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Abstract: We study the truncated multidimensional moment problem with a general type of truncations. The
operator approach to the moment problem is presented. The case where the associated operators form a com-
muting self-adjoint tuple is characterized in terms of the given moments. The case of the dimensional stability
is characterized in terms of the prescribed moments as well. Some sufficient conditions for the solvability of
the moment problem are presented. A construction of the corresponding solution is described by algorithms.
Numerical examples of the construction are provided.
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1 Introduction

Let us introduce some notations. As usual, we denote by R, C, N, Z, Z. the sets of real numbers, complex
numbers, positive integers, integers and non-negative integers, respectively. By ZT we mean Z. x ... x Z,
and R" = R x ... x R, where the Cartesian products are taken with n copies. Let k = (kq,..., kn) € Z%,
t = (t1,...,ts) € R™. We denote by t* the monomial t’l‘1 l"z‘Z . t’,‘,", and we let |k| = k; + ...+ kn. We also
denote by B(R") the set of all Borel subsets of R".

Let X be an arbitrary finite subset of ZY, and 8 = (s))xcx an arbitrary set of real numbers. The truncated
multidimensional moment problem consists of finding a (non-negative) measure y on B(R") such that

/ tdut) = s,  Vke XK. 0y

The multidimensional moment problem (both the full and the truncated versions) turned out to be much
more complicated than its one-dimensional prototype [1], [2], [13]. An operator-theoretical interpretation of
the (full) multidimensional moment problem was given by Fuglede in [7]. It should be noticed that the oper-
ator approach to moment problems was introduced by Naimark in 1940-1943 and then developed by many
authors, see historical notes in [28]. Elegant conditions for the solvability of the multidimensional moment
problem in the case of the support on semi-algebraic sets were given by Schmiidgen in [17], [18]. Another
conditions for the solvability of the multidimensional moment problem, using an extension of the moment
sequence, were given by Putinar and Vasilescu, see [16], [21]. Developing the idea of Putinar and Vasilescu, we
presented different conditions for the solvability of the two-dimensional moment problem and proposed an
algorithm (which essentially consists of solving of linear equations) for a construction of the solutions set [25].
An analytic parametrization for all solutions of the two-dimensional moment problem in a strip was given
in [27]. Another approach to multidimensional and complex moment problems (including truncated prob-
lems), using extension arguments for *-semigroups, has been developed by Cichon, Stochel and Szafraniec,
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see [3] and references therein. Still another approach for the two-dimensional moment problem was proposed
by Ovcharenko in [14], [15].

In this paper we shall be focused on the truncated multidimensional moment problem. A general ap-
proach for this moment problem was given by Curto and Fialkow in their books [4] and [5]. These books en-
tailed a series of papers by a group of mathematicians, see recent papers [6], [22], [24] and references therein.
This approach includes an extension of the matrix of prescribed moments with the same rank. Effective opti-
mization algorithms for the multidimensional moment problems were given in the book of Lasserre [11]. An-
other approach for truncated moment problems, using a notion of an idempotent, was presented by Vasilescu
in [23]. Atomic solutions to various matrix truncated K-moment problems were studied by Kimsey and Wo-
erdeman in [9]. There exists a connection of the truncated multidimensional moment problems with the
completion problems for subnormal operators, see, e.g., [10]. Observe that the complexification of the real
truncated moment problem needs the even dimension d. The complexification of the truncated multidimen-
sional moment problem and the use of hyponormal operators was investigated by Kimsey and Putinar in [8].
We should also mention recent papers [29], [19] on the subject.

Even in the one-dimensional case (n = 1) the operator approach is not effective for all types of truncations
XK. Thus, we need to consider some admissible types of truncations, where one can get solutions. We shall
deal with truncations of the form X = K + K, where K is admissible (see Definition 1 below). This type of
admissible subsets appeared in the work of Kimsey and Woerdeman [9]. It also appeared implicitly in the
paper of Laurent and Mourrain [12] (see the definition of a connected set on page 89 therein). Laurent and
Mourrain investigated the case of flatness for the corresponding moment problem. Kimsey and Woerdeman
mainly worked with another type of truncations X (# K + K), and constructed atomic solutions under some
conditions.

The second feature of the truncated case is that we need to take care that the associated multiplication
operators in the associated Hilbert space are well-defined. In Theorem 1 we give necessary conditions for the
solvability of the moment problem which guarantee that the associated operators are well-defined. While
condition (8) is well known, we did not meet condition (17) in this general context. For the case of the dimen-
sional stability, see, e.g. [22, Lemma 2.3].

If all the above is done, we come to a problem of an extension of commuting symmetric operators to a
commuting self-adjoint tuple, see Proposition 1. Of course, one especially needs explicit conditions, under
which the extensions exist and one can construct a solution of the moment problem. It should be noticed
that, besides some special cases of small size truncations, the notion of flatness turned out to be the most
useful and explicit. Its numerical applications were discussed in the book of Lasserre [11] (see, in particular,
Algorithm 4.1. on page 78).

In paper [22] Vasilescu introduced a notion of the dimensional stability, which used the geometry of the
associated Hilbert spaces. He showed that the dimensional stability is equivalent to flatness (in the case of
truncations described in Example 1, part 1 below). We provide a definition of the dimensional stability in our
case (Definition 3) and present explicit numerical conditions which characterize this notion (Theorem 5).

We introduce a definition of the completely self-adjoint case (Definition 2) and provide explicit numerical
conditions which characterize this notion (Theorem 4) as well. We briefly consider the interrelation between
the dimensional stability and the complete self-adjointness (Theorem 6).

The main result of the paper is Theorem 7 which provides explicit numerical conditions which ensure that
the moment problem (1) is solvable. These conditions do not reduce to the case of the dimensional stability,
since the associated operators are allowed to be nonself-adjoint. The construction of the corresponding solu-
tion of the moment problem is described in details by Algorithms 1,2. Numerical examples, which illustrate
the above results, are also given.

Notations. Besides the notations given above we shall use the following conventions. By Z; ; we mean all
integers j satisfying the following inequality: k < j < I; (k, | € Z). For a complex number z, we write Re z for its
real part and Im z for its imaginary part. If H is a Hilbert space then (-, -)g and || - || denote the scalar product
and the norm in H, respectively. Indices may be omitted in obvious cases. For a linear operator A in H, we
denote by D(A) its domain, by R(A) its range, and by A" its adjoint operator if it exists. We denote the inverse
of A by A1 if A is invertible, and the closure of A by A if A is closable. If A is bounded then ||A|| denotes its
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norm. For a set M C H we denote by M the closure of M in the norm of H. By Lin M we mean the set of all
linear combinations of elements from M, and span M := Lin M. By Ey we denote the identity operator in H,
i.e. Egx = x, x € H. In obvious cases we may omit the index H. If H; is a subspace of H, then Py, = Pg
denotes the orthogonal projection of H onto H;.

1

2 Necessary conditions for the solvability of the moment problem

Consider the following operator W; on Z}:
Wj(kly ceey kj—l: kj, kj+1, ey kn) = (kl, ey kj—lr k] +1, kj+1, ey kn), (2)

forj=1,..., n. Thus, the operator W; increases the j-th coordinate.

Definition 1. A finite subset K C Z is said to be admissible, if the following conditions hold:
1) 0=(0,...,0)€K;
2) Vke K\{0},
k=Wq, Way ... Wa,0, 3

forsome a; € {1,...,n},and

K i=Wg,...We,0cK, Vvr=1,2,...,|K. (4)
We provide below some important examples of admissible sets.

Examplel. 1) Let K = K, = {k € Z! : |K| < r}, r € Z.. Then K is admissible, since Vk = (k1, ..., kn) € K\{0},
k=whkwka | who.,
2)Fordq,...,dn € Zy, let

I<=Kd1,d2 dy = {l(=(k1,...,kn)er:k1sdl,kzsdz,...,knsdn}. (5)

Theset Ky, 4,....4, is admissible, since Vk = (k1, ..., kn) € K\{0},
k=Wwrwes ... who.

Notice that the truncated two-dimensional moment problem with rectangular data appeared in [8], [29]. The
general case of the set Ky, g4,.... 4, Was proposed to the author by Vasilescu (private communication,).

Suppose that for an admissible finite set K C Z the moment problem (1), with
K=K+K:={keZ: k=u+v, u,vc K},

and some 8§ = (s )k, has a solution . Let us investigate which properties of the data 8 this fact yields.
The first property is the usual positivity condition. For practical purposes, we will assume below that the
elements of K are indexed by a single index i.e., we assume

K ={ko,ki,...,Kkp}, (6)

with p + 1 = |K|. Consider an arbitrary polynomial of the following form:
P
p®=>" a;th, a; € C. @)
j=0

Evaluating [ |p|®du, we get
r=0, (8)
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where p
I := ) .
(skl+k’") j,m=0 ©)

We now suppose that for an admissible finite set K C Z the moment problem (1), with X = K + K and
some 8 = (Syp)kexcs 1S given and condition (8) holds (we do not require that the moment problem is solvable).
Let £ denote the set of polynomials of the form (7). Observe that £ forms a vector space. Consider the following

functional on £:
P

P q) = > aBmSix,»
j,m=0

where p € £is as in Equation (7), and g € £ has the same form as p, but with (e C) instead of ;. The
functional (-, ) is sesquilinear, (p, p) = 0, and (p, q) = (g, p). Elements u, v € £ are said to be equivalent, if
(u-v, u—v) = 0. By [p] « we denote the equivalence class which contains p € £. The equivalence classes form
a finite-dimensional Hilbert space H. The Hilbert space H is said to be associated to the moment problem (1).

We now return to the case of the solvable moment problem. Consider the space Lﬁ which consists of (the
equivalence classes of) complex-valued measurable functions f such that [ |f (0)|?du < oo. The equivalence
classin Lﬁ will be denoted by [-] 12 Denote by T; the following multiplication operator:

T,f(t) = t,f(1), feD, (10)

with the domain D; := {f(t) € Lj; : &,f(t) € Ly}
Consider the associated Hilbert space H, defined as above. The following transformation is useful:

p p
Wy a,-[tkf]Lﬁ =3 alt9]e,  ajeC. (11)
=0 =0

The transformation W is well-defined, linear and isometric. It maps Li; ¢ := Lin{[t%] 12 };.’:O onto H. Let &, :=

6rm)pq €2, r=1,...,n,and
Q={je{0,...,p}: kj+ €& €K}, l=1,...,n. (12)

Observe that
VVTIW_1 Z a]'[tki]g = Z (X}'[tki+el]£, a; € C.
jeQ jeQ

Since the operator WT;W™! is well defined, the following implication holds:

Z a]-[tkf]g =0, forsomeaq;cC| = Z a]-[tk"“?l]g =0]. (13)
JEQ JEQ

The latter implication is equivalent to the following one:

Z a]-[tkf]g, [tk"”]g =0, Vme Q;, forsomeq;cC | =

jEQI H
S a5 e, [t ], | =0, vme 0 (14)
jE.Q[ H

or, equivalently,
Z AjSk;+k,, =0, Ym € Q;, forsomea; € C | =

JEQ

> Siizasg = 0, Yme Q| . (15)
jeQ
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Denote

I = (ski+km>m’],eol , In= (51<j+€,+km+a)m,jegl ’ 1=1,2,....n, (16)
where the indices from Q; are taken in the increasing order. We obtain the second necessary condition of the
solvability:

KerFngerfl, 1=1,2,...,n. (17)

We summarize our results in the following theorem.

Theorem 1. Let the moment problem (1) with X = K + K, for an admissible finite set K and some 8 = (S)xexc
be given. Then conditions (8),(17) hold.

3 The operator approach to the moment problem. The dimensional
stability.

Suppose that for an admissible finite set K C Z7 the moment problem (1), with X = K + K and some § =
(Sw)kexc, is given. Fix an ordering of the elements in K as in Equation (6). Assume that conditions (8),(17)
hold.
We may construct the associated Hilbert space H, as in the previous section. For [ = 1, ..., n we consider the
following operators:

M, Z a]'[tkj]g = Z aj[tkj+§llg, a; € C, (18)

JEQ JEQ

with D(M;) = Lin{ [t%] ¢ }jeq,- By condition (17) the operator M; is well-defined. Moreover, it is linear and
symmetric. In particular, we have

M9 =[t9"%e,  jeQs 1=1,...,n. (19)
Operators M; are said to be associated to the moment problem (1).

Proposition 1. Let the moment problem (1) with X = K+K, for an admissible finite set K and some 8 = (Sy)xec
be given and conditions (8),(17) hold. Suppose that there exist commuting self-adjoint operators M; > M; (j =
1, ..., n)in a finite-dimensional Hilbert space H O H. Then the moment problem (1) has a solution.

Proof. Assume the existence of commuting self-adjoint operators IT/I]- > M; G = 1,...,n) in a finite-
dimensional Hilbert space H D H. Observe that in this case operators M ; are bounded and defined on the
whole space H. Choose an arbitrary k = (ky, ..., kn) € K\{0}. We shall use the notations from Definition 1.
Using induction one can verify that

[tkr]£=ﬂ71a,...1~wal[1]£, r=1,2,..., k. (20)

In particular, we obtain that
|:tkj|£ = Ma‘k‘ ...Mal [1]2. (21)

Since the operators M ; commute, we may rearrange the product in (21). Clearly, the operator W; appears k;
times in (3). Thus, we get

[tk}s - MhME M )e, k= (k, ... ka) € K. @)
We can now construct a solution to the moment problem. For an arbitrary k = (k{,...,kn) € (K+K),k =
K +K', K =(ki,..., kn), K" = (K7, ..., ky) € K, we may write

/ 1 ~’/ ~k/ ~k// ~k//
si= (I 0T) = (MY M e MY My (1)) =
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- (Wt Wi e, 1) = / du(®), 23)
where

u(6) = (E@®I1le, [1le), 8 € BR"), (24)
where E(8) is the spectral measure of a commuting tuple Mi,..., Mn. Consequently, we get a solution y of

the moment problem. O
We now present some explicit numerical conditions which ensure that the associated operator M, is self-
adjoint. Denote
g =,  jeZoy, (25)

Q1:=1{0,...,p\Qy, l=1,...,n.
Observe that
(8, 8m)H = Sijikys oM € Zoyp. (26)

Theorem 2. Let the moment problem (1) with X = K + K, for an admissible finite set K and some 8 = (Sy)xec
be given and conditions (8),(17) hold. Fix an arbitrary | € Z . For every j € Qj, denote by a,(j) (t € Q;) an
arbitrary complex solution of the following linear algebraic system:

Z at(DSi sk, = Stk ke Q. @7
teQ;

The associated operator M, is self-adjoint if and only if for every j € Q] the following relation holds:

Z ar(ar()sk,x, — 2 Re Z ar(DSi,x; | + Skjek; = O- (28)
t,re; te
Proof. The operator M is self-adjoint if and only if
g DMy, jeq. (29)

In fact, in the latter case the operator M; is symmetric and defined on the whole finite-dimensional space H.
We shall give a simple but general argument. It will be also used later. Let h be an arbitrary vector from H,
and G := Lin{gy}, o where Q is an arbitrary subset of {0, ..., p}. We denote by y the orthogonal projection
of h onto G. Then

(h, g = (v, 81JH> ke Q.
Since y belongs to G, it has the following form: y = 3 -, cp %t8e a¢ € C. Then

> algn g = (g,  keQ. (30)
teQ

Conversely, let a; € C (t € Q) be an arbitrary solution of the linear system (30). Sety := 3 tep A8t BY (30)
we conclude that
0, g = (h, 8u, ke Q.

Thereforeh -y 1L G,andy =y.
Applying the above argument to the case h = g; (j € Q)) and Q = Q;, we conclude that y; := 3, Q a¢(j)g; is
the projection of g; onto D(M;). Condition (29) is equivalent to the following condition:

Iy - gilI* = 0, v) - . 8) - (g, v) + (gj,8) =0,  jeQ. (31)

The latter condition can be rewritten in the form (28). O
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Suppose that for the associated operator M; (I € Z1,,) conditions of Theorem 2 hold. From the proof of
Theorem 2 it is clear that

g=> alg, jeq. (32)
teQ;
Therefore
Mg =Y a(IMge =Y a(DE e, e 33)
teQ,; teQ,;

Thus, by relations (19),(33) the operator M; is explicitly defined on each vector gj, j = 0,...,p. We shall
rewrite this in the following form:

p
Mlg] = Zak(j)gk! ] € {Oa e ’P}: (34)
k=0

with complex coefficients @, (j) (by gathering the coefficients by each g in the right-hand sides of rela-
tions (19),(33)).

We now assume additionally that for the associated operator M, (r € Z,,) conditions of Theorem 2 hold, as
well. Then

p ~
Mrgj:Z:Bk(j)gk’ je {0,---,/7}’ (35)
k=0

with some complex Bk(j). By (34) and (35) we come to the following relation:

o
MMy - M;MDg; = > (g, J€{0,....p}, (36)
k=0

with some complex 4 (j).

Theorem 3. Let the moment problem (1) with X = K + K, for an admissible finite set K and some 8 = (Sy)xe x>
be given and conditions (8),(17) hold. Suppose that for the associated operators M;, My (1, r € Z; ) conditions
of Theorem 2 hold. Define coefficients ~(j), j, k € Zo,p, as in Relation (36). The operators M; and My commute
if and only if the following relation holds:

p
> w D Dsier, =05 J € Zoyp. (37)
k=0

Proof. It follows from the preceding arguments. O

Definition 2. Suppose that for an admissible finite set K C ZI the moment problem (1), with X = K + K
and some 8 = (Si)kex 1S given and conditions (8),(17) hold. Define the associated Hilbert space H and the
associated operators M; (I = 1,...,n). The set of moments § is said to be completely self-adjoint, if the
operators M, are self-adjoint and pairwise commute.

Theorem 4. Let the moment problem (1) with X = K+K, for an admissible finite set K and some 8 = (sy)xec > be
given and conditions (8),(17) hold. The set of moments 8§ is completely self-adjoint, if and only if the following
conditions hold:

(a) For the associated operators M; (1 € Z1 ) conditions of Theorem 2 hold.

(b) For the operators My, M, conditions of Theorem 3 hold, for alll,r € Z1,,: L <.

If conditions (a),(b) hold, then the moment problem (1) has a solution.

Proof. The statement about conditions (a),(b) follows, if we apply Definition 2 and Theorems 2 and 3. The
last statement of the Theorem follows by Proposition 1. O
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Denote
.Qo={j€{0,...,p}! kj+él,kj+éz,...,kj+én GI(}, (38)

and
Ho = Lin{[t“]¢}jeq,- (39)

Observe that
Qog.Q]', j=1,...,n,

and therefore
HogD(M]), j=1,...,n.

Definition 3. Suppose that for an admissible finite set K C Z! the moment problem (1), with X = K + K and
some 8 = (Sp)kex, 1S given and conditions (8),(17) hold. Define the associated Hilbert space H and its subspace
Hy. The set of moments S is said to be dimensionally stable, if dim H = dim H.

The dimensional stability can be verified explicitly by the given moments. Denote
Qo :=1{0,...,pN\Qo.

Theorem 5. Let the moment problem (1) with X = K + K, for an admissible finite set K and some 8 = (Sy)kc
be given and conditions (8),(17) hold. For every j € Qf, denote by a:(j) (t € Qo) an arbitrary complex solution
of the following linear algebraic system:

D a(Dsiat = Sekes K € Qo (40)
teQo

The set of moments 8 is dimensionally stable, if and only if the following relation holds:
> aar(Dsin, —2Re [ D ar(swqn | +Skek, =0 Vi € Qo (41)
t,reQo teQo
Proof. Observe that the set of moments 8 is dimensionally stable, if and only if
gieHo, je&. (42)

Denote by y; the projection of the vector g; (j € Q') onto Hy. By the general argument, presented in the proof
of Theorem 2, we conclude that
yi= > ader.

teQ

It remains to notice that relation (42) is equivalent to the following relation:
vj-g,yj-8)=0, je&,

which can be written as in (41). O
Suppose that for the moment problem, as in Definition 3, the set S is dimensionally stable. Then operators
M, are self-adjoint and defined on the whole H. Observe that for I, r € {1,...,n} : [ # r, we have

MMt = My[t9*% ] g, Vj € Qo. (43)

In general, it is not clear if the element k; + €, =: ks, with s € {0, ..., p}, has the property s € Q;. Thus, we
can not apply relation (19) to get [t*¢*¢] o. However, the following theorem holds.

Theorem 6. Let the moment problem (1) with X = K+K, for a set K as in Relation (5) and some 8 = (Sy)xex> be
given. Suppose that conditions (8),(17) hold and that 8 is dimensionally stable. Then 8 is completely self-adjoint
and the moment problem (1) has a solution.
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Proof. In fact, for the type of truncations as in (5), when applying the operator M, in (43) we do not leave the
domain of the operator M;. Therefore we obtain that

MM [99] ¢ = [898 8] o = M, M[E9] .

Thus, we have the completely self-adjoint case. It remains to apply Theorem 4. O
Thus, in the case of rectangular truncations the dimensional stability (DS) implies the complete self-
adjointness (CS):
(DS) = (CS). (44)

It is not clear if implication (44) holds for any admissible truncations. The validity of the inverse implication
in (44) is also of interest.

Suppose that for an admissible finite set K C Z7 the moment problem (1), with X = K + K and some
8 = (Sk)kex, is given and conditions (8),(17) hold. Define the associated Hilbert space H and its subspace Hy.
To verify the dimensional stability, one can use Theorem 5. On the other hand, one can find projections of
elements g; (j € Qp) on the subspace Hy, by using an orthonormal basis in H.

Example 2. Consider the truncated moment problem (1) withn = 2,K = K , (see Example1), X = K+K = K, 4,
and the following moments:

500,00 = 3» S(0,1) = 5(0,2) = 5(0,3) = S0,4) = 1,
S0 =% Sa,1) =512 =513 =Sa.s =0
S2,00= % S2,1) = 52,2 =52,3) =S4 = 0,
53,00 = 165 53,1 = 5(3,2) = 53,3) = 53,4) = 05
S4,0) = 32, S(4,1) = 5(4,2) = 5(4,3) = S(4,4) = 0-
Order the elements of K as follows:

ko =(0,0), k; =(0,1), k; =(0, 2),

ks =(1,0), ks =(1,1), ks =(1,2),

ke =(2,0), k; =(2,1), kg =(2,2).

Thus, we have p = 8. The matrix I = (Sy4x,, );'s,m:O has the following form:

311 4 00 8 00
111 0 00 0 0O
111 0 00 0 0O
4 0 0 8 0 0 16 0 O

r=| oo0o0 0 0O O 0O (45)
000 0O 0O O 0O
8 00 16 0 0 32 0 O
000 0O 0O O 0O
000 0O 0O O 0O

The non-negativity of I' can be verified directly, by checking that the determinants of all submatrices, standing
on the intersections of rows and columns with the same indices, are non-negative. The matrices I'y,I'>,T'1,T»
have the following forms:

311 4 0 O 31 4 0 8 O
111 0 0 O 11 0 0 O O
Iy - 111 0 0 O . I,- 4 0 8 0 16 O ’ (46)
4 0 0 8 0 O 00 0 0O O O
0 0 0 0 0O 8 0 16 0 32 O
0 0 0 0 0 O 00 0 0O O O
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8 0 0 16 0 O 1 1 0 0 0 O
0O 0 0O 0 OO0 1 1 0 0 0 O
IA,l _ 0O 0 0O 0 OO , 1:2 _ 0O 0 0 0 0 O “7)
16 0 0 32 0 O 0O 0 0 0 0 O
O 0 0O 0 OO0 0O 0 0 0 0 O
0O 0 0O 0 O O 0O 0 O 0O 0 O
The linear algebraic equation
Fl)?:O’ )?=(X11~"1X6)T’

has the following solution: xs3, x4, X5, X¢ are arbitrary complex numbers, x; = —2X4, X2 = —X3 + 2x,. It is easy
to verify that any solution satisfies I'' X = 0.
On the other hand, the linear algebraic equation

[X=0, X=01,...,x)7,

has the following solution: x,, x4, X5, X¢ are arbitrary complex numbers, x; = —X3, X3 = %xz — 2xs5. Again, one
can verify that any solution satisfies IHX=0.
Thus, conditions (8),(17) hold. Let us check the dimensional stability. Consider the associated Hilbert space
H. For simplicity, we denote
gi=[tYe, j=0,...,8.

Observe that
Q9 =10,1,3,4}.

Let us apply the Gram-Schmidt orthogonalization process, removing linearly dependent elements, to the se-
quence go, 81, 83, §4- Notice that all norms and scalar products are calculated by the moments:

(gja gY)H = ([tkj]f,) [tk']E)H = Skj+5kr’ jyr:O’ 1’---’8- (48)

We obtain an orthonormal basis § = {fo, f1} in Hy, with

1 3 1
fo= ﬁgo, fi= \/; <g1 - §g0> . (49)
Moreover, it turned out that
83=280-281, 84=0. (50)

It remains to verify that the projections of elements g, 8s, 8¢, 87, 8s on Hy coincide with the corresponding
elements. For example,

82— (g2, fo)fo - (82, f1)f1 = 82 - 81,

but
g2 -gillf = (g2 - 81,82 - 81w = (82, 82) - (82, 81) - (g1, 82) + (g1, 81) = O.

For other elements, we proceed in a similar way. Consequently, the sequence 8§ = () )¢ i is dimensionally stable.
Let us construct an atomic solution u of the moment problem. Observe that
0,={0,1,2,3,4,5}, Q,={0,1,3,4,6,7}.
The operators M, and M, act in the following way:
Mi8o=83=280-81, Mi181=84=0;

M>go =81, Mygi=g8>=g1.

Therefore

22 22

4 2
M1f0=§fo— 3 fi, M1f1=—Tf0+§f1;
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Mfo = %f0+ ?fl; Mify = §f0+ %fl-

The matrices M, M, of operators M1, M, respectively, for the basis § are:

4 _2v2 1

- 3 3 - 3
My = 3 5 , My= 73
3 3 3

The matrix My has eigenvalues A1 = 0, A, = 2, with eigenvectors respectively:

Wi w‘%
N

) .

N

i = %(1, v2), iy = %(—ﬁ, '’

The matrix M, has eigenvalues Xl =0, Xz = 1, with eigenvectors respectively:

7y = %(ﬁ,—l)T, 7, = %(1, V)T

V3 V3
Let
%1=Lin{%(fo+ﬁf1)}, %2=Lin{%(—\/§fo +f1)},
9tf1=Lin{%(ﬁfo—f1)}, jfCz=Lin{\%§(fo+\ﬁf1)}-

Observe that the spectral measure E(8) in relation (24) can have jumps at points (x, y) with x € {A1, A2}, y €
{Zl, Zz}. The measure support is contained in this set of four points. Thus, the measure u has at most 4 atoms.
Notice that

u({ 0, 1) = (E{(x, Y)18go, 80)n = (E1({x}E2({y})go0, 80)u =

= (E2({y}go, E1({xgo)u,  V(x,y) e R (51)
Observe that 1
E1({0})go = Py¢,80 = ﬁ(fo +V2f1),

E1({2})go = Py¢,80 = ?(ﬁfo -f1),

V6
E>({0})go = Pﬁlgo = ?(\/ifo -f1,
1
V3
By (51) we conclude that the solution y is 2-atomic, having jumps 1 and 2 at points (0, 1) and (2, 0), respectively.

E>({11)g0 = Ps 80 = —=(fo + V2f1).

4 An algorithm for the truncated two-dimensional moment
problem.

In this section we shall study the case n = 2 of the moment problem (1). We shall give two algoritms: Algo-
rithm 1 and Algorithm 2. These algorithms always give the desired output for any correct input data. Let us
briefly describe them. The task of Algorithm 1 is to obtain the matrices of all self-adjoint extensions of the
associated operators M, in the corresponding Hilbert space H. We emphasize that the commutativity for the
extensions is not assumed. Self-adjoint extensions of any symmetric operator A, with equal deficiency in-
dices, always exist. In the case of the densely defined operator it follows by von Neumann’s formulas. In the
general case it follows by generalized von Neumann’s formulas (see, e.g., [26, Theorem 3.13]).

The input data for Algorithm 2 includes the matrices of two commuting self-adjoint extensions M; 2 M; in
H. The output is a solution of the moment problem (1). Thus, the moment problem reduces to providing a
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link between the algorithms. One should extract in some way commuting extensions between those given by
Algorithm 1. Sufficient conditions for such a successful extraction will be given in Theorem 7.

If s = 0, then the moment problem (1) can not have any solution different from y = 0. In this case, if all
the moments are zero then u = 0 is a solution, otherwise there are no solutions. Thus, we can exclude the
case sg = 0 from our further considerations.

Algorithm 1 (The construction of all self-adjoint extensions of M; in H).

Input: an admissible finite set K ¢ Z?, X := K + K and a set of prescribed moments § = (sy)icsc, With
so # 0, which satisfies the necessary conditions (8) and (17). Here we fix an ordering of the elements in K as
in Equation (6), with kg = 0.

Step 1. Consider the associated Hilbert space H, which is defined as in the paragraph following formula (8).
We shall use the brief notation (25). Although this space consists of abstract elements (the equivalence
classes), all numerical calculations will be performed by the basic property (26). For I = 1, 2 we consider
the associated operators M; (see (18)). Observe that

Mg =[5 = gy, JEQs 1=1,2. G2

Step 2. (The construction of an orthonormal basis in H).
Apply the Gram-Schmidt orthogonalization procedure to the sequence

805815 +++5 8p>

removing the linearly dependent elements, if they appear. We get an orthonormal basis

S= {fO!fl’ ""fp/}

in the Hilbert space H (where O < p’ < p). By the construction, an element f; is a linear combination of gis,
with explicitly calculated coefficients. Notice that f; # O.
Step 3. (The parametrization of all linear extensions of M;).

Observe that M; is defined on elements gj, j € Q; (I = 1, 2). At first, define linear operators M ; on these
elements in the same way. Denote

Q1:={0,1,...,p\Q2;, l=1,2. (53)

For [ = 1, 2 one should repeat the following procedure.
Choose an arbitrary element g, k € . Calculate the norm of its projection on D(M)). If g, € D(M;), then
we skip this element. Otherwise, we set

p
Mgy := Z(al;k,j + Bk, jDfs aikjs Bik,j € R, (54)
=0

and extend the domain of M 1, using linearity. Then we take another element g, k € Q;, and proceed in a

similar way. We continue this procedure to define M ; on the whole H. This completes the procedure for M;.
Notice that the case D(M;) = H was not excluded in the above procedure. The latter case means that the

corresponding parameters &y ;, B1,x,; are absent.

Step 4. (The calculation of matrices of M 1). Observe that each f; is a linear combination of gis (by the Gram-

Schmidt orthogonalization):

p
fi= Z Cj:k8k> Ciik € C; J € Zoprs ©5)
k=0
and vice versa:
p/
g =Y disfi.  djx € Csj€ Loy G6)
k=0
Then

p
Mif; = ciaMgy.
k=0
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By (52), (54) and (56) we see that M fj is a linear combination of f with some coefficients, which may depend
linearly on ayy j, By j-
In the basis §, we calculate the matrices M7, M, of M; and M, respectively. The coefficients of M7, M, may
depend linearly on real parameters ay;; j, Bix. ;-
Step 5. (The extraction of self-adjoint extensions of M;).
The following condition:
My =M1, My=M, (57)

ensures the self-adjointness of M 1 and M ». Equating the corresponding entries of matrices in (57) we obtain
linear algebraic systems with complex coefficients for unknown real parameters ayy ;, B ;- Taking the real
and the imaginary parts of these equations, we get linear algebraic systems with real coefficients and real
unknowns ay;; , B, ;- They can be solved by the Gauss elimination method. The solutions should be inserted
in the matrices M;,M,. The matrices M;,M, parametrize all self-adjoint extensions of the corresponding
operators in H.

Output: matrices M1,M,, which can depend on a finite number of free real parameters.

We now present some sufficient conditions, which allow to obtain a solution of the moment problem.

Theorem 7. Let the moment problem (1) with n = 2, X = K + K, for an admissible finite set K and some
8 = (SK)kex> be given and conditions (8),(17) hold. Suppose that for one of the associated operators My, M,
condition (28) of Theorem 2 holds. Consider the matrices M,M,, which can depend on a finite number of free
real parameters, constructed by Algorithm 1. If the following linear system of algebraic equations:

MMy = MoMy, (58)
has a solution, then the moment problem (1) is solvable.

Remark 1. Observe that condition (28) of Theorem 2 ensures that one of the associated operators is self-adjoint.
Therefore one of the matrices M1,M, has no parameters. Equating the corresponding entries of matrices in (58),
we obtain a linear algebraic system with complex coefficients and real unknowns. Taking the real and the imag-
inary parts of these equations we get a linear algebraic system with real coefficients and real unknowns, which
can be solved by the Gauss elimination method.

Proof. By Remark 1 we conclude that the operators M; and M, have commuting self-adjoint extensions in H.
Applying Proposition 1 we obtain that the moment problem has a solution. O

The following algorithm provides a solution to the moment problem, if we have commuting matrices
M1,M;, selected from those obtained by Algorithm 1. In particular, it can be applied if conditions of Theorem 7
hold.
Algorithm 2 (The construction of a solution of the moment problem).
Input: commuting matrices M;,M,, selected from those obtained by Algorithm 1.
Step 1. Find all eigenvalues and eigenvectors of matrices My, M,.
Step 2. Calculate the (atomic) solution of the moment problem by formula (24). Observe that the solution can
have atoms at points (x, y), where x is an eigenvalue of M, y is an eigenvalue of M,. Notice that

u({(x, )} = (Ex, y)Pgo, 80)u = (E2({y})go, E1({x})g0)u, (59)

where E;(6) (6 € B(R)) is the spectral measure of the (bounded) self-adjoint operator M, j=1,2.
Output: a solution y of the moment problem.
Let us illustrate the above algorithms by the following examples.

Example 3. Consider the truncated moment problem (1) withn = 2, K = K; 1 (see Example1), X = K+K = K> 5,
and the following moments:
S(O,O) = 4, 5(0’1) = 12, S(O,Z) = 48,

5(1,0) = 4, s(l,l) = 12, 5(1’2) = 48,
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5(2’0) =4, 5(2’1) =12, 5(2’2) = 48.

Order the elements of K as follows:
kO = (0’ 0)’ kl = (O’ 1)’ k2 = (1’ O)’ k3 = (13 1)'

Thus, we have p = 3.
The matrix I = (sk;+km)?n,j=0 has the following form:

4 12 4 12

r- 12 48 12 48 . (60)
4 12 4 12
12 48 12 48

The non-negativity of I' holds. It is verified by checking that the determinants of all submatrices, standing on the
intersections of rows and columns with the same indices, are non-negative. Observe that

Q1 ={0,1}, 2, = {0, 2}. (61)

The matrices I'1, I'>, fl, fz have the following forms:

4 12 4 4
Iy = , Iy= , 62
! ( 12 48 > 2 ( 4 4 ) (62)
Foo( a2 p (48 a8 )
12 48 48 48

Therefore conditions (17) hold. Let us apply Algorithm 1.
Step 1. Consider the associated Hilbert space H. Consider the multiplication operators M; as in (18). Notice that

Migo =82, Mig1=g3, (64)
Mygo =81, Mg, =g3, (65)

and
D(M,) = Lin{go, g1}, D(M>) = Lin{go, g>}. (66)

Step 2. Let us apply the Gram-Schmidt orthogonalization process, removing linearly dependent elements, to the
sequence go, 81, &2, 83- We shall use the property (26). We obtain that

1 1
= Zgo, = —_(g1-380), 67
fo 580 fi >3 (g1 -380) (67)

and
g2 =80, &3=81. (68)

Therefore § := {fo, f1} is an orthonormal basis in H, and p’ = 1.
Step 3. Notice that
Q7 ={2,3}, Q5 ={1,3}. (69)
By (66) and (68) we see that D(M,) = H and D(M;) = Lin{go}. Therefore A7Il = M. Define ]\712 on g, in the
following way:
1
Mg =3 (@1 +Bonidf @1, Banj € R (70)
j=0

Since g3 = g1, the procedure of the extension is finished.
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Step 4. By (64),(68) we see that M| = M 1 = Ey. Therefore, M is the identity matrix. Let us calculate M,.
Observe that

8o =2fo, 81 =06fo+2V3f1. (71)

By (67),(71),(65),(70) we get N
M;fo = 3fo +V/3f1,
L(aZ;lvO + Bas1,00) - 18) fo+ <ﬁ(¢12;1,1 +B2;1,10) - 6\/§> f1.

2v3

it - ( 73

Then

3 L (@y10+Br.10i)—18
M, = 21\@( 2;1,0 /32,1,(? ) . -
V3 ﬁ(az;m +B2;1,11) - 6V3

Step 5. Conditions (57) imply that
@2;1,0 =36V3+6, Paio0=Pxu1,0=0. (73)

Conditions (57) are satisfied, since M, is the identity matrix. The real parameter a;.1,; is free. Algorithm 1 is
finished.
We see that M is self-adjoint, therefore there is no need to verify condition (28) of Theorem 2. We choose

a.1,1 = 36 +2+/3 to get
3 V3
M; = . 74
2 <ﬁ 1 ) ()

Matrices My, M, commute. We may apply Algorithm 2.
Step 1. The matrix M4 has an eigenvalue A, = 1 and the eigensubspace H, = H. The matrix M, has eigenvalues
Ay = 0 and A, = 4, with eigensubspaces
~ . 1 V3 ~ (V3,1
Hy = Lln{—jfo + Tfl} , Hpy= Lm{TfO"' ifl} >
respectively.

Step 2. Observe that

E>({0}go = P5; 80 = %fo - ?h,

E>({4})g0 = P5; 80 = %fo + ?ﬁ-

By formula (59) we obtain that the solution y is 2-atomic with jumps 1, 3 at points (1, 0) and (1, 4), respectively.

In the case where operators M1, M, are both nonself-adjoint, the commutativity condition (58) should be
analyzed to get a solution of the moment problem. The following example illustrate this situation.

Example 4. Consider the truncated moment problem (1) withn = 2, K = K1 1 (see Example1),X = K+K = K> 5,
and the following moments:

S(O,O) = 3, S(O,l) = 2, S(o’z) = 2,
s(l,O) = 3, 5(1’1) = 2, 5(1,2) = 2,

5(2’0) = 5, 5(2’1) = 4, 5(2,2) = 4.

3

The matrix T = (Sk,-+km)m,1':0

has the following form:

(75)

N W N W
N N NN
>N W
S~ B NN
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The non-negativity of I' holds. Observe that
0, ={0,1}, Q, ={0,2}. (76)

The matrices I'1, I, fl, T 2> have the following forms:

3 2 3
Fl:(z 2)’ F2=<3
N 5 4 N 2
1"1=<4 4>, F2=(2 ) (78)

Therefore conditions (17) hold. We can apply Algorithm 1.

Step 1. The same as in the previous example.

Step 2. Let us apply the Gram-Schmidt orthogonalization process, removing linearly dependent elements, to the
sequence go, g1, &2, 83- We shall use the property (26). We obtain that

w

, @7)

v

~ N

1 3 2 1
fo= ﬁgo, fi= \/g <g1 - §go> , = ﬁ(gz - 80); (79)
and
83=-80+81+82. (80)
Therefore § := {fo, f1, f>} is an orthonormal basis in H, and p’ = 2.
Step 3. Notice that
Q1 =1{2,3}, 2, ={1,3}. (81)

Define M; on g in the following way:
N 2
Migy = (aipj+Biajilf;, @12 Braj €R. (82)
j=0
We define M, on g1 by the following formula:
_ 2
Myg1 = Z(az;l,j + B2;1,iDf; 51,5, Bos1,; €R. (83)
j=0

Since g3 = —-go + g1 + &2, the procedure of the extension is finished. Notice that we have 12 free real parameters
at this moment.
Step 4. Observe that

g0 =V3fo, 81= %fo + \/gfl, g2 =V3fo+V2fa,

g5 - %fo + \/gfl +V2h,. (84)
By (79),(84),(82),(83),(64) and (65) we get

Mifo =fo+ \/gfz, Mifi=fi+ %fz,

Mifo = — (120 + Br2oi - V3 + — (121 + B12.10) f1+
1f2 \/i ( 1;2,0 Bl,Z,O )fo \/i( 1;2,1 ,31,2,1 )f1

1
+— (a1.0.0 + B1:22i - \ﬁ) ;
ﬁ( 1;2,2 + 1322 f

Myfo = %fo + ?ﬁ,
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Mfy = <\/7(0(210+,32101)— )fo
3 N 2 3 .
+ (\/2(“2;1,1 +B2;1,10) - 3> fi+ \/;(azn,z + B2;1,21) f2,
Myfs = fo.
Then
1 0 % (@152,0 + B1;2,0i = V/3)
My = 0 1 % (@1;2,1 + B1;2,10) , (85)
\/g % % (@152,2 + B1;2,20 - \/i)
z \/>(a210+52101)—¥ 0
M, = Q \/;(0(2;1,1 +Br110)-35 O (86)
0 \/g(azn,z + B2;1,21) 1
Step 5. Conditions (57) imply that
Bi,j=PB21;=0, j=0,1,2
5 \/3 2
A1.20=—=, 01,21 =1/ 5> @2.1,0 = —=, Q2,12 =0. (87)
1;2,0 /3 1;2,1 30 %210 3 21,2
Two free real parameters remain: as;,,, and a;1,1. Matrices M1, M, take the following form
1 0 NE
My = 0o 1 % , (88)
2 V2
3 3 0
My=| 2 \/§a2;1,1 -3 0 (89)
0 0 1
Algorithm 1 is finished.
Condition (58) will be satisfied if a.1,1 = \/g One free real parameter remains a1.,,>. We set ay.,2,2 = 2V2
Therefore
2 2 V2
b0 i 3 4o
- 1 - 2 1
\ﬁ g 0 0 1
3 V3
We may apply Algorithm 2.

Step 1. The matrix My has eigenvalues Ay = 0, A1 = 1 and A, = 2, with eigensubspaces

ifo if1 ifz}, 9{1=Lin{\}§fo—\/§f1},

9{0=Lin{—\/§ _\/6 +\/§

= Lm{f vk f}’

respectively. The matrix M, has eigenvalues Zo =0and /11 = 1, with eigensubspaces

e )
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o =Lin{ Jofor 310 3 - Tefom s osh+ PhY

V2 Ve 2V3 2
respectively.
Step 2. Observe that
E1({0})80 = P3,80 = ff ffl ff
E1({1})go = Py¢,80 = \/>f1,
E1({2})80 = P3¢,80 = ff ff ff
E2({01)g0 = Py 0 = —fo - \/gfl,
E>({1}go = P5; 80 = 2\3[ 0+ \3f 1-

By formula (59) we obtain that the solution u is 3-atomic with unit jumps at points (0, 1), (1, 0) and (2, 1).

Remark 2. Observe that in Algorithm 1 we restricted ourselves by considering possible extensions A7Ij of M;
inside the original Hilbert space H. Instead of H one can consider any finite-dimensional Hilbert space H O H,
and construct possible extensions M; of M in H.
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