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ABSTRACT. A definition is given, for an arbitrary distribution g on a
manifold X, of the order and symbol of g at a point (x, £) of the cotangent
bundle T*X.

If X = R", the order of g at (0, §) is the growth order as 7 — oo of the
distributions

g7(x) = e™ VT P g(x/Vr);
if the order is less than or equal to N, the N-symbol of g is the family g”
modulo O(r¥-1/2),

It is shown that the order and symbol behave in a simple way when g is
acted upon by a pseudo-differential operator. If g is a Fourier integral
distribution, suitable identifications can be made so that the symbol defined
here agrees with the bundle-valued symbol defined by Hormander.

PREFACE

Since the introduction of pseudo-differential operators, the analysis of
distributions on a manifold X has involved the geometry of the cotangent
bundle 7*X. With the notion of wavefront set [6], one can localize a
distribution at a nonzero cotangent vector £ to obtain its “microgerm”, just as
one localizes at x € X to obtain the ordinary germ. On the base space, X, one
can go beyond the local level to the infinitesimal one; for a C* function, the
result is its “jet”, which can be thought of as a function on the tangent space
T X. In this paper, we describe an analogous procedure for distributions:
given a distribution g on X and a cotangent vector £ we construct a jet-like
object called its symbol, which is a distribution on T, X depending on certain
parameters. (In [13], we show that the symbol may be thought of as an object
on T,T*X, thus completing the analogy with jets.)

In Chapter I, we define the symbol and the space in which it lies, we prove
the elementary properties of the symbol, and we give some examples. Chapter
I1, written in collaboration with K. Sklower, establishes the relation between
our symbol and the wavefront set. In Chapter III, we show that our symbol
construction contains the one given by Hérmander [6] for a very special class
of distributions-the Fourier integral distributions.

This last result was the basis for the whole paper. In lectures at the Nordic
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2 ALAN WEINSTEIN

Summer School in Grebbestad (1975), we gave an “analytic” description of
the line bundle in which Hoérmander’s symbol takes its values. This
description suggested the possibility that a general symbol construction
existed; it was found a few months later.

There are some precursors to our definition of the symbol, due to Calderon
[1] and Lojasiewicz [8), [9]. A similar localization process is used by Hor-
mander [4] and Melin [10]. I would like to thank L. Boutet de Monvel, B.
Fuglede, and G. Grubb for calling these references to my attention.

I would like to thank K. Andersson for the invitation to the Nordic
Summer School and for his encouragement. I would also like to thank K.
Sklower for his contribution to Chapter 11, as well as his comments on the
rest of the manuscript. Y. Colin de Verdiére and L. Hormander have made
many valuable comments, especially pertaining to Chapter IL.

The debt to [6], both in form and in content, should be evident to anyone
who is familiar with that paper.

Finally, I would like to express thanks to the National Science Foundation
for financial support (grant #MPS74-23180) during the early stages of this
research, and to N. H. Kuiper for the hospitality of the I.LH.E.S., where this
paper was written.

1. ELEMENTARY THEORY

1.0. Introduction. We present here the definition and elementary properties
of the symbol of a distribution. By “elementary”, we mean that the analytic
machinery of Fourier analysis and stationary phase is not used. Except for
the calculation of examples, we do not even use integration by parts.

The chapter begins with the localization process (1.1) and enough of its
properties (1.2) to justify the local definition of the symbol (1.3). After
proving some further invariance properties (1.4), (1.5), we define the symbol
for vector-bundle-valued distributions on a manifold (1.6).

1.1. Localization and order of distributions. We begin by summarizing some
notation and basic facts from [11] concerning distributions on R”. A subset 4
of % (R"), the compactly supported C* complex valued functions ofi R”, is
called bounded if all the elements of A are supported in a fixed compact
subset K C R”, and if the partial derivatives of each order of the elements of
A are uniformly bounded. The distribution space °D’(R") consists of those
linear functionals g: D(R") — C which are bounded on each bounded subset.
We write (g, u) rather than g(u) for the action of g € D’(R"). A subset
C C D'(R™) is called bounded if, for each bounded 4 C D(R"), {C, 4> =
{(g, u)|g € C,u € A} is bounded in C. Some proofs in this paper may be
simplified by the use of Theorem IX of Chapter III of [11], which states that a
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ORDER AND SYMBOL OF A DISTRIBUTION 3

sufficient condition for boundedness of C C %’(R") is that{C, u) be boun-
ded for each fixed u € D(R"); however, we will not use this fact in any
essential way.

We wish to localize a distribution g € ’(R") at the origin and, simul-
taneously, at a “cotangent vector” £ € R™. To do this, we will choose a real
valued function ¢ € C*®(R") with ¢(0) = 0 and dp(0) = £ and consider the
asymptotic behavior as 77co of the family g’ of distributions defined as
follows.

DerFINITION 1.1.1. Let g € D’(R") and let ¢: R” — R be a C* function with
@(0) = 0. We define the distribution g7 for r > 1 by

<gq-,)-, ud =g, Tn/Ze—"‘"P(X)u(\/; X)> (1.1.1)

ExampLE 1.1.2. If g is given by an ordinary (locally integrable) function
g(x in the sense that

(g uy =f g(x)u(x) dx, (1.1.2)

then we have
g, uy =f g(x)r"/ %~y (V7 x) dx =f g( % )e’i"”("/‘f’)u(x) dx.
T

Thus, g; is given by the locally integrable function

go(x) = (ge~™)(x/Vr). (1.1.3)

Even when g is not an ordinary function, we will still use the symbolic
notation (1.1.2) for {g, u), so (1.1.3) may be thought of as a general formula
for g;. Note that the family g/ is obtained from g by the successive action of
two one-parameter groups: multiplication by the rapidly oscillating (as 7700)
function e~ and magnification by composition with the transformation
x > x/V7 . The choice of the square root in (1.1.1) turns out to be the best
adapted to a general theory. For certain problems, it may be useful to replace
V't by ¢ for some a other than 1/2 (see, for example, [5]).

The idea of combining magnification with multiplication by Trapidly
oscillating functions goes back at least as far as [4] (see also [1], [10]), where it
is used in the localization of subelliptic estimates for differential operators
with variable coefficients. Even earlier, Lojasiewicz [8], [9] studied the limiting
behavior of distributions under magnification.

To measure the growth rate of g;, we make the following definition.

DerINITION 1.1.3. If & is any vector space with a distinguished class of
subsets called “bounded sets”, we denote by S™(&) the set of families
[1,0) D7 >g" € & for which the set {7~ *g"|r > 1} is bounded. The
intersection M ycrSY (&) is denoted by S~ =(&). If 7 > g" belongs to
SN(&), wewrite g™ = O (V).
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4 ALAN WEINSTEIN

Lemma 1.14. For any real N and 1 > 1, the set {t"gl|ry > 7 > 1} is
bounded in D'(R").

ProOF. Since (t™g7, ud = (g, V*"/%~ @y (V1 x)) and g is bounded on
each bounded subset of ) (R”"), the conclusion of the lemma reduces to the
fact that {rN*"/%e~™Wy(Vr x)iry > 7 > 1, u € A} is bounded for each
bounded set 4. [J

LEMMA 1.1.5. The truth of the statement “g; = O(r MY depends only on the
germs of g and o at the origin.

ProoF. Suppose that g agrees with & and ¢ agrees with ¢ on some
neighborhood @ of the origin, and that g = O(t").Let 4 C D(R") be any
bounded set of test functions, supported in the compact subset K. If 7, is
large enough so that K C 7o, then (g, u) = Chy,up for all u € 4 and
T > 7o. Since gg = O(r"), the set {{r™ "], ud|r > 7o, u € A} is bounded.
By Lemma 1.1.4, the set {{r™™A], u)|ry > 7 > 1, u € A} is bounded as well.
Since the union of two bounded sets is bounded, {{r~*A], wd|r > 1, u € 4)
is bounded. 4 was any bounded set, so we have e o@EY). O

LEMMA 1.1.6. For every g and @, there exists an N such that 8 =0(7 M.

PrROOF. Suppose first that g is a measure. If 4 is any bounded set of test
functions, the set {e~ ™™y (Vr x)|r > 1, u € A} is bounded in the uniform
norm, so the set

{Kr="%gg, wlr > L, u € 4} = {(g, e ™Du(VT x)lr > Lu € 4)

is bounded because g is a measure, and we have 8 = o(r"/?),

For the general case, we may assume by Lemma 1.1.5 that g has compact
support. By the results of §III, 7 of [11], g has finite order m and is therefore a
finite sum of mth derivatives of measures. Now if 4 is a bounded set, the set
of mth derivatives of the elements of {7~ "~ ™®y (V7 x)|r > 1, u € A} is
bounded in the uniform norm. Repeating the previous argument and using
the fact that a finite sum of bounded sets is bounded leads to the conclusion
thatg? = O(+"*"/%). [

DEFINITION 1.1.7. If the set S = {N| g7 = O(r")} is of the form [a, o), we
define the order of g at (0, ) to be a, and we denote it by Opq(8) If
§ = (=0, c0), we define O )(g) = — 0. If S = (a, 0), we define Oy, (g)
to be a*, where a* is a “fictitious number” considered to be greater than a
but less than every number in (a, ).

It follows from Lemma 1.1.5 and the proof of Lemma 1.1.4 that O (8
depends only upon the germs of g and ¢ at the origin. Furthermore,
O0.4(8) < n/2 + m, where m is the distribution order of ¥g for any % = 1
near the origin, and O y(g) < n/2 + m/2.
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ORDER AND SYMBOL OF A DISTRIBUTION 5

1.2. Change of phase function. Our first main result concerns the depen-
dence of g; (and hence O, ,(g)) upon the choice of ¢.

ProposiTION 1.2.1. Let Y(x) = @(x) + g(x) + r(x), where q is a homo-
geneous quadratic polynomial and r(x) vanishes to order at least 3 at the origin.
Then O g 4(8) < N implies

g —e g = oV,

Proor. By the quadratic homogeneity of ¢, 71¢(x/V7) = ¢(x), so 8p+q IS
equal to e"""g; . We conclude that g7, . = O (); writing

g<;+q+r - e—ing: = g¢;+q+r - g;+q + g(;+q - e—iqg;
= g;+q+r - g;+q
and substituting ¢ + g for ¢, we have reduced the problem to the case ¢ = 0.
Assuming, then, thaty = ¢ + r, we have

7—n/2<g‘; _ g;, u> =g, {e-i‘r(tp(x)+r(x)) — e-iﬂp(x)}u(\/; x)>
= (g~ =) _ [Yu(V7 x))
= <& ™" (V1 x),
where
vl (x) = [e‘i”(x/‘/;) = Hu(x).

It suffices to show that B, = {r'/%7(x)|r > l,u € A} is bounded
whenever 4 is bounded, for we will have

TN gy — g uy = w TN gr 0 = 1N g, 0]y

which, since g7 = O ("), will be bounded for r > 1, 4 € 4.
To show that B, is bounded, we begin by choosing a function X € % (R")
which is identically 1 on the supports of all u in 4. Then

o) (x) = [e"'"("/v;) = X (x)u(x).

Since the product of two bounded sets is bounded (by Leibniz’ rule for
derivatives), it suffices to show the boundedness of

By = {T'/z[e_i”(x/v;) -1 ]?X,(x)]'r > 1}.
Since r vanishes to order at least 3 at the origin, Taylor’s formula gives

r(x) = 2 rjkl(x)xjxkxl’
Jkd

with r,, smooth. Hence, the typical element of B, may be written as

w,(x) = Tl/2[e—i/\/;2rj,‘,(x/\/;))9x,,x, _ 1]%(.’6)
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6 ALAN WEINSTEIN
Writing e ¥ — 1 = yh(y), where h is C*, we have
w,(x) = 11/2[7"/22 X/ V71 )52 ,R

(VT 2 3/ V7 Yxx) | X(x)

=2 riu(x/Vr )ijkxlh(l/\/; 2 ru(x/Vr )xjxkx,)G)C(x).

Let K be a closed ball about the origin containing the support of . By
estimating the derivatives of % and r;, on K, and the derivatives of 4 on the
compact set{Zr,,(¥)x;x,x|x, y € K}, we obtain estimates, uniform in 7, for
the derivatives of w,(x), so By is bounded. []

COROLLARY 1.2.2. The order O (g) depends upon @ only through its
differential do(0).

PROOF. Suppose that g7 = O(7"), and dp(0) = dy(0). Then y(x) = (x)
+ q(x) + r(x), as in Proposition 12.1, and we have g/ — e g’ =
O(tV~1/2), 50

g =€l + 0" =70 () + O« ) = O(7Y). [T

DeriNiTION 1.2.3. For g € D'(R") and £ € R™, we define the order
O 8) of g at (0, §) to be Oy, (g), for any ¢ such that de(0) = £ -

In computing O,/ g), it is often convenient to take @ to be the linear
function @(x) = (&, x); in this case, we will write g{ for g.

ExAMPLE 1.2.4. Let g be a C* function vanishing to order at least k at 0, i.e.
g(x) = 4= Cx(x)x*, where the ¢,’s are continuous functions. We compute
O 0,0)(8) by looking at

T = X Yo k2 X \xa,
(=)= 2 el )
The continuous functions 7%/%g7(x) = 4= xC,(x/ VT )x* are uniformly
bounded on compact sets, so they are bounded in )’(R"), and we conclude
that O0(8) < — k/2. If ¢,(0) # 0 for some a, i.e. if g vanishes exactly to
order k, we can conclude that Ogq(g) = — k/2. (Use a test function u
supported in a set on which =, _,¢,(0)x* > 0)
For £ # 0, we have

(g uw =f g( % )e""“"/‘/bu(x) dx =f e~V <5’X>g( % )u(x) dx.

Since £ # 0, we may integrate by parts k times with the operator L =
2§ 9/9x; to obtain

K
T _ -1 —iVr (Ex
<g€,u>_(T’r|§I2) fe <& >L"(g(—x;—)u(x)) dx. (1.2.1)
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ORDER AND SYMBOL OF A DISTRIBUTION 7

Now

k
k\ —; ; X -
L"(g(—-)-c—)u X ) = ( .)7 i12(Lg (——) L¥=y)(x). (1.2.2)
= @)= 2 (w7 )«
Since g vanishes to order at least k at the origin, L’g vanishes to order at least
k — j there, and the estimate

(Lg)(x/V71) = O(r~%=1/2)

holds uniformly on bounded sets of x. It follows from (1.2.2) that, for any
bounded set 4 in D (R"), the functions {7*/2L*(g(x/Vr)u(x)|r > 1, u €
A} are uniformly bounded on R”. Since the supports of these functions are
contained in a fixed bounded set, it follows from (1.2.1) that g/ =
O(r™*/27%/D = O(r7*),and O, (g) < — k.

If we ignore the vanishing of g at the origin, we still have uniform
boundedness for {L*g(x/V7)u(x)|r > 1, u € A}, and we conclude that
O:(8) < — k/2.In particular, if g is C* near the origin, we have Opy =
—oo. Now if g is C* near the origin, it is the sum of a polynomial and a
function which vanishes to order k, so we may conclude that Opg < — k.
To summarize:

PROPOSITION 1.2.5. Let g be equal to a C' function on a neighborhood of the
origin. Then O ¢(8) = — I for § # O, while Oy (8) = — k/2, where k is the
order of vanishing of g at the origin.

EXAMPLE 1.2.6. Let g(x) = 8 (x)8(xy) + - - 8(x,) for some r < n, i.e.

(g,u)=fu(0,0,...,0,x,+l,... x,)dx, - dx,

Then we have
(gduw

= T"/Zf e Tk (0,0, ..., 0, VT X,y ., VI x,) dyy - - - dx

n

=172 [ eV T (0,0, .0, X,y ) dXyy  d
If§, =+ =§ =0, wehave Oy, (g) = r/2, while if £, through §, are
not all zero we can integrate by parts as in Example 1.2.4 to conclude that
Ope8) = — 0.

The order O/ g) appears to be a measure of the degree of singularity of
the distribution g at 0, as observed in the direction £. We will show in §2.2
that O (g) = —oo if £ # 0 and (0, £) does not belong to the wavefront set
(see [6]) of g.
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8 ALAN WEINSTEIN

1.3. Definition of the symbol. If O,,(g) < N, we will define the symbol of
order N of g at (0, §) to be, essentially, the image of g7 in
SY(D'R"))/ SN VXD '(R")), where dp(0) = £. The following definitions are
designed to accommodate the dependence of g; on the quadratic part of ¢.

DEerINITION 1.3.1. For £ € R™, we define 3(0 £ to be the set of equivalence
classes [¢] of real valued C* functions ¢ such that ¢(0) = 0, dp(0) = §, two
functions ¢, and ¢, being considered equivalent if ¢, — @, vanishes to order
at least three at 0. The equivalence class [¢] is called the 2-jet of ¢.

REMARKS 1.3.2. (a) If [¢] and [¢] are any two elements of ), there is a
unique homogeneous quadratic polynomial g on R” such that [{] = [¢ + g].
Thus, %4, is an affine space modeled on the vector space of quadratic
functions.

(b) We can identify the elements of ., with certain lagrangian subspaces
(see [6]) of the tangent space at (0, ) to the cotangent bundle T*R” ~ R* X
R™. In fact, given ¢ with dp(0) = £, the graph {(x, dp(x))|x € R"} of the
differential do is a lagrangian submanifold of T*R", passing through (0, §),
whose tangent space at (0,£) depends only upon the 2-jet [¢]. Every
lagrangian subspace of T, T*R" which is transversal to the “vertical”
T, TSR arises in this way from an element of $,,.

DEerFINITION 1.3.3. Let & be any module over C*(R"). For any § € R™,
we define the “twisted” space &, to be the set of mappings [¢] - 8y from
$0.) to & such that

Blo+ql = € gLy (1.3.1)
for each quadratic function gq.

It follows from Remarks 1.3.2 that, for any [¢] € %), the evaluation map
8() P> 84 is an isomorphism from &, to &. Any structure on & which is
left invariant by all operators of multiplication by e™ ", g quadratic, may be
carried over to a structure of the same type on & ,. For example, &, is
always a module over C*°(R"). Furthermore, if & has an invariant class of
bounded sets, we can define the spaces SV ((‘;(0,5)).

DEFINITION 1.3.4. For £ € R™, we define the symbol space S ,,(R") to be

/\___/
[SY(D'R)/ SV (D'(RY))
REMARK 1.3.5. §f,(R") is naturally isomorphic to

(X370

s (W)(o.o)/ SN2 (W)(o,e))-

DEerINITION 1.3.6. Given g € 9‘(R”) and £ € R" such that Ope(8) < N,
we define the symbol of order N O(No, £(8) of g at (0, £) to be the element of

©0.6(R") which assigns to each [¢] € $,,, the image in
SY(D'®R™)/S¥ 14D (R™)) of the family g, of Definition 1.1.1.

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



ORDER AND SYMBOL OF A DISTRIBUTION 9

It is Proposition 1.2.1 which makes this definition allowable. In computing
o(’g.s)( g) for a specific g, it suffices to determine the behavior modulo
SNV 'R™)) of the family g7 for a particular ¢ with dp(0) = £. In practice,
we usually use @(x) = {§, x>, perhaps after a change of coordinates adapted
to the distribution g under study.

The next lemma is a trivial consequence of Definition 1.3.6.

LEMMA 1.3.7. (@) If Oy(8) < N, then O(8) < N — 1/2 if and only if
o0e(8) = 0.
(0) If Og(g1) < Nand Oy (8)) < N, then

o0 (&1 + &) = olop (&) + ooy (£2)-

ExAMPLE 1.3.8. Let g be a C**! function vanishing to order at least k at 0.
We may write g(x) = ZaxCx" + h(x), where the c,’s are constants and A
is a C**! function vanishing to order at least k + 1 at 0.

For £ =0, we found in Example 1.2.4 that Oy (g) < — k/2, so it is
natural to compute the symbol of order —k/2. But Oyq(h) < — k/2 —
1/2, so by Lemma 1.3.7 we have

gi(x)=17%2 3 c¢,xmod §~¥/2-1/2(a)'(R")).
la| =k
Thus, the symbol o5 ¢{?(g) is essentially 7~*/2 times the terms of degree & in
the Taylor series for g at the origin.

For § # 0, we have by Example 1.2.4 that Oy,(g) < — k, so the natural
symbol to calculate is that of order —k; but O,y(h) < — k — 1 and

0(0,5)( 2 c,,x"‘) = —00 (Proposition 1.2.5),
la|=k

50 655(8) = 0.

ExXAMPLE 1.3.9. Let g(x) = 8(x;)- + - 8§(x,), as in Example 1.2.6. We saw
there that Og(g)=r/2 if &, =---=§ =0 and Oy,(g) = —©
otherwise. When §, ., = - - - = § =0, we have

ghuy=1"u0,...,0,%,1...,%)dx, - dx, =17 g, u),

so the symbol of7/( g) is essentially 7/2 times g itself.
ExaMpLE 1.3.10. Let n=1, g(x) =8"(x), m > 0; ie. (g u)=
(— D)™u“>(0). Then

<8g’ uy = 71/2<g, e-hfxu(\/; x)) = 7'/2(_ ])'"{e—ifexu(\/;x)}(m)(o)
= 71/2{(i1'§)mu(0) + O(Tm—l/Z)}.

If £ 0, we have O;(6™) = m + 1/2, and {8)] = +m*V/(igy"s @
mod O (r™), so the symbol of order m + 1/2 of 8§ is essentially 7m*!/2
times (i£)"8 ©.
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10 ALAN WEINSTEIN

If £¢=0, we have ({8, ud = 7'/ 1y"{u(V1 x)}(0) =
/22— 1y (), so {§)y = 7m/2HV/FM 0660 =m/2 + 1/2,
and the symbol of § ™ at (0, 0) is essentially m/2 + 1/2 times 8 ™ itself.

We leave it to the reader to verify that everything we have stated remains
true if m < 0, e.g. for the Heaviside function

(-1 0 x<0
0(x) = { x> O}'

In all the examples above, the symbol exhibited a certain homogeneity with
respect to 7. We will now formalize this situation with some definitions.

DerINITION 1.3.11. For each real number N, we define an embedding

A~ R A~
cn: D'(R") g4 — Sy (R") by assigning to each element h of D'(R")qg, the
image in
AN’ AN’
S™(D'(R")0)/ S (D'(R") o)
of the family 7 > 7Vh.

DEFINITION 1.3.12. Let O4(g) < N, and suppose that o, (g) belongs to
the image of C,. Then we say | that g is homogeneous of degree N at (0, §) and
we call Cy '(0{(8)) € D'(R")qy, the homogeneous N-symbol of g at (0, §).

To establish that a given distribution g is homogeneous of degree N at
(0, &), it suffices to check that, for a particular ¢ with dg(0) = £, g, = 157 +
O (rV¥~1/2), where v is a fixed element of 9’(R"). The element of D'(R")q,
which assigns y to [¢] is then the homogeneous N-symbol of g at (0, £). For
instance, the computation of Example 1.3.10 shows that § ™ is homogeneous
of order m + 1/2 [order m/2 + 1/2] at (0,%) if £+ 0 [£=0], and its
principal symbol is & @ [§ (™).

Here is an example of a nonhomogeneous distribution.

ExampLE 1.3.13. Let g(x) = 1/(x* — In(x?) (g(0) = 0). For £=0, we
have

T _ T
& () g( V71 ) xX—snx®+7inr

As T — o0, gf(x) approaches zero uniformly on compact sets, but more
slowly than any power of 7. By testing gJ against nonnegative functions, we
find that Og,(g) = 0, but g is clearly not homogeneous at (0, 0). (Note that,
by Example 1.2.4, 0 is the largest order which a continuous function can
have. Any continuous function vanishing at 0 and satisfying a Holder
condition of order a at 0 would have order < — a/2 at (0, 0).)

To give a description of the symbol, and also to analyze the case £ # 0, we

write
x Inx®—x*/1
g( V7 ) lnT { /1 " Inr |
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ORDER AND SYMBOL OF A DISTRIBUTION 11

Expanding this by the formula 1/(1 — @) = 1 + a + a*/(1 — a), we get

g(vxf—)=l—nl—7(l+ﬁ(lnx2—-):_—2))

1 2\ x
+ (lnxz——)g(—).
(In 7)? T V7
1t follows, first of all, that g = g(x/V7) = 1/In7 + O(1/(In 7)%), so we

have found the symbol of g" at (0, 0), modulo 1/(In 7).
For £ 5 0, we look at

8 = e'i\/+£xg(x/\/;)
2
Ve Ly 1 (lnxz— x_)
Inr (In 7)? T

+ 1 (lnxz——x—z)zg(—x——).
(In 7)? T Vr
The first term is O (7~ %) since £ % 0. The last term is O(1/(In 7)%), since
g(x/Vr)= 0(1/In 7). We conclude that g7 = O(1/(In %) and that

T —iVréx 1 2 ]
g =e \/gn_xz modO( 3).
(In7) (In 1)

Thus g/ goes to zero at least “twice as fast” for £ % 0 as for £ = 0. (We have
not been able to determine the asymptotic behavior of

e~V &1n x2/(In 7)2)

1.4. Composition with diffeomorphisms. If §: R” — R” is a diffeomorphism
and g is an ordinary function on R”, we have the change of variables formula

[ 8(0(x)u(x) dx = [ g(x)u(0 7 ()Wo 1 (x) ax,

where J, \ is the absolute value of the Jacobian determinant
det(d(x; 01/ dx;). If g is any distribution, the pullback g ° # is accor-
dingly defined by

geobuy=<g Jyp - (uof ') (1.4.1)

The following proposition shows that our symbols behave nicely under
pullback.

PROPOSITION 1.4.1. Let 8: R" — R” be a diffeomorphism such that 8 (0) = 0.
Then O )(8) < N implies

(g° 0);.,0" g ° T = O(vV~1/?),
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12 ALAN WEINSTEIN

where Tof: R" — R" is the derivative of 9 at 0.

ProoF. If @ is a linear mapping, it is easy to check that (g ° 0)s. 0 is equal
to g © Tof. On the other hand, the set of @ for which the proposition is true is
closed under composition, so it suffices to consider the case where T8 is the
identity mapping.

We have

T80 0)5.0~ 85 WD
= J (g 8)(x)e™"®-XDu(V7 x) dx — [ g(x)e="*Iu(Vr x) dx
=f g(x)e~ " Iu(Vr 61 (x))p-1 (x) dx —f g(x)e " ™Xu(Vr x) dx

=f g(x)e"*"’(x){u(\/; 01 (X)) (x) — u(VT x)} dx.
The proof now follows the pattern established in Proposition 1.2.1. The
expression in braces in the last integral is equal to 07 (V7 x), where
o7 (x) = u(\/; 9" (x/Vr ))Ja_. (x/ V1) — u(x).

It suffices to show that the set B, = {v'/%(x)|r > 1, u € A} is bounded
whenever A4 is bounded.
We will split up v] (x) as

o7 (x) =[u(\f;0"(x/\/;)) - u(x)].lg_. (x/VT)

+ u(x)[J,,_n (x/Vr)=1] (14.2)
and analyze each of the bracketed expressions by Taylor’s theorem. In fact,
we have:

u(y) = u(x) + > a(x,y)(y; — x) (14.3)
j=1
where
v Qu
a’(x,y) = — (x+t(y — dr. 144
() = [ g (x4 10 = %) (1.44)
Also,

[0~ (x)]j= x; + k;l By (X)X, X, (14.5)

and
Jp-i(x) =1+ 21 ¢, (x)x;. (14.6)
j=

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use
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From (1.4.5), we have
X n X X
\r,g_l(_)c_)]=\/;{ P .S (L)__f_}
[ Vr /); Vr k,12=1 Mg )T
=x, + 7712 S b, (—x——)x.x.
/) j,kznl ki \/;- vk

Combining this with (1.4.3) gives
u \/;0"(—’-‘—-—)) — u(x
( vi )] T

-l () 8, el b

j=1 T ki=1 T
= 1172 2 aj"(x, Vro-! ( X ))bjk,( =X )xjxk. 147
Jok,i=1 T T
On the other hand, from (1.4.6) we have
J(L) =123 c.(L)x., (14.8)
o \/; ng 4 \/; !
Substituting (1.4.7) and (1.4.8) into (1.4.2) gives
/%] (x)
n
| 3 g vEe () Jnen e ()
[j’k’ZM,( - jkl\/; klo'\/;
+u(x) S c.(_"_)x. (14.9)
( )ng J \/-’; J

To show that the right-hand side of (1.4.9) is bounded, we choose a ball
K C R", centered at the origin, containing the supports of all ¥ € A. Since
the bracketed expression in (1.4.9) is just u(V7 8 ~'(x/ V7)) — u(x) it is zero
unless x or V7 07'(x/Vr) belongs to K, ie. unless x belongs to
K U V7 8(1/Vr K). But this set is uniformly bounded for 7 > 1, since 8
satisfies a uniform Lipschitz condition on K. Let L be a compact set
containing K and all the V7 8(1/V7 K) for 7 > 1; then the bracketed
expression in (1.4.9) vanishes unless x (and hence Vr 8 ~'(x/ V7)) belongs
to L, and it follows from (1.4.9) that the support of 7!/%(x) is contained in
L.

The only expression on the right-hand side of (1.4.9) whose derivatives are
not uniformly bounded on L is a*(x, V7 8- (x/V7)). But the integral
representation (1.4.4) shows that the derivatives of a;"(x, y) are uniformly (for
u € A) bounded on L X L, and it is simple to check that the derivatives of
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14 ALAN WEINSTEIN

Vr 8~ '(x/Vr) are uniformly (for 7 > 1) bounded on L. Applying the chain
rule, we are done. [J

If 9 is a diffeomorphism with (0) = 0, and £ € R™, then £ o T, is also an
element of R*". Combining the proposition just proven with Corollary 1.2.2,
we have the following invariance property of the order.

COROLLARY 1.4.2. Let §: R" — R”" be a diffeomorphism with §(0) =0, g €
D'(R"), and £ € R™". Then Oy , 1,58 ° ) = O 8)-

To state the invariance property of the symbol, we need to specify the
action of diffeomorphisms on the symbol spaces of Definition 1.3.4. First of
all, if §: R" > R" is a diffeomorphism with §(0) = 0, then we let # act on
D’'(R") by h 1> h o Ty8. This action preserves bounded sets, so it lifts to an
action on S¥(D'(R"))/SY~1/%(D’(R")). On the other hand, § induces a map
from $o¢) t0 G0 . .9y by [9] +> [9 ° 8]. (This map depends upon the second
derivative of § at 0.) Composition with these actions of 4 gives a map from

S (R™) to S0 o 5 R"), which we denote by 0 )(6). (0(4(6) can actually
be identified with the symbol in our sense of the Schwartz kernel of the
operator o #.) Chasing through the definitions gives the following result.

CoROLLARY 1.4.3 Let Oy,(8) < N, 8: R" > R" a diffeomorphism with
8(0) = 0. Then

0s-1,0)(8 ° 8) = 00e(0)[00e(8)].

1.5. Multiplication by C * functions, tensor products.

ProprosiTION 1.5.1. Let p be a complex-valued C* function vamshiné “to
order > k at 0. Suppose O\ g) < N. Then:

(@) Og)(Pg) < N — k/2;

(1) if p(x) = Zyg)=xCax™ + q(x), where q vanishes to order >k + 1 at 0,
then

olon'/*(pg) =7 "/2(l IEk cax“)od,,e)(g). (1.5.1)

(The symbol space 9(0 o (R") is a module over C®(R"). See the discussion
Sfollowing Definition 1.3.3.)

PROOF. (a) We have
'r-n/2<(pg);, u> =f g(x)e—irqv(x)p(x)u(\/;x) dx
=f g(x)e " ™Wpr (V1 x) dx

where v;1x) = p(x/ V7 )u(x). As usual, we need to show that {r*/%|r >
1, u € A} is bounded whenever A4 is bounded. Writing p(x) = Z ;- 1Pa (%)X,
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we have

pa( %) = T—k/2|a12=k p.,( % )x“,

SO

/2] (x) = ( S n== )x) %),
la]=k \/; ( )
which is obviously bounded.

(b) By (a), it suffices to check (1.5.1) for the case where p(x) = Ziajmk CaX ™
But, in this case (pg)7, is equal to ™ */%pg”. []

REMARK 1.5.2. With p as in Proposition 1.5.1, we have by Example 1.3.8
that Owo(P) < — k/2, and ogl*(p) = 77*/22, 1, x* (identifying <)’
with &) by choosing the 2-jet of the zero function in $0.0)R"). Therefore, we
may write (1.5.1) in the form

060 /2(pg) = (008§*(P))(0oto0 () (1.5.2)

This suggests that Proposition 1.5.1 should be a special case of a result valid
for the product of two distributions, whenever that product exists. We suspect
that the correct expression should be a “convolution” of the form

000(8182) =f (00m(&1))(00s-m(82)) dn. (1.5.3)

We are still far from making sense out of 1.5.3, much less proving it-here are
some of the difficulties.

(a) It is not clear at what orders the symbols are to be taken.

(b) To obtain the integrand, we must multiply elements of S, and Sy, .,
to obtain an element of &,,. Formally, this presents no problem since
addition of functions induces a natural operation from $g(R") X
$0e-m®R") to o R"). However, in multiplying the two symbols together,
we are essentially multiplying distributions, and it may be necessary to
assume, as an additional hypothesis, that this multiplication is possible.

(c) How does one make sense out of the integral in (1.5.3)? It is necessary
to understand the behavior of 0,,(g) as a function of £ Should it really be
considered as some kind of distribution in £?

PrROBLEM 1.5.3. It can occur that the product on the right-hand side of
(1.5.1) is zero, even if both factors 2., x* and o0& are nonzero. In
this case, we may conclude that O,(pg) < N — k/2 — 1/2. Find a formula
for a{y ¥/~ 1/%(pg). It will have to depend upon the terms of order k + 1 in
the Taylor expansion of p, as well as the “term of order N — 1/2 in the
asymptotic expansion of g;.”

The order and symbol behave in a very simple way with respect to the
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16 ALAN WEINSTEIN

tensor product of distributions. We need only to describe some natural
mappings. We writ~ g, ® g,, or g,(x)g,(y) for the tensor product, in
D'(R"*"), of g, € D'(R™) and g, € D'(R™). This operation induces in a
natural way products, which we also denote by ®, from S™(D'(R™)) X
SN '(R™)) to SV +M(D'(R™*+2)) and from
SN (D(R™))/ SN2 (D'(R™)) X SN2 (D'(R™))/ SM27 12 (D'(R™))
to
SN,+N2 (GD I(Rn,+n2))/SN|+Nz-—l/2 (6D f(Rnl+n2))-
On the other hand, we have a natural identification of R™ X R™ with
(R™*")* and the operation
(9:1(x): 22(7)) > (@1(%) + 92(1))

then induces an injection of Jg.(R™) X Jo,(R™) into Jg e n(R™*7™).
Putting all these mappings together, we obtain a mapping

® n
Sflp (R™) X Sz (R™) =S o) (R™ ™).
We leave the proof of the following to the reader.

PrOPOSITION 1.54. Let g, € D'(R™), Opy(8) < Ni3 g € D'(R™),
O (8) < N,. Then Open(81 ®8) < Ny + N, and

olo&ah (81 ® 82) = 0y (81) © o(Gy) (£2)- (1.54)

REMARK 1.5.5. Proposition 1.5.4 shows that, even if one is in the end
interested only in the behavior of distributions for £ # 0, it is still useful to
understand the case £ = 0.

EXAMPLE 1.5.6. Let g € ¢)'(R?) be the characteristic function of a region in
the plane bounded by a piecewise smooth curve. Suppose that the origin is at
a “corner” of this curve; i.e. the tangents to the two pieces of the curve at the
origin are neither parallel nor antiparallel. After applying a diffeomorphism,
an operation whose effect on the order and symbol is easily calculated from
Corollary 1.4.3 and Proposition 1.5.1, we may bring g locally into the form

2 (x,y ;) = {1, 0<x,,0<x2}
b2 0, otherwise ’
ie.g =380 ® 8D where §(~P is the Heaviside function.
By the result mentioned at the end of Example 1.3.10, combined with

Proposition 1.5.4, we have

0, 51 =0, gz = 0,
Opet)(8) =1-2, & =04 #00r§ #0,§=0,

_1, gl#o,gz#o.
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For the symbols we have (modulo the usual identifications)

§C-D @ 61, ¢ =£=0, N =0,
oM coey (8) = VDRSO, £ =0,6#0, N=-1/2,
(O.662)) /O Q@ FED £ £0,8,=0, N=-1/2,
=180 Q 5O £, #0,§+0, N=-1

Going back to the original g, we may conclude, for instance, that the order
with respect to a ¢ which is normal to neither of the incoming edges is —1,
and that the symbol of order — 1 with respect to a suitably chosen element of
J o, is equal to 7! times the delta function at the origin.

It should be interesting to analyze cases where the boundary of the region
has more complicated singularities such as cusps.

1.6. Vector-valued distributions and distributions on manifolds. Let ¥ be a
finite-dimensional vector space over C. The space D'(R"; V) of V-valued
distributions on R” is defined as the dual space to the space %D (R”; V*) of
compactly supported C* functions on R” with values in V*. There are
natural identifications

DR V)=~ D'(R") Q¢ V, DR V*) =~ DR") B¢ V*.
Everything which we have done up to now may be repeated for vector-valued
distributions. Whenever the notation (R”) occurs in the name of a space of
distributions or symbols we create a new space by tensoring with ¥ and
replacing the notation (R") by (R"; V). A little extra must be said regarding
products. In Proposition 1.5.1, if g € 9D'(R"; V), we can allow p to take
values in the space Hom(V, W), where W is another vector space; pg then
belongs to D'(R"; W). In Proposition 1.54, if g, € D'(R™; V) and g, €
D'R™; V,), g; ® g, belongs to D'R"*"; V, @ V).

Next, we may replace R” by any of its open sets. Namely, if V C R" is
open, D (V) is the subspace of % (R") consisting of functions whose support
is contained in V. The dual space D(V) is denoted by D‘(V); its elements
are called distributions on V. If V C U, the inclusion D (V) — D (W)
induces a restriction mapping from D’(%W) to D'(V). If V contains the
origin, we may define O, (g) and o(”q £(8) for g € D'(V) as follows. Choose
a C* function % on R” with support in <V such that X =1 on a neigh-
borhood of the origin. Now Xg is the restriction of an element § € D'(R");
we may define the order and symbol of g to be the order and symbol of g in
the usual sense. This is independent of % because the order and symbol
depend only upon local behavior (Lemma 1.1.5). Notice that, although g is
defined only on V, the symbol o ( g) still lies in S ;,(R”).

Of course, we can combine the two generalizations just made, defining
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18 ALAN WEINSTEIN

V-valued distributions on Y and their orders and symbols.

If V; and Y, are open subsets of R”, and V| and V), are vector spaces, a
diffeomorphism

0:V, X V,»>V, XV,
is called a bundle isomorphism if the first component of ©(x, v) depends only
on x, and the second component depends linearly upon v for each fixed x.
We may write, therefore, O(x, v) = (6(x), p(x)-v), where 8 is a
diffeomorphism from V] to ¥, and p is a C* map from %V, to Hom(V, V>).
Using © we may define a pullback operation
0% D'(Vy, V) > V(. V)

in the following manner. If u € D(V,;, V,), we define O,u € D(V,, V,) as
the function whose graph is the image under © of the graph of u; i.e.

(©4u)(x) =p(87"(x)) - u(8 7 (%))
Now, for g € D'(V;, V,), we define O*g by
(B*g, ud = (g, Jy-1+ O u). (1.6.1)
(If V| = V, and p is the identity matrix, this reduces to (1.4.1).)
Combining Corollaries 1.42 and 1.4.3 with Proposition 1.5.1, we can

describe the effect of pullback by a bundle isomorphism on the order and
symbol.

ProposiTION 1.6.1. Let O(x, v) = (8(x), p(x)-v) be a bundle map from
VXV, to VXV, g€ D(Vy; V), £ €R”. Suppose that <V, and
contain the origin, and 8 (0) = 0. Then:

(1) 0(0,5 o T00)(®*g) = 0(0,5)( g);

(i) Owg(8) < N implies that o, 1p(0*8) = 00 (Do (8], where
00,6)(P) from

Sho R, V) = 5fy(R") ® ¥,
to
Sbs. 1oy R V1) =S¢ 7o) (R BV,

is the tensor product of 6,5(8): S\ (R™) = S . 7,0)(R”) (see the discussion
before Corollary 1.4.3) with p~1(0): ¥, — V.

We can now go on to discuss distributions on manifolds. Let X be a
paracompact C* manifold, ED X a complex vector bundle. A chart for E
consists of an open subset AU C X and a diffeomorphism

Vg (W -V XV,

where V is an open set in an euclidean space, V is a vector space, the first
component of ¥(v) depends only upon 7 (v), and the second component of
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¥(v) depends linearly upon v for 7(v) fixed. We denote by y: U — V the
diffeomorphism for which the first component of ¥ is y o 7. Given charts ¥,
and ¥, for E, the diffeomorphism

Opat Yu( Uy N WUp) X V=Yg (U, N Ug) X Ve

defined by ¥, o ¥ ! is a bundle isomorphism.

We may now define an E-valued distribution on X to be a rule g which
assigns to each chart ¥, for E a distribution g, € 9D’(V,, ¥,) in such a way
that, if ¥, and ¥, are any two charts, then the pullback operator ©f, maps
the restriction of gz to Y3(U, N AUsg) to the restriction of g, to Y, (U, N W)
The space of E-valued distributions on X is denoted by D’(X; E).

There is also a global definition of distributions on manifolds. If E is any
vector bundle over X, we denote by D(X; E) the space of compactly
supported C* sections of E; a subset 4 of 9 (X; E) is bounded if all its
elements are supported in a fixed compact set K and if, with respect to a
finite set of coordinate systems covering K, the partial derivatives of each
order of the elements of 4 are uniformly bounded. Let Q, X be the bundle of
1-densities on X (see §3.3 or p. 14 of [2]). Each smooth section of E defines a
linear functional on (X, E* ® ©,X) which is bounded on bounded sets; in
fact, if g is a section of £ and u € 9D (X, E* ® Q,X), we may pair g with u to
obtain an element (g, u) of D(R,X). Integrating (g, u) over X gives a
complex number (g, u>. We may define 9’'(X; E) to be the space of all
linear functionals on 9 (X; E* ® Q,) which are bounded on bounded sets. It
is not hard to check that this definition agrees with the previous one. (The
densities are implicitly contained in the previous definition because of the
Jacobian factor in the pullback formula (1.6.1).)

Now let g be an E-valued distribution on X, x a pointof X, and £ € T¥*X a
cotangent vector at x. Given any chart ¥, for E such that y,(x) =0,
£o Ty~ is a cotangent vector (0,£,) at the origin in R", so the order
Ow.)(8,) is defined. It is easy to check that £ =§; o Ty, so by
Proposition 1.6.1 we have, restricting to the images of AU, N AUy,

O0¢)(82) = 004, - 7.8, (Ofa8p) = O(04,)(8p)-

This justifies the following definition.

DerINITION 1.6.2. Let g € D'(X; E), x € X, £ € T}X. Then O,(g) is
defined to be Oy |( g,), where ¥, is any chart for E such that y,(x) = 0.

Next we define the space S (X; E) in which the symbol o}’ (g) will lie.
The transformation laws in Corollary 1.4.3 and Proposition 1.6.1 show that
the symbol should live on the tangent space T, X and should have values in
the fibre E, of E over x.

To construct the “twisted” spaces at § we consider the space §,(X) of
2-jets of real valued C* functions ¢ on X such that ¢(x) = 0 and dp(x) = §,
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two functions ¢, and @, being considered equivalent if ¢, — ¢, vanishes to
order at least three at x. As in §1.3, we can show that }e (X) is an affine space
modeled on the vector space of quadratic functions on T, X, and that the
elements of §,(X) can be identified with those lagrangian subspaces of the
tangent space T, T*X which are transversal to the fibre. Imitating Definition
1.3.3, we define, for each C*(T,X)-module &, the twisted space &, consis-
ting of the mappings [¢] > g, from $,(X) to & such that g, , = €%
for each quadratic function g (the “sum” [¢] + ¢ refers to the affine structure
on $(X)).
Finally, we define 5} (X) to be

e
[S¥ (@1, X))/S¥" (@ (T.X))],

and SY (X; E) tobe §(X) ® E,.

Any chart ¥, for E such that y,(x) = 0 induces in a canonical way an
isomorphism o, ¥, from 8} (X; E) to Sko®R"; V,). We leave it to the reader
to write down the explicit definition of this isomorphism and to check that, if
¥, and ¥4 are two such charts, then

qu’a = [0(0’& )GB‘X] ! ° OE\I,ﬁ°
Proposition 1.6.1 (b) now applies to justify the following definition.

DEerINITION 1.6.3. Let g € D'(X,E), x € X, £ € TtX, O(g) < N. Then
o’ (g) € &} (X; E) is defined to be (0:%,) " [00,)(8)) where ¥, is any
chart for E such that ,(x) = 0.

REMARK 1.6.4. If for some y, with y,(x) = 0, g, is homogeneous of degree
N at (0, £,) (see Definition 1.3.12), then this is true for all such a, and we say
that g is homogeneous of order N at { In this case, the homogeneous
N-symbol of g is an element of the twisted space D'(T,X) ® E, of mappings
assigning an E,-valued distribution on T, X to each element of J(X).

EXAMPLE 1.6.5. Let Y C X be a submanifold of codimension r, § € 9D’(X)
a smooth delta function along Y; i.e. given any chart y, such that the image
of Y is defined by x; = - - - = x, = 0, §, has the form

a(xr-H’ ] xn)6 (xl) e 6(xr)’
where a is a smooth function.

Applying Example 1.3.9 and Proposition 1.5.1, we conclude the following
forx € Yand§ € T} X.

(i) 0,(8) = — o if § does not belong to the conormal bundle of 7.

(i) If £ does belong to the conormal bundle of Y, then & is homogeneous of
order r/2 at £ the homogeneous N-symbol of & at § assigns to certain
distinguished elements (see (iii) below) of $,(X) a smooth delta function
along T,Y C T,X which is invariant under translations in the direction of
T.Y.
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(iii) The distinguished elements of ie (X) are the 2-jets of functions ¢ such
that dp(x) = £ and ¢ is identically zero on Y. The corresponding lagrangian
subspaces of T,(T*X) are those which have the maximal intersection (of
dimension n — r) with the tangent space at £ to the conormal bundle of Y.

In Theorem 3.3.7, we will see that this description of the symbol of a
smooth delta function remains valid for any Fourier integral distribution-the
conormal bundle of Y being replaced by an arbitrary conic lagrangian
submanifold of T*X.

I1. PSEUDODIFFERENTIAL OPERATORS AND THE WAVEFRONT SET

2.0. Introduction.The notion of localizing distributions in the cotangent
bundle is closely tied to the action of pseudodifferential operators. Given a
distribution g € 9D ’(X), the common zero set of the principal symbols of
pseudodifferential operators P for which Pg is smooth is a closed conic subset
of T*X (the dot over the T indicates that the zero section has been deleted),
the so-called wavefront set WF(g) of g. For each £ € T*X, the quotient of
%’(X) by those distributions whose wavefront set does not contain £ is called
the space of microfunctions at §; we denote it by 9, (X). Since the projection
into X of WF(g) is the singular support of g (see [6, Theorem 2.5.3)), it
follows that g is determined modulo & (the C* functions) by its image in all
the IM,(X) as & runs over T*X. With this observation, we can identify
D’(X)/&(X) with the global sections of the sheaf 9N (X) over T*X whose
stalks are the I, (X).

The present work on the symbol of a distribution was intended partly as an
attempt to obtain a “picture” of OMN(X) by representing its sections as
sections of a vector bundle over 7*X. The vector bundles S (X) (restricted
to 7*X) and the order and symbol defined in Chapter I accomplish this task
to a certain extent. As we shall see in §2.2 below, O,(g) = —0 if § € T*X is
not in WF(g); it follows that O; and g are defined on 9, (X). The main tool
for proving this fact is our Theorem 2.1.2 relating the order and symbol of Pg
with that of g, where P is a pseudodifferential operator. This result may be
considered as a generalization of Proposition 1.5.1; of course the principal
symbol of P plays a crucial role.

Many of the details in the proof of Theorem 2.1.2 are due to K. Sklower,
who found and filled several gaps in my own proof and then wrote the first
draft of §2.1.

2.1. Action of pseudodifferential operators. This section was written jointly
with K. Sklower. We will follow the presentation of pseudodifferential opera-
tors given in §2.1 of [6].

A pseudodifferential operator of order m and type (p, 8) on R” is defined
by the formula
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Pg(x) = @m) " [ €€7p(x, )8 (§) ¢ 2.1.1)

where

£(x) = [ e g(x) dx (2.1.2)

and the total symbol p(x, £) belongs to Hérmander’s symbol class S,5(R" X
R™); i.e.

(&) (Z) pw0 = 001 + jgyr-sersm

uniformly on compact sets of x, for each pair (a, 8) of multi-indices. We will
assume throughout this section that 0 < § < 1/2<p<landp—8 > 1/2

The following definition is not quite conventional.

DerINITION 2.1.1. If P is a pseudodifferential operator with total symbol
p € S)s, a principal symbol for P is an element p; € S such thatp — p, €
Smol2,

pFor example, we will speak of an operator as having principal symbol of
type (1, 0), or homogeneous principal symbol. In the latter case, there is an
unique function p,(x, £), positively homogeneous of degree m in £, such that
P — py € S5 '/ for large £ We will refer to this p,(x, £) as the homogeneous
m-symbol of P.

The integrals in (2.1.1) and (2.1.2) are absolutely convergent if g € D (R"),
in which case Pg is C*® but not necessarily compactly supported. If P is in
addition properly supported, i.e. the support of the Schwartz kernel of P has
proper projection into either factor R”, then P maps % (R”) into D (R"), and
this map is continuous since all the x-derivatives of p(x, £) have polynomial
growth. It follows that we have a transpose map P’: %'(R") — % '(R") given
by (P’g, u) = {g, Pu)forg € D'Ru € D(R").

Now it turns out (see p. 105 of [6]) that the restriction of P’ to D(R") is
itself a properly supported pseudodifferential operator with total symbol
q€ S5R" X R™). By formula (2.1.6) of [6], we have g(x, £§) = p(x, — &)
modulo S ®~%, so P’ has a principal symbol of type (1, 0) or a homo-
geneous principal symbol if and only if P does. Finally, since P’ maps D (R")
continuously to 5D (R"), we may extend P itself to %’(R") by the formula

(Pg,u) ={g, Pup g€ D'R"),ucDR". (2.1.3)

The remainder of this section will be devoted to the proof of the following
theorem.

THEOREM 2.1.2. Let P be a properly supported pseudodifferential operator of
order m and type (p, ), where 0 < 8§ < 1/2<p<landp— 6 > 1/2. Let
g € D'(R") and 0 # £ € R™ such that Oy ;(g) < N. Then:
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(@) Og(Pg) < N + m;

(b) 633" (Pg) depends only upon oy ¢ g) and the behavior of the total symbol
P on a conic neighborhood of (0, §).

(¢) If P has a principal symbol p, of type (1, 0), then

oo™ (Pg) = p1(0, €)oo (8)-

(d) If P has homogeneous m-symbol p, and g is homogeneous of order N at
(O, &), then Pg is homogeneous of order N + m at (0, £), and the homogeneous
N + m symbol of Pg at (0, ) equals p, (0, £) times the homogeneous N symbol
of g at (0, §).

Our first step in proving Theorem 2.1.2 is to observe that we may assume g
to be compactly supported. In fact, let S C R” X R” be the support of the
Schwartz kernel K (x, y) of P, i.e.

Pg(x) = [ K(x,)8() .

Choose any compact neighborhood D of the origin in R”; since P is properly
supported, the set E = {y|(x,y) € S for some x € D} is also compact in R".
Now let X € D (R") be identically 1 on a neighborhood of E U {0}. Then
Xg agrees with g near the origin. On the other hand, g — ¥g vanishes on a
neighborhood of E, so Pg — P%g vanishes on D, and Pg agrees with PXg
in a neighborhood of the origin. Since the order and symbol are local
invariants, by Lemma 1.1.5 and its proof, the statement of Theorem 2.1.2
remains unchanged if we replace g by %g.

From now on, then, we assume that g is compactly supported and we
analyze the asymptotic behavior of {(Pg);, u), where u ranges over a
bounded subset of D (R"). As usual, we will take @(x) = (£, x> and write g/
for g;. By using formulas (2.1.3) and (1.1.1), we will be able to write

{(Pg)y u> = <8f, v)>- (2.1.4)

The bulk of the proof will involve analyzing the family v;.
First, we must obtain an explicit formula for v]. We have

<(P8)2, uy = {Pg, 1'"/2e'if<€,X>u(\/;x)>
- o P e

A straightforward computation yields the Fourier transform formula

—/\
T,,/ze—i‘r(i,x>u(\/; x)(n) = &(11 + 'rﬁ/\/;),

so we have
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((PeYy uy = (g, (2m) " [ e¥(x, m)i (n + 18/ V7 ) dn)
= (g, (2m) "r/2 [ VI (x, Vi — d)i () di

= (g, 7"/ %" (27) " f eimVr ©q(x, V1 — r8)i (1) dn),
50 (2.1.4) holds if we define

oi(x) = m " ei<"”‘>q( 2, Ve~ Tg)a(n) & (215)

Our immediate goal will be to establish part (a) of Theorem 2.1.2 concer-
ning the order of Pg. Having done this, we will know that the symbol of Pg
depends only on the symbol of g and the principal symbol of P-using this
fact we can modify P to simplify the proof of the rest of the theorem.

We must prove that +~¥*"((Pg);, u) is bounded, uniformly for 7 > 1
and u in a bounded subset of ) (R"). Using (2.1.4), we can rewrite this as
(Mg, v~™v]Y; since 7~ ™g] is bounded, we would be done if we could show
that r~"p_ is bounded. Due to the presence of x/ V7 in (2.1.5), the supports
of the v are not necessarily contained in a fixed compact set; what we can
do is to show that, for a fixed cutoff function X, 7~ remains bounded.
This will leave the task of estimating {g{, (1 — X)uv;); using essentially the
pseudolocal property of a pseudodifferential operator, we can show that this
is rapidly decreasing.

We will use, then, a function X € D(R") which is identically 1 in a
neighborhood of the origin, and we write

(el ey = (Mg Xl + (g, vV Y (2.1.6)
where

ri(x) =[1= X(V7 x)]r"/?
.(2,”)—ﬂf ei<\/; n—ff,x>q(x’ \/;TI — Tg)ﬁ (n) . (2.1.7)

Now the statement O, (Pg) < N + m will be established once we have
proven Lemmas 2.1.3 and 2.1.4 below. In fact, to show that the left-hand side
of (2.1.6) is bounded for r > 1 and u in a given bounded subset A C %D (R"),
we choose a function X &€ 9(R”) which is identically 1 on a neighborhood
of a compact set containing the supports of all u € 4, and we show that each
term on the right-hand side of (2.1.6) remains bounded. For the first term, we
use Lemma 2.1.3 together with the assumption that 7~*g7 is a bounded
family of distributions. For the second term, we choose ® € ) (R") which is
identically 1 on the support of g, so that (g, 7™ V~"rI> = (g, ™V "®rD,
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and we apply Lemma 2.14 with/ = — N — m.

LEMMA 2.1.3. Let A be a bounded subset of D(R"), X € DR"). Then the

set
B={r""XyJlu€d,t>1)}
is bounded in D (R™).

LEMMA 2.1.4. Suppose that °X. is identically 1 on a neighborhood of a compact
set containing the supports of all u in the bounded set A, and that ® € ) (R").
Then the set {1'®r]lu € A, v > 1} is bounded in DR"). (r] is defined by
2.1.7).)

PrOOF OF LEMMA 2.1.3. It will suffice to show that B is C° bounded. In
fact, if we apply a differentiation 3/dx; to a typical element

Wi (x) = 7 "X ()2 " [ ef<w>q( G fg)a (m)dy (2.18)

of B, the result is a sum of expressions of the same form with % replaced by
3% /8x;, u replaced by du/dx; (if /™ is differentiated), or ¢ replaced by
+71/%3q/3x,; the latter has the same r-order as g because § < 1/2.

To simplify notation we will denote by the letter C any constant which can
be chosen uniformly for allu € 4 and all 7 > 1.

The convex hull of the support of % and the origin is compact, and
q € S5, s0 we have

K()lg(x/ Ve, Vig—1g)| < C(1 + |[Vrn—f)).  (219)

Since A4 is bounded in G (R”), it is also bounded in S(R"), so the #’s are
uniformly rapidly decreasing, and we have

[a(m)l < C(1 + )™~ (2.1.10)

for each j. (Here C depends on.)
Applying (2.1.9) and (2.1.10) to (2.1.8) gives

W) < o= [ (14 Vg = o))" (1 + [nl) i,

or

i) < Cf (} +| 7 - gl)m(l + [a)~ dn.

If m > 0, we can replace this by

W < Cf U+ fnl + &) (A + a7 dn. @110

For j sufficiently large, this integral converges, and we have |w](x)| < C.
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If m < 0, we have a little more work to do because the integrand in (2.1.11)
becomes large as 7 — oo for n = £V . We write the integral in (2.1.11) as
I, + I, where I, is taken over {n|ln — V7 ¢| > 1V |¢|} and I, is taken over
{nl|n — V7 §| < 3V |¢}. Since m < 0, we have

I < Cf(% + |€l) (A + )~ dn < 2C|§|mf (1 + 1)~ dn,

which is finite if j is sufficiently large. The domain of integration in I, has
volume Cr"/2, and the factors (1/7 + |n/ V7 —¢)” and (1 + |q))~/ in the
integrand are bounded respectively by 77" and (1 + 3V7 [¢]) ™, so we have

L < Crmmn2 (14 3vr )~

Choosing j > —2m + n, we see that I, is bounded. (We remark for later use
that I, is actually rapidly decreasing.) []

PrROOF OF LEMMA 2.1.4. We can reduce the problem to one of proving C°
boundedness, as in Lemma 2.1.3, if we replace the function 1 — %(x) by any
function I'(x) which vanishes on a neighborhood of a compact set containing
the supports of all ¥ € 4 and which is bounded, together with each of its
partial derivatives, on all of R”. Thus, we are trying to prove that, as u ranges
over A and 7 over [1, ), the functions

87 (x) = T'O(x)I(V7 x) f VTG (x, Vi — )ia(n) dy  (2.1.12)

form a bounded set in %D (R”). (Note that, in passing from (2.1.7) to (2.1.12)
we have ignored the constant factor (27)™" and have absorbed the 7"/? into
7/, since I is to be arbitrary.)

To show that it suffices to prove C° boundedness, we note that 957/ dx; is a
sum of terms of the same form as §7(x), with ® replaced by 3®/dx;, T
replaced by 9I'/dx; and / replaced by /+ 1/2, or g(x,7n) replaced by
ing(x, n) (which belongs to S,7" Y. The problem is reduced, then, to finding
an estimate for

s7(x) = 7'T(V7 x) f iVt (x, Vi — )i () dy (2.1.13)

which is uniform for r > 1, u € 4, and x in a compact ball B containing the
support of ®.
If / happens to be less than or equal to — m we can write

IsT(x)] < 7="T(Vr x)f e"<\/;"“’5‘x>q(x, V1 - 78)i (1) dn

and use the method of proof in Lemma 2.1.3 to show that the right-hand side
is bounded. The factor (V7 x) poses no problem because T" is bounded on
R".
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For general /, we must reduce to the case / < — m by integrating by parts
with respect to n in order to lower the order of growth of ¢. This requires
special care because e/<VT1="6X>4 () rather than just e <VTn=T6x> must
be antidifferentiated. We will use the laplacian

A, = —(3%/m}+ - - +3%/m))
raised to the kth power, where k is to be chosen later. Solving the equation

B = " (n)
by Fourier transforms, we find that e*™%(n) = A% [e“™2b, ()] where

bou(¥) = |y = 2|7 u(y). (2.1.14)

(We will use these formulas only when z lies outside the support of u.) It
follows that

sT(x) = r'T(V7 x) f Bt(V =60 (n))q(x, V7 — 7E) dn.

Now we can use the selfadjointness of A’;, even though the integrand is not
compactly supported. In fact, if a(n) is rapidly decreasing and B (%) is slowly
growing, the equality [Aa- 8 dn = fa- AB dy is true because the “boundary
term” is rapidly decreasing. Thus we have

57 (x) = 7TV x) [ VT nrtohy )

(Akg)(x, VT 1 — §) dy. (2.1.15)

Now (2.1.15) is an expression of the same form as (2.1.13), with / replaced by
I + k/2, q replaced by Alq, and u replaced by by; ... Since A%g belongs to
Srs™2kp, we can apply the case “I < — m” if we know two things:

W)/ + k< —m+ 2kp;

(i) {bvs xul VT > 1,u € 4, T(V7 x) 5 0} is bounded in D (R").
We can make (i) true simply by choosing k large enough, since p > 1/2. All
that remains, then, is to establish (ii). From (2.1.14), we have

bv; vu(¥) = |y = V7 x|7*u(y) (2.1.16)

Let § > 0 be the distance between the support of T' and the union of the
supports of all u € 4. Then we have the estimate |by; ., (»)] < 8 “¥|u(y)],
so the by;,,’s are supported in a fixed compact set and are C° bounded
there. Differentiating (2.1.16) gives similar estimates for the derivatives of
bv; «u with 8 % replaced by '8 %=J if j derivatives are taken, so (i) is
established, and our proof is complete. []

We come now to the task of analyzing the symbol o(’:)”z)m(Pg). Our first step
will be to prove part (b) of the theorem, i.e., that this symbol depends only on
the behavior of ¢ in a conic neighborhood of (0, — £). We consider, then, a
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symbol §(x, 1) € S, with the following property:

there is a neighborhood @ of u in R”,

a conic neighborhood T of —£in R™,

and a constant X > 0 such that

g (x,n) = O wheneverx € A, n €T, and |n| > K. (2.1.17)

We will show that, if 4 is a bounded subset of D(R"), then the family
{g{, 0;, where ¢ is defined by (2.1.5) with ¢ replaced by g, is rapidly
decreasing, uniformly for u € A. The formula (2.1.6), together with Lemma
2.1.4, shows that, if we introduce a cutoff function % € (R") which is
identically 1 on a neighborhood of a compact set containing the supports of
all u € A, then it suffices to show that { g, X is rapidly decreasing. Since
g{ has polynomial growth in the problem comes down to showing that
X.o7 is rapidly decreasing.

Now we may choose ¢ > 0 such that an e-neighborhood of —§ lies in T and
avoids the origin. For |n| < ¢Vr, therefore, n/Vr —¢ lies in T; for 7
sufficiently large, V7 1 — 7¢ lies in T, and IW n — ¢ > K. Looking at the
x-variables, we find that for 7 sufficiently large and any x, either x/ Vr
belongs to U or %(x) = 0. It follows from (2.1.17) that the integral for
|n| < eVt makes no contribution to %4, so it suffices to prove the fol-
lowing lemma.

Levma 2.1.5. Let % € DR"), q(x, §) € STHR" X R™), e >0, and A C
(R") a bounded subset. Then the family X.(x)o; is rapidly decreasing in
D R™) uniformly for u € A, where

B7(x) ='ll.nl>\/;e ei<"'x>q( é— , Vrqg — 'rﬁ)ﬁ () dn.

PROOF. As in the preceding two lemmas it suffices to show that, for any
integer /, /|67 (x)| is uniformly bounded for x in the support of 9. We use
the estimate

UAJ x) < C 1 + \/'; L/ B 'Tgl Iu‘ n Idl'.
Ifm < Owe Slmply have
87(x) < C a(n)| dn,

which is uniformly rapidly decreasing because #(n) is. If m > 0 we have, for
|7} > 1,

(1+|Vig— ) = f’"(} +l% |+ l£l)
< (1 + g + D)™ < Crm(L+ ()",
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SO

@< e f (1 e ()l dr,

which is again rapidly decreasing. []

Suppose now that P is altered by an operator whose total symbol vanishes
on a conic neighborhood of (0, £). By formula (2.1.6), P’ is altered by an
operator whose total symbol § vanishes on a conic neighborhood of (0, — £),
plus an operator whose total symbol g lies in S,5°. By Lemma 2.1.5 and the
discussion preceding it, the operator corresponding to § has no effect on
a(’(‘,fg;"(g); the second operator is a smoothing operator and, likewise, has no
effect on the symbol.

Suppose, finally, that P has a principal symbol of type (0, 1). Applying our
formula about orders, for an operator of order m — 1/2, we assume that P
itself has a total symbol of type (0, 1) and proceed to establish the bounded-
ness of the family

Am = g N=m*12((Pg); — q(0, — €) 7).
If u is any test function, Fourier’s inversion formula and some trans-

formations like ones we have done before yield

b, uy = (7 "gg, a7t 2 (2m) "
J ef<n-x>>[q( Ve = 1t) - 400 - 75)]17(11) o,

By Lemmas 2.1.4 and 2.1.5, we will have ignored only rapidly decreasing
terms if we replace this family by

<’r'”gg, (2,”,)'"1.—m+ ]/26J>,

where

=T = i(n,x) X - — — 7

=% f - eolo( Ve - a0 vs)]u(ro i,
% € (R") being identically 1 near the origin and 0 < e. Once again, we are
left with the problem of showing that {r~™*"/%}|7 > 1, u € A} is bounded;
as usual, it suffices to check C° boundedness because each derivative is a sum
of terms of the same form. (Or of simpler terms: If we apply d*!/3x* to

[Q(X/\/—'; ’ \/; n- Tg) - q(oa _Tg)]’ we get

3 lel
)
T

d'*lg/9x still belongs to S since § = 0, and we have gained a 7~'/2, s0 we
can use Lemma 2.1.3.)
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To estimate 7~™*1/2|57(x)| on the support of X, we use the mean value
theorem to estimate

A=|g(x/Vr,Vrq—18) - q(0, — 1§l

Let M, be the maximum value of Z|(3g/3x,)(x, n)| for x € Supp X, |l <1
M, < C(1 + £)" because 8 =0. Let N, be the maximum value of
=|(3g/3&)(x, )| for x € Supp X, |n| < 7 N, < C(1 + £)"~! because p =
1. The mean value theorem implies that A < M,|x/V7 |+ N|Vr 7| for
t = |V q| + |7¢], so we have

A< C[(1+VT [l + i) A/ VT + (L+ VT Il + e
Since the integral is taken over || < eV, we have
A< C[(1+ (e + 1)) I/ Vr + (1 + (e + [E)D)" V7 Inl]
This implies
=t V/I8 < C[(1/7 + (e + )1 + (/7 + (e + 1ED) Il

< C1/r+ e+ 1g)] [1+[nl]
(We incorporate |x| into C in the last step.) On the support of X, therefore,
we have

gl < cf [+ eri] [ il

< Cfnn [ % + (e + Iél)]m[l + |nl]1é ()] an.

At this point we can repeat the argument used at the end of the proof of
Lemma 2.1.3, breaking the integral into two parts if m < 0, to conclude that
7~ m+1/2|57(x)| is bounded.

Since we have shown that 7~V ~"*1/%(Pg); — q(0, 7£) g{) is bounded, and
we know that g(0, — &) = p(0, 7§), we conclude that

(Pg);— p(0,§)gf = O (V™ 1/,
and the proof of Theorem 2.1.2(c) is complete. Part (d) follows from (c) and
Definition 1.3.12.

REMARK 2.1.6. L. Hormander has pointed out that our proof of Theorem
2.1.2 can be simplified by the use of the estimate in Theorem 2.6 of [5a]. (This
is a “Taylor’s formula with remainder” for pseudodifferential operators.) K.
Sklower has carried out this simplification and has been able to extend
Theorem 2.1.2 to obtain formulas of “transport-equation” type for lower
order symbols of Pg at points where the principal symbol of P and some of
its derivatives vanish. Details will appear in Sklower’s Berkeley Ph.D. thesis.
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2.2. The symbo! and the wavefront set. A direct consequence of Theorem
2.1.2 is the following “regularity theorem”.

COROLLARY 2.2.1. Let P be a properly supported pseudodifferential operator of
order m and type (1, 0) which is elliptic at (0, §) in the sense that =" (p(0, 7§))
is bounded away from 0 for large . Then

Owy(Pg) < N+ m= Opg(g) < N.

PROOF. Suppose Og,y(g) = M > N. Then o, (g) # 0; ie. 17+ %[ is
unbounded. By the ellipticity of P, r=M~m*m/3p(0, 7£) g[ is unbounded as
well. By Theorem 2.1.2

p(0, %) g =(Pg); (mod O(rM*m=1/2y),

so 7~ M=m+1/3( payt is unbounded; i.e. offs™ (Pg) # 0, and Og(Pg) = M +
m > N + m, contradicting the hypothesis on Pg. [

COROLLARY 2.2.2. If g € D'(R") and § # 0, then O 4(g) = — 0 if (0, §) is
not in the wavefront set of g.

Proor. By the definition on p. 120 of [6], if (0, §) is not in the wavefront set
of g, there is a properly supported pseudodifferential operator P of order 0
and type (1, 0), elliptic at (0, &), such that Pg is a C* function. By Proposition
1.2.5, O 4(Pg) = —o0; by Corollary 2.2.1, we have Og)(8) = —o0. [J

REMARK 2.2.3. Y. Colin de Verdiére and L. Hormander [private communi-
cations] have pointed out that Corollary 2.2.2 can be proven directly. In fact,
if (0, §) & WF(g), we can cut off g, without changing its germ at the origin,
so that g(§) is uniformly rapidly decreasing on a conic neighborhood 9 of &.
A formal computation shows that, for any test function u,

<& u>=f:z~g(7£_")ﬁ(%)d"' (22.1)

We must show that this is rapidly decreasing in 7.

For ¢ sufficiently small, and |y| < er, we have 7§ — 7 € 9L and |[1§ — 9| >
Cr for some positive constant C. Now we break the integral in (2.2.1) into
two parts, (g7, uy = I,(1) + I,(7), where I, is taken over |y| < er and I, over
In] > er. Since g is rapidly decreasing in 9U and u is bounded, Ii(r) =
O(7~%). On the other hand, in I,, we have n/ V7 > ¢V, so that ii(n/V7)
is rapidly decreasing while g(7¢ — 1) has polynomial growth. It follows that
L(7) = O(r~ %) as well. All these estimates can be made uniform for # in a
bounded set of test functions, so we may conclude that O q(g) = — co.

It is natural to ask whether the converse to Corollary 2.2.2 is true; the
following example, due to Colin de Verdiére [private communication] shows
that it is false.
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ExAMPLE 2.2.4. Let g € 9D’(R?) be the distribution whose Fourier trans-
form g is defined by

(8, 0> =f0°° o(t, t7) d,

where 8 is a constant between 1/2 and 1. We shall show that g is not C* at
the origin, so that its wavefront set contains a point of the form (x, £, with
¢ # 0. On the other hand, we will show that O, ;(g) = — for all x and all
£ # 0. Thus, it is not even true that the set S, = {(x, 9IE # 0and O, . (8) >
— o0} is dense in WF(g). (This is the best we could have hoped for, since
WF(g) is always closed, while S, might not be.)

Suppose, then, that g is C* in a neighborhood of 0. Let ¥(x;, x,) € 9 (R?)
be an even, nonnegative function, positive near 0, and having support SO
small that ( * y)g is a C* function. The Fourier transform ¢ = \[» Y is
then nonnegative and positive near £ =0, while g = ¢+ £ is rapidly
decreasing. But this is impossible because ¢ is nonnegative and so its
convolution with ¢ could not be rapidly decreasing along the curve ¢ |-
@t tFast— .

To show that O, ;)(g) < —oo whenever £ # 0, one first does a formal
computation (left to the reader) which shows that it suffices to prove that, for

any u € D(R?), the integral
Vig- L)

=, \r \/;

is rapidly decreasing as 7 — oo whenever (£, §,) # (0, 0). Making the substi-
tution ¢ > V7 t and using the fact that # is rapidly decreasing, we obtain,
for any N, an inequality of the form

i ( Vr§, - dt (2.2.2)

dt
I<C .
<</, L+ Vet — 1] + Ve &y — 18/70-572)

Now one chooses a number § between 0 and 1/2 and writes the integral on
the right-hand side of (2.2.2) as a sum I, + I,, where I, is the integral for
|t = V7 &| < 7% and 1, is the integral for |t — V7 §| > 75 Then one can
show that

L fow g0
' lo(r¥-Me-12) ifg, =0andé, #0

and I, = O(v%"~%). It follows, since N is arbitrary, that I, and I, are
rapidly decreasing, so 7 is rapidly decreasing as well.
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I11. THE SYMBOL OF A FOURIER INTEGRAL DISTRIBUTION

3.0. Introduction. Hormander [6] defined, for any conic lagrangian
submanifold A C T*X and any real number m, a class I (X, A) of distri-
butions on X, with wavefront set in A, called Fourier integral distributions.
For each h € I (X, A) he constructed a principal symbol which is a section
of a certain complex line bundle over A.

Our starting point for the work described in this paper was a universal
construction of Hérmander’s sumbol bundles in terms of the twisted distri-
bution spaces defined in §1.3. This suggested the idea that one might be able
to define Hormander’s symbol directly by means of a localization process
which passed from distributions on X to twisted distributions on the tangent
spaces of X. After some experimentation, we found the localization process
described in §1.1.

In this chapter, we show that our localization process does indeed give
Hérmander’s principal symbol. We prove in §3.2 that, if A € I"™(X, A) with
homogeneous principal symbol in Hérmander’s sense, then, at each § €E A, g
is homogeneous in our sense (see Definition 1.3.12 and Remark 1.6.4) of
order m + n/4, and we compute the symbol in a special coordinate system.
In §3.3, we show that these symbols belong to a special 1-dimensional
subspace of 9’(T,X) which depends only upon T,A. Finally, we show that
the collection of these 1-dimensional subspaces for all £ € A can be identified
with Hérmander’s symbol bundle 9,, and we show that our symbol and
Hormander’s are equal. In case the principal symbol is not homogeneous, our
symbol at £, as a function of 7, is equal to Hérmander’s symbol at 7&.

To compute our symbol we use, as did Hormander, the principle of
stationary phase, but our calculations require some refinements of this
principle, since the presence of the homotheties in the x-variables prevents us
from applying the Morse lemma to the phase function. These refinements are
discussed in §3.1.

3.1. On the principle of stationary phase. The principle of stationary phase
in its basic form is an asymptotic expansion as ¢ — oo for the integral

1(1) = [ €2Pu(x) dx, (.1.1)

where Q (x) is a nondegenerate quadratic form on R* and g(x) is a compactly
supported C* function. We begin this section by reviewing the derivation of
this principle, following [2] and [6).

Writing Q (x) = 1 {4x, x>, where A is an invertible symmetric matrix, we
define O by O(¥) = 1{47'¢ &. Applying the Fourier transform inside the
integral in (3.1.1), one obtains

1(f) = (2mt)~*/?|det 4|~/ 2%n/Dser4) (1), (3.1.2)
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where
J() = [ e 9@/ as, (3.1.3)
Using the finite Taylor expansion with remainder estimate
( IS)J | g

v!’

-3

we obtain from (3.1.3) the inequality

J(t)~2f [ Q(g)} i (8) d

Jj=0

<o [10®"a®) 4 (.1.4)

Denoting by (D) the second order differential operator obtained by subs-
tituting i3 / dx; for §; in Q (), we obtain from (3.1.4)

“0‘217[ Q()}FW

To estimate the right-hand side of (3.1.5) in terms of u itself, we use the fact
that for any v and n,

18] <

|Q(D) u@)ldt. (3.15)

1

————— [ {1 + 8?0} (x)] dx, (3.1.6)
u+m%”f
where A is the laplacian

—(3%/dxi+ - -+ +82/ax,f) = |DJ%.
We denote by |ofl;, the maximum of the L' norms of all the partial
derivatives of v or order < m. Then, for n even, the integral on the
right-hand side of (3.1.6) is bounded above by 4, ||v||}, where 4, is a constant
which depends only on » (and, of course, k). If n is greater than k, the
right-hand side of (3.1.6) is integrable with respect to £, and we have

[16@ld < Bl (2> k) 3.1.7)

Combining (3.1.7) and (3.1.5) and writing S, () for the sum on the left-hand
side of (3.1.5), we have

(1) = S, (O] < G171 (D) ullk

where k is the smallest even integer greater than k and C, is a constant
independent of u. The right-hand side of (3.1.8) can always be estimated by a
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constant times ¢ ~”||u||k,.,, (this is done, for example, in [6]) and this estimate
is hard to improve if the quadratic form Q is definite. If O is indefinite,
however, then the operator O (D)’ is not elliptic, and the estimate in the form
(3.1.8) can be a real advantage.

If we have an integral of the form [e/®g(x)dx, where f has only
nondegenerate critical points in the support of g, the usual approach is to use
the Morse lemma to find local coordinates in which f becomes quadratic. In
the next section, however, the presence of the homotheties involved in the
definition of the principal symbol will not allow us to make arbitrary
coordinate changes, so we must renounce the use of the Morse lemma. We
will sketch now an approach to the principle of stationary phase in which the
Morse lemma is not used, leaving out the details because we will treat a
similar but more complicated situation in the next section.

Suppose we wish to find an asymptotic expansion for the integral I(f) =
fe™g(x) dx, where we assume that f(x) has a nondegenerate critical point
at the origin and no other critical points in the support of g. We may write
f(x) = Q(x) + R(x), where Q(x) is a nondegenerate quadratic form and
R (x) vanishes to third order at the origin. Now we write

I1(%) =f e"@WitR() g () dx

and think of e®™g(x) as the u(x) in (3.1.1). Since e”®™g(x) now depends
upon ¢ as well as x, in order to have a good asymptotic expansion for I (f) we
must show that the error terms |J(¢) — S,(f)| are bounded by powers of ¢
which go to — 0 as ¥ — 0. Attempting to use the estimate
(1) = S, ()| < Et™"|lullkra

we find that the derivatives of order k + 2» of e"RWg(x) grow like t¥*, so
(3.1.10) gives us an estimate |[J(f) — S,(?)| < D,¢t***, which is no good
because k + » does not go to —co as v — 0.

Actually, it is not surprising that this approach does not yet work, since it
remains to use the essential assumptions that R (x) vanishes to third order at
the origin and that Q(x) + R(x) has no critical points outside the origin.
Roughly speaking, since the integral (3.1.1) looks “mainly” at the behavior of
u near the origin, the degenerate behavior of R(x) at the origin might be
expected to overcome the presence of the high powers of ¢ in its derivatives.
Of course, we must look at smaller and smaller neighborhoods of the origin as
1 — o0,

To implement these observations, we choose a cutoff function X.(x) which

is 1 near the origin and supported in the unit ball, and we split 7(¢) as the
sum I,(7) + I(¢), where

I,(9) =f e"COIX (Ax)e R g(x) dx (3.1.11)
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and

L) = f W1 — K(*x))e ™ D g (x) d, (3.1.12)

where the exponent A is to be chosen later. We form the usual asymptotic
expansion for I,(f); since %(x) = 1 near the origin, its presence does not
affect the terms of this expansion. In analyzing the error terms, we use the
fact that |x| < 1™ on the support of %X (¢x). It turns out that this fact,
combined with the third-order vanishing of R at the origin, sufficiently
moderates the L' norms of the derivatives of e”?™ provided that A > 1/4.
On the other hand, we must make A < 1/2, or else the derivatives of % (t*x)
will grow too rapidly. With these two constraints on A, we find that the S,(#)’s
do give an asymptotic expansion for I;(r). Now we rewrite I,() as

f (1 — X('x)) g () dx.

Since f(x) has no critical points on the supports of [1 — %K (t*x)] g(x), we can
try to integrate by parts with respect to x in order to show that I(f) =
O(t~®). In fact, if A < 1/2, this procedure works and so the asymptotic
expansion for I,(f) is also an expansion for I(?).

3.2. Local calculation of the symbol. We begin by recalling the local
definition of Fourier integral distributions, following [6]. Let V' be an open
subset of R", ®(x, 8) a real valued function on V' X R" which is positively
homogeneous with respect to the 8 variable. @ is called a phase function over
Y if, when restricted to V X R¥ (RY = {8 € R¥|g % 0}), it is C* and has
no critical points. An integral of the form

g(x) = [ Pa(x, 0) df (32.1)

defines g(x) as a smooth function of x if the support of 2 has a proper
projection onto V. It is shown in [6] that (3.2.1) defines g(x) as a distribution
on V as long as a belongs to one of the symbol classes S*(V X R") defined
as follows: The complex-valued function a(x, 8) belongs to S¥(V X R") and
is called a symbol of order p if it is C*® and if, for any compact subset K of '
and any multi-indices a and B, there is a constant C, g x such that

1(3/2x)° (3/30)a(x, 0)] < Copic (1 + IE)* ™
on K X RY. Specifically, for a test function u € D(V), the integral

(g, uy = [ €®Pa(x, 0)u(x) dx 8 (3.2.2)
may be defined as a limit
lim [ e®*®a(x, 8)u(x)X(ef) dx db (3.23)

-0
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where %X.(f) is 1 near § = 0 and has compact support; the existence of the
limit in (3.2.2) is proven by integrating by ‘parts, using the fact that ¢(x, 8)
has no critical points, to reduce to the case where p <« 0 so that the integral in
(3.2.2) is absolutely convergent. This proof gives another definition for (g, u)
and shows that it is independent of the choice of %X.

It is known further that the singularities of g depend only on the behavior
of a and @ in a neighborhood of the fibre-critical set

Zp = {(x, 0)|09/36,(x,0) = 0,0 #0;i=1,..., N}

and that the wave front set of g is contained in the image Ay C V X R™ of
24 under the mapping

Ap: Zp—> VXR™,  (x,8) > (x,d0)
(i.e. Ag(x, 0) = (x, &), where § = 0D/ dx).
It follows from Corollary 2.2.2 that the order and symbol of g at (x,, §;) €
Ay depend only upon the behavior of @ and ¢ in a neighborhood of

As (% &) C =p C V X RM. In this section, we will calculate this order and
symbol under the following further assumptions:

Ap '(xp &) consists of a single point (xo 0;) € 245
the differentials of 9®/90,, ..., 0®/08, are linearly inde-
pendent at (xg, 8;). (3.2.4(a))

We will use the invariance properties of Fourier integral distributions and
of our principal symbol to simplify the calculations. First of all, we may
assume that x, = 0. Next, we may assume that the number N of 8 variables is
the minimum necessary to represent g modulo distributions whose wave front
set does not contain (0, £,). By Theorem 3.3.4 and Lemma 3.3.5 of [6], this
means that the second partial derivatives 92®/ 06,36; are all zero at (0, 4,).
Combining this with assumption (3.2.4(b)), we conclude that the matrix
9% /96, dx; has rank N at (0, §,). It follows that N < n and that, after making
a linear transformation of the x-coordinates, we may assume that
3°®/06,3x,(0, 6) is equal to 1 if 1 < i = j < N and is 0 otherwise. Finally,
the function x > ®(x, ;) has nonzero differential at x = 0, so may change
the x-coordinates once again, by a diffeomorphism whose differential at 0 is
the identity, so that ®(x, ;) becomes the linear function {&, x).

To compute the order and symbol of g at (0, &), we look now at the family
84> Where @(x) = (&, x).

(gg uy = T2 f 0 (x, 0)e~ ™Dy (V7 x) dd dx,  (3.2.5)
or, substituting x/ V7 for x,

(gl uy = f eIV 0g(x VT, 0)e= o/ VT y(x) df dx. (3.2.6)
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Next, we substitute 76 for # and use the homogeneity of ® to obtain
(g uy = 'er ei’[q’("/\f’ 8)=e(x/ Ve )]a(x/\/; , ™ )u(x) df dx. (3.2.7)

The substitution just made, together with the calculations which follow,
closely parallel the calculations on pp. 149-154 of [6], which are also aimed at
the determination of a principal symbol. (Reviewing the calculation in [6] is
recommended as preparation for reading ours.) The presence of the factors of
V7 in (3.2.7) makes our calculation more laborious; in particular, it prevents
the application of the Morse lemma to the phase function
®(x/V7,0) — o(x/ V7). We use instead the method suggested in §3.1. Let
f(x,8) = ®(x, 8) — @(x). Since (0, ) € =4 and 4,D(0, 8y) = &, f(x, 9) has
a critical point at (0, f,). By assumption (3.2.4(a)), this is the only critical
point of f(x, #) for which x = 0. Since ¢(x) is linear, the second derivatives
of f are the same as those of ®; therefore, we have (3 %f/90,0x,)(0, ) = 1 if
1 € i € N, and all the other second partial derivatives of f vanish at (0, §,).
In addition, f(x, 8,) = 0. It is convenient to relabel the variables x,, . . ., x,
ASY1s . v v s VNs ZNals - - - » Zn and to write W for @ — 8,; then we have

N
f(x,0)= 21 ¥, + r(y,z, %),
j=

where r vanishes to third order at (0, 0, 0) and r(y, z, 0) = 0. We now write
(.27 as

<g;’ u> = ’TNf ei\/;z)ﬁ'\yj{ei‘"()’/v’; ,Z/\/‘l-',‘l’)

a(y/V1,z/V7, 7Y + 10, )u(y, z)} dv dy dz.

(3.2.8)
In what follows, we will treat z as a parameter; the method of stationary
phase will be applied to the (y, ¥) variables. As in §3.1, we choose a cutoff
function 9¢(¥) which is 1 for |¥| < 1/2 and supported in the unit ball, and
we write

(ggrup = TNf (IT(2) + I;(2)) dz

where

Iir (Z) =f ei\/;zj‘lll{ei-rr(y/\/;,z/\/;,‘l’)a(y/\/; ,Z/\/; , "+ 1_00)

u(y, 2)X(r'/*¥)} ¥ &y

(3.2.9)
and
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I3 (2) =f e"\/;2)’1“"f{e""(y/\rT #Ve¥a(y /N7, 2/ V1, 7Y + 18,)

cu(y, 2)[1 - %(71/3\10]} dv¥ dy.
(3.2.10)

We will begin by obtaining an asymptotic expansion for I7(z); after that, we
will show that (1] (z) dz is rapidly decreasing.

Let Q(y, ¥) =2y, ¥, O(D) = —203%/3y,0¥;. The invertible symmetric
matrix with which @ is the associated quadratic form has determinant +1
and signature 0; applying formulas (3.1.1) through (3.1.8), we find that

17 (2) = 8 ()] < CGr~ @240 (DY W lsys (G211
where
wi(y, 2, %) = eV VT gy NT 2/ VT 1T + 16,)

u(y, 2)X(r'/*¥) (32.12)
and

ol K Vr

The 2N + 2 derivatives and the integral in the norm on the right-hand side of
(3.2.11) are taken with respect to (¥, ¥). The result is a function of z.

Before making the numerous estimates which will be necessary to justify
our result, let us see where we are going by assuming that /7 (z) is asymptotic
to S7(z) and that 1] (z) is rapidly decreasing. Then { g;, ) will be asymptotic to

S7(z) = @avr)™" i’{ ! {:Q—(?—)} W’}(O, 2,0). (3.213)

'er ST(2)dz = ’TN(2W)_N’T_N/2f efr(02/Vr 'O)a(O, z/V1,10,)u(0, z) dz

which is in turn asymptotic to 7¥/%27)~"a(0, 0, 8,)fu(0, z) dz. Suppose, for
simplicity, that a is, modulo lower order terms, homogeneous of order . in 8,
then we find that g7 ~ r#*"/227)"Na(6,)8 (y); ie. g is homogeneous of
order u + N/2 at (0, £y), and its homogeneous p + N/2-symbol is
(27)~Ma(8,)8 (»). According to Definition 3.2.2 of [6], u + N/2 is equal to
m + n/4, where m is the order of g in Hérmander’s sense.

Before estimating the growth of the right-hand side of (3.2.11), we begin by
analyzing the terms in the expansion S, (z) itself; i.e. we look at

T; (Z) = T(—N+k)/2{[Q~(D)]kwv}(O, z, 0)

k
= 7(-N+R)/2]| 5 92 em(y/\ff,z/\/;,v)
ja‘I'j

.a( % 72_1—,7\11 + fao)u(y, z)}(O, 2,0). (32.14)
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(We may neglect X since it is identically 1 neary = ¥ = 0.)
The term for k = 0 is
T5(z2) = 7 "%(0,z/ V7, 78 )u(0, z),
since r(0, z, 0) = 0. Taylor’s formula gives
a(0, z,70,) = a(0, 0, 76,) + >, z;a,(0, z, 78,)

where
_ (! da
a,(0. z, 16, ) = fo 2. (0 12,700) di.
Since a is a symbol of order p, a0, z, 78y) = O(r*), uniformly in z, so we
have

T3 (2) = 77%%(0, 0, 8, )u(0, z) + O(r~N/2+¥-1/2)  (32.15)
uniformly in z for bounded sets of us.
To estimate Ty (z) for k > 1, we use the following lemma.
LEMMA 3.2.1. For any k > 1, the order of growth of T;(2) is at most

N 1 N k
ma"( 2t Tyt 3)

(uniformly in z for bounded sets of u).

Proor. The derivative

k
3’ iy V7 2/ Vr %)
(2 ay,.a\pj) € a()’/\/;,z/\/;,'r\lf+700)u(y,z)

is a sum of terms, each of which is a product of factors of one of the forms:

e/ Vi 2/ V7 %), (3.2.16)
[4]+|8|
114172 gya—;q,; (»/V7,2/V7 , %) (3.2.17)
IC1+|p|
T_ICVZHDI%—EW;()’/W’Z/W’T‘P + 16,); (3.2.18)
y
IE]
aay: (O 2); (3.2.19)

where 4, B, C, D, E are multi-indices. Each term contains one factor each of
types (3.2.16), (3.2.18), and (3.2.19), together with a number from 0 to 2k of
factors of type (3.2.17). The factors of type (3.2.16) and (3.2.19) are uniformly
bounded in z for bounded sets of u, so we may forget about them. The factor
of type (3.2.18) is of order at most y — |C[/2; we will use only the fact that
this is at most p. The order of a factor of type (3.2.17) depends in a more
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complicated way upon |4| and |B|. Using the facts that r vanishes to third
order at (0, 0, 0) and that r(y, z, 0) is identically zero, we may conclude that a
factor of type (3.2.17), evaluated at (0, z, 0), is zero if |B| = 0 and that its
order is at most

1/2, if|4]=0and|B|=2or|4|=1and|B| > 2,
1, if |[4]| = 0and |B| > 3,

0, otherwise.
Suppose that a term contains s factors of type (3.2.17), with multi-indices
(4, By, . .., (4,, B). Since we applied the differential operator

(8%/3y;8¥)*, we must have =|4,| < k and Z|B}| < k.

Let a be the number of factors with B, = 2 and let B be the number of
factors with B; > 3. Then 2a + 38 < k, and the order of the product of these
factors is at most a/2 + B. The maximum value of the linear function
a/2 + B on the triangle defined by a > 0, 8 > 0, 2a + 38 < k must occur
at a vertex; it is k/3. Using the fact that @ and 8 must be integers, we can
improve this estimate to 0 if k = 1 and 1/2 if k = 2. Taking into account
now the factor of type (3.2.18) and the factor +~W+4/2 in (3.2.14) gives the
estimate

~N/2—-k/2+p+k/3=—-N/2+p—-k/6
for the order of 7 (z); it can be improved to ~N/2 4+ p — 1/2if k = 1 or 2.

O
Applying Lemma 3.2.1 and combining formulas (3.2.13), (3.2.14) and
(3.2.15) gives

87 (2) = 7~ N2 1) "a(0, 0, 10, )u(0, z) + O (v~ N/2*+E=1/2)  (3.2.20)

uniformly in z on bounded sets of ’s.
We turn next to estimating the right-hand side of (3.2.11).

Lemma 3.2.2. (D¢ U(E 8%/ ;0¥ yw™}(y, 2, V)| = O(r™), uniformly in
(»» 2, V) for bounded sets of u, where m, = v/3 + 2(N + 1)/3 + p. DX¢'*Vis
a differential operator of order < 2(N + 1) in the (y, V) variables.

PrOOF. The procedure is like that in Lemma 3.2.1, but more complicated
because we are not setting y and ¥ equal to zero. Instead, we use the presence
of the factor % (r'/3¥) to get the inequality |¥| < 7~'/3 on the support of w".
As before, the quantity to be estimated is a sum of terms, each of which is a
product of factors of one of the forms (3.2.16) through (3.2.19), together with
a factor of the form

F
1/3
'—'—F— (’T / \I’), (3.2.21)

which has order | F|/3. The orders of the factors of type (3.2.16), (3.2.18) and
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(3.2.19) are as before; the factors of type (3.2.17) must be estimated anew.
We look then, at the function

s AW [y
02 ¥) = T g ( Vr
restricted to the support of w”; i.e. we assume that y and z are bounded (since
u is to be restricted to a bounded set) and ¥ = O (r~/3). For which values of
(4, B) can the order of f] 5 be positive? First of all, |4| must be 0 or L. If
|4| = 0 and |B| = 1, the derivative dr/3¥* vanishes to second order at the
origin; when evaluated at (y/V7, z/Vr, ¥) it is of order at most —2/3,
since y/ V1, z/V7, ¥ are all at most O(r~'/3). Thus the order of f] 5 is at
most 1 —2/3 =1/3if |4] = 0 and |B| = 1. Proceeding in the same way, we
get the following estimates for the order of f{ z:

1/3 if|4|=0 and|B|=1;
2/3 if|A|=0 and|B|=2;
1 if |[4] =0 and|B| > 3;
1/6 if|d|=1 and|B|=1;
1/2 if|d|=1 and|B|>2. (3.2.23)

Z_ ¥ 3222
Vi ) (3.2:22)

Now we look at an entire term. Suppose that it contains s factors of type
(3.2.17) with multi-indices (A, B)), . . . , (4,, B,). Let a be the number of
factors with B; = 1, 8 the number of factors with B; = 2, y the number of
factors with B; > 3, and 8 the value of | F| in the factor of type (3.2.21). Since
we are taking 2(N + 1) + » W-derivatives, we must have

a+2B+3y+8<2AN+ 1) +».

Looking at the chart (3.2.23), we find that the maximum order of our term is
a/3+2B/3 + v+ 8/3 + pwhichisatmostr/3 +2(N + 1)/3 + p.

Using Lemma 3.2.2, we see that the norm on the right-hand side of (3.2.11)
is of order at most »/3 + 2(N + 1)/3 + p — N/3, since the norm is an
integral over a region whose volume is O (7~"/3). The full right-hand side of
(3.2.11) is then of order at most —»/6 — N/6 + 2/3 + p, which goes to
—o0 as » — o0. By choosing » sufficiently large (> 2N + 7), we can make
this order < — N/2 + p — 1/2. Using this value of » and putting together
(3.2.11) and (3.2.20), we obtain

If (z) = 7=N/? (27r)'Na(0, 0, 70, u(0, z) + O (r~N/2+e=1/2), (3.2.24)

uniformly in z on bounded sets of u’s.

To complete our asymptotic evaluation of g7, we will estimate [/; (2) dz,
where I is defined in (3.2.10). It is convenient to undo some of the
transformations which were applied to (3.2.5); doing so, we arrive at the
expression
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[B@) e
= 1—"/2f eif[¢(y,z,0)—¢(y,2)]a(y, z, 1.0)

u(Vry, Vrz)[1= K(r'2(0 ~ 6,))]| d¥ dy dz. (3.2.25)
We will denote by V_hA the gradient of any function h with respect to the

x-coordinates; 7 may depend as well upon some extra variables.
Since the quadratic part at (0, 0, 8,) of the function

f(9,2,0)=9(y,2,0) - ¢(y, 2)
is equal to X y;(6;, — 6;)), it follows from the implicit function theorem that
there exists a number C > 0 and a smooth map (y, ) = k(z) defined for
|z] < C such that the set of zeros of V4 fin {(y,2,6)||y] < C, |z] < C,
|6 — o] < C} coincides with the graph of k. Furthermore &(0) = (0, 6,), and
the first partial derivatives of k£ vanish at 0. One may now conclude (as could
have been done much more simply if we had & = 0) the following:

LEMMA 3.2.3. Let positive constants A and B be given. For sufficiently large T,
and (y, z, ) in the set

ST={(»20)| |yl < 4772 |z| < 4772, Br71 < |0 - 4y < C}
we have the estimate |V, o f| > Dr~ 173 for some positive D.

Proor. It is sufficient to show that (y, z, §) € S™ is bounded away from
the zero set of V, 4, f by a quantity of order 77'/3, i.e. that |(y, 8) — k(2)| >
Er~'/3 for some E > 0 and large r. But this follows from the inequalities
defining S” together with the fact that k vanishes to second order at z = 0.

O

Our argument now mimics, with flourishes, the one on page 152 of [6].

LEMMA 3.2.4. There exists € > 0 such that, for all (x,y,8), one of the
Sollowing inequalities holds:

|V,0| > e, (3.2.26(1)

Y| >e or |z] > (3.2.26(ii))
|V f(r, 2, 0)] > e(1 + (0)), (3.2.26(iii))
19— 6, < C. (3.2.26(iv))

PROOF. Suppose the lemma were false. Then we could find a sequence
(), 2/, #) such that

@) Vo®(y, 2/, 6) >0,

(i) (»/, 2/) -0,

(i) (1 +10/)71 V., F(, 2/, 69) -0,

iv) |¢ — 8% > C.
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The expression in (iii’) can be rewritten as
2 i~ g/ in—1 .
Vou®(r, 2 (1L 10)70) = (1+10) " V() )

If |#/] is very small, this is close to —V, o( ¥/, z/), which is in turn close to
V.50, 0) = &, which is nonzero; we conclude from the limit (iii’) that &’ is
bounded away from zero. Similarly, using (i), (iii"), and the fact that V,  ,,®
is nowhere zero, we find that #/ must be bounded away from o0. Passing to a
subsequence if necessary, we may assume that ¢/ approaches a nonzero limit
8. (i) (ii") and (iii") imply that

v(y,z,ﬂ)f(oa 0, é-) = 09

ie. V480, 0, 0) =0 and V80,0, 0) =V, 0 0 =4 By our
assumption (3.2.4(a)), we must have § = 6, but this contradicts the
inequality |§ — 8| > C which follows from (iv'). []

Using a “conic partition of unity”, we may write @ = a, + a,, where q, is
supported in the set where (3.2.26(ii), (iii) or (iv)) holds and a, is supported in
the set where (3.2.26(i)) holds. The Fourier integral distribution

[ e*Pay(x, 0) a8

is a C* function since a, vanishes on a neighborhood of Z4, so its order is
— o, and we may assume that a = a,, i.e. that it is supported where
(3.2.26(ii), (iii) or (iv)) holds.

Choose one more cutoff function ©(#) which is 1 in a neighborhood of
6 = 8, and supported in the set where |§ — 8] < C. Then (3.2.25) gives

[ 1@ d=Ji+; (3.2.27)
where
Ji' = Tn/Zf eir[¢(y,z,0)—¢(y,z)]a(y’ z, 0 )u(\/;y, \/;z)

1= K(e'7(8 - 6,))][1 — B)] 40 dy dz

and J is the same as J| with 1 — @ replaced by €. We assume now that u
ranges over a bounded set of test functions. Their supports are contained in a
set of the form {(y, z)| |y| < 4, |z| < 4}, sofor 7 > (4/€)?, we have |y| < ¢
and |z| < e. In the support of the integrands in J{ and J3, then, inequalities
(3.2.26(1)) and (3.2.26(ii)) cannot hold. By the choice of @, we find that
(3.2.26(iii)) holds on the support of the integrand in J{ and that (3.2.26(iv))
holds on the support of the integrand in J3.

We may estimate J; just as Hormander does on p. 152 of [6]. First we note
that, for 7 large, 1 — X.(r'/3(@ — 8,)) is identically 1 on the support of 1 — Q,
so we may ignore the X factor. Now we may integrate by parts with respect
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to (y, z). Let M be the vector field

- il V(y,z)fl-2 V(y,z)f,
which satisfies M- f = — i. The adjoint L of M is then equal to — M —
div M; the coefficients of L as well as all their partial derivatives are of order
O(1 + |8]") on the support of the integrand, by (3.2.26(ii)).
We obtain from (3.2.27), for every integer »,

J'lr = Tn/2f eif[d)(y,z,B)—ip(y,z)]

-r7"L* {a(y, z, T0)u(\/? A \/;z)[l - 9(0)]} dy dz df. (3.2.28)
The integrand in (3.2.28) can be bounded by a constant times 7~ "(1 +
|8])~* (1 + |78])*r*/, which is less than
T2+ ()T + 1)
For » sufficiently large, the factor (1 + |#[)*~” makes the integral absolutely
convergent and then the factor r ~*/2 makes J{ rapidly decreasing, uniformly
on bounded sets of ’s.

For JJ, we may integrate by parts with respect to (y, #). This time, we let
Mbe —i|V,qf |2 V.0 S L its adjoint. The support of the integrand in JJ
is contained in {(y, z, 0)| |y] € 4772 |z} < A771/2, 771372 < |0 ~ §;| <
C). On that set, we have by Lemma 3.2.3 the estimate |V, 4 f| > Dr~!/3,

which gives us an estimate of O (7*/?) for the coefficients of L”. We have, for
every integer »,

J3 = 'r"/zf e”[‘”(”"”)““’(’")}f""L”{a(y, z,70)u(Vt y, V1 2)
(1= X(r"2(8 ~ 6,))]%(8)} & a8 .

(3.2.29)
The integrand in (3.2.29) can be bounded by a constant times 7~*+*/3*#+/2
= r#=7/5 Making v arbitrarily large, we see that JJ is rapidly decreasing.

We have now shown that J7 and JJ are rapidly decreasing; by (3.2.27), so is
[I;(2) dz. Using this fact, together with (3.2.8) and (3.2.24), we obtain our
final result:

(&g up = TV2(2m)"a(0, 0, 78;) [ (0, 2) dz + O (xM/3+4712), (3:2.30)
uniformly on bounded sets of ’s, or
g = V/2(27)""a(0, 0, 70,)8 (¥) + O(rN/3*e=1/2y (3.231)
We summarize the results of this section in the form of a theorem.

THEOREM 3.2.5. Let g(x) be a Fourier integral distribution on R", (0, §) a
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point in its wavefront set. One can choose coordinates x = (y,z) on R" and a
representation

g(r,2) = [ €°*Va(y, 2,6) df

such that there is a unique value 0y of 8 for which ®(y, z,0) — & x> has a
critical point at (0,0, 8,), and such that the quadratic part of ®(y,z,0) —
<&, x) at this critical point is 2y;(; — ). Let N be the number of 8-variables
in this representation, p the order of a. Then Ops(8 <N /2 + p, and

o3 +*(8), evaluated at the 2-jet of <& x), is equal to

V2 (27)"a(0, 0, 16,)8 (») + SMFET/2 (D'(R™)).

COROLLARY 3.2.6. In the setting of Theorem 3.2.5, suppose that a(y, z, @) is
homogeneous of order p in 8, modulo symbols of order p — 1/2. Then g is
homogeneous of order N /2 + p. at (0, &), and its homogeneous N /2 + p symbol
at (0, &), evaluated at the class of <§, x), is equal 10 Q7)™ Ya(0, 0, 65) (»).

33. Geometric description of the symbol. Let A C T*X be a conic
lagrangian submanifold. We will denote by J™(X, A) C %D’(X) the space of
Fourier integral distributions of order m associated with A. (We reserve
Hormander’s notation I (X, A) for 1/2-density valued distributions.) In this
section, we will give an invariant description of the symbol o,(g) for g e
J™(X, A) and ¢ € A. Specifically, Theorem 3.3.7 states that of'"‘*"/ 4(g) lies in
a certain subspace of S"*"/4(X) which depends only on T A. In Theorem
3.3.8, we show that our symbol, modulo a natural isomorphism whose
construction we describe, is equal to the one defined by Hormander in [6].
The geometric constructions here are closely related to those of Kostant [7]
and Guillemin [3] on symplectic spinors, but we do not use any metaplectic
structure.

We begin with some symplectic geometry in T¢(T* X)), using the canonical
2-form § expressed in local coordinates as d§; A dx;. Denote by £,(X) the
set of lagrangian subspaces of T,(T*X). The geometry of T*X picks out a
distinguished “vertical” element of £;(X), namely T,(T% X). We observed in
§1.6 that the subset Bé” (X) € £(X) of “horizontals” could be identified with
the set §, of 2-jets of C* functions ¢ on X such that dp(x) =§ The
“difference” between any two elements of Eg’ (X) can therefore be considered
as a homogeneous quadratic function on T,X. We will now generalize this
difference construction to define a quadratic form g, when A € Bg (X) and
p € £,(X). The domain of g, will be the projection ¥, of p into T.X.

Let (), . . . , €,) be a basis of T, X such that ey, ..., ¢, is a basis of V),
(et, ..., e") the dual basis in T X. Identifying T,.X with A (by projection)
and T*X with T,(T}X), we obtain a basis (fis-«-»sSu 81»---»8r) Of
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T,(T*X) such that (f,, . . ., f,) spans A (81 -+ -5 8 spans T(T¥X), QS f)
= Qg &) = 0, and Q(g;, f)'= 8. Since the projection of p is spanned by
€vi1s -« + 5 € it follows that pu contains n — N vectors of the form

n
u=f+2 & (=N+1...,n) (33.1)
k=1

and that p is contained in the space spanned by fy.p,--+sfo 15+« 5 &ne
Since the vectors g, ..., gy are Q-orthogonal to this last space, they are
Q-orthogonal to p; since p is lagrangian, they are contained in p, so
(81> -+ »8Ns Onsg1s - - - » D) 18 @ basis of p. It follows that the coefficients a;
for N + 1 < j, k < n are uniquely determined. Finally, the fact that Q(v;, v,)
= O implies that g, = a;; for N + 1 < j, k < n.

Now let z = zy, eys; + + + + + z,¢, be an element of V,, and define
gy, (2) to be 3 2 k=n+1 322 To see that this definition is independent of
the coordinates chosen, we may formulate it invariantly. Given z € V,, we
lift it in any way we please to an element 2’ of p. [In our coordinates, we get

=8+t ynByt vyt T 240,

for some (y, . ..,yy)] Project z’ into T,(T¥X) along A to get z”. [In our
coordinates,

2" =yig+ - tyngy t znei(Oner — Sy ) o0+ 2(0, = f)
Finally, define g,,(z) to be 39(z”, 2°). [In our coordinates, we get
32" 2) =398+ gy T v (v — Saer)
torr (0= h) st tuney
+ Zy Oyt 2,0,
=3 —zyrfyer — —zhenis
+ VN8Nt InaOnsr Tt T 2,0,)

n

2 zjzkg(f}» Uk)

Jk=N+1

N —

n

2 ZjZy (- akj)

Sk=N+1

DN

l n
-1 3 g
Sk=N+1

which agrees with the earlier definition.]
The symmetric bilinear form B, associated with gy, is given by

B,,(z, w) = (2", w')/2.
It follows that the null space of g,, consists of those z € V¥, having a lift 2/

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



48 ALAN WEINSTEIN

such that z” = 0, i.e. such that z’ € \. Thus we have

LEMMA 3.3.1. The null space of G s the projection into V. of Any;
dim(A N p) equals the nullity of Drue

Suppose, now, that A is a second horizontal space. It has a basis of the form
[=5+ 2 bug (3.3.2)
k=1

where (by) is an n X n symmetric matrix. To compute 45.(2), we must find
vectors of the form

St

n
6]:-{-2 ajkgk (j=N+1,...,n)
k=1
in p. To do this, we combine (3.3.1) and (3.3.2) to get

- n
=f+ (G-ba (G=N+1...,n);
k=1

so we have
1 & 1 &
ar.(2) = 2 > (ax ~ bjk)zjzk = g(2) — 2 2 b2z
Jk=N+1 Jik=N+1

Using (3.3.2), we may recognize the last sum as 4,5(2), so we have the
following result.

LemMA 3.32. Let A, A € LX), p e £e(X). Then gy, = g5 + x> Where
axi is understood to be restricted to V,

Since any quadratic form on V. can be extended to T, X, and any
quadratic form on T,X can be realized as g5 for some A, A being fixed,
Lemma 3.3.2 has the following consequence.

CoROLLARY 3.3.3. Let p € £,(X). Then there exists an element A € Cf (X)
such that g, = 0, i.e. such that dim(A N p) = dim V.- If A and X are two such
elements, then the restriction to V, of qxx is identically zero.

We need one more preliminary notion.
DEFINITION 3.34. Let W be a vector space V C W a subspace. A
distribution § € 9D '(W) is called a constant 8-function along V if, for some

(and hence every) linear coordinate system (x, . . ., x,) on W such that V is
defined by x; = - - - = x, =0, § is a constant multiple of §(x,)) - - - §(x,),
ie.

<8, u> = cj;/u(O,...,O,xk+1,...,x,,)dxk+, e dx,
for some complex number C.
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The d-functions along ¥ form a 1-dimensional subspace of ¢)’(W) which
we will denote by A, (W). It is invariant under multiplication by C%
functions on W which are constant along V.

Now we recall the definition of ®);(X) from §1.6. Identifying the 2-jets
%(X ) with the horizontal lagrangian subspaces E” (X), we may describe
D¢(X) as the set of maps A g, from £f(X) to D(T,X) such that
g = e~ "g, for each A and A in L (X).

DEFINITION 3.3.5. Let u € [3e X ) We define GD“(X ) C GDf (X) to consist of
those maps A 1 g, which assign a constant §-function along V,CT.X to
each A € £f (X) for which dim(A N ) = dim V,.

Corollary 3.3.3 and the remark following Definition 3.3.4 have the fol-
lowing consequence.

LEMMA 3.3.6. For each p € £,(X), GDf . is a l-dimensional subspace of
Di(X).
3

The symbol space Sg' (X) as defined in §1.6 is naturally isomorphic to
SN (Dy(x))/ SN2 (Dy(X)).
It contams as a subspace S ’V(6D€ LX)/ SNV 2(6D£ (X)), which we denote by
e (X).

THEOREM 3.3.7. Let A C T*X be a conic lagrangian submanifold, g a Fourier
integral distribution in J" (X, A).

DiFO#EET*X, £ & A, then Oy(g) = — o,

(i) if § € A, then Oy(g) < m + n/4 (n = dim X)
and om+"/ Yg) € S'"*’V 4(X) where p. = T¢A. In particular, if g has homo-
geneous principal symbol in the sense of [6), then the homogeneous m + n/4
symbol of g lies in the 1-dimensional space °D; ,(X).

ProoF. Statement (i) follows from Corollary 2.2.2 and the fact (Proposition
2.5.7 of [6]) that £ & WF(g).

To prove statement (ii), we can assume ourselves to be in the situation of
Theorem 3.2.5. In fact, we may write g = g, + g,, where £ & WF(g)) and g,
is as described in Theorem 3.2.5. By Corollary 2.2.2, g, does not contribute to
the order and symbol of g at £ so we may assume that g itself is in the form
given by Theorem 3.2.5. We will now use the coordinates, phase function, and
amplitude of that theorem.

We assume, then, that X = R”, £ = (0, §) and A = A,, where ® has the
properties enunciated in the statement of Theorem 3.2.5. First of all, accor-
ding to the definition of 7™(X, A) ([6, Definition 3.2.2]) the order of the
amplitude @ must be = m + n/4 — N/2. By Theorem 3.2.5, we have
Ou:(8 K N/2+ p=m+ n/4

To prove that the symbol as given by Theorem 3.2.5 lies in Sa’mm R,
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where p = To,)Ag, it suffices to show that the factor §(y) represents an
element of D, (R"). To do this, we must determine what p is. We use the
coordinates (¥, . . ., Yns Zysps - - -5 2,) on R" and dual coordinates
Mo v Mslver - -5 $,) on R™. Writing (1, §,) for & we have, modulo
functions vanishing to order > 3 at (0, 0, 8,),

D(y, z,0) = Sngy; + 2Lz + 28, — 0y,) ;e (3.3.3)

The terms of order > 3 in ® will not effect the computation of Tg,\(Ag), s0
we may compute by pretending that @ is given precisely by (3.3.3).

We have 0®/86,(y, z,0) =y; so Z4 is {(0, z,0)|6 # 0}. Now A, is
defined by 7, =3®/y,(0, z, §) and §; =09/0z,(0, 2, 8); i.e.m; = ng; + (6, —
8y) and §; = {,;. The tangent space p = T (o, Ay has as a basis, therefore, the
vectors (3/9my, ..., 3/, 9/0zy4y, ..., d/03z,). The projection ¥, into
T,R" has basis (30/0zy,y, ..., 0/02,) and dimension n — N. Identifying
ToR" with R?, we find that a constant é-function along V, is simply a
constant multiple of & ().

We will be finished if we can show that the element A of B(’z,g)(R") at which
the symbol has been evaluated in Theorem 3.2.5 is in the special class
involved in Definition 3.3.5; i.e. we must show dim(A N p) = n — N. A is just
the tangent space at (0, 1,, §,) of the image dp(R") of the differential of the
function ¢@(y, z2) = & x) = gy + 2§z, Then dpR") is simply
{(»,z,m0 §p)}, and its tangent space A at (0,0, 7, §,) is spanned by
@/, ...,9/y,0/82y4y, - - -, 0/3z,). Comparing this with the basis for
p given above, we find that the dimension of A N pisn — N,

Finally, the statement about homogeneous principal symbols follows from
Corollary 3.2.6. [

In the rest of this section, we will relate our symbol to that of Hérmander.
To begin, we will identify the space A, (7, X) of constant §-functions along
V, C T.X with a space defined in terms of p rather than V,. The “test
functions™ for °)'(7,X) have values in the space ©,(T.X) of 1-densitites on
T.X. (See §1.1 of [2].) To apply an element of A, (T, X) to such a test
function, we should integrate it over Ve but we can do so only if has values
in £,(V,). Specification of a constant §-function along ¥, amounts, therefore,
to specifying a linear map from (7, X) to Q,( V,). In other words, we have a
natural isomorphism

Ay (T.X) = Q_(TX) ®Q(V,). (33.4)

Next we wish to analyze ©,(V,). The kernel of the projection of g onto V,
is a subspace of T(T¢ X); when we identify T,(T}X) with T} X, the kernel of
this projection becomes identified with the annihilator V#J' C T¥X, which
may in turn be identified with (7, X/ V,)*. Thus, we have an exact sequence

0 (T X/V,)*>u—>V, -0,

License or copyright restrictions may apply to redistribution; see https:/www.ams.org/journal-terms-of-use



ORDER AND SYMBOL OF A DISTRIBUTION 51

inducing for each a an isomorphism &, (p) ~ Q. (T, X/V,)* ® €,(V,). Now
QUTX/ V)= Q_(TX/V,)=Q (TX)®Q(V,),

again by natural isomorphisms, so we have

Qa(1) = o(V,) ® QT X),
or

Da( V) = Qo 1) ® QT X).
To combine this with (3.3.4) in order to eliminate ¥,, we must take a = 1/2,
in which case we obtain

By (T X) = Qo) B Ry )T X). (3.3.5)

Notice that although we have been working with ordinary distributions (i.e.

generalized functions), our geometric considerations have forced 1/2-densities
upon us.

Definition 3.3.5 gives us a natural isomorphism
Diu(X) ~ A, (T X) (3.3.6)
which is independent of the choice of A € £f (X) with dim(A N p) = dim V,
Combining (3.3.5) and (3.3.6) gives us a natural isomorphism
Dif(X) = Qo) ® 2y o T X), (3.3.7)
so that the symbol oé”*"/ %(g) may be considered as lying in
Smen/a (91/2( p)® Q--1/2(TxX))/S"’"L"/d_1/2 (91/2( p)® Q—1/2(7})())-
Using the coordinates of Theorems 3.2.5 and 3.3.7 and following through all
the natural isomorphisms described above we find the symbol to be
of /4 (g) = V2 (2m) " a(0, 0, 10p)|dn, - - - duydzy. - - - dz,|'/?
® |a§, cccdyndzygg e dzn]—l/z- (33.8)

To compare our symbol with Hérmander’s, we must first take into account
the fact that Hormander is working with 1/2-density distributions. But either
symbol calculus can easily be extended to deal with vector-bundle-valued
Fourier integral distributions. If E is any complex vector bundle over X, we
may define J”(X, A; E) to be

J"(X,A)®ECD(X)®E=D(X; E);
any element of J™(X, A; E) is thus locally a sum of products of elements of
J7(X, A) with smooth sections of E. With respect to a local trivialization of
E, an element of J”(X, A; E) is just a dim E-tuple of elements of J™(X, A),
so Theorem 3.3.7 remains true if we replace J™(X, A) by J™(X, A; E),
Dz, (X) by D, (X, E) = 9 ,(X) ® E,, and ng"/4(X) by Sg’:"/“(X; E)=
SgI4(X) ® E.
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If we take E to be Q, 5(TX), (3.3.7) becomes 6~D€.u(X 5 €1 (TX)) = o p)-
Hérmander’s space I™(X, A) is just our J™(X, A; @, ,,(TX)). If we compute
the symbol of the distribution 4 which is, in our local coordinates,

glay, - - - dyydzy,y - - dznll/z’
(3.3.8) becomes

oe'"+n/4 (h)= TN/2(2'”)_N‘7(0’ 0, Tgo)ld’h s dyydzygy oo dznll/z- (339)

If a is homogeneous (modulo lower order terms), the homogeneous m + n/4
symbol of h at £ is

(2"’)_Na(0a 0,8)dn, - - - duydzy,, - - - dz,|'? € (n)- (3.3.10)
To compare our symbol with Hormander’s, we will treat first this homo-
geneous case, for it is only there that Hérmander’s symbol is well defined at
points of T*X. (In general, it is defined as a function on each ray of T, X,
modulo functions of lower growth order.) Now Hoérmander’s symbol lies in
the tensor product 2, ,(p) ® L,, where L, is the fibre over £ of the flat line
bundle L defined on p. 148 of [6]. (Theorem 3.3.3 of [6] shows that L, can be
defined in terms of p alone.) To compare the two symbols, we must identify
L, with C. By the original definition of L, such an identification arises every
time we choose a phase function for A near £ But there is a natural (up to
equivalence) choice for a phase function near £&-the “minimal” one, in which
the number of phase variables is equal to the dimension of T,A N T(T}X).
This gives us a natural identification of L, with C and, hence, of @, /,(u) ®
L, with @; ,,(p). (This natural trivialization of each fibre of L does not define
a trivialization of L itself because it is not continuous from fibre to fibre.)
Using Definition 3.2.2 with the convention mentioned after Theorem 3.3.4
and the construction on p. 148 of [6], we find that Hérmander’s symbol for A
at ¢ has the value

@m)"*="24(0, 0, 8, ), (3.3.11)

where w is the pullback to p of a 1/2-density on Ty 4,24 Which Hérmander
denotes by “Vd_.”. Because of the special form in our coordinates of the
quadratic part of our phase function, all the Jacobian determinants involved
in the definition of d. and w are equal to =1, and w is equal to
|dny - - - daydzy, - - - dz,|'2

Comparing (3.3.10) and (3.3.11) we find that if we define an isomorphism

Diw(X; Qo(TX)) S Q1) ® L, (33.12)

by combining all the isomorphisms already mentioned with a multiplication
by (2m)"/4*N/2, then the image under ¢, of our symbol is equal to Hérman-
der’s.
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To handle the nonhomogeneous case, we must look at Hoérmander’s
symbol along the ray {r§} as r — oo. If we denote by 7u the image of p under
the differential at £ of multiplication by 7 from T*X to T™*X, then there is a
natural pullback Qy,2(rp) » €,,5(p) which maps
|dny - - dyndzy gy - dz,)'? at T to TN Ydn, - - - dindzy ¢ ¢ - dz,)'R
This factor of r7/2 matches exactly the factor of 7V/2 in (3.3.9), and we have
the following result.

THeOREM 3.3.8. Let £ € T X be a cotangent vector, p C T,(T*X) a
lagrangian subspace. There is an isomorphism t, from the space
GDe”#(X s @ ,2(TX)) of “twisted constant 8-functions along the projection V. C
T, X with values in @, (T, X)” to Hormander’s symbol space @, ,(p) ® L,; ¢,
transforms symbols in the following sense.

Let A C T*X be a conic lagrangian submanifold containing & with TA = p,
h a Fourier integral distribution in I1™(X, A) C D'(X; Q, sATX)). For each
T >0, let a.(h) € Q, (1) ® L,, be the value at t£ of Hormander’s principal
symbol for h (1 = feA) Then Og(h) < m + n/4, and

of /4 ()= (47 'm" (a,(h))  (modulo O (rm+7/4=1/2))  (3313)
where
m": QI/Z(T.U) ® L‘rl.t hd 91/2(”‘) ® Ly.

is the pullback map induced by multiplication by .

h is homogeneous of order m + n/4 at £ if and only if a(h) is homogeneous in
the sense that m'a,(h) = rm¥n/ig :(h); in this case, the homogeneous m + n /4
symbol of h at § is equal to (ag(h))

Theorem 3.3.8 has a geometric complement, the details of which are
presented elsewhere [13]. The spaces GDG(X E) can be considered as the
fibres of a smooth, infinite-dimensional vector bundle D'(X, E ) over T* X,
Over T*X, we also have the “lagrangian grassmannian” bundle £(X)

— T*X whose fibre over £ is the manifold £,(X) of lagrangian subspaces of
T,(T*X). The space GD’ «(X; E) is a subspace of the fibre at p of the pulled
back bundle /*(D(X; E )) In [13], we show that the spaces 6D€ M(X E) form
a smooth subbundle of 1*(6D (X; E)), and that the maps ¢, give a smooth
bundle isomorphism from {GDe X5 8 A(TX) Y ey to Hoérmander’s

“universal symbol bundle” {€, ,,(p) ® L,},cpex) We can consider the spaces

en(X; €, ,(TX)) as giving a new realization of Hormander’s symbol
bundle.
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