by the given magnification. Firstly, they also exhibit changes with
increasing source position, similar to that seen in the first image. However, the second image bifurcates
into two bandwidths at high and low frequencies as β increases, whereas the bandwidth of the third
image becomes narrower as frequency decreases. The delay time and DM are also dependent on the
source position and observing frequency. Delays in the second and third images are much longer than
∼ 1ms, which is different from the first image. For larger source position, there exists certain frequency
range where both the second and third images possess longer delay times. The first and third images at
specific source positions have much longer delay times at lower frequencies, whereas the second image
shows increasingly shorter delay time as the frequency decreases. For a given source position, the DM
in each of the first and third images increases as the frequency decreases, but it decreases in the second
image. The third image has higher DM than that in the other images, with the maximal DM in the first
image being lower than 0.5pccm−3. Figs. 4 and 5 also show that the window of multiple images is
downward drifting to lower frequencies as the effective angular structure increases. The second image
at the same source position and same observing frequency has higher delay time and DM as it passes
through a plasma lens with greater effective angular structures. Similar geometric effects due to a plasma
lens located in the intervening galaxy and the Milky Way are shown in Appendix A.

3.3 Explaining the properties of multiple images in the observations

From the results in the previous subsections, a plasma lens will give rise to different DMs, delay
times and magnifications as obtained from the multiple images between the low and high frequen-
cies. The properties of the second image can be related to observations of FRB 121102 and FRB
180916.J0158+65 (Amiri et al. 2020; Platts et al. 2021). Figs. 6 and 7 show the delay time, DM(θ)
and magnification of the second image as due to a Gaussian lens at different distances. From the two
figures, the delay time measured at 0.9GHz frequency is shorter by several milliseconds and the cor-
responding DM is lower by 1− 2pccm−3 than that at 1.4GHz frequency. The differences in the delay
time and DM between 0.4 and 0.7GHz are much higher than 10ms and 0.5pccm−3, respectively. It is
clear from Fig. 6 and 7 that an observer’s position closer to the axis of symmetry of the lens will receive
radio signals with greater magnifications, but with the value being less than 1. The differences in delay
and DM between high and low frequencies as predicted in our model is consistent with the observa-
tions of FRB 121102 and FRB 180916.J0158+65 (Amiri et al. 2020; Platts et al. 2021). However, bursts
in some repeating FRBs, especially FRB 121102 and FRB 180916.J0158+65, still appear “sad trom-
bone”, “happy trombone” or “sad trombone” plus “happy trombone” in the frequency-time plot after
de-dispersion (Amiri et al. 2020, 2021; Platts et al. 2021). A possible reason is that the geometric effects
due to the plasma lens were ignored in the de-dispersion, which will be discussed in the next paragraph.
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Fig. 4 Delay times (upper panel) and DMs (lower panel) for the three images caused by a
Gaussian lens. The orange regions represent the delay time (in milliseconds) and DMs (in
pccm−3) for frequencies between 0.3− 2.0GHz. The plasma lens is assumed at dls = 1kpc,
dol ≈ dos = 1Gpc (in the host galaxy) with dolσ = 30au and the magnification µ ≥ 0.1.

Fig. 5 Similar to Fig. 4, but with the structure scale of the plasma lens assumed at dolσ= 50au.
The frequency is given in the range of 0.3−1.0GHz.

The DM is estimated by fitting the frequency-time delay curve of the radio sources with the as-
sumption that the density gradient is invariant (Petroff et al. 2016). From Fermat’s principle, the inho-
mogeneous density gradient will contribute to the different propagation paths taken by the background
radio signal. The increase in the delay time as shown in Equations (3) and (4) leads to deviation from
the general frequency-time delay relation. Such effects were discussed by Er et al. (2020, 2022) in the
plasma lens with θ0 < θ0,cr, and were also used in pulsars (Main et al. 2018) but for lens with θ0 > θ0,cr.
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Fig. 6 Plots showing the delay times (left column), the DMs (middle column) and the mag-
nifications (right column) for the second image at different source positions based on the
Gaussian lens in the host galaxy. The different effective structures of the lens are dolσ = 30au
(upper panel) and dolσ = 50au (lower panel)

Fig. 7 Similar to Fig. 6, but for a Gaussian lens in an intervening galaxy. The effective struc-
tures of the lens are dolσ = 104 au (upper panel) and dolσ = 2×104 au (lower panel), respec-
tively

Similar to weaker plasma lens with only one image (Er et al. 2020), the delay times in the first and third
images exhibit the relation of a “sad trombone” on the frequency-time plot. However, the delay time in
the second image shows “happy trombone”, which can be seen in Figs. 6 and 7, and the DM is lower at
low frequency than that at high frequency. As mentioned by Lin et al. (2021), the higher order effects
of a perturbed DM with shifting of the line of sight may be required in the theoretical prediction for the
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Fig. 8 Different de-dispersion methods used for radio signal at 0.9− 1.6GHz (upper panel)
and 0.4−0.8GHz (lower panel) frequencies. The de-dispersion with DM = −0.5, 0, 1, 2, and
3pccm−3 are indicated by the lines in red, blue, black, green and cyan, respectively.

delay time. The relationship can be approximated to

t(ν) = 4.15ms
( DM
ν2

GHz

)
−b

(
δDM2

ν4
GHz

)
, (9)

where the first term on the right-hand side of Equation (9) stands for the general frequency-time delay
relation, and the different DMs are obtained from different de-dispersion methods. The DM = 0 is the
true frequency-time delay relation, whereas DM > 0 and DM < 0 represent incomplete and excessive
de-dispersion signals, respectively. The second term in Equation (9) represents the geometric effect of
a plasma lens due to the perturbed DM, where b is a free parameter, which is assumed b = 1ms, and
δDM approximates the difference in perturbed DM between high and low frequencies. Based on our
results and the observations from Chamma et al. (2020) and Platts et al. (2021), δDM at 0.9− 1.6GHz
frequencies can be taken as 1pccm−3 and 2pccm−3, and we adopt 0.5pccm−3 and 1pccm−3 at 0.4−
0.8GHz frequencies. The de-dispersion with DM = −0.5, 0, 1, 2, and 3pccm−3 are used to fit Equation
(9). Fig. 8 shows the frequency-time delay relations. A radio signal with much smaller de-dispersion
DM (than the true DM) forms either “sad or happy trombone”, whereas DM ≤ 0 gives only “happy
trombone”. The delay time with some incomplete de-dispersion methods first shows an increase as the
frequency decreases, reaching a maximum value, then followed by a decrease.

It is clear from Section 3.2 that the refracted images are due to signals propagating along differ-
ent paths of different DMs at the lens plane. The DMs obtained from the multiple images after the
de-dispersion should satisfy DM3 > DM2 > DM1, where the subscripts “1”, “2” and “3” stand for the
first, second and third images, respectively, in Figs. 4 and 5. Therefore, the distribution of DMs ob-
tained from the signals may contain multiple peaks. Since the DM from each image is frequency de-
pendent (DM = DM(ν), e.g., “sad trombone” or “happy trombone”), chromatic deflection occurs at the
different bands as illustrated in Fig. 9. For a repeating FRB, its bursts from the region of the first or
third image may have lower DM at high frequency than that at low frequency (DM1,high < DM1,low
or DM3,high < DM3,low). However, it is the opposite for the radio signals from the region of the sec-
ond image (DM2,high > DM2,low). Thus the DM differences between two images at two different fre-
quency bands can either be ∆DM21(νhigh) > ∆DM21(νlow) or ∆DM32(νhigh) < ∆DM32(νlow), where
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Fig. 9 Parallel rays passing though a Gaussian lens are diverged to multiple images. The
dashed lines stand for high frequency lights detected by the telescope, and the solid lines
represent low frequency radio signals.

∆DM21 = DM2 −DM1 and ∆DM32 = DM3 −DM2. The time interval of burst pair for some repeat-
ing FRBs may be influenced by the properties of the DM differences between images which can be
generalized in the form given by

∆t(ν) = 4.15ms
(
∆DM
ν2

GHz

)
±b

(
δDM2

ν4
GHz

)
, (10)

where ∆DM represents the DM differences (∆DM21, ∆DM31 or ∆DM32), and δDM is derived from
the perturbation of the geometric effect. If both ∆DM and δDM are frequency dependent, the similar
delay time should result, as shown in Fig. 9. On the contrary, if they are not frequency dependent, it is
straightforward to show that the delay time at GHz frequencies is dependent on the first term on the right-
hand side of Equation (10), such that ∆t ∝ ∆DM. Consider FRB 121102 as an example. The drift rates
obtained from different bursts appear to be linearly related to the center frequency of different observing
bands (∂t ln(ν) ∝ ν) (Josephy et al. 2019). The DM differences between the images are ∆DM ≈ χν2,
with χ being a constant. However, the geometric effect remains in Equation (10), and the properties
of delay times and DMs as seen in Fig. 8 are still manifested in the signals. For a burst pair in FRB
180916.J0158+65, the difference in the arrival time at 400MHz frequency is ∼23ms and the drift rate is
approximately −4.2MHzms−1, and the delay time with the “sad trombone” is retained in the subsequent
bursts (Chawla et al. 2020). The subsequent bursts may be an incomplete de-dispersion signal, and its
delay time for 100MHz bandwidth is approximately 23.8ms. From Equations (9) and (10), the true time
interval of the two bursts should be ∆t > 46.8ms.

3.4 The variations in delay time and DM between multiple images

Observed properties between multiple images are important to probe the true model of the plasma lens.
For a given β, the perturbation of DM is dependent on specific narrow frequency bands, which leads
to the DM being significantly deviated from Equation (5) (Cordes et al. 2017). Due to the relative
motion between the source and the lens, or between the observer and the lens, the perturbation of DM
may appear to exhibit evolution. We adopt an effective transverse velocity of the source given by v⊥ =

100kms−1 based on the studies of pulsars and the galaxies (Manchester et al. 2005; Yang & Zhang



12 Yu-Bin Wang, et al.

Table 1 Variations in the values of specific parameters between the first and second images
for the Gaussian lens at 0.6GHz and 1.3GHz frequencies. The plasma lenses in the host
galaxy and in the Milky Way both occupy a structure scale of 30au or 50au, whereas it is
10000au or 20000au for the plasma lens in the intervening galaxy.

Structure Scale 30au (Host) 30au (MW) 10000au 50au (Host) 50au (MW) 20000au
Referred Frequency 1.3GHz 1.3GHz 1.3GHz 0.6GHz 0.6GHz 0.6GHz
|∆β| (σ) 2.081 1.862 2.287 1.569 1.542 1.653
|∆DM| (pccm−3) 2.247 1.500 2.784 0.371 0.294 0.664
∆t (ms) 22.926 15.457 28.513 33.896 27.067 59.162
tper (yr) 2.959 2.648 1083.868 3.718 3.655 1567.082
|dDM/dt| (pccm−3 yr−1) 0.75874 0.56593 0.00257 0.09977 0.08031 0.00042
|d(∆t)/dt| (msyr−1) 7.749 5.837 0.026 9.117 7.408 0.038

2017). Thus the time span for the perturbation of DM can be approximated by (Cordes et al. 2017)

tper ≈

∣∣∣∣∣∆βdol

v⊥

∣∣∣∣∣ ≈ 0.0474 yr
∣∣∣∣∣∆βdol

au

∣∣∣∣∣( v⊥
100kms−1

)−1
, (11)

where ∆β is the corresponding maximum change in the source position in the multiple images within
the window.

From Section 3.2, the third image occupies relatively lower magnification (than 0.1) at 1.3GHz
(for dolσ = 30au or 104 au) and at 0.6GHz (for dolσ = 50au or 2× 104 au), which will be ignored.
Fig. 2 shows that the first and second images possess the same image position at the inner boundary,
which implies that the differences in the delay time and the DM are both zero. As the source position
increase gradually, the delay time and DM difference for the two images are also increasing, and their
maximal differences are at the outer boundary. Thus the rate of change in DM difference with time can
be approximated by (Yang & Zhang 2017)∣∣∣∣∣dDM

dt

∣∣∣∣∣ ≈ |∆DM|
∣∣∣∣∣∆βdol

v⊥

∣∣∣∣∣−1
≈ 21.081pccm−3 yr−1

×

∣∣∣∣∣ ∆DM
pccm−3

∣∣∣∣∣∣∣∣∣∣∆βdol

au

∣∣∣∣∣−1( v⊥
100kms−1

)
, (12)

where ∆DM is the maximum variation in the DM difference. The corresponding rate of change for the
delay time difference approaches to∣∣∣∣∣ ∆t

tper

∣∣∣∣∣ ≈ 21.097msyr−1
∣∣∣∣∣ ∆t
ms

∣∣∣∣∣∣∣∣∣∣∆βdol

au

∣∣∣∣∣−1( v⊥
100kms−1

)
, (13)

where ∆t is the maximum variation in the delay time difference.
Table 1 gives the variations in the DM difference and the delay time difference for burst pairs and

their time spans due to the effects of a Gaussian lens. It is apparent from the table that the rates of
change for the differences in the delay time and in the DM should be relatively large when the plasma
lens is located in the host galaxy, or in the Milky Way, with the effects lasting for about several years.
Conversely, the effects of a plasma lens in intervening galaxy are at a much longer timescale of 1000yr,
but their effects are not significant over several years.

4 DISCUSSION AND SUMMARY

We have shown that the properties of a plasma lens and their relative distances to an observer play
a leading role in the formation of multiple images from FRBs. The separated images with significant
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frequency-dependent time delays are caused by a plasma lens. We demonstrate that the delay times of
the first and third images are shorter at high frequency than these at low frequency. However, the radio
signals of the second image should arrive at the telescope earlier at low frequency than at high frequency.
This is due to the the geometric effects of plasma lens, which gives rise to the inversed frequency-time
delay relation in the second image. The variation of DM, the time intervals between the images and their
time spans due to the motion of the source relative to the plasma lens are significant in the host galaxy
but less so in the intervening galaxy.

In this study, the thin lens approximation has been adopted. Due to the magnification limit (≥ 0.1),
the radio signal in relation to the multiple images seems to show narrow-band spectrum, and a radio
telescope may detect the two images as burst pair. The time interval between multiple images within
the detection window should depend on the source position and the narrow-band spectrum, which is
consistent with some burst pairs from the repeaters (Chawla et al. 2020; Platts et al. 2021). However,
the predicted time interval between multiple images using a single or simple lens plane is not sufficient
to account for the large range of interval times for burst pairs. In addition, the repeating bursts occur at
relatively short burst rate (Andersen et al. 2019; Fonseca et al. 2020) and the magnifications of some
images are independent of the effect of the plasma lens. The waiting time between two adjacent bursts
in a continuous observation may emerge as separated multiple distributions and irrelevant to the high
energy components of bursts because of the effect of the plasma lens (Li et al. 2021b).

The FRB dispersion relation can be influenced by the inhomogeneous properties of the plasma
along the line of sight, which leads to deviation from the classical dispersion relation. This chromatic
effect due to plasma lenses may exist at all distance scales and is a very important tool to reveal the
dispersion relation. Based on the large sample of FRBs at 600MHz, an event rate of 818sky−1 day−1 has
been inferred above a fluence of 5Jyms (Amiri et al. 2021). The DM as derived from pulsars based on
the interstellar medium in the Milky Way ranges from 3 to 1700pccm−3, with the largest DM expected
around the galactic disk (Manchester et al. 2005). FRBs may traverse foreground objects similar to the
Milk Way before reaching the observer (Fedorova et al. 2019; Prochaska et al. 2019; Xu et al. 2021).
This implies that a repeater, in particular the ones that located at different regions of an intervening
galaxy, may form multiple DM distributions. Thus the detailed dispersion properties of FRBs can be
used to research the properties of near-source plasma and the intervening galaxy, such as the properties
of supernova remnants, pulsar wind nebulae, H II regions, black holes surrounded by plasma and galactic
halo (Yang & Zhang 2017; Prochaska et al. 2019; Tsupko & Bisnovatyi-Kogan 2019).
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Appendix A: THE EFFECTS OF THE PLASMA LENS IN THE INTERVENING GALAXY
AND MILKY WAY

This appendix gives the DM and delay time for each of the three images due to a plasma lens locating
in the intervening galaxy, as shown in Figs. A.1 and A.2, and the Milky Way, as shown in Figs. A.3 and
A.4. The three images exhibit similar properties as in the host galaxy discussed in Section 3.2, but with
several differences in the values of the DM and delay time.
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Fig. A.1 Similar to Fig. 4, the delay time (upper panel) and DM (lower panel) for the three
images as caused by the Gaussian lens at zd = 0.0219367 in the intervening galaxy and dolσ =

104 au.

Fig. A.2 Similar to Fig. 5 and Fig. A.1, the delay time (upper panel) and DM (lower panel)
of the three images as caused by the Gaussian lens in the intervening galaxy (zd = 0.0219367)
and with dolσ = 2×104 au.
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