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Abstract

A potential energy functional for the non-linear flexural-torsional be-
haviour of straight slender elastic beams with arbitrary cross sections is
derived. The result is generally applicable to situations where the strains
are small and the Bernoulli hypotheses are valid.

To postpone the approximations as long as possible, a dyactic notation is
used. Special theories obtained from the general theory by neglecting

specific terms, are compared with results obtained by other researchers.



Notation

a vector

A second order tensor

131 length of 3

Y norm of A

;C conjugate of A

A—1 inverse of A

4A fourth order tensor

aeb inner product of two vectors

a*h cross product of two vectors

ab dyadic product of two vectors

Aea inner product of a tensor and a vector

AsB inner product of two tensors

A:B double inner product of two tensors

tr(A) trace of A

det(A) determinant of A

A undeformed cross sectional area

d linear dimension of the cross section

D,D* geometric constants

E Young's modulus

31 unit base vector

fii cartesian components of the Green-Lagrange strain tensor
e unit vector

F deformation gradient tensor

f function representing the warping displacements
G shear modulus

G(0) undeformed configuration

G(t) deformed configuration

G1, GZ potentials

g warping amplitude

H higher-order torsion constant

I unit tensor

1 unit vector

12, I3 moments of inertia about the y and z axis respectively
I polar moment of inertia about the shear center



jacobian

axial vector

length

unit normal vector

boundary force vector
P, cartesion component of force vector
2 2nd Piola-Kirchoff stress tensor
cartesian components of P2
material point
rotation tensor
bodyforce per unit mass
cartesian component of distributed load vector
rotation tensor
rotation matrix

cartesian components of R

H e O PO W O Q0 T T oW oo W D~ )&

i]
(x,t) beam axis
radial distance of a point on the cross section to the shear
center
S surface
s arc length

subscript s shear center

t deformed state

U strain energy

U VoW, displacement components of the shear center in the direction 31,
32, 33 respectively

U average displacement of the cross section

§(x) displacement field

v work done by the applied loads

VO' vt volume in configuration G(0) respectively G(t)

3(§) weighting function

X position vector

X coordinate along beam axis

Y, 2 coordinate along the principal centroidal axes

;, ; coordinate along ; and ; axes through the shear center

a,B, ¢, 0,y angles

a, = ;32 + ;§3



a(t) jacobian

52.83,Bw geometric constants

Y axial vector

r warping constant

] symbol for first variation or infinitesimal quantity
€ strain

E axial vector

0 mass density

. potential energy functional

) strain energy function

b warping function

ﬁ unit vector

v gradient operator

0 potential energy of the loads

&, E axial vectors

X; curvature components

+

X curvature vector

o( ) order of magnitude

4L fourth order elastic material tensor
(") differentiation with respect to x

c Cauchy stress tensor



1. Introduction

One of the research projects in the Faculty of Mechanical Engineering at
Eindhoven University of Technology is entitled; 'Lateral-torsional buckling
of aluminium beams with complex cross sections'.

A characteristic feature of aluminum is its low Young's modulus which can
cause moderate deflections prior to buckling. To incorporate these deflec-
tions into a buckling and/or post-buckling analysis, a non-linear beam
theory is needed.

The two approaches to deriving such a theory are the equilibrium and the
energy methods. Since in this report only elastic material is considered,
preference is given to the potential energy formulation.

The potential energy functional in terms of strains, for finite displacement
problems is usually obtained from the one used in the linear theory by
replacing the linear strain expressions with non-linear ones. Since this is
not the correct way to derive such an expression, this report starts with
the derivation of the potential energy functional from the three-dimensional
theory of elasticity.

During the past 15 years several articles on non-linear flexural-torsional
behaviour of beams have been published. In the majority of these articles, a
potential energy functional in terms of displacements and rotations is used,
which is mostly derived in the following manner. Firstly, the displacement
field containing the components of the rotation matrix is determined, then,
this field is used to calculate the non-linear strain components and,
finally, these strains are used to determine the potential energy
functional.

Deriving the potential energy functional in this manner, without introducing
various approximations is almost impossible, because both the components of
the rotation matrix and the strain expressions in terms of displacements are
lengthy and complicated in their exact form. Therefore, most of the articles
on non-linear flexural-torsional behaviour of béans restrict themselves to a
special class of deformation as a consequence of the approximations made.

In this report, a coordinate-free dyadic notation is used to postpone the
approximations as long as possible. This enables a potential energy

functional and curvature expressions to be derived that are generally



applicable to situations where the strains are small and the Bernoulli
hypotheses are valid.

It is shown that the special theories of the articles mentioned can be
derived easily from these general expression by neglecting some specific
terms.

Rotations in non-linear beam theory are mostly described in terms of Euler-
angles or modified Euler-angles. This results in a 'geometric-torsion' ex-
pression which is asymmetric in the transverse displacement components and
therefore often leads to confusion. In this report, the rotations are
described in a special way, resulting in a 'geometric-torsion' expression
which is 'skew'-symmetric in these components, as would be expected.

Since in this report beams with arbitrary cross sections are being con-
sidered, the warping displacements are described in a more general way than
is usual for beams with thin-walled open cross sections. An expression
similar to the one proposed by Reissner [15] for non-uniform linear torsion
is used. The 'normalized‘' warping (y(y,z)) is described with the well-known
Saint Venant warping function, while the amplitude of the warping is taken
to be a function g(x) yet to be determined.

Readers who are not familiar with the dyadic notation used in this report
should refer to appendix A, [23] or any other appropriate textbook on this
subject.
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The potential energy functional

Three dimensional potential enerqy expression

Consider the deformation of a body from an undeformed state G(0) to a
deformed state G(t), with no restriction as to the amount of
deformation. Assuming inertia effects to be negligible, it follows
from the momentum conservation law that in every state and at each

material point the following equilibrium equation must be satisfied:
-+ -+ -
(voot) t e q, = o , v x€Vt (2.1)

where: ¢ is the Cauchy stress tensor; Vis a gradient operator; 0 is
the mass-density; at represents the body force per unit mass

+ [
and x 1s the position vector.

From the moment of momentum conservation law it follows that the

Cauchy stress tensor is symmetric, hence

-
N . Vxe Vt (2.2)

where: ¢ is the conjugate of ¢

Simultaneously the stress distribution and the deformation have to.
satisfy the constitutive equation, the strain-displacement relation-
ship, the kinematic boundary conditions and the dynamic boundary

conditions.

Since, generally speaking, an exact solution of the above equations
cannot be found, attention is focused on the determination of an ap-
proximate solution. Equations (2.1) and (2.2) are not very suitable
fbr this purpose and thus an integral formulation is used.

According to the principle of weighted residuals, the equilibrium
equation (2.1) is equivalent to the requirement that the following
integral equation is satisfied for every allowable weighting function

w(x)
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2.1.4

_11..

[ [(Voa,) + 0,3 Jew dv = O (2.3)

Ve

Integrating by parts and applying Gauss' theorem yields:

[o(WWav = Jodewadv+ [poewds (2.4)

Ve Ve St

-+

-'
where: P, = N e0

t

is the stress vector at a point of the boundary and n, is the unit

-
Py t

outward normal at that point.

If the weighting functions are considered to be virtual displacement
functions 65(2), the so-called weak form of the weighted residual

formulation (2.4) is transformed into the principal of virtual work.

) at:(ﬁaﬁ) dv = Qt&tobﬁ dv + Bt‘ﬁﬁ ds {2.5)

Vi Vi St

Excluding mixed boundary conditions, the boundary S, of a body can be

t
subdivided into a part S: where the displacements are prescribed and

a part Sz where the load Bt is prescribed to be Bt' Since 84 = O on

SU

y (2.5) can be replaced by:

-~

I ot:(éaﬁ)dv = J gtat. sudv + J 5t.6ﬁ ds (2.6)
Ve Ve SE

when (2.6) is satisfied for all admissible 63(§), o0 satisfies the

equation of equilibrium (2.1) and the dynamic boundary conditions

+ <+ SP
pt—pt on £

Equation (2.6) is formulated in the deformed state of the body. This
state however is not known a priori and therefore (2.6) is often
transformed such that it refers to the known undeformed stat G(0).
(2.6) then changes to:
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~

[ (P, :8E)Av = [ g q,ebU dv + [ a P edu dS (2.7)
v, v, Sg

* P, is the 2nd Piola-Kirchhoff stress tensor, related to the Cauchy

2t
stress tensor by: P, = det(rt)F;1oa oF;c (2.8)

2t t

* 8E is the first variation of the Green-lagrange strain tensor Et.

_ 1 + + 9 C »> » » _C
E=2[v,u, + (vout) + vouto(vout) ] (2.9)

-+

R R + 4. C + + _+.C 4+ + 4 4+ C
SE = 2 [voﬁu + (vobu) + vouto(vobu) + voﬁuo(vout) ]

o = (det Ft)pt {(mass conservation law)

% a is a jacobian

* F = 30§ is the deformation gradient tensor
Note that the 2nd Piola-Kirchhoff stress is not a stress in the
physical sense; rather, it is a mathematically convenient stress

measure obtained through a transformation process.

In the case of elastic material and negligible temperature effects,

Pz is related to ¢, the strain energy function, by:

E
po=9 - g P,:dE (2.10)
0

With (2.10) the first integral of (2.7) may be written as:

[ (B :6B)v = [ ZEsEdv= 6 [ 4 dv (2:11)

Yo Yo

~

For conservative body forces °oat and surface forces qtst it is pos-

sible te define potentials G1 and 62 by



2.1

.6

-13-

-+ -+ -
u u
- t -+ * . _ t -+ -+
Gy = [ "egqedu ; G, = [ "a poedu (2.12)
0 0
and reversily
daG - dG
-+ _ __l - _ _2
9 9. = 7, ¢ 9 P =TS (2.13)

The variations of G1 and G, due to variations of the displacements

2
are given by:

4aG 4G +
5G, = —Le8i = od, 60 ; 5G, = —2e58 = « p, ¢6u (2.14)
1 - t 2 - t%t
du du
Substitution of (2.11) and (2.14) into (2.7) yields:
J 69_dv - [ 8G, dv - [ &G, dS =
v t v 1 s 2
0 0 0
6 J ¢dv- [Gadv- [G,dS]=0 V su (2.15)
t 1 2
Yo Yo 5o

The expression in brackets is the potential energy functional w for
finite deformations. Eqn. (2.15) expresses that w
respect to all admissible variations of the displacements, only if

the equilibrium equation (2.1) and the dynamic boundary conditions
are satisfied.

t is stationary with

In the case of ‘dead loads' the body forces °oat and surface forces

“tat are independent of the displacements, (2.12) then becomes

-~

> 9 “+
G1 = @g q°u, and 62 = @, Pyeu, (2.16)

The potential energy functional LA then changes to:
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1
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~

+ < -+
mo= VI 5 dv - | XL dv - [ Py, as (2.17)
v P
0 0 SO

Linear elastic_isotropic materials

As already mentioned in section 2.5, the 2nd Piola Kirchhoff stress
tensor is a function of the Green-Lagrange strain tensor only, in the
case of elastic material behaviour and negligible temperature

effects.
P2 = PZ(B) (2.18)

If attention is restricted to isotropic materials and small strains,
the actual material behaviour can be approximated reasonably well by
the linear relationship:

4

Y— ¢r (E)I] = 'L:E (2.19)

1-2v

P, = 2G[E +

2
* G is the shear modulus
* v is the Poisson ratio
* I is the unit tensor

* 4L is an isotropic fourth-order tensor defined by:

R R SRl o3 (2.20)
VA"l
* 41, 4Ic and II are fourth order tensors, respectivily defined by:
4 _ 4_c c =
I:A=A ; I:A=A ‘ II:A = tr(A)X (2.21)

Substituting (2.19) into (2.10) and (2.11) yields:

B 4 1 4 |
b= 1 Cumae =1 e, (2.22)
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Combination of (2.22) and (2.17) renders the potential energy func-

tional for linear elastic isotropic materials with small strains
loaded by ‘dead loads'

 § =

+ =
N Pyl das (2.23)

14. . _ - » _
2 { L.Et).Etdv { 0pdeu, dv N

J I
v v 0
0 0 S

P
The remaining part of this paper is restricted to linear elastic

isotropic materials with small strains loaded by dead loads.

Technical beam theory

The object of beam theory is to reduce a three dimensional problem to
an approximate 1-dimensional one, by making simplifying assumptions
with respect to stress distribution, displacement field and constitu-
tive equations. The variational process will then lead to the proper
equations of equilibrium and boundary conditions for the problem at
hand, except that it now has certain internal constraints (as a
result of stress and displacement assumptions) and behaves according
to the assumed constitutive law.

The main assumptions made in beam theory are:

* The cross section does not distort in its plane during deformation.

* The cross sections are orthogonal to the beam axis after
deformation

* Transverse normal stresses are assumed to be small compared to the
other normal stress component and may therefore be neglected.

These assumptions, however, are not consistent with the three-dimen-

sional theory discussed in the previous section.

To show this, a cartesian coordinate system (x, y, z) is choosen as

reference system, such that the x-axis coincide with the axis of the

undeformed straight beam. Assuming the transverse normal stresses to

be negligible, will, in the case of small strains, lead to:

P =P =0 (2.24)

2yy
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where P2yy and pZzz are the 2nd Piola-Kirchhoff stress components in
respectively y and z direction.
If P, = 4L:E is used as constitutive equation, relation (2.24) re-

2
quires (see (2.19))

= = - .25
eyy e, Ve . (2 )
where eij are the cartesian components of the Green-lagrange strain
tensor. Equation (2.25), however, is in contradiction with the as-
sumption of an undeformable cross section.

To overcome this problem, the constitutive equations in the case of
beam theory are taken to be:

P = E

2xx Cxx
P

26 exy (2.26)

A

2xy
P2xz =26 €x

Where E is Young's modulus

With these constitutive equations the three-dimensional potential
energy expression (2.5) changes to:
+ 4G e2 + 4G e2 Jdv - [ enq.u, dv

Xy Xz 0%

1
¥, = [ E[E ei
v
0

t v X

Po; 4; 45 (i =1,2,3) (2.27)

In this equation the summation convention is applied, which means
that repetition of an index in a term denotes a summation with

respect to that index over its range.

The maximum error resulting from the assumptions made in beam theory
is order of magnitude (d/L)z, where d denotes a linear dimension of

the cross section and L is the length of the beam.
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3. Kinematics of straight slender elastic beams

€, X

fig. 1.
3.1 T def

3.1.1 A straight slender prismatic beam is shown in fig. 1. The beam is
made of a homogeneous, linear elastic isotropic material.
Every material point p of this beam is described by a rectangular
cartesian system of coordinates (x, ;, ;). The coordinate x coincides
with the elastic axis of the beam, defined as the line which connects

the shear centers of the cross sections of the beam.

3.1.2 It is assumed that the elastic axis is a straight line before
deformation. With x representing length along this axis, it can be
represented by: ’

-

-+
I, = Xe

0 x €[0, L] (3.1)

1 H
In the undeformed state the cross section is oriented such that 32
and 33 are parallel to the principal axes.

The position of an arbitrary material point, before deformation is
given by:
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+ s -+ - "
Xo(x, ¥, 2) = 15(x) + a4y, 2) (3.2)
~ where 30 =y 32 + 2z 33 , while y and z denote length along the axes
-+ -
e, and e,

~ ~

Beside the coordinate axes y, z a second set of coordinate axes is
defined in the cross section, parallel to y, z but with the origin
located at the centroid (fig. 2).

fig. 2.

~ ~

Yy, 2 and y, z are related by:
y = (y-y ) and z = (z-2_) (3.3)

Y1 Zg are respectively the y and z coordinate of the shear center.

s’
The gradient operator with respect to G(0) can be written as:

=8, L. L

+ 9
0~ € axteate (3.4)

3 9z

The deformed confiquration G(t)

~ ~

After deformation, the position vector of a material point p(x, y, 2)
is given by X(x, y, z, t). In order to determine X the following as-

sumptions are made:
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- The deformation of the beam can be looked upon as the result of two
successive motions: first, a rigid translation and rotation of each
cross section due to bending and warping free torsion, next a warp-
ing displacement perpendicular to the displaced cross sections.

- The cross section does not distort in its plane during deformation.

- Shear deformation due to transverse forces can be neglected.

. 3 -'
The position vector X can now be expressed as:

-~ ~ ~ ~ ~ -~

X(x, ¥, 2, £) = E(x, £) +&(x, ¥, 2, £) + £(x, v, 2z, £, (3.5)

~ -~

*alx, v,z t) =y I(x, 8) + 2 I0x, t)

+

+

*r o= ;(x, t) represents the beam axis in G(t)

12, 13 are unit vectors parallel to the principal axes of the cross

sectlon after the warping free motion see fig. 3.
* f(x, vy, Z, t)1 represents small normal warping displacements (1 =

+ P
i,%1.)

Fig. 3 Beam after warping free motion
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The unit tangent vector to the elastic axis in G(t) at a point Q can

be obtained from:

SLL(cz) = 20Q) (3.6)
where s is the arc length along the deformed elastic axis

Differentiating T with respect to x in stead of s gives:

<R

_ds
dx

a8

=g_§; . g§-| | (3.7)

If the displacement of a point on the elastic axis is described by

respectively, T

. N N N B -+ -
its components us, vs, ws in the direction e1, ez, e3
can be expressed as:
-+ -+ -+
= (x + us) e1 + vs e2 + ws e3 (3.8)

Substitution of this expression into (3.7) yields

QE -+ -+ -

L] s 1] t
dx - (1 4 es) n=[(1+ us)e1 + vy € + Wy e3] {(3.9)

where: (‘) stands for differentiation with respect to x

ande | |—1-[(1+u)+v;2 ]

Y2 _ (3.10)

If shear deformation due to transverse forces is neglected, the unit
tangent vector ﬁ(Q) will be perpendicular to the cross section in
every point Q.

=4
u
WY
[
Jink'e

3 (3.11)

The triad e,, e,, e, can be transformed into the triad 1,, 1
1 2 3 1

means of a rigid translation and rotation.

L 4
US| by

The rigid rotation can be described by an orthogonal tensor R.
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Ro; =

X X (k =1, 2, 3) (3.12)

c

R=R(x, t) ; RSR = ReR"

1 ; det R = 1
Where I is the unit tensor and R® is the conjugate of R.
To analyse the beam deformation, that is to define the flexural and

torsional curvatures of the beam axis, the derivatives of Ik with

respect to s are studied.

’
di
EEL - %%‘3k = %%’RC'Ik (3.13)
The orthogonality property of R implies that %%oRc is a skew tensor

and therefore (3.13) may also be written as:

di
EZK = gg.nc. 1, = o1, (3.14)

where E is the axial vector of g%-nc

According to the classical definition [12], the torsional and

flexural beam curvatures are defined as the components of the vector

3 with respect to the local basis 11, 32, 13

<2}
il

» » 4
Xy 1, + Xy 1, + Xy 13 (3.15)

where X4 1s the torsional curvature and Xy and x4 are the flexural
curvatures.

Substitution of (3.15) into (3.14) yields:
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2 9
s - " X3 i, + Xy 15 (3.16)

a1 a1
__? _3__-9 __2__-0 c dR »
Xy 12 a5 “13° 35 C €3°Reyste,
di di
__* 1 _ =+ 3 _=+ .cdR-~
X =7 13% 35 T 140 g5 T €*R7egg0es (3.17)
di ai
__? 2 _2? 1_=+ _cdR~
X3 =7 140 gs T 150 gs = &Reg0ey

Differentiating Ik (k= 1, 2, 3) with respect to x instead of s
yields:

ai a1
Tk 45 K. 4oy 351 -
dx dx ds s’ @

+ .0
= 1 =X * 1 (3.18)
combination of (3.18) and (3.15) yields:
* 9 + +
X = (1 + es)[x1 1g 4 %y 1, + Xg 13] (3.19)

The deformation proces which carries G(0) into G(t) can be described
completely in terms of the deformation gradient tensor F, which is
given by:

(3.20)

Substitution of eqn. (3.4) into (3.20) yields:
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_dx 2 L 3+ L 0K
F = 3x ©1 + 3y e, + 3z €3 (3.21)

Substitution of (3.5) and (3.18) into (3.21) yields:

%ﬁ = (1 + es) 11 + (;*3) + of 1.+ f(2*11)

ox 1
2x af
3y = H 5y i, (3.22)
2% _ 1.+ 47
0z 3 3z 1
The deformation gradient tensor can now be written as:
- + *.0 af » > 9 > of » -
Fo=leg g+ (o) + 50 1y + £(XM1 )] eg + 5,1y € +
of »
t 3 1183t R (3.23)
_ > > +
where R = (11e1 + 12e2 + 13e3)
3.2.6 The Green-lagrange strain tensor is defined by:
E= J(FSeF - I) (3.24)

The components of E which play a role in beam theory are: (see sec-
tion 2.3)

e =S Esd, = %[(t-é1yo(r-€1) - 1]

e, = 80 Eo 3, = %[(p.31);(s.;2)] (3.25)

Lped e (red ]

@®
[}
(14
[
]
°
®
"

+ -+
13 1 3
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Using eqn. (3.23) and substituting

2 T U R I
(x*a) = (1 + ¢.) [Yx1 1y -yxg Iy - 2xg 1y + 2x, 11] (3.26)
*" = - k4 L 4
(x*1,) = (1 + ¢) [ Xy 13 % Xq 12]
yields:
_ o121 2,72, 2 ) 1,3£,2
ey = e tpe tolte) [(Y +z )x1+(vx3 2x2) ]+2 3x)

+—f (1+e,) [xz+x3]+(1+e ) [ yx3+zx2]+(1+e )Q—
#(re )& (eyxzny) + (1re ), (-yx,m2ay) (3.27)

=1 N of of
e12 = 2[ (1+es)zx1+(1+es)fx3+(1+e ) +(1+e )a ( yx3+zx2)+ax ay]

=1 of of  _ of of
€43 = [(1+e )Yx1 (1+e )fx2+(1+e )a +(1+e )a ( yx3+zx2)+ax az]
Neglecting small terms according to the assumption of small strains
yields (see appendix B)
1,72 ~2 2 + of

11 7 &5t (VX3 P Exp) 5 (¥ 2T X * gy

™ |—

- of
12 [-zx1 + aY] (3.28)

[;x1 + Q"]

N =

13~
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The warping function

Before proceeding, the warping function, which until now was treated
in a general manner is studied more closely. '

In the case of slender beams an assumption, analogous to the one used
for the case of saint-Venant torsion is often introduced, whereby £
is written as:

-~ ~ ~ ~

f(xr Y 2, t) = X1(xr t) b(y, 2) (4.1)
where: Y(y, z) is the well known warping function which is used in
the theory of uniform linear torsion [6].

However, by postulating that the amplitude of the warping displace-
ment equals Xq1 it is also postulated that at a section where warping
is prevented, the strains €49 and €43 have to vanish too (see 3.28).
This is certainly not the case in reality and should in general not
be assumed, since these strains are proportional to the stresses %4y
and O43- To overcome this problem, an expression similar to the one
proposed by Reissner [15] for the case of non-uniform linear torsion
is used in this report:

~ -~ -~

f(x, vy, 2z, ) = glx, t) ¥ly, 2) (4.2)
where g(x, t) is a function yet to be determined.

Reissner [15, 16, 17] showed that in the case of non-uniform linear
torsion of thin walled beams with open cross sections, the practical
improvement gained by working with (4.2) in stead of (4.1) will in
general be negligible. For non-uniform linear torsion of thin walled
beams with closed or partly closed cross sections, however, the more
accurate equation (4.2) leads to results which are quite different
from what would follow from a use of eqn. (4.1).

In the case of beams with an arbitrary cross section undergoing both
bending and non-uniform torsion, eqn. (4.2) must also be expected to
lead to more accurate results than eqn. (4.1).
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In the following, the functions ¢ and g will be refered to as 'the

normalized warping' and 'the warping amplitude' respectively.
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The strain enerqgy U.

Substitution of (4.2) into (3.28) yields:

egq = £ + (x5 + 2xy) +-21 (y2 + z%) xf+g§¢ (5.1)
S R b

€y =3 ( 2x, + g ay) (5.2)
21 .0 L'}

€3 =3 ¥xy + 93 (5.3)

Using relation (3.3): y=(v-ys) and z=(z-zs), e,, may also be written

as:
- T . 1722 dg
€4 =€ " ¥xz tEX, t 5 IXp g b (5.4)
L= _ T2 _ T2 =2
where: € = ¢_ + Yg X3 = Z.Xy and r” = (y~ + z%)

]

In beam theory the strain energy is given by: (see 2.27)

= 1 2 2 2
U= VI 2 [Ee11 + 4Ge12 + 4Ge13]dv (5.5)

0

Since y and z are coordinates along the principle axes, and the shear
center is choosen as the pole of the normalized warping, the follow-

ing identities hold

Jydh = [ 2zdA = [ zpdA = [ ypdA = [ ¥dA =0 (5.6)
A A A A A

Where: A is the area of the cross section.



~-28-

Substituting (5.2-5.4) into (5.5) yields:

L

_ 1 -2 2 2 4 dg, 2
U=3 OI [EAe” + EIx; + EI;xy + EHxy + EM(y.)
2 < ig
x1(EISe + EIzﬂzx EI B3x3 + ETBy dx {(6.7)
2 * 2
G(x1l + 2x,9D + g“D)]dx
s 1
where: 12 = Izsz : I3 = Iysz ; T = I*zdh
A A A
o2 1 .24 * > oy
I = Jr"daA ; H=—-frdd ; D = f(y - )da
I 4A A 9z oy
(5.8)
b = I[(g Qﬂ) Jaa 8, = %— I(y2+zz)sz -2z
A 2 A
B, =L JiyP+dyyan - 2y, ;B =1 [iyPez)yda
371, s o,

* If the warping amplltude is taken to be x1(x) in stead of g(x) (see chap-

ter 4) the term G(x1 + 2x1gD + gZD) changes to GItxf.
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Load potential

It is assumed that the beam is subjected to dead weight surface trac-
. - - - - *

tLSns Py &4 + P, e, + p3 €, at both ends (x = 0 and x = L) and q2e2,

qye; per unit length.

(p; = p;(x, v, z) and q =gq (x); i=1,2, 3anda=2 3)

Beside these 'external' tractions the beam is loaded by a force q 33

acting at the centroid, representing the weight of the beam.

The potential energy Q of the applied loads is the negative of the
work done by the loads as the structure is deformed. The total work

of the applied loads may be written as:

3 L
V= 151[AI PiuidA), 6. xar * OI [a,u, + qyu; + quy(c)ldx  (6.1)

Where: u3(c) is the displacement component of the centroid in 33

direction.

~ ~

The displacement vector U of a material point p(x, Yy, z) is given by:

i(p) = X(p) - X,(p) (6.2)

where: ﬁo(p) x e, + Yy 32 tze (6.3)

1 3

- - - -» S » +
and x(p) (x + us)e1 + vs e2 + ws e3 +yl, + ¢ 13 + gm1 (6.4)

Substitution of (6.3) and (6.4) into (6.2) yields:

> -+ -+ - e @ N >
u(p) = use1 + vs e2 + "s e3 + y(12-e2) + 2(13-e3) + g¢11 (6.5)

? > b 4 . -+ g
11, 12, 1., can be expressed in terms of e,, e.,, e, as:

3 1" 72" 73



6.

1

.4

-30-

? - - -+
Ly =Rypegt Ry ey v Ry ey
? - b d d
1y = Ryp €yt Ryy ey + Ry, g (6.6)
? - -+ -
13 =Rz eyt Ry ey +Ryq ey
Where: R,. = e, o1 k=1, 2, 3 (6.7)
ere: Ry, = e o1 (L, k=1, 2, 3) :

-
, €. can now be ex-

The components of ﬁ(p) in the direction 31, e 3

2
pressed as:

1 u+y R12 + 2z R13 + gy R11

u

v +y (R22 - 1) +zR (6.8)

[~
i

23 ¥ 9% Ryq

u3 = ws +y R32 + 2z (R33 - 1) + gb R31

where: u=u_-y_ R - zs R13

The underlined terms in (6.8) may be neglected according to the as-

sumption of small strains (see appendix J)
Substitution of (6.8) into (6.1) yields:
V= [P1u + szs + P3ws + M2R13 + (-M3)R12 + BgR11 + (—Mtz)R23

+ M Ry, 4+ (R22—1)AIP2ydA + (Ryy=1) [PyzdAl, o

A
(6.9)
L L
+ oI [ayvg + @Y (Ryy=1) + (B, )Ry3 + qyW  + B 4Ry, +

+ q3z(R33-1) + q(ws - Y5R32 - (R33-1)zs)]dx

where: P1 = AIp1dA : P2 = AI psz : P3 = AIP3dA
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M, = [(p,z)dd ; M, = [(-p,y)dA ; B = [(p,¥)dA
2 A ! 3 A 1 A 1

I(-Pzz)dA P Mg I(p3y)dA (6.10)

t2 a A

~

m, = (—qZZ) P Mg = 4qY
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7. The potential energy functional

7.1.1 The total potential energy is the sum of the strain energy U and the
potential energy of the loads ¢

¥=0+0Q=0-V (7.1)

Substitution of (5.7) and (6.9) into (7.1) yields:

L 2
1 -2 2 2 4 dg
LA OI [EAe” + EIx; + EI;x; + EHx, + EF(g) +

2 - _ dg
* xqg(Elge + E1,Box, - EIgByxg + ETBy4.0

2 * 2
G(x1Is + 2x1gD + g“D)]dx
(7.2)

[p1ﬁ + BV  + Pow + MR+ (-Mj)R,, + BgR

2's 3s 2713 1t

+

(-Mtz)Rz3 + Mt3R32 + (R22—1) AIpzydA +

+

(Ry3-1) AIP3ZdA]x=O;x=L

L ~
T o TaaVs F ¥ (Rypmt) # By IRygt agug + MRy, ¢

+

q3z(R -1) + q(w —y R (R33-1)zs]dx

33 32
where: ¢ = €y + YgX3 = ZgXy (see 5.4)
. - 2 2 29172
and : € [(1+us) Ve + LM ] 1 (see 3.10)

* If the warping alplltude is taken to be x1(x) in stead of g(x) (see chap-

ter 4), the term G(x1I + 2x1gD + gZD) changes to GItxf.
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The rotation tensor R.

To express the strain energy and load potential in terms of displace-

ments, the rotation tensor R is studied more closely.
-'

e
3
material point Q of the undeformed axis to the triad Il' 12, 13 at Q

The rigid rotation which transforms the triad 31, 32, at a

of the deformed axis, is represented by a rotation tensor R.
In beam theory this rotation is often described in terms of so-called
'modified-Euler' angles: The rotation tensor is then broken down as:

R = R _eR_oR (8.1)
Y o

B

where Ru' Rﬂ' ll;‘Y are respsctizely*rotations of magnitude «, B, ¥
about the reference axes e1, ez, e3.
This method, however, has some disadvantages (to be discussed in
chapter 11) and therefore an alternative method is used in this

report.

An axis with unit vector ﬁ, perpendicular to 31 and I1 is choosen as
rotation axis. When 31 and 11 are inclined by an angle ¢, ﬁ can be
written as:

"= (sint)”] e r1, (8.2)
A rotation tensor Q, representing a rotation over an angle y, of an
arbitrary vector 5, about an axis with unit vector & can be expressed

as: (see appendix C)
Qoz = cosya + (1-cosy)3§o3 + sinyé*z (8.3)

The rotation tensor R1, which maps 31 on I1 can thus be written as:

n1.5 = cosea + (1-cose)Rnea + sin #n*a (8.4)

+ 4
where: cos¢ = e, el

1°14 and sinoﬁ = o,*1

11
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by R e, and R, ee
1 by Ry, Ryee, and R, ee,

coincide with respectively IZ and 33.

Coincidence of R1032 and R1033 with 12 and 1

additional rotation a about 1,.

It is, however, also possible to rotate 32 and 33 about 31

such that if R, is applied to the rotated basis, R1-32 and R1033
. . . b 4 b 4

coincide with i, and 1.

According to (8.3), the rotation tensors representing a rotation

When 31 is mapped on 3 will generally not

3 can be achieved by an

first,

about I1 and about 31, can respectively be written as:

it

32-3 cosoa + (1-cosa) 111103 + sina 11*5 (8.5)

and

~

-
Rzoa

L]

cosaz + (1-cosB)é1§1o5 + sin531*3 (8.6)
It is emphasized here that in general ofB.

The rotation tensor R representing the total rigid rotation of 31,

4 = I T .
e, €3 to 1,; 1,, 15 can now be written as:

R = R20R1 (8.7)

or

R = R10R2 (8.8)

When R is written as R = 82031, substitution of (8.4) and (8.5)
yields: (see appendix D)

- -+ . 9
Rea = cos¢ cosa a + cos¢ sina 11*a

+ [(1-cos¢) (cosa ﬁﬁ + iiﬁ% 313 - sina cotan¢ 115) (8.9)

-+

- (cosa 3111 - sina sine¢ 311) + 1131105
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-+ < . ) + 9
where: cos¢ = e o1, and sinén = e1*1

1 1

Writing R as R=R10R2 yields, (see appendix E)

?
1

Rea = [cose I - 31 1

+ (1-cos¢)ﬁﬁ]o(cosﬂ§ + sin331*5) +
e, ea (8.10)

where: cos¢ = 31oI1 and sinen = é1tI1

According to (3.9) and (3.11) I1 can be written as:

» -1 4 o 2 . 2
L, = (1+es) [(1+us)e1 +vi e, +uw e

LE, +u ) (8.11)

If € is neglected compared to unity in accordance with the assump-

tion of small strains (8.11) reduces to:

11 + w'e:l (8.12)

=[(h+u)e 2 *usey

+v' e
1 vs €
Substitution of (8.12) into (8.9) and representing R = R20R1 in terms

of its cartesian components yields: (see appendix F)

R = RR, =
-
L] L] l2 L} L]
1+us -w;sinu((1+us)+b-b(1+us) )-vscosu vssina((1+u;)+b—b(1*u;)2)-v;cosu
v; (1+u;)cosa+b(w;cosa+w;v;(1+u;)sinn)-v;w;sina ‘5i"°[(1+u;)2+b(l+u;)v;2+w;2]-bv;wéc°s°
w! sinn((1+u')2+b(1+u')w'2+v'2)-bw'v'cosa (l+u')cosa+b(v'2cosa-(1+u')v‘v'sinn)+v'w'sina
s s s''s s s's s s s 88 s s

where: (1+u!) = cos¢ = f(1-véz—wé2) and b = 1-cos¢

sin”" ¢

(8.13)



-36~

8.1.8 Substitution of (8.12) into (8.10) and representing R = R10R in

8.

1.

9

2
terms of its cartesian components yields: (see appendix G)

R = RR, =
1+u; -v;cosB-w;sinB -w;cosB+v;sinB
: (1+u’ ) cosB+b 12c088-w'v'sl 8) —(1+u')sin8+b(—w'v‘cosB—w'zsinB)
Vs us cos Ws cos WSVBQ n | s 8's P
(8.14)
Wl (1+u;)sin8+b(—w;vécosﬁ+vézsin8] (1+u;)cosB+b[v;2cesB+w;v;sinB]

where: (1+u') = cos¢ = J(1-v'2-w'2) and b = 1-cosé
S s s . 2
sin ¢
From a kinematical point of view both representations are equivalent
and there is no preference for one of them. But since the repre-
sentation R = R10R2 leads to simpler expressions then R = R20R1, the

representation R = R10R2 will be used in the following.
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Curvatures

According to eqn. (3.17) the curvatures Xqr Xor X3 can be obtained

from:
_ c dR -+
Xq = (egeR7eq 0e))
X, = (31-n°-§§-é3) (9.1)
X3 = (e oR ogzoe )

where the term T%— is replaced by unity according to the assumption

of small strains.

The orthogonality property of R implies that nc.%g is a skew tensor

and therefore n°.§§-3 can also be written as:

R e "ea = x*a (9.2)

The rotation tensor R, which is considered here, consists of two suc-

cessive rotations; R = R,eR

1772
Rcogzoa may therefore also be written as:

cdR + _Zc oC 1 2, 2
‘dxoa = R20R1o(dx tRz + R1°dx Jea (9.3)
= (ig'ﬁ + y)*a

dR dr
-—1 and R C,—2

where u and 1 are the axial vectors of respectively R1 ax 2%dx

Combining (9.2) and (9.3) yields:

-

= BSel + 1) (9.4)



9.

9.

9.

1

1.

1.

.3

4

-38-

c,d9

The axial vector k of the skew tensor Q 3

-+ - > < R -
Qea = cosya + (1-cosy)eeea + sinye*a

can be written as: (see appendix H)

= [Ql" dﬁ

e + (1- cosy)(d *e) + siny dx ]

Using eqn.
pendix I)
-+ o
Y = B'e
» 1_‘(;_()_& 1 " “ 1 b
g = (w'v - w'v' Je
sin2¢ s S s s’ 1
w _ —1-cos¢ . 2
+ [-w" - (vovew. + w “w: )]e
s .2 S$ss S
sin ¢cosé
" 1-cos¢
+ [vs + _T_E_____(vs vs + wswsvs)]e
Sin ¢Cos¢
where cos¢ = (1-v;2-wé2)1/2 and sinzt = (v;2 + wéz)

(9.5) ; and ﬁ can respectively be expressed as:

X! when Q is given by

(9.5)

(see ap-

(9.6)

(9.7)

For the determiniation of x the following expressions are needed:

~c-o--o
Rzoe1 = e,
°C.» + L
Rzoez = cosBe2 smse3
°C 4+ _ -+ I 4
Rzoe3 = cosﬁe3 + smpe2

(9.8)

(9.9)

(9.10)
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Substitution of (9.4) and (9.6-9.10) into (9.1) yields:

- ‘ __Qgé_ _
Xq = (8 5 (w.ve wsvs)] (9.11)
sin ¢
X, = cosp [-w" - -1299§1—-(v viw' + w!' Zw )] +
2 s . 2 $Sss s
sin $cos¢
+ sing [v" + —1:gg§i——(v'2v‘ + w'w'v')] (9.12)
. 2 S8 S
S1n ¢cos¢
Xy = cosf [v" + —1—9951——(v v+ ww'v')] +
S s s¥s's
sin ¢cose
+ sinp [w" + —119—————(v v'w' o+ oW 2w *)] (9.13)
2 S S S S
sin“ecos¢
where: cos¢ = (1-v'2 - w'2)1/2 and sin2¢ = (v'2 + w‘z)

S S S S
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Special theories

General

In the derivation of the rotation matrix and the curvature expres-
sions, the only approximation applied so far, is the replacement of
terms of order (1+¢) by unity, in accordance with the assumption of
small strains. This means that the expressions obtained, are valid
for beams exhibiting deflections and/or rotations of arbitrary
magnitude. In many practical problems however the magnitude of the
deflections and rotations is limited and expressions as accurate as
(8.14) and (9.11-9.13) are not needed. Therefore, simplified expres-
sions suited for certain classes of problems are derived in the fol-
lowing, by neglecting higher order terms

xhibitin te deflections r
For this specific class of problems, terms quadratic in the

derivatives of vs and/or ws, should be retained compared to one.

This implies: .

cose = 1-y 21,2 : 1-cos¢ _ 1 ; d-cost  _ 1 5(2) (10.1)
2 2 .2 2 . 2 2
sin ¢ sin ¢Cos¢

Substitution of (10.1) into (8.14) and (9.11-9.13) yields:

2 2
l-Hv; -‘:w; -vécosB-w;sinB -w;cos8+v;sin8
' 10.
= Vs (l-kvéz) cosB—Hw;v;s:LnB - (l-ﬁvéz) sinf-4w ; v;cosB ( 2)
L] 2 1 L]
we (l-kw; )sinB—stvscosB (1-5w;2)c058+5w;v;81n8
| -
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' _1.. SapW _oafoyl

X1 = B +2(wsvs wsvs)

X, = cosB[-w'-l(w‘zw'+v'v“w')] + sinB[v“+l(v'2v‘+w'w'v')] (10.3)

2 Ss2 s S sSss s2''s s sS85 )
- L] 1 l2 L | (] L] L] A3 L] 1 L] L] L} |2 "
X5 cosB[vS+2(vs vs+wswsvs)] + 51nﬁ[ws+2(vsvsws+ws ws)]
The strain e¢_ is now given by: ¢ = u' + 1 v'2 + 1 w'2

s T 7s s 2 s 2 s

The rotation matrix and curvatures for problems with moderate deflec-
tions and moderate rotations can be obtained from (10.2) and (10.3)

when in these expressions cosp and sinp are replaced by:
cosp = 1—%32 and sing = B-%B3 (10.4)

In the case of problems with moderate deflections and small rotations
cosf and sinp may be replaced by:

cos =1 and sing = B (10.5)

Beams exhibiting small deflections and large rotations.

For this specific class of problems only terms linear in the deriva-
tives of the vs and L have to be retained in the rotation tensor and

curvatures. This implies:

-cosé -
cos¢ = 1 and 1-cos Y 1-cos¢ =

9 (10.6)
sin ¢ cosé¢ sin" ¢

N |

Substition of (10.6) into (8.14) and (9.11-9.13) yields
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r_ . t [P ]
1 -vscosﬂ - w551na -wscosﬂ + v551nB
R = vé cosfp -sinpB (10.7)
wé sinp cosp
Xy = B

-cosf w" + sinp v*
8 5 8 S

(10.8)

= - + . [ ]
Xq cosp v sinf L

10.5.1 The rotation matrix and curvatures for problems with small deflec-~

tions and moderate rotations can be obtained from (10.7) and (10.8)
when cosp and sinp are replaced by:

COSp = 1—% 32 and sinp = B-% 83 (10.9)

If small deflections and small rotations are considered, only first
order terms in B ; B' and the derivatives of Vg and L have to be
taken into account. (8.14) and (9.11-9.13) then reduce to the follow-

ing well known forms:

Xy = B

r1 -v! —wg

[
R = and Xy = -w;

vé 1 -8 (10.10)
X3 = Vg

w' 3] 1

LS - '
€. =u
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Second order theory

10.6.1 Another theory, sometimes used [7, 20], is the so-called second order

theory. In this theory deflections and rotations are assumed to be
relatively small but in stead of using (10.10), second order terms in
g and/or the derivatives of B, v and W, are retained in R, the
curvatures and e - When cosg and sinp in (10.2) and (10.3) are
respectively replaced by: 1-%ﬁ2 and B the following rotation matrix

and curvatures can be derived (all terms 2 0(3) are neglected).

- -

1 12_1 ¢2 - ¢ t —g ! '
1 - 2Vs 2 % Bws Vs ws Bvs
- . A28 2 o1
R vS 1 2 vs 2 B B 2 wsvs (10.11)
‘ _l [ | _l ._l 2
ws B 2 wsv 1 2 Ws™2 P
- 1 l [ DY ey ] —_ [ "
Xq = B' + 2(wsvS wsvs) X3 = Vg + Bws
(10.12)
— [] - 1 .1_ 12 .1_ 02
Xy = “Wg t Bvs Eg T Uty VgtV

Terms > 0(3) in B and the derivatives of B, A and W, are also

neglected, in the expressions for €141 €491 €43 and LI
This second order theory is derived to calculate the buckling loads
of structures. The approximations used in the derivation are
mathematically seen not consistent, but since the buckling
displacements are infinitely small at the moment of buckling these
approximations are allowed and the buckling loads calculated with
this theory are correct.

However, due to the inconsitency in the approximations this theory
should not be used as a general non linear beam theory.
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Comparison with other results.

General

During the last 15 years several articles, dealing with non-linear
flexural torsional behaviour of beams, appeared in the literature. In
this chapter the theory developed in the previous sections is com-
pared with the theories used in some of these articles.

However, before this comparison is started, some general items are
discussed. '

In the case of thin-walled open sections, the normalized warping dis-
placements are mostly described in terms of the so-called sectorial
area w, while the average displacement of the cross sections is writ-
ten as: [2, 13, 20]

u = uD - ¥Yp R12 - zD R13 {11.1)

where D is the sectorial origin.

R12 = - vscosﬁ - w551nﬁ and R13 = - wscosa + v551n8

In this report, however, preference is given to the equivalent, but
more general expression of normalized warping, $(y, z), while the

average displacement of the cross section is written as:

(11.2)

It can easily be seen that (11.1) represents the displacement of the
centroid as no warping occurs and that (11.2) represents the same
displacement.

Representing the average displacement of the cross section by (11.2)
in stead of (11.1) has some advantages, as will be shown later.
(section 11.7.2)
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If the shear center is not a material point of the cross section, as
is often the case for thin-walled open sections, it is still con-
sidered to follow all the deformations of the cross section, as if it

was a real material point of that cross-section.

To enable a comparison of the results obtained in this report with
other results, the terms in the articles, representing the warping
displacement and the average displacement of the cross section, are

converted to the notation used in this report.
The rotation tensor.

As already mentioned in section 8.11 the rotations in beam theory are
often described in terms of modified Euler angles. Expressing these
angles in terms of transverse displacements, X, may be written as:
{11, 14]

(11.3)

where ¢ is an Euler angle.

Egn. (11.3) is asymmetric in v and L

That this may lead to confusion is demonstrated by the following

remarks, made by M. Attard in his article about non-linear non-

uniform torsion [2].
'when a prismatic beam experiences biaxial bending, the axis of
shear centres becomes a space curve and the cross sections ex-
perience a twist known as ‘'geometric torsion' due to the bending
curvatures.
The inclusion of geometric torsion is important in determining
the equations for the lateral buckling of shafts under torsion.
Attempts have been made by Goodier [9] and Rosen and Friedmann
[21] to derive expressions for the geometric torsion in terms of
the transverse displacements of the beam axis. The expression
derived is doubtful because of its lack of symmetry and the in-

consistent order of approximation made in the derivations".
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(Remark; in both articles, refered to by Attard, a second order

approximation for X4 is used: x1=¢'+v'w')

11.3.2 If the method of this paper is used to describe the rotations, X, is

11.4.1

given by:
1-(1-v: 2o ) 12
Xy = B' + 53 [viw - wiv!] (11.4)
vé +wé

This eqn. is skew symmetric in Vg and W, as would be expected.

when only moderate or small deformations are considered, (11.4)

reduces to:
X, = B' + 1 (viw'! - w'v') (11.5)
1 2 s's S'S .
A.A. Ghobarah and W.K. Tso. [8]

‘A non-linear thin-walled beam theory'
Int. J. Mech. Sc., 1971, vol. 13, pp. 1025-1038.

Starting from the non-linear theory of elastic prismatic shells, a
non-linear theory for thin-walled beams of open section is formulated
by making special assumptions and neglecting terms of high order of
smallness. Treating torsional deformational quantities as of order &,
where 5¢1, and flexural deformational quantities as of order 62,
terms are retained in the energy expressions such that the resulting
equations of equilibrium contain terms up to an order 63. Thus,
products of torsional deformations and products of torsional deforma-
tion and flexural deformation are retained in the final expressions.
However, products of flexural deformations are neglected, being
treated as terms of order 64 or higher. Therefore, the theory takes
into account the non-linear nature of torsional deformations and the
coupling between torsional and flexural deformations. However, the
theory is ‘linear' in bending deformations in the sense that it does

not take into account large deformation due to flexure.
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To simplify the algebra, Ghobarah and Tso replaced the sinp and cosg
functions by the two term approximation (B-%B3) and (1-%82)
respectively.

To make a comparison with the results obtained in this paper pos-
sible, the terms representing the normalized warping displacements in
the artiélelof5Gh3bafah§andwTso, are replaced by the equivalent but
more general expression &(;. ;).

11.4.2 Although the theory of Ghobarah and Tso is not written in terms of
rotation matrices and curvatures, it can easily be converted to this

form. The converted results are given by:

[~
-
]

u+ Yy R12 + 2 R13 + B'y R11

v, +y (R22 - 1) +2zR (11.6)

=
~N
"

23

~ ~

u3 = "s +y R32 + 2z (R33-1)

where u is the average displacement of the cross section.

_ T 1722 .
€ = €~ ¥YXg + 2x, + 2 T X + B"Y (11.7)

where ¢ = €g + YeX3 - zsx2

1 -vé—w;ﬂ -w;+v;8
- ' 1.2 ralo3
R = Ve 1 28 (8 53 ) {(11.8)
1.3 1.2
W, B-¢B 1-5
s 6 2
L —
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Xp = “Wg + Vo B
(11.9)

x3 vs + ws B

11.4.3 Equation (11.6) and (11.7) are the same as equation (6.8) and (5.4)
derived in this report, except that the amplitude of the warping dis-

placements is replaced by B'.

The rotation matrix, curvatures and strain €g obtained in this report
for beams exhibiting small deflections and moderate rotations are

given by: (see section 10.4 and 10.5).

[ vt et 88wzl P el 6%)
R=|v, (1-3 8%) - (-3 8% (11.10)
“ (87 8°) (1-3 %)
Xy = B -
x, = -(1-3 8w + (8- vy

(11.11)

I R P H N
X3 = (1-3 BIvE + (B¢ B)w:

u'
S S

€

If (11.10) and (11.11) are compared with (11.8) and (11.9) it becomes
clear that due to the fact that Ghobarah and Tso neglected all terms
of order 64, an inconsistency in the representation of sinp and cosp
is introduced.
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Because of this, the theory is not valid for cross sectional rota-
tions as large as 450, as claimed by the authors, but only for rota-
tions as large 159,

The strain energy expression used by Ghobarah and Tso is derived from
the strain energy expression of thin elastic shells given by [12].
Due to the different strain energy expressions used, a comparison of
the final potential energy expressions is abandoned.

K. Roik, J. Car]l and J. Lindner [20]

‘Biegetorsions probleme gerader diinnwidndiger stédbe.
Ernst & Sohn, 1972.

In this book a second order theory is presented. If the results are

converted to the notation used in this paper, they can be written as:

u, = u + YRy, + ZRo4 + X ¥

u, = v+ ¥(Ry,-1) + 2Ry, (11.12)

Uy =W+ YRy, + Z(Ry-1)
where: u = ug - YRy, - Z Ry,

€y = E Yy X, + o2+ xiv (11.13)
where: € = eg + Y X3 T ZoX,

vttt ey e,
R = v -3 vid et ceviw (11.14)
Ys ® 1w e
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Xy =@ +w ve - v X3 = Vg t @ W
(11.15)
- g " - [ l l2 l 12
Xp = "Wg t o Vg € U Y3 Vg t 5 ¥

11.5.2 Comparison of (11.14) with (6.8) shows that beside the replacement of

11.5.3

g by Xy R11 is replaced by unity. This is in accordance with the
fact that only terms quadratic in ¢ and/or the derivatives of o, L
and ws are retained in the second order theory.

Roik et. al. derived the rotation matrix and curvatures by means of
Euler angles. It can be shown that in case of a second order ap-
proximation ¢ and B (see (11.3) and (11.4)) are related by:
L
¢ =B - 7 V¥ (11.16)
If (11.16) is substituted into (11.14), and terms ) 0(3) are
neglected, (11.14) changes to the rotation matrix of the second order

theory, derived in this report (10.11)

Substitution of (11.16) into (11.15) and (11.13) yields:

- 1 l L ] 1 - l 1 L] - L ] "
X =B+ 2 Vs¥s 7 2 Vs¥s Xy = vg t ﬂ"s
(11.17)
- " . - 1 l 12 l 12
x2 = ws + BvS es = uS + 2 vs + 2 w
- T 1°2 ,,2 .
€4y = € " ¥Xg + 2x, + 2 I B'° + x1$ (11.18)

Comparison of (11.17) with (10.12) shows that only the expression for
Xq1 derived by Roik et.al. differs from the expressions derived in
this report.

The reason for this can be found in the fact that Roik et. al. repre-
sents the rotation of the triad by a vector although this rotation is

finite, This, however, is incorrect.
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11.5.4 The strain expressions derived by Roik et. al. are the same as those
derived in this report (5.1-5.4) except that g is replaced by X4 and
terms > 0(3) are neglected.

Egn. (2.27) is also used by Roik et.al. to determine the final poten-
tial energy expression. Only terms < O(2) are retained in this

expression.

11.6 A. Rosen and P. Friedmapn [21]

'The nonlinear behavior of elastic slender straight beams undergoing
small strains and moderate rotations'

Jounal of Applied Mechanics, vol. 46, (1979), pp. 161-168.

11.6.1 The non-linear behaviour of slender initially straight beams is
investigated. A set of equilibrium equations is derived. The
investigation is restricted to cases where ué, v;z, ";2 and ¢2are

negligible compared to unity. The converted results are given by:

x1 - wl + vlwl

— 5's
1 -vé—wém -w‘+¢vé
R = Xy = -w; + L
Ve 1 “P-V W (11.19)
X3 = Vg + @Ws
|50 b e s a1y 1,02
s s 2's 2°7s
= - ., of
®11 T &5 T ¥X3 P ZXy * 5y
1. of
1.0 of _
€43 = 2 Xy * 5, - fxp)
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11.6.2 The rotations and curvatures are derived by means of Euler angels.

11.7.1

Substitution of (11.16) into (11.19) yields:

1 —vs-wsﬂ -w +ﬂv;
B_:
' P
vs 1 g Evs"s (11.21)
¥s a—'%vsws 1

Xy = Wg * B Vg
(11.22)
x3 = vs 8 ws
_ e 12 01,2
€s “Us t 3 Vs t o ¥

When in the rotation matrix (10.2) and curvature expressions (10.3),
sinp and cosp are replaced by respectively g and 1, and v;z, wéz and
BZ are neglected compared to unity, (10.2) and (10.3) reduce respec-
tively to the converted equations (11.21) and (11.22).

The strain expressions derived in this paper (B.2) reduce to the
equations derived by Rosen and Friedmann, when terms quadratic in

are neglected.

Due to the type of approximations applied by Rosen and Friedmann,
their theory is valid for small rotations and deflections which are

somewhat larger than those of the linear theory.

M.M. Attard [2]

‘Nonlinear theory of non-uniform torsion of thin-walled open beanms'
thin walled structures, 4, 1986, pp. 101-134.

A set of displacement relationschips for a straight prismatic thin-
walled open beam of polygonal cross section is developed. The results
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are claimed to be applicable to situations where displacements are
finite, the cross section does not distort, strains are small and
flexural displacements are small to moderate while cross sectional
twist can be large.

11.7.2 When the results are converted to the notation used in this report,

they can be written as:

P ——
R= 1 -vécosﬂ—w551n8 —wscosB+v551nB
0 cosf -sing (11.23)
0 sing cosp
Xq = B'
Xp = - cosﬂws + sanv;
(11.24)
X3 = costs + 51an;
- . l 12 l |2
s T Us T Vg T3 ¥
.. = U'-yy tzx +1/252x 24! ¢+-(R +r2 J+(y R -z R, )R
11 X3%2Xy Xq7X 127713 137 %s™12
= 4 1]
e 2( zZ + )x1 (11.25)
=4 ov
€ 3 (Y + )x1

where u is given by: u = u 3 (see section 11.2)

p ~ ¥pR12 ~ ZpRy

When u is expressed as: u = us - ySR12 - zsR13, e11 may be written

as:
+ xjb (11.26)

where ¢ = € + ysx3 + zsx2
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11.7.3 If these results are compared with the results obtained in this
report, it shows that there is an inconsistence in the theory of
Attard. Although bending deformations are considered finite, the in-
fluence of geometric torsion is neglected. That Attard is aware of
this inconsistence shows the remark he has made in his article, which
is copied in section 11.3 of this report.

Due to this inconsistence, the theory is only valid for small deflec-

tions and large rotations
11.8 Z.M. Elias [7]

'Theory and methods of structural analysis'
John Wiley & Sons (1986).

11.8.1 In this book a second order theory is derived. The strain energy ex-
pression and the curvatures are compared with the expressions derived

in this report. The results obtained by Elias can be written as:

L

1 -2 2 2 4 2 2
U= 2 OI [(EAe” + Eszz + I-:I3x3 + EHx1 + Er(x1) + GItx1
2 -
+ x1(EIse + E12ﬂ2x2 - EI3ﬂ3x3)]dx (11.27)
where ¢ = e, + YoX3 © 2.X
X = Bl + l(v-wl - "lvi)
1 2 's's S'S
Xp = " wg ¥ Bvs

(11.28)

L] + w'
x3 vs B s

-+
O j=a
MJ-
-+
& f—a
UDA"

11.8.2 when g(x) in (5.7) is replaced by x1(x), comparison of (11.27) with

{(5.7) shows that the term Er8$x;xf is missing in the strain enexrgy
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expression of Elias. This term, however, must be taken into account

when the cross-section is not double symmetric.

The curvature expressions (11.28) are exactly the same as those
derived in this paper for the second order theory.

It is emphasized here that Elias is the only one, the author is aware
of who has also found the 'skew'-symmetric expression for the
geometric torsion. This expression is derived in a totally different

manner, than it is in this paper.

11.9 Bending in one plane

o

11.9.1 When ¢ is neglected compared to unity, the following relations can be

derived:
.’ - (-. l-.
11 = (1+u )e1 + v e2 (11.29)
sin@ = v' + Ccosf = (1-v'2)1/2 (11.30)
de _ .
cos8 ax = v (11.31)
L 98 _ a4 i2,-1/2
X * 35 =V (1-v'7) (11.32)
The rotation matrix can be written as:
R = I(1-v'2) -v' OFW
€ l2
v J{(1-v'") 0 (11.33)
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Substituting B = w = 0 into (8.14) and (9.11-9.13) yields exactly the

same results.

11.9.2 In the linear theory terms quadratic in v' are neglected, this

implies:
1 -v' 4]
R = and x = v"
v 1 0 ' (11.34)
0 0 1

Substituting 8 = w = 0 into (10.10) yields exactly the same result.

11.9.3 In the case of moderate deflections, terms quadratic in v' are

retained. this implies:

1 -3 42 v 0
2 5 )
R = X = v'+ 2 vy’
v 1-% v o (11.35)
0 0 1

Substituting B = w = 0 into (10.2) and (10.3) yields the same result.
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12. Conclusions

A potential energy functional for non-linear flexural-torsional behaviour of
straight elastic beams with arbitrary cross sections, has been presented.
The functional is generally applicable to situations where the strains are
small and the Bernoulli hypotheses are valid. It has been shown that the
potential energy expressions for special theories can be derived from this
general expression in a consistent manner, by neglecting some specific
terms. '

Using a special representation of the rotation tensor, a skew symmetric

expression for the 'geometric-torsion', has been derived.



-58-

13. Acknowledgement

The author is indebted to Dr.ir. C.M. Menken and Dr.ir. F.E. Veldpaus of
Eindhoven University of Technology, for their helpful suggestions and
criticisms.

This work was supported by research grants made available by the Netherlands

Technology Foundation (STW)



14,

[1]

[2]

(3]

[4]

[5]

[6]

[7]

(8]

(9]

[10]

-59-

References

Ascione, L. and Grimaldi, A.: On the stability and postbuckling be-
haviour of elastic beams, Thin-Walled Struc., 1, 1983, pp. 325-351.

Attard, M.M.: Non linear theory of non uniform torsion of thin walled
open beams, Thin-Walled Struc., 4, 1986, pp. 101-134.

Benscoter, S.U.: A theory of torsion bending for multicell beams,
Journal of Applied Mechanics, 21, 1954, pp. 25-34.

Besseling, J.F.: Non-linear theory for elastic beams and rods and its
finite element representation, Techn. Hogeschool Delft, Delft Univ.
of Techn., 1981

Brekelmans, W.A.M.: Toepasbare Sterkteleer, Reader of Dept. of Mech.
Eng., Eindhoven Univ. of Techn., the Netherlands, 1978.

Dym, C.L. and Shames : Solid Mechanics: a variational approach,
McGraw-Hill Kogakuska, 1973.

Elias Z.M.: Theory and methods of structural analysis, John Wiley &
Sons Inc., 1986.

Ghobarah, A.A. and Tso, W.K.: A non-linear thin-walled beam theory,
Int. Journal of Mechanical Science, Vol. 13, 1971, pp. 1025-1038.

Goodier, J.N.: On combined flexure and torsion and the flexural buck-
ling of a twisted bar, Quarterly of Applied Mathematics, 2(2) (1944)
pp. 93-101.

Gregory, M.: Elastic torsion of members of thin-walled open cross
sections, Australian Journal of Applied Science, 12 (2), june 1961,

pp. 174-193.



[11]

[12]

[13]

[14]

[15]

(16]

[17]

(18]

[19]

[20]

-60-

Grimaldi, A. and Pignataro, M.: Postbuckling behaviour of thin-walled

open cross section compression members, J. Struct. Mech, 7(2), 1979,
143-159.

Love, A.E.H.: A treatise on the mathematical theory of elasticity,
4th edn., New York, Dover Publ. Inc. 1944.

Murray, N.W.: Introduction to the theory of thin-walled structures,
Oxford University Press, New York, 1984.

Peters, A.P. and Ormiston P.A.: The effects of second order blade
bending on the angle of attack of hingeless rotor blades, Journal of

the American Helicopter Soc., vol. 18, No. 4, 1973, pp. 45-48.

Reissner, E.: On Non-uniform torsion of cylindrical rods, Journal of
Mathematics and Physics, vol. 31, 1952, pp. 214-221.

Reissner, E.: On torsion with variable twist, Osterreichisches
Ingenieur Archiv, 9, 1955, pp. 218-224.

Reissner, E.: Note on torsion with variable twist, Journal of Applied
Mechanics, june 1956, pp. 315-316.

Roberts, T.M.: Second order strains and instability of thin walled
bars of open cross section, Int. J. Mech. Sci, vol 23, 1981, pp. 297~
306.

Roberts, T.M. and Azizian, Z.G.: Non linear analysis of thin walled
bars of open cross section, Int. J. Mech. Sci, Vol. 25, no. 8, 1983,
pp. 565-577,

Roik, K., Carl, J., and Lindner, J.: Biegetorsionsprobleme gerader
diinnwandige Stdbe., W. Ernst & Sohn, 1972.



(21]

[22]

[23]

[24]

[25]

-61-

Rosen, A. and Friedmann P.: The non-linear behaviour of elastic
slender straight beams undergoing small strains and moderate rota-
tions, Journal of Applied Mechanics, Vol. 46, March 1979, pp. 161-
168.

Trahair, N.S. and Woolcock, S.T.: Effect of major axis curvature on
I-beam stability, Journal of the Engineering Mechanics Division, EMI,
Febr. 1979, pp. 85-98.

Veldpaus, F.E.: Inleiding continuumsmechanica, Reader of Dept. of
Mech. Eng., Eindhoven University of Technology, The Netherlands,
1985.

Vacharajittiphan, P., Woolcock, S.T. and Trahair, N.S.: Effect of In-
plane deformation on lateral buckling, J. Struct. Mech, 3(1), 1974,
pp. 29-60.

Woolcock, S.T. and Trahair, N.S.: Post-buckling behaviour of deter-
minate beams, Journal of the Engineering Mechanics Division, EM2,
apr. 1974, pp 151-171.



-62-

Appendix A

A.1.

A.2.

A.3.

Throughout this report a coordinate-free dyadic notation is used. In
this notation a symbolizes a vector. The length of the vector is
denoted by its norm |3|, and its direction is obtained by dividing
the vector by its length (normalization).
e = a/lal (A.1)
Between the two vectors a and B, the inner product is defined by:
ash = |3||3| cos¢ (A.2)

where ¢ is the smallest angle between the two vectors

A most important aspect is the existence of a dyadic product of

two vectors, which creates a dyad or second order tensor
A = ab (a.3)

It can be proven that every tensor can be written as the sum of, at
most, three dyadic products:

A=3b a.4
in which expression the summation convention has been used.
The cummutative law does not apply for the dyadic product.
Interchanging the vectors yields the conjugate of a dyad.
c=-0-0 c=-o+
A (aibi) biai (A.5)

In this report, frequent use is also made of the double inner product
between two tensors. This double inner product is a repeated applica-

tion of the inner product:
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A:B = (aibi):(cjaj) = (bi.cjuai.aj) (A.6)

An important tensor is the unit tensor I, which satisfies the
property:

Ied =a for every a (A.7)

The tensors discussed so far are second order tensors or dyads.
Higher order tensors can be obtained by (summation of) dyadic
products of more than two vectors or, alternatively as dyadic
products of tensors. A fourth order tensor may thus be defined as:

4 >

D=2aB = abc (A.8)

4

Some important fourth order tensors are 41, 1€ and II which are

respectively defined by:

4 4_c c _

I:A=A ‘ I :A=A ' II:A = tr(A) = A:1 (A.9)
where tr(A) stand for the trace of A.
Finally, use is made of the gradient operator V. This gradient
operator has the property that it defines the derivative of a quan-

tity along a line in space. If such a line is defined by the
parameter representation

X = X(A) (a.10)

where x is the position vector, it follows that the derivative of a
quantity u along this line is obtained as:

du/dr = (dX/dA)e(Vu) (A.11)

Note that u may be a vector or tensor quantity as well.
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The dyadic notation is readily converted into a cartesian notation by
introduction of a set of orthonormal base vectors éi' Oorthonormality

yields for the inner product of two base vectors:
e.e8. = &.. (A.12)
hwere 6ij is the Kronecker delta.

With these base vectors, vectors and tensors may be represented in
terms of their Cartesian components:
-»>

e (2.13)

-» »
a=a.e, . A=23, e.e.
137173

From (A.12) and (A.13), equivalence of inner products and double in-

ner products in the two notations is readily obtained:

- -» -

aeb = (aiei)°(bjej) = alb] ij = alb1 (A14)
+ -+

A:B = Aijeiej : Bkl €8 = Aiiji (A.15)

The equivalent of the gradient operator is readily obtained from

{A.11) by observing that X = xiéi and taking X, as the parameter A:

ou _ -+
axi = eioVU (A.16)

Multiplication by éi and summation yields alternatively:

fu=a & (A.17)

i ox,
i

Hence, the cartesian notation is readily derived from the more
general dyadic notation used in this paper.

For additional information about this notation, the reader should
refer to [23] (in Dutch) or any other appropriate textbook on this
subject.
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Appendix B

B.1. 1f (1+es) and (1+es)2 are replaced by unity, in accordance with the
assumption of small strains, (3.27) reduces to:

- - - _' - 2 2, 2 of
e11-es+[1-(-yx3+2x2)]( YX4tZx, )y 42700y + ax[1

oy 4o 19f. . = . 12,2 2
*oyxgtax, )4y U1 E(-yx X, - 2xgXg) + 5 (xytxg)
B.1)
P 0fry (o of
e =l-2x, + fxg ay[1+( YXqtzx, )43 1)

©437 1y~ fxp + 5,1+ yagrax,y 4, D)
o . : : .o Of
The terms ¥YXq and 2x, represent strains due to bending, while ax TeP-
resents strain due to warping. Therefore, [1-(-yx.+zx,)], [1+(-
v +; )+l Qi] and [1+(-~ +; )+Q£] may also be 3e liced by unit
YX3 Xyl¥y 3x YX3 X2 3x Y p 4 y.
this implies:

e d(cuy tn c2,72,. 2, c o 1.2,.2, 2, .9f
€ 1 st (=YX +2x ) HY T+2 T X T HE(-Y X X =20 X4 ) 45T (x5t 43
[ of
e12-[ zx1+fx3+ay (B.2)

o _ of
e,3=[yx - fxyty,]

B.2. In all the strain expressions, f appears in more than one term. To
see if it is neccessary to retain all these terms, the order of mag-
nitude of these terms is determined.

of . of . of
|ax|—0(f/L)$0(E). |ay|—0(f/d) ; Iazl—o(f/d)
(B.3)
2 2 2 2 N >
x2$0[(e/d) 1 x3$O[(8/d) 1 IYx1|$0(e) H |Zx1|$O(E)

where d denotes a linear dimension of the cross section.

The order of magnitude of the other terms can now be written as:
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: N 2
1£-yx;x, = 2xqx3)| £ O(F €7/) (B.4)

2

2y cote? e/ (B.5)

2, 2
f (x2 +x

with |f] ¢ O(eL) this can be written as:

fz(xg + xg) <oretay?) (B.6)
lfx,1 £ O(fe/d) | (8.7)
|fx2| € O(feyd) (B.8)

If in each strain equation warping terms, which are o(e™) n21 smaller
or larger than another warping term in that equation, are neglected,

{B.2) reduces to:

_ - : 2,2, 2, Of
e11—es+(Yx3+Zx2)+(Y +z)x1+ax

= (m of
ey = ( z2x, + ay (B.9)

- of
13 = xy + 550

1]
1
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Appendix C

0 - + . *
A rotation tensor Q, representing a rotation vy, of an arbitrary vecotr a,
about an axis with unit vector e can, according to eqn. (8.3), be expressed
as:

. -+
Qoa = cosy a + (1-cosy)eesa + siny e*a (c.1)

To show this, the vector a is written as:
2 = (3e8)e + [a-(3ee)e] (€.2)
where: (503)3 is the projection of a in the direction e

The vector [3-(503)3] is perpendicular to e

Qoz may now also be written as:
Qed = (aee)e + Qe[a-(3se)e] (C.3)
L I R N . » \ -
To calculate the result of Qe[a-(aee)e], a unit vector b perpendicular to e
and a unit vector (3*5) are introduced. The components of [3-(3-3)3] in the

direction b and (3*3) are respectively:

(2eD)D and [ae(e*D)](e*D) (C.4)
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If [5-(303)3] is rotated y about 3, then the components of 00[5—(503)3] in

the direction b and (3*3) become respectively:
[cosy(ash) - siny(ae(e*B))]b
[cosx(go(é*ﬁ)) + siny(aoﬁ)](é*ﬁ)
The final result of Qo; can now be written as:
Qea = eeea + cosy[Db + (e*b)(e*b)]ea
+ siny[(8%D) (Bed) - B((e*D)ed)]
Making use of the identity: K*(ﬁ*ﬁ) = (i-ﬁ)ﬁ - (E.i)a
and the fact that [33 + bb + (3*5)(3*3)] =1

eqn. (C.6) can be written as:

-» - +9 R -
Qea = cosya + {(1-cosy)eesa + siny e*a

(C.5)

(C.8)

{(C.7)

(C.8)

(C.9)
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Appendix D

bD.1.

D.2.

D.3.

R-o_ -
ea = R20R1oa
According to (8.4) R103 can be written as:

R1o5 = coséa + (1-c050)aa°3 + sintﬁ*g

where: cos¢ = 3111 and sinen = 31*Ii

Using (8.5) R .a may be written as:

2

» -+ L . TR, R
Rzoa = cosaa + (1-cosa)1111oa + sina 11*a

Substitution of (D.2) and (D.3) into (D.1) yields:

R20R1-3=cosﬂ!205+[ (1-cos+) <a.zmz.a+smaz.(a*;)]

Using the identity: ar(bxd)=(aec)b - (503)5

chﬁ and sinORzo(ﬂ*g) may be written as:

sina - . »
Y e, - sina cotan¢ 1
sin¢ 1 1

-+ -+
Rzon = cosan +

. % + .2 LI L I +
51n¢R20(n*a) = Rzo[(e1*11)*a] = 1,e,ea [cosae111 +

+ (1-cosa) cos¢ 1111 - sina sin#ﬁi1]03

Substitution of (D.6) and (D.7) into (D.4) finally yields.

> - . >
R20R1oa = Cos¢ Ccosa a + cosé¢ sina 11*a

[(1-cos¢) (cosann + i%ﬁ% 313 - sina cotané¢ 115)

+
-{cosa e,1l

. L P 4 »
1y - sina 51n0n11) + 11e1]oa

(D.1)

(D.2)

(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)
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Appendix E
Ro; = R1oi203
E.1. According to (B8.4) R105 can be written as:

E.2

R1'5 = cosea + (1-cos¢)ﬁﬁo§ + sintﬁ*a

where: cos¢ = 31011 and sinen = 31*11

According to (8.6) R o2 may be written as:

2

Rzog = cosﬁg + (1-cosB) 3131

Substitution of (E.2) and (E.3) into (E.1) yields:

"-o= + + o+ 2+ e \ + 0
R10R2-a (R1oe1)e1oa + R1o[cosa e, (a e1)+51nB e, a]

=1.e,

R1o(é1*5) = [cos¢I - 31

Substitution of (E.5) into (E.4) yields:

R10R205 = [cos¢1-é111+(1-cos¢)ﬁﬁ]o

LTI, I N B B &
(cosﬂa+51nﬂe1*a)+11e1oa

- . -
*a + sing e

o + R1-[31*(cosp(3*31)+ sinaz}]

11 + (1-coso)ﬁﬁ]-(é1*3)

(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

(E.6)
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Appendix F

F.1.

F.2.

According to (8.9) R20R103 can be written as:

-+ - . P L2
R.*R_ %2 = cosé¢ cosa a + cos¢ sSina 1, *a +

21 1
[(1-cos¢)(cosuﬁﬁ + S%ﬁ% 313 - sina cotane¢ 113)
- (cosa e,1, - sina 51n0n1 ) + 1 ]oa

171

> 3 G 4+ 9
where: cos¢ = e101 and sinén = e1*1

1 1

The unit vector 11 is given by

« 2 4
+ v e, +tw e

_ -1 "
- (1+€s) [(1+us) €4 s 2 s 3]

With this expression cos¢ and ﬁ can be written as:
cosé = (1+¢ )‘1(1+u )
- s S

_ . -1 - T

= [(1+es)51n0] (vs e W, e

3 2)

Using egns. (F.2-F.4) the terms in (F.1) may be written as:

- 2+ T O . 29
{(1-cose¢)cosann = b[vS e3e3 vswse3e2 w'vie,e,+w' e e2]

ss 23 s 2
_ 1gq 9 * _F . e
(1 cos’)51n0 en b(1+es)51nu[vse1e3 wse1e2]

1+u'
-

(F.1)

F.2)

(F.3)

(F.4)

(F.5)

(F.6)

_ . b 4 =" . § ] 0‘.
(1-cos¢)sina cotan¢ 1,0 bsmu(Hes)[(1+us)(vse1e3 w!' e e ) +

+ 02""_v|"|"" + tept! o - w' ]
vs eze3 $ s e2e2 wsvs e3e3 [ 372

cosa e I = %%Ig—)[(1+u )e

sina sin#ﬁI1 = -§Lﬂg—2[(1+u )(vs 3‘1 wie e, )+v' 2e3 e,

(1+e ) s€2°1

(F.7)

(F.8)
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. . - A 20 ]
wsvseze2 W V. eje,-w e eq
2+ 1 ) Lt , v
e, Tt [(1+u )e1e1 +v eje, +w e3e1]
where: b = (1-cos4)

(1+es)zsin2¢

When (F.2-F.10) are substituted intq (F.1); Ree
be written as:

1’

+ 1
RyeR e, = Tic

] [(1+ué) e

+V e, +w e 1
17 Vs &y T W5 &y

1+u’

S R - - s
R20R1oe2 = [ o Sinaw, b51nu(1+es)ws+b51nu

(1+es)

cosa , 42
- ==v'Je
1+es s] 1

1+u’ 1+u’'

-~ 2 - .
cosa + b cosaw' “+bsina T—w'v'
1+eS s 1+es $Ss

+

. —Ssina . 13
SVS]e

2 2
(1+es)

1+ué 2 _
)” sina - b cosaw'v' +
1+es s's

+ [«

1+u’ .
|2 M 1]
1+es ws + . 2v52]33

s (1+es)

+ bsina

(F.9)

(F.10)

ROE and R033 can

(F.11)

(F.12)
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. 1+u! _ - (1+u‘)2
R20R1-e3 = [ 2 51nuvs+b51nu(1+es)vs—b51nu T7c Vs
(1+e_) s
S
cosa
l]e
1+es
1+u’ _ _ 1+ué 2
+ [-(1+ sina - bcosa VoWl - bsina (1+e )vs
__ﬂ.lL“Z
(1+e )
1+u! _ 2
+ [?Izﬁ cosa + b cosav, (F.13)
14u’ .
- bsina e wévé + —§Lﬂg—2v W ]e
s (1+e )

The cartesian components of the rotation tensor R = R20R1 can now be

obtained from:

R.. = e,eRee. (F.14)
ij ~ it
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Appendix G

G.1. According to (8.10) R10R203 can be written as:

R10R °a = [cosel - e

) +(1-cos¢)ﬁﬁ]-(cosas+sinsé1*$) +  (G.1)

1t

171

where: cos¢ = 31011 and sinen = 31*1

G.2. The unit vector I1 is given by:
- -1 4 2 2
= (1+es) [(1+us)e1+vse2 + wse3] (G.2)
with this expression cos¢ and ﬁ can be written as:
cost = (1+e_) ' (1+u!) (G.3)
s s

- 3 —1 |..__l’
= [(1+es)51n0] (vS e, wsez) (G.4)

Using (G.2-G.4) the terms in (G.1) may be written as:

14u’

- S ,* - > - +
cos¢l 1+es (e1e1 + e e, + e3e3) (G.5)
A + » .
el =71, e, [{1+u’ )e1e1 + vs e, + L e1e3] (G.6)
-0-0_-.2-0-0_ gt 32 20
(1-cos¢)nn = b[vs e,e, w v e3 g T WgVg €83 + Wo e2e2] (G.7)
+» 1 A ) . .,
1181 T T [(1+u) eqey + vo ejey + Wy ege,] (G.8)
where b = 1= > ) 5
(1+e_)"sin"¢
S
G.3. When (G.2-G.8) are substituted into (G.1), R031, Roéz, and 8033 can

be written as:
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- ]
o
- - I
[
®
1]

_1 ‘..
1°R, e, (1+es) [(1+us)e + v e2 +w e3] (G.9)
e .2 _ r_ CosB sing
R oRyee, = [- e Vs ~ T+e s]e1
Mg 2 e
+ [1+€s cosB + b(ws cosB-wsv551nB)] e, (G.10)
1+u 2
+ [1+ sinp + b(v sing - w v cosB)] e
R.eo. = [- S0sB .. . sing
RieRyeey = [- Tte_ vg t Tre_ v 1é
i‘l_é. = 2 . -+
+ [- 1+£s sinf + b(-wsvscoss—ws sing)] e, (G.11)

1+u’

—S5 = 2
[1+es cosf + b(vs

+

+ [} t : *
cosf LA sinB)] e,

The cartesian components of the rotation tensor R = R10R2 can now be

obtained from:

- -
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Appendix H
H.1 Derivation of the axial vector of the skew tensor Qcogg when Q is
given by:

005 = cosxg + (1-c051)33o5 + siny e*a (H.1)
where: vy is the angle of rotation and e is an unit vector in the
direction of the rotation axis. '

The rotation tensor Q is a function of the variables y and 3, this
implies:

dg = 99 4y + a2.20 (H.2)

0y -
de
The tensor Qco%g may thus be written as:
-
cdQ _.c 90 dy c_,de 9Q
@ vax =9 ayax * 9 lax,S (1.3)
e
H.2. The first term to be considered is: Qc.Qg gl. When a unit vector b,

oy dx
perpendicular to e is introduced, then Q, Q? and Qcogg may respec-

tively be written as:

Q = cosyl + (1-cosy)ee + siny [(e*h)D - B(e*b)] (H.4)
Q%= cosyI + (1-cosy)ee + siny [(e*D)D - B(e*D)] (H.5)
%S = - sinyl + siny et + cosy [(3*5)5 - B(E*B)] (H.6)

Qc-g%-simmc'rsim(Qc03)3+cosv[(Qco(é*ﬁ)ﬁ-(ocoﬁ)(3*3)] (H.7)

Calculating the unknown terms in (H.7) yields:

QCee = & (H.8)
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QC'(E*B) = cosy(é*g) + sinyB (H.9)
QC.B = cosy b - siny(g*s) (H.10)
Substitution of (H.8-H.10) and (H.5) into (H.7) yields:

c 90

Q .31- -sinycosyl - sinyéé + cosysinyga + sinzy(é*g)g
- sinzy 3(3*3) + sin133'+ coszy(é*g)ﬁ + cosxsinyﬁﬁ (H.11)
- coszys(é*g) + sinycosy(g*ﬁ)(éfs)
Using the identity: [33 + bb + (3*5)(3*3)] =1 (H.12)
eqn. (H.11) yields:

oc-%ﬁca = [(e*B)B - Bre*B)]ea = é+a (H.13)

The term Q SQ %loa may now be written as:

022 dr.g - dx 2 (B.14)
H.3. The next term to be considered is Q O(Q‘ QQ)
Writing (déoig)og as Q(v, e+de)ea - 0(1,3)03 yields: (H.15)
e
(da.§g>.z = (1-cosy)[(d8)3 + 2ad1¢3 + siny dd*a (H.16)
P4 : .

where deee = 0
Q g‘ ég)oa may now be written as:
de

des

-
ea = Qe[ (1- cosy) (g, + edg)oa + siny dﬁ*a (H.17)



H.4.

At this point the following three orthonormal unit vectors are

introduced.

1de -+
L dx ' (e*

With these orthonormal unit vectors, siny ﬂg*a may be written as:

-’
{ -
Qg,a

sinydx
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Lsiny % gﬂ L51n1[{(e*l dg)*e}*a]

siny[e(e*d—) (e*dg)e]oa

Substitution of (H.19) into (H.17) yields:

Y
Qco (g—:o'g'g) Q;

= ((1-cosn [@%E)2 + (W1 %) +

+ siny[Qcog(g*gf) -QC'(E*gf)é]loa

Calculating the unknown terms in (H.20) yields:

o° &

QC-(é*gﬁ) -

->
-o'dg .
cosy (e dx) + sinvy

-

i} de _ _. 2.4
dx = cosYy ax 51n1(e*dx)

de
dx

(H.

(H.

(H.

(H.

(H.

(H.

18)

19)

20)

21)

22)

23)
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H.6.
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Substitution of (H.21-H.23) into (H.20) yields

-

+de de- + de,
= (1-cosy)[ea; + cosy e - siny(e*a;)e)] +

c e 30, » _
0 °(dx°a*)'a dx
e

- -+ -+
+ siny[é(g*gﬁ)-(cosx(é*gi)a + sinygfé)]'a

(1- cosx)[edg gge] + 51n1[e(e*g§) (e*gg)e]oa

) de,+ . de.,
[¢1 cosv)(dx*e) + 51nydx]*a (H.24)

The axial vector of the skew tensor Qcogg can now be obtained by sub-

stitution of (H.24) and (H.14) in (H.3)

de

c QQ 2
Qe dx

ax'd [—le + (1- cosy)(g—*e) + sinvy,_ * 2 {(H.25)

The axial vector of the skew tensor ggooc can be derived in a similar

way:

..

40 e + (1- cosw)(e*——) + siny dx ]*a (H.26)

ax*9a =

[Q_I
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Appendix I: Derivation of ; and Rgoz
" . dR2
I.1. ¥ is the axial vector of the skew tensor Rz.d
where: R203 = cospa + (1-cosa)3131o5 + sin931*5 (1.1)
According to (9.5), ; is given by:
->
de
[ e + (1- cosa)(g‘*e ) + siny E—l] (1.2)
d'é1
Since ax - 0, egqn (I.2) reduces to:
-o___(_j_§+
Y= 4x 1 (1.3)
c By
I.2. u is the axial vector of the skew tensor R1 ax
where: R103 = cosea + (1-coso)ﬁﬁoa + sin#ﬁ*a, (I.4)
-2 2 T S S ¢
cos¢ e1011 and sineén e, 11
the unit vector I1 is given by eqn (8.11)
1= +vie, + ] (1.5)
1y = Tie _ [(1+u )e v.e, w' e3 .

When €g is neglected compared to unity, according to the assumption

of small strains, (1.5) reduces to

[(1+u )e + vie (1.6)

1 52+we

3]
This implies: (1+ué)2 = {-v'® - wé (1.7)

Using eqn (I.7), cos¢ and sintﬁ may be written as:



I.

3.
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? - ' - _12__ |2
1, = (1+us) = J(1 vg we ) (1.8)

+ -+

-w' .9
s 3 “sez’ (1.3
Combination of (I.7) and (I.8) yields:

2

sin2¢ = 1-c052¢ = (vs + wéz) (I.10)

Differentiating cos¢ with respect to x yields:

deose _ _ . .4t _ -(vovidwiw) _ -(vividu W) (1.1
dx - e = 2 2. cos+¢ )
f(1-vS “Wg )

According to (9.5) ﬂ is given by:

-

b= [g—;a + (1-cos¢)(g';l*ﬁ) + simgﬂ] (1.12)

Using (I.9) and (I.11), the terms needed in (I1.12) can be determined

uy : -1 F— eyt
dx (sin%cos¢) (vsvs + wsws) (1.13)

UL I S SIPTTI JU DR S de
dx {sin¢) (vse3-wse2) (sin™¢) (vse3 wsez)cos¢dx (1.14)

dn,+
_ﬂ,n

- '2_1|'_'l.'
ax "= (sin“¢) (wsvS wsvs)e1 (1.15)

Substitution of (I.13-I.15) into (I1.12) yields:

+ M_’_). Sap® YR P4
b= . 2 ["svs wsvs]e1
sin ¢

_u___.“_"QQS_’).-n. 02'-.
+ [ we (vsvsws + L ws)]e2 (I.16)

sin“¢cos¢

+ [v: + —l-cose (V‘Zv" + ww'v')]é
. s s S S S 3
siln $Cos¢

2_w;2 1/2 2 2,.,2

. = {1~y 4 = 0+|
where: cosé¢ (1 v, and sin”¢ (vs L )



Appendix J

J.1.

J.2.

According to (3.9-3.11) I1 is given by:

? - '1 Iz 2 2 2
1, = (1+es) [(1+us)e1+vse2 + wse3] (J.1)

Substitution of this expiession into (6.7) yields:

= (1ee 3] ' '

R11 = (1+es) (1+us) (J.2)
- -1 '

R21 = (1+es) vs (J.3)
- -1 [

R31 = (1+es) ws (J.4)

In appendix B it is shown that the order of magnitude of g¢ = f may

be written as:

lg¥l < 0(el) (J.5)

The order of magnitude of v! and w' may respectively be written as:

S s
Ivgl = O(v_/L)
(J.6)
l"é' = O(HSIL)
Combination of (J.5) and (J.6) yields:
|9¢R21| £0 (evs)
(3.7)

|g¥Ry, | < O (ew))

Because Vg and L also appear in the expression of u, respectively
Us, gsz1 and q¢R31 may be neglected.
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