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Abstract. We present a model for a continuum in which the strain rate depends
linearly on the stress, as long as the latter is below a fixed threshold, but it is frozen
to a constant value when the stress exceeds such a threshold. The constitutive equation
is given in an implicit form as the stress is a multi-valued function of the strain rate.
We derive the model in a general 3D setting and we study the one-dimensional case of a
pressure-driven flow between two parallel plates. We prove some analytical results and
describe a procedure to determine the main physical parameters (stress threshold and
viscosity) by means of a rotational viscometer. Finally we show that the model can be
obtained as the limit case of a piecewise linear viscous model.

1. Introduction. This paper concerns the response of implicit fluid models, which
are quite different from the ones commonly employed. In the case of the classical linearly
viscous (Newtonian/Navier-Stokes) fluid, the generalized Stokesian ﬂuidEI or a general
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LA fluid is referred to as a generalized Stokesian fluid if the Cauchy stress in the fluid is a function
of the symmetric part of the velocity gradient and the density of the fluid.
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simple ﬂuidE one prescribes an expression for the Cauchy stress in terms of kinemat-
ical quantities such as the symmetric part of the velocity gradient, the history of the
deformation gradient, etc. However, not all fluids can be reasonably modeled within
such a framework. Striking examples are the extremely shear-thickening colloidal sus-
pensions [25]. Within such a framework, one cannot obtain a fluid model wherein the
fluid is incompressible but the material moduli of the fluid are functions of the pressure
(Lagrange multiplier that enforces the constraint), for example the viscosity, the normal
stress differences or the relaxation time being functions of the pressure. As considerable
evidence exists for the viscosity being a function of the pressure in many organic liquids
that are essentially incompressible (see [2] for the literature before 1931 and the recent
paper by Bulicek et al. [3] where references are provided for more recent experimen-
tal papers), one expects the relaxation time of geological materials such as the earth’s
mantle to depend on the pressure. In fact, it has been experimentally verified that the
viscosity can depend exponentially on the pressure (see the recent experiment of Bair
and Kottke [I], while the density of the fluid increases by a few percent (see Dowson
and Higginson []], Rajagopal [19]). The viscosity increases by as much as 30 percent in
many organic liquids. While none of the classical fluid models or simple fluid models
can handle this dependence of viscosity on pressure, implicit constitutive models for flu-
ids can describe such dependence (see Rajagopal [18] and Rajagopal [19] for a detailed
discussion of implicit models for ﬂuids)ﬁ. Nor can the classical Bingham fluid model
(see [I5]) or the Herschel-Bulkley [13] fluid model be cast within the classical frame-
work. They can however be formulated as the symmetric part of the velocity gradient
depending on the stress. Recently, Malek et al. [I4] have studied the flows of stress
power-law fluids, namely fluids wherein one can express the symmetric part of the ve-
locity gradient as a power-law function of the stress. They find that such fluids exhibit
a markedly different response from that of the classical power-law fluid in flows between
infinite parallel plates and between cylindrical annulis. We are interested in considering
a different subclass of implicit fluid models, but before describing them we would like to
motivate them by looking at the solid mechanical analogs that have been reasonably well
studied, and discussing them will provide guidance to understanding the fluid problem
and also to understanding some fundamental differences between such relationships. The
solid mechanics counterpart of implicit fluid models between the Cauchy stress and the
symmetric part of the velocity gradient are implicit models for solids, with the relation
being between the Cauchy stress and the Cauchy Green stretch tensor (see Rajagopal
[19], Rajagopal [20], Rajagopal and Srinivasa [21]). It is well known that there are many
solids, especially rubber-like materials, that exhibit limiting chain extensibility. A simple
model that takes limiting chain extensibility into account is the model due to Gent (see
[22]) wherein the stored energy includes a parameter that is referred to as the limiting
chain parameter. We are not interested in a detailed discussion of the limiting chain

2 According to Truesdell and Noll [24] the Cauchy stress in a generalized simple fluid depends on the
history of the deformation gradient of the fluid. If the fluid is compressible, it will also depend on the
density of the fluid.

3The idea of implicit models is not new as such models have been used to describe viscoelastic fluids
(e.g. Maxwell fluid, Oldroyd-B fluid, Burgers fluid, etc.). Interestingly, in such rate-type fluid models,
one can once again have the material moduli, such as the relaxation time, depending on the pressure.
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extensibility models in elasticity. What is of consequence is the fact that these models
form a subclass of elastic solid models that are implicit. Rajagopal and Saccomandi [22]
have discussed the status of models with limiting chain extensibility within the context of
implicit constitutive equations for solids and they have also considered special solutions
within the context of such models. More recently, Rajagopal [23] has studied several
problems within the context of nonlinear elastic solids that exhibit limiting strain.

It is the appropriate counterparts of such solid models which exhibit limiting chain
extensibility within the context of fluid mechanics that we are interested in. Within the
context of fluid theories, we are interested in the class of fluid models with limiting shear
rate (shear strain) when subject to shear stresses. It turns out, just as in the case of solid
bodies, that the class of fluid bodies that exhibit limiting shear rate can be studied within
the context of implicit fluid models (see Rajagopal [19] and Rajagopal [1§] for a detailed
discussion of implicit fluid theories). This paper is devoted to the study of such fluid
models with limiting shear rate. However, before we discuss the special initial-boundary
value problem that we are interested in, it is worthwhile to discuss briefly the results that
have been found in the case of solids with limiting stretch so that we can compare and
contrast the results that are obtained in the course of this study. In fact, there are some
striking differences with regard to the results. Recently, Farina et al. [I0], [I1] studied
the one-dimensional problem for an elastic solid with limited stretch and proved that the
equations governing the deformations of such a body have a unique solution. However,
they showed that the problem obtained from a limiting procedure for a constitutive model
with a piecewise linear elastic response showed a very interesting feature, namely that
the limit does not lead to the solution of the model with a threshold. On the other hand,
in the case of a fluid model we can show that the limit of the procedure with a piecewise
linear response does lead to the limiting strain rate (see Section BIl). As we shall see
this has to do with the dissipative structure of the interface.

In this paper we study the response of the counterpart in fluid mechanics of the above
model, namely those which exhibited a limited shear rate response (see Figure[Il). Below
a certain threshold for the shear rate, the fluid behaves like a linearly viscous Navier-
Stokes fluid. However, once a threshold in the shear rate is reached, the shear rate of
the fluid remains constant even when the shear stress is increased. Such a behavior can
be viewed as the opposite of a Bingham fluid-like response wherein the shear rate is zero
until a critical value in the shear stress is reached, beyond which the fluid flows like a
linearly viscous fluid.

The paper is organized as follows. In the next section we introduce the general repre-
sentation for implicit constitutive models between the Cauchy stress and the symmetric
part of the velocity gradient, and the special implicit constitutive model that we shall
consider in this paper. In section [3] we consider special unsteady unidirectional flows
between two infinite parallel plates which leads to two distinct regimes of flow for the
fluid model under consideration and prove a uniqueness theorem for the flow. In section
[ we consider the gravity-driven flow of the implicit fluid in a vertical cylinder. In the
following section we discuss how to measure the threshold value for the stress below
which it behaves like a Navier-Stokes fluid and the viscosity and also consider the flow
of a shear-thickening fluid. We end the paper with a few concluding remarks.
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2. The general model. A general class of implicit constitutive relations for an in-
compressible fluid can be defined through (see [Ig], [19])

g(T,D) =0,

where T is the Cauchy stress and D is the symmetric part of the velocity gradient,
subject to the requiremen
trD =0.

If g is an isotropic function, then it has the following representation [17]:

aol + a1 T + asD + a3T? + a2D? + a5 (TD + DT)

+ag (T?D + DT?) + a7 (D?T + TD?) + as (T?D?+D?T?) =0,
where a;, i = 0,1,...,8, depend at most upon trT, trT?, trD?, trT3, trD?, tr (TD),
tr (T2D), tr (DQT) and tr (T2D2) as well as on other parameters characterizing the
material (e.g., the mass density p). If the fluid were compressible, or if other variables
such as the temperature were to be taken into account, in that they appear in the function
g, then the material moduli would also depend on the density and temperature.

Within this framework we consider the following implicit constitutive relation:

[z o0 12
8, = {HD 27}} o (HT ao),

BoL+61 (T —27D) = 0 with (2.1)
B1=0 (00— 113*)

where:

~

e T is the deviatoric part of T, defined as follows:
T=T-(1/3trT)L

We recall that such a decomposition has a purely geometrical character without
any appeal to physical principles.
e [I5 and Ilp are the second invariant of T and of D, respectively, i.e. Ilq =
1/2‘51?'/1\‘2 and IIp = 1/2trD?.
e O is the Heaviside function
0, if z<0,
O(z) =
1, if z>0.
e 0,, [0,] = Pa, plays the role of a threshold stress.
e 1), [n] = Pas, is the fluid viscosity. Both o, and 7 are constant and positive.
In particular, when condition I I%/ 2 < o, is fulfilled, we have the usual law for viscous
fluids:
T=2yD = T=—pl+D,
where )
p= —3 trT.

4trA denotes the trace of the tensor A.
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1/2 1/2
When H’I‘ I"I“

at the threshold, i.e. II]13/2 = ;—o. Thus, if the stress exceeds a certain threshold, it
Ui

> 04, 1 1113/ % hecomes constant and equals the value corresponding to

becomes undetermined while D stays on a manifold defined by 2n? trD? = 2.

We consider the case in which the spatial domain occupied by the material at time ¢
is divided by a sharp interface S into two subdomains, characterized by Il4 being above
or below the threshold. Thus, at the interface, the transition between two regimes takes

place.

3. Flow between parallel planes. We start by considering the one-dimensional
motion of a fluid within a layer confined between two infinite parallel plates at y = £h.
Let the z-axis be the direction of the flow:

(y,t) = v(y,t)ex,
so that the incompressibility constraint is automatically met. The symmetric part of the
velocity gradient i

1 0 v O
Dzi 4 0 0 |, where = uv,.
0 0 0
Hence )
115 = 3 141
Concerning T, we have
-p O 0
T = o —p 0 ,
0 0 —p

because of symmetry considerations. In particular, 17 1/2 _ |o|. Thus, we may discrimi-

T
nate between the two regimes as follows:

|0'|§0’0 <~ 0':"7;}/’

. . Oo
lo|>00 & [Y=%%=—
The implicit constitutive law (ZI)) then leads to
9(0,%) = (@ =n1)0 (00 — 0) + O(0 — 05) (¥ — Fo) = 0, (3.1)
and it is shown in Figure [l
We remark that strain rate vs. stress is a function whereas stress vs. strain rate is a
graph. The implicit law (1] shows that when o < o, the material behaves like a viscous
Newtonian fluid with viscosity n, whereas for o > o, the strain rate (or shear rate) is
fixed, ¥ = “,.
The implicit law ([BJl) parallels the one presented in [I0] where we studied the one-
dimensional problem for an elastic material with a limited extensibility range.

v v
5vy and v¢ stand for 30 and for —, respectively.
Y

ot
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Fic. 1. Constitutive relation linking the shear rate 4 with the
shear stress o.

Due to symmetry reasons, we may confine our attention to the region 0 <y < h. The
interface S has the equation y = s(¢) and is not a material surface. In particular, for
0 <y < s(t), the stress is below threshold (see Figure [2]).

R
Nl

Fic. 2. Flow between two parallel planes. The interface y =
s(t) is the free boundary separating the inner core (where the
stress is below the threshold) and the region where the stress
exceeds the threshold (fixed shear rate).

3.1. Mathematical formulation. We consider a flow driven by a known pressure gra-

dient f, > 0. In particular, we analyze the case in which f, is constant (the problem
can be extended to the case of a time-dependent pressure gradient f(¢)). In the region
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s(t) <y < h we have

Oo 0o
vy(y) = i v(y) = ;(h ~ ), (3.2)
since the no-slip condition is imposed on y = h. Hence

+y _ %o
v(s™) p (h —s).
Relations ([B.2]) express the fact that 4 is fixed in the region where o > o,. Consequently
the velocity decreases linearly to 0 as y approaches the boundary.
In the domain 0 < y < s(¢) the problem for v and s is

pve — Ny = fo, 0<y<s(t), t>0,
v(y,0) = vo(y), 0 <y <s(0),
vy (0,t) =0, t>0,
- o, (3.3)
v(s™,t) = —=(h—s), t>0,
n
vy(s*,t):—ﬁ, t>0,
n
s(0) = b, 0<b< h,
where:
e p is the fluid density (assumed constant).
e vu,(y) is the initial velocity, and b is the initial position of the free boundary.
e v,(0,t) = 0 expresses the symmetry of v across y = 0.
e v(s™,t) = 0,/n(h — s) expresses the assumption
[v] =0, (3.4)
where
ﬂ()]] = (')‘y=s+ - (')|y=s’
denotes the jump of the quantity () across the interface. We remark that condi-
tion ([B4) ensures that slip phenomena do not occur at the interface y = s(¢). In
particular, (B4) also ensures the continuity of the stress (see, for instance, [4],
Chapter 8).
o v,(s,t) = —0,/n expresses the requirement for the stresdd to attain the threshold

value at the interface y = s(¢).
We assume the following compatibility conditions for the initial data:
Oo Oo

V(D) = ;(h —b), v (b)= 0 and v/ (0) = 0. (3.5)

o

We cast problem ([33) in a nondimensional form by means of the rescaling
y=y*h, t=tt, v=v*v., oc=0"0, vV,=vsv.,, s=s"h, b=0>b"h,

and we set
ph? foh?
te =—, Ve =
n n

SRecall that in the region 0 < y < s(t), o(y,t) = nuy(y, ).
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as the characteristic time and velocity, respectively. Problem (B3]) becomes (we omit
“*7 to simplify the notation)

Uy — Uyy = 1, 0<y<s(t), t>0,

v(y,0) =vo(y),  0<y<s(0),

v, (0,8) =0,  t>0,

(3.6)
v(s,t) = A1 —s), t>0,
vy(s,t) = =\, t >0,
s(0)=b, 0<b<l,
where
A:ZZ>0. (3.7)

The compatibility conditions ([B.5]) become v,(b) = A(1 —b), v/ (0) = 0 and v/ (b) = —A.
We observe that problem (B.0) has Cauchy conditions on the free boundary which make
it different from the parabolic free boundary problem describing Bingham flows (see [5]).

3.1.1. Auziliary problems. To study problem (B6) we follow a usual technique (see
e.g. [B], [@, [16]) introducing the transformation

Z(y7 t) = Uy(y7 t)v

whose inverse is given by
ot) =A1-s) - [ e e, (3.8)
y

The problem for z(y,t) becomes
2 — Zyy =0, 0<y<s(t), t>0,
2(1,0) = 2(y),  0<y<s(0),
2(0,t) =0, t >0,
(3.9)
z(s,t) = —=A, t>0,

zy(s,t) = —1, t>0,

s(0)=b, 0<b<1,

where z,(y) = v} (y). We notice that ([89) is still of Cauchy type. We also consider the
transformation

U}(y, t) = Ut(ya t)7
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obtaining the following free boundary problem of Stefan type:
Wy — Wyy = 0, 0<y<s(t), t>0,
w(y,0) = wo(y),  0<y<s(0),

wy(0,t) =0, t>0,

(3.10)
w(s,t) =0, t>0,
wy(s,t) =3, t>0,
s(0)=b, 0<b<l,
where w,(y) = v (y) + 1. Tt is easy to see that
z(y,t):s—y—)\—/sw(g,t)df, (3.11)
y

so that the solution of problem (B.) can be obtained from the solution of (BI0) by
means of (BII)) and ([B.8). The free boundary condition (3.I0)5 can be rewritten in the
following integral form:

s(t)
s(t) = A —l—/o w(y, t)dy, (3.12)

exploiting Green’s theorem applied to the equation ([BI0);.
We assume the following hypotheses on the data:
(H1) v,(y) € C3[0,0], and v,(b) = A(1 —b),0<b < 1.
(H2) =X < v/ (y) <0in [0,b] and v} (b) = =\, v, (0) = 0.
(H3) v)(y) +1>01in [0,0], v)(b) = —1.
(H4) f,h > o,.
Hypothesis (H3) can be replaced by the following:
(H3*) vZ(y) +1 < 01in [0,b], and v/ (b) = —1.
As we shall see later, hypothesis (H3) produces a decreasing y = s(t), while (H3*) an
increasing y = s(t).
DEFINITION 1. Let us define

Dyr={(y,t) eER*: 0<y<s(t), 0<t<T}.

A pair (w(y,t), s(t)) is called a solution of Problem (BI0) in the time interval [0, T], with
T>0if
1. s(t) € C'0,T] and s(t) is positive.
2. w(y,t) € C>Y(Ds 1) NCHO(Dy 7).
3. w(y,t) and s(t) satisfy all the equations of Problem (BI0).
3.1.2. Analytical results.

THEOREM 1. Under hypotheses (H1)-(H4), problem (B.I0) admits a unique solution
(w,s) for any time [0,7] in the sense of Definition [l with $(¢) < 0. When (H3) is
replaced by (H3*), then $(¢) > 0.
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Proof. Global existence and uniqueness of a solution can be proved following the
results of [I6], [9. The maximum principle and Hopf’s lemma (see [12]) ensure the
monotonicity of the free boundary, ie. $(t) < 0 (5(¢) > 0 if (H3*) holds). Indeed
w(y,t) takes its minimum along the whole boundary y = s(t), so that wy(s,t) =3 <0
(wy(s,t) = $ < 0 under (H3*), by Hopf’s lemma). O

REMARK 1. From the hypotheses (H1)-(H4) we have thaf A < b. Indeed

b
v (y) = —1 :>/Ov;’(y)dy>—b = A\ <b.

Moreover
A<s(t)y<b, VYV t>0.

When (H3) is replaced by (H3*),

b
v (y) < —1 :>/ng(y)dy<—b = A>0b,

and
b<s(t)<A, V t>0.

Once (w, s) is determined, the solution of problem (B9) is obtained by means of (311,
whereas the solution of problem (B.0) is obtained by means of (3.8]). Some estimates for
v and its derivatives are given in the following.

LEMMA 1. Under hypotheses (H1)-(H4), the solution v(y,t) of problem (&8l is such
that:
1. =A< yy(y,t) <O0.
2.0< vt(y’ t) < maxio,p] [Uo//(y) + 1]
3. 0 < vy, t) <A
When (H3) is replaced by (H3*), result 2 must be replaced by
2. mingy)[vy + 1] < ey, t) <O0.

Proof. Results 1, 2 and 2* follow from the weak version of the maximum principle
applied to problems [3) and (BI0), respectively. Point 3 follows from ([B.8]) and —\ <
2 <0. O

REMARK 2. Problem (3.0]) admits the stationary solution

2 2

Y Soo
'Uoo(y) = _7 + (SOO - 7)7
with
Soo = % =\

Of course the stationary free boundary s, has a physical meaning only if so, < 1, that
is,

Jo= —, (3.13)

which is guaranteed by hypothesis (H4).

"Recall that b < 1 from (H1).
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LEMMA 2. The solution (v, s) of problem ([B&) tends asymptotically to (veo, Seo) for
t — oo.

Proof. Consider problem (39)). Equation (39))1 can be rewritten as (yz),—(yzy—2), =
0. Integrating over D, and applying Green’s formula we get

¢+ Gy - i =0
D, +
Therefore

t b s
/0 (8 — 800)dT = %(b2 —5?) —l—/o yzo(y)dy — /0 yz(y, t)dy. (3.14)

The right-hand side of ([B:I4)) is bounded because of Remark [[land condition 1 of Lemma
@ Thus necessarily

lim s(t) = s = A

t—o0

and

y2
Jim u(y,0) = voly) =

2
SOO
+(SOO - 2 )7

uniformly in ¢. |
3.1.3. Monotone dependence of the solution on the initial data. Let us consider two
different sets of data (b1, ve1), (b2, Vo) satisfying (H1)-(H4) and such that

0<bi<bi<l,  oh(y) <olaly) ye b (3.15)
REMARK 3. Integrating the second inequality of (BI5) between 0 and y we get
V01 () < Uga(y). (3.16)

Recalling then that
b;
o) =M1 bi) = [
Y

for i =1,2, we get

b] b2

Vo2(Y) — Vo1(y) = A(b1 — ba) +/ (Vg1 (&) = Ve (§))dE = | via(E)dE.

Y b1

From hypothesis (H2),

ba

~ [ wiale)de < Aba - )

by

Thus
by
Vo2(y) = vo1(y) < / (vo1(€) — vi2(€))dE <O,
y

where the last inequality is by virtue of (BI6). Therefore

12 " ! /
Vgp K Vpg = Uy K VUpy = Vol = Vo2.
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Let us consider the solutions (wy,s1), (wa, s2) corresponding to the set of data given in

BI5) and define
U(ya t) = w2(y7 t) — w1 (yv t)

Since s1, s are continuously differentiable and by < b, s1(t) < s2(¢) for sufficiently small
times. Let us suppose that there exists a time ¢ € (0, 7] such that s1(f) = s2(t). Since
$1, $2 < 0 we have that

$1(8) < 82(8). (3.17)
In Dy, 7 the function U(y,t) solves
U, — U,y =0, 0<y<si(t), 0<t<it,
U(y,0) = vge(y) —vi(y) 20,  0<y<by,
U,(0,t) =0, 0<t<t, (3.18)

U(s1,t) = wa(s1,t) =0, 0<t<t,

Uy(sl,t):wgy(sl,t)—él, 0<t<t.

Let § = s1(t) = s2(t). By the maximum principle, U(y,t) > 0 in Dy, 7 and U(y,t) = 0;
that is, (g,t) is a minimum. By Hopf’s lemma, U, (y,t) < 0, contradicting ([B18))5 where
Uy(y,t) = $2(t) — $1(t) > 0, because of (BIT7). Thus we have proved the following.

LEMMA 3. Under hypotheses (H1)-(H4), the solutions (v1, 1), (v2, s2) relative to the set
of data 0 < by < by < 1, v/, (y) < vls(y), y € [0,b1] are such that

Lowva(y,t) 2 vie(y,t),  (y:1) € D, 1,

2. Uzy(y,t) > Uly(yvt)> (y,1) € Dg, 1,

3. v2(y,t) <wvi(y,t),  (y,t) € Ds, 1y

4. 51(t) < s2(t) for all T > 0.

Proof. Result 1 has already been proved. Result 2 can be easily obtained. Indeed,
from 1, we have

/0 Doy, Oy > /0 Doy t)dy — /O ' vayy (y: t)dy > /0 ' Viyy (Y 1) dy,
which, once integrated, gives 2. Result 3 is obtained from (B.8]). Indeed
v =A1—-8;) — /Si zi(&,t)dg, i=1,2.
y
Thus
) =0 t) = Ao =52+ [0 -0 - [Ca o @19
s1
with y € [0, s1], ¢ > 0. From point 1 of Lemma [I]

_ /52 29 (&, t)dE < A(s2 — s1).

S1
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Thus (319) becomes

02 ) — () < / " (6 1) — za(€)de <0,

where the last inequality is due to 2. O

4. Gravity-driven flow in a vertical cylinder. In this section we study the flow
in a vertical cylinder of radius R. Let €}, €,. be the axiaﬁ and radial unit normal vectors
and let ¥(r,t) = v(r, t)€, be the velocity in the domain 0 < r < s(t), i.e. the region where
the strain rate increases linearly with the stress o. Analogous to the previous case, in
the region of fixed strain rate s(t) < r < R, we have

v(r,t) = F(R_ r), (s t)= ?(R— s),

dv oo
“—(r,t) = —=2.
ar (T7 ) 77
Assuming that the flow is driven by gravity and by a constant pressure gradient f, we
have
v n o v
= = 12 (r==), O0<r<s(), t>0.
pat pg+f0+1"8r (r[)r) r<s(t)

This situation corresponds to the flow produced in the vertical pipe when it is connected
to a reservoir in which the fluid level is kept constant (or has negligible variations).
We add the symmetry condition v,(0,7) = 0 and the initial condition v(r,0) = v,(r).
Summarizing, the problem for v is the following;:

v no (o
pat—pg+fo+rar<rar), 0<r<s(t), t>0,

v(r,0) = v,(r), 0 <r<s(0),

v-(0,1) =0, t >0,

ag

v(s,t):;o(R—s), t>0,

o

g
UT(57t):__7 t>0a
Ui

s(0) =0, 0<b< R
From the rescaling
r=r"R, t=1t"t.,, v=0" 0=0%0, v,=vv., s$=s"R, b=0>b"R,
where we set
pR2  _ (pg+ fo) R

te = 3 c = ’

n n

8¢, is pointing downward.
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we obtain (omitting the “*”)

ov 10 [ Ov

§_1+;E(TE>’ 0<r<s(t), t>0,
v(r,0) = v,(r), 0<r<s(0),

v:(0,t) =0, t >0,

v(s,t) = A1 —s), t>0,

vp(s, 1) = =, t>0,

s(0)=b, 0<b<l,

where now
Oo

(pg + fo) R
Analogous to the previous case, we cast the problems for z = v, and w = v, thereby

obtaining

Zt:ZTT'f'Z_T—%, 0<r<s(t), t>0,
oo

2(r,0) = z,(r), 0 < r < s(0),

2(0,6) =0, >0,

w(r,0) = wy(r), 0 < r < s(0),

wr(07t)20a t>0;
(4.2)
w(s,t) =0, t>0,

wy(s,t) = (1 - i) 3, t >0,

S

s(0)=b, 0<b<l,
where bR = s,, 2,(r) = v (r), and w,(r) = 1+ r~ 0/ (r) + 7 (r).
It is easy to show that problem (A1) admits the stationary solution
2 Seo Soo )
UOOZ_Z+7(1_7)7 with 80022)\

The free boundary condition [@2))5 can be rewritten by means of the relation

0 Ow 0 ow
/Ds,t {E (TE> ~ 5 (rw)} dr = ]{9&% <TW> dr + (rw)dy =0,
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which yields

b s(t)
S — 2= — 2 TWe T )ar rwir, .
(s=N"=(0b-N 2/0 (r)d +2/0 (r,t)d

The results obtained in sectionBlstill hold for the radial case here presented. In particular,

BI3)) is replaced by
205 < (pg + fo) R

5. Measuring the parameters o, and 7. Parametersﬁ 0, and 7 can be measured
by means of a rotational viscometer (for the analogous subject concerning Bingham
fluids, see [0], [7]). Consider the steady flow of a fluid of the type under investigation
between two coaxial cylinders. The inner cylinder (radius R;) rotates with constant
angular velocity w. The outer cylinder (radius R.) is kept immobile. As long as the
stress is everywhere below the threshold, sufficiently far from the upper and lower ends
of the cylinder, the velocity field is ¥ = v (r) €y, with

RN\? ]
(—) — 1| wr.
r

In a rotational flow,

0
N sor () 0
|35 () 0]
0 0

so that IIp =

ro (%)

20r \r/|

We denote by M (r) the torque acting at the radius r, namely
M (r) = 2712 |1, (7)),

where 7,4 is the tangential stress and & is the height of the cylinder. In case the stress is
everywhere below the threshold, i.e.

|7r0 (r)| < 06, ¥ R; <7 <R,

M is given by

R2R2
M = 47Th’l’}mw, (51)
since -
0 /v R:R; 1
Tro(Ry) = "o (—) = —QUW}@%R%T—Q-

Relation (&) is used to calculate 7, as it occurs for ordinary Newtonian fluids.
The threshold o, is reached at the wall of the rotating cylinder, and the limit torque
is

M, = 27 R?ho,.

9Throughout this section the quantities considered are dimensional.
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Hence, for M > M,, the domain occupied by the material has to be split into two
sub-domains:

e 3 = {R; <r < s(t)}, where the strain rate is constant and equal to o, /7,

o )y = {s(t) <r < R.}, where the strain rate is smaller than o, /7.
In Q; the strain rate is constant; hence

7"2 (E> = —@, with &, = 20,,
ar \r n
and )
v G r
—=——In( : 5.2
In Q9 the problem for v(r,t) is given by
pUt:n(Urr+v_T_%)7 s(t)<r < R., t>0,
rooor

v(r,0) = v,(r), s(0) < r < R,

v(Re,t) =0, t >0,

- (5.3)
vst) _ oy, (i> tw, >0,
S n R;
ov(s,t) 6o s
=2 im(2) +1 t
or n [H<Ri>+ ]—H‘J’ -0

s(0) = s,, R; < s, < R.,

where ([B3])5 derives from the requirement

.9 (3) __%
or \r/| _. 7
Looking for the steady solution (S, Vo) of (B3] we get
2nw s
2 2 2 00
=R:(|1- 2R:In [ — 5.4
o= (1-2) s orim () 6.9

and
Voo(r) _ G0 {i _ L]
r 2n > |r2  RZ|’
The steady state free boundary s, is defined implicitly by (5.4]), from which we determine
Soo = Soo(w, Riy Re, 65,7m). We thus get

(5.5)

M = 277]7,(5'0 : Sgo(w;RiaRw&oan)a (56)
which provides a relation between M, w and &,. If we differentiate expression (0.4 w.r.t.
w we get
0800 _ NR?s4 >0
Ow  G,(R? —s2)

Taking the limit so, — R; is equivalent to letting w — w, (which is the angular velocity
corresponding to the torque M,). Thus from (&),

0o R?
Wo = % (1 — ﬁ) . (57)
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Expressions (51 and (&6]) provide the 1-1 relation between M and w below and above
the threshold. The torque applied is a function of w which is linear up to w, and nonlinear
for w > w,. Thus, since the viscometer plots M as a function of w, a simple analysis
of this plot provides w,. Indeed w, corresponds to the angular velocity marking the
transition to the nonlinear regime. By means of (7)), we can therefore get the stress
threshold o,.

5.1. Comparison with a piecewise shear-thickening model. In this section we shall see
that the peculiar dynamics described in section B can be obtained as a limit case from
the piecewise linear viscous model shown in Figure Blwhen the slope beyond the threshold
tends to infinity.

F1c. 3. The piecewise linear viscous model.

Let us consider the following (o, 4) constitutive relatior@, depending on the parameter
o
ny, 0<% <,
o= with 6, = 750, (5.8)
am (;Y_;Yo)""a'oa ;Yo <'.Ya

0
where the strain rate (or shear rate) is given by 4 = U (2) The inverse of (B8] is

r\r

Z, 0<0 <6,

n

Y= o (5.9)
ag 0o + Qv o> o,
no n

so that 4 — 4, if @ = +00. In other words, (.3)) tends to the implicit model as o — oc.

10This procedure is nothing but a penalization method.
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Considering now the steady problem treated in section Bl for w > w, the domain
{Ry <r < R.} has to be divided into two subdomains, say €; and 2, separated by
r = s, such that:

e In O = {R; <r < s} the governing system is

FO-EE 200,

Hence
v (r) 526, (1 1 Go 1 r
—w= ) -2 (14 =) m L 5.10
r w 2na (r2 Rf) n ( +oz> nRi ( )

e In Oy = {s <r < R.} the governing system is
2

ﬁ(z)_ %
"or \) T n 2 v(r) s2%6, (i 1>

v(R)=0

which coincides with (G.1H).
e The interface s is determined by solving

&O 52 OA-O 52 a-0 1 S
To (1 _ 5\ _ -2 )% (142 m2 5.11
277( R?) w+2na( R?) " ( +a) "Ry (5.11)

which is a consequence of the no-slip assumption.

Now, when a — oo, it is easy to observe that:

(1) The velocity field (EI0) tends to (52).

(2) The equation for the interface (BIT]) tends to (5.
We thus conclude that the shear-thickening model tends to the implicit one depicted in
Figure [Il when « tends to infinity. The reason why model ([3]) recovers, in the limit
« — 400, the implicit model lies essentially in the fact that the no-slip condition imposed
at the interface r = s entails the continuity of the stress and so does not introduce any
further dissipation. This is not always the case for materials with constitutive laws
of implicit type. For instance, in [I0], the presence of an “entropy source” located on
the interface makes the model of an elastic material with limited deformability range
unattainable by means of the same kind of penalization procedure.

We finally remark that, when o — oo, we recover the dynamics associated with the

model (59) studied in sections [ and [

6. Conclusions. Working within the framework of implicit constitutive equations,
we have developed a new constitutive model which applies to the so-called self-blocking
fluids. The peculiarity of the model is that the stress and strain rates are not linked
by an invertible relation, the stress being a multi-valued function of the strain rate. In
particular when I/4 is less than a certain threshold, T and D are linked in a linear way,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



THE ONE-DIMENSIONAL FLOW OF A FLUID WITH LIMITED STRAIN-RATE 567

but when Il4 exceeds such a threshold, T can attain any value with D belonging to the
manifold I1Y* = 0,/(2n).

We have then analyzed three particular flows: (i) the flow between two parallel planes
driven by a given pressure gradient; (ii) the vertical flow in a cylinder driven by gravity;
(iii) the axial flow in a rotational viscometer. In each case the mathematical formulation
was a free boundary problem of Stefan type, characterized by Cauchy conditions on the
free boundary.
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