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The porous medium equation

Porous medium equation (PME):

@tu −�um = 0, m > 0,

with u = u(x, t) ≥ 0.

� Model for the motion of a fluid in a porous medium

� Model for an explosion (like a bomb)

� Useful for creating a perfect coffee (project of illy with the
university of Florence)





The porous medium equation

Porous medium equation (PME):

@tu −� um�=um−1u

= 0, m > 0.

Behavior of the solution depends on m in a crucial way:

� m = 1: classical heat equation (smooth solutions)

� m > 1 (slow diffusion equation):
� fundamental solution has compact support at any time
� degenerate behavior: �u�m−1 → 0 as u→ 0

� m < 1 (fast diffusion equation):
� fundamental solution has no comp. supp. for any time t > 0

� singular behavior: �u�m−1 →∞ as u→ 0



Some known results for the PME

� Existence of weak and very weak solutions
� Asymptotic behavior (decay when t →∞)
� Hölder continuity of solutions
� Harnack inequality
� Behavior of the free boundary
� um−1 is differentiable (even C1,↵) after some waiting time

List of authors (not exhaustive): Barenblatt, Aaronson,
Caffarelli, Wolanski, Vázquez, DiBenedetto, Gianazza, Vespri,
Kinnunen, Lindqvist, Liskevich, Skrypnik, Duzaar



Obstacle problem for the PME

Obstacle:  ∶⌦T → R+
Lateral boundary datum: g∶⌦T → R+, g ≥  on ⌦T

Initial boundary datum: uo∶⌦→ R+, uo ≥  (⋅,0) on ⌦

The obstacle problem:

�����������
u ≥  on ⌦T ,

u supersolution to the PME, i.e. @tu −�um ≥ 0 on ⌦T ,
u solution to the PME on {u >  }.

Formally the problem reads as:

�����������
max{−(@tu −�um), − u} = 0 in ⌦T ,

u = g on @⌦ × (0,T).
u(⋅,0) = uo on ⌦.



Known existence results

� Alt-Luckhaus: double obstacle problem for @tb(u) −�u = 0,
with  

1

≤ u ≤  
2

, and  
1

, 
2

∈ L∞;

� Brezis, Lions: obstacle problem for the parabolic p-Laplace
@tu−div(�∇u�p−2∇u) = 0, with  not increasing
in time;

� B.-Duzaar-Mingione, Scheven, Lindqvist-Parviainen:
obstacle problem for the parabolic p-Laplace,
no monotonicity assumption on  .



Variational inequality
u ≥  satisfies

�
⌦T

�@tu(vm − um) +∇um ⋅ (∇vm −∇um)�dz ≥ 0

for any v ≥  with v = u on @
par

⌦T .
� u supersolution: vm = um +', with ' ≥ 0, ' = 0 on @

par

⌦T

⇒ �
⌦T

�@tu' +∇um ⋅ ∇'�dz

��������������������������������������������������������������������������������������������������������������������������������������������������������=∫⌦T
(@tu−�um)' dz

≥ 0

� u solution on {u >  }: vm = um ±', with spt' ⊂ {u >  },
um ±' ≥  m

⇒ �
⌦T

�@tu' +∇um ⋅ ∇'�dz

��������������������������������������������������������������������������������������������������������������������������������������������������������=∫⌦T∩spt'(@tu−�um)' dz

= 0



Strong solutions

Function space for solutions:

K (⌦T) ∶= �v ∈ C0�[0,T];Lm+1(⌦)� ∶ vm ∈ L2�
0,T;H1(⌦)�,

v ≥  a.e. on ⌦T�.
Definition: u ∈ K (⌦T) with u = g on @⌦ × (0,T), u(⋅,0) = uo on
⌦ and @tu ∈ L2(0,T;H−1(⌦)) is a strong solution to the obstacle
problem if

�
⌦T

��@tu, vm − um� +∇um ⋅ (∇vm −∇um)�dz ≥ 0

holds true for any v ∈ K (⌦T) with v = g on @⌦ × (0,T).
�⋅, ⋅�: duality pairing between H−1(⌦) and H1

0

(⌦)



Existence of strong solutions

Theorem (B., Lukkari, Scheven).

Let m > n−2

n and  , m,g,gm,uo,um
o be smooth. Then, there exists

a strong solution to the obstacle problem which is locally Hölder
continuous.



Nonsmooth obstacles

 m ∈ L2(0,T;H1(⌦)), @t 
m ∈ L

m+1

m ,  m(⋅,0) ∈ H1(⌦)
Definition: u ∈ K (⌦T) with u = g on @⌦ × (0,T) is a weak
solution to the obstacle problem if

�
⌦T

�∇um ⋅ (∇vm −∇um) + (v − u)@tvm�dz

≥ �
⌦×{T} �uvm − 1

m+1

(um+1 + vm+1)�dx

−�
⌦
�uovm(0) − 1

m+1

(um+1

o + vm+1(0))�dx

for any v ∈ K (⌦T) with v = g on @⌦ × (0,T) and @tvm ∈ L
m+1

m (⌦T).



Existence of weak solutions

Theorem (B., Lukkari, Scheven).

Let m > n−2

n and  ,g,uo satisfy

 m,gm ∈ L2(0,T;H1(⌦)), @t 
m,@tgm ∈ L

m+1

m (⌦T),
 m(⋅,0),um

o ∈ H1(⌦).
Then, there exists a weak solution to the obstacle problem.



Regularity

Question: How regular are solutions to the obstacle problem?

Heuristics:
� On {u =  }: u is as regular as the obstacle

� On {u >  }: u is a solution to the PME

⇒ Hölder continuity is the best regularity expected



Regularity result

Theorem (B., Lukkari, Scheven).

Let m ≥ 1 and  be Hölder continuous and u be a weak solution
to the obstacle problem. Then, u is locally Hölder continuous.



Proof (local boundedness)

u is locally bounded on ⌦T with the estimate

sup

Q⇢,✓(zo)
u ≤ c max� sup

Q
2⇢,2✓(zo)

 , � 1

⇢n+2

�
Q

2⇢,2✓(zo) u2m dz�
1

m+1

, �⇢2

✓
� 1

m−1�.



Proof (intrinsic geometry)

Intrinsic geometry

�
@tu −�(um−1u)���������������������������������������∼µm−1�u

= 0, on Q⇢,s

� Assume u ∼ µ > 0 on Q⇢,s (for instance 1

2

µ ≤ u ≤ 2µ)

� Rescale the solution on Q
1,1:

v(y, ⌧) ∶= u(⇢y, s⌧), on Q
1,1

⇒ @⌧v = s@tu ∼ sµm−1�u = sµm−1

⇢2

�v ⇒ s = µ1−m⇢2

� ⇒ Homogeneous behavior on intrinsic cylinders of the
form Q = Q⇢,µ1−m⇢2

, provided u ∼ µ on Q.



Proof (Two regimes)
Fix zo ∈ ⌦T and consider cylinders with vertex zo. Distinguish
between two types of cylinders.
�

Nondegenerate regime: Q = Q⇢,µ1−m⇢2

(zo) satisfies (NR) if

sup

Q
u ≤ µ ≤ 2 inf

Q
u (∗)

intr. geometry�⇒ u behaves like a solution to the obstacle problem
for the heat equation on Q

�
Degenerate regime: If (∗) is not satisfied, construct a
sequence of nested clinders Qi = Q⇢i,✓i⇢2

i
(zo) such that

either

there exists io ∈ N0

such that Qio satisfies (NR)

or

oscQi u→ 0, as i→∞ in a quantified way
(u(zo) = 0 in this case)


