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Abstract. We consider the following obstacle problem for Monge-Ampere equation
det D*u = fx{u0)

and discuss the regularity of the free boundary d{u = 0}. We prove that d{u = 0} is C'***
if f is bounded away from 0 and oo, and itis C1!if f = 1.

1. Introduction

With each convex function u defined on {2 we can associate a Borel measure Mu
such that, for every measurable set £ C (2,

Mu(E) = [Vu(E)],

where | | represents the n dimensional Lebesgue measure and Vu(E) represents
the image of the subgradients of « at all points x € E (see [3]).
In the case u € C?({2) then the measure is given by the Jacobian, i.e

Mu(E) = / det D*u  da.
E
Given a positive Borel measure 4 in {2, we say that u solves the Monge Ampere
equation (in the Alexandrov sense)
det D?>u =y if Mu = p.

We consider the following obstacle problem: Given a finite measure g in {2
we define D, the class of nonnegative supersolutions

D,, ={v:2—[0,00), vconvex, v=1o0n02, Mu</p}.
Then, we would like to study the minimization problem

P = inf .
( ) “ 1)61%”0’0

Using Perron’s method we show in the beginning of the next section
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Proposition 1.1. The minimizer u of (P) is in the class D, and Mu = g on
{u>0} N

In this paper we are interested in the regularity of the free boundary 0{u = 0}
in two cases

1) the measure y is given by a function f, bounded away from 0 and oo, i.e
dug = fdr, 0< A< f<A<o0
2) po is the Lebesgue measure, that is f = 1 in case 1.

Notice that, in both cases, affine transformations play an important role. If «
solves an obstacle problem and A : R™ — R" is affine, then

(z) = (det A)=u(A™ ')

solves a similar obstacle problem, and its 0 set is A{u = 0}. Therefore, we study
the regularity in the classes of “normalized" solutions

Dyas:={u: 2, -RY u=5§ond2,, B C{u=0}C Bi(n)s
w solves (P) with Adz < dug < Adx}

respectively,
DL(S = {u:Qu—>R+, u=dondf2,, BiC {UZO} CBk(n)7
u solves (P) with dug = dx}.

Below we state the main theorems of the paper, Theorem 1.2 and 1.3. In Theo-
rem 1.2 we show that, if we are in the case 1, then 9{u = 0} is C1*® and moreover,
it separates polinomially from its tangent plane.

Theorem 1.2. There exist positive constants o small, C large depending only on
n, \, A, and d depending also on § such that:

Ifu € Dy a6 and o € O{u = 0} then there exists an appropriate system of
coordinates centered at x such that inside the ball |y| < d

{yn > Cly'|"*} € {u=0} C {yn > C71 |5}

At the end of Sect. 3 we construct a two dimensional example which shows that
the result of Theorem 1.2 is optimal.

In Theorem 1.3 we prove that if we are in case 2, then the principal curvatures
of the free boundary are bounded away from 0 and co.

Theorem 1.3. There exist positive constants r small, R large depending only on n
and § such that:

If u € Dy s then at each point of d{u = 0} there exist a tangent ball of radius
r contained in {u = 0}, respectively a tangent ball of radius R which contains

{u =0}

Next we give two other interpretations of the obstacle problem.
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Optimal Transportation with a Dirac §

Suppose we want to transport the measure h(y)dy + do supported in Bj into the
density g(x)dx in £2 with the cost function c(z,y) = |z — y|?. Also, assume that
the point 0 is transported into the set K’ CC {2, and that & and g are bounded away
from 0 and oo and satisfy the compatibility condition

/Bl h(y)dy +1 = /Qg(m)d:r.

Then, by Brenier’s theorem, the map x — y(x) is given by the gradient image
of a convex function u : 2 — R, {u = 0} = K, and since the y image is convex,
u satisfies in the weak sense the following Monge-Ampere equation

g(x)
det D? = —t——
et Dulw) = 150 1 oo (v
This is an obstacle problem for u and our theorems imply regularity of the
set K.

Monge Ampere with a cone singularity at O
Suppose that the function v > 0, v(0) = 0 solves the Monge Ampere equation

det D*v = f in By \ {0}

with0 < A < f < A < oo (or f = 1). Also, assume that v has a tangent cone at 0
whose 1 level set is given by a bounded convex set L. We would like to study the
regularity of the tangent cone, i.e the regularity of L.

If » is the Legendre transform of v, then its 0 set is the image of the subgradients
of the tangent cone. It is straight forward to check that u solves an obstacle problem
with constants A=, Al in a neighborhood of its 0 set. The set L is the convex
dual of {u = 0} and one obtains the same regularity for L as for {u = 0} in
Theorems 1.2 and 1.3.

We conclude the introduction by considering the radially symmetric case. If u
is radially symmetric and {u = 0} = B then,

IVu(Bite \ B1)| ~ [Bige \ Bi| ~ €
thus |Vu| on &Bj . is proportional to ¢« . This implies

u(z) ~ (Jz| — 1)**=  for |z close to 1,

x| >1

hence, near B, the radial pure second derivatives tend to co and the tangential
ones to 0. This shows that our obstacle problem is quite different from the obstacle
problem for the uniformly elliptic equations.

Finally, we remark that another obstacle problem for Monge-Ampere equation
was considered by K. Lee (see [4]) in which the obstacle is a smooth function above
w. In this case © € C'! and the problem reduces to the obstacle problem for the
uniformly elliptic equations.
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2. Preliminaries

In this section we prove Proposition 1.1 and recall some known facts for the Monge
Ampere equation. We start with the following results (see [3])

Theorem 2.1. (Weak convergence of measures)
If uy, are convex functions in {2 that converge uniformly on compact sets to u
then Muy, converges weakly to Mwu, that is

/(ZfdMuk%/QfdMu

for every continuous f with compact support in {2.

Theorem 2.2. (Solvability of Dirichlet Problem)

If 12 is open, bounded and strictly convex set, p is a finite Borel measure and g
is continuous on 02 then, there exists a unique u € C({2) convex solution to the
Dirichlet problem

Mu=p, u=gondfl.

Theorem 2.3. (Alexandrov’s Maximum Principle)
If u convex, u = 0 on OS2 then

u(zo) > —C (dist(zo, 02) Mu(2))7 .
The next lemma is used for Perron’s method

Lemma 2.4. Suppose Mv; < po, ¢ = 1,2. Then w, the convex envelope of
min{vy, vo } satisfies Mw < po.

Proof. Denote
A={vy =w}, B={vu=w}\A4, C=02\(AUB).

If p € V(C) then there exist distinct points 2, y € 2suchthatp € Vw(z)NVw(y).
Then p is not a differentiation point for the Legendre transform z of w,

z(p) == sup(p - — w(z))
xef?

thus,

V(C)| = 0. One has
Mw(E) = Mw(ENA)+ Mw(ENB)+ Mw(ENC) <

Proof of Proposition 1.1. Alexandrov maximum principle implies that the functions
in D,,, are uniformly continuous on 942, therefore locally uniformly Lipschitz in
2. Using a diagonal subsequence and Lemma 2.4 we find a decreasing sequence
vp € Dy, which converges uniformly to v in 02, thus

Mu(0) < liminf Mvg(0) < po(O)
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for any open set O CC (2. This implies

Mu(E) < po(E)
for any Borel set £ C {2, hence u € D, .
Next we show that Mu = p9 on {u > 0}.
First we prove that for z € {u > 0}, there exists J,, > 0 such that

Mu(B(z)) = po(Be(z)), fore < dy. (1)

Solve in B, (x) the Dirichlet problem v = u on 9B, (x), Mv = 1 and assume
that v < u at some point inside B. (). If §, is chosen small, then v > 0 from the
maximum principle. The convex envelope of min{w, v} isin D,,, and we contradict
the minimality of u thus (1) is proved.

Since any Borel set in {u > 0} is generated by the o algebra of B.(z), & < d,,
we conclude that Mu = pg on {u > 0} and the Proposition is proved. a

Before we prove the next Proposition we recall the following lemmas from [2]
(see lemmas 1, 2 and 3):

Lemma 2.5. (John's lemma)
Let (2 be a bounded convex set with center of mass at 0. There exists a constant
k(n) depending only on n and an ellipsoid E such that

EcCCkE.

Lemma 2.6. (Centered sections)

Let u : R™ — R U {0} be a globally defined convex function with u(0) = 0.
Also, assume u is bounded in a neighborhood of 0 and the graph of w doesn’t
contain an entire line.

Then, for each h > 0, there exists a “h-section” Sy, centered at 0, that is there
exists py, such that the convex set

Spi={z: wulx)<h+py- -z}
is bounded and has O as center of mass.

Lemma 2.7. Suppose v = 0 on 02, v convex, O is the center of mass of {2 and

0 < OMuv(02) SMU(%Q). )

If u(zo) < u(0), then {2 is balanced around x, that is
(I+mn)zo — 02 C 12, 3)

where n(6,n) > 0 is small, depending only on n and 0.
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Remark. Another way of writing (3) is:
For any line segment [y, y2] passing through x with y; € 912 we have

ly2 — ol
ly1 — xo| —

From now on we consider only measures p that satisfy
(H) Mz <dpg < Adz, 0<I<A< oo,

and assume that the zero set K := {u = 0} has nonempty interior (otherwise u
satisfies the standard Monge-Ampere equation).
Notice that, if u solves (P) for y then, given any affine transformation A, the
function
W' (z) := (det A)~ 7 u(Az)
solves the problem (P) in the class

{vconvexin 2 = A~102, v =(detA)"% ond2, Mv <y},
1
"(B) = ——puo(AE
M ( ) det Aluo( )7
thus p/ satisfies (H) as well.
Next we discuss the regularity of wu:

Proposition 2.8. The minimizer u € C1({2).

Proof. First we prove
Vu(K) = 0. )
Assume not, then, after eventually an affine transformation, we have a > 0 such
that
u(0) =0, u>0, ,u>ax}, u(te,)=at+o(t).
Consider the functions

upp :=u—(h+bx,), h>0, 0<b<a,

fix b close to a and let h — 0. Denote 25, = {unp < 0} and notice that the
minimum of uy, ; occurs at 0.

The half line te,,, t > 0 intersects 9(2y, , at distance h(a — b) ™! + o(h). Since
2np C {xyp, > —hb~'} and b is close to a we find that the center of mass x, ; of
the convex set {2y, , satisfies xp, p - €, > hb~ 1. Thus,

1
5(.’1,'}1,17 + Qh,b) C {l‘n > 0}

and wuy, , satisfies (2) with 6 depending only on A, A and n. This contradicts
Lemma 2.7 since {2, 5 is not balanced around 0 and (4) is proved.

Next we prove that u € C1(2\ K). Using u = 1 on 942 and (4), we find that
the supporting plane at z € {2\ K coincides with u in a convex set that has extremal
points in {2 \ K. In this set Mu = pg thus, by Theorem 1 of [1] we conclude that
u is strictly convex, therefore C' Lo

With this the proposition is proved. O

Remark. Using the same techniques as in [2] one can prove that u € C1:%(§2).
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3. Proof of Theorem 1.2
We start with a simple lemma.

Lemma 3.1. Assume v is convex, v > 0 in {2 and Mv > A\dx. Then

2
n
’

supv > cl|f?
Q
where c(\,n) > 0 is small depending on X\ and n.

Proof. From John’s lemma we find an affine transformation A such that B; C
A0 C Bl (n)- The normalized function

v (z) = (det A) "7 v(Ax)

is defined in {2’ = A~1(2 and satisfies v’ > 0, Mv' > Adz.
Ifz e B1/2 then,
Vo' (z)] < 2supv’
Ql

hence,
AlB1 2| < [VV'(Byj2)| < C(n)(s};?v/)n-
Since det A ~ |{2|, the lemma is proved. O

Next lemma gives a bound from below for the growth of v away from the free
boundary.

Lemma 3.2. (Bound from below)
Suppose 0 € OK and K C {x,, > 0}. Then, if y € £2, y,, < 0 we have
2

u(y) = | K N {zn < [ynl}

with c(\,n) > 0, small.

Proof. The convex set
1 1
2, = Sy + S (K 0 {wn < [yal})
is included in {z,, < 0} and therefore in {u > 0}. Moreover, each point in (2,
belongs to a line segment from y to K hence,

supu < u(y),
‘QU

and the result follows from the previous lemma. a
Remark 1. In the radially symmetric case we obtain
ntl

u(zx) > c[dist(z, K)]

which is optimal.
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Remark 2. If By C {2 C By(yn), then the function u grows better than quadratic
away from 0K, i.e

u(z) > c[dist(z,0K)]>. (%)

Indeed, let 2o be the point where the distance to K is realized. Since K contains
the convex set generated by zy and B; we find

K {y: (y—20) - (w0 — ) < & —20l?}] > e(n)|z — ao]"

SO,
2

u(zx) > ez — ).
Remark 3. Lemma 3.2 implies that 0K cannot contain a line segment if n = 2. If,
say K C {3 > 0} and —ey,e; € K, then u(—tes) > ct which contradicts the
fact that u is O at 0.

This result was first proved by Pogorelov, which showed that in two dimensions
a solution of Monge Ampere equation cannot contain a line segment.

Next we show that 0 K cannot contain a line segment in any dimension. We prove
this for solutions that are defined only in a half space. More precisely, we assume
u is defined in the bounded domain {z,, < 1} N 2, uw = 0 on 2, N {z, < 1},
Mu =0on K and Adz < Mu < Adx on {u > 0}.

Lemma 3.3. (Strict convexity of K)
OK cannot contain a line segment with one vertex on {x,, = 1} and the other
in {z, <1}

Proof. Assume by contradiction, say

K C {131 > 0} (6)

[0,e,] € 0K, KnN{xy =0} C {z, >0}. 7

and extend u by +o0 outside the domain of definition.
Lety = ae,, be a point of the segment close to 0 and consider the sections Sy »,
centered at y (see Lemma 2.6).

Claim: For h small
SyJL C 2, N {In < 1/2}.

Notice that S, j, is balanced around y with the ratio ¢ = k(n)~'. Hence, if
x €8y then (1+c)y —cx € Sy p and

C C

<
[ = v

() + ——u((1+ )y —cx) < h

1+¢
thus,

u@) < =Sh, ifze S, (8)

c
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This implies S5, C {2, for h small.

In order to prove the other inclusion, assume by contradiction that for a sequence
of h tending to 0 there exists zj, € S, ,N{x, = 1/2},hence (1+c)y—czx € Sy .
If z;, = 29 as h — 0 then, by (8)

u(z0) =0, u((l+c)y—cz)=0.
From (6) we find

(1+c)y—czoe{ac1SO}ﬂKﬂ{xng(l—f—c)a—%}

which contradicts (7), (6) for a small and the claim is proved.

Denote by [a e, Onen] the intersection of the line te,, with Sy, p,, o, < a < Gp,.
Obviously, o, < 0 and o, — O as h — 0.
Let [;, denote the linear functional which gives the section S, 5,. Since

{1 <0}NSyn C{0<u<o},

one has that u — [, satisfies the hypothesis (2) of Lemma 2.7 with 6 depending only
on A, A and n. This contradicts Lemma 2.7 because (v — {5,)(0) < (u—13)(y) but
the set S, , is not balanced around 0 as b — 0. O

Next we show that the family of solutions defined in a half space for which K
is an upper-graph satisfies a compactness property.

Definition. Let E,, 0 > 0 small depending on A, A, n, denote the family of
functions wu that satisfy:

1) u > 0is convex, defined in £2, N {z,, <1}, u = o on d(2,,,
2) Mu=0on {u =0}, Addz < Mu < Adz in the set {u > 0}
3) KN{z, = 1} is normalized in R" 71, i.e

{I'| <1} n{z, =1} C KN{z, =1} C{|2'| < k(n—1)}

4) K C{x, >0}and K N {x, =0} #0
5) K is an upper-graph, i.e if x € K then x + te,, € K fort > 0.

Lemma 3.4. (Convergence of “graph solutions")

If ug, € E, then, there exists a subsequence that converges uniformly in {2, N
{z,, < 3/4} to a function use, Use = /8 on 02, which satisfies property 2
above.

Moreover, in {x, < 3/4}, d{ur = 0} converge uniformly to 0{u., = 0} in
the sense that they are in a € neighborhood of the limit for k large.

Proof. Letu € E,. If x € {x, < 7/8} N2, then, by (5), dist(z, K) < Cyo.
Consider the function
u* = (u+o(x, —7/8))"

which is well defined since

Ou i={u< —o(z, —7/8)} C {u <o}
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One has

|Mu*(Oy-)| = [Mu*(Oy- — K)| < A|Oy- — K| < C(n)Cio?,

thus, by Alexandrov’s maximum principle, ©* has a modulus of continuity de-
pending only on A, A, n. This implies that  is uniformly Lipschitz in the domain
{u < 0/8}N{z, < 7/8}. If u, € E,, then there exists a subsequence that
converges uniformly to uq.

Obviously, {u;, = 0} is is included in a ¢ neighborhood of {u, = 0} for k
large. Also, since the functions grow at least quadratically away from their O set, we
have that 9{u;, = 0} cannot have a point at some fixed distance inside {u, = 0}
for kK — oo.

Finally, Muy, converges weakly to Mu., by Lemma 2.1, hence u, satisfies
property 2. a

Remark. By the same argument one can prove compactness of the family Dy a5
defined in the Introduction.
Denote by L, the projection along e,, of 0K N {z,, = a}.

Lemma 3.5. Suppose u € E,. There exists ¢(\, A,n) > 0 such that
dlSt(Lh L1/2) > c.

Proof. Assume by contradiction this is not the case, thus there exists a sequence
uy, for which the distance between L’f, L’f /o converges to 0. Then, the limiting
function u, has a line segment along e,, direction included in d{uo, = 0} which
contradicts Lemma 3.3. O

As a consequence, we obtain that 0K, viewed as a graph in the e,, direction, is
balanced around the minimum.

Corollary. Let xg € K N {x, = 0}. Then
diSt(!Eo, Ll) > c.

We denote by ¢, the function in R"~! whose graph coincides with the cone
generated by z¢ and 0K N {z,, = a}.

Lemma 3.6. There exists c(A, A, n) > 0 small, such that

2—c> 301<p;/12 >1+ec.
Proof. The left inequality follows from the lemma above. The right inequality is
proved also by compactness. Otherwise, K of the limiting function u., contains

a line segment with endpoints on {z,, = 1/2} respectively {z,, = 0} and again we
contradict Lemma 3.3. O

Proposition 3.7. (Regularity of “graph solutions")
There exist positive constants o« small C' large, depending only on A\, A ,n such
that if u € E,, xg € K N {x,, = 0} then

{0 <130 {zn > Cla’ — 2o|""*} C K C {zn > C o/ — 20|= ).
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Proof. Assume zy = 0. Notice that the expression ¢ gal_/lz remains invariant under
transformations

(', xy) == (rdet B)f%u(Bos’, TTy),

where B is an affine transformation in R”~! such that {z,, = 1} N {@ = 0} is
normalized. Moreover, if r|det B| < 1 then @ € E, (we restrict @ to {t < o}).
Now the result follows by iterating Lemma 3.6. a

Theorem 1.2 is a consequence of the above proposition and the next lemma.

Lemma 3.8. Letu € Dy 4 s andfor eachpoint xg € 0K denote by v, the interior
normal to a supporting hyperplane of K at . There exists d(\, A, n,d) > 0 such
that

Kn{(x—xg) - vy <d}

is an upper graph in the v, direction.

Proof. Assume by contradiction this is not the case. Then, since Dy 4,5 is acompact
family, we can find a function u € D) 4 s such that K has two supporting planes
at a point xp € 0K.

Let ¥ be a unit vector in the interior of the tangent cone generated by the
supporting hyperplanes at . Since K cannot contain a line segment, we conclude
that K is an upper graph in the & direction in {(z — z) - ¥ < ¢}, for some € > 0.
This contradicts proposition 3.7 and the lemma is proved. O

We conclude this section by constructing an example in two dimensions where
K ={y < —Jz|*}forl < a < oo.Since (z,y) — (A\x, \*y) leaves {y < —|z|*}
invariant, we look for functions u that satisfy the homogeneity condition

WU(AI, A%y) = u(z,y).

If u(1,t) = u(—1,t) = g(t) fort > —1, g(—1) = 0, g convex, then
u(@,y) = |o[* T g(yla] ™),

and one can compute

Also, if u(t,1) = f(t), f convex, then

atl

u(z,y) =y =

flzy™=), y>0,

and
o det D?u = H(a, (1), t=ay %,
H(a,f) = ((a+ 1) f + (o= Dtf) f —2f?, t=ay"

Q=
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Notice that for the particular choice

0] a+1
t) = t) o
9(t) = S (s0+1)

we have
P(a,g) = so(a — 1) (so + )& 1,
We are going to modify this function near g = 0 and oo such that P(«, ¢g) remains
bounded away from 0 and co.
Define

@ (so+t)5a, t>t

3

(143, —1<t<t

gy =4 croE 0
at1

where % is close to —1,
(1+1t)(2— @)
3a ’
and the constant c is chosen such that g; is continuous. Notice that g; is well defined
since sg + to > 0. Also g € C1! because at ¢

So =1+

limﬁ: 3 = atl = lim ﬁ
totg g1 2(L+t0)  a(so+to) ot o1

Moreover, on [—1, %]

(2) Plasoy = (24 1) g - 2o

which is between two positive constants if ¢ is chosen close to —1.
If u; is the function generated by g1, then near ¢ = 0,

e’
t) = t,1) =
ht)=wm(t1)=——=
We modify f; in the following way

fal+e2), o<t<t
ﬁw_{ﬁm,tzm

at+1
@
)

(Sota + 1) t > 0

where b is chosen such that

lim ']ié o 2t1 - (O[-l— 1)80i(1171 — fé

= = = lim )
it fo b+ 13 sotg 41 t—t+ f2

and a such that f5 is continuous.
Notice that b is positive if ¢; is small. On [0, 1] we have

a 2H(a, f) = 2(a+ 1) (b+ %) — 4(a? — a + 1)t2.

The last expression is linear in t? and H(c, f) > 0 att = 0. When t = ¢; we
use (9) and obtain

a?H(a, f) =48 ((sg "t +1) — (&> —a+ 1)) >0, ift; small.

In conclusion we constructed a global u with K = {y < —|z|*} with Mu =0
on K and A\(a)dz < Mu < A(a)dz on {u > 0}.
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4. Proof of Theorem 1.3

First we prove the existence of R(d). We are going to use the following estimate of
Pogorelov.

Proposition 4.1. (Pogorelov’s estimate)
If w is convex,

det D*°w=¢y>0 in2, w=0o0ndN

then
wyp|w| < C’(n,mgx|w1|).

Remark. The constant C'(n, maxy, |wy|) doesn’t depend on cy.

Proof. Write
log det D?w = log ¢y

and differentiate with respect to
wwy;; =0, (10)

where [w%] = [D?w]~! and we use the index summation convention. Differenti-
ating once more, we have

wwyyi; — wwwyijwig = 0. (11)
Suppose the maximum of
1
log wyy + log |w| + §|wl|2 =M (12)

occurs at the origin. One can also assume that D?u(0) is diagonal since the trans-
formation

_ w14 (0
W(x1, .oy @) = wW(T1 — Qoo — .. — ApTy, Ta, .oy Tp), Q = 1:(0) (13)
wll(O)
doesn’t affect the equation or the maximum in (12). Thus, at 0
Py =0 (14)
w11 w
W11ii w%u Wij wf 2
Suv T DB 2w <0 (15)
w11 w11 w w
Multiply (15) by u;;* and add
W1 wi; on o wl o wiwy
- R T T <o,
W11 Ws5 Wi W1, w Wi W Uij
From (14)
w; _ Wi i 7& 1,

w w11 ’
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which together with (10), (11) gives
2 2
W44 n w
e SR S S )
i W Wiy W wnw
thus, L )
M _ pezvieM < w%ewl
and the result follows. O

If u € Dy s (see Introduction) then, from (5)
dist(K,0{u = 6}) < ¢(n)s?,

hence any [p| < d1(4) is the subgradient of u at some point in {u < §}.
Thus, if v is the Legendre transform of w, then

det D*>v =1, in Bs, \ {0}.
The graph of

v*(p) = sg}gp -x
xT

represents the tangent cone of v at 0. Let L,,, L, denote the d5 level sets of v,
respectively v*, where 62(6) > O such that L,» C Bs,. Using that D; 5 is a

compact family one can prove that
L, C (]. — 63)[/1,*, 53(5) >0
Lemma 4.2. [fpy € OL,~ then || D*v*(po)| < C(n,d).

Proof. Consider the function
v:=v— (14 04)Vv*(po) - p.
If 04(6) > 0 is small then, by (16), {v < 0} C L.

We apply Pogorelov’s estimate to the functions

1
v'(p) = So(pt), >0
and obtain

|17t|||D217t|| < C(n, max |V2'|) = C(n, max |Vo|) < C(n,d)
{ot<0} {v<0}

Ast — 0, v* converges uniformly to
v" = (1+64)Vv*(po) - p

and the lemma follows from (16) and (17).

(16)

A7)

a

From the lemma we find that the set L.~ has at all its boundary points a tangent
interior ball with radius depending only on ¢ and n. It is easy to check that this

implies the existence of R(d) in Theorem 1.3.
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For the existence of () we prove a Pogorelov type estimate.

Suppose the convex function u is decreasing in the e,, direction in the section
S ={u < p-x}, and denote by w(xy, .., r,_1, s) the graph in the e,, direction of
the s level set, i.e

u(a:la ..75U7L_1,’ZU($17 vy Tp—1, 5)) = S.

In the same way define /,, the graph in the e,, direction of the s level set of p - x.
The next proposition gives a bound for the curvatures of the level sets of w.

Proposition 4.3. If
det D*u = f(u) inS

then
U u
wir(ly —w) < C (n,max =, DLy max | & ) .
S |Pnl| |Pn Un
Remark. The constant C' does not depend on f. Also, - = —w;.

The normal map to the graphof uat X = (21, .., Zpn, Tpt1) = (21, .., Tpn, u(x))
is given by

v= (1, Uns1) = (14 |Vu>) "2 (—uq, .., —tn, 1).
The Gauss curvature of the graph of u at X equals
g9(X,v) = det D; (uj(l + |Vu|2)7%) =
= (14 |Vul?) ™" det D?u = (ps1)" 2 f (2ns1).
The graph of u can be viewed as the graph of w in the e,, direction,

(3717 oy Ly u(x)) =X = (xla sy Tp—1, IU(JZl, -~;xn—17$n+1)7xn+1)

thus
9(X,v) = (vn)" 2 det D*w,

or

n+2
Un, )
det D?>w = f(zpy1) ( VH) = f($n+1)(—wen+1)n+2-

n

By relabeling the coordinates (—,,11 — x,) we have
det D*w = f(z,)(wn)" 2,  wy, > 0.
In order to prove Proposition 4.3 it suffices to prove the next estimate.
Lemma 4.4. Suppose w satisfies
det D*w = f(z - n)(we +¢)" 2, we+¢>0

in the bounded set {w < 0}, where n, £ are vectors. If e - ) = 0 then

wip|w| < C | n, max |w;|, max .
{w<0} {w<0} we + ¢
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Proof. Assume the maximum of
g 2
log wyy + log |w| + S Wi (18)

occurs at the origin, where o > 0 is small, depending only on max |w |.
Again we can assume that D?w(0) is diagonal. Indeed, using transformation
(13) we find

det D*w = f(z - n)(wg + )"t wg(r) = we(T),

thus, the hypothesis and the conclusion remain invariant under this transformation.
We write

log det D*w = log f(z - ) + (n + 2) log(we + ¢).

Taking derivatives in the e; direction we find

W14 wig
- ) 19
Wi (n + )wg +c (19)
W11ii wij, Wiie w%g
——4:(n+2)7—(n+2)72 (20)
Wi Wi Wy 5 we + ¢ (’LUg + C)
On the other hand, from (18) we obtain at 0
Wi YL wwy = 0, @1)
w11 w
g 2 y 2
D T B0 w4 owd <0, (22)
w11 w11 w w
Multiply (22) by w;; ! and add, then use (20), (19)
1 wf w?
— [ 2 (o) —E | - (23)
w11 Wi Wy 5 We¢ +c (’LUg + C)
w2, n w? w
*%‘1‘*7 12+(n+2)0w1 1€ + owip < 0.
Wi Wiy W WiHW we + ¢
One has
w?, w?
—L_(pg2) > (24)
G Wi (we +¢)
1 n 2 2
W11 Wi 1€
— — - 2
wl o on (21: wi; ) (n+ )(w +¢)?
2 w 2
w1211 (n+2) 1¢ = (n+2) 1¢ ~ >
Wiy n (we +¢) (we +¢)
> w%n
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From (21)
w; W11 .
— =———, for 1
w w11 i
which together with (24) gives us in (23)
n+2 [(w w?
( 1ie Mwlwm) T 25)
We + € \ w11 Wi
2
n_ w12+0w11§0.
w w1 w
From (21)
DU L Gy = ——= (26)
w11 w
and also
w111 w1
= —— — 0W1W11
w11 w
thus,
2 2
W11 wy 2.2 2
< —= + . 27
w%l = 02 0 wiWyy 27)

We use (26), (27) in (25)
(n+2we n 5 w}

1 — ow} <0.
(we+cw  w wyw? Foll —ouwpwn <

Multiplying by w1, w? we have

+2)c

1— ow? 2 ((n42)e < 2uw?

o(1 — ow?)(wwi1)” + ( — wwyy < 2wy

and the result follows if o is chosen such that cw? < 1/2. O

Below we show that Proposition 4.3 implies the existence of r(d) in Theo-
rem 1.3.
For this we solve the equation

det D*u® = fs(ug)a

1, t>0
fE(t)_{g’ tSO

One has u® < w and u® converges uniformly to v as ¢ — 0.
Suppose ae,, € 0K, a < 0 and let v be the interior normal to K at this point.
If z is close to 9{u® < 0} then

u®(x) > sup u’.
B2

This implies that there exists d5(d), ds(d) > 0 small, such that u° is decreasing in
the e,, direction in the section

{u® < v - ((a+ dg)en — )}

Now we apply Proposition 4.3 to u* and the desired result follows as ¢ — 0.
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