THE NON-CENTRAL WISHART DISTRIBUTION AND CERTAIN
PROBLEMS OF MULTIVARIATE STATISTICS!

By T. W. ANDERSON
Cowles Commission for Research in Economics

1. Summary. The non-central Wishart distribution is the joint distribution
of the sums of squares and cross-products of the deviations from the sample
means when the observations arise from 2 set of normal multivariate populations
with constant covariance matrix but expected values that vary from observation
to observation. The characteristic function for this distribution is obtained
from the distribution of the observations (Theorem 1). By using the char-
acteristic functions it is shown that the convolution of several non-central
Wishart distributions is another non-central Wishart distribution (Theorem 2).
A simple integral representation of the distribution in the general case is given
(Theorem 3). The integrand is a function of the roots of a determinantal equa-
tion involving the matrix of sums of squares and cross-products of deviations
of observations and the matrix of sums of squares and cross-products of devia-
tions of corresponding expected values.

The knowledge of the non-central Wishart distribution is applied to two gen-
eral problems of multivariate normal statistics. The moments of the gen-
eralized variance, which is the determinant of sums of squares and cross-products
multiplied by a constant, are given for the cases of the expected values of the
variates lying on a line (Theorem 4) and lying on a plane (Theorem 5). The
likelihood ratio criterion for testing linear hypotheses can be expressed as the
ratio of two determinants or as a symmetric function of the roots of a deter-
minantal equation. In either case there is involved a matrix having a Wishart
distribution and another matrix independently distributed such that the sum
of these two matrices has a non-central Wishart distribution. When the null
hypothesis is not true the moments of this criterion are given in the non-central
planar case (Theorem 6).

2. Introduction. The well-known Wishart distribution is the distribution of
the sums of squares and cross-products of deviations from the sample
means of observations from a multivariate normal distribution. If the
expected values of the variates change from observation to observation
(with the covariance matrix constant), the distribution of sums of squares and
cross-products is the non-central Wishart distribution. This distribution has
been given explicitly [1] for the simple cases of the non-central problem. If we
think of the expected values of each observation as defining a point in a space of
dimensionality equal to the number of variates, we can say that the cases
handled are those in which the points corresponding to a sample lie on a line or

1 Part of a thesis submitted to the Mathematics Department of Princeton University in
partial fulfillment of the requirements for the degree of Doctor of Philosophy, June, 1945.
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a plane. Although the explicit formulas for the distribution of higher rank are
extremely complicated and have not been derived, the characteristic function
is relatively simple. The distribution in general can be given in terms of a
simple multiple integral.

The Wishart distribution is the basis of much of the sampling theory associ-
ated with the multivariate normal distribution. It plays a role similar to that
of the x*-distribution in univariate normal theory. It can be used in deriving
the distributions of the generalized T” and of the multiple correlation coefficient
when all variates have a normal distribution; it is used in deriving the moments
of the likelihood ratio criterion for testing the general linear hypothesis (including
the test of the means of several populations being equal) as well as deriving the
moments of other such criteria®). For the problems of the 7% and the test of
the linear hypothesis and many other problems, the non-central Wishart dis-
tribution must be substituted for the central Wishart distribution when the
null hypothesis is not true. That is, the non-central distribution can be the
basis of obtaining the power function for many tests in multivariate normal
statistics. As an example of the application of the non-central Wishart dis-
tribution to these problems, in this paper we obtain the moments of the gen-
eralized variance and the moments of the criterion for linear hypotheses when
the population means lie on a line or a plane. Applications to other problems
such as testing collinearity, comparing scales of measurement, and multiple
regression in time series analysis will be published in a later paper [3]. Another
problem to which this non-central theory can be applied is a method of estimat-
ing the parameters of a single equation of a complete system of linear stochastic
difference equations (developed by T. W. Anderson, M. A. Girshick and H.
Rubin).

In [1} it was shown that one can make linear transformations on the observa-
tions which simplify the derivation of the non-central Wishart distribution in
the linear and planar cases. Consider a set of N multivariate normal popula-
tions, each of p variates. Let the i-th (z = 1, 2, ---, p) variate of the a-th
(@ = 1,2, ---, N) population be z;, ; let the mean of the variate be

(1) E(xia)‘—"p’iﬂ (i=1727"'7p;a=1y2"",N)-
Let the covariance matrix (of rank p) common to all N populations be

| E(@ia — mia)(@ia — mia || = |loill
(¢ =1, 2 ---, N).

The probability element of the z;, can be written as
@ 17D T exp [~ § 2 0% (3ia — tia) (@ie — wia) ][] die,

3L
where

el = [l as; ||

2 See Wilks [2] for example.
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The sum of squares and cross-products of deviations from the means in a sample
{r:a} are

N
3) a;; = Zl(xia — ) (zia — %),
where

1 N
f.‘ = ]—V-'Z Tia o

a=1

The dimensionality, say ¢, of the space spanned by || pi« || is equal to the rank of
N

4 i ll = 1] Zl(#ia — &) (pia — B3 1],
where
1 N
Ria = ’N aE—I Mix o
As a result of a linear transformation it was demonstrated that the distribution
N—-1
of a;; is the same as that of D" Zia &« where the x;, have a normal multi-
a=1l
variate distribution with covariance matrix || o;;|] and expected values
E(®ia) = pia
(t=12---,p;¢ =172, <y N — 1):
such that
N—1 ,
rss 1l = 11 e -
The joint distribution of a;; is given for three cases:
(i) Caset = 0:

(5) W(asi, 041, 7353 B, N — 1,0) = Ko | 0" | ** ™ | a5 | ' " P exp[— 3 2 07 aill;
%2

(ii) Caset = 1:
6) Wais,0i,mii3 0N — 1,1) = Krexp [—3 2 %7551 | o ' | Y772
*:7
X exp [— 3 20" ai] (2 gyl 20 Ii(N—i)(\/‘z’_:aiiTc'i);
L 2Y %7 .
(iii) Caset = 2:
W(ais, 05,7353 N — 1,2) = Ksexp [— 3 20 nil |67 7
7

. HN—p—2) 1 I L = (ul u2)w
X la | exp [~ 3207 ail 20 oL inGIN — 2l Fw)

) _
X (u + M)ﬁmw_ﬂ"'m) L9420 (‘\/ w1 -+ Usz),
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where

P
Ko_l —_ 2;?(1\/—1) _n_tP(P—-l) I;Ilr(%[N _ 7:]),

p—1
KII — 2%p(N—1)—%(1v~3) _n_%p(p~1) HP(%[N —_1 - Z]),

i=1
p—2
'2*1 — 2:11(1\/—-1)—7(1\/—*3) 7’}11(1’~1)‘I;Il P(%[N -9 1/]),
I.(z) is the Bessel function of purely imaginary argument, and u, and u, are
the two non-zero roots of
(8) [T -2 =0

(here T = || ;|| and A = [|ai;]|). The number N — 1 is the number of
degrees of freedom and ¢ is the rank. The matrix || ¢:;|| we shall call the sigma
matriz, and || 7;; | we shall call the means sigma mairiz.

Let &}, 3, - - -, kp be the real, non-negative roots of the determinantal equation
9 [T —=AZ| =0
(where £ = || o:;]| ). There is a non-singular p X p matrix ¥ (= || ¢:;]])
such that
(10) VIV =]
and
(11) VIV = || iy ||

(where [ is the identity; ¥’ is the transpose of ¥ and §;; = 1 for7 = j and 0 for
7 % 7). Then the quantities

(12) bij = 2 Y Vi Qae

h k=1

have the distribution W(b;;, 6:;, «::; ; p, n, t) wheren = N — 1 and «} = 0
fori =t¢+ 1,¢t + 2, ---, p). This is the same distribution that would be
derived if the b,; were defined by

(13) bij = z_;?/fa Yia

where the distribution of the yi, is

n

(14) @) exp [— 430 @ia — ke dia)]

=1 a=1

This simplified distribution of the observations has been called the canonical
form.
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3. The characteristic function of the non-central Wishart distribution. We
shall find the characteristic function of the a;; and 2a;; (z # j) as defined in (3).
We first obtain the characteristic function of the b;; and 2b;; (¢ ¥ j) as defined
in (13) and then perform a linear transformation to obtain the characteristic
function of the a;;. The characteristic function of the b;; and 2b;; 5 = j)
is defined as

(15) _ ( [ nz;l bisbii ])’

where
;= 0j

and 7 in the exponent is the imaginary quantity.
We can write (15) as

D n
E<exp [z >, Yia Yia 0ii]>
=1 a=1

+-00 +o0 P n ¥4 n
= (27,-)—”’"[ .o /: exp [—— %ZZ (yia — K; 5ia)2 + I Z Zyia y,-,,ﬁ.-j]

-00 i=1 a=1 1,j=1 a=

»

X 1111 dyie .

t=1 a=1

Let us first integrate the y.o fors = 1,2, ---,panda =t + 1,t + 2, ---, n
that is, make the integration

+o0 o0
(27r)—«}p(n—t) f . f

eXp[ Iy > i > Zymy,a ”]H 11 dyee.

z—l a=t+1 1,j=1 a=1 i=1 a=t+1

This is, however, the characteristic function of a Wishart distribution with
n — t degrees of freedom [4], namely

(16) | s, — 206:; |77,

Now we must make the integration

2
1 yd { P t
. exp[ 2;;% + 2 Z Eymymon +E?/fm"n:| XHdem

1,j=1 9=1 =1 =1

There is a p X p matrix G = || g;; || such that

¥4
> gridin g = bij,

h, k=1
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where
din = Okn — 200.

Let us make the transformation

p .
Yin = 2 gin Ziy T A ke,
b=l
where
Ha™ I = [l da |l
Then the exponent of (17) within the integral sign is

1 Fd t t
HE AT,
2 f=1

i=1 9=1
and the Jacobian of the transformation is
I diﬂ l—“-
Hence, the integral of (17) is

(18) | d ¥ exp [—% (,; K2 — ; d""x,’,)] .

This result is obviously true if the 8;; are pure imaginary and sufficiently small
so that || di;|| = |] 8:;; — 2:¢6:;|| (which is real in this case) is positive definite.
For all complex 6;; in a neighborhood of the origin (17) converges because the
real part of || d:; || is positive definite. Similarly the integral of the derivative
with respect to 6;; of the integrand converges for 6;; in this neighborhood. It
follows that the (complex) derivative of the characteristic function exists in this
neighborhood because the derivative of the integrand is measurable and is abso-
lutely integrable. Therefore, the characteristic function is analytic in a neigh-
borhood of the origin. From this it follows that the characteristic function is
analytic in an open set containing the flat space of real 8;;. By analytic con-
tinuation, then, (18) is the value of (17) in the open set containing real 6;;. The
characteristic function (15) is the product of (16) and (18). Accordingly, we
have the result that the characteristic function of the b;;and 2b;; (4 = j) defined
by (13) is

t |12
(19) |d” " exp [—1 (E K=, d" xﬁ)] .
2 n=1 =1
It is clear that if , = 0 (for all ), this function reduces to the characteristic
function of the Wishart distribution with n degrees of freedom, namely,
(20) | 8:; — 266;; 7"

It is interesting to note that (19) factors into two parts, one of which is (20)
and the other is

o o[4S~ )],

n=1 =1
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The distribution function similarly factors into two parts, one of which is the
Wishart distribution, whose characteristic function is (20). Thus the non-
central Wishart distribution function is the convolution of a function (central
Wishart distribution) and another (the transform of (21) the first of which is
a factor of this same non-central Wishart distribution.

In the planar case the characteristic function can be written as

exp [—3(d — d"'xD)] exp [—3(5 — d”))]
l 8,, - 2’1,0;, I*"‘ | 5;’,‘ — 210,, |*"2 !

where n; + n, = n. From this fact it is clear that the distribution for the
planar case (if n > 2p + 2) is a convélution of two distributions each of the
linear case.

This deduction can also be made from the distribution (14). Let

ni+1

b:~,— = ya¥n + E YiaYiay

bw = Yial¥Yiz + E ymyw'

a=n)-4
Then it is clear that the b;,- has the non-cent;ral Wishart distribution with n,
degrees of freedom and parameter «; in the direction of the first coordinate
axis, while the b;; has the non-central Wishart distribution with n, degrees of
freedom and parameter «; in the direction of the second coordinate axis. Since
bij = bis + bi,

the distribution of the b;; is a convolution of the distributions of b;; and b;; .
In general the non-central distribution is the convolution of ¢ distributions of
the linear case (provided n > tp -} #).

It is easy to show that if one has two (or more) non-central Wishart dis-
tributions of rank 1 with parameters in the same direction, the convolution is
again a non-central Wishart distribution with parameter in the same dJrectlon
Suppose b;; and b;; have non-central Wishart distributions with parameter «'}
and «”} in the direction of the first coordinate axes and n; and n, degrees of
freedom respectively. The characteristic functions are

|9 '™ exp [=3(” — d™x1)]
and '
| d¥ exp [~ 30" — d"™)].
The product is
| &% exp [—3(d — d")],
where n = n; + ns and &} = ¥ + «”%.
Now let us deduce the characteristic function of the ai; and 2a;; (z = j).

Since by (12) the b’s are transforms of the a’s we can write a;; = Z v b
hokm1
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Then

®  s(oufs frn) (i nn]).

where ¢,; = ¢;. If we define

(23) O = ,Z ¢ v ",
£,j=1
then (22) can be derived by substituting (23) in (19).
Let
® = || ¢l
Then

l|dijil = D = ¥ (=" — 2)¥*
and
D' = w(="' - 2%0) .
The characteristic function of the a’s then can be written as
exp [—3{r(¥T¥) — tr[¥ (™" — 2i0) " ¥ ¥T¥']}]
{1 |27 — 2] . [ o]}

using (10) and (11). The denominator is
(e - ez = 2
and the numerator can be written as’®
exp [—{tr (M'¥"¥M) — tr [M'V¥(Z™ — 20" WIYM]}]
where
M = H#ux _Mz‘”
and
MM =T.

We may summarize in the following theorem:

THEOREM 1. Given ai; (3,5 = 1,2, ---, p) defined by (3) where the z;o (i =
1,2, ---,p;a = 1,2, ---, N) are distributed according to (2), the characteristic
Junction of a;; and 2a;; (2 = j) is

dCIEPEE)

1o e[ 1 3 5 o — ) — 20|
Gi=1 a=
’o-ull(n—l)

[1 i E o &.-,-ajh(#ha — i) (ke — ﬁk)] ’

(24)

1,7=1 a=1
Pykee=1

3 The result follows from the fact that tr(AB) = tr(BA).
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where
& 117 = 11671 = 1l 6" — 2igs; |
and
i = b4 .

Suppose we have two sets of quantities ai; and a.; each set of which is dis-
tributed according to a non-central Wishart distribution with sigma matrix
|| 6*||, one having n’ degrees of freedom (or n'’), means sigma matrix 7;; (or
74;) of rank ¢ (or t”). Consideration of the characteristic functions (24) shows
that

a:; = ai; + a5

has a non-central Wishart distribution with matrix || ¢’ ||, n’ + n” degrees of
freedom and a matrix
sl = 1 il =+ 1175

The rank of the distribution is equal to the rank of || r.;||. This result can
also be deduced from the representation of a; and a'.",- in terms of observations
from non-central normal populations. It is a straightforward generalization
of the same result for central Wishart distributions.

TaeEOREM 2. The convolution of two or more non-central Wishart distributions
with identical sigma matrices is a non-central Wishart distribution with means
sigma matriz equal to the sum of the means sigma matrices of the components.

4. An integral representation of the non-central Wishart distribution in the
general case. It was shown in [1] that

W(bi;, 8ij, K383 D, 0, &) = C'e‘“"’f | B — YYD &' gy
where
P
O = HEB gien irG-Dtint II TGin — ¢+ 1 — 4)),

t=1

P

P
11 11 abs;,

dB =
il jemi
P t
dYy = Hndyiﬂﬁ
t=1 y=1
B = || byll,
Y=||y"l” (77=1’29""t),
K=”K"6iill (ﬂ=1,2,“',t),

and the integration is on Y over the range || B — Y'Y’ || positive semi-definite.
This is equivalent to
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(25) Ce“'itrBlB Ii(n—ll—t—l) f II - Y/B_IY |;}(n_.p_¢_.1) e‘f(xly) ay.

The integration is over the range of ¥ for which || I — Y’B™'Y || is positive
semi-definite.
There is a p by p matrix H = || h;; || such that

HB'H =1
H'K =W = || widy ||,
where w? are the roots of
| K38:5 — )\b‘j[ =0,

1o 1 = 1l bss 7
Then make the transformation to Z = || z4 || by
Y = HZ.
The Jacobian of the transformation is
|H | = |B"
Then (25) can be written as
(26) Ce¥r® | g [yrr D f | I — Z' Z PPt D W2 g7,
Partition
Zl
Z =
VA

such that Z, is square (¢t X ¢). Let I — Z1Z, = E'E, (in terms of Z;), where
E is specified uniquely and consider the transformation of variables from Z,
to V defined by

Zy, = VE.
Then (26) can be written as

Ce_itrBlB Ii(n—p—l) dBf |I - Z; Zl Ii(n_w_l) e"‘(Wl'zl) dZ1

o f |1 — V'V [t gy,

where
W= “w'laﬂEH (77; £E=12 .- t)'
The first integration is over the range (I — Z:Z;) positive semi-definite and the

second is over (I — V'V) positive semi-definite. The value of the second
integral is
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-2
P II1 Tln — 26+ 1 — 4))

f II —-VV Ii(n—p—t—l) dv = —
IITGh — ¢+ 1 -1

Hence (26) can be written as
(27) a e-—hrs I B Ii(n—p~l) f II . Z{ Z I)(n—:t-l) etr(W{z,) A

with
01—1 - eltr(K'K) 2)nn1r}p(p—1)+h2

p—t

28 t
@) xIIlr(-;-[n—t+1—ﬂ)_le(%[n—t+1—-£l).
The first part of (27) is, except for a constant factor, a central Wishart distri-
bution with n degrees of freedom. The integral of the second part is obviously
& symmetric function of the w;. In terms of the a:; the w} are simply the
roots of (8). We can sum these results in a theorem.

THEOREM 3. Given a sample of observations () G=1,2,---,p;a=1,2
-++, N) distributed according to (2), the probability density function of the sums
of squares and cross products of deviations from the sample means defined by (3) is

W(aii, o5, 15532, N = 1,8) = Cy| " OV q; f¥—2D

*€Xp [—% ‘Z’: a‘jaii] [

HN—2t—2)

3
ut — 2 ZigZi
T}

3 t
- exp X Wiz ];I1 dzy
1=

fe=l

integrated over

H
Sog — 2 Zin2i
=1

positive semi-definite where Cy (n = N — 1) and 7;; are defined by (28) and (4),
respectively, and where w’ are the t non-zero roots of (8).

6. The moments of the generalized variance in the linear and planar non-
central cases. '

5.1. The linear case. The generalized variance, which is the determinant of
the variances and covariances,* is a measure of the spread of the observations.
If one thinks of the N observations of each variate as a vector in N. -space with

* This definition of Wilks [5] was made in terms of variances and covariances defined by
a¢i/N(from equation (8)). Since we consider a;;/(N-1) to be the variances and covariances
we define | a:/(N-1) | as the generalized variance.
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origin at the sample mean, the generalized variance is proportional to the square
of the volume of the p dimensional parallelotope which is defined by these
vectors as principal edges. Another geometric interpretation can be given in
terms of the p-dimensional variate space. The generalized variance is pro-
portional to the sum of the squared volumes of all possible parallelotopes that
can be joined by choosing as the p principal edges p of the N sample vectors
(origin at the sample mean).

In this section we consider the moments of the generalized variance when the
distributions of the observations are non-central multivariate normal. In
terms of the first geometric representation this means that the center of one or
more of the vector distributions is different from the others. For convenience
we shall assume that the distribution of the observations {y:.} is according to
(14). This will give as much generality as if we treated observations {z;.}
having the distribution (2). Moreover, we shall consider the determinant of
sums of squares and cross-products instead of the determinant of variances and
covariances. It is clear that the determinantant |b;;|, defined by (13), is

simply a multiple (by | Z | (N — 1)7) of ‘ e

i
N -1 l , defined by (3).

Let us first consider the linear case,ie., x = x; # 0and x; =0(Z =2, ---, p)
in (14). The first of the p vectors is centered on the first coordinate axis, not
at the origin. Then the probability density function of the b;; is

?
e—#ﬂ | b“_ P(n—p—l) exp l:-—% E b.'.-:l © (bill)a

=1
(29) S PalTln + )

p—1
2*1’"1'}?(17—1) H I‘(%[n _ zJ)

=1
We wish to find the moments E( | b;;|"). Let
b,‘j = 8i8;Tij.

Then s? is the sum of squares of the i-th variate and || ;|| is the matrix of
sample correlation coefficients. The Jacobian of this transformation (to s?,
ri;) is

(sf)i(p—l)(sg)i(zz—l) . (8211)%(11—1).

The probability element of the ss and s is
2 z < 1
exp [—%x > s%] 1T ™

p—~1
o 27 [T TG - )

[ 1 1o

Vi

> ~_("2ﬁ)“___f1d(si)ﬁ 1T ars;.

a=t 2°a!il'(3n + @) =1 =1 jmidl
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It is clear from (30) that the s: are distributed independently and that the set
r;; have a joint distribution independent of the s¥s. Hence

E(|b;; ") = E(|sisiri; ") = Ijl: El(sH-E(| ri; ).

The probability element of s} (1 = 2,3, ---, p) is

—h ( ’)}n—l 2
. Wf_)— d(s3),
which is simply the x*-distribution. The h-th moment of s} (; = 2,3, ---, p) is
_2 I‘(,n —I— h)
The probability element of s is
—3x2/ 2 in—1 —3s2 2 2\a
e " (s)"" e (x°st) 2
(31) 24n a0 22aiT(in + @) d(s1)-

This is the x'*-distribution (non-central x’-distribution) which was given by
Fisher [6]. Applying term-by-term integration (the series converges properly)
we get the h-th moment

o i ()’T(Gn + h + a)

a0 2%all(Gn + a)
The probability element of the r;; is the well known distribution of correlation
coefficients,

E[(sHh = 28

I“p—l(%n) ] i |i(n——p—l) ? ?

p—1 H dn,‘.
ﬂ_}p(r—l) I'I I‘(%[n _ 'L]) 1=l jeifl

t==]

Since

T rGm — )

rip(p—D pou | ,~=I,lr1 ” I‘p——l(%n) ’

f l Tis |§(n—p—l) ? P

where the integration is over the entire (permissable) range o the r;;, we have
as a consequence the h-th moment of the determinant (since = is arbitrary)
p-—l( n) flr' l}(n—p—1)+h P »

w11 dry;
P( n — 1’ g=] Fe=i4-1

g==1

E(| ri; | ) =

ﬁ: T3 — 4 + B (3n)

1 rGin — dr~Gn +
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Hence, the h-th moment of | s;8;7;; ]| is
p—1

- oo II TGln + 21 — i) ST+ bt )
’I_Il TGin — ) am0 2%Il(3n + a)

Let us summarize this in a theorem for the a;; .
THEOREM 4. If the quantities a:; (5,5 = 1, 2, -+, p) have the distribution
W(ai;, 01, 7355 p, N — 1, 1) defined by (6), then the moments of | as; | are given by
P

1
Bl o ) = | o Pttt i O Z L AR o popiy 1) 4 ht

ﬁ rGIN — 1 — 1) act 2°0¢TGIN ~ 11 4 )’

where &* is the non-zero root of (9).

The h-th moment of the generalized variance | a:; /(N — 1) | is obtained by
dividing the above expression by (N — 1),

If * = 0, expression (32) clearly reduces to the moment given by Wilks [5]

G +1 -+
(33) p = .
I_Il TGl + 1 — 1)

The expression (32) gives the moments of the generalized variance when the
means of the observations are not fixed, but lie on a line. The distribution of
{ bi;| is not a simple function even in the central case. However, in any par-
ticular case one could find the first few moments of | b;; | and fit a distribution
function. It is to be noted that the convergence of the series is nearly as rapid
as that for ¢,

5.2. The planar case. Nextwe shall treat the planar case for two dimensions.
Suppose that «; 5 0 ({ = 1, 2). The probability density function of by, , by,
and by is

2
exp | —4( o) — 4 33 0
=1 2 \3(n—3)
™ — (bll b22 - b12>
(34) 2"\/'r

X E [Ki Kg(bu by — bfz)]a(Ki by + Kg bzz)ﬁ
afmo 2B BIT (A — 1] + a)TGn + 22+ 8)
Let by = si, be = s3,and by = s;9r. The Jacobianis s;s;. The probability
element of s}, s and 7 is
e—i(x§+x§)

2"\/=
) w3 (WEaD 0 — Al + b o) dlsh) dish dr
af=o 28180 (3[n — 1] + a)TGn + 22 + B)

(Sf)iﬂ—l(sg)iﬂ—l(l _ TZ)é(n—s)e_g(sf+ag)
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We wish to find E{[sis3(1 — #)]"}. Let us first multiply (35) by (1 — )"
and integrate from —1 to +1. We then obtain
o e—i(x}-*—xg) ( s‘a;)tn——l ( sg)in—l e—i(s§+n§)

” i (x5 51 50) (k1 s1 + x282)°T(3In — 1] + b + @) d(s) d(s2)
im0 280 1BIT(3[n — 1] + )T(3n + 22 + B)TGn + k + )
Next we multiply by (s})"(s)*, set («3s] + x353)°/8! equal to
(Kf sg)ﬂl(xg sg)ﬂ’

81+82—=8 B 152 !

and integrate s} and s} from 0 to . We obtain

E([bubzz - Ufz]h)
(36) = 2% exp [— %(xf + )]

S DTG I + b+ o+ BITGR+ bt o+ £)
abipa=0 2°°FA1HP2 413 1B P (A — 1] + )T(3n + 2a + B1 + B2)

TGln — 1+ h+ )
rGn+h+a

which is the expected value we are seeking.

Clearly this reduces to a special case of (32) if «; is set equal to zero.

Now we consider the planar case in p dimensions. Geometrically we have
p vectors in n-space. If the {y:.} are distributed according to (14) the mean
point (i.e., center of distribution) of the first two vectors is different from the
origin, but the mean point of each of the other p — 2 vectors is the origin.
The vectors are distributed independently. The determinant

aE=1 YialYja

is the square of the volume of the parallelopiped which can be expressed as

| bsj| =

Vivg o+ vaiIl 015in02 oo sinﬁ,,..l,

where v; is the length of the ¢-th vector and 6;1s the angle between the (7 4 1)-st
vector and the flat space determined by the first ¢ vectors. The distribution of
vs, -+, Vp and 8, -+, O, is statistically independent of v, v;, and 6, ; for
no matter what the plane of the first two vectors is, the conditional distribution
of the other variables is the same. Hence

E(|b:; ") = El(ows sin 6,)™) - E[(vsps +++ 0,50 6 + -+ sin 6,1)™].

If the y’s had simply the distribution
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1 2
—_ -1 2
(37) (27!')”" expl: 2 E GE=1 yta:l ’
then the h-th moment of | b;; | would be (33), and the A-th moment of
bll b12

bz by

2 2 .« 2
ViV SIn” 0; =

would be

2
2%1;Ilr(%ln +1 -4+ b

2

1}1 T3n +1 — )

Since the distribution of 3, ¢4, -+, v,and 6, , - - -, 8, is the same whether the
y’s are distributed according to (14) or (37), we have

b
IIrGin+2n+1—4))
(38) El(vs - - v,8in 8, - - - sin 6,_4)*] = 24P =2

P

II rGh+1-1)

1

Multiplying (36) by (38) we obtain the A-th moment of | b;; |, namely,

IRy — kP 2 s gr(%[n+2h+1_.,;])
E(lbﬂl)—z eXp,[ 2(K1+K2)]

P

IIrGn+1 — 1)

=3

S WD) T (En—h + o + B8)
afir =0 22T 18 182 I T (Rln — 1] + )

gn+h+a+B)IEn — 1+ 2+ @)
T3n+ 2+ 8+ BTG +h+a)
This result may be summarized as follows:

TrarorREM 5. Let the probability density function of the quantities a:; (i, j =
L2 .- P) be

W(a:;, 0i5, 7550, N — 1, 2)
defined by (7). Then the h-th moment of | a.; | is
yd
) IIrGIv — i + &)
E(|ai;|) = o7 " 2% exp [— 3 &5 4+ a2l 5
IIrGiv — )

=3
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i WD ()P TGIN — U+ h+ a+BITGIN — 11+ h+ a + 8
abrfe=t 2R G1BIBITRIN — 2] + )T RIN — 1] + 2a + 81 + 8)
TGIN - 2]+ h+ o)

TGN -1+ h+a)’

(39)

with «; defined by (9).

The h-th moment of the generalized variance | a;;/(N — 1) | is obtained by
dividing the above expression by (N — 1)**. This formula holds for all A >
—3(N — p).

6. The moments of the criterion for testing linear hypothesis in the linear and
planar non-central cases.

6.1. The moments of the criterion. There are several linear hypotheses con-
cerning the means of multivariate normal populations that can be included in
a general formulation of the problem. We shall first of all consider a simple
case of a linear hypothesis and find the moments of the criterion under linear and
planar alternatives. In Section 6.2 we shall indicate some linear hypotheses
that can be reduced to this simple case. Regression problems and the problem
of equality of means in several populations (studied by Wilks) are included.

Suppose the variates 2z, (2 = 1,2, -+, p;a= 1,2, -+, n) and 4y (f = 1, 2,

- p;y = 1,2, -+, ¢ have the probability element

o [int 22
I@W—)*—l———w exp [— 1> > a’z.-az,-a]

4, jm] o=l

(40)

2 a4 p n P g
o | = 4 35 5 oy = o) sy = ) | TTIT doca T T s

Let us consider the hypothesis H, that the means of mp y’s are zero, namely,

Ho:piy =0 (@E=12---,p;v=12,---,m)

Let

(41) a;; = i Yiy
=1

(42) bi; = g:l ZiaZia,

(43) Cij = @i; + bij.

Then the likelihood ratio criterion for testing H, , called by Hsu [8] the Wilks-
Lawley hypothesis, is the $(n 4 ¢) power of
| bii |

(44) W = oo
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Under the null hypothesis the b;; have a Wishart distribution with n degrees
of freedom, and the a;; are distributed independently of b;; such that ¢;; has a
Wishart distribution with n + m degrees of freedom. Wilks [5] has given the
moments of W and in some special cases the distribution of W.

We shall now obtain the moments of W for distributions specified by (40)
where the rank of || piy || (v = 1, 2, - -+, m) is 2, i.e., the planar case. Under
this assumption the b;; have a Wishart distribution with n degrees of freedom,
the a;; are independently distributed in such a way that the c;; have a non-
central Wishart distribution with n 4 m degrees of freedom. Let « and P
be the non-zero roots of

(45) Zl pii iy — Aoij | = 0.
o

It is clear that the distribution of W is unchanged if o* is set equal to 8;;. Fur-
thermore, we can take r;; = «3;; then the c;; are distributed according to
Wieij, 8:5, €38.5; p, m, 2) with n + m degrees of freedom. The moments
will be obtained by a method similar to that used by Wilks [5].

Let the expected value given by (39) be

(46) E( |cii lh) = K(n + m, h; D, Kf’),
which is a constant depending on n + m, k, p, i, and &;. If D(a;,) represents
the distribution function of the a;;, one can write (46) as

1
(47) K(n + m, h: b, Kf) = P
2hm ,n}p(P—l) HI‘(%[’IL +1-— 1])
=1

[ 16 133 122 exp [~ bl Dias) [T T dbisda

=] jumg

where dA is the volume element of the a;;, and where the integration is over
the entire (permissable) ranges of the b;; and a;;. Equation (47) holds since
the ¢’s are functions of the b’s and a’s. Multiplying (47) by

yd
(48) 2*""11l r@ln + 1 — 4,
then replacing » by g 4+ 2 and dividing by (48) again, we obtain

.
( 2) 2ip(u+2a)IIlr(%[n +1 = ’L] + g)
(49) K+ m + 2g, h, p, «5 J'p
22" 1[Gl + 1 — 4))
qm=1
1

= »
girn rip(p—l)HI‘(%[n +1—4)
=1

D » P
. f s [ bey K702 e [— %,Z_; biid D(a: )] 1 11 dbs; dA]] .

Fam] fmj
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By definition the right hand side of (49) is the expected value of | ¢;;|* | bs; [°.
Hence

2 [ vl + 1 — il + )
E(leii [ | b ]) = K(n + m + 2g, k, p, 63) —=;
I rain+1 -

In this expression it is permissible to set h equal to —g (n could have been
replaced by n 4+ 2¢ in (47) to insure the argument of each I' function being
positive). Then we have

EW?) = E(le ™ ;1)

2°’fIP(%[n +1—4+yg)
=K(n+m+2g’_g;p;'&) ‘-: .
E rin +1 — 1))

Finally, the g-th moment is

TIrGin+m+1 - I TGk +1—il+g)
E(W*) = exp[—3(¢ 4 k)] =2 =
gr(%[n+m+ 1 —i]+y):‘[_III‘(%[n+1 — 1))

S [ (D™D G + m] + o + BTG + m] + o + 62)
a1t o1 B\ 1BIT(RIn +m — 11 + g + o)TEn + m] + )

_ TGn+m — 11 + o) ]

T(Eln +ml + g+ 2a+ B+ Bl

We can summarize in the following theorem:

THEOREM 6. Let z; 2= 1,2, -, p:a=1,2, -, n)and y;rp, £ = 1, 2,
ce, o3y = 1,2, -1+, @) have (40) as a joint distribution. Define a.;, bij and ¢i;
by (41), (42), and (43), respectively. Let k1 and «; be the non-zero roots of (45).
Then the g-th moment of W, defined by (44), 1s (50). Expression (50) gives the
moments of W in the planar case. The linear case is a special case of the planar
case, that is, it is the planar case for ¥, = 0. The g-th moment of W in the
linear case is given by

a,B1,83=0

TIrGin+m+1—i) T TGn+1—i+g)
E(W*) = exp [— 4] =2 =

(51) gr(%[n+m+ 1—1] +g)I_Ilr(%[n+ 1—4])

> (DTEI + m] + By

X alz-:o 2:811TGn +m]l + g+ 61)°

For «&f = 0, (51) reduces to the expresion given for the moments under the
null hypothesis.
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Wilks [7] has given the distribution of W under the null hypothesis for
several special cases (i.e., certain pairs of n» and p). In general, however, the
distribution function is too complicated to write down explicitly. When the
null hypothesis is not satisfied (i.e., at least one «}  0) the distribution functions
are yet more involved. Hence, we shall not write any explicitly.

Hsu (8] has given the asymptotic distribution of W. Suppose that

P m
¥, = Z Z iy Ky
$,7=1 y=1
tends to the limit ¥, as n tends to infinity (if the u’s are functions of n). Then
the limiting distribution of £ = — (n + ¢) log W (which equals —2 log A, where
A is the likelihood ratio criterion) is

- _ —~ Vg z°
52 2—’}17"& 10y Jom—1 422 0 .
(52) ¢ ¢ S PaalTGpm + )

That is, it is the x"* distribution with pm degrees of freedom and parameter ¥, .
For most purposes, alternative hypotheses of the means being on a line
(i.e., of rank one) are sufficiently general. In any particular case, one can
compute from (51) mumerieal values for several moments and then fit an appro-
priate distribution function. If one wishes to consider alternative hypotheses
of rank two, one can use (50) and similarly compute numerical values for mom-
ents. The series in either (51) or (50) converge rapidly. To construct an
approximate power function for linear alternatives, say, one would fit distribu-
tion functions for several values of «; and find the desired percentage levels.
There is a matrix || d;; || such that

Wous |l = [l izl - [l des |If

and

[Fasill = [l dasll - [XB; |1 - 1] dis I,
where the N’s are roots ‘of
(63) | @:; — Abij| = O
1t follows that

[Fesi Il = [1ds; |l - | (1 + AD8es || - || di |I"-
Then W can be written as '
dii| - 1di |’

w= | dii | - Il(l "l*' )\‘j)a;‘|| i’

(54) 1

IMa+x

7=1
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The distribution of the roots of (53) in the linear case has been given by Roy
[9] for a;; o dimensionality p.” The distribution in the planar case has been
indicated by Anderson [3]. One could obtain the probability of W not ex-
ceeding a given value by integrating the N’s over the proper range.

6.2. Examples of the general linear hypothesis. A number of hypotheses
concerning the expected values of variates with multivariate normal distributions
can be put into the form of Hy,. The equivalence of the hypotheses is demon-
strated by means of linear transformations.

As an example consider the hypothesis H; that the means of several normal
multivariate populations are equal when the respective covariance matrices
are equal. Let i, be the a-th (a = 1, 2, -- -, N*) observation of the 7-th ( =

1,2, ---, p) variate in the u-th (v = 1, 2, ---, U) population. Let
(55) E(x%.) = ui (=12 -9
(vw=12,---,0),
and let the covariance matrix be || ¢.;[|. Then the hypothesis is
(56) HI:I‘? = M (7’= 17 2, Tt P)
u=12,---,0).
For testing this hypothesis let
U Nu
(57) bij = Zl Zl (x?a — :i::")(x;"a - i;‘);
U
(58) ai; = ElN"(az:f — )@ — %),
where
(59) T
¥ =qn :4; Tias
1R & .
o= N§a=l x“"
N =) N*
u=1

The b;; have n = N — U degrees of freedom and ¢;; = a;; + b;;, have N — 1
degrees of freedom. Then the N /2 root of the likelihood ratio criterion for H,
is W defined by (44). For this case equation (45) is

2 N*(u¥ — 5w} — B) — Aesj| = 0,

uw=1

where

1 < U u
ﬁi=—ZN Mi.

we=l

5 Roy erroneously claims his distribution to hold for the planar case and higher rank.
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Hsu has demonstrated that the general regression problem can be put into
the form of Hy. Suppose that z.a @ = 1,2, ---, p;a = 1, 2, ---, N) follow
a multivariate normal distribution with covariance matrix || o3;||, and let the
expected value of z;, be

q
E(xia) = Zlﬂs‘rwra (q <N- P),
where the ¢ by N matrix
W = |[we||

is of rank ¢q. Let H, be the hypothesis that
Hy:Bi=||Bull=0 (G=1,2--,p;u=12---,m<g
with the w’s known. Let
Wi = || e || =12 ---,m;a=1,2--- N)

Wa = || wra ||
r=m+1, --,9a=12 -, N),
X = “zla“ (7:=112,"',p;a=1;2""’N)-

Let
1 b:; ]| = XX' — XW/(WW")"'WX

[l eis || = XX — XW(W.W3) " W.X".

(with || ¢;;|| = XX’ if W, = 0). Then the likelihood ratio criterion for H,
is the N /2-th power of W, defined by (44).
The equation (45) can be written in terms of Z, B;, and W as

(60) | BWy(I — WoW.W3)"W)WiBi = AZ| = 0
form < q. If m = q, (45) hecomes
(61) | BWW'B; — AZ| = 0.

In (60) and (61) there are no more non-zero roots than the rank of By. It is
clear that the roots of (60) (or (61)) depend on the matrix W as wellas B;. The
distribution of A the likelihood ratio criterion under the null hypothesis does not
depend on the distribution of the matrix W (if W is not constant). However, the
distribution when the null hypothesis is not satisfied does depend on «} or on «}
and «; , and hence, on the distribution of the elements of W as well as the value
of Bl .

The special case of Hy for m = ¢ = 1 gives as the likelihood ratio criterion
as a function of Hotelling’s generalized 7°. From the moments indicated in (50)
we can deduce the distribution of 7% when the null hypothesis is not true [3].
This result has been obtained by Hsu [10] by another method.
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The author is indebted to Professor S. Bochner, Mr. H. Rubin, Professors
C. L. Siegel, J. W. Tukey and 8. 8. Wilks for suggestions concerning this paper.
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