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THE NORMAL STATE OF THE HYDROGEN LOLECULR

Abstract

A simple wave function for the normal state of the

hydrogen molecule, taking into account both the atomic

and ionic configurations, was set up and treated by a
variational method. The dissociation energy was found
to be 4.00 v.e. as compared to the experimental value
of 4.683 v.e. and Kosen's value of 4.02 v.e. obtained
by use of a function involving complicated integrals.
It was found that the atomic function occurs with a
factor 3.9 times that of the ionic function.

A similar function with different screening con-

stants for the atomic and ionic parts was also tried.

was found that the best resulis are obtained when thes

screening constants are equal.

The addition of Rosen's term to the atcaic-ionic

function resulted in a value of 4.10 v.e. for the dis~

sociation energy.
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Attempts to obtain some of the properties of the
normal hydrogen molecule by wave-mechanical methods
date to the early days of wave mechanics. Heitler and
London & applied a first-order perturbation method,
and Sugiura 2, by evaluating an integral whose value
Heitler and London had only estimated, obtained results
qualitatively comparable with known experimental data.
Eisenschitz and London ° applied a second-order per-
turbation tresatment and obtained results in poorer
agreement with experimental values than the results of
previous calculations. For example, Heitler-London-
Sugiura's value for the dissociation energy is 3.2 v.e.
and the experimental value corrected for the zero-point
energy is 4.68 v.e., while Zisenschitz and London ob=-
tained 9.5 v.e.. Thus it seems that the perturbation
method is not very satisfactory for the treatment of
the hydrogen molecule. [he variational method, by
approaching the value of energy from one side, is safe
from the possibility of overshooting the mark. WangQ,
using a variational method involving the introduction
of a shielding constant as s parameter, cbtained 3.7 v.e.

for the dissociation energy. Losen 5, by using the

three-parameter function

= np



where Y° is the hydrogenic wave function for the lowest
state with a shielding constant Z, % is & function
syrmmetrical about the axis but not about & plane through
the nucleus perpendicular to it, anéc G 1is a parameter,
nes obtained 4.02 v.e. for the dissociation energy. The
improvement on the previous value is considerable, but
the calculations are rather laborious.

All these calculations were based on the assumption
that each of the nuclei always has one electron attached
to it, these electrons sometimes interchanging their
positions, which leads to the interchange energy. It
was suggested by Hund and iulliken 6

ture would be given by a wave function /@f+%@&@g¢ﬁ€/

which takes account not only of the atomic configuration

that a truer pic-

but also of the ionic coniiguration, when both electrons
are on the same nucleus, the other being completely
stripped of electrons. However, a function of the type
suggested by Hund and wulliken would give the hydrogen
molecules in the normal state as much ionic character as
atomic. There secems to be no reason to assume this, and
a logical wave function to take care of the atomic-ionic

character of the hydrogen molecule appears to be

CHh %) (g5
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where ¢ is a parameter, %-—-/Ve & and t,‘fx% <%

f?

It has been shown that the integral

S S vy
N2

where I is the Hamiltonian operator and ¢ is a function
which satisfies certain boundary conditions but is other-
wise arbitrary, containing, say, some variable parameters,
has the property that the lowest value W obtained from
varying the numerical parasmeters is the best approximation
to the value of E, and that % - W is always positive or
zero. Hencs the variational integral presents, as already
mentioned, a satisfactory means for evaluating the energy
of the normal state of the hydrogen molecule.

The first test for the wave function 5‘/-——'6’/%’95*-}?5{/7‘-
-f/@b V@{/ would be to consider it a two-parameter
function. The results obtained by varying c would then
be comparable with the Heitler-London-Sugiura results.
it is, however, more convenient to treat 7b=(.’/$f}f+§ffvg/+
.,L/}f’g/f-pf%) as a three-parameter function, and then,
at a certain point in the algebra, to reduce it to a
two-parameter function by letiing Z = 1.

It is useful to set up the following scheme, due

to Slater:
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Il - &
IIT +=
v +-

and rewrite our wave function as
V=l %)+ e+ (1)
where Y5 -% is the atomic Heitler-London term and

Y2 *% 1is the ionic term. The variational integral

It :
i S W*V’a/:

then takes the form

W W . JHE 4] 1 ti] 5 (2a)
T S )+t i) S

I'he wave equation for a hydrogen-like atoiz, in a
system of units where unit of length a, = .52845

2
and unit of energ; é? = 27.06 volt-glectrons, 1is

v+ W)t =0 ()

or, in a rewritten form,

W =—4 v+ iy (32)
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where W = - 2°. The general wave equation may be written
-3
as
Wy = f/¥ (4)
ik SZ; .
with /= —j’?‘:*// and V= ZZ—,’Zo_‘* (5)

the Hamiltonian function for the case of a hydrogen
molecule being

B el bt _A 2 i £
4 Z/F,’*P;/ % z&*,z"‘ﬂa (6)

In subsequent calculations the latter I with a
subscript will be used to indicate the different inte-
rals occurring. The integrel Jﬁ%7479’ will be de-

noted by S.

L in

Leaving out for the present the term s

the Hamiltonian we can now set up the following expressions:

JeH gy = [ F-f —4, )=

Sy
~JHf B G Jp e Etr e A
/ 11445 = -[«Z—5+ﬂ—z/_é7]~5 (7a)

Let us denote integrals of the type /?fﬁ/%a/?“
by Aéy . These integrsals may be represented also by

ol

é;é/?@ﬁﬁ%ﬂ?%y , where p stands for the number of per-

mutations of the signs of the spin that are necessary

to obtain the same spin for functions pertaining to the



same electron. Then, in terms of A and B, we obtain
tra =Viz <A+,
/ Taa™ Ve = 2A L
Vrsg =tz = ~2B5-4 ()

V™ ™ B+

Vra /2= 0 =/ =~ w =~ =~ A+ 5+ L

lMaking use of the relations (8), we find
é%:ci Tr */ogm =C Vo * oz~ Y oy =
= 473/2/41'-4/-&,7/4*4 *C%ﬁj,ﬁ_é’/-ﬁjﬁjr_{f- #@%j,&ﬁﬁé_) (9)

and putting I = Z¥, where ¥ is a function of ﬁéz%j

only, this becomes

+4y= //E&/}//itZJF-'S/v*ﬁ/c{/,LZ[C#/F L5554 )+

+{?réﬂé:—9&/3fé3vw5§'{%}-,Ji?tﬁmz (9a)
where
A=[c%)1+25f~5%+Ych (10)

el LIl e Yy e Se s rdleg)  (10a)

The denonminator in the expression for W has the value

d= [ Yar= Ly *Lagp L+t + oo =
=ZC ?'?"21‘26?5‘2-#25“2?“69@5 =Zi£'z+////f-5yf~ ﬁ/ei_-_- Z;) (11 J



N

Cses He L ey R B S : o
%g » introducing the term % tual we

AS f)=

left out of

o+

he calculations, we have

A 2%uZ 2 2 )
W-—*Wﬁ—'f*P ——%‘Z-f'//g‘**;é/z {12)

Substituting 2 =1 in (12) we obtain W as a function of

parameters ¢ and ,o

W = )'+ -+ A =
/ P
= CHJ 1522l 2 st )rlrc Va- e Sefs +ia=A) L (13)
(cP)(1+5%)+Yes r ‘

F =

This expression for W involves only integrals used by

Heitler and London, F6 being the integral evaluated by
Sugiura. Minimizing (13) with respect to C , %%?;C
yields a quadratic in c. Substituting the value of C
obtained from this guadratic bacs in (13) and varying
/?, the lowest value of W was found to be W= -1.1187
with f;: 1.6%7 and = 6.322, The Sugiura value for W
is W= -1.1156, so that the inclusion of the ionic term
gives an improvement in the dissociation energy of
0.0031 or 3%.

Going back to (12), we can improve the treatment
by minimizing (12) with respect to Z, which is equivalent

1

to Wang's treatment plus an ionic term. YWe get

2 P
o A



L0}

and

__J i, |
. 23,;/7”"*‘9 (15)

substituting (15) into (12) we have

W, -=——')f-//f+-4/2 (16)
Z=pn. 44 P
Bxpression {16) is a function of ¢ and f’ as wes
the case for (13). But while in the case of (13) ‘;—g,%/si}
gave a quadratic in €, in the case of (16) %%?=O gives
an equation of the fifth degree in C . Ilowever, to eval-
uate C by direct substitution of different values of C
for a given f) involves very little lsbor. The procedure
employed was as follows: the best value of C was first
obtained for /D= 1.67; then f) was varied to get the best
value for the obtained C 4 then C was varied again, and
so on, until the wvariation in either € or f) would re-

sult in a lower wvalue of W. The lowest value of W ob-

tained from (16) is W = =-1.148 with ro: 1.69, C= 3.9

=

and Z =1,19

o
']

C

This result compares very favorably with the re-
sult of Wang's treatment (improvement of 8% in disso-
ciation energy) and is just very slightly lower than
Rosen's result, which requires very elaborate calculations.

Thus the results of this calculation show that the ratio
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of the coefficients of the atomic and ionic parts of the
wave function is zbout four and not one as was suggested
by Hund and i#ulliken.

50 far it has been assumed that the effective nuclear
charge Z is the same for both the atomic and ionic parts.
The next step is to introduce a new paraneter 6=é§A ’
where Z' 15 the effective nuclear charge in the ionic
term, The integrals involving 2 only will be denoted as
vefore by I, for the integrals involving Z' — &£Z an &
will be added in the subscript, and the integrals invol-
ving both Z and Z' will be denoted by the letter J.

Qur vave function will be written now as

%=cﬂ¢g+fgjqﬁ§+%z¢ (17)

; ,
where ;:/l/:é',’“zz:W and 7,—:/1/22-2%’,
The Hazmiltonian (6) is now not Hermitian and, in
general, integrals of the type /}fﬁ//ﬂﬁ/?;’ and ﬁ://f&ﬁ‘a/z‘
are not equal.

Proceeding as before and leaving the term 2% out,
AL

we can write the following expressions:
JrH bdr= okt sar=A
JtH g dy= [ Haty=5
LA 5= [pty = Ay
J5H 9 = Jo st~



L1
J#H sy = JeH gy =~ ErsZl -0 f ="
JEH = JHy g = EE 2e e =5
Sl = [y H gy - L8+ 20--F=A"
S b= gl ity = - GF e 2 - T~ =
where G= [ and = / %7&/7’_

In terms of A, B, Agy B,, A'y B', A", and B",

(18)

we have

/./.z:z g = ALy

Vg =ltor =265

Ve =i = A, Ly (19)
T == G5+

T =z == Figg Sy = A E G +

o= M =~ Vew =~V lw A5G +F;

and %_Wl\] - Cz/z/tf:* ‘y/,p c%?é’s *.Z;/*'ZA{ L3 ’“Z‘é;% *dge T

r
+2c[(A+A ) +(B48 )5 + 2] (20)
Introducing integrals ¥ and G, independent of Z,

such that I = 2F, I,=¢ZF and J = 2G, we get
by =2 Je(n2s-5)# 2 lrs) 5, 2 G265
— ()Rl £ 25 b5+ T Vgl
R APl
e Le596,) % (675) - Ge [ <A E I E



The denominator has the value
A= 2/e3c%% )+ sfe 408 8)= 20 (21)

Hence, introducing the teTLI-#L y left out of the
AB

celculations, we have
W:i"%&Q?—:iﬁzi/ﬁli/z (22)
P PENEE
and
%=mm.= —g’%/ﬁ"gfj’-)z LR5)
The G integrals can be evaluated in elliptic coor-
dinates and they will be found in the appendix.
Expression (£3) is a function of f} s £ 8nd €
It reduces to (16) when &= 1., Starting with the best
values of C and /D for (16), C=3.9 and (0:1.69,
values of &>/ and &</ were tried. It was found that
the value &=1 gives the lowest energy. This interesting
fact shows that the screening constants for the atomic
and ionic contributions to the normal state of hydrogen
molecule are the same.
The ionic term and the Losen term giving indepen-
dently an improvement on Wang's result, the next step

ig to set up a function which would include both these

terms. ilaking again use of Slater's scheme we can write
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= CfPrCH )~/ Y+ S 4 (24)

- ;
where ¢ is the Losen term

4 /L) e e 6, -

the nuclear charge being taken as 2Z so that the inte-
grals involving % would be integrable.

Following the seame procedure as before and remembering that

gro</§-£lr -
and
VL E G (s

we obtain

JEH =4
J4Hgdy=5
jsf’/‘/'//a’r*/(/////;//a’r—
(}”// = /9”/9’ Ly = - g—‘&-f V-22)2,+ L/ =
=—/Z5 +/J—ZZ/[ =0
Sty = /sW sy =[5 (D] 5=
T3, (5.,22)3,]-0
[y galy= -[Z +/’ZZ/ Z]=£&
zdge@ﬂﬁ7?“*Qf:J§%ﬂ2%74§L£;7 VA

(27)



where .52’=./$1/9£92?/7") 5y=‘/—%;&‘/5/.7' and Lg=4Z2,.
In terms of A, B, Dy B and u, we have

Hhp= oy = 2CIA+/2C% 25 E + T, - Y+ Y69 2y + 2+
# LG+ YL, w56,
~ Vg =ty = [R5+ Y55, 4 265, ) B4/ 505+ P05 465, ) D+
+(RCS+40%, + 206, ) + 2y + Y0 L +20Y L, 47, )+
+ 50+ 26T, +C7
'%:ez ”?rlzz = e = Ver = R % ="l =—"wr=
=(5+C5, )A+L+CD+Zs~(Cs +05) L +0 Ly +eL 4 CT,
Vo =Vea=iA*Z
Vg = V= £ E54Z | e
Substituting I = Z¥ we get
Wy = Z e ymegeicfoncss ol 22 ) B350 205005+
+ZCrT - Y5 |[C )5+ ZOSHCS Joet]-a 4 Je AT +
-5, )celse 265, +6 A /j +Z ;,‘5- - YR C T +
+KCLSr T3 J+ ://T-I/f; 54263, +C7%5, Jelres)r Y+ Se
B[R =B [CfiC e COfsHs, |- 250, (6150576, )
+CG Y I42H, )C Y WG -F O Yoo 50, 1 $6€ Y #
+8CC e ECC Y+ T Y gt o Jr B Yo Y7 Y g
+ 26E e+ POy + T Ty Ity + FOC s +
+26"2%, +f£2‘¢}f=/?,2%2 (29)
ana
A= 20 14265 58) # 2 5% V055107 45, % L3y + So 5

ch s Fesres, Jeirisi=d’ (20)



Finally
W=%’-Z?+//ﬁ’4+fl))2 (31)

and

FA
Mérfm}z =—yi /7'5‘14'% (32)

The integrals occurring in (32) will be found in
the appendix.
Bxpression (32) is a function of f) y ¢ and G .
s both the Wang-ionic and kosen treatment give the sane
internuclear distance it is a good approximation to use
f)= 1.7 for the Rosen-ionic treatment. Some of the inte-
grals involved are expressed in terms of integral log-
arithms and are calculated by repeated use of recursion
formulae, hence the value fr= 1.7 was chosen in prefer-
ence to f)::l.GQ as with the former more accurate values
could be obtained from the aveilable tables of integral
logarithms. With f9=-l.7, C and G were varied until
the combingtion of € and G giving the lowest value
for W was arrived at. The results obtained are W= -1.1515,
C= 5.7, C=.07 and Z = 1.1903 f: has not been varied
as such a variation would reguire very long computations
and the expected improvement in the value for ¥ was small,
The comparison of the results of the different cal-
culations can be seen from Fig. 1 and from the following

table.



il wobun W 4E(v.e.) Jlgm-cn<) ﬁg(cm“l)
Weng-ionic -1,148 4,00  4.05 x 10%1 4750
Hosen~-ionic -1.1515 4,10

lieitler-London-Sugiura -1.116 3414 o2 4500
ang ~1.133 3% 76 4.59 43200
Kosen -1.14385 4,02 4,65 4260
Observed ~1.173 4.68  4.537 © 4418 ©

The fundamental frequency ;é was cslculated by means

A

of liorse ¢

curve

QD E = L5 P Pn)_ g0 ) (33)

By substituting in (33) three different values of
f% with the corresponding values of Al we obtain three

simultaneous equations which when solved give D = 0.1473

and a = 1.216. Then }32 was calculated from the formuls

)
%"a/zz;' M (54)
where a is in 1/R, D in wave numbers and =L in
A

terms of oxygen = 186.

The table shows that the introduction of the ionic
term in the wave function gives an improvement of 8%
over Wang's value for the dissociation energy of the
hydrogen molecule. Thus from a simple wave function

results almost equivalent to Losen's were obtained. It

should be noticed that while the ionic term corresponds
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to a definite physical picture, the physical significance
of the Liosen term is not quite clear. The addition of the
Rosen term to the atomic-ionic wave function gives only

1

about 25% increase in the value of the dissociation energy.

The writer wishes to thank Professor Pauling for
suggesting the problem and for valuable criticism during

the progress of the work.
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Appendix

The 1list of integrals used in this work follows.
The expressions for 5 and K functions will be found in

the discussion of these integrals.

5= /%fm/fr,ee'f’/,dé?—zﬁo +)

5= [wyaty=0

3= 4= 4ps

5= )% =/
5=y =e %+ & -£py

fe 4ot Vit

f= [ ledly= ¢ ep

]

fy= —”gfn’z = fpme G e Gt
/—Lﬁa&a’r: ‘570/72““ + o) ‘;Z,;; +£/

b= eyl = £ [T ) -621/54,) + 1101

-35440) 349,

_ [t e L /
b= Led=fp-e 7 pre v 5)

SN

e



%
. 9";2 --_/-
") %, T2
= Lt s 2 2% 5 v Zrbor)
%7) 2 TP IR

72 P 240
I2,. 2,6 .3
7"/3 f-/offoz-f-(oj)
>4 £ _.J i 2
- W s I 3 T
= %ifgﬁl/)'?é‘*;"f 77/‘%*?}‘,’-* fv".?f;o‘*pz/

b= [t ot =~ M) + PHe
+EOHY3p) -G ~2eH5 50 + I 5Ge)
+ 2S5 5 p)- 750 )15 ) E5/54 )+
+ 2/ J62)-255/150) +6544p)
b= [EE = f e r BT 5

74 s o

F73p° | 238090, cWfo , JoJ3) , 49, 7Y, VY, f L 5¥
ot T ol Tl T i T e e T e s



o= JEEE - £r D, T R 292, e,

% 7 o 2%
27 /f /f Z
P I e
o e et £ P 7%, o, 263
b = [P o BT e L B I
+/—é”—+~——- P‘?

A = foy # 15 ST L A+ 2 1 St

+&+ &) B-(r 5+ 5 ,»2/&//.» £+521 22, g’f+
w8 2 L2 te ) A0 215+ S ) B (1%
+,___.9/€// P /03 /f‘a )pj/w/;gfé
A=IH(32,p)-#36,p), E=5/44p/ -4 40)
(= I5144p) + I3(1510)-F5/4 52 -75/ 43 ~T4/5 5 )
+IH(5G0)+ 3413 50)-11134p), and L= 5524 0)+
+I5(43p)-FS5(54p)-35/440)- 415 4 0)+74340)*
LA
G = [y = £ - (I i (oM p)+

TS/ Y 6)+ 225115 4 0) #3455 4/0) /357512 52
+27H154p)-2795/5¢ p)r K55 Y0) 655152 8)



+2/7.5/3 6, p) 250 5/3 4 p) +57 534
AN

7?/

—/V;/?""//é)‘a
l= [#pa5 = ﬂzﬁf A/"W}M G 7e7
/yb A= Y%

24 r"? *"3/ &
6:" :/ S;v = fo/"+£}3 Z‘:g &%Z?/ o hé?j
/ _LZa/7' —/—7«: ffzeﬂe_éoﬂ-zﬂ/a—zjjz

7

o= [ty = S 2 o]

/mr/f~//,;f/‘;"/ /»:?é’ *& .4'*///0,:72}71‘—

o
//;f//o Zf @’dﬁ*‘%ﬁ*/ +E€ /?75 ey 4—5//0 }{g:/]/)

kiost of these integrals were calculated by previous
workers in this field. lHowever, a number of them had to
be calculated for the present paper, namely, t, st,G Gy,
Gz 9Gpr Gy 5Ty 9lze and Izy « ALl these integrals were eval-
uated in elliptic coordinates. %y ,t,G ,G7,Gz2, and Gy
were evaluated without much difficulty. Izy and Izy could
be expressed in terms of other known already integrals.

pefore giving the solution of Gs and Fze the method of
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solving the interchange integrals of which Tz 18 a very

complicated example will be discussed.

In expressing an interchange integral in elliptic

coordinates g; is replaced by its Neuwmsann expansion in

terms of Legendre polynomials

% = B8 L) ) 5 )

The resulting integrals can be broken up into a sum of

terms of the form H I(m,n,P and u(l,nfy where
Himmnp)= /,a TG )l /2 "o, +
/z"é”&/&/d/é i)
/)rz%/a//,% é’/p'z’ofz/,e 8/022/,2,-—
= 7%, 74
ﬁ, . %Z P4,

and Q/’y / % 2+/

These quantities can he treated by the use of Tunctions
Anlp) =/ P,
lalp)=) e/ Y

which satisfy the following recursion formulae

*Aaﬁéhﬂé£?7€z”awééi
b )= o ) B L7 Soal P i P )

/e



where
Ap)=5
Fi)= om0+ 5 i) 4]
F1) = £t 30+ e 5+ 4)-Lif g0 -5+
C=03772/6..

4+

Yrom A,, ¥, end ¥ , tables of A and ¥ can be compiled with
the use of the recursion foriulae.

'he 5 functions obey the following recursion formula

St %,40) ”%[%5/773'4 7%,7*4,,,,4,,/2,;_}?

Horp)= ¥

H functions, in turn, are expressed by

171222, 73,3) = Ay ) et ) At 0 i) = 7022 2 p) = TV 720)
Y e
T/np)= "5

Wwith the help of these functions the interchange integrals

can now be calculated.
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rd 30— L U]/ 3)e T 4 e
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