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Abstract

We continue our study of the parabolic Anderson equation du(zx,t)/0t = kAu(z,t) +
E(z, t)u(z,t), © € Z4, ¢ > 0, where & € [0,00) is the diffusion constant, A is the discrete
Laplacian, and & plays the role of a dynamic random environment that drives the equation.
The initial condition u(x,0) = ug(x), * € Z%, is taken to be non-negative and bounded.
The solution of the parabolic Anderson equation describes the evolution of a field of
particles performing independent simple random walks with binary branching: particles
jump at rate 2dk, split into two at rate £ V 0, and die at rate (—¢§) V 0.

We assume that £ is stationary and ergodic under translations in space and time, is
not constant and satisfies E(]£(0,0)|) < oo, where E denotes expectation w.r.t. . Our
main object of interest is the quenched Lyapunov exponent \o(k) = limy_,o +log u(0, t).
In earlier work [6], [3] we established a number of basic properties of K — A\o(k) under
certain mild space-time mixing and noisiness assumptions on £. In particular, we showed
that the limit exists &-a.s., is finite and continuous on [0, 00), is globally Lipschitz on
(0,00), is not Lipschitz at 0, and satisfies A\g(0) = E(£(0,0)) and Ag(x) > E(£(0,0)) for
k € (0, 00).

In the present paper we show that lim, oo Ao(k) = E(£(0,0)) under an additional
space-time mixing condition on ¢ we call Gartner-hyper-mixing. This result, which com-
pletes our study of the quenched Lyapunov exponent for general £, shows that the parabolic
Anderson model exhibits space-time ergodicity in the limit of large diffusivity. This fact
is interesting because there are choices of £ that are Gartner-hyper-mixing for which the
annealed Lyapunov exponent Ai(k) = limy_, +log E(u(0,t)) is infinite on [0, 00), a situa-
tion that is referred to as strongly catalytic behavior. Our proof is based on a multiscale
analysis of £, in combination with discrete rearrangement inequalities for local times of
simple random walk and spectral bounds for discrete Schrédinger operators.
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1 Introduction and main theorem

A fair amount is known about the behavior as a function of underlying parameters of the
annealed Lyapunov exponents for the parabolic Anderson model in a dynamic random envi-
ronment. For an overview we refer the reader to [5]. The main motivation behind the present
paper is to understand the behavior of the quenched Lyapunov exponent, which is much harder
to deal with. Our ultimate goal is to arrive at a full qualitative picture of the quenched Lya-
punov exponent for general dynamic random environments subject to certain mild space-time
mixing and noisiness assumptions.

Section defines the parabolic Anderson model and recalls the main results from [6] [3].
Section [1.2] contains our main theorem, which states that the quenched Lyapunov exponent
converges to the average value of the environment in the limit of large diffusivity. Section [T.3]
contains definitions, whereas Section discusses the main theorem, provides the necessary
background, and gives a brief outline of the rest of the paper.

1.1 Parabolic Anderson model

The parabolic Anderson model is the partial differential equation

%u(x,t) = rAu(z,t) + &(x, t)u(z, t), reZ t>0. (1.1)

Here, the u-field is R-valued, k € [0,00) is the diffusion constant, A is the discrete Laplacian
acting on u as

Au(z,t) = > [u(y,t) — ul,b)] (1.2)

yezd
ly—=z|=1

(|l - || is the I;-norm), while

€ = (&)i>0 with & = {&(z,1): = € 29} (1.3)

is an R-valued random field playing the role of a dynamic random environment that drives
the equation. As initial condition for (1.1)) we take

u(z,0) = up(z), z € Z%, with uo non-negative, not identically zero, and bounded. (1.4)

One interpretation of ((1.1)) and ([1.4]) comes from population dynamics. Consider the special
case where {(z,t) = v&(x,t)—9 with §, € (0, 00) and &, an Ny-valued random field. Consider
a system of two types of particles, A (catalyst) and B (reactant), subject to:

A-particles evolve autonomously according to a prescribed dynamics with &, (z,t) de-
noting the number of A-particles at site x at time ¢;

B-particles perform independent simple random walks at rate 2dx and split into two at
a rate that is equal to v times the number of A-particles present at the same location
at the same time;

B-particles die at rate ¢;

the average number of B-particles at site z at time 0 is ug(x).



Then
u(x,t) = the average number of B-particles at site x at time ¢

conditioned on the evolution of the A-particles. (1.5)

The ¢-field is defined on a probability space (€2, F,P). Throughout the paper we assume

that
» £ is stationary and ergodic under translations in space and time.

1.6
» ¢ is not constant and E([£(0,0)]) < oo. (16)

The formal solution of (1.1 is given by the Feynman-Kac formula

w(z,t) = B, <exp {/Otg(X””(s),t — %) ds} uo(X“(t))> , (1.7)

where X" = (X"(t))s>0 is the continuous-time simple random walk jumping at rate 2dx (i.e.,
the Markov process with generator kA), and P, is the law of X" when X"(0) = z. In [3] we
proved the following;:

(0) Subject to the assumption that £-a.s. s — £(z,s) is locally integrable for every x and
that E(e%(0:0)) < oo for all ¢ > 0, (1.7) is finite for all z,¢ and is the solution of (T.1)).

The quenched Lyapunov exponent associated with (1.1)) is defined as
1
Ao(k) = lim Elogu(O,t). (1.8)

In [6] we showed that A\o(0) = E(£(0,0)) and A\o(k) > E(£(0,0)) for x € (0,00) as soon as the
limit in (1.8)) exists. In [3] we proved the following:

(1) Subject to certain space-time mizing assumptions on £, the limit in (1.8]) exists &-a.s.
and in L'(PP), is -a.s. constant, is finite, and does not depend on uq satisfying (1.4)).

(2) Subject to certain additional noisiness assumptions on &, k — Ao(k) is continuous on
[0, 00), is globally Lipschitz on (0,00), and is not Lipschitz at 0.
1.2 Main theorem and examples
Our main result is the following.

Theorem 1.1. If ug = dy and & is Gdrtner-hyper-mixing, then

lim A\o(k) = E(£(0,0)). (1.9)

KR—00

The definition of Gartner-hyper-mixing is given in Definitions below. A weaker
form of these definitions was introduced and exploited in [3]. Here are two examples of ¢-fields
that are Gartner-hyper-mixing.

Example 1.2. (See [3])
(el) Let Y = (Y)t>0 be a stationary and ergodic R-valued Markov process satisfying

E |e?59Peeion) Vel | ~ oo Vg>0. (1.10)



Let (Y(x)),eza be a field of independent copies of Y. Then & given by &(x,t) = Yi(x) is
Gartner-hyper-mizing.

(e2) Let & be the zero-range process with rate function g: Ng — (0,00) given by g(k) = kP,
B € (0,1], and transition probabilities given by simple random walk on Z¢. If & starts from
the product measure 7,, p € (0,00), with marginals

k
, ifk>0,
\EAVAE wp{nENOZd: z) =k} —{ TIi=1 90) / (1.11)
g if k=0,

where v € (0,00) is a normalization constant, then & is Gdrtner-hyper-mizing.

(The proof in [3] is without the supremum in (1.15) below, but easily carries over by in-
spection.) Example (el) includes independent spin-flips, example (e2) includes independent
random walks.

We expect that most interacting particle systems are Gartner-hyper-mixing, including
such classical systems as the stochastic Ising model, the contact process, the voter model and
the exclusion process. Since these are bounded random fields, conditions (a2) and (a3) in
Definition below are redundant and only condition (al) needs to be verified. Note that
the constant ¢ in below was allowed to be choosen arbitrarily large in [3]. However, in
this work we assume that § goes to zero in a certain way (see Definition (L.5))) so that (al)
indeed becomes an issue. We will not tackle the problem of solving this issue for the above
mentioned fields in the present paper.

1.3 Definitions

Throughout the rest of this paper we assume without loss of generality that E(£(0,0)) = 0.

For ay,as, N € N, denote by Ay (a1, az) the set of (Z? x N)-valued sequences {(x;, k;) }}.
that are increasing with respect to the lexicographic ordering of Z? x N and are such that, for
all1<i<j<N,

zj = z; (mod ay), kj = ki (mod as). (1.12)
For A>1,a>0, REN, 2z € Z% and k, b, c € Ny, define the space-time blocks (see Fig. |1)
_ d
By (x, k;b,¢) = H [(2(j) — 1 = b)aA” (x(j) + 1 + b)aAT) N ZT | x[(k—c) AR, (k+1)AT).
j=1

(1.13)

Abbreviate By (z,k) = Ba(z,k;0,0) and Bi(x, k) = By'(z, k), and define the space-
blocks

Yx) =z + (0,4 N 24, (1.14)

Definition 1.3. [Good and bad blocks]

ForA>1,a>0,ReN, 2€Z% m >0,k €Ny, §c [0,esssup[£(0,0)]] and b,c € Ny, the
R-block Bg’a(m, k) is called (6,b,c)-good for the potential & when, for all s € [(k — c)AR, (k +
AR —1/m),

1 Ne% A,
Q" (v)] 2 el SL}S/ )g(z,r) <5 VyeZ’ Qp°(y) x {s} C By (. kib.c),
R ZEQg’a(y)T S,8 m

(1.15)
and is called (9, b, c)-bad otherwise.
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Figure 1: The dashed blocks are R-blocks, i.e., Bf(z, k) (inner) and B (z, k;b, c) (outer) for some
choice of A,z,k,b,c. The solid blocks are (R + 1)-blocks, i.e., Ba,(y,!) (inner) and Bf,(y,l;b,c)
(outer) for some choice of A,y,l,b,c such that these (R + 1)-blocks contain the corresponding R-

aaaaa

the space—tlme coordinates ®; = ((y — 1 —b) AR+ (1 — )ARH) @ = ((y+1 —|— b)ARJrl (I —c) AR+
®3 = ((y+14+b) AR (1+1) AR @y = ((y—1-b)ARTL (141) AR, @5 = ((x—1-b) AR, (k—c)AR),
P = ((y _ 1)AR+1,ZAR+1).

For A>1,a>0,ReN,z€Z% m>0,kcNy,dc[0,esssup[£(0,0)]] and b, c € Ny, let
AA’O"(S’m(:L" kb, c)

(1.16)
= {BRJrl z,k) is (6,b, c)-good, but contains an R-block that is (6,b, c)-bad}.

Definition 1.4. [Gartner-mixing]
The &-field is called (A, o, 0, m, b, ¢)-Gartner-mizing when there are ay,as € N such that

N
sup P (ﬂ Aé’a’é’m(a:i, ki b, c)) < (A74d(2d+1)(d+1)R)N VReN, N eN.
(wi,ki) T  €AN (a1,a2) i=1

(1.17)

Definition 1.5. [Gartner-hyper-mixing]

The &-field is called Géartner-hyper-mizing when the following conditions are satisfied:

(al) There are b,c € Ny and K > 0 such that for every 6 > 0 there are Ay > 1 and mg > 0
such that E1{€ > K} and & are (A, «,d,m, b, c)-Gdrtner-mizing for all A > Ay, m > my and
all « > 1, with ay,as in Definition [I.4) not depending on A, m and a.

(a2) E[e?5%Psc.180%)] < o6 for all ¢ > 0.

(a3) There are Ry € N and Cy € [0, esssup [£(0,0)]] such that

P [ sup > &y,s)=C| <|Bg|™ VYR=>Ry,C>Ch, (1.18)
s€[0,1] R‘ yEBR

for some o > [2d(2d + 1) 4+ 1](d + 2)/d, where B = [~ R, R} N Z°.



1.4 Discussion

1. What is interesting about Theorem is that it reveals a sharp contrast with what is
known for the annealed Lyapunov exponent

A(k) = lim % log E(u(0,1)). (1.19)
Indeed, there are choices of £ for which k — Aj(k) is everywhere infinite on [0, c0), a property
referred to as strongly catalytic behavior. For instance, as shown in [4], if £ is v times a field
of independent simple random walks starting in a Poisson equilibrium with arbitrary density,
then this uniform divergence occurs in d = 1,2 for v € (0,00) and in d > 3 for v € [1/Gg4, >0),
with G4 the Green function of simple random walk at the origin. By Example [1.2)e2) (with
B = 1), this choice of ¢ is Gértner-hyper-mixing.

2. The annealed Lyapunov exponents

A(K) = lim % log E([u(0,8)"),  peN, (1.20)
were studied in detail in a series of papers where £ was chosen to evolve according to four
specific interacting particle systems in equilibrium: independent Brownian motions, indepen-
dent simple random walks, the simple symmetric exclusion process, and the voter model (for
an overview, see [5]). Their behavior turns out to be very different from that of Ag(x). In [3]
it was conjectured that

lim [Ay(k) — Ao(k)] =0 VpeN (1.21)

KR—00

because & is ergodic in space and time. For the case where \,(k) = oo this statement is to
be read as saying that limy_,oo Ao(k) = 00. Theorem shows that this conjecture is false
and that, for & Gartner-hyper-mixing and satisfying conditions (0) and (2) in Section the
qualitative behavior of k — A\g(k) is as in Fig.

Ao (k)

0° K

Figure 2: Qualitative behavior of k +— Ag(k).

3. Our proof of Theorem is based on a multiscale analysis of &, in the spirit of [10] and
consists of two major steps:

(I) We look at the bad R-blocks for all R € N. First we show that bad R-blocks are rare
for large R. Next, using a discrete rearrangement inequality for local times of simple
random walk, we show that the contribution to the expectation in coming from bad
R-blocks increases when we move them towards the origin. Therefore this contribution
can be bounded from above by an expectation that pretends the bad R-blocks to be



rearranged in a space-time cylinder around the origin. Since bad R-blocks are rare, this
cylinder is narrow. Afterwards, because simple random walk is unlikely to spend a lot
of time in narrow space-time cylinder, we are able to control the contribution coming
from bad R-blocks to the expectation uniformly in ¢ and k.

(IT) We look at the good R-blocks for all R € N. We control their contribution by using an
eigenvalue expansion of (1.7). An analysis of the largest eigenvalue in this expansion
concludes the argument.

The remainder of this paper is organized as follows. In Section [2] we formulate three
key propositions and use these to prove Theorem The three propositions are proved in
Sections respectively. In Appendix [A] we prove two technical lemmas that are needed in
Section [] while in Appendix [B] we prove a spectral bound that is needed in Section [7]

2 Three key propositions and proof of Theorem (1.1

To state our three key propositions we need some definitions. Fix k., € N, and t > 0. We say
that ®: [0,¢] — Z¢ is a path when

|P(s) — P(s—)|| <1 Vs e [0,t]. (2.1)
Define the set of paths
(ky,t, A) = {®: [0,{] — Z4: & crosses k, 1-blocks}. (2.2)

For Br C Z% x [0,t], let I;(Bg) denote the local time of X* in Bg up to time ¢, and
l¢(m1(Bpg)) the local time of m1(X") (the first coordinate of X*) in 71(Br) up to time ¢.
Furthermore, let I;(BAD% (¢ )) and I;(BAD?(£)) denote the local time of X* in (4,b, c)-bad
R-blocks up to time ¢ for the potential {1{¢ > K} and in (4, b, ¢)-bad 1-blocks up to time ¢ for
the potential &, respectively. Here and in the rest of the paper a bad R-block is (6,b, ¢)-bad
for a choice of K, d,b,c and some A > Ay, m > my, according to Definition [1.5

In what follows, when we write sums like } 5oy _;/4r or ZSRliglt we will pretend that ¢/Af
and elogt are integer in order not to burden the notation with round off brackets. From the
context it will always be clear where to place the brackets.

Proposition 2.1. There is a Co > 0 such that for every ¢ > 0 and 6 > 0 there is an
A = A(e) > 3, satisfying lim. g A(e,0) = oo, such that &-a.s. for all & > 0 and all t > 0 large

enough,
EO(‘%XP{/O%(XR(S)’“S) d}> = EO(“P{/;é(X“(s),t—s)ds})1/2

elogt
x Ey (exp {25Adlt(BAD5(§)) +2 ) sAFEDY, (BAD‘SR(gK))} (2.3)
R=1

)

1/2
x 1{3k, < Cart: X" € H(k:*,t,A)})

where
E(z,s) = 26(z, )1{(w, ) < 6AY, (x,5) is in a good 1-block of £} (2.4)



Proposition 2.2. There is a Cy > 0 such that for every e,€ > 0 and § > 0 there is an
A = A(e,€,0) > 3, satisfying limg)g A(e, €,6) = oo, such that §-a.s. for all k > 0 and allt >0
large enough,

elogt
Eq (exp {25Adlt(BAD5(§)) +2) 0 sAFERDY, (BAD‘SR(gK))}
R=1

x 1{Tk, < Cort: X" € H(k*,t,A)}> < e,

Proposition 2.3. There is a constant Cs > 0 such that, for every A >1 and § > 0,

KR—00 n—oo

1 An
lim sup lim sup In log Ey (exp { E(X"(s), An — s) ds} ) < % +46 &—a.s. (2.6)
0

Proposition estimates the Feynman-Kac formula in ((1.7)) in terms of bad blocks and good
blocks, Proposition [2.2] controls the contribution of bad block, while Proposition [2.3] controls
the contribution of good blocks.

We are now ready to prove Theorem

Proof. Note that by Theorem 1.2(i) in [6], for all £ > 0 we have the lower bound Ay(x) > 0.
Thus, it suffices to show the inequality in the reverse direction. To that end, fix Cy,C3 > 0
according to Propositions [2.1 and fix €,,0 > 0. According to Proposition there is
an A = A(e, €,0) such that, &-a.s. for all kK > 0 and all ¢ of the form ¢ = An with n € N large
enough, the term in the left-hand side of is bounded from above by 4™, According to
Proposition we have

An
E, (exp{ E(XH(S)’ An — 8) dS}) < 646An+03n+x(n,n) (2.7)
0

with limsup,,_, . limsup,,_,., x(k,n)/n = 0. Proposition therefore yields that, for all
€,6,0 >0,

Cs g
i < = 4+20+—. 2.
11I£ILS£p Ao(k) < 54 + 26 + 5 (2.8)

Since limg|g A(e, €,0) = oo by Proposition we get that for all 6 > 0,

lim sup Ao(k) < 20. (2.9)

K—00

Let § | 0 to get the claim. |

3 Proof of Proposition 2.1

The proof is given in Section subject to Lemmas below. The proof of these lemmas
is given in Section [3:2]



3.1 Proof of Proposition subject to two lemmas
For A>1, Re N and ® € II(k,,t, A), define
=Z4(®) = number of bad R-blocks crossed by @
EA’k* r—A(q)). (31)

= sup Zp
PCTl(ky t,A)

Lemma 3.1. For every € > 0 there is an A = A(e) > 3 satisfying lim. g A(e) = oo such that
IP’("A K« 50 for some R > elogt and some k, € N) (3.2)

is summable over t € N. A possible choice is A = ¢2/@<2d2d+D)H] for some a > 1.

Lemma 3.2. There is a Co > 0 such that £-a.s. for all A > 1, all t > 0 and all K > 0 large
enough,

Ep (exp {/Otf(X”(s),t —5) ds} {3k, > Cort: X" € U(k,t, A)}) <e (3.3)

We are now ready to prove Proposition

Proof. Fix C5 in accordance with Lemma and € > 0. Let 06 > 0 and fix A > 1 according
to Lemma such that A% > K, see Definition Note that

Ey (exp {/tf(X”(s),t —5) ds} {3k, < Cort: X" € H(k*,t,A)})
N(X*,t) .
= Eo (exp Z / §(wi1,t —u)du +/ f(xN(X“,t)vt —u)du (3.4)
SN(X",t)

x 1{Tk, < Cart: X" € H(k:*,t,A)}>,

where N (X" t) is the number of jumps by X" up to time ¢, 0 = xg, z1,. .. , TN (x~,p) are the
nearest-neighbor sites visited, and 0 = sp < s1 < -+ < sy(xx,) <t are the jump times. To
analyze (3.4)), define
N(X",t)
A(BADY) = | {U € [si-1,8i): 0ARY < ¢(wiq,t —u) < 5A(R+1)d}
i=1 (3.5)

U {'LL S I:SN(XK7t)7t>: (5ARd < E(xN(Xn’t),t — u) S (5A(R+l)d}.

Then the contribution to the exponential in (3.4) may be bounded from above by

/ §(X"(s),t — s)I{E(X"(s),t — 5) < 6A%} ds + Y SAFHDI A (BADG)], (3.6)

ReN

By Definition|l.3{and the fact that §A% > K (see the line preceding (3.4)), if SAR? < &(w;_1,1—
u) < SAFHD then (x;_1,t—u) belongs to a bad R-block for the potential £1{¢ > K}. Hence

|A¢+(BAD%,)| < 1;(BAD%(¢k)). (3.7)

9



To continue we write the indicator in ((3.5)

1{&(X"(s),t — s) < 6A%, (X" (s),t — s) is in a good 1-block of £}

d - (3-8)
+ I{&(X"(s),t — s) < JA%, (X"(s),t — s) is in a bad 1-block of £}

By Lemma and our choice of A at the beginning of the proof, £-a.s. for ¢ large enough
there are no bad R-blocks with R > elogt. Thus, the expectation in the right-hand side of
(3.4) may be estimated from above by

Eo<exp{/0ts<X“<s>,t—s>

x I{E(X7(s),t — s) < 6AY, (X" (s),t — s) is in a good 1-block of ¢} ds}

elogt (39)
X exp {aAdzt<BAD5<£>> + M(R“)C‘MBAD%(&K»}

R=1
x 1{3 k, < Cant: X" € H(k*,t,A)})

Recall (2.4). An application of the Cauchy-Schwarz inequality yields the following upper
bound for (3.9):

E(](exp{/Otﬁ(X”(s),t—s)ds}>l/2

elogt
x Ey <exp {26Adlt(BAD5(§)) +2 ) 5A<R+1>dzt<BAD<;(§K))} (3.10)
R=1

1/2
x {3 k, < Cant: X" € H(k*,t,A)}) .

The claim in (2.3) therefore follows by combining (3.4)), (3.6H3.7) and (3.9)—(3.10) with
Lemma B

3.2 Proof of Lemmas [3.1-3.2]

Proof. For the proof of Lemma see [3, Lemma 3.3]. To prove Lemma use Cauchy-
Schwarz to estimate the expectation in (3.3 from above by

Fo <exp {2 /Otg(X“(s),t ) ds} )

To bound the first term in (3.11]), note that by [3l Eq.(3.54)] there is a C' > 0 such that &-a.s.
for all ¢,k > 0,

1/2 1/2

P (3 ky > Cont: X% € H(k*,t,A)) (3.11)

EO <€2f(§ {(X“(s),tfs)ds) S eto(ﬂ+1). (312)

10



To bound the second term in (3.11)) we use a similar strategy as for the proof of Lemma
Given ly,...,l;y4 € N, we say that X" has label (I1,...,l;/4) when X" crosses [; 1-blocks in
the time interval [(i — 1)A,iA), i € {1,...,t/A}. Fix Cy > 0 and write

P <X” € I(kx, t, A) for some k, > Cglit)
o0 (3.13)
Z (X” € II(ky,t, A) for some k, € (jCort, (j + 1)CQ/<;t]>

For j € N, write Z(l{, ) to denote the sum over all sequences (l{, e ,li/A) e NY/4 with

jCokt < Zt/ AP < < (j + 1)Cakt. Then each summand in li may, by an application of the

i=1"
Markov property, be rewritten as

> Eo(1{X* haslabel (i, ...l 4 )} Pxsa) (X" has label 7).

L (3.14)
(Horel] ) 4)

Note that the number of jumps of a path ® that visits lz 1-blocks is at least (lg/2d - 1)A.
This is because for each 1-block there are (2¢ — 1) 1-blocks with the same time coordinate at
[>°-distance one. Hence, we may estimate (3.14]) from above by

3 E0<11{Xn has label (1,1, 1)}>P0(N(XH7A)2([?/2‘1—1)14)7 (3.15)
(Honl )

where N (X", A) denotes the number of jumps of X* in the time interval [0, A). An iteration
of the arguments in (3.1443.15)), together with the tail estimate P(POISSON(A) > k) <
e MNe)*/kF, k > 2\ + 1, for Poisson random variables with mean ), yields that for C’ > 0
large enough each summand in is bounded from above by

> 11 P0< A) > ()24 — )A)

(Ul ) U=RC

< Y [ e exp{ — (11 /2% — 2) Alog([kC" /27 — 2] /2dﬁe)}.

.. ,t/A)Hfznc'

(3.16)

(It suffices to pick C' such that (C'/2¢ — 2)A > 4eAdk + 1, which for A > 1 and x > 1 is
fulfilled when C’ > 2¢(4de + 3).) Now note that if Cy > 2C”, then for all j € N,

Yo thTQ“ (3.17)

l{znc'

Hence, inserting (|3 into , choosing (' large enough, and using the fact that for some
a,b € (0,00) there are no more than ae®v2% such sequences (I} ,...,li/A) (see [7] or [2]),
we get that for some C” > 0 the left-hand side of (3.13) is bounded from above by e C"nt,
Inserting this bound into (3.11), using that C” — oo as Cy — oo, and using (3.12)), we get

the claim. n
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4 Proof of Proposition

Proposition [2.2]is proved in Section [£.2]subject to Propositions [d.IH4.2| below, which are stated
in Section [£.1] and proved in Sections

4.1 Two more propositions

Endow Z with the ordering 0 <1 < —1 <2 < -2 < 3 < ---. We say that two functions
f,9: Z — R are equimeasurable when

Hx € Z: f(z) > A} =|{z € Z: g(x) > A} VA >0. (4.1)

The symmetric decreasing rearrangement of a function f: Z — R is defined to be the unique
non-increasing function f*: Z — R that is equimeasurable with f. Given A C Z, A* C Z is
defined to be the unique set such that (14)* = 1,;.

For B C Z4 x [0,t], let 1 (B) C Z x [0,t] be the projection of the spatial part of B onto its
first spatial coordinate. Its one-dimensional symmetric decreasing rearrangement is the set

m(B) = | <{x €Z: (z,5) € m(B)} x {3}). (4.2)

s€[0,t]

For A > 1 and R € N, an R-interval is a time-interval of the form [kAR, (k + 1)AR), 0 <
k < t/AR. To make the proof more accessible, we no longer distinguish between badness
referring to £1{{ > K} and badness referring to £. Since both potentials satisfy the same
mixing assumption (al) it will be clear from the proof that this does not affect the result.

Proposition 4.1. Let ® € (k. t,A). Then for all A large enough there is a sequence

(6r)Ren tn (0,00) satisfying
Y AR5 < 0 (4.3)
ReN

such that £-a.s. the number of R-intervals in which ® crosses more than drk./(t/A) bad R-
blocks is bounded from above by \/Sgt/AR. A possible choice is 6p = K1 A—84%/3 A—4d(2d+1)R/3
for some K1 > 0 not depending on A and R.

Proposition 4.2. For everye,t > 0, every sequence (Br)gen in 74 x [0,t] and every sequence
(CR)Ren in [0,00) (see Fig. [3)),

elogt elogt
E()(GX[){ Z Cth(BR)}> < E()(exp{ Z Cth(ﬂ'l(BR)ﬁ)}>. (4.4)
R=1

R=1

4.2 Proof of Proposition subject to two propositions

Proof. Fix e > 0 and A > 1 according to Propositions [2.1] and and fix £ > 0. The proof
comes in 6 steps.

1. We begin by introducing some more notation. Define the space-time blocks

d

Bf(w, ks ) = <Hw<x<j> — 1) AR, VR(2(j) + 1)AR) N Zd) X kAR, (k+ 1)AR),  (4.5)

j=1

12
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Figure 3: The picture on the left shows a configuration of space-time blocks before its rearrangement,
the picture on the right after its rearrangement. Note that in each time-interval the total space volume
of the blocks is the same in both configurations.

which we call (k, R)-blocks. These blocks are the same as Bg’a(x,k:;0,0) = Bg’a(x,k) in
(1.13) with @ = /. Let ki(x) denote the number of (k,1)-blocks that are crossed by X".
For ki(k) € N and (z;, ki)o<i<k.(x) € (24 x N)F=(%) wyrite

U B (i, ki k) (4.6)
(@iski)o<i<h (x)

to denote the union over all the (, 1)-blocks Bi*(x;, ki; k), 0 < i < ky(x). Likewise, write

> (4.7)
(B (@i,ki35))o<i<hon ()
to denote the sum over all possible sequences of (k, 1)-blocks Bf'(z;, ki; k), 0 < i < k.(k) that
can be crossed by a path ®. Finally, define
BAD%((x, Ki)o<ick.(x)) = {Bé(:ﬂ, k): Ba(z,k) is bad and intersects the union in (4.6)) }

(4.8)

2. We write [;(BAD%) for the local time of X* in (4,b,c)-bad R-blocks up to time ¢, where
badness refers both to £1{¢ > K} and £. By (2.5)), it is enough to show that for all x and ¢
large enough,

elogt
Eq <exp {4 > sARTDA, (BAD%)} {3k, < Cokt: X" € H(k*,t,A)}> <t (4.9)
R=1

Recall (2.2) to note that the left-hand side of (4.9) equals
Cokt elogt
Z Ey (exp {4 Z SAFE+D], (BAD‘SR)} 1{X" crosses ki l—blocks}>. (4.10)
ko=t/A R=1

To prove (4.9)), we attempt to apply Proposition To that end, for each k, we must sum over
all configurations of k. 1-blocks that may be crossed by X”. However, this sum is difficult

13



to control, and therefore we do an additional coarse-graining of space-time by considering
(k, R)-blocks instead of R-blocks. To that end we first note that there is a C4y > 0 such that
ki(k) < Ciks/+/k+2t/A (see Lemma |5.6/in Section |5.4| for a similar statement). To see why,
note that if ® crosses [; < y/k 1-blocks in the time-interval [(i — 1)A4,iA), 1 < i < t/A, then it
crosses [l < 2 (k,1)-blocks in the same time-interval. Moreover, if j\/k +1 <1; < (j + 1)\/k
for some j € N, then I < j+2 < (j+2)l;/j/k. Hence, the total number of (x,1)-blocks
that may be crossed by ® is bounded from above by

t/A

31, 3k,
D Y 24 ) S <2/A+ (4.11)
i=1 1<i<t/A 1<i<t/A vk Vi
Li<Vk li>~\/k+1

Thus, (4.10) is bounded from above by

CoCur/Kt+2t/A elogt
Z Ep (exp {4 Z SAE+A, (BAD%)} 1{ X" crosses ki (k) (k, 1)—blocks}>.
K (1)=t/A R=1

(4.12)
To analyze (4.12), fix k.«(k) € [t/A, CoCyv/kt+2t/A]. Summing over all possible ways to cross
k() (k,1)-blocks and recalling (4.8]), we may estimate each summand in (4.12) by

elogt
Z Ey (exp {4 Z 5A(R+1)dlt <BAD%(($¢, ki)0§i<k* (,{))) }

(B! (wi,kisk))o<i<hs (x) R=1 (4.13)

x 1{ X" crosses B}z, ki k), 0< i < k() }

By Cauchy-Schwarz, (4.13) is at most

elogt 1/2
Z Ey (exp {8 Z sAETD, (BAD%((%” ki)0§i<k*(ﬁ))> } )]
(4.14)

(B (@4,ki35))0<i<hon (1) R=1

X {PO(XR Crosses Bf‘(:ni’ki’,{)’o <i< k*(;@))r/Q

3. By Proposition the first factor in the summand of (4.14)) is not more than

elogt 1/2
Eyp <eXP {8 > sAFETD, <7T1 (BADR (i, ki)0§i<k*(n)))ﬁ> } )] : (4.15)

R=1

Next, if X* crosses ki«(x) (k,1)-blocks B{(x, k;x), then a trivial counting estimate yields
that X" crosses at most k.(k)y/k 1-blocks. Therefore, by Proposition the number of R-
intervals in which X* crosses more than dgk.(x)\/kA/t bad R-blocks is bounded from above
by v/ort/Af. We call these R-intervals R-atypical. Similarly, an R-interval is called R-typical,
if the number of bad R-blocks crossed by X* is bounded by drk«(x)\/kA/t. Define

R*(k«(r)) = max {R € N: dpk.(r)VrA/t > 1}. (4.16)

14



space

[~ - 7 -0 - 1

{ J—L Tl—‘_J time

Figure 4: The picture shows a possible configuration of bad R-blocks after its rearrangement. There
are two time-intervals in which the number of bad R-blocks is atypically large, i.e., larger than
drk.(k)v/kA/t. The local time in these bad R-blocks can be bounded from above by the total length
of these time-intervals, which is at most v/drt. The local time of the bad R-blocks in the other time-
intervals can be bounded from above by the local time of the enveloping dashed block, i.e., Br(ks(k)).

If R > R*(k«(k)), then there are no bad R-blocks in R-typical intervals. (By the choice of
R, their number is strictly less than one and therefore is zero.) Hence the local time in bad
R-blocks is determined by the local time in bad R-blocks, which lie in R-atypical intervals.
Consequently,

(71 (BADR((wi: kiosicrw))*) < (Vort/AR) A = \/3pt. (4.17)

On the other hand, if 1 < R < R*(k.(x)) (see Fig. [4), then there is a contribution coming
from R-typical intervals as well, and so

Ly (771 (BAD (w4, ki)o<ich. (v)) ) Vgt + L(Br(k.(r))), (4.18)
where
Br(k.(r)) = <[ — LARSpk, (k) VEAS, %AR(SR/{*(H)\/EA/t) N z) % [0,1]. (4.19)

Hence, (4.15) is bounded from above by

R*(k« (k) 1/2
E0<exp{8 > 5A(R+1)dlt(§3(k*(ﬁ)))}>] exp{425A<R+l>d\/Et}. (4.20)

R=1 ReN

For A large enough, by Proposition and the specific choice of (dr)gen in Propostion
the sum in the second term is < &t/2.

4. To estimate the first factor in (4.20) and control the second factor in the summand of
(4.14]), we need the following two lemmas whose proof is deferred to Appendix

Lemma 4.3. Let X" be simple random walk on Z with step rate 2k. There is a Ko > 0
such that for all kK > 0, alln € N, all B1,B2,...,8, = 0 and all nested finite intervals
P=IychLCclh<c---CI,CZ,

. Kot 3/2
log Ep | exp Z@Zzt " Z[u\L 1|<Zﬁj)

= zel;

+o(t), (4.21)
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where l[;(X", x) is the local time of X" at site x up to time t.

Lemma 4.4. There are Cs,Cg > 0 such that for all k,t > 0 large enough, all A > 0 and all
k*(’%) > C5t;
Py (X"C crosses ki(k) (K, 1)—blocks> < e CoAkalr), (4.22)

Note that AR5, < AR, and so Brii(k.(k)) C Br(ks«(x)) for all R € N. Moreover,
for ki (k) < CoCuv/Kt+2t/A and 1 < R < R*(k«(k)) we have that the cardinality of the spatial
part of the blocks defined in (4.19) satisfies | Bg(ky (k)| < | By (ks (k)| < A26,CoCyk+2A6, /%,
which is bounded umformly m t. To apply Lemma we choose ty (which may depend on
x) such that for each family of intervals I1, ..., Ir«(r,), k«(K) € [t/A, C2Cs\/kt + 2t/ A], with
the property that |I;| € [A, A20:C2Cyk + 2A614/k] for all i € {1,..., R*(k«(x))} the assertion
of Lemma, holds uniformly in ¢ > ty. Then, for all ¢ > #(, the expectation in the left-hand

side of (4.20)) is at most

R* (ks (k) 3/2
ex Kot (j+1)d
p{ X ||Be\ Bt (st

+ o(t)}, (4.23)

7=1
where ER*(;C*(R))H(/’{*(/@)) = (). Next, note that
~ ~ ARG pk, (K)v/KA
Balha(6)\ By )| < -0 OVEA (4.21)
Therefore the first term in the exponent of (4.23)), may be estimated from above by
R* (k« (k) R 3/2
@ Z AR(SR]{* (H) \/EA Z 86A(J+1)d /
vk R=1 t j=1
(4.25)
R* (K (r)) R \3/2
< (86)%/2 Kok (k) AB/2TL N ARaR(ZAJd) ] .
R=1 j=1
Furthermore,
ZAJd (ARd 1) < CARd (4.26)
where C' > 0 does not depend on A. Hence, the right-hand side of (4.25]) is at most
R*(k« (k)
(80)%2C Kok, (i) A3/ N~ ARG ARI/2, (4.27)
R=1

Recalling our choice of g in Proposition we can estimate the sum in (4.27) from above
by

(4.28)

K A-882/2 g~ D(d) [1 - A—R*(k*(ﬁ))D(d)}
1

1— A-D(@)
with D(d) = (16d*> —d — 6)/6 > 0. Since A > 3 by Proposition the last term in (4.28))

is bounded uniformly in A and R*(k.(x)). Inserting (4.28]) into (4.27)), we see that there is
a C7 > 0, not depending on A, such that the exponent in (4.23]) is bounded from above by
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(80)3/2C7 AP Dk, (k) + o(t) with D'(d) = (16d> — 5d — 6)/3 > 0, where o(t) is uniform in
t > to for all ki(k) € [t/A, CoCyy/Kt + 2t/ A].

5. It remains to estimate (recall (4.14]))

2

1/2
Py (X” crosses Bi(zi, ki, 1),0 < i < k*(&))] . (4.29)
(B (@i:ki35) ) 0<i<lon (1)

Let | Z(Biq(wiaki§ﬂ))0§z‘<k*(m) | denote the cardinality of the sum in 1) By Jensen’s inequality,
(4.29)) is not more than (recall (4.7)))

>

(B (wi,ki35))o<i< s (x)

>

(B{(24,k635) ) o<i< ko ()

1/2 1/2

[ Z PO(X” crosses Bi' (x4, ki k),0 < i < k@(/@))]
(B (2i,ki35) ) 0<i < hox (1)

1/2 1/2

Py (X”‘ crosses ki (k) (K, 1)—blocks)] .

(4.30)
To estimate the first term in the right-hand side of l , note that | Z(Bf‘(xivki%"f))()<i<k " |

equals the number of different ways to visit k.(k) (k,1)-blocks. Hence, there is a Cg > 0
such that | Z(BA (@i:55))o<i<in (o) | is bounded from above by e“8%<(%) (see also Lemma in

Section @ Therefore, by Lemma [4.4] H for k.(k) > Cst and k large enough, the right-hand
side of (4.30) may be estimated from above by

eCskix(r) o—Co Ak (k) (4.31)

6. We are now in a position to complete the proof of (4.9). Combining the estimates in (4.15)),
(4.20) and (4.25H4.31)), we get for t >t (see the lines following (4.28)),

elogt
Eo (exp {4 > 5A(R“)dlt(BADR)} 1{3k, < Cort: X" € H(k*,t,A)}>
R=1

Ost1 3/2 D' (d)

< (812 Z o(80)3/2C7A=D Dk, (k) +o(t)
k«(r)=t/A
CoCy/Kt+2t/A
=7 Z ((80)/2C7 AP D (k) +o(t) ,Csku (k) ,~Co Ak (k)

k«(k)=Cst
et/ZC te (85)3/2C7C5 A= D (Dt o(t) + 65t/209

(4.32)

<
< 2t
where we use that the sum in the third line of (4.32) is finite for A large enough (which

requires that € is small enough; recall Proposition [2.1]). This settles (4.9) and completes the
proof of Proposition |
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5 Proof of Proposition 4.1

The proof is given in Section subject to Lemma below. This lemma is stated in
Section and proved in Sections Recall the definition of Eg’k* in 1) Throughout

this section we abbreviate
SR _ A*Qd(?d#’l)R. (51)

5.1 Proof of Proposition subject to a further lemma

Lemma 5.1. There is a C > 0 such that £-a.s. for all A and m large enough, all R € N and
all k, € N, ) ~
gk <A~ UED g Ry, (5.2)

We are now ready to prove Proposition

Proof. Let ® € II(ks,t,A) and R € N. Suppose that there is a dg > 0 such that there are at
least \/6gt/A® R-intervals in which ® crosses more than dgk./(t/A) bad R-blocks. In all of
these R-intervals ® crosses at least

\/&t 5Rk*
AR (t]A)

— ¥ A~ (B, (5.3)

bad R-blocks. Lemma implies that &-a.s. 5?%/214_(1%_1) < C’A—(4d2—1)A_RgR, which is the
same as (5;’{/2 < C A48 p~2d(2d+1)R  Thjg yields the claim below (4.3) with K; = C2/3. |

5.2 Proof of Lemma [5.1| subject to two further lemmas

The proof of Lemma is a modification of the proof of [3, Lemma 3.5] and is based on
Lemmas below, which count bad R-blocks. The proof of the second lemma is deferred
to Section

For A>1, Re Nand ® € II(k,,t, A), define

U2(®) = number of good (R + 1)-blocks crossed by ® containing a bad R-block,

TAR = qup TA(®). (5.4)
Dell(ky t,A)
Lemma 5.2. There is a C' > 0 such that for all A and m large enough
P(\p;‘z”“* > C'A~BS gk, for some R € N and some k. € N0> (5.5)

is summable over t € N. A possible choice is C' = 3.

Lemma 5.3. For all ¢ > 0 there is an A = A(e) > 3 such that &-a.s. there is a to > 0 such
that for all R € N, all k, € N and all t > tg,

elogt—R—1
—A ks d+1 di A (d+1)iq, Ak«
=of < A DAY Rl ol (5.6)
=1

18



Proof. Lemma is the same as [3, Lemma 3.7]. The idea is to look at a bad R-block and
check whether it is contained in a good (R + 1)-block or in a bad (R + 1)-block. An iteration
over R, combined with a simple counting argument and Lemma |3.1] yields the claim. |

We are now ready to prove Lemma [5.1

Proof. By Lemma &-a.s. for t large enough \Ilé’k* < C'ABézk, for all R € N and all
k. € N. By Lemma recalling that dp = A=2424HDE we may estimate

Eg,k* < Ad+1 Z2diA(d+1)iC/A—(R+i)gR+ik*
i>1
_ d+1 4—R3 di p(d+1)i g—i p—2d(2d+1)i
= CTAT A Rk, Y 2 AL g0 g 2d 24 (5.7)
i>1
9d Ad A—2d(2d+1)

_ d+1 g—Ry
= C'A" A" "ok 1 — 9d Ad A—2d(2d+1) "

Note that for A > Ag > 1 there is a C' > 0, depending on Ay but not on A, such that the
term in the right-hand side of (5.7)) is bounded from above by

CA-UED) g-R5 o (5.8)

which yields the claim. [ |

5.3 Proof of Lemma subject to a further lemma
The proof of Lemma is based on Lemma, below. Let z € Z% and k, R € N. Abbreviate
Az, k) = ]l{Bf%H(x, k) is good but contains a bad R-block}. (5.9)

Lemma 5.4. There is a C' > 0 such that for all A and m large enough, all R € N and all
ke €N,

( there is a path that crosses k, 1-blocks and intersects

S < AR,
at least 3A~ Sk, blocks Bﬁﬂ(‘fp’ k) with x*(z, k) = 1 ) <exp{-C Srky}

(5.10)
We are now ready to prove Lemma [5.2

Proof. First note that k. > t/A and that, {-a.s. for ¢ large enough, 1 < R < elogt, by Lemma
For each such R, we have by Lemma 5.4

]P’( there is a path that crosses k. 1-blocks and intersects at least >
3A~ RSk, blocks Béﬂ(ac, k) with x4 (z, k) = 1 for some k, > t/A

exp{—C A Ript/A}

1 — exp{—CA—Rsg}

N (5.11)
< Y exp{-CA Fopk} <
k>t/A

Because 1 < R < c¢clogt and R — A*R5~R is non—increasirig, the numerator in the right-hand
side of (5.11)) is bounded from above by exp{—CA~1°8%5_,,.,#/A} while the denominator is
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bounded from below by 1 — exp{—C’A*ElogtgE logt}- Using the choice of A in Lemma we
see that (5.11)) is bounded from above by

exp{—Ct'=2"" A}
1 —exp{—Ct—a™'}’

a>1. (5.12)

Note that this is of order exp{—C't?} for some C’,& > 0, and so the probability in (5.5) is
bounded from above by (¢logt) exp{—C't*}, which is summable over ¢ € N. |

5.4 Proof of Lemma subject to two further lemmas

The proof of Lemma is based on Lemmas below, which are proved in Section [5.5

Proof. Our first further lemma reads:

Lemma 5.5. There is a C > 0 such that for alll € N and R € N there are no more than !
possible ways for ® to visit at most [ R-blocks.

Fix R € N. We divide blocks into equivalence classes such that blocks belonging to
the same equivalence class can essentially be treated as independent. To that end, we take
aj,as € N according to condition (al) in Definition and say that (x,k) and (2/, k") are
equivalent when

x =12'(moday), k =k’ (mod as). (5.13)

We denote the set of corresponding representants by ([z], [k]), and write }Z 1, 1) to denote
the sum over all equivalence classes. Note that the left-hand side of (5.10)) is bounded from
above by

>

([=],[%]

at least 345k, /alas blocks B, (k)
with x4(z, k) = 1 and (z,k) = ([z], [k])

there is a path that crosses k. 1-blocks and intersects
P ( ) (5.14)
)

Fix an equivalence class. Put pp = A~*QCdHDEHDER (reca]] ) To control the cardinality
of the number of different ways to visit a given number of (R+ 1)-blocks, we consider enlarged
blocks, namely, we let

L = L(R) = (1/pg)"/ @) (5.15)

and define

d
Bi(z k) = | [] [Lz()A", L(z(j) + DA®) N Z¢ | x [LEAR, L(k + 1)A"). (5.16)
j=1
Our second further lemma reads:
Lemma 5.6. If ® crosses k. 1-blocks, then for all R € N it crosses no more than lgp =

k. /ARVL blocks B (x, k).

We write )
U By (wi, ki) (5.17)

(zirki)o<i<ipyq
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to denote the union over at most [r41 blocks EIA% (x,k) and

> (5.18)

(B£+1(xi7ki))0§i<l}3+l

to denote the sum over all possible sequences of at most [p1 blocks Bﬁ H(xi, k;) that can be
crossed by a path ®. Since each block B4 #41(7, k) that may be crossed by @ lies in the union
of (5 , we may estimate the probability under the sum in (5.14) from above by

Z ]P’( the union in 1) contains at least 34~ Ro gk, Jalas blocks )
Bp, (. k) with x*(z, k) =1 and (z,k) = ([=], [k]) '

(Bﬁﬂ(ﬂﬁiaki))ogiqRH

(5.19)

Next, note that the union in contains at most I 1L (R + 1)-blocks and that

there are (lR“nLdH) ways of choosing n blocks B}’%H(az, k) with x“(z,k) = 1 from g, L3

(R 4 1)-blocks. Hence, by the mixing condition in for A and m large enough, each
summand in is bounded from above by

lR+1Ld+1 l Ld+1 d+1 g
> (™ ><pR>"s<1—pR>—lR+l“P(TzsA‘Réak*/a%az), (5.20)

n=0pkpt1/afaz
where T' = BINOMIAL(lg1 L%, pg). Since

E(T) = prlpa L = Iy = 3kyJARL = 3ARA-4CHDRE — 34-R52 L« 3A-Bopk,,
(5.21)
we can apply standard large deviation estimates to bound the right-hand side of ([5.20)). Indeed,
by Bernstein’s inequality, there is a C’ > 0 (depending on a1 and as only) such that for all A
and m large enough,

P(T > 345k, fatay) < ¢=C'34™ onk./aja (5.22)
Moreover, there is a C” > 0 (not depending on A, provided A is large enough) such that
(1- pR)*lRHLdH < epRlRHLdH/(l*PR) < 60”3A_R3%k*' (5.23)

Furthermore, by Lemma and after a possible increase of C”, the sum in (5.18)) contains at
most e lr+1 = €347 oRk. elements Hence, combining (5.14]), d5 19|—|5 20|) and (I5 22|—|5 23I)

we see that the left-hand side of (| is bounded from above by e=¢4~ 5Rk*, with C such
that CA—Bopk, > (C'Jadag — (5320”)3/1 RéRk*, which yields the claim in |

5.5 Proof of Lemmas 5.5-5.6]

Proof. For the proof of Lemma see the proof of [3, Claim 3.8]. The proof of Lemma
goes as follows. Let R € N. Divide time into intervals of length LA®. Let liL and [; be
the number of blocks Eﬁ(w, k), respectively, 1-blocks, crossed by X" in the i-th time interval
[(i — 1)LAR iLAR), 1 <i < t/LAR. Note that [; > LAR~! because the length of the time-
interval of each block Eg(x, k) is LA®, which may be divided into LA®~! time-intervals of
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length A. Moreover X" has to cross at least one 1-block in each such interval of length A. Also
note that if [; = LA®=1 then IF <2 =21;/I; <21} /JLAR-L If LAR~141 <[, <2LAR~! then
liL < 3, because X* may start at an interface between two blocks Eé(m, k) and immediately
jump from one such block to another. However, to afterwards reach the next block Eé(:ﬂ, k)
it has to cross at least LA®~! 1-blocks, and so lZ-L < 3l /1; < 3l2-1/LAR*1. Furthermore, for
jeN,if jJLAR 41 <1; < (j+ 1)LAE~1, then

< (G+2)l/li < (G +2)L/jLAR. (5.24)
Therefore we have
t/LAR-T I AR-1 t/LAR-1 .
or ZE/:LIAR_I IF < (3/LAR=Y)k, = I, which completes the proof. n

6 Proof of Proposition

In Section we reduce the problem to one dimension and recall two discrete rearrangement
inequalities from the literature (Propositions below). In Section 6.2 we use the latter
to give the proof of Proposition

6.1 Reduction to one dimension and discrete rearrangement inequalities

Lemma 6.1. Let B C Z% x [0,t]. Then, for all C > 0,
Fo(eCtB)) < o (cClmm), (6.1)

Proof. A d-dimensional simple random walk with jump rate 2dk is a vector of d independent
one-dimensional simple random walks, each having jump rate 2x. Hence, given any set B C
7% x 0,4,

Vs>0: X®(s)e B = m(X")(s) € m(B). (6.2)

This in turn implies that {;(B) < l;(m1(B)), which proves the claim. n

To prove Proposition we need two discrete rearrangement inequalities [I3], [14]. For
an overview on continuous rearrangement inequalities we refer the reader to [12, Chapter 3].

Definition 6.2. A function L: 7 x Z — [0,00) is called of Riesz-type when, for all pairs of
functions f,g: Z — [0, 00),

> f@)L(zy)gy) < > )L, y)d y). (6.3)
T, YEZ T, YEL
Proposition 6.3. [I3| Theorem 2.2], [14]) Let K: [0,00) — [0,00) be non-increasing. Then
L: ZxZ —[0,00) given by L(z,y) = K(|x — y|) is of Riesz-type.

Note that (x,y) — p%(z,y) with p%(x,y) the transition kernel of one-dimensional simple
random walk with jump rate 2 is of Riesz-type. Indeed, pf(z,y) = p&(x—y,0) = p&(Jz—yl,0)
is a non-increasing function of |z — y|.

The following multiple-sum version of Proposition [6.3| will be needed also.

22



Proposition 6.4. ([13, Lemma 9.1 in Chapter 2], [14]) Fiz n € N. Let Lo, L1,...,L,_1 be a
collection of Riesz-type functions on Z X7, and let Sy, S1, ..., S, be a collection of non-negative
functions on Z. Then

n—1 n—1
5 (H si<xi>Lz-<xi,xm>) SE)< Y (n sf<xi>Li<x@-,xm>) Sh(r)
=0 =0

T0,T1 50y Tn €L \ 1= Z0,T1,.-,Tn €L \1=
(6.4)

6.2 Proof of Proposition

Proof. Let (Br)ren be a sequence in Z x [0,t] (recall Lemma and (Cr)pren a sequence
of nonnegative numbers. Write

1 n
E0<exp{ > Cth(BR)}> =Y mE()({ > C’th(BR)} ) (6.5)
ReN n€Ny ReN
The n-th moments in (6.5) may be rewritten as
> (HC’RZ)EO(HQ(BRZ.)). (6.6)
Ri,....,RneN \i=1 i=1

Write out
n t t
Hlt(BRi) = / dsy .. / dsp 1{X"(s1) € Bg,,...X"(sn) € Bg, }, (6.7)
i=1 0 0

so that the second factor under the sum in equals

t t
/ dsl.../ dsy, PO(X“(sl) € Bp,,...X"(sn) € BRn). (6.8)
0 0

Fix a choice of (s1,...,s,) € [0,¢]", and let Bg, be the spatial part of Br, N (Z x {s;}).
Without loss of generality we may assume that s1 < so < ... < sp, so that the probability in

becomes (zg = 0, so = 0)
n n—1
> ( ]l{xi € BRSZ,}> (HP?,-H_&(%%H))- (6.9)
0 =0

L1, n €L \ 1=

An application of Proposition gives that is bounded from above by

n n—1
Z ( ]l{xi < Bjﬁ%si }) ( H p§i+1_5i (@i, $i+1)) ) (6.10)
0 i=0

T1,...Tn€Z \ 1=
so that, by ,
EO(Hlt(BRZ.)> < EO(Hzt(Bgi)) (6.11)
i=1

i=1
Inserting this back into (6.5 and , we get the claim. |
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7 Proof of Proposition

In Section we introduce some notation and state two more propositions, Propositions (7.3

[7.4] below, whose proof is given in Sections In Section we give the proof of
Proposition [2.3] subject to these propositions.

7.1 Two more propositions

Henceforth we assume that o in (1.13)) takes the form a = 4Mk with M a constant that will
be determined later on. Recall the definition of m below (2.2)) and of £ in ([2.4]).

Definition 7.1. The subpedestal of Bf’4MH(a:, k) is (see Fig.

Bl (k) = {y € m (B, 1)

[y(G) — ()] = 2MRA, j € {1,2,...,d}V = € om (B (2, k) } x {kA}.
(7.1)

Definition 7.2. Let ¢ > 0, and k,n € Ny such that n > k. A block B{*M5(x, k) is called
e-sufficient at level n when, for every y € m (Bf‘éﬂ?“(x, k)),

Ai
Ey<exp {/0 E(X"(s),A(n — k) —s) ds}]l{N(X"“,A) < M/@A}) < e, (7.2)

Otherwise it is called e-insufficient at level n. A subpedestal is called e-(in)sufficient at level
n when its corresponding block is e-(in)sufficient at level n.

space

(2(j) + 1AM KA

B k)

(x(j) — 1)4AMKA

> time

kA (k+1)A

Figure 5: The thick line is the subpedestal.

Proposition 7.3. Let A > 1. There is a constant C5 > 0 such that for alln € N the number of
different sequences of subpedestals Bf‘ﬁf“(o, 0), Bf;ﬂ)/[”(a:l, 1),..., Bféﬂ/[’i(mn_l, n — 1) with
the property that there is a path ®: [0, An] — Z% with at most M kAn jumps satisfying ®(kA) €

Bféﬂ“@k, k), k€ {0,1,...,n— 1}, is bounded from above by e“*".

Proposition 7.4. Fize > 0. Let 6 = %5 in the definition of & and A > 1. Then there is a

ko > 0 such that, for all Kk > ko and &-a.s. for all n € N, all blocks Bf’4M”(:c,k), x € 74,
ke N, k <n, are e-sufficient at level n.
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7.2 Proof of Proposition subject to two propositions

Proof. The proof comes in 2 Steps.

1. Fix e > 0 and put § = %5. Choose k > kg according to Proposition Then the tail

estimate P(POISSON(X) > k) < e *(Xe)*/k*, k > 2\ + 1, for Poisson-distributed random
variables with mean A shows that, for M > 0 large enough,

An
E()(exp{ ; §(X“(s),An—s)ds}]l{N(X“,An) >M/£An}> (7.3)

< 20AMH 0 —2dx An exp{ — MrAn(log(M/2d) — 1]}7

where we use (2.4)). Since we later let kK — oo, (7.3 shows that it is enough to concentrate
on contributions coming from paths with at most MrAn jumps. To that end, fix a Z%-valued

sequence of vertices xg, x1, ..., xn_1 such that o = 0 and such that there is a path that starts

in 0, makes 0 < j < MkAn jumps, and is in the subpedestal Bféﬂ“(a;k,k) at time kA for

k€ {0,1,...,n—1}. By the Markov property of X* applied at times kA, k € {1,2,...,n—1},
An
Ep exp{ f(X”(s),An—s)ds}]l{N(X”,An) < MkAn}
0
n—1

<[] ﬂ{X”(kA) € B (x, k)}) (7.4)

k=1

gﬁ . )Ey<exp{/0A§(X”(s),A(n—k)—s)ds}).

k=0 yem (B (2 k)

This is at most

n—1

H [ sup (exp / (X" (s n—k)—s)ds}]l{N(X“,A)gMnA}>
k=0 Lyem; (Bﬁ’sﬁ\)/l"(zk,

+ sup (exp / E(X" (s n—k:)—s)ds}]l{N(X“,A)>M/<JA}>
yem (B (i.k)

x|

Jc{0,1,....,n—1}

11 sup N (exp {/ E(X5(s), A(n — k) — s) ds}ll{N(X“,A) < MnA})

AAM
keJ yEmL(By Ly " (ks

<] sup o <exp {/ E(X"(s), A(n — k) — s) ds}]l{N(X“,A) > MmA})

A, AM
k¢ JyEmL(B] Ly " (xk

(7.5)
Now, by the Poisson tail estimate mentioned above and the fact that £ < 25A4¢, the second
factor under the sum in ([7.5) may be bounded from above by

(625Ad+16_2d”‘4 exp { — MrA[log(M/2d) — 1]})”*“”. (7.6)
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Since, by Proposition and our choice of k (see the observation made prior to ([7.3)), all

blocks Bf‘ AMrk (z,k), z € Z%, k € Ny, k < n, are e-sufficient at level n, we may conclude that

all y € Wl(Bféi]]‘fﬁ(xk,k)) with £ € J are in an e-sufficient subpedestal at level n. Hence,

using the binomial formula, we may estimate (7.5 from above by

n—|J
Z eAel| (eQMdHe_M“A exp{ — MkAllog(M/2d) — 1]}) VI
Jc{0,1,...n—1} (7.7)
= (4% 4 24 A ey [ M Aflog(M/2d) — 1] })”.

2. Summing over all possible sequences (;);c(1,2,. n—1) compatible with a path ® such that
®(0) =0 and N(®, An) < MrKAn, and using (7.4H7.7) and Proposition we obtain

An
Eo(exp{ | £(X”(s),An—s)ds}]l{N(X”,An) SM&An})

An
< Z E()(exp{ ; f(X"‘(s),An—s)ds}]l{N(X“,An) < MrAn}

T1,T2,...,T
n—1
<[] Il{X”(kA) e B " (, k)}) (7.8)
k=1
n—1 An
< Z H sup E, (exp { E(X"(s), An — s) ds})
1,22,..,Tn—1 k=0 yeBﬁ;ﬁf”(aﬁk,k) 0

< O (e 4 P =200 oy { MeA[log(M/2d) ~ 1]} )"

Combining (|7.3H7.8)), we get

1 -
limsuplimsuplogE()(exp{/ E(X"(s),t—s) ds})
K—00  M—$00 An 0

C 1 C
< =34 ~limsuplog (eAE + 20AM o—2drA exp { — MrA[log(M/2d) — 1}}) S
A A o A
(7.9)
Since € = 46, this yields the claim. |
7.3 Proof of Proposition
Proof. Write || - || for the /'-norm on Z¢. Let Bféif”((),()), Bféi%“(xl, 1),..., Bféijl\f”(xn,l,

n — 1) be a sequence of subpedestals that may be crossed by a path ® with at most MxAn
jumps. Since ® needs at least (||xx —xx_1|| —d)+4M~KA jumps to go from Bféijk\)/l”(mk_l, k—1)

to BAAMR(xk, k), k € {1,2,...,n — 1}, we obtain the bound

1,sub
n—1
MrAn n
—rn ql=d). < = — 7.10
> (e —nall = < e = (7.10)
which implies that
n—1
1+4d
3l — 2| < (+4)n. (7.11)

k=1
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As shown in Hardy and Ramanujan [7] and Erdos [2], there are a,b > 0 such that the
number of integer-valued sequences (ay)ren such that ), yar < (14 4d)n/4 is bounded
from above by ane®V™. To conclude, define aj, = ||z — zp_1]|, k € {1,2,...,n — 1}, and
note that the sequence (ax)re{i,2,...n—1} determines the sequence (xx)pefo,1,...,n—1} Uniquely
when it is known for all k¥ € {1,2,...,n — 1} and all j € {1,2,...,d} whether z(j) —
a:k 1(]) is positive, zero or negative. Consequently, the number of different subpedestals
B4R ), fﬁ\fm(m, 1),... ,Bﬁéﬂ/[“(xn_l,n — 1) that may be crossed by a path ® with

1 sub
Csn

at most MkAn jumps is bounded from above by 3% ane?V™ < e“3" for some C3 > 0. |

7.4 Proof of Proposition

The proof of Proposition [7.4] is given in Section subject to Lemmas [7.6] below, which
are stated in Sections The proof of the first lemma is given in Section the
proof of the second lemma is deferred to Appendix [B]

7.4.1 A time-dependent Feynman-Kac estimate

Recall (2.4). Abbreviate
Qrlosr — (—klogk, klog k) N ZL (7.12)

Lemma 7.5. Fiz A > 1 and m > 0 such that Am € N. There is a ko = ko(M, A) such that,
&-a.s. for all x € 77,

A o Am
logEx<eXp{/0 E(X"(s),A—s) ds}]l{N(X“,A) < MIiA}) < %Z)q@k/ﬁ), K > Ko,

k=1
7.13)
(5 7),

(
where \1(€x/kK) is the top of the spectrum of the operator A + : supre[(k 1)/m,k/m) E
ke{1,2,...,Am}.

Proof. We give the proof for z = 0. The proof for = € Z%\ {0} goes along the same lines. First
note that we may rewrite the expectation in the left-hand side of ((7.13) as

KA
o (exp {i/o E(X(5), A — s/K) ds}]l{N(X, KA) < MnA}), (7.14)

where X is simple random walk with step rate 2d. Furthermore, there is a kg = ko(M, A)
such that M kA < klogk for all kK > k. Hence, by the Markov property of X applied at times
kk/m, k € {1,2,..., Am}, we may estimate (7.14) from above by

KA
E0<6XP{,1/0 E(X(s),A—s/k) ds}Il{X([O,nA]) C Q”logﬁ}>

K/m
= H o Ex<eXp{i/O §(X(s), k/m — s/K) dS}ll{X([O,/ﬁ/m]) C inogff})
||m||oo<mlogm

(7.15)
Next, for k € {1,2,..., Am} define

&p(z) = sup E(z,r), x ezl (7.16)
re[(k—1)/m,k/m)
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Then ([7.15)) is at most

Am K/m
H sup E, (exp {1/0 £p(X(s)) ds}]l{X([O, k/m]) C Q”log”}>. (7.17)

k=1 T€ZY/ ||z 0o <k log K K

For each k € {1,2,..., Am}, each expectation under the product in (7.17)) is a solution of the
equation
duy, _ 1¢F
Sk(x,t) = |(A 4+ =€, (x))ug| (x,t
i (:1) [( wEk() k] (@.2), |z]loo < Klogk,t >0, (7.18)
Uk (CE, 0) = 1,
with Dirichlet boundary conditions evaluated at time x/m. However, on any finite subset of
Z% the operator A + %5 i is a self-adjoint matrix. Therefore, by the spectral representation
theorem, we may rewrite each expectation under the product in (7.17)) as

|Qrlos x| _
Z e(n/m)kf(ﬁk/ﬂ)@?’ Tgrosr) ’U;-C(:U), (7.19)
j=1

where /\f (€,./K) is the j-th largest eigenvalue of A + &, /k with Dirichlet boundary conditions
on Q"o8% 5 c {1,2,...,|Q%"°e"|} and the v}“, je{1,2,...,|Q""e"|} form an orthonormal
system of eigenvectors such that, for all k € {1,2,..., Am},

RIQ™"E" = ker(eAJrgk/“) o span{vf,j €{1,2,..., \Q’“Ogﬂ}}. (7.20)

(Since eA+Ex/F is a strictly positive operator, ker(e2T8x/%) = {0}.) In particular, for each
k€ {1,2,...,Am} there is a sequence of real-valued numbers (M?)je{1,2,...7 Qr1ogx |y such that

koopkok = 1 «logx. Inserting the above representation of I kg« into ([7.19)), we see that
=1 H] 7 Q g p Q

(7.19) is bounded from above by

e(/mMIAY (€1 /k) (7.21)
Combining (7.14)—(7.21), we get
A K Am
log E,, (exp { / E(X"(s), A —s) ds}]]{N(X”;A) < MﬁA}) < — Z)\?(Ek/li) (7.22)
0 m k=1

Finally, by the Rayleigh-Ritz principle we have that MNP (€L/K) < M (€/K), where A1 (€),/k) is
the top of the spectrum of A + &, /k. |

7.4.2 A spectral estimate

Let (B(2))4eza be an arbitrary partition of Z¢ into finite boxes. Let (-, -) be the scalar product
on RZ and on (2(Z%). Let V: Z¢ — R be bounded such that there is a § > 0 for which

1
|B()]

Y V<25 zez’ (7.23)
y€B(z)

The proof of the following lemma is deferred to Appendix [B]
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Lemma 7.6. Subject to (7.23), there is a ko > 0 such that, for all k > ko,

g3 ((a+ %v) h.f) < 4%5. (7.24)
1Fla=1

Lemma and the Rayleigh-Ritz principle yield that the top of the spectrum of A + %V is
bounded from above by 4%5 for k > Ko.

7.5 Completion of the proof of Proposition

Proof. Fix 6 > 0, A > 1 and m > 1. By Lemma[7.5] there is a o > 0 such that, for all K > kg
and &-a.s. for all z € Z7,

logF, <exp { /A E(X"(s), A —s) ds}]l{N(X”; A) < M/{A})

Am

Z (&/K), Kk > ko = Kko(M, A).

(g
Next, by Lemmawith V=¢&,ke{1,2,...,Am} (recall (7.16)) and B(x) = 71(B{'(x,0))
(recall (1.13); m denotes the projection onto the spatial coordinates), there is a x1 > 0 such
that, for all Kk > k1 and all k € {1,2,..., Am},

(7.25)

A (€ /K) < 4%5. (7.26)

This shows that, &-a.s. for k > max{ky, k1 }, any block Bf‘AM“(x, 0), z € Z4, is e-sufficient at
level 1. The stationarity of £ in time completes the proof. [ |

A Proof of Lemmas [4.3-4.4]

In this section we prove two lemmas that were used in Section [

A.1 Proof of Lemma [4.3

Proof. Our first observation is that

11?1sup log By | exp Zﬁzth , T < pu, (A.1)
oo =1 zel;
where
p=sup pu(f) (A.2)
Fei®(z):
[Ifll2=1, f>0
with
u(f) = (f, m+2ﬁinh] ) Zﬁ,Zf? )= kY [flz+1) - f(a). (A.3)
=1 = zel; TEZ
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Indeed, this follows from the large deviation principle for the occupation time measure of
one-dimensional simple random walk on Z with jump rate 2k (which is the continuous-time
Markov process with generator kA) in combination with Varadhan’s lemma (see [9, Chapters
3-4]). A formal proof proceeds by truncating Z to a large finite torus, wrapping the random
walk around the torus, deriving the claim for a fixed torus size, letting the torus size tend
to infinity, and showing that the variational formula on the finite torus converges to the
variational formula on Z. The details are standard and are left to the reader (see [9, Chapter
8]).

We claim that 4 is the largest eigenvalue of kKA + > | ;1. Indeed, by [8, Theorem
2.2] the operator kA + > | B;1, has at least one eigenvalue. Consequently, the min-max
principle [15, Theorem XIII.1] yields the claim. The inequality in now follows from [17,
Corollary 1.4]. n

A.2 Proof of Lemma [4.4]

Proof. Let t,x > 0 and let X" be one-dimensional random walk with step rate 2k > 0. We
first show that for all C' > 0,

__C%kt
P0< sup |X"(s)| > C\/ﬁ) < 2e 2AC+3VhD), (A.4)
0<s<t

The proof is based on a discretization argument in combination with Bernstein’s inequality.
Fix n € N with n > &, and define

1-%, y=0
q"(y) =14 %, y=+1 (A.5)
0, elsewhere.

Let X = (X™(t))>0 be the discrete-time random walk with jump distribution ¢" and
jump times k/n, k € N. Then, for each t > 0, (X (™ (s))o<s<¢ converges weakly as n — oo to
(X*(s))o<s<t in the Skorokhod space D([0,],Z). Since X is unlikely to move in a short
time interval, uniformly in n, it is enough to prove for X with n fixed. To that end,
let k € N be such that k/n <t < (k +1)/n. Note that, because X (™ is a martingale, Doob’s
maximal inequality and Bernstein’s inequality yield

C%kt
P XM (s) > Cv t) < {—} v C>0. A6
! < osggzt (s) 2 ") =P 2(CVkt + 3kt) (8.6)

The same inequality is valid for the probability of supg,<;[—X ™ (s)] > Cv/kt, which yields
the claim in . o

Next, note that if X" leaves the spatial part of a space-time block Bj(z, k; k), then there
is at least one coordinate j € {1,...,d} such that 7;(X"*(s)) ¢ [Vkz(j)A, VE(z(j) 4+ 1)A) for
some s € [kA, (k+1)A), where 7;(X*) denotes the projection of X* onto the j-th coordinate.
In particular, if X* visits If (k, 1)-blocks with {f > d in the time interval [(i — 1)A,iA), then
there is at least one coordinate that visits at least [f/d one-dimensional (k,1)-blocks, i.e.,
blocks of the form [\/kxA, /k(x+1)A) x [kA, (k+1)A), = € Z. Consequently, without loss of
generality we may assume that X" is one-dimensional simple random walk with step rate 2k.
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Given lf, . .. ’lf/A € N, we say that X" has label (If,... ,lf/A) when X" crosses I (k, 1)-blocks
in the time interval [(i — 1)A,iA), 1 <i < t/A.
Next, fix C7 > 0 and let k.(k) > Crt, and note that

Py (X”‘ crosses k. (k) (k, 1)—blocks) = Z/:A Py (X” has label (If,... ,lf/A)) (A.7)
Upran
S 15— (1)

Using the Markov property and the fact that a path crossing I¥ (&, 1)-blocks has to travel a
distance at least (I — 2)\/kA/2, we may further estimate each summand in the right-hand

side of (A.7) by

Bo(1{X" has label (If,..., 15, |)}Py~q—a) (X" has label £, ,))

(A.8)
< Ey <11{X“ has label (15, ..., 17, A_l)}PXK(t_A)( sup | X"(s)| > (IF — 2)\/5,4/2)).
0<s<A
To proceed, note that, by (A.4)),
9 1 (5-2?AVKA } 5> 3
Py sup [X5(s)] > (1 -2)vRA/2) < eXp{ favare/mi [0 1 2% (o)

0<s<A 1, ¥ <2.

An iteration of the estimates in ([A.8) yields that the left-hand side of ({A.7) is bounded from

above by
t/A

N2 A A
> I1 2€Xp{ _ 1 -2 AvkA } (A.10)
R 4(1r —2)VA+6VEA
Z(llz“)i? 15>3
We have
§ (Ir —2) f -2 )
S r—-2)vA +6\//€A VA+6VEA
1723 1523
Moreover,
t/A At
15 —2)> ki(k) — —. A.12
! A
==

Inserting (A.11HA.12)) into (A.10]), noting that [7, 2]
Ja,b>0: number of summands in right-hand side of (A.7) < ae®V*®) /k, (x), (A.13)

and choosing C7 and k large enough (C7 > 4 is sufficient), we get that the right-hand side
of (A.7) is at most e~“84k=(®)  Here, Cg is such that for all k.(x) > C7/A the inequality
(ki(k)—4t/A)/(1/+/k+6) > Csk«(r) holds, which for k > 1 is fulfilled when C7(1—"7Cg) > 4.
This yields the claim in . [ |
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B Proof of Lemma [7.6]

In Sections we prove a lemma that was used in Section [7] The proof is inspired by
[1, Theorem 12].

B.1 Neumann boundary conditions

In this section we recall the definition and some properties of the discrete Laplacian with
Neumann boundary conditions. For further details we refer the reader to [11].

Fix z € Z% A > 1 and define the matrix Mp(,) as

1, ify,z € B(x),||ly — z|]| =1,
Moy, 7) = {0, e (B.1)
and the number of neighbors of y in B(x) as
np@)(y) = {z € B(x): [ly — 2] = 1}]. (B.2)
Definition B.1. The Neumann Laplacian Ag,)y on B(z) is defined via the formula
AB) = Mp) — nB(2), (B.3)
where np(y) is the multiplication operator with the function np ).
Remark B.2. The quadratic form associated with Ap(, is given by
(Bpwfio)=—5 3 W) - FEw) o) FgeR@. (B4
y,2€B(z)

ly—=zll=1

(Ap(z) does not see that B(x) is imbedded in 74, which is why it is sometimes referred to as
the graph Laplacian on B(x).)

Lemma B.3. The following properties hold for all x € Z¢ and A > 1.
(a) (Apyf. f) <0 for all f € RE@,
(b) Ap(a) is self-adjoint.
(c) ker(Ap(y)) = R1, where 1 is the vector in RE@) with all entries equal to one.
(d) For all f € £2(Z%),
(AL D)< 30 (Ape P, 170, (B.5)
z€Z?

where fB@) is the restriction of f to B(x).

Proof. Fix z € Z% and A > 1.

(a) and (b) are consequences of Remark

(¢) From Remark it is clear that constant functions are in the kernel of Ap,). For the
reverse direction, let f € ker(Ap(,)). Again by Remark

0= (Apwf f) =~ PR (1.6)
ly—=l=1



Hence, for all y € B(x) we have that f(y) = f(z) for all z such that ||y — z|| = 1, z € B(x).
(d) Let f € ¢%(Z%). Then

“20ALH = > [fw => > > U (2))?

y,2€78 z€Z% yeB(x) | zeﬁd )
lly—=z|l=1 y—z (B.7)
>3 > f P =-2>" <AB(x)fB(x)’fB(x)>,
z€ZdyeB(x) 2€B(x) x€Z4

[ly—z[|=1

where the second equality uses that (B(z)),czq is a partition of Z4, while the third equality
follows from Remark ]

B.2 Proof of Lemma subject to a further lemma

Let || - ||2 stand for both the Euclidean norm on R” and the ¢2-norm on ¢%(Z4).

Lemma B.4. Subject to (7.23)), there is a ko > 0 such that, for all Kk > kg, all f € RB@) gnd
all z € 79,

1 1
(Db + VI ) < 400113 (B.8)

The proof of Lemma[B.4]is deferred to Section First we complete the proof of Lemma
subject to Lemma [B.4]

Proof. Let f € (?(Z%) and k > kg, where kg is chosen according to Lemma . Then, by
Lemma (d) and the fact that (B(z)),czq is a partition of Z¢, we may estimate

1 L) pB@) 8@
(A+-W)f.f) < > ((Ap + V) 2@, (2@, (B.9)
Te
Since f = 3, cz0 fP@, we have || f||? = 3 cz0 IfP@[3. Combining (B.8-{B.9), we get the
claim. ]

B.3 Proof of Lemma [B.4l

Proof. Fix z € Z% and A > 1. First recall that, by Lemma (c)7 ker(Ap(,)) = R, so that

we can write each f € RB@ as f =all+¢g, a € R, g € (]R]l) . Therefore, using that Ap,,
is self-adjoint, see Lemma (b) and hence symmetric, we obtain that

(8o + V)15 = (Bpg.g) + - [2VE D) +2a(VLg) + (Va,g)]. (B.10)

Using that the unit sphere intersected with (RH)L is compact, that Apg,) is negative on
(RH)J‘, see Lemma a), and that the scalar product is continuous, we deduce that there
is an 7 > 0 such that (Ap(,)h,h) < —n for all h € (]R]l)l with ||hl]ls = 1. Hence we may

estimate the right-hand side of (B.10f) from above by
1
= nllgls + ~[o*(VL, 1) + 2a(V1, g) + (Vg, 9)]. (B.11)
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Next, by (7.23), we have (VI 1) =3 cp,) V(y) < 26|B(x)|. An additional application of
the Cauchy-Schwarz inequality shows that (B.11)) is at most

1
= nllglz + ~[a*20|B(z)| + 2a([VI]alg]l> + [Vgllallg]la]- (B.12)

Using the bound ||[Vg||2 < ||V|so||g]|2 (which also holds for g replaced by 1) and the assumption
that V' is bounded, we may further estimate (B.12) from above by

1
= 1llgllz + — [*26]B(2)] + 2a[Vl|oo|[l2lg]l2 + [V oo ll913] (B.13)

For any a,b € R and v > 0 we have the inequality 2ab < va? + b?/v. Pick a = a||V||oo|| 1|2
and b = ||g|]|2. Then we may further estimate (B.13)) from above by

1
= nllgl3 + = (20 B(@)| + 70|V I 1813 + g3/~ + l19113]
) 1 1 1 1 oo (B.14)
=gl n+ (14 )]+ (20 + VI

where we use that ||1]|3 = |B(z)|. Now pick v = 2§/||V||%, and note that, for s large enough
so that %(1 +1/y —40) <n, we have —n + %(1 +1/y) < 4%5. Therefore, for x large enough
we may estimate the right-most term in (B.14]) from above by

1 2 2 2 _ 1 2
4= 19113 + a2 13| = 4= 3l1 13 (B.15)
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