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CHAPTER I

INTRODUCTION

The q u e s t  f o r  t h e  second and h i g h e r  a p p ro x im a t io n s  t o  t h e

la m in a r  boundary l a y e r  ove r  a  f i n i t e  f l a t  p l a t e  immersed In an

i n c o m p r e s s ib l e  v i s c o u s  f l u i d  has  been accompanied by c o n s i d e r a b l e

c o n t r o v e r s y .  I t  h a s  been and i s  t h e  cause  of e x t e n s i v e  a n a l y t i c a l

and nu m er ica l  e f f o r t s .  The c o n t r o v e r s y  a r o s e  anew abou t  1969 when

S te w a r t so n  (1969) ,  and s e p a r a t e l y  M e s s i t e r  (1970) ,  d e r iv e d  a r a t i o n a l ,

c o n s i s t e n t  expans ion  p ro ced u re  f o r  t h e  neighborhood of t h e  t r a i l i n g

edge.  T h e i r  a n a l y s e s  p r e d i c t  t h a t  t h e  second o r d e r  term in  t h e

• 7 /ftReynolds number expans ion  f o r  th e  d r a g  of t h e  p l a t e  i s  0(R" ' ) .  The 

Reynolds  number i s  based on t h e  p l a t e  l e n g t h ,  L, f r e e s t r e a m  v e l o c i t y ,  

Uoo, and k in e m a t i c  v i s c o s i t y ,  v.  A n u m e r ic a l  s o l u t i o n  t o  t h e  funda ­

m e n ta l  problem of t h e  t r a i l i n g  edge i s  r e q u i r e d  t o  d e te r m in e  t h e  

m u l t i p l i c a t i v e  c o n s t a n t  a p p e a r in g  in  t h i s  term.

I t  i s  t h e  purpose  of t h i s  d i s s e r t a t i o n  t o  p r e s e n t  th e  r e s u l t s  

o f  n u m e r ic a l  com puta t ions  which c l e a r l y  d e m o n s t r a t e  t h a t  a  p h y s i c a l l y  

a c c e p t a b l e  nu m er ica l  s o l u t i o n  t o  t h e  fundamenta l  problem of th e  

t r a i l i n g  edge e x i s t s  and d e te r m in e s  t h e  c o n s t a n t s  which a r e  r e q u i r e d  

t o  com ple te  S t e w a r t s o n ' s  (1969) a n a l y s i s .

The c o n t r o v e r s y  conce rns  t h e  s t ream w ise  e x t e n t  of the  r e g io n  

in f l u e n c e d  by th e  change in  boundary  c o n d i t i o n s  a t  t h e  t r a i l i n g  edge.

1



As p o in te d  out by a l l  t h e  c u r r e n t  a u t h o r s  concerned  w i th  t h i s  problem,

t h e  a ssum pt ions  on which t h e  b o u n d a r y - l a y e r  e q u a t i o n s  a r e  based f a i l

In a  ne ighborhood of  t h e  t r a i l i n g  edge o f  0(R“^ ^ ) .  The N a v le r  S tokes

e q u a t i o n s  must be a p p l i e d  in  t h i s  r e g i o n  and i t s  r e l e v a n c e  Is  n o t  t h e

c au se  f o r  th e  c o n t r o v e r s y .  I f  t h i s  0(R“^ ^ )  r e g io n  were t h e  e n t i r e

s t r eam w ise  e x t e n t  of t h e  i n f l u e n c e  of t h e  t r a i l i n g  edge ,  a s  con tended

by some a u t h o r s ,  t h e  s e c o n d - o r d e r  te rm In  t h e  d r a g  e q u a t i o n  i s  0(R” ^ ) ,

a s  shown by Imai (1957) .  The 0(R“^ ^ )  r e g io n  c o n t r i b u t e s  a s t i l l

h l g h e r - o r d e r  t e rm ,  0 (R " 5 /4 ) .  However, t h e  b a s i c  h y p o t h e s i s  o f  t h e

t r l p l e - d e c k  a n a l y s e s  of S tew ar t so n  (1969) and Mess I t e r  (1970) t h a t

l e a d s  t o  a c o n s i s t e n t  d e s c r i p t i o n  of t h e  flow f i e l d  i s  t h a t  t h e

s t ream w ise  r e g io n  in f lu en c ed  by th e  t r a i l i n g  edge i s  0(R“^ ® ) ,  This

l a r g e r  r e g io n  produces  a term of 0(R~^^®) in  t h e  f i n i t e  f l a t  p l a t e

d r a g  e q u a t i o n ;  th u s  i t  i n t e r v e n e s  t o  become s e c o n d - o r d e r  in  th e

expans ion  of  Imai (1957) .  This  l a r g e r  r e g io n  a l s o  produces  a term

0(R“ * ) ,  a s  w e l l  a s  h i g h e r  f r a c t i o n a l - o r d e r  t e r m s ,  t h a t  w i l l  modify

t h e  c o n s t a n t  d e r iv e d  by Imai (1957) who c o n s id e re d  th e  d i s p l a c e m e n t

e f f e c t  o f  th e  boundary l a y e r  ove r  t h e  s e m i - i n f i n i t e  f l a t  p l a t e  u s in g

a momentum b a la n c e  a p p l i e d  on a l a r g e  c i r c l e  c e n t e r e d  on th e  l e a d i n g

edge .  A rev iew of I m a i ' s  a n a l y s i s  and s e v e r a l  a d d i t i o n a l  a n a l y s e s

based on i n v e r s e  h a l f -p o w e r  Reynolds number e x p a n s io n s ,  a s  w e l l  as

t h e  a d d i t i o n a l  c o n t r o v e r s y  co n ce rn in g  t h e  m u l t i p l i c a t i v e  c o n s t a n t

which a p p ea r s  in  t h e  R” * te rm ,  a r e  c o n ta i n e d  in  Van Dyke 's  (1964)

book. The v a r i o u s  v a lu e s  of t h e  c o n s t a n t  a r e :  4 .12  (Kuo (1 9 5 3 ) ) ,

2 .326  (Imai ( 1 9 5 7 ) ) ,  and 5 .3  (Van Dyke (1 9 6 4 ) ) .  Van Dyke proposes

t h a t  th e  t r a i l i n g - e d g e  r e g io n  can  c o n t r i b u t e  only  a t h i r d - o r d e r

-3 /2te rm ,  p r o p o r t i o n a l  t o  R '  , t o  t h e  d ra g  e q u a t i o n  s i n c e  i t  i s



s h e l t e r e d  by a r e l a t i v e l y  t h i c k  boundary l a y e r ,  whereas  t h e  l e a d i n g  

edge i s  exposed t o  t h e  f r e e  s t r e am .

The c o n t r o v e r s y  Is  r e s o lv e d  by t h e  p r e s e n t  nu m er ica l  s o l u t i o n  

t o  t h e  fundamenta l  problem of  t h e  t r a i l i n g  edge ,  a b o u n d a r y - l a y e r  

e q u a t i o n  coupled t o  a Cauchy i n t e g r a l  th rough  t h e  boundary  c o n d i t i o n  

a t  t h e  o u t e r  edge.  The n u m e r ic a l  i n t e g r a t i o n  of t h e  s k i n  f r i c t i o n  

c o m p le te ly  d e t e r m i n e s ,  t o  s e c o n d - o r d e r ,  t h e  d ra g  on t h e  p l a t e .  Thus

C -  P -  1 ,328  J ^ 2 _  . ( l )

d l / 2 p  U2 L Rl / 2  R/ / 8

t h e  l e a d i n g  te rm coming from B l a s i u s '  s o l u t i o n  t o  th e  b o u n d a r y - l a y e r  

e q u a t i o n s ,  t h e  n u m e r ic a l  f a c t o r  be ing  d e te rm ined  by G o l d s t e i n  (1930) 

who e l u c i d a t e d  t h e  d oub le  s t r u c t u r e  of t h e  n e a r  wake in  t h e  same p ap e r  

u s in g  th e  n o t i o n  of  matched a sy m p t o t i c  e x p an s io n s .  In t h e  above 

e q u a t i o n ,  D i s  t h e  d r a g  due t o  one s i d e  o f  t h e  p l a t e  and p i s  t h e  

c o n s t a n t  v i s c o s i t y  of  th e  f low. In t h e  p r e s e n t  s tu d y  t h e  c o n s t a n t  d£ 

was found t o  be 2 .6 9 4 .  The d ra g  p r e d i c t e d  by Equat ion  (1) w i th  t h i s  

v a l u e  o f  d 2  has  been compared w i th  t h e  d r a g  from th e  n u m e r ic a l  s o l u ­

t i o n s  t o  t h e  N a v le r -S to k e s  e q u a t i o n s  of  Dennis  (1 9 7 3 ) ,  Dennis and 

Chang (1 969) ,  and Dennis  and Dunwoody (1966) .  Th is  comparison has  

conf i rmed  th e  v a l i d i t y  of  Equa t ion  (1) f o r  a w id e r  range  of  Reynolds 

numbers than  cou ld  be e x p e c t e d - - e i g h t  and o n e - h a l f  p e r  c e n t  h ig h  a t  

R -  1J A compar ison  w i th  th e  o i l  f low d a t a  of  J an o u r  (1951) h a s  a 

mean e r r o r  of 1.5 p e r  c e n t ,  a maximum e r r o r  of  7 .5  p e r  c e n t ,  and a 

r o o t  mean s q u a r e  e r r o r  of 3 .5  p e r  c e n t  f o r  Reynolds numbers from 12 t o  

2335. This  e q u a t i o n  i s  th e  most a c c u r a t e  c o r r e l a t i o n  of J a n o u r ’ s d a t a  

known.



D e t a i l e d  com par isons  of  t h e  wake c e n t e r l i n e  v e l o c i t y  and o v e r ­

a l l  p r e s s u r e  d i s t r i b u t i o n  a r e  in  r e a s o n a b l e  agreement w i th  t h e  d a t a  of 

S c h n e id e r  and Denny (1971) f o r  t h e i r  s i n g l e  Reynolds number o f  10^. 

T h e i r  method of  s o l u t i o n  used a  s e p a r a t e  nu m er ica l  method in  each of 

t h r e e  r e g i o n s .  The p r e s s u r e - d i s p l a c e m e n t  t h i c k n e s s  in  an o u t e r ,  

p o t e n t i a l  r e g io n  was o b ta in e d  by employing a s o u rc e  d i s t r i b u t i o n  of 

a p p r o p r i a t e  s t r e n g t h  on th e  d i s p l a c e m e n t  t h i c k n e s s  such t h a t  t h e  flow 

normal t o  t h e  d i s p l a c e m e n t  s u r f a c e  i s  z e r o .  An i m p l i c i t  Crank- 

N icho lson  type  d i f f e r e n c e  a n a lo g u e  was used t o  s o l v e  t h e  b o u n d a r y - l a y e r  

e q u a t i o n s  in a t r an s fo rm ed  c o o r d i n a t e  system which m agn i f ied  the  

t r a i l l n g - e d g e  r e g i o n .  The s e c o n d - o r d e r  b o u n d a r y - l a y e r  s o l u t i o n  was 

ob ta in ed  by m a n u a l ly  c o n s t r u c t i n g  su cc e ed in g  i t e r a t e s  u s in g  t h e  t r a n s ­

formed b o u n d a r y - l a y e r  e q u a t i o n s  t o  o b t a i n  t h e  d i s p l a c e m e n t  t h i c k n e s s  

which was in p u t  t o  t h e  p o t e n t i a l  f low program t o  o b t a i n  improved 

v a lu e s  of  t h e  p r e s s u r e .  The b o u n d a r y - l a y e r  s o l u t i o n  p rov ided  th e  

boundary c o n d i t i o n s  f o r  t h e  t h i r d ,  innermost  r e g io n  in  which t h e  f u l l  

N a v ie r -S to k e s  e q u a t i o n s  were s o lv ed  by an  i n t e g r a l  a v e r a g in g  method. 

S c h n e id e r  and Denny (1971) co n c lu d e  t h a t  t h e i r  N a v ie r -S to k e s  s o l u t i o n  

a p p ea rs  t o  match t h e i r  s e c o n d - o r d e r  b o u n d a r y - l a y e r  s o l u t i o n  on a 

c i r c l e  o f  r a d i u s  a b o u t  f o r  R ■ 10^.

Dennis (1973) has  o b ta in ed  num er ica l  s o l u t i o n s  t o  t h e  N av ier -

S tokes  e q u a t i o n s  i n  e l l i p t i c  c o o r d i n a t e s  f o r  t h e  f i n i t e  f l a t  p l a t e .

By f i t t i n g  h i s  s k i n  f r i c t i o n  r e s u l t s  a t  R -  40 ,  100, and 200 he f i n d s

-3 /fta l a r g e r  t r a l l i n g - e d g e  r e g io n  of  i n f l u e n c e  t h a t  s c a l e s  w i th  R ' ,  in  

agreement  w i th  S t e w a r t s o n  (1969) and M e s s i t e r  (1970) .

P l o t k i n  and F lugge -L o tz  (1968) ,  u s in g  a n u m e r ic a l  t e c h n iq u e  

t o  s o l v e  t h e  N a v ie r - S to k e s  e q u a t i o n s  in b o u n d a r y - l a y e r  v a r i a b l e s ,  a l s o



have found t h e  i n f l u e n c e  o f  th e  t r a i l i n g  edge t o  ex tend  much f u r t h e r  

than  R“3 /4  in  t h e  s t r e am w ise  d i r e c t i o n .  They a t t e m p t  t o  f i n d  an 

Improved f i r s t  a p p ro x im a t io n  t o  t h e  s o l u t i o n  in  a r e g io n  a p p ro x im a te ly  

c e n t e r e d  on t h e  t r a i l i n g  edge ,  th u s  t h e  d i s p l a c e m e n t  t h i c k n e s s  e f f e c t  

of  t h e  boundary  l a y e r  i s  n e g l e c t e d .  As p o in te d  out by s e v e r a l  a u th o r s  

t h e i r  g r i d  s i z e  i s  l a r g e r  th a n  R~3 ^ ;  i t  i s  n o t ,  however ,  l a r g e r  than  

R“ 3^®. S in c e  t h e i r  problem i s  n o t  t h e  problem c o n s id e re d  h e r e  due t o  

t h e i r  n e g l e c t  o f  t h e  d i s p la c e m e n t  t h i c k n e s s  e f f e c t ,  d e t a i l e d  com par i ­

sons  would n o t  be v a l i d .  Q u a l i t a t i v e l y  t h e i r  r e s u l t s  f o r  t h e  p r e s s u r e  

wake c e n t e r l i n e  v e l o c i t y ,  and s k i n  f r i c t i o n  a r e  i n  ag reement  w i th  t h e  

p r e s e n t  r e s u l t s .

The r e l e v a n c e  of t h e  0(R~3ŷ )  s c a l i n g  i s  i m p l i c i t  in  t h e  

c o o r d i n a t e  s t r a i n i n g  of Goldberg  and Cheng (1961) and i s  a c o n s i s t e n t  

l i m i t  f o r  t h e  N a v ie r - S to k e s  e q u a t i o n s  as  shown by M e s s i t e r  (1970) .  

Goldberg  and Cheng (1961) ,  however,  f i n d  th e  r e g i o n  of ups t ream 

i n f l u e n c e  of  t h e  t r a i l i n g  edge i s  of 0 ( R " ^ 3 ) by t h e  c o o r d i n a t e  s t r a i n  

ing method and of  0(R“ *) by t h e i r  p a r a b o l i c  c o o r d i n a t e  s o l u t i o n .  They 

conc lude  t h a t  n e i t h e r  approach  i s  l i k e l y  t o  be c o r r e c t  s i n c e  t h e  

e s t i m a t e s  d i f f e r  by 0 ( R " * ^ ) .

The r e s u l t s  of  T a lke  and B erge r  (1970) a r e ,  in d eed ,  d i f f i c u l t  

t o  r e c o n c i l e  w i th  t h e  p r e s e n t  r e s u l t s .  Ta lke  and Berger  (1970) have 

employed t h e  method of  s e r i e s  t r u n c a t i o n  (Van Dyke (1964))  t o  a s c e r ­

t a i n  t h a t  t h e  t r a i l i n g  edge i n f l u e n c e s  an e l l i p t i c  r e g io n  of

• 3 fix0(Re ) .  The boundary  c o n d i t i o n s  in  t h e  n e a r  wake s u g g e s t  an  expan­

s i o n  f o r  t h e  s t r e a m  f u n c t i o n  which i s  s u b s t i t u t e d  i n t o  t h e  N a v ie r -  

S tokes  e q u a t i o n s  e x p re s sed  in  p a r a b o l i c  c o o r d i n a t e s  and t r u n c a t e d  a t



one o r  two t e rm s .  The Reynolds number f o r  each i n t e g r a l  c u rv e  o f  t h e  

r e s u l t i n g  f o u r t h - o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  must be d e t e r ­

mined by n u m e r i c a l l y  m a tc h in g ,  i . e . ,  p a t c h i n g ,  t o  t h e  G o l d s t e i n  (1930) 

n e a r  wake c e n t e r l i n e  v e l o c i t y ,  e i t h e r  a p p r o x i m a t e l y ,  o r  e x a c t l y .  The 

up s t ream  i n f l u e n c e  of  t h e  t r a i l i n g  edge i s  th e n  d e t e r m i n e d ,  f o r  t h e  

f i r s t  t r u n c a t i o n ,  by e q u a t i n g  t h e  r e s u l t i n g  s k i n  f r i c t i o n  t o  t h e  

B l a s i u s  s k i n  f r i c t i o n  t o  d e t e r m i n e  t h e  p o i n t  a t  which t h e  c u rv e s  

c o i n c i d e .  Th is  p ro c e d u r e  i s  n o t  p o s s i b l e  f o r  t h e  second t r u n c a t i o n  

s i n c e  t h e  minimum s k i n  f r i c t i o n  I s  a lways  l a r g e r  th a n  t h e  B l a s i u s  

v a l u e  ( o r  t h e  v a l u e  a t  t h e  t r i p l e - d e c k  t r a i l i n g  e d g e ) .  T h e r e f o r e ,  i t  

i s  assumed t h a t  t h e  p o i n t  o f  minimum s k i n  f r i c t i o n  d e t e r m i n e s  t h e  

u p s t re am  e x t e n t  of  t h e  t r a i l i n g  edge r e g i o n  f o r  t h e  second t r u n c a t i o n .

From t h e i r  r e s u l t s  i t  can  be shown t h a t  t h e  downstream e x t e n t  

of t h e  r e g i o n  of  i n f l u e n c e  v a r i e s  from R " * ^  f o r  R ■ 2 7 6 ,  t o  R” * ^  f o r  

R -  6 5 ,6 0 0 ,  a s  d e te r m in e d  by t h e  s t r e a m w is e  l o c a t i o n  a t  which t h e  

n u m e r i c a l  s o l u t i o n s  a r e  n u m e r i c a l l y  matched t o  t h e  G o l d s t e i n  wake; 

w h i l e  t h e  u p s t re am  i n f l u e n c e  i s ,  t o  a  r e m a rk a b le  p r e c i s i o n ,  R’ * ^ .

The f i r s t  t r u n c a t i o n  p r e d i c t s  a  s k i n  f r i c t i o n  w h ich ,  a p p a r e n t l y ,  

becomes s m a l l e r  t h a n  t h e  B l a s i u s  v a l u e  and t h e  second t r u n c a t i o n  p r e ­

d i c t s  a  s k i n  f r i c t i o n  c o n s i d e r a b l y  h i g h e r  th a n  t h e  B l a s i u s  v a l u e .  As 

t h e  a u t h o r s  s u g g e s t ,  a  n u m e r ic a l  s o l u t i o n  o f  t h e  t h i r d  t r u n c a t i o n  

m ig h t  be u s e f u l  i n  n u m e r i c a l l y  m a tch ing  t h e  s k i n  f r i c t i o n  i f  t h e i r  

s eq u en ce  o f  t r u n c a t i o n s  i s  c o n v e r g e n t .  I t  may a l s o  be o f  v a l u e  in  

r e c o n c i l i n g  t h e  anomalous behavior s i n c e  t h e  l a r g e r  v a l u e  o f  t h e  s k i n  

f r i c t i o n  p r e d i c t e d  by t h e  t r i p l e - d e c k  a n a l y s i s  i s  now a v a i l a b l e .
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The p r e s e n t  method of s o l u t i o n  u t i l i z e s  t h e  t r i p l e - d e c k  

c o o r d i n a t e  system of  S te w a r t so n  (1969) t o  remove t h e  i n f l u e n c e  of 

Reynolds number from th e  t r a i l i n g - e d g e  problem. The b o u n d a ry - l a y e r  

e q u a t i o n s  of t h e  lower deck a r e  so lved  by an i m p l i c i t  C rank-Nicholson  

type  d i f f e r e n c e  ana logue  and an  i t e r a t i o n  p ro ced u re  f o r  t h e  p r e s s u r e  

g r a d i e n t  which i s  r e l a t e d  t o  th e  d i s p l a c e m e n t  f u n c t i o n  of t h e  p o t e n t i a l  

upper  deck by a  Cauchy i n t e g r a l .  Thus th e  b o u n d a r y - l a y e r  e q u a t i o n s  

a r e  used t o  d e te rm in e  t h e  p r e s s u r e  from th e  d i s p l a c e m e n t  f u n c t i o n  and 

t h e  Cauchy i n t e g r a l  of l i n e a r  a i r f o i l  t h e o r y  d e te r m in e s  a  new d i s ­

placement  f u n c t io n  from th e  p r e s s u r e ,  a  r e v e r s e  of  t h e  boundary l a y e r -  

p o t e n t i a l  f low i t e r a t i o n  p rocedu re  of  S c h n e id e r  and Denny (1971) .  The 

p r e s e n t  i t e r a t i o n  method i s  e n t i r e l y  automated and convergence  i s  

a t t a i n e d  when th e  d i s p la c e m e n t  f u n c t i o n  d i f f e r s  from i t s  p re v io u s  

i t e r a t e  by l e s s  t h a n  10”^ a t  each s t ream w ise  l o c a t i o n .  Th is  i t e r a t i o n  

method e l i m i n a t e s  any need f o r  num er ica l  d i f f e r e n t i a t i o n .  I n t e r p o l a ­

t i o n  i s  no t  n e c e s s a r y  due t o  t h e  u se  o f  a  s i n g l e  c o o r d i n a t e  system f o r  

bo th  t h e  boundary l a y e r  and p o t e n t i a l  f low c a l c u l a t i o n s .

The use  of th e  l i n e a r  ized  boundary c o n d i t i o n  ami Cauchy 

i n t e g r a l  t o  compute t h e  p r e s s u r e - d i s p l a c e m e n t  f u n c t i o n  r e l a t i o n s h i p  

in  t h e  o u t e r  l a y e r  i s  j u s t i f i e d  t o  f i r s t  o r d e r  s i n c e  t h e  normal 

v e l o c i t y  i s  0 ( R " * ^ )  and t h e  s t r e a m l i n e  s l o p e s  remain  sm al l  compared 

t o  u n i t y .  This  p o i n t  ha s  been r e i t e r a t e d  by M e s s l t e r  and S te w a r t so n  

(1972) and Denny (1972) .



CHAPTER I I

THE TRIPLE-DECK ANALYSIS

The t r i p l e - d e c k  a n a l y s i s ,  n e c e s s i t a t e d  by t h e  change in  

boundary  c o n d i t i o n  a t  t h e  t r a i l i n g  edge ,  was a p p l i e d  t o  t h e  f i n i t e  

f l a t  p l a t e  a l i g n e d  w i th  an i n c o m p r e s s ib l e  f r e e s t r e a m  by S te w a r t s o n  

(1969) and Mess i t e r  (1970) .  To t h e  r e a d e r  who i s  f a m i l i a r  w i th  

S t e w a r t s o n ’ s p a p e r ,  t h i s  s e c t i o n  i s  a summary of h i s  a n a l y s i s  w i th  

minor  c o r r e c t i o n s  inc luded  h e r e  f o r  c o m p le ten e s s .  The t r i p l e - d e c k  

and o t h e r  m u l t i - s t r u c t u r e d  b o u n d a r y - l a y e r  a n a l y s i s  methods have su b ­

s e q u e n t l y  been a p p l i e d  t o  many s e p a r a t i n g  f low s .  A comple te  rev iew 

of  t h i s  s u b j e c t  i s  fo r th co m in g ,  S te w a r t s o n  (1974) .

The t r i p l e - d e c k  r e g io n  i n t e r v e n e s  between t h e  r e g io n  of  

v a l i d i t y  of  t h e  B l a s i u s  (1908) s o l u t i o n  and th e  r e g io n  of v a l i d i t y  of 

t h e  G o l d s t e i n  (1930) wake s o l u t i o n  in  o r d e r  t o  remove th e  d i s c o n t i n ­

u i t y  in  t h e  v e r t i c a l  v e l o c i t y  o f  t h e  wake s o l u t i o n  a s  t h e  t r a i l i n g  

edge i s  approached  from th e  downstream s i d e .  The lower deck  c o r r e s ­

ponds t o  G o l d s t e i n ’ s i n n e r  v i s c o u s  wake which a r i s e s  from th e  change 

in  boundary c o n d i t i o n s  a t  t h e  t r a i l i n g  edge.  The b o u n d a r y - l a y e r  

e q u a t i o n s  a p p ly  in  t h e  lower deck and th e  ups t ream i n f l u e n c e  of t h e  

wake i s  n o t  p e r m i t t e d  due t o  t h e i r  p a r a b o l i c  n a t u r e .  The main deck 

c o r re sp o n d s  t o  G o l d s t e i n ’ s e s s e n t i a l l y  i n v l s c i d  o u t e r  wake which i s  

t h e  i n v i s c i d  c o n t i n u a t i o n  of  t h e  B l a s i u s  s o l u t i o n .  The u p p e r  deck

8



I s  a d d i t i o n a l  t o  t h e  G o l d s t e i n  s o l u t i o n  and i s  r e q u i r e d  t o  acco u n t  f o r  

th e  d i s p l a c e m e n t  e f f e c t  of t h e  wake. The flow in  t h e  upper  deck i s  

p o t e n t i a l  and p e r m i t s  t h e  ups t ream  i n f l u e n c e  o f  t h e  wake th rough  th e  

e l l i p t i c  n a t u r e  o f  t h e  g o ve rn ing  e q u a t i o n s .  Thus t h e  ups t ream i n f l u e n c e  

o f  t h e  wake i s  f e l t  in t h e  p a r a b o l i c  lower deck th rough  t h e  e l l i p t i c  

n a t u r e  of t h e  u p p e r  deck .

The en su in g  n o t a t i o n  i s  t h a t  o f  S t e w a r t s o n  (1969) w i th  t h e  

two e x c e p t i o n s  t h a t  R i s  used f o r  Re and L r e p l a c e s  i t s  lower  ca se  

s c r i p t  v e r s i o n .  D e f in e  a p h y s i c a l ,  r e c t a n g u l a r  c a r t e s i a n  c o o r d i n a t e  

s y s te m ,  Qx*y*, c e n t e r e d  a t  t h e  t r a i l i n g  edge w i th  v e l o c i t y  components 

u* and v* ;  u* and x *  a r e  a l i g n e d  w i th  t h e  f r e e s t r e a m ,  U^, and y* and 

v* a r e  normal t o  t h e  f r e e s t r e a m  and t h e  p l a t e  which ex ten d s  a d i s t a n c e  

L ups t ream  in  t h e  n e g a t i v e  x iV- d i r e c t i o n .  A d d i t i o n a l l y ,  p* i s  th e  

p r e s s u r e  and € i s  t h e  i n v e r s e  o n e -e ig h th  power of t h e  Reynolds number.

The s t r e a m w is e  e x t e n t  of  t h e  t r i p l e - d e c k ,  o r  i n t e r m e d i a t e  

r e g i o n  between t h e  r e g io n  of  t h e  B la s iu s  (1908) s o l u t i o n  and t h e  

G o l d s t e i n  (1930) wake r e g i o n  i s  x *  ■ 0 (L €^) ,  Var ious  l e n g th  s c a l e s  

f o r  t h i s  i n t e r m e d i a t e  r e g io n  may be e n v i s io n ed  and t r i e d ;  however,  

t h e  Uz^ s c a l e  ha s  been d em ons t ra ted  t o  lead t o  a c o n s i s t e n t  d e s c r i p ­

t i o n  of t h e  f low f i e l d  in  t h e  t r a i l i n g - e d g e  r e g io n .  The upper  d e ck ,
o

of  len g th  0(L€ ) in t h e  y * - d i r e c t i o n ,  p r o t r u d e s  above the  conven­

t i o n a l  boundary  l a y e r  and wake t o  acco u n t  f o r  th e  d i s p la c e m e n t  t h i c k ­

n e s s  p e r t u r b a t i o n  induced by th e  lower deck where y* -  0(I£"*). The 

lower deck i s  r e q u i r e d  t o  reduce  t h e  s l i p  v e l o c i t y  a t  t h e  lower edge 

of  t h e  main deck  t o  i t s  v a lu e  on t h e  p l a t o ,  z e r o .  The main d e ck ,  

which i s  e s s e n t i a l l y  i n v i s c i d  and r e l a t i v e l y  p a s s i v e ,  i s  0(L£^) in  y*
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and must match t h e  u pper  and lower d ecks  a s  w e l l  a s  t h e  s t ream w ise  

component o f  t h e  B l a s i u s  s o l u t i o n  ups t ream  and t h e  G o l d s t e i n  o u t e r  

wake downstream o f  th e  t r a i l i n g  edge.

Ue now d e f i n e  d ependen t  and independen t  v a r i a b l e s  which 

emphasize  t h e  p h y s ic s  of  t h e  flow f i e l d  in  t h e  v a r i o u s  l a y e r s  o r  decks

and proceed  t o  s e t  up t h e  boundary  c o n d i t i o n s  t o  which t h e  e xpans ions

must match .  D e f in e  x ,  u ,  v and p by:

x*  -  €3Lx, u* -  U^u, v* -  U^v, p* -  Poo ♦ pU^ p (2)

i n  a l l  t h r e e  decks  and Y, y ,  and z by

y* « € 3LY, y* ■» £^Ly, y* *■ €3Lz (3)

in  t h e  u p p e r ,  m a in ,  and lower d e c k s ,  r e s p e c t i v e l y .

Upstream of t h e  t r a i l i n g  edge ,  x  —̂  -  00 and th e  ex p an s io n s  in  

t h e  v a r i o u s  d eck s  must match th e  s t r e am w ise  component o f  t h e  B la s iu s

s o l u t i o n ,  UQ( y ) ,  where UQ(y) ■ ^ ( y )  and ‘# 0 s a t i s f i e s  th e  c o n v e n t i o n a l

B l a s i u s  e q u a t i o n

C +  V0 Vo -  °» Vo ( 0> -  < ( 0) -  0 , ?;<=o) -  1 (4 )

w i th  y a s  t h e  independen t  v a r i a b l e .  The ups t ream  boundary c o n d i t i o n s  

f o r  th e  main d e c k ,  y f i x e d ,  a r e

u U0 (y) + 0 ( € 3) ,  v 0(€^)  and p 0 ( 6 ^ ) ,  (5)

t h e  € 3 term i n  u a r i s i n g  because  t h e  f u l l  B l a s i u s  s o l u t i o n  depends on 

t h e  s q u a r e  r o o t  of L ♦ x*  a s  w e l l  a s  y* .  Above t h e  e n t i r e  t r i p l e - d e c k ,  

Y x f i x e d ,  t h e  p e r t u r b a t i o n s  due t o  t h e  o v e r a l l  d i s p l a c e m e n t
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t h i c k n e s s  o f  t h e  boundary l a y e r  a r e  0(G4 ) and

u 1 «■ 0 ( 6 * ) ,  v 0 (64 ) ,  p 0 (€4 ) (6)

Th i s  boundary  c o n d i t i o n  w i l l  n e c e s s i t a t e  t h e  i n t r o d u c t i o n  of t h e  upper  

deck .

P ro ceed in g  a lo n g  t h e  c e n t e r l i n e  y ■ 0 t h e  boundary c o n d i t i o n s

a r e

u  -  v  -  0 ,  i f  x < 0 ,  and v -  d u /dy  -  0 ,  i f  x > 0 (7)

which w i l l  n e c e s s i t a t e  th e  i n t r o d u c t i o n  of  t h e  lower deck when x < 0.

The t h r e e - l a y e r e d  s t r u c t u r e  i s  a l s o  e v i d e n t  in  th e  boundary 

c o n d i t i o n s  downstream -  the  n e a r  wake. The d o u b l e - s t r u c t u r e  of  th e  

n e a r  wake was f i r s t  e l u c i d a t e d  by G o l d s t e i n  (1930) who assumed th e  

p r e s s u r e  t o  be c o n s t a n t  th ro u g h o u t  th e  t r a i l i n g  edge r e g i o n  and a 

T a y lo r  s e r i e s  e xpans ion  o f  UQ(y) remains  v a l i d  t o  t h e  t r a i l i n g  edge ,  

i . e . ,

Uc (y) -  a^y  + a^y4 + a 7y 7 ♦ . . . (8)

where

a t  -  0.3321 -  ( 9 )

Assuming an expans ion  of  th e  form

« -  j  < ! r  >1/3 ♦ j  ( 2 r ) 4 / 3  > ♦ • • • <10)

f o r  t h e  i n n e r  wake, he found f 0 must s a t i s f y
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2 f o C - f ; 2 * °* v ° >  •  f o m °* f o t ~1 - ^ i 8 a i a s  x * - > ° °

( i d

where

-  y * /3 € 4 (2L2x* ) I / 3 -  y/3<: ( 2 x ) 1/3  -  z / 3 ( 2 x ) 1 / 3 . (12)

Examining th e  s t r u c t u r e  of  Equa t ion  (10) f o r  l a r g e  G o l d s t e i n  found

t h a t  in  t h e  o u t e r  wake u may be expanded in  th e  s e r i e s

u "  UQ(y) + ( “ £  ) 1^3 Uj(y)  + ( ~  ) 2 ^3 U2 (y) ♦ . . . (13)

where each of  Un a r e  r e l a t e d  t o  UD.

dU. i o d U0
U j(y )  -  6 i  - —  ♦ U2 (y) ■ - 6 .  — ? -  (14)

dy 2 1 dy

e t c . ,  where 6^ *° 2 ,0448 .

The downstream boundary  c o n d i t i o n s  (x —> °°) f o r  t h e  t r i p l e ­

deck a r e :  v —̂  0 (^4)  an<j p __̂  0 (6 ^)  in  a l l  t h r e e  decks  w h i le

u |  ( * ) 1/3  f ;  < ^ * )  ♦ 0 (€4 ) (15)

when i s  f i n i t e ,

u UD(y) ♦ €x 1/36 !  ♦ 0 (€2 ) (16)
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when y Is  f i n i t e ,  and

u 1 ♦ 0 (€A) (17)

when Y I s  f i n i t e .

On t h e  p l a t e ,  t h e  main deck w i l l  r e q u i r e  t h e  i n t r o d u c t i o n  of 

t h e  uppe r  deck t o  s a t i s f y  t h e  boundary  c o n d i t i o n ,  Equa t ion  ( 6 ) ,  and 

s i m i l a r l y ,  t h e  lower deck Is  r e q u i r e d  t o  s a t i s f y  Equat ion  (7 ) .  To s e e  

t h i s ,  we s u b s t i t u t e  t h e  ex p an s io n s

u ( x , y )  -  UD(y) + € u j ( x , y )  + €2u2 ( x ,y )  + (18)

v ( x ,y )  -  €2V j(x ,y )  ♦ € 3v2 (x ,y )  ♦ (19)

P(x ,y)  -  €p1( x ,y )  ♦ € P2 (x ,y )  ♦ . . (20 )

i n t o  t h e  N a v ie r -S to k e s  e q u a t i o n s  i n  x and y.  

From t h e  power G"3 J dp^ /dy  « 0,

— i. + .  0d u j

dx d y

(21)

0 -  dP2/dy*

(2 2 )
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In o r d e r  t o  e n f o r c e  a c o n s i s t e n t  m a tch ing  between th e  upper  

and main d e c k s ,  I t  Is  n e c e s s a r y  t o  s e t

p x S  0.  (23)

The v a l i d i t y  of  t h i s  a ssum pt ion  w i l l  be d em o n s t ra t ed  by t h e  s e l f -  

c o n s i s t e n c y  o f  t h e  exp an s io n .  O th e rw is e ,  a p h y s i c a l l y  u n a c c e p ta b l e  

c au se  e x t e r n a l  t o  th e  t r i p l e - d e c k  would d r i v e  t h e  f i r s t - o r d e r  p e r t u r b a ­

t i o n s ,  Equa t ion  (2 1 ) .  A l t e r n a t i v e l y ,  M e s s l t e r  (1970) o b t a i n s  t h e  same 

r e s u l t  by expanding t h e  p r e s s u r e  and s t ream  f u n c t i o n  in  te rms  of 

a r b i t r a r y  guage f u n c t i o n s  and d e te r m in e s  the  l a r g e s t  te rms in  the

N a v ie r -S to k e s  e q u a t i o n s  when t h e  s t r eam w ise  c o o r d i n a t e  Is  s t r e t c h e d  by

1/2an  amount g r e a t e r  than  R .

The s o l u t i o n  t o  Equa t ions  (21) i s

U1 * Al 6 0  dUQ/ d y , Vj -  -A^(x)  UQ(y)  (24)

where

A j(x )  —> 0 a s  x —> -  00 (25)

and

A!<x) -  6 j (  |  ) 1/3 0 a s  x - » « >

from t h e  boundary c o n d i t i o n s ,  E q u a t io n s  (5) and (1 6 ) .  As y —̂

UQ(y) —̂  1 and Vj ■ - A j ( x )  l e a d i n g  t o  t h e  downward d i s p l a c e m e n t  e f f e c t  

on th e  upper  deck .

S t e w a r t s o n  a l s o  o b t a i n s  a s o l u t i o n  f o r  Equa t ions  ( 2 2 ) ;  however,  

h e r e  i t  i s  on ly  n e c e s s a r y  t o  n o t e  t h a t ,  s i n c e  and U^' —> 0 a s  

y —> «>, U£ —* P2 « T h e r e f o r e ,  f o r  y —> °°, t h e  main deck expans ions



have  t h e  form

u 1 -  G2 p2 (x) + 0 (€ 3 )

v  -  62 A j(x )  ♦ 0 (€ 3 ) (26)

P —> P2  (x) * 0<€3)

and can n o t  s a t i s f y  t h e  boundary c o n d i t i o n s  g iv e n  by Equa t ion  (6) 

n e c e s s i t a t i n g  t h e  i n t r o d u c t i o n  of t h e  upper  deck .

The f low  in  t h e  u p p e r  deck i s  i n v i s c i d  and i r r o t a t i o n a i  and 

x and Y a r e  0 ( 1 ) .  The a p p r o p r i a t e  e xpans ions  a r e :

u -  1 ♦ €2 U2 (x ,Y) ♦ € 3 U3 (x ,Y) ♦ . . .

v  -  e 2 V2 (x,Y) ♦ € 3 V3 (x,Y) + . . . (27)

p -  €2 P2 (x,Y) ♦ £ 3 P3 (x ,Y) ♦ . . .

where t h e  Un and Vn a r e  complex c o n ju g a t e s  s i n c e  th e  f low i s  p o t e n t i a l

and s a t i s f i e s  L a p l a c e ' s  e q u a t i o n .  Matching w i th  t h e  main deck  a s  

y  —> «> and Y —■> 0

U2 ( x ,0 )  -  -  P2 (x), V2 (x , 0 )  -  -a|(x), P2 ( x ,0 )  « p2 (x ) .  (28)

The p r e s s u r e - d i s p l a c e m e n t  f u n c t i o n  r e l a t i o n s h i p  in  t h e  upper  

deck may be o b ta in e d  u s in g  t h e  p r o p e r t i e s  of harmonic  f u n c t i o n s  

(S te w a r t s o n )  o r ,  e q u i v a l e n t l y ,  from l i n e a r  a i r f o i l  t h e o ry  ( M e s s i t e r )  

a s  th e  s k e w - r e c i p r o c a l  H i l b e r t  t r a n s f o r m a t i o n
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T h is  e q u a t i o n  and t h e  assum ption  Pj « 0 must be s a t i s f i e d  t o  accom plish  

t h e  match between t h e  p o t e n t i a l  upper  deck and t h e  e s s e n t i a l l y  I n v i s c i d  

main deck .

The n e c e s s i t y  f o r  t h e  lower deck becomes e v i d e n t  when t h e  main 

deck  ex p an s io n s  a r e  examined f o r  y —> 0. S u b s t i t u t i n g  t h e  T a y lo r  

s e r i e s  f o r  Uc (y) Equa t ion  (8) and Equa t ions  (24) i n t o  E q ua t ions  (18) 

and ( 1 9 ) ,

u -  [ \ y  4- 0 (y4 ) ]  + ^ O a^ x ) ♦ 0 (y3 ) ]  + 0(€2 ) + . . . (30)

v "  -€ 2[ \ y A | ( x )  ♦ 0 (y4 ) l  * € 3£ -A ja J  -  P2 ' ( x ) ]  ♦ • • • »  (31)

and u 0 a s  y — 0 as  r e q u i r e d  by t h e  no s l i p  boundary c o n d i t i o n  on 

t h e  p l a t e .  To remedy t h i s  problem t h e  lower d e c k ,  where

u -  6 U j ( x , z )  * u2 ( x , z )  ♦ . . . (32)

v m € 3 v i ( x , z )  + €4 v2 ( x , z )  + . . . (33)

p -  €2 P 2 ( x ,z )  + € 3 ^2 (x »z  ̂ * • • • (34)

must be i n s e r t e d .  The c o n v e n t i o n a l  b o u n d a r y - l a y e r  e q u a t i o n s  r e s u l t  

when t h e s e  ex p an s io n s  a r e  s u b s t i t u t e d  i n t o  t h e  N a v ie r -S to k e s  e q u a t i o n s  

i n  x and z .

d u j / d x  ♦ d v j / d z  "  0 

Uj du^ /dx  4* Vj du^/ciz -  - o p j / d x  ♦ d2U j /d z 2 (35)

0 •  dp^ /dz
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S in c e  p i  i s  independen t  o f  z ,

P j ( x , z )  -  P2 ( x , 0 )  » pjCx) . (36)

The boundary c o n d i t i o n s  a lo n g  z •  0 fo l l o w  from Equa t ion  ( 7 ) ,

u i  -  * i  -  0 i f  x  <  0 ,  v i  « du^ /dz  -  0 i f  x > 0.  (37)

Upstream, u^ —> X.z t o  match w i th  t h e  B la s iu s  s o l u t i o n  f o r  s m a l l  y a s

x -  «>, w h i l e  downstream x  —» 00 and

u t  ( |  ) 1 / 3  f ;  ( ^ * )  (38)

t o  match w i th  E qua t ion  (15) th e  G o l d s t e i n  i n n e r  wake s o l u t i o n .  As

z — «», t h e  lower  deck must match w i th  t h e  main deck a s  y —» 0  so

Uj -  A.Z —> XAj (x) (39)

s i n c e  f ^  ( ^ * )  —> 18 \  of*  a s  0^*  — «> from G o l d s t e i n ’ s (1930) s o l u t i o n .

The problem can now be reduced t o  a more u n i v e r s a l  form by 

s c a l i n g  th e  v a r i a b l e s  t o  remove t h e  c o n s t a n t  The fundamenta l  

problem of t h e  t r a i l i n g  edge r e s u l t s  when t h e  a f f i n e  t r a n s f o r m a t i o n

x  -  X ' 5 / 4 X, z -  \ “ 3 / 4 Z,  u L -  X1 /,4 U(X,Z)

v j  -  A.3 / 4 V(X,Z),  of* -  ,  f 0  -  \ l / 3  g 0 ( r/ j )  (AO)

p2  -  A1 / 2 P(X) ,  A ^ X )  -  r 3 / 4 A(X)

Is  a p p l i e d  t o  t h e  p r e v io u s  e q u a t i o n s .

The problem i s  t h e  e x i s t e n c e  of a  p h y s i c a l l y  a c c e p t a b l e  

s o l u t i o n  of t h e  b o u n d a r y - l a y e r  e q u a t i o n s



w i th  boundary c o n d i t i o n s

U -  0 ,  V -  0 on Z ■ 0,  X < 0

V -  o,  a u / a z  •  0 on Z -  0 ,  X >  0

U -  Z 0 ,  P —» 0 a s X —> - « >

U - Z -  A(X) - >  0 a s  Z »

I X 1/3
p - >  o ,  U -  "  ( -  ) go ( ^  ) —> 0 as  X —> 00

where P(X) and A(X) a r e  r e l a t e d  by th e  H i l b e r t  i n t e g r a l

pcx)  .  i  r  a '  <xi> dx> 
■ -1_oo X  -  X ,

F ur therm ore  from Equa t ion  (18) and t h e  boundary  c o n d i t i o n s ,  

Equa t ions  (5) and (16)

1/3A(X) - »  0 a s  X -  oo, a (X) 0.8920X as  X «

and from Equa t ions  (15) and (40) g Q s a t i s f i e s  t h e  f i r s t - o r d e r  

G o l d s t e i n  wake e q u a t io n

So" * 2^ o  “ Sq2 “ °» So<°> ” Sq' (°) - 0 

g ^ ( 0 )  -  7 .6 7 1 5 ,  g0 ( ^ )  - ^ 9  ( ♦ 0 .2 3 6 0 )2 a s  ^  «>.



To answer t h i s  query  o r i g i n a l l y  posed by S te w a r t s o n  (1969) i s  t h e  

purpose  of t h i s  d i s s e r t a t i o n .  The num er ica l  com pu ta t ions  r e p o r t e d  in  

t h e  s u c c e e d in g  c h a p t e r s  w i l l  d e m o n s t r a t e  t h a t  t h e  answer  t o  t h i s  

q u e s t i o n  i s  a f f i r m a t i v e .

From th e  c o o r d i n a t e  t r a n s f o r m a t i o n s  E q ua t ions  (3) and (40) and 

t h e  lower deck  expans ion  Equa t ion  (32) t h e  s k i n  f r i c t i o n  i s

„2 % „2
du*

PV dy*
pUao A pUoo A -  dU

*  1 / 9  ^  1 / 9  L

y * - 0
r 1 / 2  r 1 / 2  u a z

-  l ]  ♦ 0(R“5 / 8 ) (46)

Z - 0

where t h e  f i r s t  and l a s t  te rms on th e  r i g h t - h a n d  s i d e  a r e  t h e  B l a s i u s  

v a l u e  t o  0 ( 6 ^ ) .  An i n t e g r a t i o n  a lo n g  t h e  p l a t e  produces  t h e  d r a g  

c o e f f i c i e n t  f o r  one s i d e  of t h e  p l a t e

C -  ^  + 2  r r  dU
d r1/2 ^ 1 / 4  r7 /8  L dZ

°  - l-  l ]  dX ♦ 0(R ) .  (47)
Z - 0

The fo l lo w in g  n u m e r ic a l  p rocedu re  ha s  de te rm ined  t h e  v a l u e  of  t h e  

above i n t e g r a l ,  s u b s e q u e n t ly  l a b e l e d  0^ by S te w a r t s o n  (1 9 7 4 ) ,  t o  be 

1 . 021.

P r i o r  t o  p ro ceed in g  t o  t h e  n u m er ica l  a n a l y s i s  i t  i s  n e c e s s a r y  

t o  d e te r m in e  t h e  a sy m p to t ic  s t r u c t u r e  of  t h e  v e l o c i t y ,  p r e s s u r e  and 

d i s p l a c e m e n t  t h i c k n e s s  f o r  | x |  —> 00 f o r  use  in  t h e  H i l b e r t  i n t e g r a l  

subprogram.

To d e te r m in e  t h e  a s y m p to t i c  s t r u c t u r e  o f  t h e  p r e s s u r e  i t  i s  

o n ly  n e c e s s a r y  t o  n o t e  t h a t  P(X) and A'(X) a r e  complex c o n j u g a t e s  from 

t h e  harmonic  p r o p e r ty  of U2 and V2  in  t h e  u pper  deck .  Thus



2 0

and

(49)

s i n c e

A'(X) ~  & - ~ y- i f  X > 0 
3 X '

(50)

and

A‘ (X) 0 i f  X < 0 (51)

from E q u a t io n  (4 4 ) .  The l e a d in g  te rm in  A(X) when X i s  l a r g e  and 

n e g a t i v e  can  be d e te rm in e d  by s u b s t i t u t i n g

The s o l u t i o n  t o  E q u a t io n  (54) may be r e p r e s e n t e d  in  te rms  of  t h e  

c o n f l u e n t  h y p e rg e o m e t r i c  f u n c t i o n  o r  i t s  i n t e g r a l  r e p r e s e n t a t i o n  as 

shown by M e s s i t e r  (1970) and S te w a r t so n  (1969) .  Here t h e  s o l u t i o n  was 

o b ta in e d  n u m e r i c a l l y  i n  o rd e r  t o  o b t a i n  t h e  i n i t i a l  v e l o c i t y  p r o f i l e  

r e q u i r e d  t o  i n t e g r a t e  t h e  b o u n d a r y - l a y e r  e q u a t i o n .  The r e s u l t s  a r e  

t h e  same:

U -  Z + 1 .784 | x | " 1 < ^ )  + . . .

c y«
V -  - 2 . 2 4 8  | x | “ <2 F 1 + *  • • •

(52)

(53)

i n t o  t h e  b o u n d a r y - l a y e r  e q u a t i o n  w i t h  r e s u l t :

• i t  o • • I
Fx -  1 8 ^ Fx -  36(?^F1 -  Fx) -  -1 .833

(54)

f J ' ( O )  -  0 .6 5 8 0 , f |  (« ) -  0 .1830 (55)
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s o  t h a t  when X I s  l a r g e  and n e g a t i v e

dZ -  1 + ♦ . . . ; A(X) -  ° ; 3 v — ♦ . . . . (56)
|x | 4 / 3

S i m i l a r l y ,  when X i s  l a r g e  and p o s i t i v e  t h e  form of A(X) must 

be d e te rm in e d  from t h e  b o u n d a r y - l a y e r  e q u a t i o n s .  On s u b s t i t u t i n g  th e  

ex p an s io n s

v ”  “ £  ( f  ) C2 s 0  -  \ z ' o  + ( n / 3  ( ( 2 -n >gn " ^ g i > ] + . - . < 5 8 )

and P(X) from E q u a t io n  (49) i n t o  t h e  boundary l a y e r  e q u a t i o n  we f in d  

gn must  s a t i s f y

g f , , + 2 g g '  -  (2 -n )  ( g g  -  g ’ ’ g ) -  -  1.2263 n  o n  o n  o n
(59)

g n ( ° )  “  8 n * ( ° )  "  0  f o r  n -  4 .

A t h i r d  boundary  c o n d i t i o n  i s  r e q u i r e d  t o  d e te r m in e  a  un ique  s o l u t i o n  

t o  Equa t ion  (5 9 ) .  S tew ar t son  has  shown t h a t  a s  ^  ^ 00 the  r e q u i r e m e n t  

o f  e x p o n e n t i a l  decay  must  be imposed t o  avoid  a mismatch w i th  t h e  

G o l d s t e i n  wake. Th is  r e q u i r e m e n t ,  however,  l e ad s  t o  an  i n f i n i t y  of  

te rm s  a s s o c i a t e d  w i th  th e  e i g e n f u n c t i o n s  of  t h e  e xpans ion  f o r  U g iv en  by 

E q u a t io n  (5 7 ) .  The f i r s t  e i g e n f u n c t i o n  i s  a s s o c i a t e d  w i th  V and 

c o r r e s p o n d s  t o  n ■ 3 in  Equa t ion  (59) .
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I t  Is

«3 "  5  b i  ( 2 So * ‘n z 'o  > (6 0 )

where b j  i s  an  a r b i t r a r y  c o n s t a n t  t o  be found from t h e  n u m e r ic a l  p r o ­

c ed u re .  The c o n t r i b u t i o n  t o  U from th e  p r e s s u r e  term i s  de te rm ined

from th e  n u m e r ic a l  i n t e g r a t i o n  o f  Equat ion  (59) f o r  n -  4 .  On s u b s t i ­

t u t i n g  t h e  r e s u l t s

g ^ (0 )  -  0 .0 3 9 ,  g^(oo) -  -0 .0527  (61)

i n t o  Equa t ion  (57) we f in d

A(X) -  0 .8 9 2 OX1^  ♦ 0,892 0b1X" 2 ^ 3  -  0. 070X'1 + . . . (62)

U(X,0) -  1.611X1/3 ♦ 1 . 611biX- 2 ^3 ♦ 0.052X"1 ♦ . . . (63)

f o r  X l a r g e  and p o s i t i v e .  Again u t i l i z i n g  t h e  harmonic  p r o p e r t y  of 

P(X) and A* (X),  t h e  expans ions

  0 .8920  2 b l.  0 .0816 log  X d l  , r .
P C X )  ~  - - ■ ■ - 2 7 3  <1 ♦  — )  -  ♦  ~ 2  *  • * • <6 4 >

a / 3  x  x  x  x

f o r  X l a r g e  and p o s i t i v e  and

1.7840  2 b l  , 0 .0816 log X d ,  r
P ( X ) / v  -  — — — t -t t  ( 1  +  —  )  -  ---------------- o — —  +  - 4  ♦  • • • ( 6 5 )

3^3 |x j  |X| X2  X2

f o r  X l a r g e  and n e g a t i v e  a r e  r e a d i l y  o b t a in e d .
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The log  X terras in  PCX) a r e  r e q u i r e d  by t h e  X * terra In A(X) and

s i m i l a r l y  any I n t e g e r  power of  X in e i t h e r  A(X) or  P(X) w i l l  induce 

log  X terms in  t h e  o t h e r  due t o  t h e i r  harmonic  p r o p e r t y .

The c o n s t a n t  m u l t i p l y i n g  t h e  t h i r d  term i n  each of Equa t ions  

( 6 2 ) ,  (64) and (65) d i f f e r s  from t h e  c o n s t a n t  g iven  in  S t e w a r t s o n ' s

employing a f o u r t h - o r d e r  Runge-Kutta  n u m e r ic a l  i n t e g r a t i o n  a l g o r i t h m  

(R a l s to n  and Wil f  ( I 9 6 0 ) )  t o  s o l v e  Equa t ion  (59) w i th  n -  4 .  The 

s i g n s  on t h e  f i r s t  te rm of Equa t ion  (64) and t h e  second term o f  Equa­

t i o n  (65) were a l s o  found t o  be o p p o s i t e  t o  t h o s e  g iv en  by S te w a r t s o n

n u m e r ic a l  s o l u t i o n  excep t  f o r  t h e  d e f i n i t i o n  of t h e  f a c t o r  m u l t i ­

p l y i n g  th e  B l a s i u s  s k i n  f r i c t i o n  a t  X -  0. By t r i a l  S te w a r t s o n  f i n d s  

t h e  fo l l o w i n g  method o f  s e t t i n g  up th e  expans ion  of  t h e  s o l u t i o n  abou t  

X -  0 t o  be c o n s i s t e n t .  Assuming t h a t  on t h e  p l a t e  where X -  0- th e  

v e l o c i t y  p r o f i l e  i s  d i f f e r e n t i a b l e ,  he  w r i t e s

(1969) pape r .  The c o n s t a n t  i s  de te rm ined  by g^C00) ,  found h e r e  by

(1969) .

The p re c e d in g  e q u a t io n s  a r e  a l l  t h a t  a r e  n e c e s s a r y  f o r  th e

U (0 - ,Z )  =  U ^ Z ) ,  U i(0)  -  Aj =t= 0. ( 66)

F u r t h e r  assuming t h a t  in  th e  wake where X *0*

(67)

and

n e a r  Z “  ° (68)
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h e  f i n d s  G0  s a t i s f i e s

G o ' +  2 G0 g ; ’ -  (Go) 2  -  27 Co24 / 3  (69)

f o r  sm a l l  w i th  boundary c o n d i t i o n s

G0 (° )  -  G^'(O) -  0 and g 'q' («) -  18 Xx- (70)

A l s o ,  t o  avo id  a c o n t r a d i c t i o n  in  t h e  p r e s s u r e  e x p an s io n ,

Gj -  18 Xx ^  0  a s  ^  » .

The s o l u t i o n  was found by Hakkinen and R o t t  (1965) and rechecked  

n u m e r i c a l l y  h e r e .  Thus,

0 ^ ( 0 ) -  3(2 Xx ) 2 / 3  (0 .8991)  (71)

and

CQ -  Xx 4 / 3  [ 0 . 4 0 8 9 ]  . (72)

S te w a r t s o n  th e n  re a ch e s  t h e  fo l l o w i n g  t e n t a t i v e  c o n c l u s i o n s  

which t h e  en su in g  n u m e r ic a l  a n a l y s i s  w i l l  d e m o n s t r a t e  t o  be q u i t e  

a c c u r a t e .

1. The s k i n  f r i c t i o n  i s  f i n i t e  a s  X 0‘  and Xx >  1.

2 .  U(X,0) = 0.8991 Xx2 ^ 3  X1 ^ 3  + 0(X2 / 3 ) .  (73)

3.  P(X) -  P0  + Px X + 0[X2  log  ( - X ) ]  (74)

when X <  0 and

4 .  P(X) -  P0  ♦ 0.6133 XXA / 3  X2 / 3  ♦ 0(X) (75)

when X >  0 ,

where PQ i s  a n e g a t i v e  c o n s t a n t  and PX i s  a l s o  a  c o n s t a n t .
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For  t h e  conven ience  of t h e  r e a d e r ,  t h e  c o n s t a n t s  have been 

d e te rm in ed  by h^ -  e x t r a p o l a t i o n  (Beckenbach (1961)) of  t h e  p r e s e n t  

n u m e r ic a l  d a t a  t o  be ^  -  1 .3 4 3 ,  PQ -  -0 .3 8 8  and P j  -  - 0 .2 7 8 .

The match w i th  t h e  c e n t r a l  r e g io n  where x*  and y* a r e  0 (€ 6 L) 

w i l l  n o t  be u n d e r ta k e n  h e re  s i n c e  y e t  a n o t h e r  r e g io n  where x*  and y*  

a r e  0 (€^L) i n t e r v e n e s  and t h e  e l u c i d a t i o n  of  i t s  p r o p e r t i e s  w i l l  have  

t o  a w a i t  f u r t h e r  s t u d y .  I t s  p r o p e r t i e s  a r e  n o t  r e q u i r e d  f o r  t h e  

d e t e r m i n a t i o n  of t h e  l a r g e s t  p e r t u r b a t i o n s  which occur  i n  th e  p r e s e n t
O

0(€ L) r e g i o n .  Throughout t h i s  a n a l y s i s  i t  has  been t a c i t l y  assumed 

t h a t  6  «  1 o r  R »  1, however t h e  d a t a  compar isons  w i l l  show t h a t  t h e  

p r e s e n t  t h e o r y  i s  a c c u r a t e  f o r  R —> 1. This  unexpec ted  r e s u l t  a l s o  

somewhat n e g a t e s  t h e  re q u i re m e n t  f o r  h i g h e r - o r d e r  te rms.



CHAPTER I I I

THE NUMERICAL PROCEDURE

The compute r program used in  t h i s  s tu d y  evolved  from a 

b o u n d a r y - l a y e r  program deve loped  by B u rgg ra f  (1 9 6 9 ) .  The e s s e n t i a l  

e lem en ts  of t h e  f i n a l  program w i l l  be d e s c r i b e d  h e r e .  The d e t a i l s  and 

t h e  e v o l u t i o n  o f  t h e  program occupy to w e r in g  columns of  p r i n t e r  paper  

and ove r  t h r e e  y e a r s  of a n a l y s i s .  A l l  com pu ta t ions  have  been c a r r i e d  

ou t  on a CDC 6600 d i g i t a l  computer.

The main program c o n s i s t s  of t h r e e  main i t e r a t i o n  loops  as  

shown on F ig u r e  1. W ith in  t h i s  program, two s u b r o u t i n e s  a r e  r e q u i r e d .  

One s u b r o u t i n e ,  i n d i c a t e d  by t h e  u p p e r  l a r g e  r e c t a n g l e  of F ig u r e  1, 

I t e r a t i v e l y  computes t h e  b o u n d a r y - l a y e r  v e l o c i t y  p r o f i l e s  of  t h e  lower  

deck  u s i n g  an  I m p l i c i t  Crank-N icho lson  t y p e - d i f f e r e n c e  an a lo g u e .  The 

o t h e r  s u b r o u t i n e ,  i n d i c a t e d  by t h e  lower l a r g e  r e c t a n g l e  of F ig u r e  1,  

computes t h e  H i l b e r t  t r a n s f o r m a t i o n  o f  th e  p r e s s u r e  which i s  t h e  s lo p e  

o f  t h e  d i s p l a c e m e n t  f u n c t i o n ,  A(X). As shown, t h e  innerm os t  of  th e  

t h r e e  loops a d j u s t s  t h e  p r e s s u r e  g r a d i e n t  a t  a g iv e n  s t r e am w ise  s t a t i o n  

u n t i l  t h e  b o u n d a r y - l a y e r  s u b r o u t i n e  p roduces  a v e l o c i t y  p r o f i l e  w i th  

t h e  d e s i r e d  A(X). The midd le  loop p ro v id e s  t h e  c o r r e c t  boundary 

c o n d i t i o n s  and advances  t h e  com puta t ion  th rough  i t s  s t ream w ise  c o u r se  

and th e  o u t e r  loop  compares d i s p la c e m e n t  f u n c t i o n s ,  A(X),  r e s u l t i n g  

from s u c c e s s i v e  s t ream w ise  t r a v e r s e s  th ro u g h  t h e  e n t i r e  lower deck

26
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A(X) & P(X) s a t i s f y  
the  b o u n d a r y - l a y e r  
e q u a t io n s  a t  X

end

AOO & P(X) s a t i s f y  
t h e  b o u n d a r y - l a y e r  
e q u a t i o n s  f o r  a l l  X

A"Aold < 1 0

S o l u t i o n

p - p ; ld

Advance th e  
boundary 

cond i t  ions

I n p u t  i n i t i a l  
v e l o c i t y  p r o f i l e

In p u t  A'(X) 
Compute P(X)

A ( X ) -  . 8 A o l d ,  . 2 A n e B

Compute b o u n d a r y - l a y e r  
v e l o c i t y  p r o f i l e  from 

P ' ( X ) :  A(X) -  U-Z-,

Compute A* (X) 
from P(X) 

v i a  th e  
H i l b e r t  t r a n s f o r m a t i o n

new

A(X) & P(X) s a t i s f y  t h e  
b o u n d a r y - l a y e r  e q u a t i o n s  
and th e  H i l b e r t  t r a n s f o r ­
m a t ion  f o r  a l l  X

P ig .  1 . - -A  Flow C h ar t  o f  t h e  Main Program
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u n t i l  t h e  s o l u t i o n  i s  o b t a in e d .  D i s c u s s i o n  o f  t h e  s u b r o u t i n e s  w i l l  be 

d e f e r r e d  u n t i l  t h e i r  r e l a t i o n s h i p  t o  t h e  main program i s  d e l i n e a t e d .

A l l  co m p u ta t io n s  have  been performed in  t h e  X,Z -  c o o r d i n a t e  

system of Equa t ion  (AO). The s t re am w ise  i n t e r v a l  must be symmetric  

ab o u t  t h e  t r a i l i n g  edge X ■ 0 and d iv id e d  i n t o  an even number of equa l  

Inc rem en ts  of  l e n g th  AX. I n t e r v a l s  ex ten d in g  from -3  t o  4-3, - 6  t o  46 ,  

- 9  t o  4 9 , and -12 t o  12 w i th  AX -  0 . 1 ,  0 .0 5 ,  0 .0 2 5 ,  and 0.0125 have 

been employed t o  i n s u r e  t h e  a c c u r a c y  of t h e  co m p u ta t io n s .  The Z o r  

normal c o o r d i n a t e  d i r e c t i o n  i s  a l s o  d iv id e d  i n t o  an even number of 

eq u a l  in c re m en t s  o f  l e n g th  H. The t h i c k n e s s  of  t h e  l a y e r  i s  l i m i t e d  

by th e  c o m p u ta t io n a l  t im e  r e q u i r e d  and Ze -  6 , 8 , and 9 have  been used 

w i th  inc rem en ts  H « 0 .1  and 0 .05 .  A f i n e r  g r i d  o r  a  t h i c k e r  l a y e r  

would r e q u i r e  p r o h i b i t i v e l y  long c e n t r a l  p r o c e s s o r  t im e .  The s h o r t e s t  

ru n  ( 2 0  m i n u t e s ,  2 1 , 0 0 0  c e n t r a l  memory l o c a t i o n s )  which produces  r e ­

l i a b l e ,  a c c u r a t e  r e s u l t s  was found t o  be th e  c a s e  where - 6  < X <  6 ,

0 <  Z <  6  w i th  AX "  0.05 and H ■ 0 . 1 .  A l l  su b se q u e n t  n u m e r ic a l  

I n v e s t i g a t i o n s  were performed t o  a s c e r t a i n  t h e  e f f e c t s  of  v a r i o u s  

changes  on t h e  above  c a s e .

I n p u t  Data

The b o u n d a r y - l a y e r  e q u a t i o n s  a r e  p a r a b o l i c  and r e q u i r e  t h a t  

t h e  i n i t i a l  v e l o c i t y  p r o f i l e  and t h e  boundary c o n d i t i o n s  a lo n g  th e  

s t r e am w ise  edges a r e  p r e s c r i b e d .  The downstream v e l o c i t y  p r o f i l e  

c an n o t  be p r e s c r i b e d  and s e r v e s  a s  a check on t h e  co m p u ta t io n s .

The i n i t i a l  v e l o c i t y  p r o f i l e  i s  r e q u i r e d  t o  i n i t i a t e  t h e  

b o u n d a r y - l a y e r  co m p u ta t io n s  d u r i n g  each c y c l e  of  t h e  o u t e r  loop  and 

u l t i m a t e l y  a f f e c t s  th e  f i n a l  s o l u t i o n .  The i n i t i a l  v e l o c i t y  p r o f i l e
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f o r  X l a r g e  and n e g a t i v e  has  been  o b ta in e d  f o r  t h e  v a r i o u s  H s t e p  

s i z e s  by n u m e r i c a l l y  i n t e g r a t i n g  Equa t ion  (54) u s in g  Hammings m odif ied  

p r e d l c t o r - c o r r e c t o r  method ( R a l s t o n  and W il f  ( I 9 6 0 ) )  and s u b s t i t u t i n g  

th e  r e s u l t s  i n t o  E qua t ion  ( 5 2 ) .  The v e l o c i t y  p r o f i l e ,  m agn i f ied  by 

t h e  s u b t r a c t i o n  of  t h e  l i n e a r  p o r t i o n ,  i s  p r e s e n te d  in  F ig u r e  2 .  I t  

shou ld  be no ted  t h a t  a s  Z —> 9 th e  p r o f i l e  becomes v e r t i c a l  i n d i c a t i n g  

t h a t  t h e  boundary c o n d i t i o n  g iv en  by Equa t ion  (42) i s  n o t  b e in g  

e n fo rc ed  p re m a tu r e ly .  The i n i t i a l  v e l o c i t y  p r o f i l e  has  been checked 

by compar ison w i th  t h e  v e l o c i t y  p r o f i l e  r e s u l t i n g  from th e  computa t ions  

i n i t i a t e d  f u r t h e r  ups t ream  ( see  Appendix A).

d i s p la c e m e n t  f u n c t i o n ,  A(X), o r  t h e  p r e s s u r e ,  P(X).  E i t h e r  can be 

c a l c u l a t e d  from t h e  o t h e r  by t h e  s k e w - r e c i p r o c a l  H i l b e r t  t r a n s f o r m a ­

t i o n ,  Equa t ion  (4 3 ) .  Both a r e  r e q u i r e d  t o  s t a r t  t h e  t h r e e  main loops 

a s  shown on F ig u re  1. Presumably ,  any r e a s o n a b l e  guess  would s u f f i c e ;  

however ,  t h e  c l o s e r  th e  guess  i s  t o  t h e  f i n a l  s o l u t i o n ,  t h e  s h o r t e r  i s  

t h e  ru n n in g  t im e  r e q u i r e d .  R e a l i z i n g  t h i s ,  a  f u n c t i o n  of  t h e  form

The f i n a l  s e t  of  i n p u t  d a t a  r e q u i r e d  i s  an e s t i m a t e  f o r  th e

X < 0

and (76)

X > 0

was deve loped  by m odify ing  M e s s l t e r ' s  f i r s t  guess  f o r  t h e  form o f  t h e  

s l o p e  of t h e  d i s p l a c e m e n t  t h i c k n e s s  t o  a g r e e  w i th  t h e  a sy m p to t i c
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b e h a v i o r  p r e d i c t e d  by Equat ions  (56) and (6 2 ) .  Mess i t e r ’ s v a lu e s  

f o r  t h e  w ere :  Cj -  .3 2 7 ,  C2  "  1 .1 4 2 ,  C3  ■ - . 5 9 4 ,  ■ 3 .0 0 ,

C5  -  . 6 2 4 ,  Cg -  1 .580 ,  Cy ■ .297 and Cg -  1 .0 0 ,  where h e r e  Cj •  .3 2 6 5 ,  

C2  -  1 .011 ,  C3  -  - . 4 5 1 1 ,  C4  -  1 .5 0 0 ,  C5  -  .6 0 5 4 ,  C6  -  1 .7921 ,

C7  -  .2 9 7 4 ,  C8  -  1 .1 0 0 ,  Cg -  .1308 ,  and ClQ -  1 .000 .  M e s s i t e r  (1970) 

d id  n o t  in c lu d e  th e  term c o n t a i n i n g  Cg and C jq ,  t h u s  e f f e c t i v e l y  h i s  

Cg ■ 0,

An e s t i m a t e  f o r  t h e  p r e s s u r e  g r a d i e n t  i s  a l s o  r e q u i r e d  a s  

i n i t i a l  d a t a  a s  shown on F ig u r e  1. I t  i s  r e a d i l y  o b ta in e d  from t h e  

n u m e r ic a l  d i f f e r e n t i a t i o n  o f  the  p r e s s u r e  r e s u l t i n g  from th e  H i l b e r t  

t r a n s f o r m a t i o n  o f  Equat ion  (7 6 ) .  F ig u r e  1 a l s o  shows t h a t  one c y c l e  

th ro u g h  t h e  m idd le  loop g e n e r a t e s  th e  p r e s s u r e  r e q u i r e d  t o  s a t i s f y  th e  

b o u n d a r y - l a y e r  e q u a t i o n s  f o r  t h e  A(X) g iv e n  by t h e  n u m e r ic a l  i n t e g r a ­

t i o n  of Equa t ion  (7 6 ) .  Thus ,  a t  t h e  end of  a t e  c y c l e  o f  t h e  program, 

one p r e s s u r e  cu rve  s a t i s f i e s  t h e  H i l b e r t  t r a n s f o r m a t i o n  and t h e  o t h e r  

s a t i s f i e s  t h e  b o u n d a r y - l a y e r  e q u a t i o n s .  The Cj g iv e n  above f o r  

Equa t ion  (76) were de te rm ined  by a comparison of th e  two p r e s s u r e  

c u r v e s .  Many d i v e r g e n t  a t t e m p t s  were r e q u i r e d  t o  d e v e lo p  t h e  f i n a l  

c o n v e rg en t  n u m er ica l  p r o c e d u re .  They were n o t  e n t i r e l y  u s e l e s s  s i n c e  

each  a f f o r d e d  th e  o p p o r t u n i t y  t o  compare t h e  p r e s s u r e  c u rv e s  and 

a d j u s t  th e  u s in g  d a t a  from p r i o r  u n s u c c e s s f u l  runs  t o  d e te r m in e  

t h e  t r e n d s  in  t h e  p r e s s u r e  cu rves  w i th  r e s p e c t  t o  t h e  C j .  F ig u r e  3 

compares t h e  two p r e s s u r e  c u r v e s ,  th e  one t h a t  s a t i s f i e s  th e  H i l b e r t  

t r a n s f o r m a t i o n  and t h e  o t h e r  t h a t  s a t i s f i e s  t h e  b o u n d a r y - l a y e r  

e q u a t i o n s .  The compar ison shows t h a t  t h e  p r e s s u r e  c u rv e s  a r e  in  f a i r
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agreement  which i n d i c a t e s  t h a t  Equa t ion  (76) p ro v id e s  a good s t a r t i n g  

ap p ro x im a t io n  f o r  t h e  f i n a l  i t e r a t i o n  p ro ced u re .

The f i n a l  i t e r a t i o n  p ro ced u re  h a s  been shown t o  converge  t o  t h e  

same s o l u t i o n  u s in g  e i t h e r  M e s s i t e r ' s  form o r  th e  r e v i s e d  form of 

A '(X)  a s  in p u t  d a t a .  A 22 p e r  c e n t  i n c r e a s e  in  c o m p u ta t io n a l  t im e  i s  

r e q u i r e d  u s in g  M e s s i t e r ’ s form of  A '(X) due t o  t h e  a d d i t i o n a l  i t e r a ­

t i o n s  r e q u i r e d  f o r  c o n v erg en ce ,  however.

The Main Program 

The main program, shown in  F ig u r e  1,  i s  comprised  o f  t h r e e  

n e s t e d  loops  which u t i l i z e  t h e  p re c e d in g  in p u t  d a t a  t o  produce  th e  

s o l u t i o n .  The midd le  loop perform s  t h e  n e c e s s a r y  bookkeeping t a s k s  of 

s e l e c t i n g  c o r r e sp o n d in g  v a lu e s  f o r  t h e  s t ream w ise  s t a t i o n  X, t h e  p r e s ­

s u r e  g r a d i e n t  P(X) ,  t h e  d i s p l a c e m e n t  t h i c k n e s s  A(X), and t h e  p re v io u s  

v e l o c i t y  p r o f i l e  f o r  t h e  i n n e r  loop  from t h e  i n p u t  d a t a  a r r a y s .

The problem a d d re s sed  by t h e  i n n e r  loop of t h e  main program 

i s  t o  s o l v e  t h e  b o u n d a r y - l a y e r  e q u a t i o n s  of th e  lower deck f o r  t h a t  

p r e s s u r e  g r a d i e n t  P ' (X )  which w i l l  produce  th e  r e q u e s t e d  edge v e l o c i t y ,  

Ue , and th e r e b y  A(X) ■ Ue -  Ze w i th  Ze f i x e d .  The method of  s o l u t i o n  

i s  t o  compute t h e  v e l o c i t y  p r o f i l e  u s in g  th e  i t e r a t i v e  b o u n d a r y - l a y e r  

s u b r o u t i n e  w i th  th e  i n p u t  P ' ( X ) ,  d e te r m in e  t h e  d i f f e r e n c e  between th e  

computed A(X) and t h e  re q u e s te d  A(X), then  u se  t h i s  d i f f e r e n c e  t o  

c o r r e c t  P ' (X )  u n t i l  th e  d e s i r e d  A(X) i s  a ch ieved  t o  w i t h i n  10” -’ , th e  

i n n e r  loop  e r r o r  t o l e r a n c e .  S y m b o l i c a l ly ,  I” (X)new -  P* CX)0id + 

AA(X)/(dA/dP ' )  where dA/dP’ -  dUe / d P ’ f o r  f ix ed  Ze . The problem 

t h e r e f o r e  i s  reduced t o  t h e  d e t e r m i n a t i o n  of  dUe / d P ' . The s o l u t i o n  

was o b ta in e d  o r i g i n a l l y  by d i f f e r e n t i a t i n g  th e  b o u n d a r y - l a y e r  e q u a t i o n



w ith  r e s p e c t  t o  P* (X) t o  o b t a i n  a  p a r t i a l  d i f f e r e n t i a l  e q u a t io n  f o r

dU/dP*. Th is  e q u a t i o n  was then  n u m e r i c a l l y  i n t e g r a t e d  a c r o s s  t h e

boundary l a y e r  in  o r d e r  t o  o b t a i n  dUe / d P ' .  This s u b r o u t i n e  and th e

s i m i l a r  b o u n d a r y - l a y e r  s u b r o u t i n e  each had t o  be employed d u r i n g  each

c y c l e  th rough  t h e  i n n e r  loop .  A f t e r  s e v e r a l  runs  and c o n s i d e r a b l e

d a t a  a n a l y s i s  i t  was d e te rm in ed  t h a t  t h e  optimum dUe / d P f i s  n e a r l y  0.2

f o r  a l l  X. The i n n e r  loop w i l l  converge  more s low ly  i f  o t h e r  v a l u e s

of dUg/dP* a r e  u s e d .  This  d i s c o v e r y  p e r m i t t e d  th e  removal from th e

i n n e r  loop  of  t h e  e n t i r e  t ime-consuming  s u b r o u t i n e  and i t s  a t t e n d a n t

bookkeeping and reduced th e  ru n  t im e  t o  a manageable  f i g u r e .  A f t e r

s e v e r a l  i t e r a t i o n s ,  depending  upon th e  s t ream w ise  s t a t i o n ,  th e  program

e x i t s  from th e  i n n e r  loop w i th  t h e  P ' (X )  r e q u i r e d  t o  produce th e

r e q u e s t e d  A(X) t o  w i t h i n  .0 0001 ,  and p ro ceed s  s t e p w is e  downstream v i a

t h e  m idd le  loop .  At th e  co m p le t io n  o f  th e  middle  lo o p ,  t h e  P ' (X )

r e q u i r e d  t o  p roduce  th e  r e q u e s te d  A(X) has  been d e te rm ined  f o r  a l l  X.

To d e t e r m in e  P(X) t h e  p r e s s u r e  a t  t h e  i n i t i a l  s t a t i o n  must be found.

The f i r s t - o r d e r  te rm  i s  known; from E qua t ion  ( 6 4 ) ,  however ,  t h e  second

and f o u r t h  te rm s  c o n t a i n  t h e  unknown c o n s t a n t s  b j  and d j .  The s l o p e

of  t h e  d i s p l a c e m e n t  f u n c t i o n  A(X) may be changed by s h i f t i n g  t h e

e n t i r e  p r e s s u r e  c u rv e  by a  c o n s t a n t  v a l u e  s i n c e  t h e  H i l b e r t  i n t e g r a l

o f  a c o n s t a n t  i s  a n o t h e r  c o n s t a n t  f o r  t h e  f i n i t e  l i m i t s  n e c e s s i t a t e d

by compute r s t o r a g e .  Upstream A(X) i s  known t o  0(X ) from Equa t ion
2

(56) and t h e r e f o r e  A'(X) i s  known th rough  0(X ) .  Thus ,  t h e  p r e s s u r e  

c u rv e  can be computed u s in g  an  I n i t i a l  p r e s s u r e  s h i f t e d  such t h a t  

A '(X) i s  c o r r e c t  th ro u g h  O(X^) a t  t h e  i n i t i a l  p o i n t .  A l t e r n a t i v e l y ,  

a  v a lu e  o f  b j  could  be o b ta in e d  from th e  v a l u e s  of  A(X) o r  U(X,0) from
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t h e  p re v io u s  I t e r a t i o n  u s in g  Equa t ion  (62) o r  Equa t ion  (63) and t h e n  

used t o  d e te r m in e  t h e  I n i t i a l  p r e s s u r e .  Both methods were t r i e d ;  the  

fo rm er  was s e l e c t e d  s i n c e  t h e  o v e r a l l  convergence  was c o n s i d e r a b l y  

improved w i t h o u t  s i g n i f i c a n t l y  a f f e c t i n g  t h e  f i n a l  r e s u l t s .  Enfo rc ing  

t h e  c o r r e c t  a sy m p t o t i c  b e h a v io r  of A*(X) e f f e c t i v e l y  damps t h e  o s c i l ­

l a t i o n s  which occu r  d u r in g  t h e  i t e r a t i o n  c y c l e s .  A s tu d y  o f  t h e  

e f f e c t s  of t h e  p r e s s u r e  s h i f t  has  been  r e l e g a t e d  t o  Appendix B. Thus,  

t h e  p r e s s u r e  t h a t  s a t i s f i e s  t h e  b o u n d a r y - l a y e r  e q u a t i o n s  i s  g e n e r a t e d  

i n  t h e  midd le  loop .

The o u t e r  loop now computes t h e  A'(X) c o r r e s p o n d i n g  t o  t h e  

new P(X) from t h e  H i l b e r t  t r a n s f o r m a t i o n  s u b r o u t i n e  a n d ,  s i n c e  t h e  

i n i t i a l  v a lu e  of A(X) i s  known t o  O(X^) from Equa t ion  ( 5 6 ) ,  a new A(X) 

can be o b ta in e d  by t h e  t r a p e z o i d a l  r u l e .  Comparing t h e  new A(X) w i th  

t h e  A(X) from th e  p re v io u s  i t e r a t i o n  d e t e r m in e s  i f  t h e  program has  

c onverged .  I f  n o t ,  A(X) i s  r e p l a c e d  a c c o r d in g  t o  t h e  fo rmula

A(X) -  KA(X)o ld  ♦ (l -K)A(X)new (77)

and t h e  o u t e r  loop  r e - i n i t i a t e s  t h e  s t ream w ise  t r a v e r s e  o f  t h e  lower  

deck  u n t i l  t h e  d i f f e r e n c e s  between s u cc e ed in g  A(X) i t e r a t e s  i s  l e s s  

th a n  1 (Ta .

I t  ha s  been found by t r i a l  and e r r o r  t h a t  K -  0 .8  w i l l  produce 

a c o n v e rg en t  i t e r a t i o n  scheme. The o u t e r  loop  w i l l  a l s o  con v e rg e  w i th  

K ■ 0 . 9  o r  K ■ 0 ,7  b u t  K -  . 8  i s  t h e  b e s t  o f  t h e s e  t h r e e  v a l u e s .  The 

o u t e r  loop w i l l  n o t  converge  i f  K ■ 0 .5  o r  K ■ 0,
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The H i l b e r t  T ran s fo rm a t io n  

The range  of  t h e  H i l b e r t  i n t e g r a l  e x ten d s  from n e g a t i v e  

i n f i n i t y  t o  p o s i t i v e  i n f i n i t y .  The in te g ra n d  i s  s i n g u l a r  a t  t h e  p o i n t  

under  c o n s i d e r a t i o n .  The f u n c t i o n s  A'(X) and P(X) a r e  s lo w ly  a p p ro ach ­

ing z e r o  a t  bo th  ends of  t h e  range  and P(X) must  c o n t a i n  a  z e r o  w i t h i n  

t h e  r a n g e .  A d d i t i o n a l l y ,  i t  i s  h i g h l y  d e s i r a b l e  t h a t  t h e  method use  

d a t a  a t  t h e  same s t ream w ise  l o c a t i o n s  a s  t h e  in p u t  d a t a  and t h e  

b o u n d a r y - l a y e r  s u b r o u t i n e  and r e t u r n  t h e  p r e s s u r e  o r  d i s p l a c e m e n t  

t h i c k n e s s  r e s u l t s  a t  th e  same s t ream w ise  l o c a t i o n s .  Th is  f e a t u r e  

e l i m i n a t e s  t h e  re q u i re m e n t  f o r  t ime-consuming d a t a  f i t t i n g  and i n t e r ­

p o l a t i o n  t o  a d j u s t  t h e  ou tpu t  from th e  s u b r o u t i n e s  t o  be c o m p a t ib le  

w i th  t h e  main program. A l l  t h e s e  r e q u i re m e n ts  p r e s e n t  a fo r m id ab le  

n u m e r ic a l  problem.

F o r t u n a t e l y ,  t h e  a s y m p t o t i c  e xpans ions  f o r  l a r g e  | x |  a r e  

known f o r  A(X),  g iv e n  by Equa t ions  (56) and ( 6 2 ) ,  and P (X) ,  g iv e n  by 

E q u a t io n s  (64) and (6 5 ) .  The f i r s t  two te rms of  t h e s e  ex p an s io n s  have 

been i n t e g r a t e d  in  c lo se d  form u s in g  th e  s u b s t i t u t i o n  t ^  ■ ± Xj/X and 

t h e  method of  p a r t i a l  f r a c t i o n s  (E qua t ion  ( 8 0 ) ,  see  be low ) .  I n t e g r a l s  

of  t h i s  form may a l s o  be found in  P e t i t  Bois  (1961) .  The l i m i t s  

ex tend  from minus i n f i n i t y  t o  t h e  p o i n t  where t h e  nu m er ica l  i n t e g r a ­

t i o n  b e g in s  o r  from th e  p o i n t  where t h e  n u m e r ic a l  i n t e g r a t i o n  

t e r m i n a t e s  t o  p o s i t i v e  i n f i n i t y ,  w hichever  i s  a p p l i c a b l e .  This 

e f f e c t i v e l y  s p l i t s  th e  range  i n t o  t h r e e  p a r t s  and re d u c es  t h e  doub ly -  

i n f i n i t e  r a n g e  H i l b e r t  t r a n s f o r m a t i o n  t o  a f i n i t e  range  Cauchy 

i n t e g r a l  p lu s  c lo s e d  form e x p r e s s i o n s  which acc o u n t  f o r  t h e  i n f i n i t e  

p o r t i o n s  of  th e  range  where t h e  r e s p e c t i v e  expans ions  a r e  a p p l i c a b l e .
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The o r i g i n  X -  0 must a l s o  be t r e a t e d  s e p a r a t e l y  t o  i n s u r e  t h a t  t h e  

e x p r e s s i o n s  do  n o t  c o n t a i n  f u n c t i o n s  o r  f u n c t i o n  arguments  t h a t  tend  

t o  a n  u n d e f in e d  l i m i t .  The rem ain ing  f l n i t e - r a n g e  Cauchy i n t e g r a l  has  

been  t r e a t e d  a n a l y t i c a l l y  by s u b t r a c t i n g  t h e  s i n g u l a r i t y  from th e  

in t e g r a n d  (Davis and Rabinowitz  (1 9 6 7 ) ) .

We now c o n s i d e r  the  com pu ta t ion  of

CO
Af (X) “  " ”  I  — -1 — 1 , (78)

n  -OO X-X,

t h e  s k e w - r e c i p r o c a l  i n v e r s e  o f  Equat ion  (43) (T i tchmarsh  (1937) )  t o  

i l l u s t r a t e  t h e  method. C on s id e r in g  only t h e  f i r s t  terms of  Equa t ions  

(64) and (65) ( t h e  second terms may be reduced t o  th e  same form p lu s  

a n  e l em en ta ry  form by p a r t i a l  f r a c t i o n s ) ,  Equa t ion  (78) becomes

2 K a dX, , e P(X,)dX1

A » < X ) - * f  J  -------2 / 3   ~ y  v ....
-CO ( -X j )  (X-X^) n  a X"X1

(79)

_ K ~  d x l

3  e (X1 ) 2 / 3 (X-X1)

1/2where K » - 0 .8 9 2 / n 3  and th e  l i m i t s  a and e a r e  a r b i t r a r y ,  b u t  l a r g e .  

The c e n t e r  p o r t i o n  of the  i n t e g r a l  Is  e v a lu a te d  f o r  each o u t e r  i t e r a ­

t i o n  u s i n g  t h e  f o l lo w in g  n u m e r ic a l  i n t e g r a t i o n  p ro ced u re .  I t  i s  

e v i d e n t  t h a t  by c o n s i d e r i n g  v a r i o u s  e n d p o in t s  f o r  th e  c e n t e r  i n t e g r a l ,  

t h e  a c c u r a c y  of t h e  ap p ro x im a t io n s  f o r  th e  o u t e r  p o r t i o n s  of t h e  range

- 5 / 3may be a s s e s s e d .  For X ■ 0 th e  in te g ra n d  i s  Xj dXj which i s  r e a d i l y
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3i n t e g r a t e d .  More g e n e r a l l y ,  th e  s u b s t i t u t i o n s  t  -  Xj/X and t 3  -  

X j / -X  when X < 0 and t 3  -  -X^/X and t 3  •» Xj/X when X > 0 w i l l  reduce  

t h e  I n t e g r a n d s  of  th e  f i r s t  and l a s t  i n t e g r a l s  o f  Equa t ion  (79) t o  t h e  

form d t / 1  ±  t 3 , The a n t i d e r i v a t i v e  has  t h e  form

i  log .c p - a 2_  ±  i  a r c c g  ^ ± 1  ( 80)
6  t 2  ±  t  *»■ 1 3  2  ± t

which remains  f i n i t e  a t  t h e  i n f i n i t e  l i m i t s .

The i n t e g r a l s  o f  t h e  a s y m p to t i c  ex p an s io n s  of  A* (X) a r e  

e v a l u a t e d  in  a s i m i l a r  manner and t h e  range  I s  segmented in  an 

i d e n t i c a l  manner t o  i n s u r e  c o m p a t i b i l i t y  w i th  th e  main program.

The c e n t e r  p o r t i o n  of t h e  i n t e g r a l  i s  performed by s u b t r a c t i n g  

t h e  s i n g u l a r i t y ,  w h e th e r  A*(X) o r  P(X) i s  in  t h e  i n t e g r a n d .  The two 

s u b r o u t i n e s  d i f f e r  i n  t h e  a n a l y t i c  e x p r e s s i o n s  which a c c o u n t  f o r  th e  

i n f i n i t e  p o r t i o n s  of t h e  r a n g e .

The s i n g u l a r i t y  in  t h e  I n t e g r a l  i s  removed by s u b t r a c t i o n ,

th u s

« P Q C p f f t  „ ; e  F g p . p q o d X i  4  

a  x r x  a  X,-X a  X , - *

S p l i t t i n g  t h e  ra n g e  abou t  t h e  p o i n t  X,

e P fX i ldX i  X” X+ e P(Xi)-PCX)
/  — V - - 1-  -  J  ♦ J  + /   1----------  dXx ♦ PCX) log

a  X !-X  a  X - X+ x l “ x

e-X
a-X

( 8 2 )
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The f i r s t  and t h i r d  i n t e g r a l s  a r e  n o n s i n g u l a r  and t h e  t r a p e z o i d a l  r u l e  

h a s  been employed f o r  t h e i r  e v a l u a t i o n .  Assuming t h e  i n t e g r a n d  may be 

expanded in  a  T a y lo r  s e r i e s  ab o u t  X t h e  c e n t e r  i n t e g r a l ,

X+AX P(X!)-P(X) ~
/  -----------------  dXx -  2 AX P* (X) ♦ 0(AX3 ) (83)

X -A X  X 1 " X

which may be e v a l u a t e d  u s in g  any s t a n d a r d  d i f f e r e n c i n g  method f o r  P*(X).  

In  o r d e r  t o  a s s e s s  t h e  a c c u ra cy  o f  t h i s  n u m e r ic a l  method a second 

method f o r  t r e a t i n g  Cauchy i n t e g r a l s  ( C o l l a t z  (1961)) was used a long  

w i th  t h r e e  of  Van Dyke 's  (1959) a i r f o i l  i n t e g r a l s .  The r e s u l t s  of t h e  

e v a l u a t i o n ,  c o n ta i n e d  in  Appendix A, d e m o n s t r a t e  t h a t  s u b t r a c t i n g  t h e  

s i n g u l a r i t y  i s  th e  more a c c u r a t e  of t h e s e  methods f o r  t r e a t i n g  Cauchy 

i n t e g r a l s .

When X i s  a t  e i t h e r  of  t h e  e n d p o in t s  of  t h e  f i n i t e  n u m er ica l  

r a n g e ,  a o r  e ,  th e  above n u m e r ic a l  p ro c e d u re s  do  n o t  a p p ly .  The method 

of  computing t h e  i n t e g r a l  a t  t h e  e n d p o in t s  c o n s i s t s  o f  a l l o w in g  t h e  

l i m i t s  o f  t h e  i n t e g r a l s  of  t h e  a sy m p t o t i c  ex p an s io n s  t o  ove r run  th e  

s i n g u l a r i t y  a t  t h e  e n d p o in t  by AX and pe r fo rm ing  t h e  rem a in ing  non­

s i n g u l a r  n u m e r ic a l  p o r t i o n  u s in g  t h e  t r a p e z o i d a l  r u l e .  Thus,  th e  

e n d p o i n t  s i n g u l a r i t y  i s  c o n ta in e d  w i t h i n  t h e  range  of  t h e  i n t e g r a l  of 

t h e  a sy m p t o t i c  c o n t r i b u t i o n .  The p rocedu re  of  m ere ly  i g n o r i n g  t h e  

s i n g u l a r i t y  w i t h i n  t h e  range  of  a  Cauchy i n t e g r a l  has  been j u s t i f i e d  

by Mangier (1951) .

The s k e w - r e c i p r o c a l  p r o p e r t y  o f  th e  H i l b e r t  t r a n s f o r m a t i o n  

p e r m i t s  t h e  s im u l t a n e o u s  e r r o r  a n a l y s i s  o f  b o th  t h e  P(X) and A*(X) 

s u b r o u t i n e s .  One s u b r o u t i n e  computes A'(X) from P(X) by a ssem b l in g
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t h e  a p p r o p r i a t e  e x p r e s s i o n s  f o r  t h e  i n t e g r a l s  of t h e  a s y m p to t i c  ex­

p a n s io n s  of  P(X) and t h e  above n u m e r ic a l  methods .  P a r t i c u l a r  a t t e n ­

t i o n  i s  r e q u i r e d  t o  i n s u r e  t h a t  each method i s  employed on ly  w i t h i n  

I t s  r a n g e  of  v a l i d i t y ,  I . e . ,  X ■ a ,  X <  0,  X ■ 0 ,  X >  0 o r  X « e.

The o t h e r  s u b r o u t i n e  computes t h e  p r e s s u r e ,  P(X) ,  from A'(X) by th e  

same p ro c e d u re  u t i l i z i n g  t h e  a p p r o p r i a t e  e x p r e s s i o n s  r e s u l t i n g  from 

t h e  I n t e g r a l s  of  t h e  a s y m p to t i c  e x p an s io n s  o f  Af (X).  Subsequen t  e r r o r  

a n a l y s i s  and programming checks  were f a c i l i t a t e d  by th e  s k e w - r e c i p r o c a l  

n a t u r e  of  t h e  subprograms which were combined in  a s h o r t  f l i p - f l o p  

program. T h i s  e r r o r  a n a l y s i s ,  u s in g  M e s s i t e r ’ s (1970) form of  A ' ( X ) , 

i s  c o n ta i n e d  in  Appendix A. The e r r o r  a n a l y s i s  of the  p r e s e n t  con­

verged  nu m er ica l  r e s u l t s  i s  r e p o r t e d  in  t h e  fo l lo w in g  d i s c u s s i o n  of 

t h e  r e s u l t s .

program, y e t  t h e  most c r u c i a l  s i n c e  i t  i s  r e q u i r e d  s e v e r a l  t im es  d u r i n g  

each c y c l e  of  the  innerm os t  loop .  This  s u b r o u t i n e  s o l v e s  t h e  boundary- 

l a y e r  e q u a t i o n s  o f  th e  lower d e c k ,  g iv e n  by Equa t ion  (41) as

The Boundary-Layer S u b r o u t in e

Th is  i s  t h e  most s t a n d a r d  o f  t h e  s u b r o u t i n e s  in  t h e  e n t i r e

dP +
ax az ax az

by an i t e r a t i v e  p ro c e d u re  and th u s  c o n s t i t u t e s  a n o t h e r  loop w i t h i n  th e  

i n n e r  loop  (See F ig .  1) of t h e  main program. The boundary  c o n d i t i o n s  

a r e  g iv e n  by Equa t ion  (42) a s
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and

u -  0 ,  V  ■ 0 on Z  -  0,  X < 0,  

V -  0 ,  dU/dZ -  0 on Z -  o ,  X >  0 ,  

dU/dZ 1 a s  Z °°.

(84)

The p r e s s u r e  g r a d i e n t  and t h e  v e l o c i t y  p r o f i l e  a t  th e  p re v io u s  s t r e am -

w ise  s t a t i o n ,  X -  a r e  r e q u i r e d  a s  i n p u t  d a t a  t o  compute t h e  

v e l o c i t y  p r o f i l e  U(Z) a t  X.

The i n t r o d u c t i o n  of th e  s t r e a m  f u n c t i o n  and t h e  a p p l i c a t i o n  

of  t h e  C ran k -N ich o lso n  d i f f e r e n c i n g  scheme t o  t h e  b o u n d a r y - l a y e r  

momentum e q u a t i o n  r e s u l t s  in  a m a t r ix  e q u a t i o n  of  t h e  form

The C j j  m a t r i x  i s  t r i d i a g o n a l  w i th  e lem en ts  t h a t  c o n t a i n  t h e  i n i t i a l l y  

unknown Uj a s  shown in  Appendix C. This  m a t r i x  e q u a t i o n  was so lved  

by employing m o d i f i e d  Gauss ian  e l i m i n a t i o n  w i th  back s u b s t i t u t i o n  

(Richtmyer and Morton (1967))  and t h e  c o n t i n u i t y  e q u a t i o n  t o  up d a te  

t h e  s t r e am  f u n c t i o n  d u r i n g  each c y c l e .  Convergence was ach ie v e d  in  

1 0 - 2 0  c y c l e s  when t h e  s u c c e s s i v e  v e l o c i t y  p r o f i l e s  were  w i t h i n  t h e  

s p e c i f i e d  e r r o r  t o l e r a n c e ,  10“^ .  A more e f f i c i e n t  b o u n d a r y - l a y e r  

s u b r o u t i n e  u s i n g  Newton i t e r a t i o n  could  have  c o n s i d e r a b l y  reduced th e  

computing t ime r e q u i r e d ,  s i n c e  t h i s  i t e r a t i o n  i s  w i t h i n  t h e  i n n e r  loop 

of t h e  main program.

The boundary  c o n d i t i o n s  a r e  e n fo rc ed  by p r e s c r i b i n g  v a l u e s  f o r  

s p e c i f i c  e lem en ts  o f  t h e  m a t r i x  o r  v e c t o r s .  For  example,  w i th  th e  

r e p r e s e n t a t i o n  of  Cj j  by i t s  e lem en ts

£  CjjUj -  Rj (85)
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Bj  Uj + 1  * Uj  * AJ Uj - 1  “  Rj  » (86)

t h e  boundary  c o n d i t i o n  dU/dZ ■ 1 r e q u i r e s  t h a t  Aj ■ -1 and Rj ■ -H a t  

t h e  o u t e r  edge.  The boundary  c o n d i t i o n  on t h e  wake c e n t e r l i n e ,  

dU/dZ ■ 0 ,  was en fo rced  by r e q u i r i n g  t h a t  B^ -  -1  and e i t h e r  -  0 o r

The fo rm u las  f o r  th e  A j ,  B j ,  and R j  a r e  c o n ta in e d  in  Appendix C.

The e f f e c t s  of  th e  h i g h e r - o r d e r  form o f  t h e  boundary  c o n d i t i o n  

g iv e n  by Equa t ion  (87) and th e  a c c u ra cy  of  t h e  s u b r o u t i n e  in  g e n e r a l  

were a s s e s s e d  by th e  momentum-in tegra l  method. I n t e g r a t i n g  Equa t ion  

(41) a c r o s s  t h e  l a y e r ,

and F s a t i s f i e s  t h e  c o n t i n u i t y  e q u a t i o n .  Equa t ion  ( 8 8 ) i s  s a t i s f i e d  

by t h e  v e l o c i t y  p r o f i l e s  r e s u l t i n g  from t h e  b o u n d a r y - l a y e r  s u b r o u t i n e  

t o  b e t t e r  t h a n  one pe r  c e n t  over  th e  m a j o r i t y  of th e  s t r eam w ise  e x t e n t  

o f  th e  l a y e r .  The maximum momentum imbalance  may reach  n in e  p e r  c e n t  

o t  th e  v a l u e  of t h e  f i r s t  term of  Equa t ion  ( 8 8 ) a t  t h e  p o i n t  injne- 

d l a t e l y  a f t  o f  th e  t r a i l i n g  edge;  however,  i t  d i m i n i s h e s  t o  l e s s  th a n  

one p e r  c e n t  f o u r  p o i n t s  downstream. The n in e  p e r  c e n t  e r r o r  in  

E qua t ion  ( 8 8 ) amounts t o  an e r r o r  in  t h e  f o u r t h  s i g n i f i c a n t  f i g u r e  of 

t h e  v e l o c i t y  which i s  c o n s i s t e n t  w i th  th e  num er ica l  p ro c e d u re .  These

(87)

Ze |Z - 0

2 Zewhere  U_ 0 « -  /  U(U-Uz )dZ ,  Ze i s  t h e  v a l u e  o f  Z a t  t h e  o u t e r  edge ,

d ( l £  0 ) /dX -  A '  (X)F(Ze ) -  Ze P*(X) ♦ 1 -  dU/dz|  -  0 ( 8 8 )z _ c c 1 7 - n
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e r r o r s  a r e  s l i g h t l y  in c re a s e d  f o r  th e  boundary c o n d i t i o n  Rj -  0 , 

c o n se q u e n t ly  Equa t ion  (87) was used f o r  t h e  wake boundary c o n d i t i o n  

d u r i n g  t h e  f i n a l  d a t a  runs .

A d d i t i o n a l l y ,  many known s o l u t i o n s  o f  t h e  b o u n d a r y - l a y e r  

e q u a t io n s  were  employed to  a s c e r t a i n  t h e  a c c u r a c y  of  t h e  b o u n d a r y - l a y e r  

s u b r o u t i n e .  Rosenhead (1961) h a s  t a b u l a t e d  t h e  B l a s i u s  v e l o c i t y  p r o ­

f i l e  t o  s i x  s i g n i f i c a n t  f i g u r e s  and t h e  v e l o c i t y  p r o f i l e  f o r  th e  

b o u n d a ry - l a y e r  f low  a lo n g  a  c y l i n d e r  n e a r  t h e  fo reward  s t a g n a t i o n  

p o i n t  t o  seven  f i g u r e s .  These  s o l u t i o n s  a f f o r d e d  an e x c e l l e n t  oppor­

t u n i t y  t o  check th e  nu m er ica l  method. In  p a r t i c u l a r ,  i t  was found t h a t  

agreement t o  f i v e  s i g n i f i c a n t  f i g u r e s  cou ld  be o b ta in e d  w i th  a v e l o c i t y  

p r o f i l e  e r r o r  t o l e r a n c e  of 10“ ®. D im in ish in g  th e  e r r o r  t o l e r a n c e  t o  

10"^ d id  n o t  s i g n i f i c a n t l y  improve th e  r e s u l t s  f o r  t h e  same mesh. I t  

d i d ,  however,  i n c r e a s e  t h e  number of  i t e r a t i o n s  r e q u i r e d  f o r  con­

v e rgence  from 13 t o  21 .  A l l  su cc e ed in g  r e s u l t s  were o b ta in e d  w i th  a 

1 0 “® e r r o r  t o l e r a n c e  on the  v e l o c i t y  p r o f i l e  f o r  t h i s  r e a so n .

F u r t h e r ,  agreement  t o  t h e  number o f  s i g n i f i c a n t  f i g u r e s  

r e p o r t e d  w i th  t h e  d a t a  of Rosenhead (1961) f o r  s e v e r a l  F a lk n e r -S k an  

flows and c o n v e r g e n t  channel  f low was o b t a i n e d .  For  th e  a d v e r s e  

g r a d i e n t  Howarth f lo w ,  U -  (1 -  X * /L ) ,  t h e  p o i n t  of  v a n i s h i n g  s k i n

f r i c t i o n  was computed to  occu r  a t  X”/L ** 0 .1 2 ,  in  agreement  w i th  the  

d a t a  r e p o r t e d  by Rosenhead (1961) of Howarth (X*/L « 0 .1 2 )  and Leigh 

(X*/L -  0 .1 1 9 8 ) .  The mesh s i z e  was AZ -  . 0 2 5 ,  £X “  0 .005 and th e  

o u t e r  edge o f  t h e  boundary l a y e r  was a t  Ze -  A.

A t e s t  f low  o f  s p e c i a l  r e l e v a n c e  was th e  co m pu ta t ion  of 

G o l d s t e i n ’ s  wake f u n c t i o n ,  f 0 , from Equa t ion  (1 1 ) .  The p r e s e n t
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r e s u l t s  d i f f e r  f r a n  G o l d s t e i n ’ s (1930) by l e s s  t h a n  t h e  0 .5  p e r  c e n t  

a t  ^  ■ 0 and l e s s  than  0.05 p e r  c e n t  a t  ■ 1 .4 .  G o l d s t e i n ' s  r e s u l t s  

a r e  p ro b ab ly  th e  more a c c u r a t e  s i n c e  he employed a  s m a l l e r  s t e p - s i z e  

and h l g h e r - o r d e r  of a c c u ra cy  i n t e g r a t i o n  method.

Concluding t h i s  s e c t i o n  t r e a t i n g  t h e  n u m e r ic a l  p r o c e d u r e ,  we 

r e i t e r a t e  how t h e  l i m i t s  on t h e  e n t i r e  program a r i s e .  The o v e r a l l  

com pu ta t ions  a r e  l i m i t e d  by t h e  c e n t r a l  p r o c e s s o r  t im e  r e q u i r e d .

C e n t r a l  memory s t o r a g e  r e q u i re m e n ts  a r e  n o t  a  l i m i t i n g  f a c t o r .  The 

b u lk  of  the  computing t ime i s  r e q u i r e d  by t h e  i n n e r  loop  b ecause  i t  

c o n t a i n s  t h e  i t e r a t i v e  b o u n d a r y - l a y e r  s u b r o u t i n e .  The e r r o r  t o l e r a n c e  

of t h e  b o u n d a r y - l a y e r  s u b r o u t i n e  i s  1 0 “ ® t o  a c h ie v e  t h e  most a cc u ra cy  

w i th  th e  minimum number of i t e r a t i o n s .  T y p i c a l l y ,  ab o u t  10 i t e r a t i o n s  

p e r  v e l o c i t y  p r o f i l e  a r e  r e q u i r e d  by t h i s  s u b r o u t i n e .  The e r r o r  

t o l e r a n c e  of t h e  i n n e r  loop t h a t  i n c o r p o r a t e s  t h e  b o u n d a r y - l a y e r  

s u b r o u t i n e  i s  1 0 "^ and i t  r e q u i r e s  ab o u t  f i v e  i t e r a t i o n s  t o  converge  

u s i n g  dUg/dP* » 0 . 2 .  The i n n e r  loop  i s  r e q u i r e d  to  converge  a t  each 

s t r e am w ise  s t a t i o n  and e i t h e r  240 o r  480 s t a t i o n s  have  been employed 

i n  t h e  main loop .  The e r r o r  t o l e r a n c e  o f  t h e  o u t e r  loop  i s  10"^ and i t  

r e q u i r e s  abou t  2 0  s t ream w ise  t r a v e r s e s  t o  converge  when s t a r t e d  w i th  

t h e  i n i t i a l  A ' (X) g iv e n  by Equa t ion  (76) and K«0 . 8  i n  E qua t ion  (7 7 ) .

The r e l a t i o n s h i p  between th e  e r r o r  t o l e r a n c e s :  10“® on t h e
c /

b o u n d a r y - l a y e r  s u b r o u t i n e ,  1 0 ” 3 on t h e  i n n e r  loop and 1 0  on t h e  

o u t e r  l o o p ,  must  be a p p ro x im a te ly  s a t i s f i e d  f o r  convergence  of  t h e  

o u t e r  loop t o  th e  s p e c i f i e d  t o l e r a n c e .  I f  t h e  i n n e r  l o o p - e r r o r  

t o l e r a n c e  i s  r e l a x e d ,  th e  e r r o r  in t h e  com pu ta t ions  w i l l  app roach  a  

s m a l l  v a l u e  which i s  g r e a t e r  than  t h e  o u t e r  loop e r r o r  t o l e r a n c e .



CHAPTER IV

THE RESULTS

The f i n a l  com pu ta t ions  have  been performed w i th  t h e  n u m e r ic a l

e n d p o in t s  a t  X » ± 6  o r  ±  12 and t h e  o u t e r  edge o f  t h e  lower deck

lo c a t e d  a t  Ze -  9. The s t e p  s i z e s  H -  0 ,05 o r  0 ,1  w i th  AX “ 0.05 o r

0.025 were employed in  th e  v a r i o u s  com bina t ions  p e r m i t t e d  by t h e

c o m p u ta t io n a l  t ime  r e q u i r e d .  C e r t a i n l y  s e v e r a l  a d d i t i o n a l  com bina t ions

a r e  d e s i r a b l e ;  however,  the  c e n t r a l  p r o c e s s o r  t ime  r e q u i r e d  and c o s t

make t h e s e  runs  i m p r a c t i c a l  a t  p r e s e n t .  For example,  d i m i n i s h i n g  H to

0.025 and AX t o  0.0125 s im u l t a n e o u s ly  would r e q u i r e  over  o n e - h a l f  hou r

of  CDC 6600 c e n t r a l  p r o c e s s o r  t ime f o r  each c y c l e  th rough  th e  main

lo o p s .  The en su in g  t a b u l a r  r e s u l t s  have been o b ta in ed  by pe r fo rm ing  
2

h - e x t r a p o l a t i o n  (Beckenbach (1961))  on th e  r e l e v a n t  d a t a .

The s k i n  f r i c t i o n  which i n c r e a s e s  smooth ly  from t h e  B l a s i u s  

v a lu e  ups t ream t o  t h e  v a lu e  Aj a t  t h e  t r a i l i n g  edge of t h e  t r i p l e - d e c k  

r e g io n  i s  shown in  F ig u r e  4 .  The p l o t t e d  v a lu e s  of d U /d Z ^ .Q  a r e  t h e  

r a t i o  of t h e  a c t u a l  s k i n  f r i c t i o n  t o  th e  B la s iu s  sk in  f r i c t i o n  from 

Equa t ion  (46) and t h e  c o o r d i n a t e  t r a n s f o r m a t i o n s  of Equa t ions  (40) and 

( 2 ) .  Thus dU/dZ z _o “ * d e n o te s  t h e  B l a s i u s  v a l u e  of t h e  s k i n  

f r i c t i o n .

The n u m e r ic a l  sk in  f r i c t i o n  j o i n s  smoothly  t o  th e  a s y m p to t i c  

b e h a v io r  p r e d i c t e d  by Equa t ion  (56) when t h e  v e l o c i t y  p r o f i l e  r e s u l t i n g
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from t h e  n u m e r ic a l  i n t e g r a t i o n  of  Equat ion  (54) i s  employed t o  i n i t i a t e  

t h e  b o u n d a r y - l a y e r  com puta t ions  in  t h e  lower deck a t  X ■ - 6 . A con­

f i r m a t i o n  t h a t  t h e  com puta t ions  have been, i n i t i a t e d  an a d eq u a te  d i s t ­

ance  ups t ream  from th e  t r a i l i n g  edge i s  p rov ided  by t h e  s k i n  f r i c t i o n  

r e s u l t s  from th e  com pu ta t ions  i n i t i a t e d  a t  X ■ -12 ,  The r e s u l t s  from 

t h e  lo n g e r  i n t e r v a l  a r e  in  agreement  w i th  t h e  p l o t t e d  r e s u l t s  t o  f o u r  

d e c im a l  p l a c e s .

The r a t i o  of  t h e  a c t u a l  s k in  f r i c t i o n  a t  t h e  t r i p l e - d e c k  

t r a i l i n g  edge X * 0 t o  th e  B l a s i u s  v a lu e  i s  from Equa t ion  (6 6 ) .  

P e r fo rm ing  h ^ - e x t r a p o l a t i o n  on t h e  d a t a  y i e l d s  th e  r e s u l t  ■ 1 ,343.

I t  may be no ted  t h a t  th e  s k i n  f r i c t i o n  approaches  i t s  t r a i l i n g - e d g e  

v a l u e  smooth ly  from t h e  l e f t

au/az rj m 1.343 + 0 .550  X, X < 0.

For com par ison ,  F ig u r e  10 of  S c h n e id e r  and Denny (1971) shows two 

c o n s t a n t  v a l u e s  f o r  th e  s k i n  f r i c t i o n  in  t h e  immediate t r a i l i n g - e d g e  

r e g i o n ,  one l a b e l e d  second o r d e r  boundary l a y e r ,  t h e  o t h e r  i s o b a r i c  

p l a t e .  The r a t i o  o f  t h e i r  s e c o n d - o r d e r  b o u n d a r y - l a y e r  s k i n  f r i c t i o n  t o  

t h e  i s o b a r i c  p l a t e - s k i n  f r i c t i o n  i s  ap p ro x im a te ly  2 . 7 5 / 2 . 1 0  «■ 1.31 f o r  

t h e i r  s i n g l e  Reynolds number of  10^. At t h e  lower Reynolds numbers of 

4 0 ,  100, and 200,  Dennis  (1973) has  found t h a t  •* 1.33 by f i t t i n g  

t h e  s k i n - f r i c t i o n  d a t a  from h i s  nu m er ica l  s o l u t i o n s  t o  t h e  N a v ie r -  

S to k e s  e q u a t i o n s  w i th  t h e  s c a l i n g  of th e  t r i p l e  deck .

The m u l t i p l i c a t i v e  c o n s t a n t  in  t h e  second term of t h e  d rag  

e q u a t i o n  i s  t h e  r e s u l t  of t h e  I n t e g r a t i o n  o f  t h e  i n c re a s e d  s k i n  

f r i c t i o n  in  t h e  t r a i l i n g  edge r e g io n  shown in F ig u r e  4.  The d r a g  on
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one s i d e  of th e  f i n i t e  f l a t  p l a t e  i s  g iv e n  by Equa t ion  (47) a s

Cd -  1 .328 R’ 1 / 2  ♦ 2 .6 9 4  R“ 7 / 8  ♦ . . . (89)

w i th  t h e  c o n s t a n t  i n  t h e  second term e v a l u a t e d  from th e  n u m e r ic a l  

i n t e g r a t i o n  o f  th e  s k i n  f r i c t i o n  a lo n g  th e  p l a t e  and t h e  c o n t r i b u t i o n  

from th e  i n t e g r a l  o f  th e  a s y m p to t i c  e x p a n s io n ,  Equa t ion  (5 6 ) ,  v a l i d  

from t h e  num er ica l  e n d p o in t  t o  minus i n f i n i t y .  M e s s i t e r  (1970) o b ta in e d  

t h e  approx im a te  v a l u e s  of 1.58 from h i s  assumed A(X) and 1.21 from h i s  

computed A(X) f o r  t h i s  c o n s t a n t .  His v a l u e s  a r e  lower than  th e  p r e s e n t  

r e s u l t  because  o f  t h e  s m a l l e r  f a v o r a b l e  p r e s s u r e  g r a d i e n t  a c t i n g  over  

most of the  p l a t e  in  h i s  co m p u ta t io n s .

The d r a g  c o e f f i c i e n t s  p r e d i c t e d  u s in g  Equa t ion  (89) a r e  com­

pa red  w i th  t h e  d a t a  o f  Dennis  (1 9 7 3 ) ,  Dennis and Chang (1969) and 

Dennis  and Dunwoody (1966) in  T ab le  1. The p r e s e n t  r e s u l t s  a r e  abou t  

e i g h t  p e r  c e n t  h ig h  a t  R -  1 ( 6  -  1 ) ,  two p e r  c e n t  h igh  a t  R -  15 

(€ ■ 0 .7 1 3 ) ,  3 .6  p e r  c e n t  low a t  R -  1 ,000  (€ ■ 0 .422)  and n e a r l y  

e x a c t  a t  R ■ 10 ,000 (€ •  0 .316)  a s  compared w i th  t h e  nu m er ica l  s o l u ­

t i o n s  of  the  N a v ie r -S to k e s  e q u a t i o n s .  The a c c u r a c y  of t h e  two-te rm 

fo rm ula  f o r  t h e  d rag  was unexpected  a t  th e  lower Reynolds numbers,  

s i n c e  t h e  n e g l e c t e d  t h i r d  te rm i s  0(R- *) and t h e  term r e t a i n e d  i s  

OCR"7/ 8) .  I t  was n o t  e n t i r e l y  w i th o u t  p r e c e d e n t ,  however.  Lagers t rom 

and Cole  (1955) found t h a t  a t  R ■ 2 t h e  s k i n  f r i c t i o n  p r e d i c t e d  by 

b o u n d a r y - l a y e r  th e o ry  p lu s  th e  f i r s t  c o r r e c t i o n  agreed  t o  w i t h i n  one 

p e r  c e n t  w i th  t h e  e x a c t  s o l u t i o n  f o r  th e  example of a c y l i n d e r  

expanding  a t  a  p a r a b o l i c  r a t e .  However, t h e  n e g l e c t e d  t h i r d  term in  

t h e i r  expans ion  d i f f e r s  from the  second term by t h e  i n v e r s e  s q u a r e
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r o o t  of t h e  Reynolds number. Th is  example prompted t h e i r  comment, 

a l s o  r e p o r t e d  by Van Dyke (1964) ,  t h a t  . . t h e  f i r s t  c o r r e c t i o n  t o  

b o u n d a r y - l a y e r  th e o ry  would p r e d i c t  t h e  s k i n - f r l c t i o n  ( i n  s e p a r a t i o n -  

l e s s  f low) down t o  much lower Reynolds numbers th a n  g e n e r a l l y  imagined, 

s ay  Re •  10 o r  even 5 . "  The d a t a  i n  T ab le  1 and th e  fo l lo w in g  d a t a  

a r e  even more s u r p r i s i n g ,  s i n c e  t h e  exponen ts  in  t h e i r  expans ion  a r e  

much f u r t h e r  s e p a r a t e d  than  th e  exponen ts  o f  t h e  p r e s e n t  ex pans ion .

TABLE 1

DRAG COMPARISON WITH NUMERICAL DATA 
FLAT PLATE DRAG

R C<j (Equat ion  (89))
1

c d
2

c d c d 3

1 4.022 3 .7 9 3 .64 3 .708
2 2 .408 2 . 2 0
4 1.465 1.36

1 0 0.779 0.773 0.748 0.7535
15 0.595 0.581
2 0 0.493 0 .504 0.483 0.4862
40 0.317 0.323 0.316 0.3144

1 0 0 0.181 0.187 0.188 0.1826
2 0 0 0 . 1 2 0 0 .123 0 . 1 2 2 0
500 0.0711 0.0731

1 0 0 0 0.0484 0. 0502
2 0 0 0 0.0332 0.0341
5000 0.02 03 0.0206

1 0 0 0 0 0.0141 0.0141

^Dennis and Chang (1969) 
^Dennis  and Dunwoody (1966) 
^Dennis (1973)

Jan o u r  (1951) ,  under  t h e  gu idance  of  L. P r a n d t l ,  conducted 

expe r im en t s  in  th e  o i l  tu n n e l  f o r  v i s c o u s  flow a t  th e  Wilhelm 

I n s t i t u t e  a t  G o t t in g e n  in 1935 t o  d e t e r m in e  t h e  lower  l i m i t  of v a l i d i t y
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o f  t h e  B la s iu s  d r a g  fo rm u la .  The lower l i m i t  was found t o  be 

a p p ro x im a te ly  R -  2 x l0 4  by e x t r a p o l a t i o n  of  th e  e x p e r im e n ta l  d a t a  

t a k e n  a t  47 Reynolds numbers from 12 t o  2335. T ab le  2 p r e s e n t s  th e  

e x p e r im e n t a l  d a t a  t a b u l a t e d  by J a n o u r  (1951) and t h e  d r a g  c o e f f i c i e n t  

p r e d i c t e d  u s in g  Equa t ion  (8 9 ) .  The mean v a l u e  of  t h e  e r r o r  i s  1.51 

p e r  c e n t ,  th e  r o o t  mean s q u a r e  e r r o r  i s  3 .48  p e r  c e n t  and t h e  maximum 

e r r o r  i s  7 .52 p e r  c e n t .  For  co m p ar i so n ,  t h e  mean v a l u e  of t h e  e x p e r i ­

m e n ta l  e r r o r  i s  g iv e n  by J a n o u r  a s  ± 3 p e r  c e n t .  At R -  2x10^,  th e  

second term of  Equa t ion  (89) c o n t r i b u t e s  an a d d i t i o n a l  4 . 9  p e r  c e n t  

t o  t h e  B l a s i u s  d r a g ,  w e l l  w i t h i n  th e  l i m i t s  of J a n o u r ' s  e x t r a p o l a t i o n .  

For R -  5x10^,  a commonly a cc e p ted  upper  l i m i t  f o r  lam in a r  f lo w s ,  t h e  

second term c o n t r i b u t e s  an a d d i t i o n a l  1.5 p e r  c e n t  t o  th e  B l a s i u s  

d r a g .

The t a b u l a t e d  r e s u l t s  a r e  a l s o  shown on F ig u re  5 where th e  

e x p e r im e n t a l  s c a t t e r  i s  e v i d e n t .  The B l a s i u s  d rag  e q u a t i o n ,  t h e  f i r s t  

te rm of E qua t ion  ( 8 9 ) ,  c o n s i d e r a b l y  u n d e r p r e d i c t s  the  d r a g  f o r  th e  

low er  ran g e  of Reynolds numbers ,  whereas  i n c l u d i n g  t h e  second term 

c o r r e c t s  th e  d r a g  p r e d i c t i o n  t o  w i t h i n  0 .5  p e r  c e n t  of  t h e  e x p e r im e n ta l  

e r r o r .

The ve ry  c l o s e  agreement  between t h e  p r e s e n t  r e s u l t s  and t h e  

p re v io u s  d a t a  may be somewhat d i s c o n c e r t i n g  when t h e  n e x t  h i g h e r -  

o r d e r  term of  Equat ion  (89) i s  c o n s i d e r e d .  Imai (1957) has  shown t h a t  

t h i s  t e rm ,  due  t o  t h e  o v e r a l l  d i s p l a c e m e n t  e f f e c t  of th e  boundary l a y e r  

on t h e  s e m i - i n f i n i t e  p l a t e  i s  o f  0(R"*) and a  term of  t h i s  o r d e r  a l s o  

a r i s e s  from th e  t r a i l i n g - e d g e  r e g i o n  from Equat ion  (4 7 ) .  U n f o r t u n a t e l y ,  

t h e  num er ica l  and e x p e r im e n t a l  d a t a  r e p o r t e d  in T ab les  1 and 2 s c a t t e r
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TABLE 2

DRAG COMPARISON WITH EXPERIMENTAL DATA

R
c d

(E xper im en ta l )
c d

(Equat ion  (89)) % Erroi
11.93 0 . 6 6 8 0.6923 3 .6 4
15.83 0.534 0.5741 7.52
15.83 0.564 0.5741 1 .80
2 0 . 0 0 0 . 5 0 0 0.4928 - 1 .4 3
23 .88 0.440 0.4394 -  . 1 2
28.02 0.369 0.3967 7.51
31.67 0.348 0.3669 5 .46
2 9 .7 0.375 0.3822 1.94
34 .9 0 .364 0.3451 - 5 . 1 8
36.62 0.321 0.3348 4 .31
40 .08 0.300 0.3163 5.46
43.33 0.323 0.3013 -6 .7 1
47.6 0.291 0.2842 -2 .3 3
50.7 0.268 0.2733 1.98
53.4 0.268 0.2646 - 1 . 2 4
60.3 0.243 0.2455 1.07
75.6 0 .218 0.2139 -1 .8 7
92 .9 0.191 0,1888 - 1 . 1 1

102.5 0.177 0 .1780 .6 0
115.5 0 .168 0.1658 -1 .3 1
138.4 0.153 0.1489 - 2 . 6 6
165.6 0.134 0.1340 . 0 1
227 .3 0 . 1 1 1 0.1114 .4 0
247.2 0 .108 0.1061 - 1 . 7 0
219 .1 0.1073 0.1138 6 .0 9
234 .5 0.1068 0.1094 2 .4 8
318 .1 0.0912 0.0918 .73
340. 0.0872 0.0884 1.42
403. 0.0806 0.0803 -  .37
432. 0.0764 0.0772 1.05
483. 0.0702 0.0725 3 .28
516. 0.0678 0.0698 3 .04
640. 0 .0620 0.0619 -  . 1 1
993. 0.046 0 0.0485 5 .59

1050. 0. 0458 0.0471 2 .85
1134. 0.0438 0.0451 3 .1 0
724. 0.0547 0.0578 5.72
785. 0. 0528 0.0552 4 .72
808. 0.052 0 0.0544 4 ,65

1143. 0.045 0 0.0449 -  .08
1336. 0.0417 0.0412 -  .9 8
1542. 0.0391 0.0382 - 2 .3 2
1680. 0.0345 0.0364 5.67
1921. 0.0326 0.0339 4 .01
2133. 0.0313 0.0320 2 .3 9
2262. 0.0305 0.0310 1 .80
2335. 0.0304 0.0305 .41
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ab o u t  th e  p r e s e n t  r e s u l t s  and t r e n d s  w i th  R- * can n o t  be d i s c e r n e d .

A p l a u s i b l e  e x p l a n a t i o n  a p p ea rs  t o  be t h a t  t h e  term of  0(R"*) and 

o t h e r  h i g h e r  f r a c t i o n a l - o r d e r  te rms r e s u l t i n g  from the  t r a i l i n g - e d g e  

r e g i o n  tend  t o  c a n c e l  t h e  0(R"*) te rm of Iraai (1957) .

The In c r e a s e  in  s k i n  f r i c t i o n  i s  caused by t h e  f a v o r a b l e  

p r e s s u r e  g r a d i e n t  induced on th e  p l a t e  by th e  wake. The p r e s s u r e  

d i s t r i b u t i o n  on th e  p l a t e  and downstream in  t h e  wake i s  shown on 

F ig u r e s  6  and 7. The p r e s s u r e  P(X) of F ig u r e  6  i s  r e l a t e d  t o  t h e  

p h y s i c a l  p r e s s u r e  p* by

P(X) -  A1 / 2  € 2  (p* -  p J / p U 2  (90)

and t h e  s t ream w ise  c o o r d i n a t e  X i s  r e l a t e d  t o  th e  p h y s i c a l  c o o r d i n a t e  

x*  by

X -  A5 / 4  € 3  x * /L  (91)

a s  in  Chap ter  I I .  M e s s i t e r  (1970) a l s o  employed th e  above s c a l i n g  and 

h i s  app rox im a te  r e s u l t s  a r e  shown on F ig u r e  6  f o r  compar ison .  Up­

s t r e a m  n e a r  X -  -3 Mess i t e r ' s  r e s u l t s  a r e  in  agreement w i th  th e  

p r e s e n t  r e s u l t s .  In t h e  range  -3  <  X < .75  M e s s i t e r ' s  p r e s s u r e  

g r a d i e n t  i s  a p p a r e n t l y  l e s s  f a v o r a b l e  than  th e  p r e s e n t  r e s u l t s ,  thus  

a c c o u n t in g  f o r  th e  s m a l l e r  m u l t i p l i c a t i v e  c o n s t a n t  he o b ta in e d  f o r  

t h e  second term of t h e  d ra g  e q u a t i o n .  The minimum v a lu e  o f  th e  

p r e s s u r e  i s  reached  a t  X -  0 in bo th  a n a l y s e s  and M e s s i t e r  (1970) 

found PQ rj - 0 .3 6  w h i l e  h e re  PQ -  - 0 .3 8 8 .  Downstream in  t h e  wake 

M e s s i t e r ' s  p r e s s u r e  a p p a r e n t l y  r e a ch e s  a maximum of  P(X) ss 0.06 a t
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X a* 2 . 7 5 .  The p r e s s u r e  computed h e r e  r e a c h e s  a  maximum of  P(X) -  

0 .049 a t  X * 3 .05  and d im in i s h e s  t o  t h e  a s y m p to t i c  b e h a v io r  p r e ­

d i c t e d  by Equa t ion  (64) w i th  b j  -  - 0 .2 7 5 .  The c o n s t a n t  b^ a l s o  occurs  

i n  th e  ex p an s io n s  of  t h e  p r e s s u r e  ups t ream and t h e  c e n t e r l i n e  v e l o c i t y  

and d i s p l a c e m e n t  f u n c t i o n  downstream as  i n d i c a t e d  in  Equa t ions  ( 6 5 ) ,  

( 6 3 ) ,  and ( 6 2 ) ,  r e s p e c t i v e l y .  The c o n s t a n t  b j  was de te rm ined  by 

f i t t i n g  th e  n u m e r i c a l  d a t a  from t h e s e  t h r e e  independen t  s o u r c e s  t o  

s e r v e  a s  a  check on t h e  a c c u ra cy  of t h e  r e s u l t s .  The d i s c u s s i o n  of  

w i l l  be d e f e r r e d  u n t i l  t h e  r e l e v a n t  r e s u l t s  a r e  p r e s e n t e d .

S c h n e id e r  and Denny (1 9 7 1 ) ,  who d id  n o t  employ th e  Reynolds 

number s c a l i n g  of  S te w a r t so n  (1969) and M e s s i t e r  (1970) ,  o b ta in e d  

r e s u l t s  f o r  t h e  s p e c i f i c  Reynolds number R = 10^. T h e i r  p r e s s u r e  

r e s u l t s  a r e  shown in  F igu re  7.  Along th e  p l a t e  and in  t h e  immediate 

wake t h e i r  p r e s s u r e  g r a d i e n t  and t h e  p r e s e n t  r e s u l t s  a p p e a r  in  a g r e e ­

ment a l t h o u g h  t h e i r  p r e s s u r e  l e v e l  i s  lower .  The s i m i l a r  p r e s s u r e  

g r a d i e n t s  on t h e  p l a t e  produce  s i m i l a r  i n c r e a s e s  in t h e  s k i n  f r i c t i o n  

a s  ev idenced  by t h e  c l o s e  agreement  o f  K  ̂ and t h e i r  s e c o n d - o r d e r  

b o u n d a r y - l a y e r  r e s u l t s .  In  t h e  wake t h e  p r e s s u r e  r e s u l t s  of S c h n e id e r  

and Denny (1971) re a ch  a r e l a t i v e l y  h ig h  peak b e f o r e  r a p i d l y  d i m i n i s h ­

ing t o  t h e  f r e e s t r e a m  v a lu e  w h i l e  t h e  p r e s e n t  r e s u l t s  smooth ly  approach 

t h e  a s y m p to t i c  f r e e s t r e a m  v a l u e .

The p r e s s u r e  d i s t r i b u t i o n  i s  g e n e r a te d  by t h e  d i s p la c e m e n t  

f u n c t i o n  o f  t h e  lower  d eck ,  shown with  M e s s i t e r ’ s approx im a te  s o l u ­

t i o n s  on F i g u r e  8 . M e s s i t e r  (1970) assumed th e  form f o r  A' (X) g iven  

by E qua t ion  (76) w i th  Cg -  0 ,  performed th e  H i l b e r t  i n t e g r a l  a n a l y t i ­

c a l l y ,  t h e n  employed an i n t e g r a l  s u b l a y e r  method t o  a r r i v e  a t  a
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computed A(X) which was compared w i th  t h e  assumed A(X) t o  a s c e r t a i n  

t h e  a d ju s t m e n t s  r e q u i r e d  in  th e  Cj.  The method i s  s i m i l a r  t o  th e  p ro ­

c ed u r e  employed h e r e  t o  improve t h e  i n p u t  d a t a .  M e s s i t e r  was a b l e  t o  

o b t a i n  a computed A(X) t h a t  i s  in  q u a l i t a t i v e  agreement  w i th  th e  

assumed A(X).  Both f u n c t i o n s  a r e  d i s p l a y e d  on F ig u r e  8  a lo n g  w ith  

t h e  p r e s e n t  r e s u l t s  which l i e  between M e s s i t e r ' s  r e s u l t s  on t h e  p l a t e  

and a p p ro x im a te ly  fo l lo w  h i s  assumed A(X) i n  t h e  wake. A s y m p to t i c a l l y  

t h e  p r e s e n t  r e s u l t s  s a t i s f y  t h e  e xpans ion  of  Equa t ion  (62) f o r  X —* 

i f  b L -  - 0 . 2 7 5 .

From Equa t ions  (18) and ( 2 4 ) ,  A(X) m u l t i p l i e s  t h e  f i r s t - o r d e r  

p e r t u r b a t i o n  t o  t h e  s t ream w ise  v e l o c i t y  in t h e  main deck

u -  UQ(y) + 6  \ " 3 / 4  A( A" 5 / 4  X) dUQ/dy  + . . . . (92)

C o n s id e r in g  Equat ion  (92) a s  a T a y lo r  s e r i e s  in  U0 , i t  i s  e v id e n t  t h a t  

A(X) r e p r e s e n t s  a  s h i f t  i n  y or d i s p l a c e m e n t  o f  t h e  s t r e a m l i n e s  

t h ro u g h o u t  t h e  main d eck .

In  th e  uppe r  d e ck ,  t h e  p r e s s u r e  i s  r e l a t e d  t o  t h e  s l o p e  o f  t h e  

d i s p l a c e m e n t  f u n c t i o n  A ' ( X ) , shown on F ig u re  9 by l i n e a r  a i r f o i l  

t h e o r y ,  i . e . ,  t h e  H i l b e r t  i n t e g r a l ,  Equat ion  ( 4 3 ) .  P h y s i c a l l y ,  A'(X) 

i s  th e  n e g a t i v e  of t h e  v e l o c i t y  normal t o  t h e  p l a t e  a t  t h e  lower  edge 

of  th e  u p p e r  deck and i s  of 0(6^) from E q ua t ions  (27) and (2 8 ) .  As 

shown on F ig u r e  9 ,  t h e  v e r t i c a l  v e l o c i t y  i s  n o t  d i s c o n t i n u o u s  a t  t h e  

t r a i l i n g  edge a s  in  t h e  j o i n i n g  of  t h e  B l a s i u s  (1908) and G o l d s t e i n  

(1930) s o l u t i o n s .  The t r i p l e - d e c k  a n a l y s i s  has  smoothed ou t  the  

d i s c o n t i n u i t y  in t h e  normal v e l o c i t y ,  which was i t s  pu rpose .  The maxi­

mum normal v e l o c i t y  occurs  immedia te ly  a f t  of t h e  t r a i l i n g  edge and 

s t r o n g  g r a d i e n t s  e x i s t  in  t h i s  r e g i o n .
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The assumed A*(X) of M e s s i t e r  (1970) and t h e  r e v i s e d  A '(X)  f o r  

t h e  p r e s e n t  i n p u t  d a t a  do n o t  ap p rox im a te  t h e  s o l u t i o n  w e l l  n e a r  th e  

maximum. The r e v i s e d  A* (X) i s  c l o s e r  t o  t h e  s o l u t i o n  up s t ream  o f  t h e  

t r a i l i n g  edge ,  t h u s  a c c o u n t in g  f o r  t h e  i n c re a s e d  c o m p u ta t io n a l  t ime 

r e q u i r e d  t o  a c h i e v e  convergence  when M e s s i t e r ' s  form of  A'(X) was 

employed as  i n i t i a l  d a t a .  The Improvement in  A*(X) i s  p r i m a r i l y  due 

t o  t h e  change in  t h e  c o n s t a n t  o f  E qua t ion  (76) which was d im in ish ed  

from M e s s i t e r ' s  v a l u e  of  3 . 0  t o  1 .5 .

At t h i s  p o i n t  i t  i s  r e l e v a n t  t o  r e c o n s i d e r  t h e  s k e w - r e c i p r o c a l

H i l b e r t  i n t e g r a l  s u b r o u t i n e s  and perform an e r r o r  check .  The su b ­

r o u t i n e  t h a t  computes A'(X) from P(X) i s  r e q u i r e d  by t h e  nu m er ica l  

p ro c e d u re  t o  p roduce  t h e  r e s u l t s  j u s t  d i s c u s s e d .  The s u b r o u t i n e  t h a t  

computes P(X) from A'(X) i s  n o t  r e q u i r e d  in  t h e  main loops and t h e r e ­

f o r e  may be employed a s  a  check on th e  s k e w - r e c i p r o c a l  n a t u r e  of t h e  

p r e c e d in g  p r e s s u r e  and d i s p l a c e m e n t  t h i c k n e s s  r e s u l t s .  The A '(X)  of  

F ig u r e  9 was i n p u t  t o  t h i s  s u b r o u t i n e  and t h e  r e s u l t i n g  P(X) was com­

pa red  w i th  t h e  P(X) of F ig u r e  6 . The e r r o r ,  based on t h e  p r e s s u r e  

a t  t h e  t r a i l i n g  e d g e ,  i s  ab o u t  one per  c e n t  ove r  most o f  t h e  n u m er ica l  

ra n g e  a s  shown on F ig u r e  10. For t h e  s h o r t  range c a l c u l a t i o n s  

- 6  < X <  6 ,  t h e  e r r o r  r e a ch e s  a  maximum of 4 . 5  p e r  c e n t  a t  t h e  down­

s t re am  extreme of  th e  r a n g e ,  X «* 6 . Thus ,  th e  p re c ed in g  P(X) and

A'(X) a r e  p r o p e r l y  s k e w - r e c i p r o c a l  w i t h i n  t h e  e r r o r  shown on F i g u r e  10. 

The ex tended  c u r v e s  of F ig u r e  10 p e r t a i n  t o  t h e  com pu ta t ions  o r i g i n a t ­

ing a t  X -  -1 2 .  The e r r o r  i s  d im in i s h e d  t o  ab o u t  0 .5  pe r  c e n t  u s in g  

t h e  ex tended  i n t e r v a l  and a g a i n  re a ch e s  a maximum of f i v e  p e r  c e n t  a t  

t h e  downstream e x t r e m e ,  X •- *12. The d e c r e a s i n g  e r r o r  w i th  i n c r e a s i n g
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I n t e r v a l  l e n g th  i s  In ag reement  w i t h  t h e  H i l b e r t  t r a n s f o r m a t i o n  e r r o r  

a n a l y s i s ,  Appendix A. The s k i n  f r i c t i o n  d a t a  r e s u l t i n g  from t h e  two 

com pu ta t ions  a g r e e s  t o  abou t  1 0 "^  i n d i c a t i n g  t h a t  e r r o r s  of  t h e  magni­

tu d e  shown on F ig u r e  10 In t h e  p r e s s u r e  and d i s p l a c e m e n t  t h i c k n e s s  

have  l i t t l e  e f f e c t  on t h e  s o l u t i o n .

Another  q u a n t i t y  o f  I n t e r e s t ,  which i s  a l s o  r e q u i r e d  f o r  th e  

com pu ta t ion  o f  t h e  c o n s t a n t  bj  ̂ i s  t h e  wake c e n t e r l i n e  v e l o c i t y  shown 

on F ig u r e  11. P h y s i c a l  c o o r d i n a t e s  a t  R °  10^ have been employed t o  

p e r m i t  compar ison  w i th  t h e  d a t a  o f  S c h n e id e r  and Denny (1971) .  The 

p r e s e n t  r e s u l t s  a g r e e  w i th  t h e  r e s u l t s  o f  S c h n e id e r  and Denny over  t h e  

downstream range  0.001 < x * /L  < 0 .0 5 .  F a r  downstream t h e  p r e s e n t  

r e s u l t s  c o r r a c t l y  approach  th e  one- te rm  G o l d s t e i n  (1930) r e s u l t s .  The 

r e s u l t s  of  S c h n e id e r  and Denny (1971) a p p a r e n t l y  l i e  between t h e  one- 

te rm G o l d s t e i n  and t h e  f u l l  G o l d s t e i n  r e s u l t s  a t  x * /L  -  1 c o r r e s p o n d ­

ing  t o  t h e i r  s e c o n d - o r d e r  b o u n d a r y - l a y e r  c a l c u l a t i o n s  which employ t h e  

t r u e  edge v e l o c i t y  a s  t h e  boundary  c o n d i t i o n ,  r a t h e r  t h a n  m a tch ing  t o  

t h e  main deck a s  i n  S te w a r t so n * s  t h e o r y .

The d e s i r a b i l i t y  of  u s i n g  a  s m a l l e r  s t re am w ise  s t e p  s i z e  i s  

e v i d e n t  when t h e  sm al l  x* /L  range  i s  v iewed .  C om puta t iona l  t ime 

l i m i t a t i o n s  on th e  p r e s e n t  n u m e r ic a l  p ro c e d u re  p r o h i b i t  t h e  use  of a 

AX sm al l  enough to  d e te r m in e  p r e c i s e l y  how t h e  p r e s e n t  r e s u l t s  approach  

t h e  N a v ie r - S to k e s  r e g i o n  computed by S c h n e id e r  and Denny. Both s e t s  

o f  d a t a  approach  t h e  sm al l  x * /L  b e h a v io r  o f  th e  c e n t e r l i n e  v e l o c i t y  

p r e d i c t e d  by Equa t ion  (73) bu t  t h e  r e s u l t s  of S c h n e id e r  and Denny 

d e v i a t e  f o r  x * /L  < 3 x  10"^.
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Expanding t h e  p re v io u s  s t ream w ise  s c a l e s  and r e t u r n i n g  t o  t h e  

t r i p l e - d e c k  c o o r d i n a t e s  t o  p e rm i t  v i s u a l i z a t i o n  of  t h e  r e g io n  n e a r  

X -  0 ( F ig u r e s  12 and 13) we s e e  t h a t  t h e  p r e s e n t  r e s u l t s  approach  t h e  

b e h a v i o r  p r e d i c t e d  by Equat ion  (73) a s  t h e  s t e p  s i z e  i s  h a l v e d .  The 

s e n s i t i v i t y  o f  t h e  r e s u l t s  t o  t h e  s t e p  s i z e  on t h i s  s c a l e  i s  n o t  

s u r p r i s i n g  s i n c e  P l o t k i n  and F lugge-Lo tz  (1968) encoun te red  t h e  same 

phenomena i n  t h e i r  com puta t ions  t o  o b t a i n  an  improved f i r s t  a p p r o x i ­

m a t io n  t o  t h e  s o l u t i o n  in  t h e  t r a i l i n g  edge r e g i o n  a t  h ig h  Reynolds 

numbers.  I t  should  a l s o  be no ted  t h a t  t h e  s e c o n d - o r d e r  terms of  th e  

ex p an s io n s  E q ua t ions  (73) and (75) a r e  ve ry  n e a r l y  eq u a l  t o  t h e  f i r s t -  

o r d e r  te rm s  and could  e a s i l y  a c c o u n t  f o r  t h e  sm al l  d i s ag r ee m e n t  

e v i d e n t  in  F ig u r e s  12 and 13.

The p r e s s u r e  r e s u l t s ,  F ig u r e  13,  e x h i b i t  t h e  same t r e n d s  as 

t h e  c e n t e r l i n e  v e l o c i t y  as  X 0.  Upstream t h e  p r e s s u r e  r e s u l t s  a r e  

l e s s  s e n s i t i v e  t o  s t e p  s i z e  th a n  downstream because  t h e  boundary  l a y e r  

ha s  n o t  been d i r e c t l y  n o t i f i e d  t h a t  t h e  s k i n  f r i c t i o n  has  v a n i sh e d .  

A l t e r n a t i v e l y ,  t h e  p r e s s u r e  i s  more s i n g u l a r  a s  X 0 from th e  wake 

s i d e  t h a n  a s  X —* 0 from th e  p l a t e  s i d e  o f  t h e  t r a i l i n g  edge.  The 

p r e s s u r e  a t  t h e  t r a i l i n g  edge PQ has  been e v a lu a t e d  from t h e  l i m i t  a s

X —> 0 from th e  l e f t  f o r  t h i s  r e a so n .

We have now d i s c u s s e d  th e  num er ica l  d a t a  f o r  t h e  t h r e e  fu n c ­

t i o n s  A(X),  P(X) and U(X,0) ,  t o g e t h e r  w i th  th e  p r e d i c t e d  a sy m p to t i c

b e h a v i o r  n e a r  X « 0.  The a sy m p to t i c  expans ions  f o r  l a r g e  X of t h e s e  

t h r e e  f u n c t i o n s  each c o n t a i n  t h e  a r b i t r a r y  c o n s t a n t  b^ which must be 

d e te r m in e d  from t h e  num er ica l  p ro c e d u re .  The s a t i s f a c t i o n  of t h e  

a s y m p t o t i c  boundary  c o n d i t i o n s  i s  o f  m ajo r  impor tance  in  a s s e s s i n g  t h e
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a c c u ra c y  of t h e  nu m er ica l  p ro c e d u re .  The p r e s e n t  r e s u l t s  a l l  approach  

t h e  p r e d i c t e d  a s y m p to t i c  b e h a v io r  f o r  | x  —> 00 ; however,  th e  second-  

o r d e r  terms s e r v e  a s  a more s t r i n g e n t  t e s t  of t h e  a c c u r a c y  of  t h e  

n u m e r ic a l  p r o c e d u re .  Here t h e  a s y m p t o t i c  e x p an s io n s  were n u m e r i c a l l y  

f i t t e d  t o  th e  p re v io u s  n u m er ica l  d a t a  t o  s i m u l t a n e o u s l y  d e t e r m in e  t h e  

s e c o n d - o r d e r  c o n s t a n t  b j  and p ro v id e  a  measure  of t h e  n u m e r ic a l  

m a tch ing  of t h e  d a t a  and t h e  e x p an s io n s .

With t h e  obvious  change  in  n o t a t i o n ,  each  o f  th e  e xpans ions  

Eq u a t io n s  ( 6 2 ) ,  ( 6 3 ) ,  ( 6 4 ) ,  and (65) were r e a r r a n g e d  t o  d e t e r m in e  t h e  

c o n s t a n t  b j  a p p e a r in g  i n  t h e  s e c o n d - o r d e r  t e rm ,  i . e . ,

bp -  [ 3 1 / 2  | X | 2 / 3  (P+ -  P“ ) / (0 .8 9 2 )  -  l ]  | X| /2 (93)

bA -  [A(X) * 0.07QX"1 -  0.892X1/3  ]  X2 / 3 /0 .8 9 2  (94)

bjj -  [U(X,0) -  0 . 052X"1 -  1.611X1/3  ]  X2 / 3 / l . 6 1 1  . (95)

The d i f f e r e n c e  o f  Equa t ions  (64)  and (65) was formed t o  e l i m i n a t e  t h e

h i g h e r - o r d e r  c o n s t a n t  d j  from t h e  p r e s s u r e  e x p a n s io n s .  By s u b s t i t u ­

t i o n  o f  th e  v a l u e s  o f  P(X) ,  A(X) and U(X,0) o b t a in e d  from t h e  nu m er ica l  

p ro c e d u re  t h e  v a lu e s  of b j  r e q u i r e d  t o  f i t  each  f u n c t i o n  t o  second-  

o r d e r  t o  t h e  p r e d i c t e d  a sy m p to t i c  b e h a v io r  a r e  found. I d e a l l y ,  the  

t h r e e  b j  c u rv e s  should  approach  and remain  a t  one c o n s t a n t  v a l u e  a s  

X —> °°. The f a c t  t h a t  th e  b j  c u rv e s  o f  F ig u r e s  14, 15 and 16 do  n o t  

i s ,  a d m i t t e d l y ,  a  shor tcoming  of  t h e  n u m e r ic a l  p r o c e d u re .  The c u rves  

shown p e r t a i n  t o  t h e  p re c ed in g  d a t a .  The n u m e r ic a l  s t u d y  which led t o  

t h e  s e l e c t i o n  of t h e  p reced in g  v a l u e s  f o r  t h e  p a ra m e te r s  of  t h e
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I n t e r v a l  i s  c o n ta i n e d  In Appendix B. F ig u re  14 p e r t a i n s  t o  t h e  d a t a  

o b t a in e d  w i th  0 < Z < 9,  H -  0 .1  and - 6  < X < 6 , AX ■ 0 .05 .  F ig u r e  15 

p e r t a i n s  t o  t h e  same i n t e r v a l  w i th  H m 0 .05  and AX ■ 0.025 w h i l e  

F ig u r e  16 p e r t a i n s  t o  t h e  ex tended i n t e r v a l  -12 <  X <  12 w i th  AX “

0 .05  and H -  0 . 1 ,  a s  employed f o r  F ig u r e  14.

A nomina l  a sy m p to t ic  v a lu e  of  -0 .2 7 5  has  been s e l e c t e d  f o r

from t h e  t h r e e  s e t s  of d a t a .  To s e t  t h e  frame of  r e f e r e n c e ,  t h e  ±10 

p e r  c e n t  e r r o r  bounds on b j  amount t o  a one p e r  c e n t  e r r o r  in  P(X) and 

a 0 .5  p e r  c e n t  e r r o r  in A(X) and U(X,0) a t  X ■ 6  from Equa t ions  ( 6 2 ) ,  

( 6 3 ) ,  ( 6 4 ) ,  and (6 5 ) .  In f a c t ,  an  e r r o r  o f  100 p e r  c e n t  in  b j  only  

amounts t o  a n in e  p e r  c e n t  e r r o r  in  P(X) a t  X «* 6 .

I t  shou ld  be noted t h a t  the  r e s p e c t i v e  b^ ,  by and bp c u rv e s

a r e  in ag reement  between t h r e e  d i f f e r e n t  s e t s  of d a t a  w i t h i n  t h e  range  

X <  2.  This i s  d e f i n i t e  i n d i c a t i o n  t h a t  th e  sm al l  changes  in  t h e  

l a r g e  X b e h a v io r  of A(X), P(X) and U(X,0) encoun te red  h e r e  do n o t  

a p p r e c i a b l y  e f f e c t  t h e  s o l u t i o n  n e a r e r  th e  t r a i l i n g  edge.

The b ^  and by cu rves  a r e  w i t h i n  t h e  10 p e r  c e n t  e r r o r  band of

t h e  nominal bj, a s  X becomes l a r g e  in  a l l  t h r e e  c a s e s  i n d i c a t i n g  t h a t

A(X) and U(X,0) a g r e e  w i th  t h e  p r e d i c t e d  a sy m p to t i c  b e h a v io r  to  

w i t h i n  0 .5  p e r  c e n t .

The pressure results are indeed t h e  least accurate. The bp 

cu rv e  may even a p p e a r  d i v e r g e n t  a s  X —> 6  on t h i s  s c a l e .  The cu rve  

i s  n o t  d i v e r g e n t  s i n c e  th e  bp of F ig u re  16 i s  smooth in  t h e  range  

46 < X < 10, th e  s t e e p  i n c r e a s e  in  bp o c c u r r in g  a t  X ■ 12. Th is  s t e e p  

i n c r e a s e  in  bp ,  which approaches  n i n e  p e r  c e n t  e r r o r  in  P (X) , i s

a t t r i b u t e d  t o  s e v e r a l  num er ica l  problems .  The com puta t ion  of b p
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becomes l e s s  a c c u r a t e  a s  )x| —> °° because  P(X) Is  a p p roach ing  z e r o  

a t  both  ends of  th e  range  and th e  d i f f e r e n c e  must be employed t o  

compute bp from Equa t ion  (9 3 ) .  The b^  and by com puta t ions  do  n o t  

e n c o u n te r  t h e  sm al l  d i f f e r e n c e s  i n c u r r e d  in  t h e  com puta t ion  of  bp.

For  example,  a t  X ■ 6 , A(X) s* 1 . 6 ,  U(X,0) »  3 w h i le  P(X) 0 .0 5 .  The 

second nu m er ica l  problem i s  t h e  H i l b e r t  i n t e g r a l  which i s  dependen t  

on t h e  f u n c t i o n s  A’ (X) and P(X) over  t h e  e n t i r e  i n t e r v a l .  As | x |  —>  00 

bo th  A'(X) and P(X) —> 0 and th e  i n t e g r a l  i s  th e  sum of hundreds  of  

l a r g e r  v a lu e s  which must  c a n c e l .  Th is  i s  th e  c l a s s i c a l  nem es is  of 

n u m e r ic a l  a n a l y s t s .  The s l o p e  and magnitude  o f  the  e r r o r  is  in  a g r e e ­

ment w i th  t h e  r e s u l t s  of i n v e r t i n g  th e  s o l u t i o n  u s in g  t h e  H i l b e r t  

t r a n s f o r m a t i o n ,  F ig u re  10. The e r r o r  does  n o t  s l g n i f i c a n t i y  a f f e c t  

t h e  r e s u l t s  because  t h e  e r r o r  i s  a sm a l l  p e r c e n ta g e  of a v e ry  s n a i l  

f u n c t i o n  v a lu e  removed a s u f f i c i e n t  d i s t a n c e  from t h e  t r a i l i n g  edge 

r e g i o n .

The c o n s t a n t  b j  c o r r e sp o n d s  t o  an  o r i g i n  s h i f t  i n  X which i s  

e v i d e n t  from t h e  b inom ia l  expans ion

X1 / 3  (X + AX) 1 / 3  -  X1 / 3  (1 + AX/3X 4 . . . )

-  X1 / 3  + X“ 2 / 3  AX/3 * . . .

s o  AX -  3 b j .  The o r i g i n  s h i f t  i s  e v i d e n t  when t h e  p r e s e n t  v e l o c i t y  

p r o f i l e s  a r e  compared w i th  t h e  f i r s t - o r d e r  G o l d s t e i n  wake v e l o c i t y  

p r o f i l e s  g iven  by Equat ion  (45) f o r  l a r g e  X a s  shown on F ig u r e  17.

The p r e s e n t  v e l o c i t y  p r o f i l e s  a r e  u n i fo rm ly  t r a n s l a t e d  ups t ream s i n c e
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b^ i s  n e g a t i v e .  As X i n c r e a s e s  th e  m agni tude  of  t h e  s h i f t  p r o p e r l y  

d i m i n i s h e s .  The o r i g i n  s h i f t  i s  a l s o  e v i d e n t  when t h e  p r e s s u r e  and 

d i s p l a c e m e n t  f u n c t i o n  a r e  compared w i th  t h e  one- te rm a sy m p to t i c  ex ­

p a n s io n s  a s  shown on F ig u r e s  6  and 8 .

The c o n d i t i o n  t h a t  t h e  v e l o c i t y  p r o f i l e  of  t h e  lower  deck must 

u l t i m a t e l y  merge w i th  th e  G o l d s t e i n  wake v e l o c i t y  p r o f i l e  i s  a t t a i n e d  

by t h e  n u m e r ic a l  p r o c e d u re .  T h i s  c o n d i t i o n  canno t  be en fo rced  because  

o f  t h e  p a r a b o l i c  n a t u r e  c .  t h e  b o u n d a r y - l a y e r  e q u a t i o n s  and s e r v e s  as  

a n o t h e r  check on t h e  r e s u l t s .  From Equa t ion  (62) b^ i s  t h e  s h i f t  in 

A(X) o r  t h e  v e l o c i t y  a t  t h e  o u t e r  edge of  t h e  p r o f i l e  and from 

E q u a t io n  (63) b^ l a  t h e  s h i f t  in  U(X ,0) ,  t h e  v e l o c i t y  a t  t h e  lower edge 

o r  wake c e n t e r l i n e .

The p e r t u r b a t i o n s  t o  t h e  l i n e a r  v e l o c i t y  p r o f i l e  of t h e  lower 

d e c k  caused  by th e  p re c e d in g  p r e s s u r e  g r a d i e n t s  a r e  shown on F ig u res  

18 ,  19 and 20. The v e l o c i t y  p e r t u r b a t i o n s  show t h a t  t h e  o u t e r  edge 

was t a k e n  s u f f i c i e n t l y  l a r g e  s i n c e  A(X) a t t a i n s  i t s  c o n s t a n t  v a l u e  

w e l l  i n s i d e  t h e  o u t e r  edge a t  a l l  s t ream w ise  l o c a t i o n s .  Upstream on 

t h e  p l a t e  t h e  p e r t u r b a t i o n s  a r e  sm al l  and p e rm i t  t h e  expanded v e l o c i t y  

s c a l e  of  F ig u r e  18 where a s l i g h t  d e p a r t u r e  of  th e  v e l o c i t y  p r o f i l e  

from t h e  v e r t i c a l  d i r e c t i o n  i s  e v i d e n t  a t  Z ■ 6 . The v e l o c i t y  v a r i a ­

t i o n  a t  Z •» 6  i s  g r e a t e r  th a n  10“^ ,  th e  e r r o r  t o l e r a n c e  on A(X), and 

n e c e s s i t a t e d  n o v in e  t h e  num er ica l  o u t e r  edge of t h e  lower declc from 

Z ■ 6  t o  Z ■ 9 t o  d e te r m in e  t h e  s e c o n d - o r d e r  c o n s t a n t ,  b j .

The s i g n i f i c a n c e  of  th e  p ro p e r  p lacement  of  t h e  o u t e r  edge of  

t h e  l a y e r  i s  t h a t  t h e  o u t e r  boundary c o n d i t i o n  i s  en fo rced  on t h e  

p r o f i l e  by t h e  nu m er ica l  method. The e f f e c t s  of e n f o r c i n g  th e
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boundary c o n d i t i o n  p r o p a g a te  f o r  some d i s t a n c e  down th e  p r o f i l e  and 

i n t o  th e  l a y e r .  The p r o p a g a t io n  of  t h e  boundary c o n d i t i o n  i n t o  the  

l a y e r  r e q u i r e s  t h a t  th e  num er ica l  o u t e r  edge of  t h e  l a y e r  be p laced  

away from t h e  r e g i o n  of i n t e r e s t .  I t  i s  shown in  Appendix B t h a t  t h e  

s k i n  f r i c t i o n  and Aji a r e  n o t  s i g n i f i c a n t l y  a f f e c t e d  by chang ing  th e  

d e p th  of  t h e  l a y e r  from Zg ■ 6  t o  Ze ■ 9 ,  I n s u r in g  t h a t  t h e  o u t e r  edge 

boundary c o n d i t i o n  ha s  n o t  been e n fo rc ed  p re m a tu r e ly .

F i g u r e s  18 and 19 d e m o n s t r a t e  t h a t  th e  v e l o c i t y  i n c r e a s e s  

smooth ly  t o  t h e  t r a i l i n g  edge u n d e r  t h e  i n f l u e n c e  of  t h e  f a v o r a b l e  

p r e s s u r e  g r a d i e n t  induced on t h e  p l a t e  by t h e  wake. Note t h a t  th e  

v e l o c i t y  p e r t u r b a t i o n ,  U - Z,  i s  p l o t t e d  on F ig u r e s  18, 19 and 20.

At th e  t r a i l i n g  edge,  X ■ 0,  t h e  v e l o c i t y  p r o f i l e  i s  smooth and 

d i f f e r e n t i a b l e  a s  assumed in  t h e  t r i p l e - d e c k  a n a l y s i s .  Downstream of  

t h e  t r a i l i n g  edge th e  e f f e c t s  o f  t h e  van ished  s k i n  f r i c t i o n  and r a p i d l y  

i n c r e a s i n g  c e n t e r l i n e  v e l o c i t y  p r o p a g a te  smooth ly  outward i n t o  t h e  wake 

v e l o c i t y  p r o f i l e s  a s  shown on F ig u r e  20 .  The s l o p e  of th e  p e r t u r b a ­

t i o n  v e l o c i t y  p r o f i l e s  a t  Z ■ 0 must be  -1  t o  s a t i s f y  t h e  boundary  

c o n d i t i o n  a lo n g  t h e  wake c e n t e r l i n e .  U l t i m a t e l y ,  t h e  v e l o c i t y  p r o ­

f i l e s  downst ream, F ig u re  21 ,  merge w i th  th e  G o l d s t e i n  wake v e l o c i t y  

p r o f i l e s  t o  s a t i s f y  t h e  c o n d i t i o n s  downst ream, a s  shown on F ig u r e  17.
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CHAPTER V

CONCLUSIONS

The p r e s e n t  n u m e r ic a l  a n a l y s i s  has  p rov ided  a d d i t i o n a l  v a l i d a ­

t i o n  f o r  th e  t r i p l e - d e c k  f low s t r u c t u r e  a t  t h e  t r a i l i n g  edge of  a  f l a t  

p l a t e  and d e te rm ined  t h e  c o n s t a n t s  r e q u i r e d  t o  com ple te  t h e  a sy m p to t i c  

e x p an s io n s  of  S t e w a r t s o n  (1969) .  The r e s u l t s  a r e  s e l f - c o n s i s t e n t  f o r  

t h e  v a r i o u s  g r i d  s i z e s  and num er ica l  r anges  employed f o r  t h e  computa­

t i o n .  The p r e s e n t  r e s u l t s  have been d em ons t ra t ed  c o n s i s t e n t  w i th  t h e  

p r e v io u s  n u m e r ic a l  a n a l y s e s  of o t h e r s  and w i th  th e  e x p e r im e n ta l  d a t a  

o f  J a n o u r  (1951) f o r  t h e  e n t i r e  lam ina r  range  of Reynolds numbers.

A summary of th e  p r e s e n t  n u m e r ic a l  r e s u l t s  i s  p r e s e n te d  in  

F ig u r e  22.  As q u a l i t a t i v e l y  p r e d i c t e d  by S te w a r t s o n  (1969) and 

M e s s i t e r  (1 9 7 0 ) ,  t h e  p r e s s u r e  g r a d i e n t  I s  f a v o r a b l e  t o  t h e  t r a i l i n g  

ed g e ,  s t e e p l y  a d v e r s e  immedia te ly  a f t  o f  t h e  t r a i l i n g  edge,  and a g a in  

f a v o r a b l e  downstream o f  th e  p r e s s u r e  o v e r s h o o t .  The sk in  f r i c t i o n

c o n t i n u o u s l y  i n c r e a s e s  from th e  B la s iu s  v a lu e  t o  i t s  v a lu e  a t

t h e  t r a i l i n g  edge.  The d i s p l a c e m e n t  f u n c t i o n  A(X) a l s o  c o n t i n u o u s l y  

i n c r e a s e s  from i t s  ups t ream v a lu e  on th e  p l a t e  th rough  th e  t r a i l i n g  

edge r e g i o n  and downstream t o  t h e  G o l d s t e i n  wake.

The n u m e r ic a l  r e s u l t s  a r e  a l s o  t a b u l a t e d  in  Tab le  3.  The

t h i r d  d e c im a l  p l a c e  Is  b e l i e v e d  t o  be a c c u r a t e .

80
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TABLE 3

THE NUMERICAL RESULTS

X P(X) A(X) a u / a z | Zt=o U(X,0)

- 5 . 0 - .1 1 3 .064 1.035
- 4 .5 - . 1 2 0 .069 1.039
- 4 . 0 - . 1 2 9 .076 1.044
- 3 . 5 - . 1 4 0 .084 1 .050
- 3 . 0 - .1 5 2 .094 1.058
-2 .5 - .1 6 7 .107 1.069
- 2 . 0 - . 1 8 6 .125 1.084
- 1 . 5 - . 2 1 1 .148 1.106
- 1 . 0 - .2 4 5 .181 1.139
- 0 .5 - .2 9 6 .233 1.198

0 . 0 - . 3 8 8 .335 1.343 0 .
0.5 - .0 8 2 .539 0 . 1.024
1 . 0 - . 0 0 4 .7 10 1.367
1.5 .028 .850 1.620
2 . 0 .042 .967 1.825
2 .5 .047 1.068 1.999
3 . 0 .049 1.156 2 .1 5 0
3 .5 .048 1.234 2 .285
4 . 0 .047 1.305 2 .407
4 .5 .044 1.369 2 .5 1 8
5 . 0 .041 1.429 2.622

The t h e o r e t i c a l  e x t e n s i o n s  of  t h e  t r i p l e - d e c k  a n a l y s i s  of 

C h ap te r  I I  which a r e  n e c e s s a r y  t o  in c lu d e  th e  e f f e c t s  of a compres­

s i b l e  sub so n ic  f r e e s t r e a m ,  a s u p e r s o n i c  f r e e s t r e a m ,  a body of n o n -z e ro  

t h i c k n e s s ,  and ang lo  of  a t t a c k  a r e  r e p o r t e d  in  S t e w a r t s o n  (1974) .  The 

p r e s e n t  num er ica l  r e s u l t s  may be g e n e r a l i z e d  t o  a c c o u n t  f o r  t h e  sub­

s o n i c  f r e e s t r e a m .  The n u m e r ic a l  s o l u t i o n  f o r  t h e  s u p e r s o n i c  f r e e s t r e a m  

c a s e  ha s  been performed by P.  G. D a n ie l s  and i s  r e p o r t e d  in  S te w a r t so n  

(1974) .
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The n u m e r ic a l  problem a s s o c i a t e d  with  a body of  n o n - z e r o  

t h i c k n e s s ,  d i s c u s s e d  by R i le y  and S tew ar t so n  (1969) ,  e n t a i l s  the  

a c c u r a t e  d e t e r m i n a t i o n  o f  t h e  s e p a r a t i o n  p o i n t  and has  n o t  been s o lv e d .

The e f f e c t s  of  n o n -z e ro  a n g l e  of  a t t a c k  o r  t h e  fundamenta l  

problem of  t h e  t r i p l e  deck f o r  a l i f t i n g  f l a t  p l a t e  has  been posed by 

Brown and S t e w a r t s o n  (1970) .  The n u m e r ic a l  problem I s  s i m i l a r  t o  th e  

p r e s e n t  problem bu t  co m p l ica ted  by t h e  asymmetry o f  t h e  f low.  The 

n u m e r ic a l  s o l u t i o n  has  no t  been o b ta in e d  s i n c e  t h e  a n g le  of a t t a c k  

g e n e r a t e s  d i f f e r e n t  p r e s s u r e s  and d i s p la c e m e n t  f u n c t i o n s  on t h e  top  

and bottom s u r f a c e s  of t h e  p l a t e  which p r e s e n t  a n o t h e r  fo r m id ab le  

problem. I t  should  be no ted  t h a t  th e  p r e s e n t  num er ica l  p ro ced u re  Is  

c o n s t r a i n e d  by t h e  t im e  r e q u i r e d  t o  perform t h e  co m p u ta t io n s .  This  

c o n s t r a i n t  Is  p r i m a r i l y  due t o  t h e  b o u n d a r y - l a y e r  subprogram.  I t  i s  

recommended t h a t  subsequen t  n u m e r ic a l  p ro ced u res  employ c o n s i d e r a b l y  

f a s t e r  b o u n d a r y - l a y e r  com puta t ion  methods t o  s o l v e  t h e  above problem.

The u n ique  n u m e r ic a l  method developed h e r e  i s  t h e  method of 

s o l v i n g  t h e  b o u n d a r y - l a y e r  e q u a t i o n s  i t e r a t i v e l y  f o r  t h e  p r e s s u r e  

g r a d i e n t .  T h i s  n u m e r ic a l  method i s  s t a b l e  and does  n o t  r e q u i r e  

smooth ing o f  t h e  d a t a  t o  a ch ie v e  convergence  between t h e  i n v i s c i d  f low 

and th e  boundary  l a y e r .



APPENDIX A

ERROR ANALYSES OF THE NUMERICAL PROCEDURE

Two e r r o r  a n a l y s e s  r e l e v a n t  t o  t h e  num er ica l  p ro c e d u re  a r e  

p re s e n te d  in t h i s  Appendix.  The f i r s t  checks  th e  i n i t i a l  v e l o c i t y  

p r o f i l e  of  F ig u r e  2.  The second was used t o  d e v e lo p  th e  H i l b e r t  

t r a n s f o r m a t i o n  s u b r o u t i n e s .

The Upstream V e l o c i t y  P r o f i l e  

The ups t ream  v e l o c i t y  p r o f i l e  may be o b ta in ed  by s e v e r a l  

methods.  O r i g i n a l l y ,  t h e  b o u n d a r y - l a y e r  e q u a t i o n s  were i n t e g r a t e d  

a lo n g  t h e  p l a t e  from an a r b i t r a r y  -X l o c a t i o n  where a l i n e a r  v e l o c i t y  

p r o f i l e  was assumed t o  e x i s t  w i th  t h e  p r e s s u r e  g r a d i e n t  g iv e n  by 

Equa t ion  (48) u n t i l  t h e  a sy m p to t i c  v a l u e  of t h e  d i s p l a c e m e n t  t h i c k n e s s  

g iv e n  by Equat ion  (56) was o b ta in e d .  Th is  method was l a t e r  found t o  

have  produced a v e l o c i t y  p r o f i l e ,  l a b e l e d  1 on F ig u r e  23 ,  w i th  a 2 .5  

p e r  c e n t  l a r g e r  s k i n  f r i c t i o n  th a n  p r e d i c t e d  by Equat ion  ( 5 6 ) .  The 

second method c o r r e c t s  t h i s  d i f f i c u l t y  by n u m e r i c a l l y  i n t e g r a t i n g  

Equa t ion  (54) u s in g  Hammings m odif ied  p r o d i c t o r - c o r r e c t o r  method 

(R a l s to n  and Wilf  ( I 9 6 0 ) )  and s u b s t i t u t i n g  t h e  r e s u l t s  i n t o  Equa t ion  

(52) t o  o b t a i n  t h e  c o r r e c t  a sy m p to t i c  v e l o c i t y  p r o f i l e  f o r  X l a r g e  

and n e g a t i v e .  The n u m e r ic a l  s o l u t i o n  of  Equat ion  (54) i s  p r e s e n t e d  in  

T a b le  4 .  The i n i t i a l  v e l o c i t y  p r o f i l e s  f o r  X ■ - 6  o b ta in e d  from t h e s e

84
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two methods a r e  shown on F ig u r e  23.  The t h i r d  p r o f i l e  s e r v e s  a s  a 

f i n a l  check. I t  i s  a  r e s u l t  from th e  f i n a l  program s t a r t e d  a t  X ■ -12 

w i th  an i n i t i a l  v e l o c i t y  p r o f i l e  from Equa t ion  (54) and converged t o  

t h e  s o l u t i o n .

TABLE 4

THE NUMERICAL SOLUTION OF
I D  2  w * »2 -  lo^ Fj - 36 ( ^ F [  -  -  -1 .8 3 3 0

- J _____ z
* 1

F . „  (U-Z)X T?’ '
F 1

3(2X) 1 / 3
1 1.7840

0 0 0 .6580
.05 .0008 .0306 .5673
. 1 0 .0030 . 0568 .4813
.15 .0064 .0789 .4031
. 2 0 .0108 .0973 .3341
.25 .0161 .1125 .2 749
.3 0 . 0 2 2 0 .1249 .2249
.35 .0285 .1351 .1834
.4 0 .0355 .1434 .1492
.45 .0428 .1501 .1213
.5 0 .0505 .1556 .0988
.55 .0584 .1601 .0805
.6 0 .0665 .1637 .0659
.65 .0747 .1667 .0540
.7 0 .0831 .1691 .0445
.75 .0916 .1712 .0368
.8 0 . 1 0 0 2 .1728 .0305
.85 .1089 .1742 .0255
.9 0 .1177 .1754 .0214
.95 .1265 .1764 .0180

1 . 0 0 .1353 .1772 .0152
1.05 . 1442 . 1779 .0129
1 . 1 0 . 1531 .1785 . 0 1 1 0
1.15 .1620 .1790 .0095
1 . 2 0 .1710 .1795 .0082
1.25 .1800 .1799 .0071
1 .3 0 .1890 .1802 .0061
1.35 .1980 . 1805 .0054
1 .4 0 .2070 .1807 .0047
1.45 .2161 .1809 .0041
1 .5 0 .2251 .1811 .0036
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The v e l o c i t y  p r o f i l e  r e s u l t i n g  from th e  i n t e g r a t i o n  o f  t h e  

b o u n d a r y - l a y e r  e q u a t i o n s  o r i g i n a t i n g  from a l i n e a r  v e l o c i t y  p r o f i l e ,  

c u r v e  1 o f  F ig u r e  2 3 ,  i s  s h a l l o w ,  i n d i c a t i n g  t h a t  t h e  l a y e r  was n o t  

g iv e n  s u f f i c i e n t  d i s t a n c e  t o  d e v e lo p  or  t h e  Z —> »  boundary c o n d i t i o n  

was e n fo rc ed  p re m a tu re ly  a t  Ze ■ 6.  The a sy m p to t i c  v e l o c i t y  p r o f i l e  

r e s u l t i n g  from t h e  i n t e g r a t i o n  of Equa t ion  ( 5 4 ) ,  c u rv e  2 of F ig u r e  2 3 ,  

i s  i n  agreement  w i th  t h e  s o l u t i o n  from t h e  com puta t ions  i n i t i a t e d  a t  

X -  - 1 2 ,  c u r v e  3 of  F ig u re  23 ,  t h e  s k i n  f r i c t i o n  d i f f e r i n g  by l e s s  

t h a n  0 .3  p e r  c e n t  and t h e  v e l o c i t i e s  a c r o s s  th e  l a y e r  d i f f e r i n g  by a 

l e s s e r  amount.  The d i f f e r e n c e s  have been g r e a t l y  m agn if ied  by t h e  

s u b t r a c t i o n  o f  th e  l i n e a r  p o r t i o n  o f  th e  v e l o c i t y  p r o f i l e  t o  p e rm i t  

v i s u a l i z a t i o n .  I t  should  a l s o  be noted t h a t  a s  Z - >  9 th e  p r o f i l e  

becomes v e r t i c a l  i n d i c a t i n g  t h a t  t h e  boundary c o n d i t i o n  g iv e n  by 

E q u a t io n  (84) i s  n o t  be ing  en fo rced  p re m a tu re ly .

A c l e a r  i n d i c a t i o n  t h a t  t h e  i n i t i a l  v e l o c i t y  p r o f i l e  has  been 

l o c a t e d  a s u f f i c i e n t  d i s t a n c e  ups tream i s  g iven  by t h e  s k i n  f r i c t i o n  

r e s u l t s  shown on F ig u r e  24.  When t h e  v e l o c i t y  p r o f i l e  l a b e l e d  1 of 

F i g u r e  23 i s  used t o  beg in  t h e  c o m p u ta t io n s ,  th e  s k i n  f r i c t i o n  c u rv e  

b e g i n s  a t  t h e  l a r g e r ,  I n c o r r e c t  v a l u e  b u t  r e c o v e r s  t o  j o i n  t h e  c o r r e c t  

s k i n  f r i c t i o n  c u r v e  f u r t h e r  downstream. The in c r e a s e d  s k i n  f r i c t i o n  

from X * -6  t o  X "  -3  due t o  th e  sh a l lo w  i n i t i a l  v e l o c i t y  p r o f i l e  

r e s u l t s  in  a t h r e e  p e r  c e n t  h i g h e r  m u l t i p l i c a t i v e  d r a g  c o n s t a n t ,  thus  

n e c e s s i t a t i n g  t h e  use  of t h e  c o r r e c t e d  v e l o c i t y  p r o f i l e  l a b e l e d  2.

A no the r  c o n f i r m a t io n  t h a t  th e  dep th  of th e  l a y e r  i s  s u f f i c i e n t  

t o  c o r r e c t l y  d e t e r m in e  th e  s k i n  f r i c t i o n  i s  p rov ided  by the  v a lu e  of 

A j .  P e r fo rm in g  h ^ - e x t r a p o l a t l o n  (Beckenbach (1961)) on t h e  d a t a
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r e s u l t i n g  from e i t h e r  of  t h e  i n i t i a l  v e l o c i t y  p r o f i l e s  y i e l d s  t h e  same 

r e s u l t ,  -  1 .343 .

The H i l b e r t  I n t e g r a l

The n u m e r ic a l  method used t o  compute th e  c e n t r a l  p o r t i o n  o f  t h e  

H i l b e r t  i n t e g r a l ,  s u b t r a c t i n g  t h e  s i n g u l a r i t y ,  has  been checked by 

com par ison  w i th  a second method and by comparison w i th  th e  s o l u t i o n s  

t o  Van Dyke 's  (1959) a i r f o i l  i n t e g r a l s .  The two H i l b e r t  t r a n s f o r m a t i o n  

s u b r o u t i n e s  were checked by employing t h e  s k e w - r e c i p r o c a l  p r o p e r t y  o f  

t h e  t r a n s f o r m a t i o n .

The second method f o r  th e  n u m e r ic a l  e v a l u a t i o n  of Cauchy i n t e ­

g r a l s  i s  r e p o r t e d  in  C o l l a t z  (1966) and a t t r i b u t e d  t o  Weber. The 

method c o n s i s t s  o f  s p l i t t i n g  t h e  range  of  i n t e g r a t i o n  ab o u t  th e  

s i n g u l a r i t y  and t r a n s l a t i n g  t h e  s i n g u l a r i t y  t o  t h e  o r i g i n  in each of 

t h e  r e s u l t i n g  i n t e g r a l s .  Thus ,  employing t h i s  method, t h e  c e n t e r  

i n t e g r a l  o f  Equa t ion  (79) i s

/ 6 F <x l )  dXl „  j-X P(X-s)  ds  _ j-6 X P(X4s) d s  ( 9 6 )
a X-Xi o s  o s

where s  « X-X^ in t h e  f i r s t  i n t e g r a l  and s -  Xj-X in  t h e  second 

I n t e g r a l  on th e  r i g h t  hand s i d e .  When th e  i n t e g r a n d s  a r e  combined, 

t h r e e  c a s e s  t h a t  depend upon th e  p o s i t i o n  of  t h e  s i n g u l a r i t y  w i t h i n  

t h e  o r i g i n a l  i n t e r v a l  r e s u l t  and

f  r«i)JXi _ _ jx-a p(x.s)-p(x-s) ds . j ;x‘“ p(x+is) ds
3 X - X j  O S Q—X  S

( 9 7 )
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Here j  -  +1 i f  | x - a |  < |e-X , j  ■ 0 i f  | x "a j "  | e _ X J  and J * -1 when 

J x - a J  > je-X . In  each of t h e  t h r e e  c a s e s  t h e  s i n g u l a r i t y  has  been 

t r a n s l a t e d  t o  the  o r i g i n .  The rem a in ing  p o r t i o n s  o f  t h e  i n t e g r a l s  

a r e  n o n s i n g u l a r  and may be i n t e g r a t e d  by t h e  t r a p e z o i d a l  r u l e .  The 

s i n g u l a r i t y  i s  t r e a t e d  by assuming a T a y lo r  s e r i e s  a s  i t  was f o r  t h e  

s u b t r a c t i o n  of  t h e  s i n g u l a r i t y  method.

An e r r o r  a n a l y s i s  was performed u t i l i z i n g  t h r e e  of  Van Dyke 's  

(1959) a i r f o i l  i n t e g r a l s .  The s o l u t i o n s  a r e  g iv e n  in  c lo se d  form and 

t h e  two methods were compared w i th  each o t h e r  and t h e  s o l u t i o n .  For  

t h e  t h r e e  c a s e s  c o n s id e re d  s m a l l e r  e r r o r s  were in c u r re d  u s in g  t h e  

s u b t r a c t i o n  of  t h e  s i n g u l a r i t y  te ch n iq u e  th a n  w i th  Weber ' s  method.

I t  was t h e r e f o r e  e l im in a t e d  from f u r t h e r  c o n s i d e r a t i o n .  F ig u r e  25 

p r e s e n t s  th e  e r r o r  in c u r r e d  d u r i n g  th e  com pu ta t ion  of t h e  Cauchy
3

i n t e g r a l  of  t h e  f u n c t i o n  Xj s i n c e  i t  was de te rm ined  t h a t  c u b ic s  f i t  

w ide  ranges  of  M e s s i t e r ' s  (1970) d a t a  ve ry  c l o s e l y .  The e r r o r  

a p p ro a ch e s  t h r e e  pe r  c e n t  a s  t h e  s i n g u l a r i t y  app roaches  th e  e n d p o in t  

f o r  AX "  0 . I .  For t h e  s m a l l e r  s t e p  s i z e s ,  AX -  0 .05  and 0 . 0 1 ,  t h e  

e r r o r  i s  l e s s  th a n  0 .7  p e r  c e n t  f o r  a l l  p o i n t s .  The e r r o r  f o r  

AX « 0.05 i s  sm a l l  and t h i s  s t e p  s i z e  was s e l e c t e d  t o  perform many 

o f  t h e  ensu ing  c o m p u ta t io n s .  The s m a l l e r  s t e p  s i 2.e was r e s e r v e d  f o r  

f i n a l  checks on the  e n t i r e  program.

The s k e w - r e c i p r o c a l  p r o p e r t y  of  t h e  H i l b e r t  t r a n s f o r m a t i o n  

p e r m i t s  th e  s im u l t a n eo u s  e r r o r  a n a l y s i s  of both  th e  P(X) and A'(X) 

s u b r o u t i n e s .  One s u b r o u t i n e  computes A'(X) from P(X) by a s se m b l in g  

t h e  a p p r o p r i a t e  e x p r e s s io n s  f o r  t h e  i n t e g r a l s  of th e  a sy m p to t ic  ex ­

p a n s i o n s  of P(X) and t h e  above num er ica l  methods.  P a r t i c u l a r  a t t e n t i o n
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i s  r e q u i r e d  t o  i n s u r e  t h a t  each method i s  employed on ly  w i t h i n  i t s  

ran g e  of v a l i d i t y ,  i . e . ,  X. “  a ,  X < 0 ,  X -  0 ,  X > 0 o r  X -  e .  The 

o t h e r  s u b r o u t i n e  computes th e  p r e s s u r e ,  P(X) ,  from Af (X) by th e  same 

p ro c e d u re  u t i l i z i n g  t h e  a p p r o p r i a t e  e x p r e s s i o n s  r e s u l t i n g  from t h e  

i n t e g r a l s  o f  th e  a sy m p to t ic  e xpans ions  o f  A*(X). Subsequent e r r o r  

a n a l y s i s  and programming checks  were f a c i l i t a t e d  by t h e  s k e w - r e c ip r o c a l  

n a t u r e  of  t h e  subprograms which were combined in  a  s h o r t  f l i p - f l o p  

program. The i n p u t  Is  an assumed A ' ( X ) ; t h e  ou tpu t  i s  th e  e r r o r  

accumula ted  in  computing t h e  p r e s s u r e  from A'(X) and th e n  computing 

A’ (X) p lu s  t h e  two-way e r r o r  from t h e  p r e s s u r e .  M e s s i t e r * s  (1970) form 

f o r  A ' ( X ) , Equa t ion  (76) with  Cg -  0,  was used to  check th e  sub­

r o u t i n e s  s i n c e  t h e  converged form was n o t  y e t  a v a i l a b l e .  The r e l e v a n t  

e r r o r  i s  t h e  e r r o r  in  computing A(X) s i n c e  i t  i s  A(X) t h a t  d r i v e s  t h e  

i n n e r  loop t o  produce  P*(X).  This  f e a t u r e  of  t h e  i n n e r  loop  e l i m i n ­

a t e s  t h e  r e q u i r e m e n t  f o r  f u r t h e r  n u m er ica l  d i f f e r e n t i a t i o n s  and 

s i m u l t a n e o u s l y  r e q u i r e s  a  n u m e r ic a l  i n t e g r a t i o n .

F ig u r e  26 p r e s e n t s  t h e  e r r o r  I n c u r r e d  in  pe r fo rm ing  t h e  t r a n s ­

f o r m a t i o n  and i n v e r s i o n  of A'(X) and t h e  subsequen t  t r a p e z o i d a l  r u l e  

i n t e g r a t i o n s  employed h e r e  and in  t h e  main program t o  o b t a i n  A(X).

The e r r o r  based on t h e  l o c a l  v a l u e  of  t h e  f u n c t i o n  re a c h e s  a maximum 

of ab o u t  seven  pe r  c e n t  when t h e  l i m i t s  of th e  num er ica l  i n t e g r a t i o n  

a r e  lo c a t e d  a t  X -  ±  3.  Ex tending  th e  l i m i t s  t o  ±  6  d im in ish ed  th e  

maximum e r r o r  t o  ab o u t  f i v e  p e r  c e n t  th u s  d e m o n s t r a t i n g  th e  n e c e s s i t y  

f o r  e x te n d in g  th e  l i m i t s  on t h e  main program t o  X ■ ± 6  o r  l a r g e r .

I t  i s  no ted  t h a t  t h e  e r r o r  does  n o t  d e c r e a s e  w i th  AX and remains  

r e l a t i v e l y  c o n s t a n t  w i th  AX d e c r e a s i n g .  Th is  must be a t t r i b u t e d  t o
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t h e  a d d i t i o n  of t h e  i n t e g r a l s  of t h e  a sy m p to t i c  forms s i n c e  F ig u r e  25 

d e m o n s t r a t e s  t h a t  th e  num er ica l  scheme employed in  t h e  c e n t r a l  s e c t i o n  

p roduces  e r r o r s  t h a t  d im in i s h  w i th  AX.

The e r r o r  cu rve s  of F ig u r e  26 r e p r e s e n t  an  ex treme u p p e r  bound 

f o r  t h e  main program because  t h e  o u t e r  loop only r e q u i r e s  t h e  s i n g l e  

t r a n s f o r m a t i o n  of P(X) i n t o  A* (X) and t h e  r e s u l t s  a r e  smoother  f u n c ­

t i o n s  of  X th a n  were th o s e  employed h e r e .  E r r o r  checks  o f  t h i s  ty p e  

were a l s o  performed u s i n g  t h e  r e s u l t s  and a r e  r e p o r t e d  in  t h e  d i s c u s ­

s i o n  of  th e  r e s u l t s ,  Chapter  IV.



APPENDIX B

THE ASYMPTOTIC BEHAVIOR OF THE NUMERICAL RESULTS

The purpose  of  t h i s  Appendix i s  t o  p r e s e n t  t h e  num er ica l  s tu d y  

which led t o  t h e  s e l e c t i o n  o f  t h e  boundary  c o n d i t i o n s  and p a ram e te r s  

o f  t h e  n u m e r ic a l  i n t e r v a l  employed d u r i n g  th e  com puta t ion  of  th e  f i n a l  

d a t a .  The com pu ta t ions  r e p o r t e d  in  t h i s  Appendix were performed on 

t h e  i n t e r v a l  - 6  < X < 6  w i th  * 0 .05 and H ** 0 .1 .  The l o c a t i o n  of

t h e  o u t e r  edge was a v a r i a b l e .  In o r d e r  t o  d e c r e a s e  t h e  c o m p u ta t io n a l  

t im e  r e q u i r e d  and th e  c o s t ,  a l l  en su in g  com puta t ions  were i n i t i a t e d  

w i th  t h e  s o l u t i o n ,  i . e . ,  t h e  A'(X) and P ' (X)  from a p re v io u s  computa­

t i o n .  The e f f e c t s  on t h e  s o l u t i o n  wrought  by t h e  v a r i o u s  changes  in 

t h e  nu m er ica l  p ro ced u re  were measured by th e  r e l a t i v e  agreement  of  th e  

b j  c u r v e s .  The c o n s t a n t  b j  measures  how p r e c i s e l y  t h e  n u m e r ic a l  s o l u ­

t i o n  app roaches  t h e  a s y m p to t i c  p r e d i c t i o n s  f o r  t h e  p r e s s u r e ,  d i s p l a c e ­

ment t h i c k n e s s  and c e n t e r l i n e  v e l o c i t y .  The c o e f f i c i e n t  b^ of t h e  

s e c o n d - o r d e r  term of a sy m p to t i c  ex p an s io n s  Equa t ions  ( 6 2 ) ,  ( 6 3 ) ,  ( 6 4 ) ,  

and (65) i s  computed u s in g  E q u a t io n s  ( 9 3 ) ,  (94) and (9 5 ) .  Seven 

d i f f e r e n t  c a se s  a r e  r e p o r t e d ,  F ig u re s  27 through 33, f o r  comparison 

w i th  th e  f i n a l  r e s u l t s  on F ig u r e  14.

The b^ ,  bp,  and by v a lu e s  f o r  t h e  f i r s t  c a s e  a r e  p r e s e n te d  on 

F ig u r e  27.  The sha l low  i n i t i a l  p r o f i l e  of F ig u r e  23 i n i t i a t e d  t h e  

com pu ta t ions  and th e  o u t e r  edge of  t h e  l a y e r  was lo c a t e d  a t  Z0  -  6 .
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The by v a lu e s  r e s u l t i n g  from th e  a sy m p to t i c  expans ion  of  U(Xt O) ap p ea r  

t o  be a p p ro a ch in g  t h e  nominal v a l u e .  The bp v a lu e s  r e s u l t i n g  from 

th e  a sy m p t o t i c  expans ion  o f  P(X) approach  th e  nominal v a lu e  then  

r a p i d l y  i n c r e a s e  due t o  nu m er ica l  e r r o r .  The bA v a lu e s  r e s u l t i n g  from 

t h e  a s y m p to t i c  expans ion  o f  A(X) reach  a maximum v a l u e  abou t  10 pe r  

c e n t  above t h e  nominal v a l u e  of b j .

The f i r s t  change in  t h e  main program subsequen t  t o  a c h i e v i n g  

t h e  c o n v e rg en t  num er ica l  p ro ced u re  was g e n e r a t e d  by t h e  s k i n  f r i c t i o n  

o f  F ig u r e  24 which i s  n o t i c e a b l y  l a r g e r  th a n  t h e  p r e d i c t e d  a sy m p to t i c  

v a l u e  when t h e  s h a l lo w  i n i t i a l  v e l o c i t y  p r o f i l e  i s  employed t o  s t a r t  

t h e  c o m p u ta t io n s .  Improved com pu ta t ions  of  Case 2 were i n i t i a t e d  

u s in g  th e  v e l o c i t y  p r o f i l e  shown in  F ig u re  23 w i th  Ze ■■ 6 . The 

c e n t e r l i n e  v e l o c i t y  and p r e s s u r e  r e s u l t s  were s l i g h t l y  improved and 

t h e  d i s p l a c e m e n t  t h i c k n e s s  r e s u l t s ,  bA, were s i g n i f i c a n t l y  improved, 

a s  shown on F ig u r e  28.  The e f f e c t  of t h e  i n c o r r e c t  o u t e r  p o r t i o n  of  

t h e  i n i t i a l  p r o f i l e  had p ropaga ted  th ro u g h o u t  the  e n t i r e  s trearawise  

c o u r s e  of t h e  lower  deck  w h i l e  t h e  lower p o r t i o n s  of  t h e  v e l o c i t y  p r o ­

f i l e s  were a f f e c t e d  a much s h o r t e r  d i s t a n c e .

To i n s u r e  t h a t  t h e  o u t e r  edge-boundary  c o n d i t i o n  was n o t  be ing  

e n fo rc ed  p r e m a tu r e ly ,  t h e  o u t e r  edge of the  l a y e r  was removed t o  

Ze => 8 , The r e s u l t s  of Case 3 i n d i c a t e  t h a t  ZG ■» 6  i s  to o  s h a l lo w ,  

f o r  both  t h e  p r e s s u r e  and d i s p l a c e m e n t  t h i c k n e s s  r e s u l t s  came i n t o  

c l o s e r  agreement w i th  th e  c e n t e r l i n e  v e l o c i t y  r e s u l t s  which remained 

r e l a t i v e l y  unchanged, a s  shown on F ig u re  29.

However, t h e  r a p id  i n c r e a s e  in  t h e  p r e s s u r e  r e s u l t s  toward 

t h e  downstream end of  t h e  nu m er ica l  i n t e r v a l  remained .  The p r e s s u r e
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s h i f t  a t  t h e  ups t ream end of  t h e  i n t e r v a l  t o  o b t a i n  t h e  c o r r e c t  v a lu e  

o f  A '(X) could  have  been the  c a u s e .  The s h i f t  o f  t h e  e n t i r e  p r e s s u r e  

cu rv e  by a c o n s t a n t  &P produces  a l o g a r i t h m i c  term in  A'(X) th rough  

t h e  Cauchy i n t e g r a l ,  Equa t ion  (7 8 ) .  Thus, i f

* • » - - *  /

t h e n

AA' (X) -  - log XlA 
n  X-e

o v e r  th e  f i n i t e  num er ica l  range  of i n t e g r a t i o n .  The nu m er ica l  p r o c e ­

d u r e  s h i f t s  t h e  e n t i r e  P(X) cu rv e  r e s u l t i n g  from the  in n e r  loop u n t i l  

A*(X) a g r e e s  w i th  th e  p r e d i c t e d  a sy m p to t i c  b e h a v io r  Equat ion  (56) .

Th is  s h i f t  could  induce th e  r a p id  i n c r e a s e  in  t h e  bp c u rves  of the  

p re v io u s  F ig u r e s  2 7 ,  2 8 ,  and 29 th rough  t h e  above lo g a r i t h m i c  te rm.

The r e s u l t s  o f  Case U d e m o n s t r a t e  t h a t  t h e  above h y p o t h e s i s  

I s  f a l s e .  The p r e s s u r e  s h i f t  was d e l e t e d  and a  v a lu e  of b j  was com­

puted  by a v e r a g in g  th e  v a lu e s  of bA and by from t h e  p re v io u s  c y c l e  of  

t h e  i t e r a t i o n  p ro c e d u re .  The p r e s s u r e  expans ion  f o r  X - *  -  00 

Equa t ion  (65) w i th  th e  c y c l i c a l l y  updated  v a l u e  of b i  was used t o  

o b t a i n  the  i n i t i a l  v a lu e  of th e  p r e s s u r e ,  P ( a ) .  The num er ica l  p ro ­

c ed u r e  converged more s low ly  t o  t h e  same r e s u l t s  a s  Case 3 as  a  com­

p a r i s o n  of F ig u r e s  29 and 30 w i l l  show. The e f f e c t  of  s h i f t i n g  t h e  

p r e s s u r e  cu rv e  t o  o b t a i n  t h e  a sy m p to t i c  v a l u e  of A'(X) i s  t o  damp 

th e  o s c i l l a t i o n s  which occur  d u r in g  t h e  c y c l e s  of  th e  i t e r a t i o n  p ro ­

ced u re  and thus  i n c r e a s e  th e  r a t e  of convergence .
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The com pu ta t ions  t o  t h i s  p o i n t  have  n o t  Inc luded t h e  second-  

o r d e r  te rms of  th e  a sy m p to t i c  e xpans ions  of P(X) and A(X), which 

depend upon b j ,  In t h e  I n t e g r a l s  of  th e  a sy m p t o t i c  c o n t r i b u t i o n s  t o  

t h e  H i l b e r t  t r a n s f o r m a t i o n ,  Equat ion  (7 9 ) .  Case 4 d e m o n s t ra t ed  t h a t  

t h e  I t e r a t i o n  p ro c e d u re  w i l l  converge  w i th o u t  t h e  p r e s s u r e  s h i f t  and 

employed a method t o  up d a te  t h e  v a l u e  o f  b j  d u r i n g  each  i t e r a t i o n  c y c l e .  

Case 5 i l l u s t r a t e s  t h e  e f f e c t s  of In c lu d in g  a l l  t h e  s e c o n d - o r d e r  te rms 

In  t h e  a sy m p to t i c  c o n t r i b u t i o n s  t o  t h e  H i l b e r t  t r a n s f o r m a t i o n  u t i l i z i n g  

t h e  b j  o b ta in e d  by t h e  method of  Case 4.  The o u t e r  edge of  t h e  l a y e r  

was removed t o  Ze -  9 and A(X) was computed a t  Z -  8  t o  f u r t h e r  i n s u r e  

t h a t  th e  e f f e c t s  of  t h e  o u t e r  edge boundary c o n d i t i o n  were minimal .

The I n c l u s i o n  o f  th e  s e c o n d - o r d e r  terms in t h e  H i l b e r t  t r a n s f o r m a t i o n  

e f f e c t i v e l y  r e v e r s e d  th e  p re v io u s  r e s u l t s  ab o u t  the  nominal v a lu e  as

shown on F ig u r e  31. The p r e s s u r e  r e s u l t s  of Case 5 r a p i d l y  d e c r e a s e

from th e  nominal v a l u e  of b j .

Case 6 , F ig u r e  32,  i s  t h e  u s e f u l  r e s u l t  of a programming e r r o r .  

The s i g n  of b^ was i n a d v e r t e n t l y  r e v e r s e d  b e f o r e  be in g  in p u t  t o  th e  

H i l b e r t  t r a n s f o r m a t i o n  s u b r o u t i n e .  Thus ,  t h e  s e c o n d - o r d e r  te rms  of 

t h e  a sy m p t o t i c  c o n t r i b u t i o n s  a r e  s u b t r a c t e d  from th e  r e s u l t i n g  i n t e ­

g r a l .  The r e s u l t s  a g a in  i n d i c a t e  a r a p i d  i n c r e a s e  in bp and a  g r e a t e r  

v a r i a t i o n  from th e  nominal v a lu e  of b j  th a n  t h e  p re v io u s  s i m i l a r  

r e s u l t s .

Taken t o g e t h e r ,  Cases 5 and 6  d e m o n s t r a t e  t h a t  t h e  n u m e r ic a l  

e r r o r  in  t h e  H i l b e r t  t r a n s f o r m a t i o n  i s  in  t h e  same s e n s e  a s  t h e  second-

o r d e r  terms and t h a t  t h e  i n c l u s i o n  of t h e s e  te rms  i s  n o t  an  a d j u v a n t

p ro c e d u re .
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The f i n a l  c a s e  was computed t o  a s c e r t a i n  th e  e f f e c t s  of r e ­

moving t h e  h i g h e r - o r d e r  w a k e - c e n t e r l i n e  boundary c o n d i t i o n ,  Equat ion  

( 8 7 ) ,  and employing in  i t s  s t e a d  ■ 0. The p re v io u s  s tu d y  by t h e  

m om entum -in tegra l  method ,  E qua t ion  ( 8 8 ) ,  had i n d i c a t e d  t h a t  th e  c e n t e r -  

l i n e  v e l o c i t y  would be s l i g h t l y  reduced and pe rhaps  agreement w i th  t h e  

p r e s s u r e  r e s u l t s  o f  Case 5 cou ld  be a t t a i n e d .  The r e s u l t s  of t h e  com­

p u t a t i o n  shown on F ig u r e  33 ,  a r e  d i s a s t r o u s .  The t h r e e  s e t s  of 

v a l u e s  of b j  d i v e r g e  from each o t h e r  a s  X i n c r e a s e s .

An i n s p e c t i o n  o f  th e  p re c e d in g  seven  c a s e s  r e v e a l s  t h a t  th e  

v a l u e s  of b j  o b ta in e d  from t h e  c e n t e r l i n e  v e l o c i t y  and d i s p la c e m e n t  

t h i c k n e s s  d a t a  remain  n e a r  t h e  nominal v a l u e  of - 0 .2 7 5 .  The e r r o r s  

shown on t h e  p re c e d in g  F ig u r e s  27 th rough  32 a r e  s e c o n d -o rd e r  and 

amount t o  l e s s  t h a n  one p e r  c e n t  mismatch between th e  a sy m p to t ic  

ex p an s io n s  and t h e  n u m e r ic a l  d a t a  n e a r  t h e  end of t h e  i n t e r v a l .  The 

p r e s s u r e  d a t a  have  a  much g r e a t e r  range  ab o u t  th e  nominal v a lu e  and 

mismatches  o f  f i v e  t o  t e n  p e r  c e n t  occur  in  t h e  sm al l  v a lu e s  o f  t h e  

p r e s s u r e  a t  X -  6 .

The e f f e c t s  o f  t h e  mismatches  on t h e  p l a t e  ups t ream may be 

measured by t h e  changes  in  and t h e  c o n s t a n t  a p p e a r in g  in t h e  d ra g  

e q u a t i o n .  The v a r i a t i o n  in  A.j was l e s s  th a n  0 .1  p e r  c e n t  f o r  Cases 

1 th rough  6  and 1.2 p e r  c e n t  f o r  Case 7. The d rag  e q u a t i o n  c o n s t a n t  

i s  somewhat more s e n s i t i v e  t o  t h e  changes  because  i t  i s  t h e  i n t e g r a l  

o f  th e  s k in  f r i c t i o n  over  t h e  e n t i r e  p l a t e .  V a r i a t i o n s  a p p roach ing  

1 .5  p e r  c e n t  were found e x ce p t  f o r  Case 1 which was i n i t i a t e d  w i th  

t h e  i n c o r r e c t  v a l u e  of  th e  s k i n  f r i c t i o n .  The d a t a  c l e a r l y  shows 

t h a t  sm a l l  changes  a  s u f f i c i e n t  d i s t a n c e  downstream induce  even s m a l l e r
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changes  in  t h e  flow ups t ream .  Th is  i s  a l s o  e v i d e n t  from t h e  t h r e e  

b^ c u rv e s  which r e s p e c t i v e l y  approach  th e  same v a lu e  a s  X d e c r e a s e s .

The s t u d y  of t h e  s e c o n d - o r d e r  te rms  in  t h e  ex p an s io n s  of  P(X),  

A(X) and U(X,0) as  X —> u n d e r t a k e n  in  t h i s  Appendix i n d i c a t e s  t h a t :

1. The s e c o n d - o r d e r  te rms  should  n o t  be in c lu d ed  in  t h e  

H i l b e r t  i n t e g r a l ,

2 .  The p r e s s u r e  s h i f t  should  be r e t a i n e d ,

3 .  The h i g h e r - o r d e r  wake c e n t e r l i n e  boundary c o n d i t i o n

i s  n e c e s s a r y ,

4 .  The o u t e r  edge of  t h e  l a y e r  shou ld  be ex tended  a s  f a r  

a s  c o m p u ta t io n a l  t ime r e q u i r e d  p e r m i t s ,

5.  The i n i t i a l  v e l o c i t y  p r o f i l e  must be a c c u r a t e ,  and

6 . The downstream boundary c o n d i t i o n s  should  be approached

a s  p r e c i s e l y  a s  p o s s i b l e .

The n u m e r ic a l  p ro c e d u re  used t o  compute t h e  f i n a l  d a t a  was d e s ig n e d  

t o  meet t h e  above c r i t e r i a .



APPENDIX C

THE BOUNDARY-LAYER DIFFERENCE EQUATIONS 

The b o u n d a r y - l a y e r  subprogram s o l v e s  E qua t ion  (41)

3V -  o
dX az 

au au dp  a2u
U dX + dZ “  " dX + dZ2

f o r  t h e  v e l o c i t y  p r o f i l e  U(Z) by u s in g  a Crank-N icho lson  type  i m p l i c i t  

f i n i t e  d i f f e r e n c e  p ro c e d u re .  In t r o d u c e  t h e  s t r eam  f u n c t i o n  F such t h a t

dF/dX -  -  V, dF/dZ -  U 

and r e w r i t e  Equa t ion  (41) s o  t h a t

♦ f > .  u a a  .  s i
dZ2 P dX dX dZ

where 0 ■ -dP/dX.
A

D ef in e  Uj a s  t h e  v e l o c i t y  a t  t h e  p r e v i o u s  s t r eam w ise  s t a t i o n ,  

X-AX, and

U j  -  U j  -  0 . 5  A U j

A
where AUj » Uj -  Uj

and s i m i l a r l y  d e f i n e  t h e  F j .  The s u b s c r i p t  j  d e n o te s  t h e  Z - d i r e c t i o n  

d i s t a n c e  a t  Z -  ( j - 1 )  H.

108
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On s u b s t i t u t i n g  t h e  p re c ed in g  d e f i n i t i o n s  I n t o  Equa t ion  (98) 

and u s i n g  c e n t e r e d  d i f f e r e n c e  fo rm ulas  we f in d  t h a t

« j» i  -  2“j ♦ “j - i  „  _  ”j» i  - » j - i  ^
h2 * ^  " UJ Ax 2a Ax

o r  a l t e r n a t i v e l y

UJ + 1 -  2Uj ♦ Uj.j.  AUj+1 -  2AUj ♦ A U j . !
■ -     -     +  8 ■

H2 2H

(Uj ♦ f y  (Uj -  IJj) _ / U j , !  ~ U j . l  _ A U j , l  -  A U j . t \  Fj -  Fj ^

2AX \ 2H 4H / AX

The m a t r i x  e lem en ts  o f  th e  b o u n d a r y - l a y e r  s u b r o u t i n e  a r e  

o b t a in e d  by c o l l e c t i n g  t h e  c o e f f i c i e n t s  of U ^ ] , ,  U j , and U j . !  In t h e  

above e q u a t i o n .  By d e f i n i n g

<?! -  [2  ♦  H2 ( U j  ♦  U j J ^ A X ] " 1 

a 2 m °1  H <Fj -  Fj>/2AX 

Aj  “  “ ° 1  * ° 2

Bj ■« -  o j  -  02

and

R j  - ax [pH2 ♦ U j  - U j  ♦ H2 U j  ( U j  * U j ) / 2 A X ]

♦  0 . 5  [ A j ( U j „ i  -  O j . j )  ♦  B j ( U J+ 1  -  U j + 1 ) ]



we o b t a i n  t h e  d i f f e r e n c e  e q u a t i o n

B j  UJ + 1  +  U j  ♦  A j  U j . !  -  R j  .

This  t r i d i a g o n a l  m a t r i x  e q u a t i o n  i s  so lved  by u s ing  G auss ian  

e l i m i n a t i o n  t o  e l i m i n a t e  t h e  A j  d i a g o n a l  and back s u b s t i t u t i o n  t o  

d e t e r m in e  t h e  v e l o c i t y  p r o f i l e  (Richtmyer and Morton (1 9 6 7 ) ) .  I f  th e  

d i f f e r e n c e  be tween s u c c e s s i v e  v e l o c i t y  p r o f i l e s  i s  l e s s  than  t h e  e r r o r  

t o l e r a n c e ,  t h e  i t e r a t i o n  p ro c e d u re  has  converged .  I f  n o t ,  t h e  v e l o c i t y  

p r o f i l e  i s  i n t e g r a t e d  by t h e  t r a p e z o i d a l  r u l e  t o  o b t a i n  an  upda ted  

s t r e am  f u n c t i o n  and t h e  i t e r a t i o n  p ro c e d u re  i s  r e p e a t e d  u n t i l  the  

e r r o r  t o l e r a n c e  i s  s a t i s f i e d .  Although n o t  e s p e c i a l l y  f a s t  t h i s  p r o ­

c ed u re  has  been found to  be s t a b l e  and a c c u r a t e  f o r  r e l a t i v e l y  l a r g e  

s t e p  s i z e  f o r  a v a r i e t y  of b o u n d a r y - l a y e r  problems.

The boundary  c o n d i t i o n s  a r e  e n fo rc ed  by p r e s c r i b i n g  v a lu e s  

f o r  s p e c i f i c  e lem en ts  of t h e  m a t r i x ,  t h e  v e l o c i t y  and th e  R j .  The 

boundary c o n d i t i o n  on th e  wake c e n t e r l i n e  has  been ob ta ined  by con­

s i d e r i n g  a  T a y lo r  s e r i e s  of  t h e  v e l o c i t y

u 2  -  U j  +  0 . 5  h 2  < a 2 u / a z 2 )  +  .  .  .

and t h e  momentum e q u a t i o n

f o r  Z ■ 0 .  In  d i f f e r e n c e  fo rm,

U2 -  U j  -  0 . 5  H2  [ p  + ( U  j  -  U j ) / A x ]



I l l

which r e q u i r e s  t h a t

bl  -  -1

and

Rj -  - 0 . 5  H2  [3  ♦ UL (U1 -  Ul )/AX] .

Upstream on th e  p l a t e ,  t h e  s k i n  f r i c t i o n  i s  c a l c u l a t e d  by th e  

same method from t h e  formula

au
dz

-  H i  + 0.5H 3
z -o  H

s i n c e  Uj = 0 .

The b o u n d a r y - l a y e r  subprogram has  been used t o  compute t h e  

G o ld s t e i n  i n n e r  wake w i th  Z0  -  9 and H «■ . 1 0 ,  AX *> .05 o r  H ■ . 0 5 ,

AX -  .025 f o r  comparison w i th  t h e  r e s u l t s  in  C hap te r  IV. The p r e s s u r e  

g r a d i e n t  f o r  t h e  G o l d s t e i n  wake com puta t ion  i s  z e r o  and t h e  main p r o ­

gram c o n s i s t e d  of a  s i n g l e  loop  which advanced th e  co m pu ta t ion  down­

s t r e a m .  A l i n e a r  v e l o c i t y  p r o f i l e  was used t o  s t a r t  th e  co m pu ta t ion  

a t  t h e  t r a i l i n g  edge.  The c e n t e r l i n e  v e l o c i t y  r e s u l t s  f o r  t h e  two 

g r i d  s i z e s  a r e  compared w i th  t h e  f i r s t  te rm of G o l d s t e i n ’ s e xpans ion  

f o r  th e  c e n t e r l i n e  v e l o c i t y  on F ig u r e  34.  The n u m e r ic a l  r e s u l t s  a r e  

s h i f t e d  downstream from G o l d s t e i n ’ s r e s u l t s  because  of t h e  f i n i t e  

s t e p  s i z e  of th e  num er ica l  c o m p u ta t io n s .  The s h i f t  in t h e  c e n t e r l i n e  

v e l o c i t y  d e c r e a s e s  a s  t h e  s t e p  s i z e  d e c r e a s e s .  The computed 

v e l o c i t i e s  a r e  l e s s  than  0 .1  p e r  c e n t  s m a l l e r  th a n  G o l d s t e i n ' s  r e s u l t s  

f o r  X > 5.  I n c r e a s i n g  th e  c e n t e r l i n e  v e l o c i t y  r e p o r t e d  in  t h e  r e s u l t s ,  

C h a p te r  IV, by t h i s  amount would d e c r e a s e  t h e  v a l u e  o f  b^ and b r i n g  

t h e  bA and by c u rv e s  of F ig u r e s  14,  15 and 16 i n t o  c l o s e r  ag reem ent .
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