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Abstract: In this study, numerical results of a fractional-order multi-dimensional model of the
Navier–Stokes equations will be achieved via adoption of two analytical methods, i.e., the Adomian
decomposition transform method and the q-Homotopy analysis transform method. The Caputo–
Fabrizio operator will be used to define the fractional derivative. The proposed methods will be
implemented to provide the series form results of the given models. The series form results of
proposed techniques will be validated with the exact results available in the literature. The proposed
techniques will be investigated to be efficient, straightforward, and reliable for application to many
other scientific and engineering problems.
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1. Introduction

A renowned mathematician, Leibnitz, introduced the concept of fractional derivative
in 1695. Fractional calculus is associated with non-integral differential and integral oper-
ators. The fractional-order differential operator is a non-local operator, implying that its
present and prior states determine a system’s subsequent state. The popularity of frac-
tional calculus increases day by day due to its various implementations in a broad area
of non-linear complex systems occurring in viscoelasticity, fluid mechanics, life sciences,
mathematical biology, physics, and electrochemistry [1–3]. The improvements in fractional
differential equations have also received a great deal of attention in recent years [4,5]. There
is beauty in symmetry analysis, particularly in the study of partial differential equations,
and more specifically those equations coming from the Mathematics of Finance. The se-
cret of nature is symmetry, but most observations in nature do not exhibit symmetry. A
profound way to hide symmetry is the phenomenon of spontaneous symmetry-breaking.
There are two types of symmetries: finite and infinitesimal. Finite symmetries can be
discrete or continuous. Parity and time reversal are discrete symmetries of nature, while
space, on the other hand, is a continuous transformation. Mathematicians have forever
been fascinated by patterns. Classifications of planar patterns and spatial patterns began se-
riously in the nineteenth century. Unfortunately, finding an accurate solution to non-linear
fractional differential equations has proven quite difficult. Fractional derivatives, for exam-
ple, can be used to describe non-linear earthquake oscillation, and fractional derivatives can
help a fluid dynamic traffic model overcome the inadequacies imposed by the continuum
traffic-flow assumption [6–10]. Fractional differential equations have piqued the interest of
researchers owing to their precise representation of non-linear processes, particularly in
nano-hydrodynamics, where the continuum assumption fails, and the fractional model is
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the best choice. These discoveries sparked a surge of interest in fractional calculus research
across many scientific and technical disciplines [11–13].

In 1822, the Navier–Stokes (NS) equation, which governs the motion of the viscous
fluid flow, was developed [14–16]. The equation is a mixture of the energy equation, the
continuity equation, and the momentum equation, and may be thought of as Newton’s
second law of motion for fluid substances. This equation may represent a variety of
physical phenomena, including liquid flow in pipes, ocean currents, airflow, and blood
flow over aircraft wings [17–20]. Salem and El-Shahed [21] were the first to perform
fractional modeling of NS equations in 2005. The authors [21] used the Laplace transform,
finite Fourier Sine transform, and finite Hankel transforms to generalize the classical NS
equations. Kumar et al. [22] solved a non-linear fractional model of the NS equation
analytically by linking the Laplace transform and the homotopy perturbation method.
Ganji et al. [23] and Ragab et al. [24] used HAM to solve the non-linear fractional NS
equation. For numerical calculation of the fractional NS equation, Maitama [25] and
Momani and Birajdar [26] used the Adomian decomposition method. Kumar et al. [27]
achieved an approximate result of the time-fractional NS problem by combining the Laplace
transform and the Adomian decomposition method, whereas Kumar and Chaurasia [28]
solved the same equation by coupling the Laplace transform and finite Hankel transform.

Because most non-linear FDEs do not have precise solutions, numerical approaches
are needed to estimate their numerical solution. Modeling the dimensions of equations is
vital, but so is the reliability of solution methods. It is self-evident that coupling a technique
with a transform [29,30] eliminates time-consuming issues and reduces the amount of CPU
time required to investigate numerical solutions to non-linear problems. The q-homotopy
analysis transform method (q-HATM) [31,32] is a beautiful combination of the Laplace
transform and the q-homotopy analysis method. It has the benefit of including powerful
computational approaches for investigating FDEs. By properly selecting, it provides a
more effortless technique to regulate the convergence area of the series solution in a
broad permitted domain. The series solution’s exact sequence and grid point provide
more acceptable results. The efficacy of a key in the convergent zone is demonstrated
by h and n-curves. The q-HATM has the advantages of not requiring perturbations,
linearization, discretization, or any restrictive assumptions, promising a large convergence
region, significantly reducing mathematical calculations, not requiring the computation of
complicated polynomials providing a non-local effect, and physical parameters [33,34].

One of the most effective analytical strategies for solving linear and non-linear equa-
tions is the Laplace decomposition method [35,36]. The Laplace decomposition method
offers benefits over other approximation techniques such as perturbation, since it is free of
tiny or big parameters. The Laplace decomposition method does not require any lineariza-
tion and discretization, unlike other analytical approaches. As a result, the LDM outputs
are more realistic and efficient. Approximate solutions to a class of non-linear partial
and ordinary differential equations have been obtained using this technique [37,38]. The
Klein–Gordon equation [39] and the diffusion-wave equations [40] are two examples. This
paper applied the q-homotopy analysis transform method and the Adomian decomposition
method combined with a Yang transform Caputo–Fabrizio operator for the first time.

The rest of this article is organized as follows. In Section 2, we present some basic defi-
nitions and properties. In Section 3, we give the description of the Adomian decomposition
transform method for solving fractional partial differential equations and in Section 4, the
existence and uniqueness solution for the Adomian decomposition transform technique.
Then, in Section 5, we apply this method to establish a two-dimensional NS equation. In
Section 6, we discuss the q-homotopy analysis transform method and graphical discussion.
The conclusions are presented at the end of the article.
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2. Preliminary Concepts

In this part, we address several key ideas, conceptions, and terminologies related to
fractional derivative operators involving index and exponential decay as a kernel, as well
as the Yang transform’s specific repercussions.

Definition 1. The Caputo fractional derivative (CFD) is described as follows [41,42]:

c
0Dv

τ W(τ) =

 1
Γ(r−v)

∫ τ
0

W(r)(y1)

(τ−y1)
v+1−r dy1, r− 1 < v < r

dr

dτr W(τ), v = r

Definition 2. The Caputo–Fabrizio fractional derivative operator is described as follows [41,42]:

CFDv
τ (W(τ)) =

(2−v)B(v)

2(1−v)

∫ τ

0
exp

(
−v(τ − y1)

1−v

)
W′(τ)dτ

where W ∈ H1(a, b) (Sobolev space), a < b, v ∈ [0, 1] and B(v) signifies a normalization
function as B(v) = B(0) = B(1) = 1.

Definition 3. The fractional integral of the Caputo–Fabrizio operator is defined as [41,42]:

CFIv
τ (W(τ)) =

2(1−v)

(2−v)B(v)
W(τ) +

2v

(2−v)B(v)

∫ τ

0
W(y1)dy1

Definition 4. The Yang transform is described as follows [41,42]:

Y[W(ϕ)] = Y(ω) =
∫ ∞

0
W(ϕ) exp

(
− ϕ

ω

)
dϕ, ϕ > 0.

The Yang transform of a range of vital expressions is as follows:

Y[1] = ω

Y[ϕ] = ω2

...

Y
[

ϕv

Γ(v + 1)

]
= ωv+1

Definition 5. The inverse Yang transform Y−1 is defined by

Y−1[Y(ω)] = h(τ) =
1

2πι

∫ α+ι∞

α−ι∞
h
(

1
ω

)
eωτωdω = Σ residues o f h

(
1
ω

)
eω=ω.

Definition 6. The Yang transform of the CFD operator is mentioned as [41,42]:

Y
{c

0Dv
τ (W(τ)), s

}
= ϕ−vQ(s)−

v−1

∑
κ=0

ϕ1−v−κ(s)W(κ)(0), r− 1 < v < r, ϕ > 0.

Definition 7. The Yang transform of the Caputo–Fabrizio fractional derivative operator is stated
as [41,42]:

Y
{

CF
0 Dv

e (W(ϕ)), ω
}
=

Y[W(ϕ)−ωW(0)]
1 + v(ω− 1)
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3. The Procedure of Adomian Decomposition Transform Method (ADTM)

In this section, we presented the procedure of ADTM for fractional PDEs [40,43].

CFDv
τ µ(χ, τ) +R1(µ, ν) +N1(µ, ν)−P1(χ, τ) = 0,

CFDv
τ ν(χ, τ) +R2(µ, ν) +N2(µ, ν)−P2(χ, τ) = 0, 0 < v ≤ 1,

(1)

with the initial condition

µ(χ, 0) = g1(χ), ν(χ, 0) = g2(χ). (2)

where CFDv
τ = ∂v

∂τv is the Caputo–Fabrizio derivative of fractional-order v, R1, R2 and
N1, N2 are linear and non-linear terms, respectively, and P1, P2 are source functions.

Using the Yang transformation to Equation (1), we obtain

Y[CFDv
τ µ(χ, τ)] +Y[R1(µ, ν) +N1(µ, ν)−P1(χ, τ)] = 0,

Y[CFDv
τ ν(χ, τ)] +Y[R2(µ, ν) +N2(µ, ν)−P2(χ, τ)] = 0.

(3)

1
(1 + v(v− 1))

Y[µ(χ, τ)]− vµ(χ, 0) = Y[P1(χ, τ)]−Y{R1(µ, ν) +N1(µ, ν)}],

1
(1 + v(v− 1))

Y[ν(χ, τ)]− vν(χ, 0) = Y[P2(χ, τ)]−Y{R2(µ, ν) +N2(µ, ν)}],
(4)

Y[µ(χ, τ)] = vµ(χ, 0) + (1 + v(v− 1))Y[P1(χ, τ)]− (1 + v(v− 1))Y{R1(µ, ν) +N1(µ, ν)}],
Y[ν(χ, τ)] = vν(χ, 0) + (1 + v(v− 1))Y[P2(χ, τ)]− (1 + v(v− 1))Y{R2(µ, ν) +N2(µ, ν)}],

(5)

ADTM defines the result of infinite series µ(χ, τ) and ν(χ, τ),

µ(χ, τ) =
∞

∑
`=0

µ`(χ, τ), ν(χ, τ) =
∞

∑
`=0

ν`(χ, τ), (6)

The non-linear functions defined by Adomian polynomialsN1 andN2 are expressed as

N1(µ, ν) =
∞

∑
`=0
A`, N2(µ, ν) =

∞

∑
`=0
B`, (7)

The Adomian polynomials can be expressed as

A` =
1
`!

[
∂`

∂λ`

{
N1

(
∞

∑
k=0

λkµk,
∞

∑
k=0

λkνk

)}]
λ=0

,

B` =
1
`!

[
∂`

∂λ`

{
N2

(
∞

∑
k=0

λkµk,
∞

∑
k=0

λkνk

)}]
λ=0

,

(8)

Putting Equations (6) and (8) into Equation (5), gives

Y[
∞

∑
`=0

µ`(χ, τ)] = vµ(χ, 0) + (1 + v(v− 1))Y{P1(χ, τ)} − (1 + v(v− 1))Y{R1(
∞

∑
`=0

µ`,
∞

∑
`=0

ν`) +
∞

∑
`=0
A`},

Y[
∞

∑
`=0

ν`(χ, τ)] = vν(χ, 0) + (1 + v(v− 1))Y{P2(χ, τ)} − (1 + v(v− 1))Y{R2(
∞

∑
`=0

µ`,
∞

∑
`=0

ν`) +
∞

∑
`=0
B`},

(9)

Using the inverse Yang transform on Equation (9),
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∞

∑
`=0

µ`(χ, τ) = Y−1[vµ(χ, 0) + (1 + v(v− 1))Y{P1(χ, τ)}]−Y−1[(1 + v(v− 1))Y{R1(
∞

∑
`=0

µ`,
∞

∑
`=0

ν`) +
∞

∑
`=0
A`}],

∞

∑
`=0

ν`(χ, τ) = Y−1[vν(χ, 0) + (1 + v(v− 1))Y{P2(χ, τ)}]−Y−1[(1 + v(v− 1))Y{R2(
∞

∑
`=0

µ`,
∞

∑
`=0

ν`) +
∞

∑
`=0
B`}],

(10)

we expressed the following terms,

µ0(χ, τ) = Y−1[vµ(χ, 0) + (1 + v(v− 1))Y{P1(χ, τ)}],
ν0(χ, τ) = Y−1[vµ(χ, 0) + (1 + v(v− 1))Y{P2(χ, τ)}],

(11)

µ1(χ, τ) = −Y−1[(1 + v(v− 1))Y{R1(µ0, ν0) +A0}],
ν1(χ, τ) = −Y−1[(1 + v(v− 1))Y{R2(µ0, ν0) + B0}],

the general for ` ≥ 1, is given by

µ`+1(χ, τ) = −Y−1[(1 + v(v− 1))Y{R1(µ`, ν`) +A`}],
ν`+1(χ, τ) = −Y−1[(1 + v(v− 1))Y{R2(µ`, ν`) + B`}],

4. Solution of ADTM

In this section, we apply ADTM coupled with Yang transformation for the Caputo–
Fabrizio fractional derivative to solve fractional-order two-dimensional NS equations.

Example 1. Consider the fractional-order two-dimensional NS equation [31]

CFDv
τ (µ) + µ

∂µ

∂χ
+ ν

∂µ

∂ξ
= ρ

[
∂2µ

∂χ2 +
∂2µ

∂ξ2

]
+ q,

CFDv
τ (ν) + µ

∂ν

∂χ
+ ν

∂ν

∂ξ
= ρ

[
∂2ν

∂χ2 +
∂2ν

∂ξ2

]
− q,

(12)

with initial conditions {
µ(χ, ξ, 0) = − sin(χ + ξ),
ν(χ, ξ, 0) = sin(χ + ξ).

(13)

Using the Yang transform on Equation (12), we get

Y
{CF∂vµ(χ, ξ, τ)

∂τv

}
= −Y

[
µ

∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ

[
∂2µ

∂χ2 +
∂2µ

∂ξ2

]
+ q
]

,

Y
{CF∂vν(χ, ξ, τ)

∂τv

}
= −Y

[
µ

∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ

[
∂2ν

∂χ2 +
∂2ν

∂ξ2

]
− q
]

,

1
(1 + v(v− 1))

Y{µ(χ, ξ, τ)− vµ(χ, ξ, 0)} = −Y
[

µ
∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ

[
∂2µ

∂χ2 +
∂2µ

∂ξ2

]
+ q
]

,

1
(1 + v(v− 1))

Y{ν(χ, ξ, τ)− vν(χ, ξ, 0)} = −Y
[

µ
∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ

[
∂2ν

∂χ2 +
∂2ν

∂ξ2

]
− q
]

.

The above equations can be written as

Y{µ(χ, ξ, τ)} = v{µ(χ, ξ, 0)} − (1 + v(v− 1))Y
[

µ
∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ

[
∂2µ

∂χ2 +
∂2µ

∂ξ2

]
+ q
]

,

Y{ν(χ, ξ, τ)} = v{ν(χ, ξ, 0)} − (1 + v(v− 1))Y
[

µ
∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ

[
∂2ν

∂χ2 +
∂2ν

∂ξ2

]
− q
]

.
(14)

Using the inverse Yang transform, we have
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µ(χ, ξ, τ) = µ(χ, ξ, 0)−Y−1[(1 + v(v− 1))Y[q]]−Y−1
[
(1 + v(v− 1))Y

{
µ

∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ

(
∂2µ

∂χ2 +
∂2µ

∂ξ2

)}]
,

ν(χ, ξ, τ) = ν(χ, ξ, 0)−Y−1[(1 + v(v− 1))Y[q]]−Y−1
[
(1 + v(v− 1))Y

{
µ

∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ

(
∂2ν

∂χ2 +
∂2ν

∂ξ2

)}]
.

(15)

Suppose that the unknown functions µ(χ, ξ, τ) and ν(χ, ξ, τ) infinite series solution is
as follows:

µ(χ, ξ, τ) =
∞

∑
`=0

µ`(χ, ξ, τ), and

ν(χ, ξ, τ) =
∞

∑
`=0

ν`(χ, ξ, τ).

Note that µµχ = ∑∞
`=0A`, µνξ = ∑∞

`=0 B`, νµχ = ∑∞
`=0 Cm and ννξ = ∑∞

`=0D` are the
Adomian polynomials and the non-linear terms were described. Using some term, Equation (15)
can be rewritten in the form

∞

∑
`=0

µ`(χ, ξ, τ) = µ(χ, ξ, 0) +Y−1[(1 + v(v− 1))Y{q}]

+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
A` +

∞

∑
`=0
B`

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}]]
,

∞

∑
`=0

ν`(χ, ξ, τ) = ν(χ, ξ, 0)−Y−1[(1 + v(v− 1))Y{q}]

+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
C` +

∞

∑
`=0
D`

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}]]
.

∞

∑
`=0

µ`(χ, ξ, τ) =− sin(χ + ξ) + q
{

1 + vτ −v
}
+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
A` +

∞

∑
`=0
B`

)]]

+Y−1

[
(1 + v(v− 1))Y

[
ρ

{
∞

∑
`=0

∂2µ`

∂χ2 +
∞

∑
`=0

∂2µ`

∂ξ2

}]]
,

∞

∑
`=0

ν`(χ, ξ, τ) = sin(χ + ξ)− q
{

1 + vτ −v
}
+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
C` +

∞

∑
`=0
D`

)]]
+

Y−1

[
(1 + v(v− 1))Y

[
ρ

{
∞

∑
`=0

∂2ν`
∂χ2 +

∞

∑
`=0

∂2ν`
∂ξ2

}]]
.

(16)

According to Equation (8), the Adomian polynomials can be expressed as

A0 = µ0
∂µ0

∂χ
, A1 = µ0

∂µ1

∂χ
+ µ1

∂µ0

∂χ
, B0 = ν0

∂µ0

∂χ
, B1 = ν0

∂µ1

∂ξ
+ ν1

∂µ0

∂ξ
,

C0 = µ0
∂ν0

∂χ
, C1 = µ0

∂ν1

∂χ
+ µ1

∂ν0

∂χ
, D0 = ν0

∂ν0

∂χ
, D1 = ν0

∂ν1

∂χ
+ ν1

∂ν0

∂χ
.

Thus, we can easily achieve the recursive relationship Equation (16)

µ0(χ, ξ, τ) = − sin(χ + ξ) + q
{

1 + vτ −v
}

, ν0(χ, ξ, τ) = sin(χ + ξ)− q
{

1 + vτ −v
}

.
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For ` = 0

µ1(χ, ξ, τ) = sin(χ + ξ)2ρ
{

1 + vτ −v
}

, ν1(χ, ξ, τ) = − sin(χ + ξ)2ρ
{

1 + vτ −v
}

.

For ` = 1

µ2(χ, ξ, τ) = − sin(χ + ξ)(2ρ)2
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

ν2(χ, ξ, τ) = sin(χ + ξ)(2ρ)2
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
.

For ` = 2

µ3(χ, ξ, τ) = sin(χ + ξ)(2ρ)3
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,

ν3(χ, ξ, τ) = − sin(χ + ξ)(2ρ)3
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
.

...

In same method, the remaining µ` and ν` (` ≥ 3) components of the YDM solution can be
obtained seamlessly. Consequently, we describe the series of alternative solutions as

µ(χ, ξ, τ) =
∞

∑
`=0

µ`(χ, ξ) = µ0(χ, ξ) + µ1(χ, ξ) + µ2(χ, ξ) + µ3(χ, ξ) + · · · .

ν(χ, ξ, τ) =
∞

∑
`=0

ν`(χ, ξ) = ν0(χ, ξ) + ν1(χ, ξ) + ν2(χ, ξ) + ν3(χ, ξ) + · · · .

µ(χ, ξ, τ) = − sin(χ + ξ) + q
{

1 + vτ −v
}
+ sin(χ + ξ)2ρ

{
1 + vτ −v

}
− sin(χ + ξ)(2ρ)2

{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
+ sin(χ + ξ)(2ρ)3

{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
− · · · .

ν(χ, ξ, τ) = sin(χ + ξ)− q
{

1 + vτ −v
}
− sin(χ + ξ)2ρ

{
1 + vτ −v

}
+ sin(χ + ξ)(2ρ)2

{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
− sin(χ + ξ)(2ρ)3

{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
+ · · · .

The exact result of Equation (12) at v = 1 and q = 0,

µ(χ, ξ, τ) = −e−2ρτ sin(χ + ξ),

ν(χ, ξ, τ) = e−2ρτ sin(χ + ξ).
(17)

Example 2. Consider the fractional-order two-dimensional NS equation [31]

CFDv
τ (µ) + µ

∂µ

∂χ
+ ν

∂µ

∂ξ
= ρ

[
∂2µ

∂χ2 +
∂2µ

∂ξ2

]
+ q,

CFDv
τ (ν) + µ

∂ν

∂χ
+ ν

∂ν

∂ξ
= ρ

[
∂2ν

∂χ2 +
∂2ν

∂ξ2

]
− q,

(18)

with the initial conditions {
µ(χ, ξ, 0) = −eχ+ξ ,
ν(χ, ξ, 0) = eχ+ξ .

(19)
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Using the Yang transform on Equation (18), we get

Y
{CF∂vµ

∂τv

}
= Y

[
−
(

µ
∂µ

∂χ
+ ν

∂µ

∂ξ

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}
+ q
]

,

Y
{CF∂vν

∂τv

}
= Y

[
−
(

µ
∂ν

∂χ
+ ν

∂ν

∂ξ

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}
− q
]

,

1
(1 + v(v− 1))

Y{µ(χ, ξ, τ)− vµ(χ, ξ, 0)} = Y
[
−
(

µ
∂µ

∂χ
+ ν

∂µ

∂ξ

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}
+ q
]

,

1
(1 + v(v− 1))

Y{ν(χ, ξ, τ)− vν(χ, ξ, 0)} = Y
[
−
(

µ
∂ν

∂χ
+ ν

∂ν

∂ξ

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}
− q
]

.

The above equations can be written as

Y{µ(χ, ξ, τ)} = v{µ(χ, ξ, 0)}+ (1 + v(v− 1))Y
[
−
(

µ
∂µ

∂χ
+ ν

∂µ

∂ξ

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}
+ q
]

,

Y{ν(χ, ξ, τ)} = v{ν(χ, ξ, 0)} = (1 + v(v− 1))Y
[
−
(

µ
∂ν

∂χ
+ ν

∂ν

∂ξ

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}
− q
]

.
(20)

Applying the inverse Yang transformation, we obtain

µ(χ, ξ, τ) = µ(χ, ξ, 0) +Y−1[(1 + v(v− 1))Y{q}] +Y−1
[
(1 + v(v− 1))Y

[
−
(

µ
∂µ

∂χ
+ ν

∂µ

∂ξ

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}]]
,

ν(χ, ξ, τ) = ν(χ, ξ, 0)−Y−1[(1 + v(v− 1))Y{q}] +Y−1
[
(1 + v(v− 1))Y

[
−
(

µ
∂ν

∂χ
+ ν

∂ν

∂ξ

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}]]
.

(21)

Suppose that the unknown functions µ(χ, ξ, τ) and ν(χ, ξ, τ) infinite series result as follows:

µ(χ, ξ, τ) =
∞

∑
`=0

µ`(χ, ξ, τ), and

ν(χ, ξ, τ) =
∞

∑
`=0

ν`(χ, ξ, τ).

Note that µµχ = ∑∞
`=0A`, νµξ = ∑∞

`=0 B`, µνχ = ∑∞
`=0 C` and ννξ = ∑∞

`=0D` are the
Adomian polynomials and the non-linear terms were described. Using some term, Equation (21)
can be rewritten in the form

∞

∑
`=0

µ`(χ, ξ, τ) = µ(χ, ξ, 0) +Y−1[(1 + v(v− 1))Y{q}]

+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
A` +

∞

∑
`=0
B`

)
+ ρ

{
∂2µ

∂χ2 +
∂2µ

∂ξ2

}]]
,

∞

∑
`=0

ν`(χ, ξ, τ) = ν(χ, ξ, 0)−Y−1[(1 + v(v− 1))Y{q}]

+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
C` +

∞

∑
`=0
D`

)
+ ρ

{
∂2ν

∂χ2 +
∂2ν

∂ξ2

}]]
.



Symmetry 2022, 14, 1102 9 of 21

∞

∑
`=0

µ`(χ, ξ, τ) =− sin(χ + ξ) + q
{

1 + vτ −v
}
+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
A` +

∞

∑
`=0
B`

)]]

+Y−1

[
(1 + v(v− 1))Y

[
ρ

{
∞

∑
`=0

∂2µ`

∂χ2 +
∞

∑
`=0

∂2µ`

∂ξ2

}]]
,

∞

∑
`=0

ν`(χ, ξ, τ) = sin(χ + ξ)− q
{

1 + vτ −v
}
+Y−1

[
(1 + v(v− 1))Y

[
−
(

∞

∑
`=0
C` +

∞

∑
`=0
D`

)]]
+

Y−1

[
(1 + v(v− 1))Y

[
ρ

{
∞

∑
`=0

∂2ν`
∂χ2 +

∞

∑
`=0

∂2ν`
∂ξ2

}]]
.

(22)

According to Equation (8), the Adomian polynomials can be expressed as

A0 = µ0
∂µ0

∂χ
, A1 = µ0

∂µ1

∂χ
+ µ1

∂µ0

∂χ
, B0 = ν0

∂µ0

∂β
, B1 = ν0

∂µ1

∂β
+ ν1

∂µ0

∂β
,

C0 = µ0
∂ν0

∂χ
, C1 = µ0

∂ν1

∂χ
+ µ1

∂ν0

∂χ
, D0 = ν0

∂ν0

∂χ
, D1 = ν0

∂ν1

∂χ
+ ν1

∂ν0

∂χ
.

Thus, we can easily achieve the recursive relationship Equation (22)

µ0(χ, ξ, τ) = −eχ+ξ + q
{

1 + vτ −v
}

, ν0(χ, ξ, τ) = eχ+ξ − q
{

1 + vτ −v
}

.

For ` = 0

µ1(χ, ξ, τ) = eχ+ξ2ρ
{

1 + vτ −v
}

, ν1(χ, ξ, τ) = −eχ+ξ2ρ
{

1 + vτ −v
}

.

For ` = 1

µ2(χ, ξ, τ) = −eχ+ξ(2ρ)2
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

ν2(χ, ξ, τ) = eχ+ξ(2ρ)2
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
.

For ` = 2

µ3(χ, ξ, τ) = eχ+ξ
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,

ν3(χ, ξ, τ) = −eχ+ξ
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
.

...

Using the same method, the remaining µ` and ν` (` ≥ 3) components of the YDM solution
can be obtained seamlessly. Consequently, we describe the series of alternative solutions as

µ(χ, ξ, τ) =
∞

∑
`=0

µ`(χ, ξ) = µ0(χ, ξ) + µ1(χ, ξ) + µ2(χ, ξ) + µ3(χ, ξ) + · · · .

ν(χ, ξ, τ) =
∞

∑
`=0

ν`(χ, ξ) = ν0(χ, ξ) + ν1(χ, ξ) + ν2(χ, ξ) + ν3(χ, ξ) + · · · .
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µ(χ, ξ, τ) = −eχ+ξ + q
{

1 + vτ −v
}
+ eχ+ξ2ρ

{
1 + vτ −v

}
− eχ+ξ(2ρ)2

{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
+ eχ+ξ(2ρ)3

{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
− · · · .

ν(χ, ξ, τ) = eχ+ξ − q
{

1 + vτ −v
}
− eχ+ξ2ρ

{
1 + vτ −v

}
+ eχ+ξ(2ρ)2

{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
− eχ+ξ(2ρ)3

{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
+ · · · .

The exact result of Equation (18) at v = 1 and q = 0,

µ(χ, ξ, τ) = −eχ+ξ+2ρτ ,

ν(χ, ξ, τ) = eχ+ξ+2ρτ .
(23)

5. The Methodology of q-Homotopy Analysis Transform Method

Consider a non-linear, non-homogeneous fractional partial differential equation [31];

CFDv
τ µ(χ, ξ, τ) + Rµ(χ, ξ, τ) + Nµ(χ, ξ, τ) = f (χ, ξ, τ), n− 1 < v ≤ n. (24)

Here, CFDv
τ µ is the Caputo–Fabrizio derivative and R represents the linear and N

non-linear terms, respectively. f (χ, ξ, τ) is the source function.
Applying the Yang transform on Equation (24), we get

Y[µ(χ, ξ, τ)]− vµ(χ, ξ, 0) + (1 + v(v− 1)){Y[Rµ(χ, ξ, τ)] +Y[NL(χ, ξ, τ)]−Y[ f (χ, ξ, τ)]} = 0. (25)

The non-linear function is

N[φ(χ, ξ, τ; q̄)] =Y[φ(χ, ξ, τ; q̄)]− vφ(χ, ξ, τ; q̄)
(
0+
)
+ (1 + v(v− 1)){Y[Rφ(χ, ξ, τ; q̄)]

+Y[Nφ(χ, ξ, τ; q̄)]−Y[ f (χ, ξ, τ)]}.
(26)

Here, φ(χ, ξ, τ; q̄) is an unknowns function and q̄ ∈
[
0, 1

4

]
are the embedded parame-

ters, n ≥ 1. Construct a homotopy as

(1− nq̄)Y[φ(χ, ξ, τ; q̄)− µ0(χ, ξ, τ)] = h̄qH(χ, ξ, τ)N[φ(χ, ξ, τ; q̄)] (27)

where µ0 is an initial condition and h̄ 6= 0 is an auxiliary parameter.

φ(χ, ξ, τ; 0) = µ0(χ, ξ, τ),

φ

(
χ, ξ, τ;

1
n

)
= µ(χ, ξ, τ).

(28)

By calculating q, φ convergence type U0 to U and intensifying φ about q by Taylor’s
theorem, we get

φ(χ, ξ, τ; q̄) = U0 +
∞

∑
`=1

µ`(χ, ξ, τ)q̄m, (29)

where

µ` =
1

m!
∂mφ(χ, ξ, τ; q̄)

∂q̄m

∣∣∣∣
q̄=0

. (30)
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With an appropriated selection of auxiliary linear terms, U0, n, h̄ and H, series (29)
convergence at q̄ = 1/n, thereby provides a solution

µ(χ, ξ, τ) = µ0 +
∞

∑
`=1

µ`(χ, ξ, τ)

(
1
n

)m
. (31)

Now, differentiate Equation (27) m times, divide by m! and take q̄ = 0

Y[µ`(χ, ξ, τ)− k`µm−1(χ, ξ, τ)],

where the vector is described as

~µ` = {µ0(χ, ξ, τ), µ1(χ, ξ, τ), . . . , µ`(χ, ξ, τ)}. (32)

Applying the inverse transform on Equation (32), we obtain

µ`(χ, ξ, τ) =k`µ`−1(χ, ξ, τ) + h̄Y−1[H(χ, ξ, τ)<`(~µ`−1)]. (33)

Here,

<`(~µ`−1) =
1

(`− 1)!
∂`−1N[φ(χ, ξ, τ; q̄)]

∂q̄`−1

∣∣∣∣∣
q̄=0

, (34)

and

kr =

{
0, r ≤ 1
n, r > 1

(35)

Lastly, by solving Equation (33), the q-homotopy analysis transform method results
elements are readily available.

Example 3. Consider the fractional-order two-dimensional NS equation [31]
CFDv

τ µ + µ
∂µ
∂χ + ν

∂µ
∂ξ = ρ0

(
∂2µ

∂χ2 +
∂2µ

∂ξ2

)
+ g,

CFDv
τ ν + µ ∂ν

∂χ + ν ∂ν
∂ξ = ρ0

(
∂2ν
∂χ2 +

∂2ν
∂ξ2

)
− g,

0 < v ≤ 1, (36)

with initial conditions

ν(χ, ξ, 0) = sin(χ + ξ),

µ(χ, ξ, 0) = − sin(χ + ξ).
(37)

Applying the Yang transform on Equation (36) and using Equation (37), we get

Y[µ(χ, ξ, τ)] + vsin(χ + ξ) + (1 + v(v− 1))Y
{

µ
∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ0

(
∂2µ

∂χ2 +
∂2µ

∂ξ2

)
− g
}

= 0,

Y[ν(χ, ξ, τ)]− vsin(χ + ξ) + (1 + v(v− 1))Y
{

µ
∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ0

(
∂2ν

∂χ2 +
∂2ν

∂ξ2

)
+ g
}

= 0.
(38)

Define the non-linear operators:
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Nl[φ1(χ, ξ, τ; q̄), φ2(χ, ξ, τ; q̄)] = Y[φ1(χ, ξ, τ; q̄)] + vsin(χ + ξ) + (1 + v(v− 1))Y
{

φ1(χ, ξ, τ; q̄)
∂φ1(χ, ξ, τ; q̄)

∂χ

+φ2(χ, ξ, τ; q̄)
∂φ1(χ, ξ, τ; q̄)

∂ξ
− ρ0

(
∂2φ1(χ, ξ, τ; q̄)

∂χ2
∂2φ1(χ, ξ, τ; q̄)

∂ξ2

)
− g
}

,

N2[φ1(χ, ξ, τ; q̄), φ2(χ, ξ, τ; q̄)] = Y[φ2(χ, ξ, τ; q̄)]− vsin(χ + ξ) + (1 + v(v− 1))Y
{

φ1(χ, ξ, τ; q̄)
∂φ2(χ, ξ, τ; q̄)

∂χ

+φ2(χ, ξ, τ; q̄)
∂φ2(χ, ξ, τ; q̄)

∂ξ
− ρ0

(
∂2φ2(χ, ξ, τ; q̄)

∂χ2 +
∂2φ2(χ, ξ, τ; q̄)

∂ξ2

)
+ g
}

,

(39)

and the Yang operators as

Y[µ`(χ, ξ, τ)− k`µ`−1(χ, ξ, τ)] = h̄R1,`[~µ`−1,~ν`−1],

Y[ν`(χ, ξ, τ)− k`ν`−1(χ, ξ, τ)] = h̄R2,`[~µ`−1,~ν`−1],
(40)

R1,`[~µ`−1,~ν`−1] = Y[µ`−1(χ, ξ, τ)] +

(
1− k`

n

)
vsin(χ + ξ) + (1 + v(v− 1))Y

{
`−1

∑
i=0

µi
∂µ` − 1− i

∂χ

+
`−1

∑
i=0

ν
∂µ`−1 − i

∂ξ
− ρ0

(
∂2µ`−1

∂χ2 +
∂2µ`−1

∂ξ2

)
− g

}
.

(41)

R2,`[~µ`−1,~ν`−1] = Y[ν`−1(χ, ξ, τ)]−
(

1− k`
n

)
vsin(χ + ξ) + (1 + v(v− 1))Y

{
`−1

∑
i=0

µi
∂ν`−1 − i

∂χ

+
`−1

∑
i=0

νi
∂ν`−1 − i

∂ξ
− ρ0

(
∂2ν`−1

∂χ2 +
∂2ν`−1

∂ξ2

)
+ g

}
.

(42)

Using the inverse Yang transformation on Equation (40), we have

µ`(χ, ξ, τ) =k`µ`−1 + h̄Y−1{R1,`[~µ`−1,~ν`−1]
}

,

ν`(χ, ξ, τ) =k`ν`−1 + h̄Y−1{R2,`[~µ`−1, ν̄`−1]
}

.
(43)

Using µ0 and ν0 in Equation (43), we get

µ1 =− 2ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}

,

ν1 =2ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}

,

µ2 =− 2(n + n)ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}
− 4ρ2

0h̄2 sin(χ + ξ)
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

ν2 =2(n + h̄)ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}
+ 4ρ2

0h̄2 sin(χ + ξ)
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

µ3 =− 2(n + h̄)2ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}
− 8(n + h̄)ρ2

0h̄2 sin(χ + ξ)
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
− 8ρ3

0h̄3 sin(χ + ξ)
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,

ν3 =2(n + h̄)2ρ0h̄ sin(χ + ξ)
{

1 + vτ −v
}
+ 8(n + h̄)ρ2

0h̄2 sin(χ + ξ)
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
+ 8ρ3

0h̄3 sin(χ + ξ)
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,
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as well as others. The remaining components are found in the same manner. The following is the
q-HATM result of Equation (36):

µ(χ, ξ, τ) = µ0 +
∞

∑
`=1

µ`

(
1
n

)`

,

ν(χ, ξ, τ) = 20 +
∞

∑
w=1

ν`

(
1
n

)`

.

(44)

For v = 1, n = −1, n = 1 and g = 0, results ∑N
`=1 µ`(χ, ξ, τ)(1/n)` and ∑N

`=1 ν`(χ, ξ, τ)
(1/n)` convergent to exact solutions as N → ∞:

µ(χ, ξ, τ) =− sin(χ + ξ)

[
1− 2ρ0τ

1!
+

(2ρ0τ)2

2!
− (2ρ0τ)3

3!
+ · · ·

]
=− e−2ρ0ø sin(χ + ξ),

ν(χ, ξ, τ) = sin(χ + ξ)

[
1− 2ρ0τ

1!
+

(2ρ0τ)2

2!
− (2ρ0τ)3

3!
+ · · ·

]
=e−2ρ0τ sin(χ + ξ).

Example 4. Consider Equation (36) and take the initial conditions

ν(χ, ξ, 0) = eχ+ξ , µ(χ, ξ, 0) = −eχ+ξ . (45)

Using the Yang transformation on Equation (36) and applying Equation (45), we have

Y[µ] + veχ+ξ + (1 + v(v− 1))Y
{

µ
∂µ

∂χ
+ ν

∂µ

∂ξ
− ρ0

(
∂2µ

∂χ2 +
∂2µ

∂ξ2

)
− g
}

= 0,

Y[ν]− veχ+ξ + (1 + v(v− 1))Y
{

µ
∂ν

∂χ
+ ν

∂ν

∂ξ
− ρ0

(
∂2ν

∂χ2 +
∂2ν

∂ξ2

)
+ g
}

= 0.
(46)

Define non-linear operators as

N1[φ1, φ2] =Y[φ1] + veχ+ξ + (1 + v(v− 1))Y
{

φ1
∂φ1

∂χ
+ φ2

∂φ1

∂ξ
− ρ0

(
∂2φ1

∂χ2 +
∂2φ1

∂ξ2

)
− g
}

,

N2[φ1, φ2] =Y[φ2]− veχ+ξ + (1 + v(v− 1))Y
{

φ1
∂φ2

∂χ
+ φ2

∂φ2

∂ξ
− ρ0

(
∂2φ2

∂χ2 +
∂2φ2

∂ξ2

)
+ g
}

,
(47)

and Yang operators as

Y[µ`(χ, ξ, τ)− k`µ`−1(χ, ξ, τ)] = h̄R1,`[~µ`−1,~ν`−1],

Y[ν`(χ, ξ, τ)− k`ν`−1(χ, ξ, τ)] = h̄R2,`[~µ`−1,~ν`−1],
(48)

where

R1,`[~µ`−1,~ν`−1] = Y[µ`−1] +

(
1− k`

n

)
eχ+ξ

s
+ (1 + v(v− 1))Y

{
`−1

∑
i=0

µi
∂µ` − 1− i

∂χ
+

`−1

∑
i=0

νi
∂µ`−1 − i

∂ξ

−ρ0

(
∂2µ`−1

∂χ2 +
∂2µ`−1

∂ξ2

)
− g
}

,

R2,µ[~µ`−1,~ν`−1] = Y[ν`−1]−
(

1− k`
n

)
veχ+ξ + (1 + v(v− 1))Y

{
`−1

∑
i=0

µi
∂ν`−1−i

∂χ
+

`−1

∑
i=0

νi
∂ν`−1−i

∂ξ

−ρ0

(
∂2ν` − 1

∂χ2 +
∂2ν` − 1

∂ξ2

)
+ g
}

.

(49)
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Using the inverse Yang transformation on Equation (48), we get

µ`(χ, ξ, τ) =k`µ`−1 + h̄Y−1{R1,`[~µ`−1,~ν`−1]
}

,

ν`(χ, ξ, τ) =k`ν`−1 + h̄Y−1{R2,`[~µ`−1,~ν`−1]
}

.
(50)

Using µ0 and ν0, we get from Equation (50),

µ1 = 2ρ0h̄eχ+ξ τv
{

1 + vτ −v
}

, ν1 = −2ρ0h̄eχ+ξτv
{

1 + vτ −v
}

,

µ2 = 2(n + h̄)ρ0h̄eχ+ξ
{

1 + vτ −v
}
− 4ρ2

0h̄2eχ+ξ
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

ν2 = −2(n + h̄)ρ0h̄eχ+ξ
{

1 + vτ −v
}
+ 4ρ2

0h̄2eχ+ξ
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
,

µ3 =2(n + h̄)2ρ0h̄eχ+ξ
{

1 + vτ −v
}
− 8(n + h̄)ρ2

0h̄2eχ+ξ
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
+ 8ρ3

0h̄3eχ+ξ
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,

ν3 =− 2(n + h̄)2ρ0h̄eχ+ξ
{

1 + vτ −v
}
+ 8(n + h̄)ρ2

0h̄2eχ+ξ
{
(1−v)2vτ + (1−v)2 +

v2τ2

2

}
− 8ρ3

0h̄3eχ+ξ
{
(1−v)23vτ + (1−v)3 +

3v2(1−v)τ2

2
+

v3τ3

3!

}
,

as well as others. The remaining components are found in the same manner. The following is the
q-HATM result of Equation (36):

µ(χ, ξ, τ) = µ0 +
∞

∑
`=1

µ`

(
1
n

)`

,

ν(χ, ξ, τ) = ν0 +
∞

∑
i=1

ν`

(
1
n

)`

.

(51)

For v = 1 = n, h̄ = −1 and g = 0, results ∑N
`=1 µ`(1/n)` and ∑N

`=1 ν`(1/n)` convergence
to the actual solutions as N → ∞

µ(χ, ξ, τ) = −eχ+ξ

[
1 +

2ρ0τ

1!
+

(2ρ0τ)2

2!
+

(2ρ0τ)3

3!
+ · · ·

]
= −eχ+ξ+2ρ0ø,

ν(χ, ξ, τ) = eχ+ξ

[
1 +

2ρ0τ

1!
+

(2ρ0τ)2

2!
+

(2ρ0τ)3

3!
+ · · ·

]
= eχ+ξ+2ρ0τ .

6. Results and Discussion

The aim of the this paper is to investigate an analytical solution of fractional-order
Navier–Stokes equations, applying efficient analytical methods. The Adomian decomposi-
tion transform method and q-homotopy analysis transform method are applied to solve the
given examples. The Caputo–Fabrizio definition of fractional derivative is applied to define
the fractional derivative. To check the accuracy of the proposed methods, the solution of
some illustrative problems are presented. Solutions figures are plotted for both integer and
fractional-order problems. In Figure 1, the exact and analytical solution µ(χ, ξ, τ) of Exam-
ple 1 is shown. It is seen that the approximate analytical solution obtained by proposed
methods decreases very rapidly with the increases in τ at the value of χ = 1. Similarly,
in Figure 2, the figures of the exact and analytical solution ν(χ, ξ, τ) are represented at
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v = 1. It is observed that the exact, ADTM, and q-HATM solutiosn are in close contact
with the exact results of the Examples. In Figures 3–6 the ADTM and q-HATM solutions of
Example 1 are also calculated at different fractional-order v = 0.8, 0.6, 0.4. It is confirmed
that ADTM and q-HATM solutions are in strong agreement with each other. Similarly, in
Figure 7, the exact and analytical solution µ(χ, ξ, τ) of Example 2 is shown. In Figure 8, the
graph of exact and analytical solution ν(χ, ξ, τ) is represented at v = 1. It is observed that
the exact, ADTM, and q-HATM solutions are in close contact with the exact results of the
Examples. Additionally, in Figures 9–12 the ADTM and q-HATM solutions of Example 1
are calculated at different fractional-order v = 0.8, 0.6, 0.4. In Tables 1 and 2 confirmed
that ADTM and q-HATM solutions are in strong agreement with each other. The same
convergence phenomena of the fractional-order solutions towards integer-order solutions
are observed.

Figure 1. The figure of actual and q-HATM/ADTM solution of µ(χ, ξ, τ) at v = 1 and τ = 1 of
example 1 and 3.

Figure 2. The figure of actual and q-HATM/ADTM solutions of ν(χ, ξ, τ) at v = 1 and τ = 1 of
example 1 and 3.

Figure 3. The various fractional-order solution of µ(χ, ξ, τ) at v = 0.8 and 0.6 of example 1 and 3.



Symmetry 2022, 14, 1102 16 of 21

Figure 4. The various fractional-order solution of ν(χ, ξ, τ) at v = 0.8 and 0.6 of example 1 and 3.

Figure 5. The figure of analytic solution of µ(χ, ξ, τ) at v = 0.4 of example 1 and 3.

Figure 6. The figure of analytic solution of µ(χ, ξ, τ) at v = 0.4 of example 1 and 3.

Figure 7. The figure of actual and q-HATM/ADTM solution of µ(χ, ξ, τ) at v = 1 and τ = 1 of
example 2 and 4.



Symmetry 2022, 14, 1102 17 of 21

Figure 8. The figure of actual and q-HATM/ADTM solution of ν(χ, ξ, τ) at v = 1 and τ = 1 of
example 2 and 4.

Figure 9. The various fractional-order solution of µ(χ, ξ, τ) at v = 0.8 and 0.6 of example 2 and 4.

Figure 10. The various fractional-order solution of µ(χ, ξ, τ) at v = 0.8 and 0.6 of example 2 and 4.

Figure 11. The figure of analytical result of µ(χ, ξ, τ) at v = 0.4 of example 2 and 4.
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Figure 12. The figure of analytical result of ν(χ, ξ, τ) at v = 0.4 of example 2 and 4.

Table 1. Comparative study between LDM [27], q− HATM and ADTM for the numerical result
µ(χ, ξ, τ) of Example 1.

τ (χ, ξ) |νExact − νLDM | |νExact − νADT M | |νExact − νq−H AT M |

0.1 4.3210×10−9 4.2464×10−10 4.2464×10−10

0.2 5.890×10−9 4.5486×10−10 4.5486×10−10

0.1 0.3 2.7301×10−8 2.3578×10−9 2.3578×10−9

0.4 5.9700×10−8 6.3267×10−9 6.3267×10−9

0.5 2.9771×10−7 3.2436×10−9 3.2436×10−9

0.1 2.4400×10−7 4.7421×10−9 4.7421×10−9

0.2 8.3100×10−7 3.1235×10−8 3.1235×10−8

0.2 0.3 2.8500×10−6 4.5682×10−8 4.5682×10−8

0.4 9.7940×10−6 3.5223×10−7 3.5223×10−7

0.5 3.2012×10−7 2.9315×10−7 2.9315×10−7

0.1 2.2981×10−6 3.2245×10−7 3.2245×10−7

0.2 5.4602×10−6 4.2659×10−7 4.2659×10−7

0.3 0.3 2.5432×10−5 1.5348×10−6 1.5348×10−6

0.4 6.4229×10−4 8.2374×10−6 8.2374×10−6

0.5 2.8364×10−4 4.1975×10−5 4.1975×10−5

0.1 5.5428×10−5 2.1351×10−6 2.1351×10−6

0.2 2.4133×10−5 2.6276×10−6 2.6276×10−6

0.4 0.3 6.3743×10−5 2.2334×10−5 2.2334×10−5

0.4 2.9070×10−4 1.2035×10−5 1.2035×10−5

0.5 6.9763×10−4 2.2145×10−4 2.2145×10−4

0.1 2.2529×10−5 2.3223×10−6 2.3223×10−6

0.2 4.9868×10−5 3.2721×10−5 3.2721×10−5

0.5 0.3 4.1932×10−4 3.0767×10−5 3.0767×10−5

0.4 5.5568×10−4 2.3742×10−4 2.3742×10−4

0.5 2.4350×10−3 1.3223×10−3 1.3223×10−3
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Table 2. Comparative study between LDM [27], q− HATM and ADTM for the numerical result
ν(χ, ξ, τ) of Example 1.

τ (χ, ξ) |νExact − νLDM | |νExact − νADT M | |νExact − νq−H AT M |

0.1 9.0202×10−9 1.3770×10−11 8.6253×10−11

0.2 5.4060×10−9 4.8036×10−10 3.1054×10−10

0.1 0.3 2.7960×10−8 1.6734×10−9 1.1992×10−9

0.4 6.5902×10−8 5.8013×10−9 5.5827×10−9

0.5 3.9762×10−7 1.9773×10−8 3.6150×10−8

0.1 3.3610×10−8 2.3548×10−9 2.8894×10−9

0.2 9.1810×10−8 8.2143×10−8 1.0171×10−8

0.2 0.3 1.9482×10−7 2.8611×10−8 3.6538×10−8

0.4 9.8750×10−7 9.2053×10−7 1.4010×10−7

0.5 4.2127×10−6 3.3727×10−7 6.3855×10−7

0.1 2.3872×10−7 1.2779×10−8 2.3189×10−8

0.2 5.3523×10−7 4.4573×10−8 8.1227×10−8

0.3 0.3 2.5565×10−6 1.5522×10−7 2.8704×10−7

0.4 6.3787×10−6 5.3749×10−6 1.0445×10−6

0.5 2.8365×10−5 1.8244×10−6 4.1512×10−6

0.1 5.2272×10−6 4.3423×10−7 1.0363×10−7

0.2 2.6215×10−6 1.5145×10−7 3.6229×10−7

0.4 0.3 6.3642×10−6 5.2723×10−6 1.2717×10−6

0.4 2.9203×10−5 1.8244×10−6 4.5250×10−6

0.5 6.9958×10−5 6.1751×10−5 1.6814×10−5

0.1 2.2532×10−6 1.1434×10−7 3.3630×10−7

0.2 4.8935×10−6 3.9879×10−6 1.1745×10−6

0.5 0.3 2.4921×10−5 1.3880×10−6 4.1074×10−6

0.4 5.8486×10−5 4.7977×10−5 1.4434×10−5

0.5 1.6542×10−4 1.6182×10−5 5.1527×10−5

7. Conclusions

This paper evaluates a result of the fractional scheme of Navier–Stokes equations
calculating numerical results utilizing the proposed q-homotopy analysis transform method
and the Yang decomposition method. In a rapid convergence series, the solution is attained.
The efficacy and effectiveness of the method are demonstrated by the test samples presented.
The suggested approach incorporates a parameter h̄ that controls the convergence zone
of the series solution. Because the q-homotopy analysis transform method and the Yang
decomposition approach do not require minor perturbations, linearization, or discretization,
computation times are greatly reduced. The q-homotopy analysis transform method
and Yang decomposition method are competent tools for obtaining mathematical results
of system non-linear fractional partial differential equations when compared to other
methodologies.
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