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THE PADI TABLE AND ITS RELATION TO CERTAIN
ALGORITHMS OF NUMERICAL ANALYSIS*

W. B. GRAGG"
To Heinz Rutishauser, in memoriam

Abstract. The algebraic theory of the Pad6 table of a formal power series is presented with a
natural notation which indicates possible extensions to Laurent series. The theory is related to bigradient
determinants, the epsilon and eta algorithms, and to a variant of the quotient-difference algorithm.
Normality criteria for the Pad6 table, which provide existence theorems for the algorithms, are de-
veloped.

Abstract
CONTENTS

1. Introduction
2. Some determinant identities
3. Pad6 and c-tables of a formal power series
4. The Pad6 table of the quotient of two formal power series
5. The identities of Frobenius
6. The epsilon and eta algorithms
7. Normality criteria: P61ya frequency, Stieltjes, and nonnegative definite power series
8. The Pad6 table of a meromorphic function: simple zeros and poles
9. A quotient-difference algorithm
References

4
8

20
25
30
35
41
47
58

1. Introduction. The Pad6 table of a formal power series

C(z) CrnZm
m=O

is a doubly infinite array of rational functions

rmn(Z
Pmn(Z) ao -+- alz + + amzm
qmn(Z) bo + b lz + + b,z"

determined in such a manner that the Maclaurin expansion of r,,, agrees with
C(z) as far as possible. The power series C(z) is said to be normal if, for each pair
(m, n), this agreement is exactly through the power zm+". The original concept of
the Pad6 table is due to Frobenius who developed the basic algorithmic aspects
of the theory. The attribution to Pad6, whose thesis came later, seems to be due to
his treatment of certain abnormal cases which may arise. See Theorem 3.2.

There are interesting connections between the Pad6 table and other, not
obviously related, areas of analysis. The bibliography provides a sample of some
of these areas. Perhaps the most significant connection is that with the analytic
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2 w.B. GRAGG

theory of continued fractions, a subject of earlier origin, which lists among its
contributors Chebyshev, A. A. Markov and Stieltjes. The so-called associated and
corresponding continued fractions for the power series C(z) are, respectively, the
superdiagonal {r,,, +x} and the staircase {r,,, r,,, +x} consisting of the diagonal
and superdiagonal in the Pad6 table. Moreover, since the origin of the theory of
orthogonal polynomials lies within the theory of continued fractions, it is not
surprising that the Pad6 table has connections with the former. If the coefficients

| dt(t)Cm

are moments of a nondecreasing function with infinitely many points of increase,
then the reciprocal polynomials

zn+ 1)q,,,+ (z) q,,,+ 1(2 /’/ 0,

of the denominators q,,,+ are the polynomials orthogonal with respect to p.
To see this compare the determinant expressions of Theorem 3.3 with those in
Szeg6, p. 27.

There are also connections with Euclid’s algorithm for finding the greatest
common divisor of two polynomials and with a generalization of the criterion of
Routh and Hurwitz for counting the number of zeros of a polynomial in the left
half-plane. These are closely related to the material of 4.

The modern stimulus for interest in these areas has come from two principal
sources. In his thesis D. Shanks introduced a class of nonlinear sequence trans-
formations, the em(S,) transformations, and related them to the Pad6 table. Shanks’
transformations were given as certain determinantal quotients, and hence were
not readily computable. By appealing to a classical, but little known, determinant
identity, P. Wynn showed how to compute the em(S,) transformations recursively.
This resulted in Wynn’s epsilon algorithm, of which Bauer’s eta algorithm is a
computationally more stable variant. The first step of each of these algorithms is
mathematically equivalent to the well-known Aitken AZ-process. Several years
later Wynn, on eliminating certain auxiliary values from the epsilon algorithm,
found a fundamental identity (Theorem 5.5) among the Pad6 fractions themselves.
This identity, which was over,ooked by Frobenius, completes the set of those given
by him. Thus it is natural to refer to it as "the missing identity of Frobenius."

The second modern development is the quotient-difference algorithm of H.
Rutishauser. The original problem, suggested by E. Stiefel, was that of determining
the characteristic roots of a finite square matrix A from the values of the Schwarz
constants

Sm yA"Xo, m > O,

which are readily computed as a byproduct of the power method iteration

Xm+ Axm, rn >= O.
Rutishauser observed that this is in essence a special case of Hadamard’s problem,
namely that of determining the poles of the rational function

Sm/(2) y(2I- A)-XXo
=0
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THE PADt TABLE 3

from the coefficients in its Taylor expansion about 2 v, and applied the theory
of continued fractions to the problem. Now there is a relation between formal
J(acobi)-fractions (= the continued fractions associated with the above power
series) and tridiagonal matrices J. The successive approximants of the J-fraction
are the (1, 1)-elements of the matrices (21, J,)- 1, with J, the nth principal sub-
matrix of J. This led to Rutishauser’s matrix interpretation of the quotient-
difference algorithm as an LR-algorithm for tridiagonal matrices and, on general-
ization, to the corresponding algorithm for full matrices.

The latter is as follows. Let A A1) be the given matrix. If A(k) is known,
factor

A(k) L(k)R(k)

into the product of a (unit) left triangular matrix L(k) and a right triangular matrix
R(k). Then let

A(k+ 1) R(k)L(k)

and repeat indefinitely. Under certain hypotheses, which include the assumption
of the existence of the factorization at each step and the requirement that the
moduli of the roots ofA be distinct, the matrices A(k) converge to a right triangular
matrix At) whose diagonal consists of the roots of A. A number of refinements
are possible.

Now the LR-factorization of a matrix A is the significant part of Gaussian
elimination. The factorization exists if the leading principal submatrices ofA have
nonnull determinants. Practically there is the need for maximal pivot selection.
The QR-algorithm (= UR-algorithm) of Francis and Kublanovskaja avoids
these problems by replacing the LR-factorization above by a UR-factorization
A UR with U unitary and R right triangular. The next iterate is then A’ R U.
Again, important refinements make this a practical computing procedure. The
UR-algorithm has been studied by Parlett and Wilkinson (see the bibliography)
and is the method of choice for the nonsymmetric matrix eigenvalue problem.
Hence by generalization and stabilization, the theory of continued fractions, of
which that of the Pad6 table is an extension, has led to significant advances in the
numerical solution of the algebraic eigenvalue problem.

The contents of the present paper are as follows. In 2 certain determinant
identities are developed which will have application in the sequel. The most
significant are the Cauchy-Binet formula and Sylvester’s determinant identity.
Section 3 presents the fundamental existence and uniqueness theory for Pad6
fractions, an extension of the theorem of Pad6 on block structure of the table,
and gives determinant formulas for the entries. The Pad6 table of a quotient of
two formal power series is studied in 4. This illuminating concept provides con-
nections with resultants and a more general theorem of Trudi on the greatest
common divisor of two polynomials. It also leads to a rather natural, but useful,
duality relation between the Pad6 table of C(z) and that of its reciprocal series D(z).
In 5 the classical identities of Frobenius are established, together with Wynn’s
addition already referred to. Section 6 presents the algebraic basis for the epsilon
and eta algorithms.
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4 w.B. GRAGG

Normality criteria and sign patterns associated with the Pad6 tables of certain
classes of power series occupy 7. The specific connection between P61ya fre-
quency series and the quotient-difference algorithm is apparently new. Algorithms
for this class of series seem to be more numerically stable than for the class of
Stieltjes series (see the example of 9). These results should be of interest to numeri-
cal analysts. The material of 8 on the asymptotic behavior of elements associated
with the Pad6 table of a meromorphic function includes a refinement (Theorem
8.3(b)) of a classical theorem of Montessus de Ballore. It finds application in 9
where a variant of the quotient-difference algorithm is developed. The duality
theory, which was pointed out for the original quotient-difference algorithm by
Henrici, has purposely been emphasized. In particular the corollary of Theorem
9.3 contains a dual LR-, RL-characterization of the new algorithm, and provides a
convenient computational check which will be useful in studying stability prop-
erties for the two classes of series mentioned above.

2. Some determinant identifies. In this section are collected some classical
facts about determinants. Proofs of well-known results are omitted. Those given
are instructional.

The set of m x n matrices over the complex number field (d is denoted by
/,,,, and //, is the set of n square matrices. In general the jth column of A /mn
is aj, and the (i,j) element is aij’A (al, a2,’", an) (aij). An exception is the
unit matrix I I, (el, e2,’", en)= (bij) /n" The transpose of A /mn is
Ar= (a’ij) e/,m with a’ij aji, and if m n the determinant of A satisfies
det A det A r. For A e //,, by definition,

PA(Z) =-- det (A + zI,),

and

qa(Z) =-- det (zI, A)= (-1)"Pa(--Z)

is the characteristic polynomial of A.
The set of multi-indices with k elements taken from { 1, 2,..., m} is

Amk { (1, 2, "’", zu)’l < 1 < 2 < < 0k m};

(A,, contains elements and is empty if m < k. The length of
k

el + e + + , and e’= (,e,..., e,_)eA,,,m_ is the complement
of e with respect to { 1, 2, ..., m}. If A (a) e /,, e e Am, and fi e A, then

A(a, fl) A

is the submatrix of A formed from rows and columns flj. The index of A(a, t) is

k-1 l-1

P((’ ) Z [(i+1 ((i -- 1)] -t- [flj+l (j + 1)]
i=1 j=l

"--(k el k -I- 1) -+- (l- /1 / 1);
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THE PADI TABLE 5

A(a, fl) is a connected submatrix ofA if p(, fl) 0. By convention det A(a, fi) if
AmO, A,o.
The adjugate of A e /, is Aa (bij)/ with

bu (- 1)i+ det A
1,...,j- 1,j+ 1,...

1,...,i- 1,i+ 1,...

It satisfies AAa AaA (det A)I,,. Hence ifA is nonsingular A- (det A)- 1Aa.
THEOREM 2.1 (On the characteristic polynomial). If A .////,,, then

p,(z)
k=O

det A(a,, a,))zk.
OkAnk

THEOREM 2.2 (Jacobi’s theorem on subdeterminants of AA). If A //, and
Ank, then

det AA(a, fl) (-- 1)11 + lal det A(fl’, ’).

THEOREM 2.3 (Cauchy-Binet formula). Let A //[m,, B /mk, and C
with A BC. If Aml and fi A,/, then

det A(a, fl) det B(a, ),) det C(7, fl).

The special case 1 corresponds to ordinary matrix multiplication, and
the case k l= m n states that det A--det B. det C. If k < l, the sum is
empty and det A(, fl) 0.

THEOREM 2.4 (Laplace expansion). Let A #m and Amk. Then

det A (- 1) I1 +11 det A(a, fl)det A(a’, fl’).

THEOREM 2.5 (Extensional identity). Let a, b, c, d /nl and M //,,,_ 2"

Then

det (a, b, M) det (c, d, M) det (a, c, M) det (b, d, M) det (a, d, M) det (b, c, M).

Proof. By elementary operations,

det
M a b c d 0

det
0 a b c d M

M a b c d 0

-MOOOOM

det
0 0 0 0 0

det (M, a, b) det (0, O, M) O.
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6 w.B. GRAGG

On the other hand, by the Laplace expansion with m 2n, k n, and
z=(1,2,...,n),

M a b c d 0
det det (m, a, b) det (c, d, M)

0 a b c d M

det (M, a, c) det (b, d, M)

+ det (M, a, d) det (b, c, M)

+ det (m, b, c) det (a, d, M)

det (M, b, d) det (a, c, M)

+ det (M, c, d) det (a, b, M)

2[det (a, b, M) det (c, d, M)

det (a, c, M) det (b, d, M)

+ det (a, d, M) det (b, c, m)],

the last equality again following by elementary operations.
THEORFM 2.6 (Sylvester’s determinant identity). Let A’ /g,, n > 2, be

partitioned

all a" a12

A’ Aa a2

a21 a a22

all

* 1422

All
, (/22 a21 * A21

with aij , i, j 1, 2. Then

det A det A’ det All det A22 det A21 det A12.

Proof 1. Put (/= el, b e,, and (c, M, d) A’ in the extensional identity

det ((/, M, b) det (c, M, d) det (a, M, d) det (c, M, b)

det (a, c, M) det (m, d, b).

Proof 2. If the matrices Bii are square and B11 is nonsingular, then

Bll B12 Bll 0,,I B-11B 12

B21 B22 B21 0 B22 B21B-lIB12

det B det Bll det (B22 B21B-11B12).

Consequently

Hence if A is nonsingular,

det Aij + det
A

a
a

___
det A. (aij a[A-la}),

aij
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THE PADI TABLE 7

with the negative sign only possible if - j. Then similarly,

A a’l
detA.detA’=detA.det ar all

\a2T 6/21

(det A)2 det [ all

a

a22 a]
A l(al a)

(det A)2 det (aij arA- aj)i,j’ 2

det A 11 det A22 det A21 "det A 12-

This last rational identity holds even if A is singular.
THEOREM 2.7 (Vandermonde determinant). Let

V(Z1, Z2, Zn) (Z- 1) /n"
Then

v(zl, z2, z,) =- det V(z1,z2,..., z,)

I1 z,)
i<j

and

V(Z -1
Z2

v(_z_,. _, .z?:..., z,)
Z2 1)--- O.

(ZlZ2 2)-i
with

an =_ (_ 1),(,- 1)/2.

THEOREM 2.8 (On totally positive matrices). Let all square connected sub-
matrices of A m, have positive determinants. Then all subdeterminants of A
are positive.

Proof It will be shown by induction on k, and for fixed k, on the index p(c, fl)
(zk a k + 1) + (ilk fll k + 1) ofA(cz, fl), that

det A(a,fi) > 0, ae A,,, fie
By hypothesis this is true if p(a, fl) 0, and in particular if k 1. Thus let < k

=< min (m, n), 0 < q =< m + n 2k, and assume that

det A(7, 3) > 0, 7 6 A,t, 3

when k 1, and when both k and P(7, 6) =<//- 1.
Let aA, and flA, with p(a, fl)= q. Suppose that ilk+l, fll < fl+l

< fl, is an integer omitted in the sequence fl (ill, f12, fl). In the extensional
identity

det (M, c, G) det (a, M, b) det (a, M, c) det (M, b, G)

det (M, b, c) det (a, M, ek)
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8 w.B. GRAGG

put

to obtain

(a,M,b,c) A

detA (1, ’(k-2’k-1
det A

det A 01 O O

1, ilk-l, k+
det A( gl’

f12’

det A det A

The number of interchanges required to restore (2, /k- 1, /k+ 1) to its natural
order is the same as that for (fi,..., flk-l,fik+l), and one less than that for
(f12, "’", ilk, ilk+ 1). Moreover the indices of the matrices so restored are at most
q 1. Hence on division by

/2, /k-1, /k +1
the induction hypothesis gives det A(e,)> 0. If the integers
are consecutive, then since q > 0, (, 2, "’", k) will omit an integer k+ with
e, < k+, < ek, and the above argument can be applied to A r.

THEOREM 2.9 (The determinant of a sum of matrices). Let Ak (ak), a(2), "",
a(nk)) n, k 1, 2, n. Then

det Ak) Z det (a]’’, a22), a(,"))
k ketl)mn

with ([)mn the set offunctions from {1, 2, n} to {1, 2, m}.

3. The Pad6 and c-tables of a formal power series. The class of formal
power series over c consists of all expressions of the form

C Z : CO --[- C lZ .at_ C2Z2 .3I_ E C Z
m=0

with coefficients c (. Convergence of the infinite series for complex z 0 is
not implied. Somewhat more precisely, could be thought of as the set of infinite
sequences (Co, c c2, ), Cm cg. The sum of

Z bmzm and Z cmzm is Z (bm+cm)Z,
m=0 m=0 m=0

and the scalar multiple of

E CmZm
m=0

by c C is (CCm)Z
m:O
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THE PADI TABLE 9

With these definitions N is an infinite-dimensional vector space over cg, with
additive identity 0 0 + Oz + Oz2 + ..,. The algebraic dimension of is c,
the power of the continuum.

The (Cauchy) product of

2 b,,z" and Cruz is amz
m=O m=O m=O

with

am bm_kCk, m>__O.
k=O

With this product is a commutative semigroup with multiplicative identity
1 1 + 0z + 0z2 + ..-. It is easy to show that the cancellation law holds, and
that multiplication is distributive over addition. Hence, together with the opera-
tions of addition and multiplication, is an integral domain. The units of are the
power series

C(z) c,,z" with co#O.
m=O

Each unit C(z) has a reciprocal

C-l(z) D(z) dmZm
m=O

such that C(z)D(z) 1. The coefficients of D(z) are determined by

do Co 1,
m-1

d,,, c C,,,_kdk, m >= 1.
k=O

Corresponding to the formal power series C(z) e is the semicirculant matrix

CO

Cl CO

C= c2 c Co (ci-) e

3 C2 Cl Co

Observe that by definition

C_I C_2 C_3 O.

The sum and product of two such matrices are defined, as is the scalar multiple of
C, by c . Moreover this correspondence is an isomorphism with respect to these
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10 w.B. GRAGG

three operations, for the (i,j) element of A BC is

y b,_c_ y b,_c_
k=O k=j

i-j

E bi-j-lcl ai-j,
/=o

and the other two assertions are trivial. Finally, the composition of C(z) with
cis

C(cz) y (cc)z.
m=O

In particular the coefficients of C(-z) are (-
Let C(z) and let m and n be nonnegative integers. The complex rational

form

u(z) Uo + UZ + + u,.z"
U(Z) V0 - 1)xZ J- J- VnZn

is a Pad form of type (m, n) for C(z) if v #- 0 and

C(Z)V(Z)- hi(Z)-- O(Zre+n+ 1).
The (algebraic) O-symbol indicates that the right side is a power series beginning
exactly with a power z"+"+k+ 1,0 =< k =< + oo k + oo means that Cv u O.
This is equivalent to the linear system of m + n + 1 equations in the m + n + 2
unknowns Uo , bl V0 V

S,, [ ui, O,1, m,

SVmn 2.u i jV
j=o O, i--m+l,...,m+n.

THEOREM 3.1 (Frobenius). There always exist PadO forms of type (m, n) for
C(z). Each such form is a representation of the same rational function r,,. The
reduced representation

r.(z)
p.(z)
q,,,(z)

is possible with p,,, and q,,, relatively prime and p,,,(O) Co, q,,,(O) 1.

Proof. There always exist nontrivial solutions (Uo, "", u,,,Vo, ,v,)
of S,,,. With such a solution v #- 0, for otherwise S,, would imply u 0. Likewise,
if v(z) O(z), vz 4: O, then u(z) O(z), uz CoVe. Hence the reduced representa-
tion of u/v may be normalized as required.

If u/v and u’/v’ are two Pad0 forms of type (m, n) for C(z), then

Cv u O(zre+n+ 1), Cot_

and

uv’ u’v (Cv’ u’)v (Cv u)v’

O(zm+n+ 1).
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THE PADI TABLE 11

The left side is a polynomial of degree at most m + n, the right side a power
series beginning with a power z"+"+k+ 1, k >__ O. Hence both sides vanish, and the
rational functions determined by u/v and u’/v’ are identical. This completes the
proof.

The uniquely determined rational function r,,, p,,,,/q,,,, is the Pad6 fraction
of type (m, n) for C(z). The doubly infinite array shown in Table 1"

TABLE

0 0 0 0

too to1 to2 to3

(X) FIO 11 F12 F13

(X) F20 F21 F22 F23

IF30 F32 F33

is the (extended) Pad6 table for C(z). The first column contains the partial sums

C.(z) =- Y cz
k=0

of C(z). The auxiliary values will be explained subsequently ( 5).
Also associated with C(z) are the nontrivial connected submatrices

Cmn (Cm+i-j)in, 1,

of the semicirculant matrix C. Their determinants are

c,,, det

and the array shown in Table 2"

n>l,_

Cmo 1,

TABLE 2

0 0 0

C00 Co1 C02 C03

10 Cll 12 C13

20 21 22 C23

30 C31 32 C33

is the (extended) e-table for C(z). Evidently

Cmo 1, Cml Cm, COn C.

Example. The Pad6 table for

C(z) 1 + z + Z2 " 2z3 + 3z’ + 4z5 +
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12 w.B. GRAGG

is given in Table 3"

r2o /’21 /’22

TABLE 3

to3-- to4-- ro5

r13"-r14--r15

r23--r24=r25

to6 rot

r26== r27

r3o r31

r4o r41

r32 --r33 --r34-r35 --/’36 -r37

r42 r43 ’44-- r45 --/’46 --/’47

with the nontrivial Pad6 fractions rmn given by

1
rl(z)

1 z’ r2x(z)
1ZZ2

1 2z

1 z/2- z2/2 -I- z3/3
r31(Z r41(z)

1 3z/2

1 Z2

r22(z)---
1 z- z2’

r32(Z)---

1 z/3 z2/3 -k- 2z3/3 q- z4/3
1 4z/3

1--z+z3

1 2z + z2’

1 1
r3(z)

1 z- z3’
r6(z)--

1 z- z3 -- z6’

1 --z
r16(z)

1 2z + Z2 Z3 -[- Z4 - Z6’
1

rv(z)
1 z- z3 -- z6 - z7"

As can be readily verified, C(z) is the Maclaurin expansion of the rational function
r3z(Z). The c-table for C(z) is given in Table 4"

TABLE 4

0 2 3 4 5 6 7 8

1[1
-1/1 0 0 I1 -111:1 0

0 0 0 0 0 0

0 0 0 0 0 0

The next result is an extension of a theorem of Pad6. It shows that the block
structure exhibited by the previous example holds in general when C(z) is a unit,
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THE PAD] TABLE 13

Co 4 0. Equal Pad6 fractions occur in square blocks in the Pad6 table. The c-table
has a corresponding block structure, with groups of determinants c,v occurring in
maximal square blocks of the form

(3.1)

n

* 0 0 0

* 0 0 0

* 0 0 0

* 0 0 0

k+l

k+l, *4=0.

The theorem also characterizes the Pad6 forms of type (#, v) for C(z) and gives a
formula for the ranks of the linear systems S,v and S,v.

THEOREM 3.2. Let p/q be a Pad fraction for the power series C(z) , Co 4 O.
Let the degrees of p and q be m and n, respectively, and let the power series C(z)p(z)

q(z) begin exactly with the power zm+"+k+ 1. Then the following statements are
true

(a) k > O.
(b) r.v p/q if and only if

(3.2) m<=#<= m+ k and n <= v <= n+k.
For (#, v) satisfying (3.2)"

(c) u/v is a Padkform oftype (#, v)for C(z) if and only if

with

u(z) z. a(z)p(z), v(z) z" d(z)q(z),

max {0,(# m) + (v n)- k}

and d 4= 0 of degree at most

min{#-m -n},

(d)
(e)

#+v-rankSu=v-rank
c.,,4:0, m<=#<=m+k,
Cm O, n <= v <= n + k,
c,v=O, m<#<=m+k and n<vNn+k.
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14 w.B. GRAGG

Example. For k 4 the corresponding blocks in the - and 2-tables are as
given in Tables 5 and 6"

TABLE 5

-block
TABLE 6
2-block

U m-’<’
0 0 0 0 00l 0 0 0 0 0
0 0 0 0 0 0
0 2 0 0 0 0 2
0 0 0 0 2 3
0 0 0 0 0 0 2 3 4

Proof. Let ruv p/q and let u/v be a Pad6 form of type (#, v). Then

(3.3)
deg u __</, deg v =< v,

Cv- u O(z"++ ).
Since Co - 0 and (uo,’.’, Um,VO,’’’,V.)r V 0, it follows from the form of
that v va 0 and u 4= O. Remove the greatest common divisor from u and v to obtain

(3.4)
u(z) zX(do + d lz + + d,z)p(z),

v(z) z’(do + dlz + + dz’)q(z),

with dod,, v O. Then

zX(Cq p)= O(zU++ 1).
There follow the inequalities

>__0, 2>__0,

+2+m<__/, +;+n<=v,

#+ v<_m+n+k+2,

or equivalently,

__>0,

(3.5) 2 __> max {0,(# m) + (v n) k},

+ 2 __< min {# m,v n};

see Fig. 1.
Conversely, let the integers #, v be such that there exist integers , 2 satisfying

(3.5). For arbitary d(z) do + dlz + + dz 0 define u and v by (3.4).
Then (3.3) holds, u/v is a Pad6 form of type (#, v), and r, p/q.

The problems of whether r, p/q and the general structure of Pad6 forms
of type (/, v) are thus reduced to statements involving the inequalities (3.5).

Since p/q is a Pad6 fraction for C(z) there exist integers , 2, #, v satisfying
(3.5). Then

k>__(#-m)+(v-n)-2>__2+2>_0,
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THE PADI TABLE 15

proving statement (a).

FIG.

Further, ruv p/q if and only if there exists a solution (, 2) of (3.5). This is
possible if and only if

max {0,(# m) + (v n) k} __< min {# m, v n},
that is, if and only if (3.2) holds. This proves (b).

The most general Pad6 form of type (p, v) is obtained when 2 is minimized
and z maximized subject to the inequalities (3.5). An easy computation shows that
the optimal values are 2 2v and z z. This proves (c). Statement (d) follows
since the general solutions of Su andS contain zu + 1 parameters.

Now cuv 0 if and only if Su has a nontrivial solution with Vo 0. But it
follows from (c) that

Zuv + 2 min {#- m, v- n}
is the maximal integer 2 for which v(z) O(z) in some Pad6 form of type (#, v).
Hence cu 0 if and only if min {# m, v n} > 0. This proves (e), completing
the proof of Theorem 3.2.

A number of results follow easily from Theorem 3.2. For example,

I’mn I’m+ 1,n+ Cm+ 1,n+ 0.

The implication is a direct consequence of (e). But the reverse implication
is also an (indirect) consequence of(e). For if r,,, 4: r,,+ ,,+ , then r,,. and r,,+ ,,+
belong to different blocks in the Pad6 table. Moreover, r,,+ 1,,+ must lie on the
left or upper boundary of its block. Hence c,,+ ,,+ 4:0 by (e). More generally, if
the c-table contains the (maximal) block (3.1), then (b) holds. The following criteria,
among others, are easily seen to be sufficient for the former.

COROLLARY 1. Either ofthe criteria (), (fl), or (y) is sufficient for (b) to hold.

Cm + 1,nCm,n + : 0,

(o0 Cm+l,.+ O, 1,2, "", k,

Cm+k+ 1,n+k+ 0;
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16 w.B. GRAGG

Cm+ 1,nCm,n+ :- O,

() Cm+l,n+ O, 1,2, "’", k,

Cm+k+ 1,n+ -7(= O;

Cm+ l,nCm,n+ 5/z O
(]1) Cm+ 1,n+l O, 1,2,..., k,

Cm+ 1,n+k+ :: 0.

In each case if k 0 (+) the second (third) condition is dropped.
The square r- and c-blocks described in Theorem 3.2 are called blocks of

order k. The Pad6 fraction rm, is normal if the r-block containing it is of order k 0;
that is, r,,, occurs exactly once in the Pad6 table. The power series C(z) is normal
if all its Pad6 fractions are normal; that is, no two are equal.

COROLLARY 2. The following statements are equivalent"
(i) the PadO fraction rmn Pmn/qmn is normal;

(ii) the degrees of p,,, and qm, are m and n, respectively, and the power series
expansion of C(Z)qm,(Z p,,,(Z) begins exactly with the power zm+"+ x;

(iii) the determinants

Crnn Cm,n +

Cm+ 1,n Cm+ 1,n+

do not vanish. The power series C(z) is normal if and only if
c,,, :/: 0, m>=0, n>__0;

in particular each coefficient Cml Cm must not vanish.
Deserving of emphasis is an important special case of Theorem 3.2.
COROLLARY 3. The formal power series C(z) is the Maclaurin expansion of

an irreducible rational function r(z) p(z)/q(z), with p and q of degrees M and N,
respectively, if and only if

CmNO m>=M,

ct. -: 0, n>=N,

c,,, 0, rn > M and n > N.

It is appropriate to call such a power series (M, N)-normal if, in addition,

Cm, 4:O, O<__m<__M or O<=n<N.
The Pad6 table of an (M, N)-normal power series has exactly one block of order
k > 0, and this block is infinite with its upper left element r rMN as the common
entry.

There also occur power series C(z) which are seminormal in the sense that

c,,, 4: 0, rn + n odd.

The blocks of a seminormal power series are of order at most one, and by Theorem
3.2 (d) all systems Sin. are of maximal rank.
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THE PADI TABLE 17

The final theorem of this section provides explicit determinant representations
for all (distinct) Pad6 fractions in the table.

THEOREM 3.3. Let the rank of the linear system Sin, be maximal. Then
has the (not necessarily reduced) representation

with

(3.6) Um,(Z) =-- det

and

(3.7)

(3.8)

rm,(Z) Um,(Z)/Vm,(Z)

Cm(Z zCm_.l(Z z Cm_n(Z

Cm.+ Cm.. Cm -.n + I< /Cm+n Cm+n-

1 Z Z

vm,(z =- det Cm.+ Cm. Cm -.n +

Cm+n Cm+n- Cm

det (Cm, zC,,+ 1,,).

Moreover,

C(z)v.(z)- u.(z)

Cm-n+

(3.9) (- 1)" det zm+"+k.
k= Cm

Cm+k

Cm + Cm

Cm+. Cm+.-

m+.+k Cm+.+k-

Proof. It will be shown that (3.6) and (3.7) imply (3.9). From (3.7),

C(Z)Vm,(Z) det

C(z) zC(z) z"C(z) l
Cm.+ Cmi Cm -.n + 1)

\Cm+n Cm+n- m /
For 1, 2, ..., n, multiply the (i + 1)th row of (3.6) by zm+ and add to the first
row. There results

Umn(Z det

Cm+n(Z) ZCm+n- 1(Z) znCm(Z)

Cm+ Cm Cm-n+

Cm + Cm + Cm

D
o
w

n
lo

ad
ed

 0
8
/0

9
/2

2
 t

o
 1

0
6
.5

1
.2

2
6
.7

 .
 R

ed
is

tr
ib

u
ti

o
n
 s

u
b
je

ct
 t

o
 S

IA
M

 l
ic

en
se

 o
r 

co
p
y
ri

g
h
t;

 s
ee

 h
tt

p
s:

//
ep

u
b
s.

si
am

.o
rg

/t
er

m
s-

p
ri

v
ac

y



18 w.B. GRAGG

Subtraction, followed by a change of indices and permutation of the first row
to the last, gives

C(z)v.(z)- u.(z)

=m+n+l k=m+n k=m+l

det c" + c c" +

Cm + Cm+ Cm

Cm+

(- 1)" det c+,

+n+kCm + + kZ’m
=1

Cm Cm-n+

C"+n- C

Cm+n+ k_ Zm Cm+kZ
m+

k=l =1

which is equivalent to (3.9). By the rank assumption v,,, 4: 0.
To prove (3.8) multiply the jth column of (3.7) by z and subtract from the

(j + 1)th, j 1, 2, ..., n. Then expand the resulting determinant along the first
row.

COROLLARY 1. If C,., V O, then the reduced representation

r"n(Z pm(z)/q"n(Z),

with

=Co+ + z
C C

q,,,(z)
v",(z)

1 + + 1)"c"+
C C

and

C(z) r,,,(z) (- 1)"c"+ 1’"+ z"+"+ + O(z"+"+ 2).
C

Proof. From (3.6), (3.7), and (3.9),

u,,,(z) CoC,,, + + c,,,,+

v",(z) c,,, + + (- 1)"c,,+ ,,z",
and

C(z)v,,.(z) u,,,(z) (- 1)"c"+ x,,+ z"+"+ + O(z"+"+ 2).
Since c,,, - 0, r", lies on the left or upper boundary of its block in the Pad6 table.
By Theorem 3.2(c), n,,. 2,.. 0, and u,.,(z) c,..p,.,(z), v,.,(z) c,.,q,.,(z).
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THE PADI TABLE 19

COROLLARY 2. The alternative representations

(3.10) Uz,(Z) G+ z-z" det (Ai+JCz_,(z))in.j=o
and

(3.11) l)mn(Z) G+ z-m" det (mi+JCm_n(Z))in,j=
are valid, with a, (- 1)""- )/2, Cz(z 0 if m < O, and forward differences

Aksn =-- /=O (--1)k-l(kl) sn+l’

Also if the Hankel determinants

then

(3.12)

and

n-1c,m) det (Cm+i+j)i,=O,

+ JC n-c,m det (A mJi,=O

(3.13) Cm O.nC(nm-n+ 1), C(nm) O’nCm+n-1,n"

k>O.

n>_l,

Proof. For j 0, 1,..., n divide the jth column of (3.7) by z. Then multiply
the ith row by zz/i, 1, 2, ..., n. This gives, on reversing the columns,

Vmn (n + 1Z det

1 1 1

ACm-n ACm-n+l ACm
ACm-n+ ACre-n+ 2 ACre+

ACm_ ACm ACre+n_

Now since

Ak+ 1Sn AkSn + AkSn, k>=O,

one has, by a sequence of row operations,

Vmn tTn + 17, det

1 1 1

ACm-n ACm-n+ ACm
A2Cm_n A2Cm_n+l A2Cm]

AnCm-n AnCm-n+ AnCm/

The result (3.11) follows from this by the corresponding sequence of column
operations, and expansion along the first row. The proofs of(3.10), (3.12)and (3.13)
are similar.
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20 w.B. GRAGG

4. The Pad6 table of the quotient of two formal power series. Now let

The requirement

C(z) A(z)/B(z), bo 1.

C(Z)O(Z) U(Z) O(Z +n+ 1)

is equivalent to

A(z)v(z)- B(z)u(z)= O(zm+"+ 1)

and hence to the linear system

a_ jVj Z bi jtlj O,
j=O j=O

i=O, 1,...,m+n.

A number of interesting consequences result from this formulation. The first is
an easy, but substantial, generalization of Theorem 3.3.

THEOREM 4.1. The determinants Cm,, are bigradients in the coefficients of A(z)
and B(z):

Cmn (bla)m.
(4.1)

bo 0 0 ao 0 0

=det
bl bo 0 al ao 0

bin+n-1 bin+n-2 b am+n-1 am+n-2 arn

Moreover,

(4.2) Umn(Z (-- 1)"+1 det

(4.3) Vm.(Z) (- 1)" det

bo 0 0 ao 0 0

obl bo 0 a ao

+n bin+n-1 b,, am+ am+n-1

z z 0 0

bo 0 0 ao 0 0

obl bo 0 al ao

bm + bin+n- bn am + am+n- am
0 0 0 1 z z
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THE PADI TABLE 21

and

A(z)vm.- B(z)u,..(z)

(4.4) =(-1)"det

-(-1)" Z det
k=l

/ bo 0 0 ao
bl bo 0 a

bm+n bin+n- b, a,,,+,,

B(z) zB(z) zmB(z) A(z)

Clm+n-

zA(z)

bo 0 0 ao 0

bl bo 0 a ao

b,+, bm+n- b, am+ am+n-

bm+n+k bm+n+k- bn+k am+n+k am+n+k-

0

0

z"A(z)

o

am
am+k

Proof Let u(z) and v(z) be the right sides of (4.2) and (4.3), respectively. As in
the proof of Theorem 3.3, A(z)v(z) B(z)u(z) is equal to the determinant expres-
sions of (4.4). Since b0 1, by expansion along the first and last rows, u(0)

(_ 1),+ +re+n+ +mao(bla)m co(b[a)mn. Similarly v(0) (bla),,,,. Hence (4.1) will
imply (4.2), (4.3), and (4.4). Now observe that if B(z) 1, then A(z) C(z), and
so in general

(bla)m,, det ’m

This completes the proof.
The reciprocal polynomial of a polynomial

hi(Z)--bl0 AV bllZ .qt_ _J_ UlZl,

of degree at most l, is

zlbl(ZU*(Z) blOZl .ql_ U ZI "- + Ill )’

the name indicating that (ifUoU 0) the zeros ofu* are the reciprocals ofthose of u.
Clearly (u*)* u; that is, the operation of forming the reciprocal polynomial is
involutory.

The next two theorems are concerned with (monic) polynomials

M

p*(Z)-" O0ZM .ql_ alZM-1 -Jl’- -- aM H (z- m)
m=l
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22 w.B. GRAGG

and
N

ZN-q*(z) bozN + b, + + bN 1-[ (z- 7[.).

Their reciprocal polynomials

p(z)-- Z amZm, q(z) b.z
m=0 n=0

are special formal power series" a =_ O, m > M, and b, 0, n > N.
THEOREM 4.2. The resultant of p* and q* is

R(p*, q*) (bla)t

Consequently p* and q* have a common zero if and only if R(p*, q*) 0.
Proof Let M 2 and N 3. On taking determinants of both sides of

q*(l)

* 2)

\ /bo

b2

/ o
lq*(l)

2q*(2)

0

0

0

0 ao 0 0

bo al ao 0

bl a2 al ao
b2 0 a2

b 3 0 0 a2

0 0 0

0 0 0

P*(7[1) 7ziP*(7[1) 7[12p*(7[1)

p*{) p*() p*()

P*(/I:3) 713P*(713) 7132p*(713)

one finds

2 3

V(I, 2,711,7[2,713)(bla)23 v(l, 2)v(7[, 7[2,713) H q*(m) H P*(7[,)"

Now observe that

V(I’ 2’ 711’ 712, 713) (2 I) (711 I)(712 I)(713 I)

’( )( )(3 )

( 1(3

(3
2,3

m,n
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and that
2 2,3 3 2,3

H q*((m)= H ((m 7Zn), H p*(z.)= 1-[ (;%- ,.).
m,n= m,n=

The general case is entirely similar. This completes the proof.
Theorems 4.1 and 3.2 may be applied to extend this result and provide an

explicit formula for the greatest common divisor of p* and q*
Theorem 4.3 (Trudi). Let d* be the (monic) greatest common divisor ofp* and q*.

Then the degree of d* is k M n N n, with m and n determined by

(4.5) 0 (bla)MN (bla)M-1,N-1 (bla)m+ 1,,+1 (bla)m,.

Moreover if C(z) is the Maclaurin expansion of p(z)/q(z), then

(b[a)m,d*(z) (- 1)"- [p*(z)v*_ ,,- a(z) q*(z)u* ,,- l(Z)]

bo
bx

det

bin+n-2
(4.6) zm-lq*(Z)

k

det
/=0

0 0 ao 0 0

bo 0 al ao 0

bm+n_ 3 bn_ am+n-2 am+n-3 am_

zm-2q*(z) q*(z) z"-lp*(z) z"-Zp*(z) p*(z)

bo 0 0 ao 0 0

b bo 0 a ao 0

bin+n-2 bin+n-3 bn_ am+n-2 am+n-3 am_

bm+n+l-1 bm+n+l-2 bn+ am+n+l- am+n+l-2 am+

zk-l

Proof. Consider the Pad6 table for C(z). By Theorem 3.2(c)the reduced rep-
resentation for rMu P/q is rmn Pmn/qmn, where

rMN rM -1,N -1 rmn =/: rm -1,n -1"
This occurs if and only if

0 CMN CM- 1,N- Cm + 1,n + = Cmn

that is, if and only if (4.5) holds. The reciprocal polynomial of d* is the greatest
common divisor of p and q, and satisfies p dPm,, q dqm,, that is,

(bla)m,p dumn, (bla)m,q dvmn.
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24 w.B. GRAGG

By Corollary 1 of Theorem 3.3,

(b[a),,[pv,,_ 1,.- qu,,_ 1,,- 1] (b[a),,,d[u,,,v,_ 1,,- v,,,u,._ 1,,- 1]

(bla),,.d[(um. Cvm.)Vm- 1,.-

21- Vmn(CVm- 1,n- Urn- 1,n-

(-- 1)"-l[(bla),,,]2d[z"+"-I + O(z"+")l

).- [(bla).]dz +.-,

since the polynomial in the second bracket is of degree at most m + n 1. Hence

(b[a),,.d(z)z,,+.-1 (_ 1)"- l[p(z)v,._ 1,,-1(z) q(z)u,,_ 1,,-1(z)],

and (4.6) follows from this and Theorem 4.1 (equation (4.4)) on taking reciprocal
polynomials.

The final theorem of this section pr,ovides a useful duality relation between
the Pad6 and c-tables of a unit C(z) and those of its reciprocal series.

THEOREM 4.4. If D(z) is the reciprocal of C(z) and co 1, then

(4.7) c,,, (- 1)""d,,.

Moreover, if ft,,,, ,,,, and ,., are the PadO elements of type (m, n) for D(z), then
ran^ Unm(4.s) u. (-) v., v. ’"^

and the pointwise product

(4.9) r,,,-?,,, 1.

Proof 1. Let C(z)= A(z)/B(z) with ao b0 so that D(z)= B(z)/A(z).
Permutation of the a- and b-blocks in the matrix of (4.1) requires mn column
interchanges. Hence

c,, (bla), (-1)m"(alb),,,, (-

Similarly with (4.2),

Um" 1),+ +(m+ 1)(.+ 1)+m^ ran^v.=(-1) V.m,

and this is also equivalent to the second equality of (4.8). The assertion (4.9)
about the rational functions r,,, and ?,,, requires a little care using Theorem 3.2.
By (4.7) the block structures of the Pad6 table for C(z) and the transpose of that for
D(z) are identical. From (4.8) and Theorem 3.3, (4.9) holds if r,,, and ?,,, lie on the
left or upper boundaries of their blocks. Hence it holds in general.

Proof 2. This proof does not use determinants. First suppose that C(z)
is normal. Multiply D,m- ft,,, O(z"+"+1) by -C to obtain Cfi,,- ,,,

O(z,.+,-1). Also Cv, u,, O(z"+"+ 1). Since ,,, and ft.,, are polynomials
of degrees at most m and n, respectively, and since the rank of S,,, is maximal,
there exist scalars k,, such that
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Comparison of the constant and leading terms in the first of these equations, using
Corollary 1 of Theorem 3.3, gives

c",, k",,d,,", c",,,+ (- 1)mk",,d,+ 1,m"

Hence D(z) is also normal, and since C,,o do,. 1,

C
k,.,

d,,.
(- 1),.k,.,,_ (-1),."k,.o (-1),.".

The rational identities (4.7) and (4.8) now hold even if C(z) is not normal, and (4.9)
is proved as above.

Proof 3. An alternative proof of (4.7) may be obtained by applying Theorem
2.2 to the matrix A CA -1 Do ThusO,,.+n Co,,.+ ,,.+n"

rn + 1,m + 2,...,m + n
Cm,, detCo,"+,

1 2 ,..., n

=(-1)"detDo,"+"
1 2 ,..., m

which completes the proof.
Theorem 4.4 provides the entries in the first row of the Pad6 table for C(z) as

ro.(Z)
1

IL(z) do + dlz + + d,z""

Also, the second row of the c-table contains the values

cl, (- 1)"d,.

This gives an explicit formula for the coefficients of the reciprocal series.
COROLLARY (Wronski).

cl 0 0 0\
2 1 0 0

C3 C2 C 0 0
D(z) (- 1)" det

Cn-1 Cn-2 Cn-3 C1

Cn Cn- Cn- 2 C2

ZI1o

5. The identities of Frobenius. The basic algorithmic aspects of the Pad6
table of the formal power series

C(z) c,.z’, co 1,
,.=0
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26 w.B. GRAGG

are developed in this section. They consist of a hierarchy of identities among the
determinants Cn,,, numerators and denominators u,,, and v,,,, and finally the
rational functions r,n, themselves. If C(z) is normal, such relations permit, in
principle, the recursive construction of these Pad6 elements. Several of the results
follow directly from Sylvester’s determinant identity (Theorem 2.6). Proofs of
others are simply verifications based on variations of the uniqueness argument of
Theorem 3.1. This was the original approach of Frobenius.

THEOREM 5.1. The quadratic identity

*(R)* 2
Cm ,nCm + .n -{- Cm,n Cm,n + Cmn

is valid in the extended c-table.
Proof. Apply Sylvester’s identity to A’ Cm,n+lo The extended c-values are

uniquely determined by the requirement that this identity and the duality relation
(4.7) hold in the extended table. This completes the proof.

If C(z) is normal, this and the boundary values

Cn,0=C0,= 1, Cn1= C,,, cl,=(--1)"d,

permit the construction of the c-table by successive addition of upward sloping
diagonals. Within a diagonal the computation is from bottom to top if the Cm are
known, and vice versa if the d, are known.

The natural extensions of the u- and v-tables, corresponding to those of the
c- and Pad6 tables, are obtained by defining

b/m,_l(Z Zm, Vm,_l(Z --= 0, m >__ 0,

u_ ,n(Z) =-- O, V_ ,.(Z) =-- (--Z)n, n >= O.

Observe that the duality relations (4.8) continue to hold in the extended tables.
The next two theorems are concerned with identities among elements in

w-tables, where

Wm,(Z =-- P(z)Um,(Z + Q(z)Vm,(Z)

and P(z) and Q(z) are arbitrary formal power series. Three obvious choices for
the pair (P(z), Q(z)) are (1, 0), (0, 1), and (- 1, C(z)).

THEOREM 5.2. There exists, among any three elements occupying distinct
positions in the w-table, a linear homogeneous relation with polynomial coefficients.
In particular the triangle formulas:

Cm,n + 1Wm + .n Cm + ,nWm,n + Cm + ,n + 1ZWmn

* ( CmnWm + 1,n Cm + ,nWmn Cm + ,n + 1ZWm,n-

Cm,n + Wren CmnWm,n + Cm + ,n + ZWm ,n

Cm + ,nWm- ,n -- Cm.n + 1Win,n- CmnWmn
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and the formulas relating three elements in a row, column, or diagonal"

CmnCm + 1,nWm,n + Cm,n + 1Cm + 1,n+ 1ZWm,n

(Cm+ l,nCm.n+ CmnCm+ l,n+ lZ)Wmn,

CmnCm,n + 1Wm + ,n -- Cm + ,nCm + ,n + 1ZWm .n

(Cm,n + 1Cm + ,n -" CmnCm + ,n + 1Z)Wmn,

2 2 Z2WmCmnWm + ,n + Cm + ,n + ,n

ECmnCm+ 1,n+ "1- (Cm,n- lCm+ 1,n+ 2 Cm- 1,nCm+ 2,n+ 1)ZWmn,

2
Cm + 1,nWm 1,n + Cm,n + 1Wm + ,n

E(Cm 1,n+ 1Cm+ 2,n Cm+ 1,n-lCm,n+ 2) Gin+ 1,nCm,n+ 1Z]Wmn,

are valid.

Proof. First let w v. Apply Sylvester’s identity to

Z zn+
Cm Cm-

Cm + Cm

Cm Cm-

Cm+ Cm-n+

Cm + Cm

Z zn+

*
to prove (R) *. Likewise *

1)n+l v,,,, + (z) det

Cm+
Vm,n+ I(Z) det

Cm+n+

(R)*
follows from

Cm+l

Cm+2

Cm+n+

1

Now apply the duality relations (4.7) and (4.8) to the corresponding identities for
the reciprocal series D(z) to show that they also hold for w u. Since they are
linear and homogeneous (and P and Q are independent of m and n) they must also
hold for general w Pu + Qv.

The remaining identities, and in fact identities relating elements of any three

distinct positions in the w-table, may be built up from * * and * in an inductive
manner by forming appropriate linear combinations of existing relations and using

Theorem 5.1 to simplify the resulting expressions. Thus to prove * (R) consider

(R) and * @, that is,

CmnWm,n- Cm,n_ Wren Cm + ,nZWm- 1,n-
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28 w.B. GRAGG

and

Cm- ,nWm,n- Cm,n- Wm- 1,n CmnZWm- ,n-

Multiply the former by Cmn, the latter by %+ 1,., and subtract to get

(C2mn Cm_ l,nCm+ l,n)Wm,n_ "Jr- Cm,n_ lCm+ l,nWm_ l. Cm,n- lCmnWmn.

Application of Theorem to the term in parentheses, and cancellation of %.,_ 1,

proves * (R). Further details are similar, and hence are omitted.
THEOREM 5.3. The quadratic identity

2( * Wm- 1,nWm + 1,n -- Wm,n- Wm,n + Wmn

is also valid in the extended w-table.
Proof Let

(m 1, n) N

(m,n- 1) (m,n) (m,n+ 1)=- W C E.

(m + 1, n) S

Eliminate c,,,, Cm,,+ 1, Cm+ 1,, and %+ 1,,+ from the four triangle identities to get

0 -Ws wE ZWc

ws 0 --wc --zwN
det Z2(WN’Ws -Jl- Ww’WE W)2 0.

WE WC 0 ZWN

ZWc ZWW ZWN 0

THEOREM 5.4. Let (m, n) and (m’, n’) correspond to distinct positions in the
PadO table, and

#--min(m+n,m’+n’), v =max(m’+n,m+n’).

Then the cross product

Um,n,Vmn imnVm, n, e(mm "n’)

is a polynomial of degree at most v, and is divisible by the power z+ 1. In particular
the following relations, corresponding to neighboring positions in the PadO table,
are valid:

zm+n+( Urn+ 1,hYmn Umnl)m+ 1,n (-- 1)nero+ 1,nCm+ 1,n+

+n+l
( * Urn,n+ 1Omn Umnl)m,n+ (-- 1)nero,n+ 1m+ 1,n+ 1Zm

Cm+ 1,n+ 1Zm( Urn+ 1,n+ ll)mn UmnOm+ 1,n+ 1 .2 +n+

Cm+ 1,n+ 1Zm@ * l’lm,.+ lVm + 1,. blm + 1,.Om,n + 1 2 + n+ 2.
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Proof. The degree of em",’’"’) is obviously at most v, and since

e(mm ’"’) (Cvm, Um,)Vm,,, (Cv,,,,, Um,,,)V,,

o(zm+n+ 1) ._ o(zm’+n’+ 1).__ O(ZIJ+ 1),

it is divisible by z"+ 1. The listed identities correspond to the four cases in which

# + 1 v; that is, em,’’"’) is a scalar multiple of z"+ 1. From Corollary 1 of
Theorem 3.3,

zm+n+ n+ 2)CVm. Urn. (-- 1)"Cm+,.+ + O(Z+

and

v. c. + O(z).

The first three identities follow since, in these cases,/ m + n < m’ + n’. The
fourth requires Theorem 5.1"

1)
rn+l,n (--1) (Cm+ 2,n+ lCm,n+ q- Cm+ l,n+ 2Cm+ l,n)Zm+n+ 2

1 2 zrn+n+ 2Cm+ 1,n+

This completes the proof.
The final "missing identity of Frobenius" was discovered by Wynn in 1966.
THEOREM 5.5. If the PadO fraction rm, is normal, then the identity

1 1 1 1
(R). + +

rm + ,nm lemn rm- ,n l’mn l/’m,n + ’mn ?’m,n- l’mn

is valid.

Proof If rm, is normal, then, by Theorem 3.2, none of the Pad6 fractions
occurring in the alleged identity are equal. Moreover each linear system Suv is
of maximal rank so that uuv ruv, =/= O. Again let

(m 1, n) N

(m,n- 1) (m,n) (m,n+ 1) -= W C E

(m+ 1,n) (m+ 1,n + 1) S SE

From Theorem 4,

(R)*

*(R)

Hence

VNVc(rN rc) (-- 1)"CcCEZ"+",

VsVc(rs rc (_ 1),CsCsEzm+,+

VeVc(r rc (_ 1)ncEcsEZm+n+

VwVc(rc rw) (_ 1),CcCsZm +..

VNVS(rN rc)(rs rc) + VwVE(rw rc)(rv rc) O.
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30 W.B. GRAGG

From Theorem 3,

that is,

vNvsrNrs + VWVErWrE UNUS + UwUE

ug +

vNvs(rrs r) + VwV(rwr r)= O.

Consequently,

O=det( rNrs-r rwre-r)(rN rc)(rs rc) (rw rc)(re- rc)

l(ru rc) + (rs rc) (rw rc) + (re rc)’
det\/ (ru rc)(rs rc) (rw- rc)(re- rc)

rc

by subtraction of rows. This is equivalent to the stated result.
Wynn’s identity permits the recursive construction of a normal Pad6 table

from the partial sums

rmo(Z)-- Cm(z)-- Z CkZk
k=O

according to the scheme in Table 7.

TABLE 7

F

0 0 0 0 0 0

ro4

The dual algorithm begins with the partial sums

rol(z) D.(z)= dkzk
k=O

of the reciprocal series D(z) and constructs the upward sloping diagonals from top
to bottom.

6. The epsilon and eta algorithms. A special case of the power series

C z c0 -Jr- C Z -Jr c2Z2 f- c3z3 -t-

is the infinite series
Co-- 1,

C(1) Co + C -- C2 + C3"’"
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The partial sums
sm= C,,(1)=co +c +c2 + +%

form an infinite sequence {Sin}. Conversely, with any infinite sequence {Sm},
one may associate the formal power series C(z) by defining

Co So, Cm ASm_l, m >__ 1.

Then s, Cm(1).
The epsilon algorithm is a (nonlinear) sequence transformation. One constructs

the triangular array in Table 8"
TABLE 8

(when possible)from the boundary values

(0m)-- 0,

and the rhombus rules

(1m) Sm

((nl (mn_l+ 1))((nm +1) (nm)) 1

At the ruth stage the upward sloping diagonal e(om), e(m-1), ..., e(,,0) is added to the
e-array. In practice this requires storage of only the latest upward sloping diagonal.

The following theorem provides explicit formulas for the values e(m) and
relates them to the Pad6 table of the formal power series C(z) corresponding to the
sequence {s,}.

THEOREM 6.1 (Shanks, Wynn). If the indicated quantities exist, then

det (Ai+ Sm)i.j 0e+ det (Ai+. " r,,+,.,(1)
-mzi,j

and

det (Ai+j+ Sm)i,j=(2)+ 2 det (A+J+ --..--"m;t,j 0

Proof. Let the array of rational functions in Table 9 be constructed from the
boundary conditions r,o(Z Cm(z) by the rhombus rules

N
w e (rs rN)(r’e r’w) (r’s r’N)(rE rw)= 1.

s
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32 w.B. GRAGG

TABLE 9

o o o o

ro r r2 r)3

roo \\ rol r02 r03

\\\ rl r’12 r’13rn’,

rlO rll xx r12 r13

r20 r21 r22 r23

r30 r31 r32 r33

Then rmn is the Pad6 fraction of type (m, n) for C(z). For, consider the "constella-

rN

rNW rNE

rw rc rE.

rsw rSE

rs

From the rhombus rules,

1
+

rN rC rs rc
(r’Nw r’N) + (r’s r’sw)

(r’w r’sw) + (r’s r’u)

1 1

rW rC rE rC

Hence the functions r,, may be eliminated to give the "star identity" of Theorem
5.5 for the Pad6 table. By Corollary 2 of Theorem 3.3.

(6.1)
det (Ai+ JCm-.(Z))i",j 0rmn(Z)
det (Ai+Jc n(z))n,j= 1’

and the duality theorem, Theorem 4.4, gives

(6.2)
det (Ai+JD

r"m(Z)
det (Ai+JD n(Z))in,j= O’
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with D,,(z) the nth partial sum of the reciprocal series D(z). Now eliminate the
functions r,.. from the above array in the same way. Observe that the functions

r.. are obtained from the r,o exactly as the r.m are obtained from the ro.. Since

r’m(Z)-- ACre_ I(Z)’ rm(Z)-- Din(z)’

it follows from (6.2) that

det (Ai+JACm_n l(Z))in,j=(6.3) r’m,(Z)
det (N+JACm_,_ (z))j=o"

The theorem is a consequence of (6.1) and (6.3) on setting s,, C,,(1) 2n +

r,.+.,.(1), and o") (z).2n+2 Fro+n+ 1,n

The eta algorithm is a (nonlinear) series transformation. One constructs the
triangular array in Table 10 (when possible) from the boundary values

(6.4) r/to"= , r/"= Cm,

TABLE 10

and the rhombus rules

(6.5)

(6.6)

(6.7)

+
1 1 1 1

+ + rt +2+ 2 nm+ ’12n +

The next theorem is the analogue of Theorem 6.1 for the eta algorithm.
THEORE 6.2 (Bauer). If the indicated quantities exist, then

JCm + )i,j 0.m) det (N+Jcz)[,j=o det (Ai+
,2.+ det(N+J+ "- + %+)ia=oCm)ia=odet(A + "-

det (N+c.,)’.j= o det (Ai+JCm+ 1)in,j= 0r/)+ 2 det (Ai+J+ c,.)i",j= o det (A+J+ n--1Cm + 1)i,j 0
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and

(6.8)

Proof. Let

m-1 2n+l

rm+,,,(1)= Z r/]k) + Z qm),
k=O k=O

m-1 2n+2

rm+n,n+l(1) Z qlk) / Z
k=O k=O

)+1 rm+n,n(1) rm+n-1,n(1),
r/(zmn)+ 2 __= rm+n,n+ 1(1) rm+n,n(1 ).

The boundary values (6.4), rhombus rules (6.5), (6.6), and the assertion (6.8) follow
directly from this definition; (6.6) is Wynn’s star identity with z 1. Also the,
identities *, and * of Theorem 5.4 provide

(2mn)+ (-- 1)" Cm + n,nCm + n,n +

Vm+n-l,n(1)Vm+n,n(1)’

r/)+ 2 (- 1)"+1Cm+n’n+ 1Cm+n+ 1,n+1

Vm+n,n(1)Vm+n,n+l(1)

From Corollary 2 of Theorem 3.3,

Cm+n,n (TnC(nm+ 1) a. det (Ai+’JCm+ 1)i,j:on-

and

Vm+n,n(1) fin+ det (Ai+Jsm)7,j=

r.+ det (Ai+j+ Zs -mli,j 0

a.+ det (Ai+j+ 1Cm)in-,j=10
since AS Cm+ 1" The assertion (6.7) follows since

a, (m 1),(,- 1)/2 (_ 1)1 + 2 +...+(,- 1).

This completes the proof.
Observe that (6.8) states that the lower "almost triangular" half of the Pad6

table shown in Table 11 is obtained by summing the eta scheme, first along the

TABLE 11

too rol

rio rll r12

r20 r21 r22 r23

r30 r31 r32 r33 r34D
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first column, and then along the downward sloping diagonals. The summed eta
array has the form shown in Table 12.

too

rol

TABLE 12

rio rll

rl " rl

r2o r21

r21 " r2

r31

r3o

r4o

r31

//.

r22
//.

Hence some elements of the Pad6 table are repeated.

7. Normality criteria" Pdlya frequency, Stieltjes, and nonnegative definite
power series. In this section three classes of formal power series are investigated
with regard to normality properties of the Pad6 tables of their members.

The power series C(z) is a P61ya frequency (PF) series if all subdeterminants
of the corresponding semicirculant matrix C are nonnegative.

LEMMA 7.1. (a) If A(z) and B(z) are PF series, then so is their product A(z)B(z).
(b) If C(z) is a PF series and C(z)D(z) 1, then D’(z) =_ D(-z) is also a PF

series.

Proof. (a) Let , fl Aok. By the Cauchy-Binet formula (Theorem 2.3),

det (AB)(o, fl) det A(cz,),)det D(7, fl) >= 0.

(b) If cz, fl Ak, then a, fl 6 A. for some integer n 1. Since

Co.Do. I., det Co. c > 0,

Jacobi’s theorem, Theorem 2.2, gives

det D’(a, fl) det ((- 1)’- d,_ flj)ik,j=l

(- 1)Il-lal det Do,(a, fl)

(- 1)I’l-Ialc" det C,(cz, fl)

Co "det Co.(fl’, ’) >= O.
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THEOREM 7.1 (Schoenberg, Karlin). Let C(z) be the Maclaurin expansion
of the meromorphic function

(7.1) f(z) e’z :1

I] (1

with , >= O, ft, >- O, >= 0 and y’, (ag + fig) < oo. Then C(z) is a P6lya frequency
series. Moreover ifM (N) is the number of positive am (ft,), then"

(a) if y 0 and M + N < oo, then C(z) is (M, N)-normal"

%,>0, O<=m<=M
%,=0, m > M and

or O<__n<_N,

n>N;

(b) if > 0 or M + N oo, then C(z) is normal"

Cm,>O, m>=O, n>_O.

Proof. Let A(z) 1 + az, >= O. The nonnull subdeterminants of the matrix

A are ag >= 0, k 0, 1, 2, .... Hence A,(z) is a PF series. From Lemma 7.1(b),
Ba(z) fl"z" 1/Aa(-z) is also a PF series for fl >= 0. By repeated application
of Lemma 7.1(a), the Maclaurin expansion C(S)(z) c)z of

is a PF series for every integer s _> 0. Since f()(z) f(z) uniformly for Izl
< 1/max (ft,), s -o oe, the coefficients c Cm as s -o . Consequently
lim_ det C)(a, fl) det C(a, fl) => 0 for a, fle Aoog, proving the first assertion.

Let Er(z) em(’)z Z O (m/m !)zm" By induction using Theorem 5.1,

with

Also

detA

emn()
(m- 1)!!(n-
(m + n- i-)!!

k

k!! 1-I J!, (-1)!!-- 1.
j=O

k+ 1,k+2,..., k+n

k ,k+l,...,k+n-1
=a"’ k>=l, n>=l.
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Let m < M. By neglecting some nonnegative terms in the repeated application of
the Cauchy-Binet formula,

c[m+ 1,m+ 2,...,m+n
detCmn

2 ,..., n

det E(m + 1,m + 2, ..., m + n;6o)detAl(6o,61).., det A,,(6m_l, 6m)

with fii Am+n,n, 6,n (1, 2, n). If 7 0, take

6i (m + 1- i,m + 2 i,... ,m + n i),

0,1,...,m,
to obtain

Cmn " (0102 Om) > O, n >= O.

From this and the duality theorem, Theorem 4.4, if n _<_ N, then

c,., (--1) d,,,,, d’,,, >= (flfl2"’" ft.)" > 0, m >__ 0.

This proves the first part of (a) and Corollary 3 ofTheorem 3.2 completes the proof
of(a). If7 > O, put 3i (1,2,..., n), 0 =< =< m, to find

Cmnemn(’)>O m>=O, n>=O.
This completes the proof.

The converse of the first assertion of Theorem 1 was conjectured by Schoen-
berg and proved by Edrei. Consequently the representation (7.1) characterizes a
P61ya frequency series.

The formal power series C(z) is a nonnegative definite series if the coefficients
are moments of a nondecreasing function p"

c, d#(t), m >= O.

It is a Stieltjes series if, in addition, #(t) is constant for -oe < < 0"

(7.2) Cm d#(t), m >= O.

For positive definite series it is appropriate to consider, instead of the determinants
Cm, the Hankel determinants

C(nm) det C(nm) det (Cm+ i+j)in, 1"

The matrices C.m), m >= O, n >_ 1, are the connected submatrices of the Hankel
matrix

CO C1 2 C3

C C2 C3 C4

(7.3) CR= c2 c3 c4 c5 =(ci+j)i,=o//oo.
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Of course

with the sign factor

Cm GnC(n + C(nm) O’nCm + ,n

arising from a reversal ofthe columns. On dropping the signs an the c-table becomes
Table 13

TABLE 13

coO c- c- c3- -0 ciO)

cg) c)
Co3 c?>
Co"> c?

C(2-1) C(3 2) C(4 3)

cO c3-, ri--
ci c ci-
c c3 c

with the boundary values

and

com) =-- l, CT) Cm, m >__ O,

c-’) =- O, n >= 1.

Also the Frobenius identity of Theorem 5.1 becomes

(7.4) C(n 1)c(nm+ 1) r,(m+ 1)r,(m- 1) (C(nm))2n- t’n+

THEOREM 7.2. Let C(z) be a Stieltjes series. Then

c(nm)o, m>=O, n>_O.

Moreover if the function # has exactly N <= oo points of increase, then C(z) is
(N 1, N)-normal"

C(nm)’O, m>_O, O<=n<=N,

O.mt/n..(m) > 0 rn =< 0 < rn + n =< N,
cm) 0, m+n>N, n>N.

In particular C(z) is normal if and only if # has infinitely many points of increase.

Proof. Let m >= 0, n >- 1. The quadratic forms
n--1

f n.l 12E Cm+i+jiJ tm iti d#(t)
i,j=O i=0

are nonnegative; hence cm) >= O. Moreover cm) 0 if and only if there exists a
polynomial X(t) o + lt + + n-1 0 with X(t) 0 at every point
of increase of #(t). Since Z(t) has at most n 1 zeros, c(,m 0 if and only ifN =< n
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1. That is, for m >= O, n >= O, ct,m) > 0 ifand only ifn =< N. The proofof the second
assertion is completed by applying Theorem 3.2(e) and (7.4) to determine the
(strict) signs of the remaining entries in the modified c-table (Table 13). For
N 3, see Table 14.

TABLE 14

+\\ 0 0 0 0 0 0 0 0

+ + "\-- + + +

+ + + \- + +
+ + + + + +
+ + + + 0\\0 0 0 0

+ + + + 0 \\0 0 0

+ + + + 0 0 0\\\0 0

COROLLARY 1. Let C(z) be the Maclaurin expansion of -f’(z)/f(z) with

f(z) ,1-[1 1-

distinct z, > O, integers m, >= 1, and s m,n < . Then C(z) is an (N- 1,
N)-normal Stieltjes series.

Proof The logarithmic derivative

.fi(z) u m, u m, 1
f(z) z-n, z, 1-

If Izl < min (n.), then by the geometric series,

f’(z)__ VN m,
f(z) 7gn m=0 m=O

Consequently,

with

C m,z"- t" d#(t)
n=l

N

#(t) m.rc h(t z 1)
n--1

and h the Heaviside function

h(t)= 1/2,
1,

t<O,

=0,

t>O.
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The corollary follows from this and Theorem 7.2.
COROLLARY 2. Let C(z) be a normal Stieltjes series. Then all subdeterminants

of the matrix Cg in (7.3) are positive.
Proof. This is a direct consequence of Theorems 7.2 and 2.8.
Similar results may be established for nonnegative definite series. However in

this case it is possible that some coefficients CEm/ vanish.
THEOREM 7.3. Let C(z) be a nonnegative definite power series. Then

c2")>__0, m>0,_ n>0._

Moreover if the function t has exactly N <= c points of increase, then C(z) is
(N 1, N)-seminormal"

c.2")>0, m>=O, O<=n<=N,

(-1)mc,2")>0, m=<0<2m+n_<_N,

ct,")=0, m+n>N, n>N.

In particular C(z) is seminormal if and only if has infinitely many points of in-
crease.

Proof The quadratic forms

n-1

f-oo nl 2
2m iti alia(t)C2m+i+fi

i,j=O i=0

are nonnegative for m >= 0, n >= 1. The remainder of the proof follows that of
Theorem 7.2. Apart from the infinite square block of null cm), only those with
even superscript may be determined from (7.4). For N 3, see Table 15.

TABLE 15

+\\0 0 0 0 0 0 0 0

+ + \- + + +

+ +\

+ + +\\

0+ + \\0 0 0 0

+ + + 0 0\\ 0 0 0

+ + 0 0 0\\ 0 0

This completes the proof.
Converses of the first assertions of Theorems 7.2 and 7.3 are related to the

classical moment problems of Stieltjes and Hamburger, respectively. For the
former, the conditions

c},m)>0= m=0,1, n>=0,
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are sufficient for the existence of a nondecreasing function # satisfying (7.2).
The corresponding criterion for the Hamburger case is

c(O) > 0, n > 0

For seminormal power series null determinants era,, if they occur, are neces-
sarily isolated. The following extension of Theorem 5.1 permits the recursive
construction of the c-table in such cases.

THEOREM 7.4. The identity

CEECNwCsw + CwWCNECSE CssCNwCNE + CNNCswCsE
(7.5)

+ (cvCss CwwC CCs + CwC)Cc,

relating the entries of the constellation

CNN

CNW CN CNE

CWW CW CC CE CEE

CSW CS CSE

CSS

in the extended c-table, is valid. In particular if Cc 0, then

ccwCsw + CwwCCs CssCwC + cuCswCs.

Proof One has

c ccc + CwC, c ccs + CcC,

c CcCss + CswCs, c cvcs + CwC.

C2W CNwCsw -[- CwwCc
Consequently,

(cc CwC)C (cc CwC)(cc + CwC)
2 2 2 2CNCS CwCE

(CNNCc + CNwCNE)(CcCss + CswCs)

-(CwCsw + CwwCc)(CCse + CcCee)

(c CwC)c
(CEECNwCsw -- CwwCNECSE CssCNwCNE CNNCswCsE)Cc,

and cancellation of cc proves (7.5).

8. The Pad6 table of a meromorphic function- simple zeros and poles. In
this and the next section it is assumed that the power series C(z) is the Maclaurin
expansion of a functionf which is meromorphic for Izl < R, 0 < R __< . Hence
for sufficiently small z,

f(z) co + clz + c2z2 -- -.., CO 1.
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Let f have simple zeros m ordered

and simple poles re. ordered

Let M be the number of zeros and N the number of poles" 0 =< M =< oo, 0 <_ N
=< oo. If M < oo (N < oo), it is convenient to choose t+l (rN/I) such that
IMI < M+I < R (INI < N+I < R).

The theorems of this section provide asymptotic formulas for the elements
associated with the Pad6 table of C(z), both as m --+ oo and n remains fixed, and
as n --> oo while rn is fixed. Only the former case needs to be considered since
corresponding results hold for the latter by easy applications of the duality
theorem, Theorem 4.4.

Denote by . Resf(Tz.), 1 =< n < N + 1,

the residue off at the pole n.. The functions

fS)(z) f(z)
k=l Z k ---- Z -inC(S)zin- 0 ...-< s < N + 1,

m=O

are holomorphic for Izl < I+ xl, As in the proof of Corollary 1 of Theorem 7.2,

k= Z k m=0

zm, Izl < ICl[.

Consequently, on comparing coefficients of like powers of z,

(8.1) cin kn -I- C(Sm), m >_ O.
k=l

From Theorem 3.3, equation (3.8), for m => n 1,

(8.2) vin,,(z) (- 1)" det

with

k 1
z

nin_ l_(i_j) .qt_ Azc)+i_
k=l i,j=l

Az( zc(Sm)_t_

There can be only a finite number of zeros (poles) in each closed disk Izl p < R, for otherwise
the zeros (poles) would have a point of accumulation in the disk and f would vanish identically (not be
meromorphic) there. By choosing a countable sequence Pk R there can be at most a countable number
of zeros (poles) in Izl < R.
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ForO<=s<N+ 1, let

k
-(i- j) @ /n,

k= 1,2,...

t?+ _= (/,/, ..., :/) (Az+,_) ,, ,S,

and

W (Tm+j-1) e/sn
Then from Theorem 2.9,

v,,,(z) (-1)" det (k-1
(8.3) (- 1)" Z

)(1) l,n

det (u*’) u2"2), u"))

(- 1)" Idet k Os
det (u7 ’), u72), uT"))1

(8.4) (-1)"[det (VW) +

THEOREM 8.1. Letf be a rational function. Then for 0 < n <= N and

m>=max(O,M-N+ 1)+n- 1,

Proof. Let s N and observe that f(N) is a polynomial of degree at most
M-N. Hence c)=0, m>=M-N+ 1, and for m _>_: max (0,M-N+ 1)
+n-l,

Vm,(Z (-- 1)" det (VNWI).

By the Cauchy-Binet formula (Theorem 2.3),

det(VW)= detV
eANn

1,2,..., n
det w,

1’)2, "’",
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From Theorem 2.7,

detVN(1,2,...,n)’}) 1, ’})2, "’’,
det erj 1

z -i
7j

i,j=

=%,%2...%, 1-)(1--1 1 1
(, .)-v(;, )

Similarly,

det Wr(7’ 72’ "’"’ )’n v(,,r,2, :,)(:: r,) -’.
1,2,...,

A combination of these results provides the theorem.
THEOREM 8.2. (a) If n < N + 2, then

(8.5)

v,,,(z) O((rclrc2 7r,)-m), m .
(b) Ifn<N+ l andz g: rk,1 <_ k <= n, then

v.(z) . + ,v(,, ,)

+1

(c) Ifl N k N n < N + 1, then

Omn(k) O(1 k-lk+l n+ 1)-m, m .
Proof One first requires an estimate for the coefficients c as m . If

I1 Il < ln+ l with r > s, or if l%l < n+ 1 Inr[ with r maximal,
then the Maclaurin expansion c)z is convergent for z n. Hence c)n

0 as m , that is,c o( m) o(nx) as m . Consequently from (8.1),

(8.6) c)= n;m- + c) O(n;), m ,
k=s+l

that is, t)=m is bounded as mm vs +
Now consider (8.3) with s n 1. If @,, is such that j n for

some pair i, j, then the columns u"’) and-t") are proportional and det (u]"),
u"), u"")) 0. Using (8.6) and factoring (nn, n,,)- from the columns
of the remaining determinants, one sees that the dominant factors are
(nn2 n,)-. This proves (a). Statement (b) follows from (8.4) with s n. As
in the proof of Theorem 8.1, det() det . det is equal to the right side
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of (8.5), apart from the remainder term. The latter is estimated as above with the
additional observation that if.+ 1,.- tI).., then at least one i- n + 1.
There results

Nn m(Inn

completing the proof. To prove (c) note that if z nk, then Uk 0 and (8.3) with
s n provides similarly

(8.7)

and

Proof. The remainder terms in (8.5) and (8.7) tend to zero as m --, oe. In par-
ticular %, va 0 for m sufficiently large. By Corollary 1 of Theorem 3.3, q,.(z)

Vmn(Z)/C,, q,(z) as m oe.
The first statement of the following theorem is due to Montessus de Ballore.

The second seems to be new.
THEOREM 8.3. (a) If n < N + 1 and ]rc,I < 17, + 11, then

f(z) lim rm,(Z)
m--

uniformly on compact subsets of
O. {z’lzl < I.+ l,z , 1 __< k __< n}.

(b) If n < N + 2, Ir,l < I,+ 11 < [r.+ 21, and z D., then
2 )( )+.+f(z) r,,,(z) x"+ q"(rc"+ z

z- .+ .() .+

Proof From the Frobenius identity.,

finn(Z) rm-1 ,n(z) cm’n + 1)"Z" +"

c,,_ 1,, q,,,(z)qm- 1,,(z)
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for m _>_ mo. From Corollary 8.1 (a),

c,,,.+ O(@:x:2 :,+ 1)-m), m

From Corollary 8.2,

Cm 1,n fin+ ltZl2 (Zn/)2(l, 2, n)(l2 7n)-m-n+l

qmn(Z)qm_ l,n(Z) q2.(z), m --.

Hence if A. is any compact subset of D,, then

rmn(Z r 1,n(Z) O((z/7n+ 1)m)

uniformly for z e A. and m >_ m. By the theorems ofWeierstrass, the limit function

f.(z) lim rmn(Z lim [rkm(Z --rk_l,m(Z)]
moo moo k---0

exists uniformly for z e A. and is holomorphic there. Moreover

dk dk

-dzf.(z) lim -dzkrmn(Z), z D., k >_ O.

Since by construction

dk dk

-dz rm.(O) -zf(O) O<=k<=m+n, m>=mo,

the uniqueness of the Maclaurin expansion shows that f, f. This completes the
proof of (a).

To prove (b) observe that the additional hypotheses imply

Consequently if z e D.,

r.(z) r_ ,.(z)
re.+1 q2.(z)

and

Z )m+nTCn+

f(z)- rmn(Z Z [r.(z)- rk_ 1,n(Z)]
k=m+l

7r’n+ qZ,(z) .+x k=O z) k

n+

Z 7n+ qZ,(z) c.+
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9. A quotient-difference algorithm. By Corollary 2 of Theorem 8.2, if
n < N + 1 and I.1 < I.+ 11, then

Cm- 1,n/Cmn -- 2 n

If, in addition, In.-11 < Ir.l, then

consequently,

Cm,n-

Cm+ 1,n-

Cm- ,nCm + ,nmn " 7r,n, rn GO.
Cm,n Cmn

Let D(z) be the reciprocal series of C(z). From the duality theorem, Theorem 4.4, if
m < M + 1 and [m-II < [(ml < [m+ X[, then

dn- 1,mdn + 1,m-mn dn,m- dnm

Cm- ,nCmn

TABLE 16

0 0 0 0

21 "/n 22’’ 23 24
21 22 23 24

31
"/a

/32 33 34

\ //
41 42 43

The array in Table 16 is the n-table for the power series C(z). Observe that the
n-table for D(z) is the transpose of that for C(z).

THEOREM 9.1. In the n(-table the boundary conditions

7T’m Cm 1/Cm, 1,, d,,_ 1/dn

and rhombus rules

7"f’mnmn Pmn 7"f’m,n+ lm+l,n,

7T’m,n+ -- m+ 1,n O’mn m+ 1,n+ -" m+ 1,n+
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are valid. Moreover,

Cm- 1,n+ 1Cm+ 1,n-
2

Proof. The boundary conditions follow directly from the definitions; also

Cm ,nCm + ,n Cm,n 1Cm ,n +

Cm,n- Cmn Cm- ,nCmn

Cm- 1,n+ 1m+ 1,n-
2

Cm- 1,n+ 1Cm+ 1,n Cm+ 1,n- 1Cm,n+

CmnCm,n + CmnCm + ,n

7"(’m,n + l(m+ 1,n"

The additive rhombus rule requires two applications of Theorem 5.1"

m,n + + (m + 1,n
era- 1,n+ 1Cm+ 1,n Cm+ 1,n- 1Cm,n+

CmnCm,n + CmnCm + ,n

2 2
Cm- 1,n+ 1Cm+ 1,n+ 1Cm+ 1,n Cm+ 1,n- 1Cm+ 1,n+ 1Cm,n+

CmnCm,n + 1Cm + .nCm + ,n +

(C2m,n (2m+ 1,n ++1 CmnCm,n+ 2)C2m+ l,n CmnCm 2,n)C2m,n+
CmnCm,n + 1Cm + ,nCm + ,n +

2 2
CmnCm+ 2,nCm,n+ CmnCm,n+ 2Cm+ 1,n

Cmnem,n + 1Cm + ,nCm + ,n +

Cm,n + 1Cm + 2,n Cm + ,nCm,n + 2

Cm + ,nCm + ,n + Cm,n+ 1Cm+ 1,n+
m+l,n+l -’[- (m+l,n+l,

completing the proof.
The consequences of Theorem 9.1 are illustrated in Table 16. Beginning with

the coefficients Cm of a normal power series C(z) the rhombus rules permit the
recursive construction of the zt(-table by successive addition of upward sloping
diagonals. The dual algorithm applies when the coefficients of D(z) are known.
In practice only two one-dimensional arrays of storage are required, one for each
of the latest upward sloping zt- and (-diagonals.

Example. The reciprocal of the function

f(z) Jo(2x/) Z (- 1)"
Z

m-O (m!)

satisfies the hypotheses of Theorem 7.1(b),

4 4re
o O, fin J n2

n -- zt3
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Hence Cl(Z)= Jffl(2x) is a normal P61ya frequency series. The first seven
columns of the zr-table for Cl(z) are given in Table 17.

TABLE 17

-1.0000 -4.0000 9.0000

1.0000 A 3.0000 A 5.0000 A 7.0000

A -0.3333 A -2.4000 A -6.4286 A

1.3333 A 5.0667 A 9.0286 A 13.016

A -0.0877 A 1.3468 A -4.4592 A

1.4211 A 6.3258 A 12.141 A 18.079

A -0.0197 A -0.7017 A -2.9946 A

1.4408 A 7.0078 A 14.434 A 22.242

A -0.0041 A -0.3407 A 1.9433 A

1.4448 A 7.3445 A 16.036 A 25.579

A -0.0008 A -0.1560 A -1.2184 A

1.4456 A 7.4997 A 17.099 A 28.178

A -0.0002 A -0.0684 A -0.7393 A

1.4458 A 7.5680 A 17.770 A 30.145

A -0.0000 A -0.0291 A -0.4358 A

1.4458 A 7.5971 A 18.176 A

A -0.0000 A -0.0122 A

1.4458 A 7.6093 A

A -0.0000 A

1.4458 A

A

Also from Corollary 1 of Theorem 7.2, the Maclaurin expansion, C2(z), of
-f’(z)/f(z) is a normal Stieltjes series. The corresponding entries in the n(-table
of C2(z) are given in Table 18.

The algorithm of Theorem 9.1 has a useful matrix interpretation. With the
elements

of the kth upward sloping diagonal in the n(-table, and the definitions

O’mn nm,n+1 -]" Cm+l,n, Pmn 7mnCmn,
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50 w.B. GRAGG

-2.0000

2.0OOO

V

1.5000

V

1.4545

TABLE 18

6.0000 >

8.0000 2.0000

0.5000 24.000

V 16.500 54.000

0.0455 V 7.3333

V 9.2121 V 61.333

V 0.0072 V 1.1014 V

1.4474 V 8.1178 V 27.935

V 0.0013 V 0.3201 V

1.4461 V 7.7990 V 22.324

V 0.0002 V 0.1118 V

1.4459 V 7.6875 V 20.381

V 0.0000 V 0.0422 V

1.4458 V 7.6453 V 19.543

V 0.0000 V 0.0165 V

1.4458 V 7.6288 V 19.143

V 0.0000 V 0.0066 V

1.4458 V 7.6223

V 0.0000 V

1.4458 V

4.0000 >

> 0.2500

32.000 >

16.000

-108.00

192.00

34.500

V 162.50

5.9308 V

V 64.431

2.0549 V

V 47.566

0.8805 V

V 41.384

0.4158 V

form the tridiagonal matrices

and

GkO

1

tOkl

O’k- 1,1 Pk- 1,2

1 O’k 2,2 Pk- 2,3

1

d() (j))T.

(71,k-

1

Plk

GOk
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Let the bidiagonal matrices

(k- 1,2

1

and

k- 1,2

Lk)=

/1

kl

2,k- 1

7"g lk 1

R(k) =_

/(k+ 1,0

1

(2,k-

Then the following result is a direct consequence of the boundary conditions and
rhombus rules.

COROLLARY. The quotient-difference algorithm of Theorem 9.1 is equivalent
to the algorithms"

(rt)" Let j(.o) O. For k >_ 1 factor
jT-1) 00 ()

e2 =R.L

subject to lk dk-1/dk; then let

j(nk) ljk)R(k)

()" Let jo) O. For k >= 1 factor

Kk)
jk-1)

0 ;) L)R()

subject to 7Zkl Ck_ liCk; then let

j(k) i)(k)l(k)

The next theorem provides convergence results for certain rows and columns
of the rc(-table when C(z), and hence also D(z), is the Maclaurin expansion of a
meromorphic function with simple zeros and poles.

THEOREM 9.2. If n < N + 2 and I.1 < Ire.+ 11, then

and

mn O((./Tr’n+ 1)m) -- 0,

pz. O((./. + )m) 0, m oo.
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If n < N + 1 and Inn-l[ < Inn[ < [nn+l[, then

and

am,n-1 7T" -Jr- o On "- 7T,

with

On -= max
7n+

m--oo

The duals of these statements also hold. If m < M + 2 and ICml < Im + 1l, then. o((C/Cz+ )") --, o,

p,.. O((C,./Cm+ )") ---’ o,
and

If m < M + 1 and [C,.-1[ < [C,.I < [C’m+ 1[, then

and

with

(mn (m -JF" O(Tn --’>

Gm-1,n (m @ O(Tt)

Zm max

Proof. From Corollary 1 of Theorem 8.2,

Cm. 0 12 7.-1 12 .+
12 . 712 .

__o

likewise for p,,,. as m --+ . Similarly,

[I + O((=n/nn+ i)")3[I + O((n._I/nn)")]
7T’mn--- n[l "b O((n_l/n)m)][1 + O((7r,n/rr,n+ 1)m)]. + o(o’2),

and the fourth assertion follows from these, thus completing the proof.
Now let the polynomials

p.(z) _=. q(,.).(z) =-- 1)n(Vm.(Z)/C,. +1 ,n)"

m -- oo

D
o
w

n
lo

ad
ed

 0
8
/0

9
/2

2
 t

o
 1

0
6
.5

1
.2

2
6
.7

 .
 R

ed
is

tr
ib

u
ti

o
n
 s

u
b
je

ct
 t

o
 S

IA
M

 l
ic

en
se

 o
r 

co
p
y
ri

g
h
t;

 s
ee

 h
tt

p
s:

//
ep

u
b
s.

si
am

.o
rg

/t
er

m
s-

p
ri

v
ac

y



THE PADI TABLE 53

From Corollary 1 of Theorem 3.3, n() -,aoqm,, is the numerator (denominator) of
the Pad6 fraction rm,, normalized so that its leading coefficient is unity. It is also
natural to define, as in 3,

prO) zkg,_ l(Z) q(O_)a,k(Z), k O.

THEOREM 9.3. The triangle identities

ptO) o) _o)
+ (z)+ ,.(z) zp.(z) + ,.+,.

(R).. .o (z)= o _o ,.(z)-1,,,,+ Zqm,(Z) Xm+ 1,,+ xq+

p(z) .o p ,.(z).,._ (z) + .,.+
.o (z)

and the identities relating three consecutive polynomials along an upward sloping
diagonal

p(o l(Z) (z ..)p2(z) ;,.+p_ ,.+ (z)m+ 1,n--

.o (z)q(m)-- 1,n+ 1(Z) (Z am.)q2(z Pro+ 1,nqm+ 1,n-

*

are vahd.
Proof. These follow from the definitions and the corresponding Frobenius

identities of Theorem 5.2.
Either pair of triangle identities permits the recursive construction of the

polynomials

zk+l1 ,(o) q(O_) 1,1,’kO q(o0 q )x k +

and

Zk + n(O) _(Q) n(O) (oOk)Uk+ l,-1, [lkO, Vl,k- P 1

from those of the previous diagonals in their respective tables, and the entries
of the kth diagonal in the r-table. The following corollary is a consequence of the
third pair of identities.

COROLLARY. The polynomials q(k)_,,,, n O, 1, , k + 1, and l’m,k-m,"(O) m
0, 1,-.., k + l, are the characteristic polynomials of the submatrices

k) and
1,2,...,

k+2-m,k+ 3-m,...,k+ 1

k+2-m,k+3-m,...,k+ 1

of J) and jk), respectively. In particular,

det (zIg+ J)) zg+ det (zIg+ Jg))

and the trace

k k

T(k) 20"k-l,l 2 (Ck-l+ 1,1 + 7k-l,l+ 1) O,
/=0 /=0

k=O, 1,2,....
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Proof. The first assertion is true for n 0, 1. If it is assumed to hold up to n,
then by Laplace expansions along the last column and row,

(z a_.,.)det IzI.
(0) ,nq(k0)- n+ 1(z)(2 O’k_n,n)qk_n,n(Z) pk n+ 1,n-

qtY._

Similarly for the polynomials P,)-m by Laplace expansions along the first
column and row. From Theorem 2.1 the trace of J) is equal to the sum of its
characteristic roots. Since each such root is null, ztk) 0, completing the proof.

The last fact provides a convenient check on the numerical stability of the
computation. The next theorem, on the convergence of the polynomials ptmO, and
0) is a consequence ofthe definitions and Theorem 8.2, as in the proofofTheorem

9.2.
THEOREM 9.4. Let n < N + 1 and Irnl < Ir,+ 11. If z 4: rCk, 1 <= k <= n, then

forl <__k<_n,

q)(z) + 0
n+

q(,,)(z) fi (z ,),
k=l

The dual statements also hold. Let m < M + 1 and Iml < [m+l[" If Z = ,
1 <= k <__ m, then

1-[ (z ,),
k=l

forl <_k<=m,
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Generalizations of the polynomials nt) and at) are useful for the determina-
tion of equimodular zeros and poles. Observe that if

then by Theorem 9.2,

Pmm, ---> O,

and as m oo, the matrix

m, k= 1,2,3,-..,

1,2,...,

becomes block lower bidiagonal with diagonal blocks of order Yk nk+ nk"

Illk q- 1, r/k -F 2, nk+ k 0 1 2,/m)
l’lk -Jt- 1, nk + 2, "", rig+

and subdiagonal blocks
r k=123elevk//nk/l,n,

For example, with n 1, n2 3 and n3 N 5"

1,2,3,4,
1

Unless Vk 1, the elements of the diagonal blocks do not converge as m .
However it will now be shown that the characteristic polynomials of these blocks
do converge to the monic polynomials with zeros rc,/ 1, r,+ 2, "’", r,/ . For
this purpose define the polynomials

p).(z) det [Z!m_ k Jm+")(k+n+2’k+n+3’ ""’m + n + 11) 1k+n+2,k+n+ 3,...,m+n+
and

and

k+l,k+2,

THEOREM 9.5. The polynomials p(), and q(m), satisfy the recursion relations

p(k)_ 1,,(Z) O, p((Z) 1,

(z z (z)Urn+ 1,n- (7mn)Pmn( Om,n + r 1,n +

q(k) I(Z) O, q)(z) 1

q)- x,. + l(Z) (z (k) Z ,(k) (Z).(rm,)qm,() Pm+ 1,, + 1,,-
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If m < M + land

then

lim p),(z) p)(z) H (z ).
l=k+

Dually, if n < N + 1 and

then

lim q),(z) q)(z) (--I (z
moo l=k+l

Proof The recursion relations follow directly from the definitions, as in the
proof of the corollary of Theorem 9.3. From that corollary,

1,2,...,

If the matrices Bu are square, and Bll is nonsingular, then as in the proof of
Theorem 2.6,

(det Bll) -1 det (Bll B12
B21 B22

Now apply this with

Bll zIk

det (B22 B21B-(11B12)

det [B22 (det Bll)- 1B21B1B12

TB12 iOm+n_k+ 1,kekek

TB21 elek + 1,k+2,...,

and observe that the (k, k) element ofBI is

det[zlk_ J(,m +")( l’2,’’’’k- 1

1,2,...,k- 1
40)
q,,+,+k- 1,k- 1(2)

There results

q2(z)
q(O) ,(z)re+n- detlzI"-k-Jtm+n)( ++ 1,k + 2,

1,k + 2, , z)ele

with

f(0) I(Z)(mk)n(Z) iOm+n+k-l,ktlm+n-k+l,k-
q(O) k,(Z)
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By Theorems 9.1 and 8.2,

,40) (Z) (-- 1)kcm- 1,k+ lCm+ 1,k- 1)m,k- 1(Z)
mkt’lm,k- 2

Cmk Cm + ,k

(-- 1)kcm-l’k+ lVm,k-l(Z)
2

Cmk

O((Tf,k/Tr,k+ 1)m) 0,

From Theorem 8.4, if z 4: n l, 2, 7k, then

q),(z)
qt.k)(z), etkm),(Z) 0 m ..o ,(z)t.lm+

Hence, by the continuity of the determinant as a function of its elements,

q(k)(z’}m,,, . qk)(z) m

provided z 4: n l, n2, 7k. Since the 7mn
[l(k) are polynomials of degree at most

n k, this holds for unrestricted values of z. This completes the proof.
A useful simplification in the quotient-difference algorithm of Theorem 9.1

occurs if

C(z) p(z) Co + cz + + cuz
is a polynomial of degree M. In this case, by Corollary 3 of Theorem 3.2,

CM. 4: 0, n>_--0,

and

Cmn 0, m > M and n>0.

The rc-table then has the form given in Table 19.

TABLE 19

0 0 0 0

723 24

M- 1,2 M- 1,3 M 1,4

M1 M2 M3 M4

M1 0 0 0
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It may be constructed by successive addition of columns, working from left to
right. This is a progressive quotient-difference algorithm. The dual algorithm
applies when D(z) is a polynomial.

The quotient difference algorithm developed here is a variant of, and for
general formal power series, distinct from, the original one of Rutishauser. Its
relation to the Pad6 table and the corresponding duality theory is perhaps more
natural.
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