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Abstract

In this paper, a new generalized exponential rational function method is employed to
extract new solitary wave solutions for the Zakharov-Kuznetsov equation (ZKE). The
ZKE exhibits the behavior of weakly nonlinear ion-acoustic waves in incorporated hot
isothermal electrons and cold ions in the presence of a uniform magnetic field.
Furthermore, the stability for the governing equations is investigated via the aspect of
linear stability analysis. Numerical simulations are made to shed light on the
characteristics of the obtained solutions.
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1 Introduction

Nonlinear evolution equations (NLEEs) have been very important aspects owing to their
very wide range of applicability in nonlinear science. In science nonlinear physical phe-
nomena are one of the most significant areas of study and they appear in various fields of
science and engineering, such as plasma physics, fluid mechanics, gas dynamics, elastic-
ity, relativity, chemical reactions, ecology, optical fiber, solid state physics, biomechanics,
to mention few. All these equations are fundamentally controlled by NLEEs [1-6]. NLEEs
are often used to illustrate the motion of separated waves. Ever since the arrival of soli-
tary wave in scientific work, it has been getting more concentration. Thus, it is vital to
extract exact traveling wave solutions to NLEEs. This is because obtaining exact solutions
to NLEEs gives us the liberty to present information on the characteristics of a complex
physical phenomenon. Thus, the construction of exact traveling wave solutions to NLEEs
has become a priority in the analysis of nonlinear physical phenomenon. A lot of analyti-
cal approaches have been used to establish traveling wave solutions for NLEEs [7-13]. On
solitons, nonlinear physical phenomena and other novel solutions of NLEEs, there has
been a variety of theoretical work [14-24].

Moreover, it is well known that stability analysis (SA) is very important in the investiga-
tion of integrability, internal properties, existence and uniqueness of a differential equa-
tion [14—17]. In this paper, new traveling wave solutions using a relatively new technique,
namely the new generalized exponential rational function method (GERFM) [25] and sta-
bility analysis via the concept of linear stability analysis are constructed for the (2 + 1)-
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dimensional ZK equation given by [26-31]

1 1
O + LDy + E(z)xxx + 5(1 + 8)¢yyx =0, (1.1)

where 1 and § are nonzero arbitrary constants and ¢ = ¢(x,y,£). ¢(x,9,t) is for the elec-
trostatic wave potential in plasmas, that is, a function of the spatial variables x, y and
the temporal variable ¢. The ZK equation determines the behavior of weakly nonlin-
ear jon-acoustic waves incorporating hot isothermal electrons and cold ions in the pres-
ence of a uniform magnetic field [32-37]. The ZK equation also involves an anisotropic
two-dimensional generalization of the KdV equation and can be analyzed in magnetized
plasma for a tiny amplitude Alfvén wave at a critical angle to the uninterrupted magnetic
field [32—37]. There has not been a lot of studies on this special form (1.1) of the ZK equa-
tion in the literature. The main aim of the current work is to establish new solutions to
this less studied equation by means of GERFM.

2 Description of the GERFM
The GERFM may be described as follows [25]:
Step 1. Surmise that there is a nonlinear partial differential equation express by

N(‘ﬁ, Yoo Uir s Wyyx’ ...)=0. (2.1)

Applying ¥ = ¢(§) along with & = kx + my — wt, we obtain

N,y v",..) =0, (2.2)

where k,m and w are constants that will be computed later.
Step 2. Next, we surmise that Eq. (2.2) has the formal solution

pleqls + p26q2§

D (&) (2.3)

- p56q3§ +p6eq45 ’

where p1, po, p3, pa, and q1, 42, g3, g4 represent the complex (or real) numbers provided that
Eq. (2.1) is written as

N N
YE) =Ag+ ) A@E) + ) Bid ). (2.4)

k=1 k=1

Meanwhile the coefficients Ag, Ay, Bx(1 < k < N) and p,, q,(1 < n < 4) will be obtained
such that (2.4) satisfies (2.2). In addition, N is a positive integer that can be obtained by
applying the homogeneous balance principle.

Step 3. Plugging (2.4) into Eq. (2.2) and organizing all terms yield the polynomial equa-
tion P(e?1%,e12%, ¢35, ¢945) = 0. Equating every coefficient of P to zero, a set of algebraic
equations for p,,q,(1 < n < 4), and k,m,w, A, A1,B; will be derived with the help of
Maple.

Step 4. Solving the outcomes in Step 3 and then putting non-trivial solutions in (2.4), we
obtain the soliton solutions of Eq. (1.1).
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3 Application of GERFM to ZK
In order to construct explicit traveling wave solutions to Eq. (1.1), we propose the following

traveling wave transformation:
o(x,y,£) = u(€), £ = kx + my — ot. (3.1)

Applying Eq. (3.1) to Eq. (1.1) and integrating once with respect to & yield
kK km? k
—wu + (—+ﬂ(1+8) W+ B2 oo, (3.2)
2 2 2

Applying the balance principle to the terms of #? and u” in Eq. (3.2) gives 2N = N + 2 so
N =2. S0 (2.4) will turn into

B B,

u() =Ag + A1 ®(E) + A, D% (€) + o© 22

(3.3)

where @(£) is giving by (2.3). Substituting (3.3) into (3.2) and, following the method de-
scribed in Sect. 2, we obtain non-trivial solutions of (1.1) as follows.
Family 1: For p = [i,—i,1,1] and q = [i, —i,i,—i], (2.3) turns into
sin(§)

D(§)= cos(E)’ (3.4)

V6./6k> + B, 4
e ———— w = —ukB,,
64/=5 — 1 3

Ao =2B,, A, =0, Ay =B, B, =0, By = B;.

k =k, m=

Putting these results in Egs. (3.3) and (3.4), the exact solution of Eq. (1.1) is obtained:

B,

$1(x,p,t) = m,

where, for § < —1, we have

6./6k2 B 4
£ = kx— wy_ kBt
64/-6-1 3
Case 2:
V2V2U3 —w w
k=k, m=-— , w=w, Ag = )
2Vky/-8 -1 ki
3w
A =0, Ay=——0, B, =0, B, =0
ku

Putting these results in Egs. (3.3) and (3.4), the exact solution of Eq. (1.1) is obtained:

(2cos?(&) - 3)w

¢2(x’y’t) = kMCOSZ(é;')
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where, for § < —1, we have

V2V2U3 - w
E=kx— ——y—-wt.
2Vk/=5 -1
Case 3:
6,/6k% + uB 1
k =k, mz_w, w = —— kB,
64/-6-1 3
1
Ag = 532, A1 =0, Ay =0, By =0, B> = B,.

Putting these results in Egs. (3.3) and (3.4), the exact solution of Eq. (1.1) is obtained:

(2cos®(£€) + 1)B,

baln) = 3sin’(£)

’

where, for § < —1, we have

6./6k% + uB 1 1
S:kx—w, w = ——ukByy + — pukBst.
681 3 3
Case 4:
V2V2U3 + w 3w
k=k, m=— , w=w, Ag=—,
2Vk/=5 -1 kp
3w
A =0, Ay=—, B =0, B,=0
ku

Putting these results in Egs. (3.3) and (3.4), the exact solution of Eq. (1.1) is obtained:

( f)= 3w
¢4 xX,),L) = m,

where, for § < —1, we have

ok V2V2U3 + w ;
=kx — ———=y - ot.
2«/@/—6—1y

Family 2: Forp=[1+1i,1-1i,1,1] and q = [i, —i,i,—i], (2.3) turns into

D (&) = %&‘;‘”(E) (3.5)
Case 1:
k=k, = _Y3VI2 At L ka,,

B S L )
6+/—06—-1 6

2 1
A0=—§A1, Ay =4y, A2=—§A1, B, =0, B, =0.

Page 4 of 15
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Putting these results in Egs. (3.3) and (3.5), the exact solution of Eq. (1.1) is obtained:

_ (2cos’(§) - 3)A;
¢5(x, p,t) = T 6cos?®)

’

where, for § < —1, we have

3/12k2 - A 1
£ =kx— My_ ~ kA, t.
64/-6-1 6
Case 2:
V2V2U3 + w
k =k, m=— , w=w,
2/k/=5 -1
6 12 12
Aoz_w, AIZO; A2:0’ Blz @ ®

e P
Putting these results in Egs. (3.3) and (3.5), the exact solution of Eq. (1.1) is obtained:

6w
k(2 sin(§) cos(€) — 1)

P6(x, y,t) = —

where, for § < —1, we have

N2V2UE + w
E=kx— ———=y - wt.
2Wkv/=8 -1
Case 3:
V2V2U3 —w
k=k, m=— , w=w,
2Whky/=8 -1
A= 4w A 420 B_12a) B 12w
0 k/,,l/’ 1=Y 2=Y l_k/,L 2 k,l,l/

Putting these results in Egs. (3.3) and (3.5), the exact solution of Eq. (1.1) is obtained:

4dw(sin(€) cos(&) + 1)

o700 = s cosE) = 1)’

where, for § < —1, we have

Family 3: For p=[1,-1,1,1] and ¢ = [-1, 1, -1, 1], (2.3) turns into
@ (&) = —tanh(§). (3.6)

Case 1:

1
k= g\/—6HA2 —36(8 + 1)m2, m=m,
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2
w= —§;LA2\/—6MA2 —36(8 + 1)m?,
Ag = -2A,, A1 =0, Ay =A,, B; =0, By =A,.
Putting these results in Egs. (3.3) and (3.6), the exact solution of Eq. (1.1) is obtained:

Ay

Ps(x,y,1) = cosh?(£) sinh?(¢)’

where

1 2
&= g\/—6/LA2 —36(8 + 1)m%x + my + §MA2\/—6/,LA2 —36(8 + 1)m?t.

Case 2:

1
k= g\/—6u32 —36(8 + 1)m?, m=m,

1
= E\/_6“1;’2 —36(8 + 1)m2uB,,

1
Ao=-3By  A1=0,  A;=0,  Bi=0, By=B

Putting these results in Egs. (3.3) and (3.6), the exact solution of Eq. (1.1) is obtained:

_By(tanh®(§) - 3)

doln 1) = 3tanh?(&)

where

1 1
£= g\/—6u32 —36(8 + 1)m2x + my — 1—8\/—6,uBg —36(8 + 1)m2uBot.

Case 3:

1
k= g\/—6u32 —36(8 + 1)m?, m=m,

1
W= _ﬁ\/_6MBZ —36(8 + 1)m2uB,,
Ao =-By, A =0, Ay =0, B =0, By = By.
Putting these results in Egs. (3.3) and (3.7), the exact solution of Eq. (1.1) is obtained:

B,

br0(x,9,t) = m,

where

1 1
&= g\/—6ﬂBz —36(8 + 1)m?x + my + 1—8\/—6u32 —36(8 + 1)m2uBot.
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Family 4: For p = [-2,-3,1,1] and ¢ = [1,0, 1,0], (2.3) turns into

—2¢5 -3
DPE)= —. 3.7
©=-—— (37)
Case 1:
66k + uA 1
k=k, mz_w’ W= — ukA,,
6/-6-1 12
37A,
Ay = c A1 =5A,, Ay =Ay, B; =0, B, =0.

Putting these results in Egs. (3.3) and (3.7), the exact solution of Eq. (1.1) is obtained:

Asx(—e¥ +4ef —1)
6(1 +€f)?

P11(x,9,8) = -

’

where, for § < —1, we have

= kx — — —ukAst.
5 6/-8 -1 12
Case 2:
k3 -2
k=k m=——2 " -0,
V=5 -1
72 360 432
Ao:——w, A =0, Ay =0, By =- a): B2___w'
wk uk wk

Putting these results in Eqgs. (3.3) and (3.7), the exact solution of Eq. (1.1) is obtained:

72wet

) ;t = T T s
P12(x,, 1) KO 1 3)

where, for § < —1, we have

Family 5: For p = [-3,-1,1,1] and ¢ = [1,-1,1, -1], (2.3) turns into

_ —2cosh(&) - sinh(§)

0] = 3.8
&) cosh(®) (3.8)
Case 1:
NONOY I
k =k, Mm=——————, w=w,
2/k/=5 -1
9w 36w 27w
AO_ Al_O, A2=0, Blz——’ BZZ_—

Page 7 of 15
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Putting these results in Egs. (3.3) and (3.8), the exact solution of Eq. (1.1) is obtained:

9w
k(5 cosh?(€) + 4 cosh(&) sinh(€) — 1)

d13(x,9,t) =

where, for § < —1, we have

V2203 —w
E=kx— y — wt.
2Vkv/=5 -1
Case 2:
ek V223 + o
=K, m=— ’ w=0w,
2WWk/=8 -1
11 36 27
Ao=—2,  Ay=0, A=0, B=—2 pB=-"2
wk wk uk

Putting these results in Egs. (3.3) and (3.8), the exact solution of Eq. (1.1) is obtained:

oy t) = w(18 cosh*(£) — 33 cosh?(&) + 36 cosh(&) sinh(&) + 11)
Pl ) = kpt(3cosh’(€) + 1)2 ’

where, for § < —1, we have

V2V2U3 +
2Wkv/=8 -1

Family 6: For p=[1,1,1,-1] and ¢ = [1,-1, 1, -1], (2.3) turns into

E=kx— y — wt.

_ cosh(§)
*E) = sinh(g)

(3.9)

Case 1:

1
k= g\/—6MA2 —36(8 + 1)m?, m=m,

2
w= §MA2\/—6,MA2 —36(8 + 1)m?,

2
Ao = gAz, A1 =0, Ay = Ay, B, =0, B, = As.

Putting these results in Egs. (3.3) and (3.9), the exact solution of Eq. (1.1) is obtained:

2(3coth*(£) + 2 coth?(€) + 3)

prs ) = &
1R E = 3 coth?(£)

’

where, for § < —1, we have

1 2
£= g\/—@mz —36(8 + 1)m2x + my — 5 Az —61Ay — 36(8 + 1)m?t.
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Case 2:
V2V2U3 —w
k =k, m=— , w=w,
2Wk/=8 -1
3w 3w
AOZ_! A1=0’ A2=0r BIZO, BQZ

_ m
Putting these results in Egs. (3.3) and (3.9), the exact solution of Eq. (1.1) is obtained:

3w

b16(x,9,t) = m,

where, for § < —1, we have

E=kx— y — wt.

2/k/=8 =1

Family 7: For p = [-2,-1,1,1], ¢ = [0,1,0,1], and r = [0, 0], (2.3) turns into

—ef -2
D)= . 3.10
©-7— (3.10)
Case 1:
VK3 + 2w
k =k, =, w = w,
Vkv/=-8-1
A_26a) A 20 A 20 B_72a) _48w
O_k/,,L’ 1=Y 2=Y l—klur Z_kﬂ.

Putting these results in Egs. (3.3) and (3.10), the exact solution of Eq. (1.1) is obtained:

2w(e* — 8ef +4)

brrln ) = ket +2)?

’

where, for § < —1, we have

VK3 + 2w
E=kx— ——y - wt.
V=8 -1
Case 2:
k3 -2
k =k, me=——r W=,
V=8 -1
24w 72w 48w
Ag=——0o, A =0, Ay =0, Bi=-——, By=—-——.
ku ku ko

Putting these results in Egs. (3.3) and (3.10), the exact solution of Eq. (1.1) is obtained:

24wet

d18(x, 9, t) = m,
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where, for § < —1, we have

k3 - 2w

k=8 -1

Family 8: For p = [2,0,-1,1] and g = [-1,0,-1,1], (2.3) turns into

E=kx- y — wt.

cosh(&) — sinh(§)

o (e) — Cosh(E) —sinh(§) 3.11
(&) cosh(&) ( )
Case 1:
6./6k2 A 1
kok oo YOV rudy o L
6/-8 -1 3
2
Ap = §A2, A = —24,, Ay = Ay, B, =0, B, =0.

Putting these results in Egs. (3.3) and (3.11), the exact solution of Eq. (1.1) is obtained:

(2cosh?(&) - 3)A,

¢)19(x’y’ t) = BCOShZ(E)

where, for § < —1, we have

V6.,/6k% + nAy, 1

— —ukAst.
o/ -1 y SM 2

Family 9: For p = [2,0,1,-1] and g = [1,0, i, —i], (2.3) turns into

&=kx

_ —sin(§) + cos(§)

) 3.12
©= =5 (312)
Case 1:
24 A 1
ek omo YoVSRipAy o L
6v/—8 — 1 3

4
AO = gAZ: Al = 2A2r A2 :AZr Bl = 07 B2 =0.

Putting these results in Egs. (3.3) and (3.12), the exact solution of Eq. (1.1) is obtained:

(2cos?(£) + 1)A,

$20(x, 9, £) = 35in’(E)

where, for § < —1, we have

6./6k2 A 1

Family 10: For p=[1+1i,1-,1,1], q = [-i,i,—i,i], and r = [0, 0], (2.3) turns into

cosh(&) + sinh(&)
D)= T(‘E) (3.13)

Page 10 of 15
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Figure 2 3D plotfor ¢pgaty=1withB,=pu=6=1and2Datt=0

Case 1:
6,/6k? A 1
k=k, = YOV + sy 2 = kA,
6v/-8-1 3
2
Ag = §A2, Ay = -24,, Ay = Ay, B, =0, B, =0.

Putting these results in Egs. (3.3) and (3.13), the exact solution of Eq. (1.1) is
obtained and the physical features of some of the solutions are depicted in Figs. 1 to 5:

_ (2cosh*(§) + 1)A,
$n(x,y,t) = Thz(é‘)

where, for § < —1, we have

k \/g\/ 6k? + ,LLAZ

1
& =kx o/ 1 y—gukAzt.
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b
Y

Figure 3 3D plotfor ¢z aty=Twitho=pu=k=5§=1and2Datt=0

(51
'S

Figure 4 3D plotfor¢gaty=Twithoc=pu=k=8§=1and2Datt=0

4 Stability analysis of Eq. (1.1)

The connection for the dispersion in Eq. (1.1) will be analyzed [14—17]. The features of
the real part (Re) of o show whether the outcome will become larger or disappear in a
given period. When the real part of o (k) is negative for every k values, the superposition
of solutions of the form e****) may subsequently disappear. Put differently, if the the real
partis positive for some values of k, some components of a superposition will subsequently
become huge. The former is regarded as the stable case, while the latter is regarded as the
unstable case. Furthermore, if the maximum of the real part is zero, the case is regarded to
be the marginally stable case. It is burdensome to evaluate the long term behavior in this
case. Moreover, in Fig. 6 we plot frequency of the pertubation against the wave number.

Consider the perturbed solution of the form

o (%, t,y) = Py + ew(x, £, y). (4.1)
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Figure 5 3D plotfor ¢yg aty =1 withAy =k=§=1and 2D att=0

15 «10*  Wave Number and Frequency of Perturbation 15 «10* Wave Number and Frequency of Perturbation
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Figure 6 Frequency of the perturbation against the wave number when Py < 0 and Py > 0, respectively

It is easy to see that any constant P, is a steady state solution of Eq. (1.1). Inserting Eq. (4.1)
into Eq. (1.1), one gets

26wy + 2ePyw, + 2/L62WWx + EWyyy + OEWyyy + €Wy = 0, (4.2)
linearizing (4.2) in € gives

26W; + 2UEP Wy + EWyyy + S€ Wy + €Wy = 0. (4.3)
Suppose that Eq. (4.3) has a solution of the form

w(x, t,y) = eitar+harion) (4.4)
where k is the normalized wave number; substituting Eq. (4.4) into Eq. (4.3), we get

(kK + kik3 (1 +8) = 20 — 2ki juPg) = 0. (4.5)
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Solving for o from the above equation yields

1
O'(kl,kz) = i(kf + klkg + /qk%é - 2/(1/,LP0). (46)

From Eq. (4.5), one can see that the real part is negative for all k values, then any super-
position of the solutions will appear to decay. Therefore, the dispersion is stable.

5 Conclusion

This research applied GERFM to extracting new solitary wave solutions for the ZK equa-
tion. The ZK equation exhibits the behavior of weakly nonlinear ion-acoustic waves in-
corporating hot isothermal electrons and cold ions in the presence of a uniform magnetic
field. There have not been a lot of studies on this special form (1.1) of the ZK equation in
the literature. Owing to this, it is of great importance to establish different types of solu-
tions to this equation. We successfully obtained solutions such as exact solutions, exact
periodic wave solutions, soliton solutions and exponential function solutions. GERFM has
the capacity to generate several types of solutions in different form unlike some of the clas-
sic methods that could only generate a small number of solutions. Thus, GERFM is very
efficient and effective in extracting new types of solutions to varieties of NLEEs. Graphi-
cal features of some of the obtained solutions are presented in order to shed more light on
the characteristics of the obtained solutions. Furthermore, the stability of the governing
equations was investigated via a linear stability analysis.
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