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ABSTRACT 

Analysis is made of 89 records of surface waves for the joint 
distribution of the heights and periods of zero up-crossing waves. 
Records are classified into five groups according to the rank of the 
correlation coefficient between individual wave heights and periods, 
and the data of the joint distribution are presented for five groups 
separately.  In comparison with the present data, the theory of Longuet- 
Higgins for a narrow band spectrum can describe the joint distribution 
in its upper portion with high waves when the spectral width parameter 
is fitted to the marginal distribution for wave periods, although the 
joint distribution in the lower portion with low waves shows deviation 
from the theory.  Another theory by a group of C.N.E.X.O. based on 
the distribution of positive maxima can describe the general pattern 
of observed distribution better than the former theory, but the agree- 
ment remains qualitative.  The present data also suggests that the joint 
distribution of wave periods and heights may be parameterized with 
the correlation coefficient between wave heights and periods. 

INTRODUCTION 

In the analysis of sea waves, the relationships between character- 
istic wave periods such as the highest, significant, and mean wave 
periods are often discussed, as there exists a growing demand for such 
information in the design of coastal and offshore structures. 
The problem is one aspect of the joint distribution of wave heights and 
periods. When the problems of irregular wave runups, overtopping, and 
wave forces are analyzed by the wave-by-wave method, the information of 
the joint distribution becomes vital for solving these problems. 

The theory of the joint distribution of wave heights and periods 
was given by Longuet-Higgins [1] in 1975 in a closed form under the 
assumption of a narrow band spectrum.  It was recapitulation of his 
previous work [2] on the statistical properties of random, moving 
surface.  The theoretical distribution is characterized by having the 
axis of symmetry at T = T as demonstrated in Fig. 1, while sea waves 
generally demonstrate asymmetric distribution with respect to wave 
periods as exhibited by Chakrabarti and Cooley [3].  A measure of asym- 
metry is the correlation coefficient between wave heights and periods, 
which sometimes amounts to more than 0.7 among sea waves, while the 
theoretical distribution of Longuet-Higgins yields zero correlation. 

The asymmetric pattern of the joint distribution of wave heights 
and periods was incorporated in the theory by Ahran, Cavanie, Ezraty, 
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and Laurent, i.e., a group of C.N.E.X.O, [4,5,6].  They formulated the 
joint distribution of the amplitudes and quasi-periods of positive 
maxima on the basis of Cartwright and Longuet-Higgins [7].  The quasi- 
periods of positive maxima were estimated from the second derivatives 
of surface elevations at the maxima by fitting a sinusoidal wave profile. 
They further presumed that it could be applicable to the joint distri- 
bution of the heights and periods of zero up-crossing waves by replacing 
the amplitude of positive maximum with one-half wave height and the 
quasi-period of positive maximum with the zero crossing wave period. 
The theory was found to agree with the ocean wave data except for the 
region of large nondimensional wave periods where the theory tends to 
overestimate the probability density. 

Sea waves are known to exhibit large variability in their statis- 
tical parameters such as the correlation coefficient and spectral width 
parameters.  It is readily conceived that the characterisitics of the 
joint distribution of wave heights and periods could be examined in 
detail by making a rankwise analysis according to the magnitude of 
statistical parameters.  Following this concept, reanalysis of the 
available surface wave records was made for the joint distribution of 
wave heights and periods after classifying the data according to the 
rank of the correlation coefficient of individual wave heights and 
periods.  The analysis has yielded several findings on the character- 
istics of the joint distribution as it will be seen in the subsequent 
chapters. 

Note.:    Throughout the present paper a wave is defined by the zero up- 
crossing method, and no reference is made of a wave defined by the 
crest-to-trough method except for the number of maxima in a wave record. 

FORMULAE OF JOINT PROBABILITY DENSITY 

The joint probability density of wave heights and periods by the 
theory of Longuet-Higgins can be written as in the following form after 
normalizing wave heights and periods with their mean values, or H and T, 
respectively: 

^2     _ .    /v_-n2 /  \   TX2    r IT ?rn , (T-1) T-, ,,,' 
P(X,T) =^-exp{-^[l + —^2—]}> (1> 

where, 
x = H/H and T = T/T. 

The parameter v is a measure of spectral bandwidth defined by 

v 

where, 

[momz/m]2-!]1^ = Vg , (2) 

m = I  fn S(f) df . (3) 
n   ' 

An example of the joint probability density is shown in Fig. 1 for 
the case of v = 0.26. 

The marginal distribution of wave heights is shown to be the Ray- 
leighan, by integrating Eq. 1 with respect to T from -°° to °°. 



230 COASTAL ENGINEERING—1978 

The marginal distribution of wave periods  is  similarly  derived as 

P(T)   - /0 p(x)T)   dx = 2[v2+(T_1)2]3/2   • (4) 

The  distribution has a  tail  in  the  region of  T  <  0 which  is  unrealistic, 
but  the assumption of narrow band spectrum with  the  condition v  <<  1 
yields  the probability of  T  < 0  practically nil. 

As  the distribution is  symmetric with respect to T  = 1,   the mean 
of heightwise  ranked period remains  at  TJJ = 1.     The  standard deviation 
of heightwise  ranked period is  calculated from the  conditional  joint 
probability density as 

°H
(T)
 

= Tirftl • (5) 

Because this diverges as x goes to zero, the overall standard deviation 
of wave periods cannot be defined. As an alternative measure of the 
dispersion of wave periods, Longuet-Higgins [1] introduced the inter- 
quartile range of the marginal distribution of nondimensional wave 
periods and correlated it with the spectral width parameter v. 
Alternatively, v can be estimated from the interquartile range of 
nondimensional wave period as 

v = ~  IQR(x) =  vT . (6) 

In order to avoid confusion, v^ estimated by Eq. 6 is henceforth called 
the period bandwidth parameter. 

The applicability of Longuet-Higgins' theory to waves with a narrow 
band spectrum can be proved, for example, with the data of numerically 
simulated random wave profiles [8].. The upper limit of v may be taken 
at about 0.1 if it is to be estimated from the spectrum [9]. It will 
be later shown however that the theory can be partially applied to sea 
waves with broad band spectra as well if v -is estimated from the band- 
width of period distribution by Eq.. 6. 

The joint probability density of wave heights and periods by the 
group of C.N.E.X.O. has the following form: 

*<«•'> - 4^"a-e^ -p^w[(?2"a2)2+a4a2]} '     (7) 

where, 
C = H/vW,     C  =  CT  =  CT/T,     a = i(l+ /l-ez),     and    a = z/Jl^ 

(8) 
Though Battjes [10] recommends to introduce the relationship between 
the mean interval of positive maxima and that of zero up-crossings into 
the term of C so as to have theoretical consistency, the original form 
is employed in the subsequent calculation as it produces fairer agree- 
ment with observation data. 

The parameter e is a measure of spectral bandwidth introduced by 
Cartwright and Longuet-Higgins [7] as 

e = tl-m^/mgrnj1/2 = eg . (9) 

This parameter is very sensitive to the Nyquist frequency of spectral 
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analysis  relative  to  the  frequency  of  spectral peak when applied to  sea 
waves   [11,12].     The  group of  C.N.E.X.O.   recommends   the  use of  the 
following parameter for e : 

e   =   [I-NQ
2
/^

2
]
1
/

2
  = eT  , (10) 

in which NQ   and Nc  denote  the numbers  of  zero up-crossings  and maxima 
within a wave  record,   respectively.     Though Eg  and erj, should  give  the 
same value  from theoretical point  of view,   sea waves  usually produce e 
less  than Eg without a definite  interrelation.     In this  sense,   EJ est- 
imated by  Eq.   10  should be  treated separately  from eg estimated by 
Eq.   9,   and it  is henceforth  called  the apparent spectral width parameter. 

The marginal  distribution of wave heights  derived  from Eq.   7  is 
nearly  the  Rayleighan when e   is  not large.     The marginal  distribution 
of wave periods  is  obtained as 

P(C)   =   [(C
2-a2)2+a^a2]3/2   • (U> 

The mean value of z; which is estimated by numerically integrating Eq. 11 
remains close to 1.0 for the range of 0 < e <0.95.  The period bandwidth 
parameter v-j can also be estimated numerically from Eq. 11.  It is 
interesting to note that there exists an approximate relation of 

vT = 0.5eT + 0.023eT
2 :0<eT<0.85,     (12) 

which nealy coincides the relation of v = -£e    derived by Longuet-Higgins 
[1] for a very narrow band spectrum. 

After evaluating \  and 5, the joint probability density can be 
expressed in terms of the mean wave height and period, H and T. 
An example of the joint probability density is shown in Fig. 2, which 
corresponds to the parameter of eT = 0.51 and vT = 0.26.  Asymmetric 
pattern of the probability density curves is observable even at this 
level of apparent spectral width parameter., 

For comparison with these theoretical joint probability density, 
a result of compilation of correlation tables of observed sea waves is 
exhibited in Fig. 3, which represents the data of a group of sea waves 
with the correlation coefficient r(H,T) between individual wave heights 
and periods being in the rank of -0.25 to 0.19; the definition of 
r(H,T) is as follows: 

N0 

r(H,T) =  i—^ I   (H.-H)(T.-T) (13) 
aH aT N° 1=1 1 

where aH and aT denotes the standard deviations of wave heights and 
periods, respectively, and N0 is the number of zero up-crossing waves. 
The groups of 13_wave records in this rank of correlation coefficient 
had the mean of vT = 0.26 for the period bandwidth parameter. 
The observed density is close to the theory of Longuet-Higgins rather 
than that of C.N.E.X.O. except for the range of x = H/H < 0.4. 
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PRESENTATION OF SEA WAVE DATA 

In order to investigate the applicability of the above theories 
to sea waves, an examination of various wave records was undertaken. 
The data were taken from the same source with the author's previous 
analysis of statistical properties [11,12].  Among 171 records analyzed, 
89 records were selected under the conditions that each record exhibits 
a clearly defined single spectral peak and the significant wave height 
does not exceed about 0.4 times the water depth.  The latter condition 
was introduced to exclude the influence of random wave breaking upon 
the statistical properties of observed wave records [13].  In total, 
10,584 zero up-crossing waves were counted in 89 records. 

The stations of wave observations and other data are listed in 
Table 1 and their locations are shown in Fig. 4.  The data at Nagoya 
were recorded inside and outside a long mole, and they represent deep- 
water wind waves generated in a short fetch.  The other data were 
recorded at coastal stations, and they mostly represent shallow water 
waves generated in medium to long fetches; some of them are wind waves 
and others are young swell. 

All the data were recorded on the charts of servo-balanced type 
pen-writing recorders and were digitized with the aid of a mannually 
operating X-Y digitizer with a magnifier.  The digitized wave records 
were analyzed for their statistical properties as well as spectral 
characteristics by a computer program.  Examples of wave spectra are 
shown in Fig. 5, where the spectrum is normalized by means of the 
frequency at the spectral peak, f , and the zeroth moment of spectrum, 
m0.  The waves observed at Nagoya Port usually show sharp peaks and a 
few humps at high frequency range, while most of coastal waves have 
the spectral slope at high frequency range milder than -5.  In general, 
however, the Pierson-Moskowitz type or the Bretschneider-Mitsuyasu type 
spectral form porvides a fair approximation to the spectra of observed 
waves. 

The analysis of the joint distribution of observed wave heights 
and periods was proceeded first by classifying 89 records into five 
groups according to the magnitudes of the correlation coefficient r(H,T), 
because r(H,T) is considered to represent the pattern of joint distri- 
bution best.  Table 2 lists the numbers of wave data in five groups of 
r(H,T) as well as the numbers of wave data in ranked groups of vT. 
The data of Nagoya Port is characterized with low values of r(H,T) and 
vT though its cause is not clarified. There is a possibility that short 
fetched wind waves may exhibit such characteristics as there is such 
indication in the data compiled by Bretschneider [13].  The parameters 
of Vg and eT as listed in Table 1 do not show marked difference between 
Nagoya data and coastal wave data.  Various statistical properties of 
the data analyzed are listed in groupwise in Table 3 with the mean values 
and the standard deviations.  The correlation coefficient rj3(H,T) is 
the one calculated for the highest one-third waves, which is a measure 
of correlation among high waves, and Qp is the spectral peakedness 
parameter defined as [8] 

f °° 
O, - —   f S2(f) df . (14) 
•*  mo 0 
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RESULTS  OF  DATA ANALYSIS 

Marginal V-UtKlbation o{, Wave. Helghti 

As reported by many researchers, the marginal distribution of wave 
heights does not show any significant deviation from the Rayleighan. 
An indication is the mean values of three height ratios listed in 
Table 3, which are close to the theoretical values of the Rayleigh dis- 
tribution.  The chi-square test for the goodness-of-fitness to the 
Rayleighan was made for the present data with 14 classes of wave heights. 
The probability that the total data has come from the population of 
the Rayleigh distribution is calculated as about 0.30, and the probabi- 
lity that the data in the rank of r(H,T) = 0.70^0.81 has come from 
the Rayleigh distribution is about 0.10.  Thus the hypothesis of the 
Rayleigh distribution cannot be discarded for the present data. 

MaAgZnaJL VLitAlbcutlon oh Wave. Pe/Uodi 

Figure 6 shows the marginal distribution of observed wave periods 
normalized by the mean wave period of respective wave records. 
For the data with r(H,T) less than 0.4, both of the theoretical distri- 
butions of Eqs. 4 and 7 provide good approximation so long as the period 
bandwidth parameter obtained from the data is employed in theoretical 
estimation.  The two theories do not yield much difference for small 
values of vT.  As v^ increases, the observed marginal distribution 
deviates gradually from the theoretical ones, which become unapplicable 
for r(H,T) £ 0.6.  It should be noted that the maximum value of r(H,T) 
and vT predicted by the theory of C.N.E.X.O. is about 0.69 and 0.55, 
respectively, both of which correspond to the case of e = 0.99. 

Jo-int VLittlbmUvn ofi Wave. Utlghti and PeAtodi 

The joint distribution of wave heights and periods were analyzed 
with the rank of AH/H = AT/f =0.2 after having been normalized with 
H and T.  The correlation table with the curves of probability density 
for the group of r(H,T) = -0.25 to 0.19 has been presented as Fig. 3 
for comparison with theoretical ones. The correlation tables for the 
other four groups of r(H,T) are shown in Fig. 7.  As r(H,T) increases, 
the asymmetry of joint distribution becomes conspicuous and the position 
of maximum probability density moves toward the origin.  The change of 
the pattern is qualitatively in accordance with the theory of C.N.E.X.O. 

Chanaattnldtici,  o<j Hej,gh£w<ue. Ranked Wave Pexiodi 

One feature of Fig. 3 and Fig. 7 is that the center of wave periods 
at each level of wave height does not vary in the upper portion of 
correlation table and the distribution is symmetric there.  This feature 
is clearly shown in Fig. 8, where the mean of heightwise ranked wave 
periods is plotted against the wave height level.  The ranked mean Tjj 
of high waves relative T shifts toward large values as r(H,T) increases, 
but it holds a common value among high waves as seen in Fig. 8(a). 
The shift of TH is an apparent phenomenon, however, as demonstrated in 
Fig. 8(b), where the ranked mean of wave period is normalized with the 
period corresponding to the spectral peak, T . Figure 8(b) shows that 
TJJ of high waves remains in the range of (0.87_^ 0.98)T_ irrespective of 
r(H,T).  The mean of wave periods with H > 1.4H, for example, is calcu- 
lated to be (0.91^0.97)Tp.  The figure also indicates that the increase 
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of r(H,T) is owing to the appearance of small waves with very short 
periods. 

The constancy of mean ranked wave periods is inherent in the theory 
of Longuet-Higgins although its shift with respect to T cannot be dealt 
with.  The theory of C.N.E.X.O., on the other hand, can yield the 
increase of mean wave periods of high waves with the increase of E, but 
the mean wave period steadily elongates itself as the level of wave 
height rises. 

The spread of wave periods in a particular rank of wave height can 
be represented with their standard deviation.  Figure 9 shows the 
results of the calculation of standard deviations of heightwise ranked 
wave periods for five groups of wave data classified by the rank of 
r(H,T).  The theory of Longuet-Higgins is seen to predict the spread of 
wave periods of high waves when the mean period bandwidth parameter of 
respective wave group is employed in calculation of Eq. 5, although 
the decrease of standard deviations in the region of small waves cannot 
be predicted.  The theory of C.N.E.X.O., on the other hand, can present 
the standard deviation decreasing in the lower portion of wave heights, 
but it yields the deviation much larger than the observed ones in the 
upper portion of wave heights especially for groups with high correlat- 
ion coefficients. 

DISCUSSIONS ON THE GOVERNING PARAMETERS OF JOINT DISTRIBUTION 

It has been demonstrated that the joint distribution of the heights 
and periods of sea waves exhibit quite large variations.  One of the 
questions may be what the parameter is governing the joint distribution. 
There are two spectral width parameters of Vg and eg defined by Eqs. 2 
and 9, respectively.  Statistical analysis of wave records yields the 
apparent spectral width parameter of e^ by Eq. 10, the period bandwidth 
parameter of v^, by Eq. 6, and the correlation coefficient between indi- 
vidual wave heights and periods by Eq. 13.  Among these parameters, Sg 
is not qualified"1 for describing the statistical properties of sea waves, 
because £g is essentially 1.0 for wind-generated water waves and 
becomes less than 1.0 owing to incompetence in the high frequency 
response of a wave recorder [11,12].  The parameter Vg may need further 
examination, but the present data at least reject the effectiveness of 
Vg because of large scatter of Vg without associating itself with the 
statistical properties of waves analyzed. 

The question is thus focussed on the selection among three para- 
meters of £rn, vT, and r(H,T).  The relationships among them are first 
examined as shown in Figs. 10 to 12.  The relationship between vT and 
r(H,T) is most conspicuous with the correlation coefficient between them 
amounting to 0.80.  If one makes a polynomial regression analysis 
instead of linear regression, a much higher correlation will be obtained. 
Among the whole data, those in the range of r(H,T) £ 0.4 closely follow 
the trend of the theory of C.N.E.X.O. as well as the result of numeri- 
cally simulated wave analysis [8], even though both the theory and the 
simulation data cannot explain the existence of data with r(H,T) > 0.7 
or Vf > 0.55.  The relationship between vT and ex is obscure although 
the means of rankwise data indicate the existence of interrelation, 
which is close to the data of simulation study.  The correlation coef- 
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ficient between vT and e^, is calculated as 0.72.  The third set of 
relationship, that is the one between r(H,T) and eT, is clouded with the 
presence of the data with r(H,T) < 0.3, which come from the Nagoya Port 
data.  The correlation coefficient between r(H,T) and eT nevertheless 
has the value of 0.66 for the present data. 

A criterion for the selection of governing parameter will be a high 
level of correlation with statistical properties of the joint distribu- 
tion of wave heights and periods.  One of the appropriate properties is 
the ratio of significant to mean wave period, T1/3/T, as employed by 
the group of C.N.E.X'.O. for demonstration of the influence of eT. 
Figure 13 is the result of comparison of the influence of three parame- 
ters upon T^/3/T.  Data are shown in the form of ranked mean and 
standard deviations with the_nutnber of records in respective ranks. 
The wave period ratio, Tj/3/T, is seen to be closely related with the 
three parameters.  The relationships are also close to those derived 
by the theory of C.N.E.X.O. and the simulation data.  Among three 
parameters, their correlations with T^/3/T is lowest for eT with the 
correlation coefficient of 0.72, while vT and r(H,T) show the coeffi- 
cient of 0.92 and 0.94, respectively. 

The degree of correlation between T^/3/f and e-p of the present data 
is about the same with the data presented by the group of C.N.E.X.O., 
as judged from the magnitude of standard deviations of Tj^/3/T.  In this 
sense, ET seems inferior to the other two parameters.  Between the re- 
maining two, r(H,T) is slightly superior to v^ on the basis of the 
former's high correlation coefficient.  In the application of the theory 
of Longuet-Higgins,. however, the information of period bandwidth para- 
meter is required, and from this point of view vj may be more convenient 
than r(H,T).  The final selection between r(H,T) and vj;  cannot be made 
at this stage yet, and it will necessitate the anlysis of many more 
data of sea waves. 

A remaining question is the correlation of these parameters with 
spectral characteristics.  Though v and e have originally been derived 
from spectral moments, vT and eT are the parameters estimated from 
the statistical analysis of wave profiles; their relationships with vg 
and es cannot be well established at least for the present data. 
The definition of correlation coefficient r(H,T) is independent of wave 
spectrum and it has not been related to a wave spectrum (variance) 
except for a numerical simulation study [8]:  the spectrum proposed by 
Bretschneider [13] with r(H,T) as a parameter is an apparent one and 
not the variance spectrum analyzed by the spectral theory.  As indicated 
in Figs. 10 to 12, these parameters vary over quite large ranges. 
A spectral characteristics which seems to be related to these parameters 
to some extent is the spectral peakedness parameter defined by Eq. 14. 
As shown in Fig. 14, the period bandwidth parameter vT of the present 
data does indicate an interrelation with Cv,; the correlation coefficient 
between them is -0.65.  The correlations of other two parameters eT and 
r(H,T) with Q are not so prominent, however. 

Another factor which may affect the parameter of the joint distri- 
bution of wave heights and periods is the sampling interval of wave 
profile relative to the spectral peak period, or At/Tp.  The present 
data shows the relationship between vT and At/Tp as in Fig. 15. 
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A negative correlation between them is somewhat expected, though the 
quantitative analysis should await the accumulation of a greater 
number of sea wave data. 

SUMMARY 

The joint distribution of wave heights and periods exhibits statis- 
tical variability greater than the marginal distributions of wave heights 
and periods.  Any analysis of the joint distribution should have a suf- 
ficiently large number of wave records as the data base.  The present 
analysis based on 89 records cannot be claimed to be very reliable, it 
nevertheless covers a variety of wave conditions from short-fetched 
wind waves to young swell in shallow water.  Findings made in this 
analysis can be summarized as follows: 

1. The joint distribution of wave heights and periods of sea waves 
is characterized with no correlation among high waves and 
a strong correlation among low waves. 

2. The mean period of waves higher than a certain level is inde- 
pendent of the wave height, and it remains at a value slightly 
less than the period corresponding to the spectral peak. 

3. The theory of Longuet-Higgins can explain the characteristics 
of the joint distribution in its upper portion with high waves 
if the spectral width parameter is so selected to fit the 
marginal distribution of wave periods, even though the theory 
disagrees with the observed joint distribution in its lower 
portion with low waves. 

4. The theory by the group of C.N.E.X.O. can qualitatively predict 
the change of the joint distribution with the increase of 
spectral width parameter, but the quantitative agreement is 
only partial. 

5. The parameter governing the joint distribution seems to be 
the correlation coefficient between individual wave heights 
and periods and/or the period bandwidth parameter.  The apparent 
spectral width parameter is less influential than the formers. 
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LIST OF MAJOR SYMBOLS 

Hmax 
Hl/10 
Ml/3 
H 

QP 
r(H,T) 
ri3(H,T): 

Tl/10 : 
Il/3 
T : 
x = H/H : 
At 

ES : 
£T _ : 
C = CT : 
vs : 
vj : 
5 = H/^m0: 
T = T/T : 

height of highest wave 
mean height of highest one-tenth waves 
mean height of highest one-third waves 
mean wave height 
spectral peakedness parameter defined by Eq. 14 
correlation coefficient between individual wave heights and periods 
correlation coefficient among highest one-third waves 
wave period corresponding to spectral peak frequency 
period of highest wave 
mean period of highest one-tenth waves 
mean period of highest one-third waves 
mean wave period 
nondimensional wave height 
time interval between successive sampling of surface elevation 
spectral width parameter defined by Eq. 9 
apparent spectral width parameter defined by Eq. 10 
nondimensional wave period 
spectral width parameter defined by Eq. 2 
period bandwidth parameter defined by Eq. 6 
nondimensional wave height 
nondimensional wave period 


