MATHEMATICS OF COMPUTATION
Volume 65, Number 216
October 1996, Pages 14031429

THE p AND hp VERSIONS OF THE FINITE ELEMENT
METHOD FOR PROBLEMS WITH BOUNDARY LAYERS

CHRISTOPH SCHWAB AND MANIL SURI

Dedicated to Professor Ivo Babuska on the occasion of his seventieth birthday

ABSTRACT. We study the uniform approximation of boundary layer functions
exp(—z/d) for z € (0,1), d € (0,1], by the p and hp versions of the finite ele-
ment method. For the p version (with fixed mesh), we prove super-exponential
convergence in the range p +1/2 > e/(2d). We also establish, for this version,
an overall convergence rate of O(p~14/Inp) in the energy norm error which is
uniform in d, and show that this rate is sharp (up to the y/Inp term) when
robust estimates uniform in d € (0, 1] are considered. For the p version with
variable mesh (i.e., the hp version), we show that exponential convergence,
uniform in d € (0,1], is achieved by taking the first element at the boundary
layer to be of size O(pd).

Numerical experiments for a model elliptic singular perturbation problem
show good agreement with our convergence estimates, even when few degrees
of freedom are used and when d is as small as, e.g., 10~8. They also illustrate
the superiority of the hp approach over other methods, including a low-order
h version with optimal “exponential” mesh refinement.

The estimates established in this paper are also applicable in the context
of corresponding spectral element methods.

1. INTRODUCTION

Our goal in this paper is to develop the approximation theory for boundary layer
functions

(1.1) u(z) = exp(—az/d), 0<z <L,

where d € (0,1] is a small parameter that can approach zero, a > 0 is a constant
and L > 1 is a typical length scale of the problem under consideration. We are
interested in obtaining convergence estimates that are robust, i.e., uniform in d,
when (1.1) is approximated by piecewise polynomials via p and hp type numerical
schemes.

Boundary layers (1.1) arise as solution components in singularly perturbed el-
liptic boundary value problems, a model example of which is

(1.2) Laug = —d*uj(x) + a®uq(x) = f(x), z€l=(-1,1),
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1404 CHRISTOPH SCHWAB AND MANIL SURI
(1.3) uq(£1) = o,

A large body of literature has been devoted to their effective resolution. Most
available references analyze the convergence of finite difference or finite element
schemes of fized (usually low) polynomial degree in conjunction with various mesh
refinements (the h wversion); see, e.g., [4, 6, 13, 18, 19], and the references therein.

If the mesh refinement is quasi-uniform (or, more generally, independent of d),
either on the whole domain or locally near the boundary, then the optimal (alge-
braic) decrease in the global error is observed provided a condition of the form
h < Cd is met (h being the mesh spacing parameter). Such methods are nonro-
bust, in a sense made precise in §3. In practical terms, the amount of discretization
required with such schemes for satisfactory resolution of the boundary layers may
be infeasible when d is very small. On the other hand, strongly graded d-dependent
mesh refinement, like the one from [20] presented in §6, does lead to robust conver-
gence, at an optimal rate that is algebraic (see [4, 16, 18, 19, 20], where this and
other graded meshes are discussed).

An alternative approach is to increase the polynomial degree and keep the mesh
fixed, i.e., use a p version or spectral element method. In [5], various such schemes
(Galerkin, Tau and Collocation) have been considered for the special case of (1.2)—
(1.3) where f =0, a™ =1, @~ = 0, using a Chebyshev-weighted spectral approx-
imation. In this paper, we consider the wunweighted Galerkin p version/spectral
element approximation. We provide a detailed study of the approximation theory
for this method, showing that an asymptotic superexponential convergence rate for
the error in the energy norm is achieved for p := p+1/2 > e¢/(2d). We also provide
estimates for this error in the preasymptotic phase when d is small, showing that
(A) for (3/(4d))*/? < p < 2/d, the error is bounded by Cexp(—p?d/3) and (B)
forp< K d~—2, the error is bounded by Cp~! (numerical experiments in §6 are in
agreement with these rates). The results we prove for a single element also hold
when a fized mesh with several elements is used. Using our various estimates,
we establish that for the pure p version on fixed meshes, the overall robust rate,
uniform in d, is O(p~!y/Inp) and, up to the \/Inp term, this is the best possible.
Note that this rate is essentially double the uniform rate of O(h2) achievable (for
the global error) by the h version with quasi-uniform meshes (Theorem A.1(ii) of
[13]). It is also double the uniform rate for p version/spectral element methods
that can be established from the results in [5]. (Since the methods in [5] involve a
weighted projection, the estimates there are in (stronger) weighted norms.)

The p-type results in [5] can be considerably improved by using special “mapped”
polynomials in the spectral element method. This is shown in [8, 7], where singular
mappings of appropriately high order are used to establish algebraic rates of con-
vergence that deteriorate relatively slowly as d — 0. However, these estimates are
still not uniform in d, and therefore, not robust in our sense.

Our main result in this paper shows that excellent robust rates for the uniform
approximation of functions (1.1) can be achieved by using, instead of the pure
p/spectral version, a wvariable mesh with only one more element. More precisely,
a robust exponential rate can be obtained by using the p version on two elements,
where the first one is of size O(pd). (For problems like (1.2)—(1.3), three elements
are needed, owing to boundary layers at either end — see §6.) We call this an
hp version since the size (though not the number) of elements changes, as does p.
(More appropriately, it is an “rp” method.) Note that an exponential rate is not

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



THE p AND hp VERSIONS FOR BOUNDARY LAYERS 1405

possible with either the h version or the pure p/spectral version — the estimates
obtained in the papers above are all algebraic. Finite element computations for
(1.2)—(1.3) presented in §6 confirm the theoretical convergence estimates obtained
here and clearly show the dramatic superiority of this robust hAp FEM over other
methods, especially for small d.

Although we concentrate here only on the approximation theory for the one-
dimensional function (1.1) applied to one-dimensional problems like (1.2), the scope
of our results is wider. This is due to the fact that solutions to singularly perturbed
problems over two-dimensional domains w, arising, e.g., in beam, plate and shell
theory, as well as in reaction-diffusion and certain fluid dynamics problems, also
exhibit boundary layers, which are of the form

(1.4) upr(s,z) = C(s)exp(—ap(z)/d), 0<s<T, 0<p< po.

Here s, p denote, respectively, the arc length and normal distance to the bound-
ary, of a point x in a neighborhood of dw, and the function C(s) is smooth. For
several problems of practical interest, decompositions of the solution into a regu-
lar part and such boundary layers upy (s, x) have been obtained in the literature;
cf. [1] for the Reissner-Mindlin plate, [17] for beam theory, [11, 12] for shells.
Similar decompositions arise also in three-dimensional problems (then, however,
s = (81, 82) are coordinates in the boundary manifold). The key observation from
(1.4) is that since C(s) is smooth, the boundary layer phenomenon is essentially
one-dimensional, namely, in the direction normal to dw. Hence, the crucial aspect
of the FE approximation of such functions is how the FE spaces are designed in the
p direction, i.e., how the function (1.1) is approximated in one dimension. Using
our results, therefore, we can construct two- and three-dimensional FE spaces (with
robust exponential convergence) for the functions (1.4), e.g., using tensor product
spaces in the (s, p) coordinates. See [15, 16]. Note that “brute force” mesh refine-
ment will be even less competitive in two dimensions and practically impossible in
three dimensions.

The outline of this paper is as follows. In §2 we present an asymptotic expansion
for the solution of the model problem (1.2)—(1.3) which includes the boundary
layers. The proof uses standard techniques and is provided for completeness in the
Appendix. In §3, we describe the finite element methods and error measures to
be analyzed. We also define the concept of robustness, using a definition from [2].
Section 4 is devoted to the convergence analysis of the p version FEM. In §5, we
consider an hp version for which we prove a robust exponential convergence rate
in various norms. Finally, in §6 we present numerical experiments comparing, in
particular, the p and hp version FEMs analyzed here with an h version from [20],
based on asymptotically optimal meshes. We show that the hp version consistently
outperforms the other versions and that high accuracy can be achieved with few
degrees of freedom for arbitrarily small d (we take values of d as small as 10~%).

Throughout, H*(I) will denote the Sobolev space of order k € Ny on an interval
I C R, with H°(I) = Ly(I) and || - ||z, | - |x,; denoting the norm and seminorm
as usual. Whenever there is no confusion about the domain, we omit the subscript
I. For u,v € La(I), we denote by (u,v) the Ly inner product. Also, H}(I) = {u €
HY(I) : u(£1) = 0}, Hy(I) = {u € H*(I) : u(£1) = oF} and H™Y(I) = (H})*,
the dual space. Throughout the paper, C'; K will denote generic constants, while
C;, C; will denote constants that are explicitly given or can be easily estimated
from the exposition.
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1406 CHRISTOPH SCHWAB AND MANIL SURI

2. REGULARITY OF THE MODEL PROBLEM

The variational formulation of the model problem (1.2)—(1.3) reads: Find ug €
H},(I) such that

(2.1) Ba(ug,v) = (f,v) Yv e Hg(I).
Here, f € H~1(I) and

(2.2) By(u,v) := /{d2u'1/ + a’uv} de.
I

For every f € H~'(I) the problem (2.1) admits a unique solution uq € H},(I), and
if f € H*(I), then ug € H**2(I) N H}(I). This regularity, however, is nonuniform
in d since in the a priori “shift” estimate

(2.3) [udllkre < Ck, d)[flle, k=0,1,2,...,

the constant C strongly depends on d. The following theorem, the proof of which
can be found in the Appendix, presents a decomposition of ug4 into a smooth part

ul! (z) and boundary layers
(2.4) Ug,d(z) = exp(—a(l+x)/d), tUga(z)=exp(—a(l —z)/d).
Theorem 2.1. Let f € H*™*2(I) for some M € N. Then
(2.5) ua(z) = ud (2) + A v a(x) + BY g a(x),
where ul (x) satisfies the following regularity estimate uniformly in d for ¢ =
0,1,...,2M:
M+1
(2.6) ug' e < a™'(d/a)*™ 7 flianrp2) + 2077 (d/a)?*|florte-
( )
k=0
Further,
(2.7)
M
A} | +|BY| < Cla) {|a+| + a7+ D (a/a (1f# (1) + |f‘2’“)(+1)l)} ,
k=0

where C(a) is independent of M and d.

For any interval I let Hn(f ) denote the set of polynomials on I of degree < n.
The following result follows by Remark 6.1 in the Appendix.

Corollary 2.1. Let f € lany1(1); then ulfl € Tonri1 (1) in (2.5).

Remark 2.1. Analogous results hold when the Dirichlet end conditions (1.3) are
replaced by Neumann or mixed boundary conditions.

For f smooth enough (i.e., M large enough), we see from Theorem 2.1 that the
regularity of ug (in terms of d) will be determined by the boundary layer terms.
We have, in fact, by (2.5)-(2.7),

(28)  luale < lug’le + |AG |[ua,ale + B3 ||ta,ale < C(1+ [uaale + |ta.ale),

where the constant C' depends upon a, f and a® but is independent of d. For the
function ugq,q, we have for £ =0,1,2,...

1/2

31 —4a/d
d)\ 2 1—e¢ 1
(2.9) ta.dle = (5) [f} ~ Cdz ",
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so that (2.9) and its analog for |, ql¢, substituted in (2.8), gives an upper bound
for |ugle. Since, except for special cases, the coefficients Aé‘/[ , Bl]iv are nonzero, we
see that the following equivalence generally holds:

(2.10) lugle  C(1+d>"%), €=0,1,... 2M.

To conclude this section, we define the following solution spaces, which will be
used later:

HfM = {uglug is a solution of (1.2)—(1.3) with f € H*M*2(T),
I£llaar+2 < B, Jo*| < B},
HdEan = {ugluq is a solution of (1.2)—(1.3) with f € IL,(I) such that
all coefficients in f are absolutely bounded by B, |a*| < B}.

3. THE FINITE ELEMENT METHOD

For any finite-dimensional subspace S of H'(I), denote Sp = SN HA(I), So =
SN HZ(I). Then a finite element approximation u5 of u, is obtained by restricting
both sides of the weak formulation (2.1) to finite-dimensional subspaces: Find
ug € Sp such that

(3.1) By(u3,v) = (f,v) Vv € S.

For every d € (0,1] there exists a unique solution u5 € Sp of (3.1).

We will be interested in spaces S of piecewise polynomials on I characterized by
the mesh-degree combination ¥ = (A, p), defined as follows. Let the m +1 > 2
nodal points

(3.2) —“l=xg <11 <2< < Tyt < Ty =1
be given; then the mesh A is defined by
(3.3) A={L}", L= (vi—1,2), hi=|L] =z —xi_1
(we will also write A = {zg, 21,... 2, } where convenient).

The degree vector p' is defined by
(34) P=(p1,p2,-- s Pm).
Then
(3.5) S(X) ={u:ul; €, (L;), I € AAnC°[-1,1].
Obviously, S(¥) ¢ HY(I) and
(3.6) dim S(2) =14 pi, N =dimSp(¥) = dim 5(3) — 2.

i=1

By (2.1), (3.1),

(3.7) By(ug —us,v) =0 Yv € So(%),

so that eg = Ug — ug satisfies

3.8 Sla= inf —Xlla-

(3.8) lealla = inf  llva = Xxlla

Here the energy norm || - ||4, 0 < d < 1, is defined by

(3.9) lolla = (Ba(v,v))/? = (dof} + |0ll§)"/? = dlols + [[v]]o-
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1408 CHRISTOPH SCHWAB AND MANIL SURI

The question we wish to explore here is the design of the spaces S(X) such that
lle5la has a good convergence rate g(N) — 0 as N — oo independent of d. To do
this, we recall the definition of robustness from [2].

Definition 3.1. The FEM for problem (3.1) using spaces Sp(X) is robust with
uniform order g(N) for 0 < d < 1 with respect to solution sets Hq = Hp' ) (or
Hpy, ) and error measures By = || - || if and only if

1
lim sup sup Eg(ug— uN) —— | =C < .
N—oo ((de(o,l] ug€Hg ¢ g(N)

Although we concentrate here primarily on the energy norm, other error mea-
sures could be considered as well: the Ly norm obviously follows as a corollary,
while the maximum norm is considered in Corollary 5.1. Note that by (2.10), the
unscaled H' norm of u, is not bounded uniformly for d € (0, 1], so that we cannot
expect robustness with uniform order in this norm (see, e.g., estimates (4.3) in [13]).

Let ug € HP,,. Using Theorem 2.1 and (3.8), we see immediately that for the
energy norm, )

(3.10)  Eg(ua—ul) = ejlla < xiensf [(uf" + Af vwa.a + B a,q) — xlla
D

< inf n_
= flug —xalla
Xl(:l:l):uéw(:tl)
+1A3"| inf [waa = x2lla+ (B3| inf ||Ga,d — x3lla-
2€S8 X3€S
XQ(:tl):ua‘d(:tl) XS(:tl):ﬁa,d

Assume the space S(X) has the following approximation property:
(3.11) inf  flu—xll < FNK)|ully, k=12,
€
X(j:l>§:u(i1)
where F(N, k) is some (optimal) approximation order (i.e., F(N,k) — 0 as N —
00). Then for ug € Hj'y,, by Theorem 2.1, the first infimum in (3.10) will tend
to zero at the rate KF(N,2M) as N — oo, where K is a constant independent of
d (K only depends upon B and M). Also, we may assume by Theorem 2.1 that
|AM|, |B}| < K, so that the second infimum in (3.10) will decrease at the rate
K\/a ®(£,S), where
(3.12) ®(d.S) = inf  fura—xla
x(£1)=uy q(£1)
= inf  {d®ura — X7 + [lur,a = |3}
XES
x(£1)=u1,qa(£1)
By symmetry about 2z = 0, the last term in (3.10) will also have the same bound.

Then it may be shown that our FEM will be robust in the sense of Definition 3.1
if and only if ®(d, S) in (3.12) can be bounded independently of d, i.e.,

(3.13) sup ®(d,S) < G(N).
de(0,1]

In that case, by (3.10)—(3.13) and Definition 3.1, our FEM will be robust with
uniform order

(3.14) g(N) = Cmax{F(N,2M), G(N)}.
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We will use the following related definition.

Definition 3.2. The spaces S(X) will be said to approximate boundary layers uj 4
robustly at the rate G(N) in the energy norm if and only if (3.13) holds.

Remark 3.1. Our main concern in (3.14) is the rate G(N), i.e., finding spaces S(X)
such that (3.13) holds with G(IN) — 0 uniformly at a sufficiently fast rate. This
is because in general, G(N) will be the dominant term in (3.14), the idea being
that M is large enough so that F(N,2M) is sufficiently small. For the hp spaces
in §5, however, G(N) — 0 exponentially, so that the algebraic rate F(N,2M)
achieved by assuming regularity in terms of finite M will dominate as N becomes
sufficiently large. This technical problem could be overcome by restricting the set of
solutions Hy in Definition 3.1 to those for which the first infimum in (3.10) decays
exponentially (or sufficiently fast). In particular, choosing Hy = H dB.nn will make
this infimum vanish for suitable S(X) (see Theorem 5.2 ahead). /

Remark 3.2. The FE spaces satisfying (3.13) constructed in this paper and the
estimates G(INV) established for them are also applicable to various other problems
where the solution can be decomposed into boundary layers and smooth terms.

4. APPROXIMATION RESULTS FOR THE P VERSION

In this section, we will prove asymptotic error estimates for ®(d,S) given by
(3.12) as p — oo, in the case that a single element I = (—1,1) is used, i.e., S(X) =
IT,(I). Our first estimate (4.1) will be valid uniformly in d for the range p > e/2d.
(For any integer k, we write k=k+ %) We will also provide separate estimates
(again uniform in d) for the preasymptotic ranges 1/3/4d < p < 2/dand 1 < p <
Kd=%. Our final theorem will establish a uniform robustness rate of Cp~'y/Inp
for the p version over a fixed mesh, which will be shown to be optimal (up to the
factor v/Inp).

In order to estimate ®(d, S), we will use the following lemma from [3, Chapter
3], that will give a concurrent approximation of u; q(x) in the Lo(I) norm and
H(I) seminorm.

Lemma 4.1. Let u,u’ € La(I) and denote by

(4.1) ap = ﬁ/ u' ()P, (x)dx

-1
the Legendre coefficients of u'(x). Then there exists x € IL,(I) such that

(4.2) X(£1) = u(£1),
43 r_JN2 - |a’n|2
(13) o 1 = 3
n=p

o 2
4.4 IV P I
(14) = < 30 e
(4.5) lv" = X'llo,r < llu" = &llo,r

for any § € I1,(I) satisfying §(£1) = u(£1).

For a proof, we refer to [3, Theorem 3.3.4].
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Remark 4.1. The polynomial x above is obtained as an antiderivative of the trun-
cated Legendre expansion of u', of degree p — 1. While by (4.5), this is optimal in
the H'(I) seminorm, it is nonoptimal in the | - |4 norm. Nevertheless, Lemma 4.1
will be sufficient for our purposes here.

The estimates in (4.3), (4.4) obviously depend on the size of the Legendre coef-
ficients a, in dependence on d and n. The following lemma gives precise bounds
for these coeflicients for our function v = vy 4.

Lemma 4.2. Let u=uy,q and a, be defined by (4.1). Then with i =n + 3,

—1
(4.6) (1—2i>< an(d) (1-%) forn=1,2,...,

i)~ ¢(n,d)

where

n d_%ﬁ% —n(z—&(z ~ 1\—
(4.7) B d) = (1) e T = ()

_ 211 i
(4.8) Ez)=14+2)2 +1n <—1+(1+z2)1/2)7
1 1
= —— 4+ — = 0.158.
VAT

Proof. Using (4.1) and the fact that u} ; = —d~'u 4, we have

an = —nd e /4 /1 e_””/de—n((ac2 - 1)" dz
1 2nn! dzn

N 1
= (—1)"+1d_"_1e_1/d—2n 7 / (1 —2?)"e /4 da.
"n! J_1

Hence, by formula 3.387 of [10],
(4.9) an(d) = (—1)n+1d—n-1e—1/d2ﬁnﬁ (2d)" In(d~Y)
= (=) a7 V2Vor 7 e Ve [;(d7?
( ) n bl

where I;;(d™!) is the modified Bessel function ([10, 8.406]). Thus, to obtain the
asymptotic behavior of a,(d), we must investigate I(d~!). To this end, we use
asymptotic expansions of I, (vz) that are uniform for z > 0. Such uniform expan-
sions have been obtained by F.W.J. Olver (see [9] and the references therein).

Let v =n =n+ 3 and z = (vd)~!; then

(4.10) e Vi (d™Y) = e V% I, (v2).
It is shown in [9] that

3 m U (t)
- () v Zsmo o Fem®it)
4.11 VAT, N v(z—&(2)) £us=0 v )
( ) e (vz) <27r1/> e o 7

where t = (14 22)~'/2, m > 0 is an integer, and the U,(t) are certain polynomials
of degree 3s in ¢ (see [9]), the first two of which are given by

(4.12) Up(t) =1, U (t) = (3t — 5t%)/24.
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The €, in (4.10) are estimated by ([9])
4 th (um-i-l)

(4.13) lem (v, t)] < =) vomt
where

V() = /b U/(®)] dt and vo = Vi) = —— + —.

¢ a 6v5 12
Simplifying (4.9) and using (4.10)—(4.13) with m = 0 yields, with ¢(n,d) as in (4.7),
that
1 +eo(n,t)
an = ¢(n,d) m.

The assertion then follows since

<irelmd (2 e
1+ eo(n,0) n

Remark 4.2. The bounds (4.6) are quite sharp, since, for example, for n > 1 we
obtain that

0

2V0 2V0 -1
0.7895<1——, [1-— < 1.2667.
n n

Lemma 4.2 reduces the description of the asymptotic behavior of a,(d) to a
discussion of the function ¢(n,d). We then obtain the following bounds on the
approximation errors (4.3), (4.4).

Lemma 4.3. We have

(4.14) lu" = XI5 <Y 07 (n,d) e 21 =78ED,
n=p
0o 1 :
4.15 — Y2 < — ot (n.d) e 27(z=¢(2)
( ) ||’U, XHO — ; 7’L(7’L+ 1) (n7 ) € )
(4.16) v = XI5 =Y 07 (n,d) e 25D,
n=p

where z = (Ad) ™1, £(2) is as in (4.8) and
F2
(4.17) 0% (n,d) := (1 - 2—?) (d®+a~2)"s.

As is readily apparent from the expression for ¢(n,d) in (4.7), we can expect
exponential decay of a, as n — oo provided the function z — £(z) is positive and
of reasonable size. The following lemma provides bounds for z — £(z) in terms of
the asymptotes shown in Figure 1. The proof follows by elementary arguments.

Lemma 4.4. For any z > 0, we have z—&£(z) > 0. Moreover, the following bounds

hold:
(4.18) —(1+1In(2/2)) <z—£&(2) < z— (1 +1n(2/2)),
(4.19) %—izggz—ﬁ(z)gi.
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10 ¢ T T — T —— T

107 F

-2

107 107 107" 10° 10"

10

FIGURE 1. The function z —&(2) (- -) and its asymptotes 1/(2z) —
1/(242%) (—) and —(1 +1n(z/2)) (---)
We prove now an error bound for sufficiently large p (p > e/2d).

Theorem 4.1. Let r:=e/(2pd) < 1. Then for u = uy q there exists a polynomial
x € IL,(I) such that x(£1) = u(£1) and

(4.20) ' = x'llo < C1d™2rP(1 — ) =12,

(4.21) Ju = xllo < Cod™?rP(1 —r?)=1/2,
Here, C; are independent of p and d (numerical values can be read off the proof).

Proof. By (4.14), (4.17), we must estimate the sum

219 -2 B 1 _
4.22 + = 1—-— 2 —2\—3 ,—27(2—€(2))
(4.22) S ng_p( ﬁ ) (d*+7"?)"2e

0\ IR 1 an(—e(e)

Using the lower bound in (4.18), we get

(4.23) ST <(1—dvp/3)%d7" i (ﬁ)%

=C?d! Z P2 = C2 d7 P (1 — )7L
n=p
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This is (4.20). To prove (4.21), we observe that r < 1 implies that
L _ 9 _9 () o
pip+1) — 82 — 8\ e2 ) 22’

1 9
p(p+1) 2e?
and (4.21) follows. |

Hence,
ST <CydrP(1—r*)"" CF = = CF,
Corollary 4.1. Let ®(d,S) be as in (3.12). Then for r =e/(2pd) < 1,
(4.24) ®(d,S) < Cod? 1P(1 —r2)~Y2, Oy = (C2 4 C)V2.
Remark 4.3. The asymptotic rate of convergence with respect to p in (4.20) and
hence (4.24) is optimal up to a constant depending on d, since by (4.16),

I = X B >3 6 (0 d) e 2FE4E) = 5

n=p

Using the upper bound in (4.18) yields

2 oo
5> <1 _ 2&) Z(d2 +ﬁ_2)_% e 2/d 27

p nep
2 00
> (1= 4& e—2/dg—1 Z(l + z2)_1/2 27
- 3

n=p
vy 2 1 ~
> <1 — ?O) (1+4/e*)2 e~ 2/dq—1 p2p (1—r3)"4

since z = (fd)~! < (pd)~! < 2/e. Hence,
”u/ _ X/HO > (O e—l/d d—1/2 rﬁ(l _ 7“2)_1/2.

Now x is the same polynomial as in Lemma 4.1, so that (4.5) holds. Comparing
the above estimate with (4.20), we see that (4.20), (4.24) are optimal in p for any
fixed d > 0 as p — oo.

The estimates in Theorem 4.1 are useful for the case that p is large compared
to €/(2d). Such a situation arises in the next section, where this theorem will be
applied. In actual practice, if d is small, then it can be difficult to ever be in this
asymptotic range of p. The computational results in §6 show that convergence is
observed in the preasymptotic range p < e/(2d) as well. Therefore, we now obtain
estimates for the rate of decrease of the error in the range 1/3/(4d) < p < e/(2d).

In Theorem 4.1, we used the bounds (4.18) as well as (4.19), the latter being
sharper for the range p < e/(2d), i.e., z > 2/e (see Figure 1). It is seen that the
two lower bounds for z — £(z) in Lemma 4.4 intersect at the root of

1 1

22 2423
i.e., at z* =0.51388..., which is close to 0.5. Our estimate will therefore be valid
for z > 0.5, i.e., in the extended range 1/3/(4d) < p < 2/d.

+1+1n(§):o,
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Theorem 4.2. Assume that \/3/(4d) < p < 2/d. Then, for u = uy,q, there exists
a polynomial x € IL,(I) such that x(£1) = u(£1) and

(4.25) lu' —X'||3 < CF <p+ ) (—2p%d/3) + C5 d~*(e/4)*4,
9 oo 3 2 4/d
(4.26) lu—xl§ < 80 1D t exp(—2p d/3)+ 03 d(e/4)™*.

Here the constants C; are independent of p and d (and are given in the proof below).
Proof. Let us define the index sets
L(d)={neN:p<n<2/d}, I(d)={neN:n>2/d}.
Then, taking x to be the polynomial in Lemma 4.1, we have by (4.14)
o/ = X1 < Sy + 82, Si=Y_ 0F(n,d) e ?=E),
nel;

The quantities S; and Sy will be estimated using the lower bounds in (4.19) and
(4.18), respectively. First, by (4.19),

(4.27) S1< Y 0F(n.d)exp (—2ﬁ (% - ﬁ)) ,

nel(d)
where, since n € I1(d), we have 0 < 2=! = 7id < 2, so that 0 < 273 < 421, Hence,
1 1 1 1 1
>

2z 2423~ 22 6z 32
and (4.27), (4.17) give (with C; = (1 — 410/3)~" as in (4.23))
S1<0r Y Al +atd?) 2 e i
nel(d)

Now the function ze~3°? attains its global maximum at 2 = /3/(4d) and is
decreasing for > +/3/(4d). Hence,

B ~ 2/d
S1 <Gy Z 7 e 37d < (}36_%”2’1 —|—/ xe_%m2ddx>
nel(d) p

3 ~
< Cl (ﬁ—f' R) 6_§p2d.

For the term Sy, we use (4.18). Noting that 7~! < d/2, we have
2% en 27
< 3 ot (g) <0 3 (3)
S2< > 07(n,d) 5=) < Csd NZ 1)
n>2/d n>2/d

where Cy = (1 — 1) ™2 (%)1/ ®. Summing the geometric series leads to the last term
n (4.25), where C3 = Cs(1 — €2/16) !
For the Lo estimates, (4.15) gives

lu—x|I§ < 1+ 52, 5= Z

n€el;(d)

1

= bt (n.d) e 27(z=¢(2)) i —1.9.
n(n +1) (n,d) e > ! ’
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It is easy to see that

~ 1 9
S — 5.
)T T
Also, for n € I5(d), we have n( 4—1)>16_d2>15 for d < 1, so that
T Ee—— — T
, for n € Ir(d), we have n(n >~ 2 <1,
~ 4d?
< —
Sy < 5 So
The theorem follows. O

Theorem 4.2 leads to the following corollary.

Corollary 4.2. For /3/(4d) < p < 2/d,

v

(4.28) B(d,S) < Cpe™ 5" + O (Z) :

where the constants C; are independent of p, d.

Proof. Using the definition of ®(d, S), we obtain from Theorem 4.2,

3 9 2 ~2 19 e %
202 (5 2, Z5-2) ,—3P°d i
(@(d, 5))? < (7 <p+4d> (d + 5P )e i 20y (4)

Hence, (4.28) holds with CZ = 12C5 and

- 3 9 __ 27 p2 ~_ 3 __ 9 __ 9
C? (pd2+1d+§p 1+3—27)<05 <4p THop 2P 1+§><C§.

We see from Corollary 4.2 that for small d, since the term Cs(e/4)%/? is negligible,
the first term Cyexp(—(p*d)/3) in (4.28) will dominate. Hence, the error will
decrease at an exponential rate in this range when p2d/3 is large enough. For
p > e/(2d), a better estimate may be provided by Theorem 4.1. When p2d/3 is
small (i.c., p = Kd—2), the estimate (4.28) deteriorates. We will therefore establish
another bound, which is valid in the range 1 < p < K d=z. First, we prove the
following lemma.

Lemma 4.5. There exists a unique polynomial x € IL,(I) that minimizes ||x|lo
subject to the constraints x(£1) = a®. This polynomial x satisfies

imax(|a+|7 la=|) < lIxllo < Cmax(|a+|7 la~|)

4.29
(4.29) o ’ 5

(4.30) Ixlh < Cmax(la™], o~ |)p,
with C > 1 a constant independent of o*, p.

Proof. We may write y in the Legendre series expansion satisfying the end con-
straints,

x(x) = ZakPk(x), Zak(:lzl)k =at,
k=0
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Introducing Lagrange multipliers for the constraints, we get the minimization prob-
lem
P

p P
min F(@ A, ) =Y wra + A (O _ar—a™) + A ar(-1)F —a),
k=0 k=0

G A+ A
HA+ k=0

where wy, = 2/(2k +1). Let A = p(p + 1)?(p + 2)/4. Then it may be shown that
the unique minimizer for the above is given by

pe =% (arerp i o <p+21>2) |

(p+1)% = ()P (p+1))
2Awk ’

from which the bounds for ||x||o in (4.29) follow easily. The bound for ||x||1 follows
by the inverse inequality for polynomials,

Xt < Cp~2Ixllo. O

ap = (at + (—1)’“04‘)

Theorem 4.3. Assume that 1 < p < Kd 2 for some K (which may depend upon
p, d). Then for such p, d,

(4.31) ®(d,S) < CKp™*,

where the constant C' is independent of K, p and d.

Proof. We note that for any x € II,(I) satisfying x(£1) = w1 q4(£1),
®(d, ) < C(l|lur,alla + dlx|r + [Ixllo)-

We use (2.9) to bound |lu1 4|4 and choose x as in Lemma 4.5, with a* = u q(%1).
Then we obtain by (4.29), (4.30),

(4.32) ®(d, S) < C(d= +dp+p?).

Now since p < Kd_%7 we have dz < Kp~!. Substituting this in (4.32) gives
(4.31). O

Let us now put together the results of Theorems 4.1-4.3. The following theorem
shows that the spaces S(X) = II,(I) approximate boundary layers ui 4 robustly
at the rate G(p) = Cp~'v/Inp in the energy norm (in the sense of Definition 3.2).
Moreover, the best robust rate possible is Cp~!, so that the result established is
optimal up to a factor v/Inp.

Theorem 4.4. Let S(X) =11,(I). Then
Cp~' <G(p)= sup ®(d,S) <Cp~'\/lnp,

de(0,1]

where C' is a constant independent of p.

Proof. Let d € (0,1] be arbitrary. Suppose first that

P 3 .
1< ——— </ — e, 1<p<
=oyp - Vi M T =P=VTg
Then by Theorem 4.3, with K = +/3Inp, we have in this range
®(d,S) < CKp~ ' <Cp'y/Inp.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



THE p AND hp VERSIONS FOR BOUNDARY LAYERS 1417

Next, for 1/3/(4d) < p/(2+/Inp) < 2/(2d+/Inp) we may use Corollary 4.2, by
which

~2 & 2
B(d, S) < Cye 73 4 ¢ (Z) ‘.

Since p/(2v/Inp) > /3/(4d), we have p*d/3 > Inp, so that exp(—p>d/3) < 1/p.
Also, since 2/d > p, it follows that (6/4)2/d < (e/4)? < p~'. Hence,
(4.33) ®(d,S) < Cp~!
in this range. Finally, it is easy to see that the estimate for ®(d,.S) for the range
p > 2/d, given by Theorem 4.1, also satisfies (4.33).
To establish the lower bound, we note that by the triangle inequality, for any
X € ©,(I) with x(£1) = u(£1),
®(d, S) = lIxlla — llulla
> |Ixllo — l[ulla-
If d — 0, then |jullg — 0. But, by Lemma 4.5, |x|lo > Cp~!, giving the result. O

Suppose the p version is used with a fized mesh for problems (3.1). Then the
rate FI(N, k) in (3.11) satisfies

F(N,k) < Cp~ 1),

so that the first infimum on the right side of (3.10) will certainly be less than Cp~!,
uniformly in d whenever k > 2. Using Theorem 4.4 on the whole interval [—1, 1],
we can bound the infima involving boundary layers uniformly by Cp~ty/Inp (the
fact that we have more than one interval can only enhance this rate). Hence, the
p version is robust with uniform order Cp~!y/Inp. Moreover, this robust rate is
optimal up to y/In p, since for d — 0, the approximation of the boundary layer terms
in the end intervals cannot be better than Cp~! by Theorem 4.4. We therefore have
the following result.

Theorem 4.5. The p version with fized mesh for problems (3.1), 0 < d < 1, is
robust with uniform order g(p) satisfying

Cp~' <g(p) < Cp~'v/Inp

with respect to solution sets HfM (or ann) and error measure the energy norm.

Remark 4.4. In terms of the number of degrees of freedom N, we see that g(N) =~
N~'/InN. This is essentially twice the best uniform rate of N~/2 that can be
attained using the h version with a quasiuniform mesh [13]. Hence, the “doubling”
phenomenon for the rate of convergence for the p version, which is well known for
the case that (z 4+ 1)® type singularities are present at x = —1 (see, e.g., [3]),
also occurs when the solution contains boundary layer components of the type
exp(—(z+1)/d) at x = —1.

5. APPROXIMATION RESULTS FOR AN hp VERSION

In the previous section, we showed that the p version over a single element yields
a super-exponential rate of convergence for p > e/2d. Also, the error decreases at
the (exponential) rate exp(—p2d/3) in the preasymptotic range 1/3/(4d) < p < 2/d
for small d. Unfortunately, in practice both these ranges may be difficult to achieve
if d is small and p is restricted (p < 8 is typical in programs such as MSC/PROBE
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1418 CHRISTOPH SCHWAB AND MANIL SURI

and STRESSCHECK), so that all that may be observed is the uniform rate of
O(p~ty/Inp) predicted by Theorems 4.3, 4.4. In this section, we show that if only
one extra element of size O(pd) is inserted in the boundary layer, then robust
exponential convergence is achieved uniformly for 0 < d < 1 as p increases. Since
the mesh is changed at each step when p is increased, we call this an hp version
FEM (more appropriately, it is an rp version FEM). Naturally, if the polynomial
degree p is sufficiently large, we have to allow a transition to the single-element
mesh analyzed in Theorem 4.1.

A more general question that could be considered is, given N degrees of freedom
(N as in (3.6)), for what mesh-degree combination ¥ (i.e., choice of Sp) is the
error minimized? We do not consider this theoretical question here, since the
simple two-element mesh below already gives exponential convergence, uniformly
in d. This mesh is easier to implement than a general hp version, and moreover, in
computational experiments performed using meshes with more elements, we were
unable to achieve better convergence rates (see §6 and [20]). Note that the mesh-
degree combination we propose is similar to the optimal mesh-degree combination
obtained for a related problem by Scherer in [14] (see Remark 5.2).

The following theorem is our main result in this section.

Theorem 5.1. Let I = (—1,1) and u(z) = u1,q = exp(—(x + 1)/d). Let further
¥ = (A,p) be such that for p > 1

p={p,1}, A={-1,-1+kpd, 1} if kpd <2,
where 0 < kg < kK < 4/e is a constant independent of p and d. Then there exists
up € S(X) such that up(£1) = u(£1) and
(5.1)

lu—uplla < d'/?Cq o?, lu—upllo < dY2Cy o?, [l — u;HO < d V204 oP.

Here the constants are independent of p and d but depend on ko and

e/(2pd) if kpd > 2,
(5.2) “7 9 max {H6/4, e_("‘_e)} if kpd < 2 <1,

with € > Inp/(2p) arbitrary.

Proof. If kpd > 2, we have that r = e/(2pd) < 1, owing to our assumption that k <
4/e. Therefore, Theorem 4.1 is applicable, and a p-increase in the single-element
mesh A = {—1,1} yields exponential convergence with the number r decreasing
with p.

Consider now the case kpd < 2, i.e., the two-element mesh A = {—-1,—-1 +
kpd, 1}. We assume first that p > 2/k¢ and construct the function u,(z) € S(X)
elementwise. Denote Iy = (—1,a), where a = —1 + kpd, ko < £ < 4/e, and let
s1 € II,(I7). Transforming I; to I = (—1,1), we see that for t =0, 1,

[ (e e ()" (o)

Here, f(y) denotes the image on I of any function f(z) defined on ;. Consequently,
we obtain that 4(y) = exp(—(y + 1)kp/2) = u, 4(y), where d = 2/kp.
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Since k < 4/e, we have r :=e/(2pd) = ke/4 < 1. Now Theorem 4.1 and Corol-
lary 4.1 apply uniformly to functions u = uq 4 for all d € (0,1]. Since p > 2/ko >
2/k we have that d < 1, and hence Theorem 4.1 and Corollary 4.1 will apply when d
is chosen to be d. Then, since r < 1, we obtain a polynomial s, € IT,(I1) satisfying

(5.3) sp(—1) =u(-1), sp(a) =wu(a),
and
d' 2 2 [ 2 2t 71-2t P
. —(u— < = 2y
60 sy <02 () @ =,
2 2 2 \1/2 1/2 P
(5.5) (d|lv" = spll.r, + llu = spll5.1,) /2 < CydY m

This gives the asserted bound on I in the case p > 2/k¢. Since this excludes only
finitely many values of p, these estimates hold for all p after possibly adjusting the
constants Cy, t =0,1,2 in (5.4), (5.5).

As noted in Remark 4.1, the approximation s,(z) constructed via Lemma 4.1
is optimal in the | - |; seminorm but not in the || - |4 norm. For fixed d > 0,
sp yields the optimal-order error as p — oo, but is suboptimal as d — 0, owing
to the enforcement of the interpolation condition (5.3). Therefore, we modify s,
as follows: let u, = s, — s1 + §1, where s; is the linear interpolant of u; 4(x) at

x = —1 and z = a, and §; is a linear function such that $;(—1) = u(—1) and
51(a) = max{d"/?u(a),u(1)}. Then
(5.6) lu—upllan, = llu—=(sp = s1+81)llar,

<lu—spllar, + st = 51llar,-

The first term was estimated in (5.5), so we estimate the second term. We have

/a (51— 51)2dz < max |(s1— 51)(@)]2 (1 + a)

1 —1<2<a
<1 = Vd)yu(a))?® (1 + a).
Since 1+ a = kpd and u(a) = exp(—(a + 1)/d) = exp(—«p), we get
lls1 = 3113, < e *Prpd.

Also,

a e—2n;5
/ (s — 3)%d < (1 - V) [u(a)® (1+a)"" <

1 Iiﬁd '
Hence,
1/2

dllst = 3o, < —=e™"7

~ VED

and altogether

1
1\2 -
(5.7) 51— §1)la < d? <Rﬁ+ —~) e P
Kp
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Inp 1
for any € > £ (e = % works for all p). Then, from (5.5)—(5.7),
D e

~ Ke\ 2P —2(k—e)p
(5.8) Hu—up||ZJ1 < Cg d{(Z> + e~ )p}'

Next we consider I,. Here we select u, € II;(I2) to be the linear interpolant
between max{d"/?u(a),u(1)} at 2 = a and u(1) at z = 1. One verifies that

(5.9) up () = (u(1) — max{u(1), Vd u(a)})(:f_;z) + max{u(1), Vd u(a)}.
2 2 | 1 -1 4—e!
Now let — >p > i |;—d| Then, since | ;d| < ;—d, we have p > %
K K K K K
in this range. Also,
Ind|d 2p d
u(1) > Vdu(a) and 1 —a < % <In (ﬁ) >

Hence,

! Ind|d _d L )
1 2 < u2(1 | <21 —2kp < —2(k—e€)p
(5.10) /aupdx_u() 5 _211(—(4_6_1))6 < (C de ,

2 |Ind|
Next, for p < 0 9
u(1) < Vdu(a) and 1 < 2
1—a ~ d|Ind]
Hence,
1
(5.11) / ug de < (Vdu(a))? (1 —a) < 2de™ "7,

1 2 —2KD
2d u*(a) _ 2e~2rP

71\2 < < .
/a(”f’) @< Tdd < Tmd

For d < e!, this gives
1
(5.12) d2/ (ul)?dx < 2d%e>"P.

For e~! < d <1, we have by (5.9) that

/1 () de <2 ((u(l) —u(a)? | (1- vy u2<a>> ,

1—a 1—a

By the Mean Value Theorem, there exists £ € [a,1] such that u(1l) — u(a) =
u'(£)(1 — a), so that

1 o JTV2 2
(5.13) dz/ (u))2dz < 2e7257) (1 — a) + 4d%

S ézd€_2m;
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uniformly as d — 1, where C, may be explicitly evaluated. Hence, we conclude by
(5.10)—(5.13) that
(5.14) upll3,f, < Cs d e 2P,

Also, it is easy to verify that

(515) 0l < 3¢, 1R, < 267,

so that by (5.14), (5.15) and the triangle inequality,

(5.16) [|u— upH?l,Iz < Cyde™ 2P,

Then the first inequality in (5.1) follows from Theorem 4.1, (5.8), (5.16). The other
two inequalities also follow from the estimates above. O

Remark 5.1. The constant x in Theorem 5.1 could be selected such that x*e =
4e="", which yields x* ~ 0.71. This gives a ~ e~ * in (5.2) when two elements
are being used. This value for x* is, however, not optimal since it is obtained by
optimizing some upper bounds. The optimal choice of k is numerically addressed
in §6 ahead. Use of the above value of k*, however, simplifies the bounds above.

Remark 5.2. The choice of ¥ = (A,p) used in Theorem 5.1 is similar to that
obtained by Scherer in [14]. He considered the best mesh-degree combination (for
a fixed number of degrees of freedom N) that would minimize the L* error of best
approximation (by discontinuous piecewise polynomials) of the function e™* on the
interval [0,00). He was able to solve this problem explicitly — the asymptotically
optimal ¥ was given by A = {0,qy(p + 1),00}, p = {p,1}, where p = N — 2
and qo = 0.89548641... . For this X, Scherer showed that the asymptotic L>
convergence rate was e~ 90N = ¢=%(+2) " which (up to an algebraic factor in N)
was, asymptotically, the best possible for any mesh-degree combination.

We can also deduce pointwise error bounds.

Corollary 5.1. Under the assumptions of Theorem 5.1 we have
(5.17) [l = tp|| oo 1y < Coa®
with o as in Theorem 5.1.

Proof. This follows from (5.1) and the interpolation inequality
1/2 1/2
oll ey < 20000 VIS, O
Remark 5.3. The estimates in Theorem 5.1, Corollary 5.1 are obtained using poly-
nomials of degree 1 in I5. They evidently remain valid if I is subdivided and/or
the degree p is greater than 1 in I5.

Theorem 5.1 says that it is sufficient to use two intervals of the type described to
resolve boundary layers with a robust exponential convergence rate. As discussed
in §2, the solution will typically have other (smoother) components as well. For the
approximation of these components, the mesh-degree combination of Theorem 5.1
will typically not be sufficient and will have to be enhanced (e.g., by subdivision
or p-increase in element 2). This enhancement will ensure that the rate F(NV,k)
in (3.11), which measures the approximation of these smoother components, is
sufficiently rapid. For solutions in Hg',,, the robust rate of convergence g(N) of
the hp version will then be given by (3.14), where G(NN) represents the exponential
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rate (5.1). As noted in Remark 3.1, the overall rate will be exponential only if
the smooth components are also approximated exponentially. One such case occurs
when f is a polynomial, as noted in the theorem below. (Note that we have a
boundary layer at each end-point now.)

Theorem 5.2. Consider the hp version for problem (3.1), 0 < d < 1, with ¥ =
(A, D) given by
(5.18) p={p,p,p}, A={-1,—-1+kpd,1 —kpd,1} if kpd <1,

ﬁ: {p7p}7 A= {_1707 1} Zf"{/ﬁd Z 17

where k is as in Theorem 5.1. Let o < 1 be defined as in (5.2) (with the condition
kpd < 2 replaced by kpd < 1). Then there exists a constant C' > 0 independent of
p and d such that with respect to solution sets ann and error measure the energy

norm, this version is robust with uniform order g(p) = Cd'/?a® for p > n.

Proof. The theorem follows easily by (3.10), Corollary 2.1 and Theorem 5.1. |

6. NUMERICAL RESULTS

In this section, we present the results of numerical computations for the model
problem (1.2)—(1.3), where:

(6.1) fx)=1, at=a =0, a=1.
The exact solution is then given by
cosh(z/d)
6.2 =1-—=
(6.2) ug(z) cosh(1/d)’
so that
(6.3) lludll3 = Ba(ud,ua) = (1,uq) = 2 — 2dtanh(1/d) = O(1).

Note that since f(z) is a polynomial of degree 0, Corollary 2.1 applies. Noting
(6.3), we conclude that the relative error in the energy norm,

Er(d) = |ug — uj||a/||ualla;

should behave like ®(d, S) given by (3.12). All graphs shown in this section will
depict Er(d) versus the number of degrees of freedom in the finite element method.
The value of d (and, where applicable, of ) will be stated with the figures. All
computations were done in double precision on an SGI indigo2 workstation using
MATLAB 4.1.

We first consider the p version over a single element. Figure 2 shows Egr(d)
plotted versus the number of degrees of freedom N = p — 1, for various values of d,
in a semilog scale. By Corollary 4.1, for p > e/2d, the error will be in the asymptotic
(superexponential) range. This is only reached, however, when p =~ 13 for d = 0.1,
p ~ 136 for d = 0.01, p =~ 1359 for d = 0.001 and p = 13,591 for d = 0.0001. We
see that, except for the first value, none of the rest can be considered as within a
practical range of p. For d = 0.1, however, the graph in the semilog scale of Figure
2 is close to a straight line for p in this range, showing agreement with the theory.

Turning to the case d = 0.01, we note that Corollary 4.2 predicts for d small and
V3/(4d) < p < 2/d, ie., 5 < p < 200, that log(Er) should behave like —vy p?d,
where v > 0 is independent of d (the value of v in Corollary 4.2 is 1/3, but this may
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FIGURE 2. The p version with one element

not be optimal). Hence, we should observe a parabolic curve for d = 0.01 when p
is large enough. Again, the graph in Figure 2 is consistent with this bound.

As d becomes even smaller, the error in Figure 2 is seen to deteriorate further.
For1<p< Kd_%, Theorem 4.3 predicts a convergence rate of only CKp~'. This
is precisely what is observed in Figure 6 (d = 1073) and Figure 7(d = 107%) ahead.
The graphs are now in a log — log scale, and we observe straight lines with slope
—1. The “doubling” over the rate of convergence with the uniform h version is also
clearly apparent from these figures.

Let us now consider the hp version, i.e., the p version on a variable mesh. Since
our model solution (6.1) has a boundary layer at each endpoint of the domain, the
minimum number of elements as in Theorem 5.2 will now be 3, with ¥ given by
(5.18). (Since f is a polynomial of degree 0, we can actually take the minimal
degree vector to be p'= {p,1,p}.) From Theorem 5.2, we have the error estimate

(6.4) Er < C(k)d"?*aN?, N = dim(5y(2)) = 2p + 1,

with « given by (5.2). The experiments in Figure 3, obtained with k = k* = 0.71,
clearly show the uniform exponential convergence as well as the factor d'/?, since
log(Er(d)) plotted against N is a straight line, which translates downwards as d
decreases. By Remark 5.1, for k = 0.71, we have a ~ ¢~ %7 for p large — this is
the same value that emerges by measuring the slopes in Figure 3. Note that the
striking accuracy obtained for small d is not possible with a comparable number of
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HP-VERSIONS (3 elem), k = 0.71
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FIGURE 3. The hp version for three elements with x = 0.71

degrees of freedom and methods based on a single element (see, e.g., the results in
[7, 5]).

In Figure 4, we investigate the convergence of the three-element hp version for
different values of x, when d = 10~° (other values of d show similar results). We
observe that kK = k* = 0.71 is not quite optimal, since k = 1 gives better results.
Careful examination shows that the graph for kK = 1 consists of two linear pieces
with different slopes. This is due to the fact that initially, the error in the central
interval is dominant, so that the value of « in (5.2), (6.3) is close to e™". As p
increases, the size of this interval decreases and the error in the other two intervals
eventually dominates, with a behaving like ke/4. (Recall that we obtained x* by
setting e™" equal to ke/4, so that only one straight line is observed in this case.)

Finally, in Figures 5 — 7, we show a performance comparison between the various
methods for d = 1072, 1073 and 1075, respectively (smaller values of d up to
1078 were tested, for which the behavior was similar to d = 107%). In these
figures, we have shown the results with four methods: (a) the p version with one
element, (b) the h version with p = 1, (c) the hp version with 3 elements taking
P = (p,p,p) and k = 1 and (d) the h version (taking p = 1) with the exponential

mesh A = {—1,x1,...,Zy,—1,1}, where, for m even,
(6.5) g (1-c2), i=o... "
) Tmy; = n{l—c—|), i=0,...,—,
oF8 +ap m 5
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HP-VERSIONS (3 elem), d = 10/(-6)
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FIGURE 4. The dependence on parameter s

with ¢ =1 — exp(—1/(dp)). The mesh (6.5) is derived in [16, 20]. We observe the
following.

(i) The uniform % version converges with order O(N~'/2), the p version on a
single element with order O(N~1), and the h version with exponential mesh
at the optimal algebraic rate of O(N~1).

(ii) Both the h version with exponential mesh and the hp version have an error
which behaves like O(d'/?) in dependence on d. The other two versions do
not display this translation as d — 0.

(iii) For d = 102, the p version rapidly reaches a superexponential rate, and even-
tually becomes the method with the fastest convergence. Asymptotically, i.e.,
for kpd > 2 and fixed d, the p version with a single element will always have
the best convergence rate according to Theorems 4.1 and 5.1. Accordingly,
Theorem 5.1 indicates that at about kpd = 2 one must switch from the hp ver-
sion to a single-element p version. For d = 1072, this is apparent in Figure 5,
where the one-element p version becomes superior at some point. However, as
is clearly visible in Figures 6 and 7, this point may occur so late that the only
feasible method (in the practical range of p) is the three-element hp version.
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FIGURE 5. Comparison of various methods, d = 1072

APPENDIX

We prove Theorem 2.1. For M € N, we define

M

(6.6) wil(x) =) d*a=2 ) (z).

k=0
Then we see, using (1.2), that RY = u,; — w)! satisfies
(6.7) LaRY = f — Lyl = (d/a)?M+2 fCM+2) (3) = g(z),

For M large, we see that w)! will satisfy (1.2) up to the correction g(x). However, in
general, the boundary conditions (1.3) will not be satisfied. We therefore introduce
appropriate boundary layer terms to enforce (1.3). For this purpose, we define
uPL(z) to be the unique solution of

(6.8) LquP®(z) =0 on I,

(6.9) uPl(£1) = CF := g pa® — a2 (£1).
Then with ug g and @, q as defined in (2.4), we may verify that

(6.10) ukBL(x) = Apug,a(r) + Briig,qa(x),
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FiGURE 6. Comparison of various methods, d = 1073
where
- +,—2a/d + - —2a/d
(6.11) A _Cp —Cje a/ Gl —Ce a/

’ k= 1 — e—4a/d ’ k= 1 — e—4a/d

Then we write

M
Ubt() =3 d*uf(2) = AY uga(@) + BY tg.a(x),
k=0

where AM =M @2k Ay and BY = S0 d?* By, We see that

M M
(6.12) AR < D d AR < (1= e )7 dR (| + 1G],
k=0 k=0

with a similar bound holding for |B}!|. Equation (2.7) follows from (6.12) and
(6.9).
We now define

P =g — M — AMu, g — BY g0 = RY — UBE.
Then r} € H(I) and r)! satisfies (6.7). Hence,

Ird" 1% := Ba(ra',ra') = (g,7a") < llgllo lrd" || -
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From this we deduce (using (6.7)) that
(6.13) fIryllo < a™(d/a)*M 2| fEMER o, i < a7 (d/a)? | M o,

Since r}! satisfies (6.7), we may differentiate (6.7) successively to obtain, using
(6.13),
(6.14)
-2
|T£/[|g < a—l(d/a)2M+2—éHf(2M+2)HO + a—2 (d/a)2N1+2—€+k||f(2M+2+k) ”0’
k=0
where £ =0,1,...,2M. Moreover, from (6.6), we see that for £ =0,1,... ,2M

M
(6.15) jwile < @™ Y (d/a)?|| F2F0 o,
k=0

Define u}f = w)? + r}f. Then (2.5) holds. Also, using (6.14)-(6.15), we may
establish (2.6).

Remark 6.1. Suppose f € Iap41(I). Then in (6.7), we have g(x) = 0, so that,
since r} € Hi(I) satisfies (6.7), we must have r) = 0. Hence, u}f = w}! and it
is seen by (6.6) that u2! € Hapry1(1).
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