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The Wadati-Konno-Ichikawa (WKI) spectral problem is considered and the nonlinear
evolution equations (NLEE) related to this problem are explicitly constructed. Together with
the integrable NLEE already found by WKI new pure differential solvable NLEEs are derived.
The properties of the integro-differential operator L generating all the considered NLEEs are
studied. It is shown that the usually successful procedure used to derive the Bicklund transfor-
mation does not work with these highly nonlinear evolution equations.

§1. Introduction

Many nonlinear two-dimensional evolution equations have been solved by the
use of the spectral (or scattering) transform (ST) techniques.”~*

In general, according to the AKNS method,” one considers the linear spectral
problem

W;ZUW, (1'1)

where ¥ and U are complex valued N X N matrices of x, ¢ and of the spectral
parameter A.

The time dependence is fixed by imposing to ¥ to satisfy the auxiliary
spectral equation

r,=vw , (]_‘2)
where V is an N X N matrix of x, ¢ and A.

The compatibility condition for (1-1) and (1-2) furnishes the so-called Lax
representation® for the nonlinear evolution equation (NLEE) one is looking for

U-—V:+[U, V]=0. (1-3)

In this paper, we consider the spectral problem proposed by Wadati, Konno
and Ichikawa (WKI)® with

U=—ilos+AP(x, t), (1-4)

where o3 is the Pauli matrix and PZ(?, %)

! On leave of absence from Computing Center of Chinese Academy of Sciences, Beijing, China.
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The Nonlinear Evolution Equations 49

Wadati, Konno, Ichikawa and Shimizu in a series of papers®” solve the direct
and inverse problem for this spectral equation and find a hierarchy of NLEEs that
can be solved by the use of the ST techniques.

These authors consider for V a polynomial of fourth order in A without
constant term. ‘

We choose a more general V of the form

V=S IVAP), (5, n=0,1,) (1:5)

and we apply the method developed in Refs. 8) and 9).

Specifically, by equating to zero the matrix coefficients of the powers of A in
(1-3) we get a set of recurrence relations that are solved furnshing the explicit
form of V and a set of NLEEs for P.

We collect the found NLEEs in different hierarchies according to the values
of s.

It is convenient for any hierarchy to choose some specific equations, which we
call basic, as representative of the all NLEEs in the hierarchy.

The more general NLEE in the hierarchy can be obtained by taking an
arbitrary linear combination of the basic equations.

At s=0 we get the explicit form of the hierarchy of NLEEs already found by
Wadati, Konno and Ichikawa.®

At s=1 we get new hierarchies of NLEEs.

We show that the hierarchy at s=1 contains pure partial differential equa-
tions and we write explicitly the first few of them.

From these equations, by a reduction procedure, we derive the followmg
nonlinear evolution equation in one complex function R(x, ¢):

RiRzz— RixR:= d( t)Rzz(l_Rzz)Uz"‘ b(t)sz , (1‘6)

where a(¢) and &5(¢) are arbitrary functions of .

According to a common feature of all integrable NLEEs,>*'”~'® all the
considered hierarchies are generated by the repeated applications of an integro-
differential matrix operator L to a 2X2 matrix K(P) function of P.

By using a method suggested by Chern and Peng'¥ we show that the
differential character of the considered NLEEs at s =0 and s=1 is related to the
fact that the recurrent integro-differential formula

Kn1=LK, (1-7)
can be transformed into the recursion formula
Kn+1:F(Kn, Kn—l, "ty KO), (1'8)

where F is a pure differential 2X 2 matrix operator which is explicitly given.
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50 M. Boiti, F. Pempinelli and G. Z. Tu

The fact that, in spite of the integro-differential character of the operator L,
the expression L*K which appears in the basic NLEEs is pure differential is also
related to the existence of a conserved density H =2(1—+/1— P?) common to all
the basic equations defining the WKI hierarchy at s=0.

It has been suggested by WKI® that the evolution equations of this hierarchy
can be written in generalized Hamiltonian form.'® Specifically, the conserved
density H is the Hamiltonian of the first equation in the hierarchy which can be
written as

p=yoL | (1:9)

where SH/SP =diag(8H/S8q, H/S87) and J =ic.D? is a symplectic operator with
0. the Pauli matrix and D=d/dx.
We define a new operator

L=0Lo (1'10)
with o) the Pauli matrix and we show that L operates on a matrix Q as follows:
LQ=WQ+ZI[H (P)JQ)], (1-11)

where W and Z are differential operators, I =/%.dx’ and H'(P) is the Gateaux
. (or directional) derivative of the Hamiltonian H.

By using the representation (1-11) for the integro-differential operator L we
derive the differential character of the term L*K(P) in the NLEEs as a conse-
quence of the fact that the Hamiltonian H is a common conserved density of all
the equations in the WKI hierarchy.

In §4 we try to generate the self-Bicklund transformations (BT) for the
equations considered via gauge transformations of the eigenmatrices .-

The used procedure has been already used with success in the N X N AKNS
case® and in the 2X2 Kaup-Newell” and other cases.'®~'®

However, in this case, one must add to the set of differential equations
defining the BT the algebraic constraint

p*=p? (1-12)

where P is the BT of P.
" It is shown that this constraint, in general, is incompatible with the found BT.
We conclude that the high nonlinearity of the NLEEs implies that either these
NLEEs do not have BTs at all or have BTs that must be obtained by a more
involved procedure than usual. :
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The Nownlinear Evolution Equations 51

§2. The solvable NLEEs related to the WKI spectral problem

We search for NLEEs related to the WKI spectral linear problem

w.=UY (21)
where o
U=—ilos+P(x,t) (2-2)
with
/0 alx, t) .
pao=( , L) (2:3)

The matrix P(x, t) is supposed to decrease rapidly as |x|—co.
Let the 2X2 matrix V in the auxiliary spectral problem

r,=ve (2-4)

to be of the form

n+s
V(P, )= Z A" VAP). (n,5=0,1, ) (2-5)
By equating to zero the coefficients of the powers of A in the Lax representa-
tion
U~ Ve+IU, V1=0 (2+6)

and by introducing for convenience V- and Viu+s+1 we obtain

V—1:O, (27)
Vie=[P, Vinl—ilos, Viuil+ 8P, (j=—1,0,+, n+s) (2-8)
Vatrst1=0. ' (2‘9)

If the diagonal part @, and the off-diagonal part Qr of a matrix @ are
defined to be, respectively, @p=diag(Q1., Q22) and Qr= Q— Qp, the recursion
relations (2:7)~(2-9) can be more conveniently separated into their diagonal and
off-diagonal components

I/jD,z‘:[P, I/j+1,F]) (]':0) ly e n+s) (2.10)
Vour=0, : (2-11)

| V,-H,F:%iog V,-F,x—%z'os[P, _Vj;l,p]—%z'oap,anj ,

(j=—1,0,1,, nts) (2-12)
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592 M. Boiti, F. Pempinelli and G. Z. Tu

Vn+s+1,F:0 s
Vn+s+1,D:0 .
By inserting Vj.ir from (2:12) and (2-13) into (2-10), we obtain

I/J'D,.r:%,i[P, 03 VjF,x]+%i63(P2)t8nj , (j:(), 1, -, nts—1)

Vn+s,Dx: 0.

By inserting once more V;r from (2-12) we obtain

Vioa=—+1P, Virael [P, [P, Violel+—5ric( P)dn

+%[P, Piz]Oni-1. (7=0,1, -, +s—1)

Let us define
0;i= Tr( Vip )

and
T;= TI‘( O3 VjD ),

where Tr indicates the trace of the matrix considered. The matrix V,p can be

rewritten as

I/jnz%(ﬁj‘*‘dafj)
and from (2-16), (2-17) it is easy to deduce the differential equations
052=0, (7=0,1,, n+s)

Z'jx:%‘Tr(Pﬁs I/j—l,Fxx)+%(P2)ij+P2zj+i(Pz)tanj

+% Tr(6sPPec)onses,  (G=0.1, nts—1)

Tn+s,x =0.
They can be explicitly integrated to
pJ:C?J(t), (]':Oybly Y n+s)

(1 P22, = B0 +S 1] Tr(Kos Vi) |+ T [T K P16

+%I[Tr(d3KPm)]8n,j_1 L (=01, nt+s—1)

(2-13)
(2-14)

(2-15)

(2-16)

(2-17)

(2-18)

(2-19)

(2-20)

(2-21)

(2-22)

(2-23)

(2-24)

(2-25)
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The Nonlinear Evolution Equations 53

Tns=Bn+st), (2-26)

where
=71 la, | (2-27)
K=P/(1- P (2-28)

and a;(¢), 8;(¢) are arbitrary functions of ¢.
By inserting (2-20) into (2-12) we obtain the following recursion formula for
the Vir's:

V—l,F:O, (2'29)
Viere=L m+%iﬂj+lK+Man,J—H+Nsw ,

(Gj=—1,0,-, n+s—1) (2-30)

and the evolution equation
O3 Vn+s—1,Fxx+Bn+st—O'sptx(()\n,n+s—1+2iPt6n,n+s:O . ’ (2'31)

L is the matrix integro-differential operator

LQ————%—i(fst-F%iK][Tr(KosQu)] | (2+32)
and

M= —%KI[Tr(KPt)], (2+33)

N= —%imﬂ%-%il(l [Tr(osKPu)]. (2-34)

From the recursion formulae (2-29), (2-30) one easily gets the explicit form
of the off-diagonal part of V operator of the auxiliary spectral problem and,
therefore, from (2-31) a NLEE in P.

The explicit form of V is obtained by means of Eqgs. (2-20), (2-24)~(2-26).

We consider, separately, the cases s=0, s=1 and s=2.

In the first case (s=0) we get the NLEEs

n—1
Pi=— gD S B DL K B OPe, (n=1,2, ) (2:35)

where D=49/dx.
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54 M. Boiti, F. Pempinelli and G. Z. Tu

The term 5 i8.Px in the right-hand side can be crossed out by means of an
elementary change of variable.

According to the idea exposed in the Introduction we choose as representa-
tive of the obtained hierarchy of NLEEs the following basic NLEEs:

P.=ci(t)osD’L*K  (k=0,1, ) (2-36)

with ck(¢) arbitrary functions of ¢.

In the following section we show that, in spite of the integro-differential
character of the operator L, these equations are pure differential equations and,
at c,=1 reduce to the equations found by Wadati, Konno and Ichikawa.

In the case s=1 we get the NLEEs

Peat 5 D*KI[TH(KP)|=5iD? L "8 )E +Ban(t)osPe,  (2:31)

(2=0,1, )

which can be once integrated to
Pt DKIITr(KP)]=4iD ZL"*8u( ) K +Br10sPat $i(£)o1+ 2o

(2-38)

with ¢,(¢) and #.(¢) arbitrary functions of ¢.
We choose as representative of the hierarchy (2-38) the following basic
NLEEs

Pt_{_%DK][Tr(KPt )]: $1(t)or+ ¢a(t)o+ids(t)os P, (2-39)

P,+%DKI[Tr(KPt)]=ck(t)DL"K, (B=0.1, ) (2-40)

with ¢; and ¢k arbitrary functions of £.
It is convenient to introduce the new functions

R=I[(1—P¥)'"2—1]+x, (2'41).
Si=yq/r, (2-42)

from which we have ¢=S/ (1—R;*)'?, r=(1—R;*)'*/S. Consequently P, K can
be represented in terms of R and S.

In the following section we shall show that all the basic NLEEs (2-39), (2-40)
written in terms of the new functions R and S are pure partial differential
equations. Their explicit form can be more easily obtained by multiplying any
basic equation, successively, by K and ;K and by taking the trace of the two
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The Nonlinear Evolution Equations
obtained equations.
We write explicitly the first few of them.
From (2:39) we get the evolution equations
RiRzz— RizR:= 1 R:*(1— R2)"*(14+S5%)/2S ~
—i¢RA(1— R2)*(1—-S?)/2S, (2-43)
SRz~ RSz = $1R(1—S?)/ 2(1— R:*)"*— i R:(1+ S*)/ 2(1— R*)'"?
+iaRaS | (2-44)
From (2-40) we obtain at £=0,
RtRzz— RuRz=—CoRuz, (2-45)
StR:—R:Sz=¢oSz, - (2-46)
that can be once integrated to
R:=—cot doRx, (2-47)
S:=doSx (2-48)
with do» an arbitrary function of ¢. At 2=1, one gets the equations
RiRis— ReoRe= —%iclRm——S’%;g’Z) +%z’cle(——~Sx%;§I2) )I , (2-49)

. 1. S5 1. SKaies 1. 2
StR.I‘ RtSz— D) ZCI‘RIZS 9 1C1 Rz(l_R.rz) 2 ZCI(I_RIZ)ZRzz(?)Rz 2),

that can be once integrated to

_p2
Re= —%iclﬁ%ﬁg—xh iRz,
1. S22 1. SRyzz 1. SR%x _
Se= e R S T O R A R) 2 (IR, PR ORe ~2)TdiSe
(2-51)
with 4: an arbitrary function of ¢,
Equation (2-40) for general £ can be written
3
RiRee— RucRe=c 55 Tr(KDL*K), (2:52)
'
SRe— RSe=—cxs RS Te(oukDLK) (2-53)
tily [1F kz(l—sz) 3 ’

55

(2-50)
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which can be integrated once to

Ro= —%ckRzl[Tr(PDLkK )+ duRz | (2-54)°
__1 k R.S PN
St——”2"Ck Sz][TI‘(PDL K)]—F’(T;Tz) Tr(d3KDL K)|+d.Sx.
(255)

It is easy tb verify that
I[Tr(PDK)]=Tr(PK)+2(1—P*)"*+d,,

I[TH(PDL*'K)]= ——%z’[Zi Tr(PL*K )+ Tr(Po; DL*K )—(1— P*YV2H, ]+ dy |

where Hx=I[Tr(KosD*L*K )], and d», dx’ and di are arbitrary functions of ¢.
In the next section we shall prove that all L*K and H, (=0, 1, --+) are pure
differential expression. Therefore the evolution equations (2+54) and (2:55) are
local partial differential equations.
If the functions ¢., d» and ¢ are chosen to be real all the equations in the
hierarchy are compatible with the request that R is real and S has unit modulus.
By choosing in Eqgs. (2:43), (2-44), ¢.=¢3=0 and S=1 and in Eqgs. (2-45),
(2-46) S=1 one gets the following two reduced equations:

" RiRez— RizRe=¢:1(1)RA(1— RV - (2+56)
RtRzz—Rthx:—Co(t)sz. . (2'57)

In the case s=2 we get the NLEEs

+8-1

LigiD? S L B )E + 0D L (N + LM )+ Baso()P2=0,  (258)
which can be once integrated.
We choose as basic equations

DL 2(N+LM)=¢:(t)o1+ ¢2(¢ )02+ idhs(¢ )G P | (2+59)
DL*"*(N+LM)=ci(t)DL*K , (k=0,1,) (2-60)

with ¢:(¢) and cx(¢) arbitrary functions of .
These equations correspond to a operator V in the auxiliary spectral equa-
tion with negative powers of A and are integro-differential equations.
' In all three cases (s =0, s=1, s =2) the more general NLEE in the hierarchy
can be obtained by taking a linear combination of the basic equations.

220z 1snBny Lz uo 1senb Aq Z98GE8L/8Y/1/69/2101e/d)1d/W00"dNo"dIWBpEdE)/:Sd)Y Wol) PapEOjUMOQ
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§3. Properties of the operator L generating the hierarchies of NLEEs

Let us consider the recursion relation
Kk+1:LKk, (kZO, 1,"‘) (3'1)

where Ko=K and L is the integro-differential operator defined by Eq. (2-32).
If we introduce the formal series

H= 3 Kur ™ (3-2)
the recursion relation (3-1) can be rewritten as
pK—gK=LX (3-3)
or, taking into account the explicit form of L,
ﬂdaﬂ:‘%_l.ﬂx—‘%l'Kﬁsﬂ , (34)
where

J{:%[[Tr(Kng(m)]‘—Ziﬂ . - (3-5)

Multiplying both sides of (3-4), successively, on the left and on the right by
Kz, one gets two equations, whose sum is the following equation:

0 HH o= KoK Yo =i (K D= (I (3-6)
This equation can be integrated to
D0 HH e = Ko ) =i K~ 90— 2 (3-7)
The constant of integration has been fixed recalling that, since P(x, ¢) and it

derivatives are supposed to vanish at x =—oo, X->0 and H > —2ip as r—> —0,
By inserting 4 from (3-4) into (3-7) we get

10 KK = Ko H) =i K+ K Un (K K= (KK

+4inos KX K KX |—2ip? . (3-8)

By equating to zero the coefficients of the powers of 7 we deduce the pure
differential recursion formula for K,
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58 M. Boiti, F. Pempinelli and G. Z. Tu

& &
K1 :711—1‘63K§O(K1Kk—1:1_ Ki1.zK, )+li63K_zl§0KLKKk—l,x

2.
. 1 h—1 E 1 kR—1
*gKe(k_1)E)KL,IKk—I-l,I—7K_20(k;I)EOKL+1KKk—l
1, k=1 |
+§K ﬁ(k_l)lZ_QKl,xKKk—l—L,x, (k:(), 1, ) (3'9)

where @(%) is the step function defined as

(k):{l for £=0

for £<0. (3-10)

By induction one can prove that the terms L*K appearing in the considered
hierarchies at s=0, s=1 and s=2 are pure differential terms in P.

The first basic equation (£=0) in the WKI hierarchy can be written in a
generalized Hamiltonian form as follows: -

Pt:]£y (3-11)
where
S0H/SP =diag(8H/8q, SH/87), (3-12)
H(P)=2(1—y/1—P?) (3-13)
and
J = icsD? (3-14)

is a symplectic 2X2 matrix operator.
WKI have proved that the Hamiltonian H (P) is a common conserved density
of all the basic equations in the WKI hierarchy.®
Let us connect this fact with the existence of the recursion relation (3:9).
From the equation

H.=Tr(KP:) ~ (3-15)
and from the basic equation (2-36) we get

Hi=cx Tr(KosKuzx) (3:16)
or, equivalently, |

H.=2¢wHpzx, (3-17)

where H., is the coefficient of #~* in the formal series (3-5) which defines 4.
Since from (3-4) we obtain
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j[:K—z(‘“ZZ.ﬂKJC“*‘O‘aKJ(z), (3-18)

where X and K. are formal power series in the matrix K and its derivatives, and
we see that H is a conserved density for all the equations in the WKI hierarchy.
Let us, now, introduce the integro-differential operator

L=0o:Lo » (3-19)
and rewrite the term L*K as
L*K=cL*aK . (3-20)
The operator L can be represented in the following form

LQ=WQ+ZI[H (P)JQ)], (3-21)

where W and Z are the differential operators
W=—"ioD, - | (3-22)
Z=%ioK, (3-23)

and H'(P) is the Gateaux (or directional) derivative of H

0
oe

The pure differential character of the term (3-20) is related to the fact that
the integral term in L can be expressed by means of H, which is a common
conserved density of all the equations (2-36).

In fact, from the recursion relation (3-1) and the definition (3-5) of 4 it
follows that

[P K=(W+ZIH (P)])L* oK
=WL*'0:K + ZI[Tr(KosKi-1,22))
=WL*'0,K+2ZH 1 . (3-25)

H'(P)Q=—-H(P+eQ)| _ . (3-24)

Since H:-: can be expressed in terms of K and its derivatives, by induction
the term L*0,K is pure differential.

The representation (3-21) for the operator L generating the hierarchies of
NLEEs related to the WKI spectral equation is not specific of this problem.

In fact, analogous representations can be written for the operators L generat-
ing other hierarchies of NLEEs.

This can be verified, for instance, for the hierarchy related to the AKNS
spectral problem in the N X N case and in the Kaup-Newell spectral problem in
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the 2X2 case. ‘ .
We deserve this result and a generalization of the representation (3-21) in
other cases to a future work.

§4. The Bicklund transformation

Let us consider a generalized gauge transformation of the eigenmatrix & in
the spectral equation (1-1), i.e, the linear transformation

T=B¥ (4-1)
with B a non-siﬂgular 2 X 2 matrix.
-We define B as a self-Biacklund gauge transformation if it does not change
the spectral form of U and V.2
Then ¥ satisfies the two spectral equations
U.=U0¥, (4-2)
v=Vy, (4-3)
where U and V are the isospectral deformations of U and V obtained by
substituting P(x, ¢) with P(x, t)=<07 g)
The gauge B must satisfy the two matrix differential equations
B.=UB—-BU, : (4-4)
B:.=VB~-BV . (4-5)
By cross differentiating (4-4) and (4-5) we get
Bzt—Bu=(U:~ Vo+[U, VDB—B(U.— V=+[U, V]. (4-6)

Therefore, if B satisfies the system of Eqs. (4-4) and (4-5), P satisfies the
same NLEE as P and the two differential equations (4-4) and (4:5) can be
considered as the x-derivative and the ¢-derivative components, respectively, of a
self-Backlund transformation. '

According to the procedure outlined in Refs. 8) and 9) we first find the general
solution B of Eq. (4-4). Afterwards we fix the time evolution of the constant of
integrations of the found B by imposing it to satisfy (4-5) at x =—oo,

Let us choose B to have a pole of order m at A=

B(P, P; \)=3¥By(P, P). (4:7)

Jj=0

Equating to zero the coefficients of the powers of A in (4-4), introducing for
convenience B-: and Bn.: and separating the diagonal and the off-diagonal
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components, we get the recursion relations

B_1p=B_1,r=0, (4-8)
Bj+1.0:=(PB;r— B;rP), (j=—1,0,-, m) (4-9)
Bjii.rz=—2i03sBsr+(PBjp— BinP), (j=—1,0,, m) (4-10)
Bnr1,o=Bm1,r,=0. (4-11)

Inserting B;r from (4-10) into (4-9), we obtain

Bjiii,02= _%Z‘O‘s(PBj+l,Fx+Bj+l,FIP)—’_%Z’O‘S(P_z_PZ)BjD . (y=—-1,0,, m)
(4-12)

If P2+ P? it is easy to verify that the two recursion relations (4+10) and
(4-12) together with the condition Bn+:=0 imply that the gauge B is identically
Zero.

Therefore we impose the additional condition

P*=p?, ; (4-13)

Equation (4:12) can be integrated to
Bin=—4iosl (FBjra+ BiraP )+ 7,(t), (4-14)

where 7;(¢) are x-independent arbitrary diagonal matrices.
Inserting B;p from (4-14) into (4-10), we obtain

Bor=0, (4-15)
Bir=IAB;y+1;, (7=0,1,-, m) (4-16)
Bm+1,F:0, (4'17)

where A is the integro-differential operator
NQ=—2i0,Q+75 i\ PI(PQs+ QuP)+1(PQz+ Q:P)P) (4-18)

and
II;=(Py;—v;P). (4-19)

The constant of integration in (4-16) has been chosen to be zero in order to
guarantee a good behaviour of the gauge B at x =+ co.

The recursion relations (4:15)~ (4:17) allow us to determine the off-diagonal
part of the gauge B up to arbitrary diagonal matrices. Consequently, Eq. (4-14)
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furnishes the diagonal part of B. ~
Moreover, from Eq. (4:17) it follows that P and P are related by the integro-
differential equation

éo(/u)'"-km:o . (4-20)

It has been shown in Refs. 8) and 9) that the asymptotic behaviour at x = —oo
of the matrix differential equation (4-5) determines uniquely the self-Bzcklund
gauge B.

Since the value B of the gauge B at x = — is a diagonal matrix and, for
all V in the class considered, V' and V' are equal and diagonal, we obtain

Bi=0 : (4-21)

or B is a self-Bicklund gauge if and only if the y; matrices are constants.

We conclude that the x-component of the self-BT we are looking for is the
integro-differential equation (4:20) and that its /-component can be obtained
by inserting into (4+6) the explicit formulae we found for V and B.

However, in contrast with the usual BTs of the other solvable NLEEs, to the
two integro-differential equations defining the BT one must add the constraint

pP*=p?, , (4-22)
For m=0 we obtain the trivial BT
P=yPr* (4-23)
and for m=1 the x-component of the BT results to be
—2i03(Pyo—7oP)+ Peri— 1P =0. (4-24)

If one considers a NLEE obtained by a reduction procedure from a NLEE in
the hierarchy (2:36) as, for instance, the Harry-Dym equation or the nonlinear
Schrodinger type or KdV type equation considered in Refs. 6) and 7), the con-
straint (4-27) reduces the BT to the identity transformation.®

If Tr 057071 '=0 one can easily verify that the BT (4-24) reduces to the trivial
BT: P=nPri.

If Tr 037071 #0, we multiply (4-24) by Py, and compute the trace of the
obtained matrix equation. As the result we obtain

Ag+B7+C=0, (4-25)

where the coeflicients

*) The same result for the Harry-Dym equation has been obtained by using the method of
prolongation structure of Estabrook and Wahlquist by M. Leo, R. A. Leo, L. Solombrino and G. Soliani
(private communication).
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A:ﬁ’z(azf_,gz?’z), (426)
B=p(a:19—B1qz), (4-27)
028182(47’)1‘1‘(31a’z+3201)07 (428)

are computed taking into account the constraint 77 = rq and where the constants
a:, B: are defined as follows:

2icsvo=diagla, as), (4-29)
71:diag(51, B2). (4-30)

From (4-25) by multiplying, successively, by 7 and ¥ we get two quadratic
equations in ¢ and 7, which furnish the following explicit formulae for g and 7:

JZ%A‘I(—CJrA), (4-31)
f:%B—lhc—A) (4-32)

with 42=(C*—4AByr). _
The found equations for ¢ and 7 satisfy the constraint g7 =g» but, in
general, they do not satisfy identically the differential equation (4-24).
Therefore, in general, the constraint P?=P? is not compatible with the
system of differential equations defining the BT of the NLEEs related to the WKI

spectral problem,.

We conclude that the considered NLEEs on account of their highly non linear
character, either do not have self-BTs at all or have self-BTs that must be
obtained with a more involved procedure than that one successfully used for the
NLEEs related to the N X N AKNS® and 2x 2 Kaup-Newell spectral problems?”
and to other spectral problems.'®~'®
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