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1 Introduction

Hadronic final states at electron-positron colliders constitute the cleanest environment
for testing quantum chromodynamics (QCD). Historically, measurements of the R-ratio,
defined as the ratio of the cross sections for hadron production and muon production in
ete™ collisions mediated by photon exchange,

o(ete”™ — v* — hadrons
olete™ = y* = ptu~)

R= ) :NZeg (1—1—(’)(%)), (1.1)
q

with N the number of colours and e, the electric charge of the quark, supplied the first
experimental evidence of the fractional charge of quarks and for the existence of the colour
quantum number. From a theoretical point of view, this process provides the ideal play-
ground for studying the dynamics of strong interactions, given the colourless nature of the
initial state and the absence of QCD vertices at Born level.

The total cross section can be written as a perturbative expansion in terms of the QCD
strong coupling constant a,

o(eTe” = 4* — hadrons) = 0@ + (as) o)+ (%)2 o + <a5>3 o® +0(ad)
27 27 27 s
(1.2)



with ¢(© the Born-level or leading-order (LO) cross section, and o*) denoting the NFLO
correction to the cross section. The N3LO [1, 2] and the N*LO corrections [3-7] are known.

Generally speaking, evaluating the terms in (1.2) beyond Born level requires the calcu-
lation of Feynman diagrams with additional real and virtual particles. The emission of real
particles causes singular behaviour of the matrix element in the collinear and /or soft limit,
while the exchange of virtual particles leads to a divergent loop integration. The real and
virtual divergences can, however, be consistently treated separately after the introduction
of a regulator. The most common choice is dimensional regularisation where phase space
integrals as well as loop integrals are performed in d = 4 — 2¢ dimensions. This leads to
the presence of explicit 1/€" poles in the intermediate steps of the calculation. Nonethe-
less, the KLN theorem [8, 9] guarantees cancellation of infrared (IR) poles for sufficiently
inclusive observables — such as the total cross section — and thus one can eventually take
the limit € — 0.

In [10] the infrared structure of the process ee™ — 2 jets was scrutinized up to NNLO.
Namely, the tree-level four-parton, the one-loop three-parton and the two-loop two-parton
matrix elements were integrated over the respective phase space and summed to obtain the
NNLO contribution to the cross section,

52 — /d(I)4 M£+/d<1>3 M} +/d<I>2 M3, (1.3)

where M! denotes the I-loop squared matrix element for the decay of a virtual photon into
n final state QCD particles. The phase space d®,, is defined as

dd— lpl dd_lpn

do, = .
" 2E (2m)d-d 2B, (2m)d-1

(2m)* 6%(qg —p1— ... = pn). (1.4)

We refer to each of the terms in (1.3) as a layer of the calculation. In an N¥LO calculation,
each layer can feature infrared poles up to 1/e?*, i.e. up to 1/¢* at NNLO and up to 1/¢% at
N3LO, etc. The authors of [10] identified IR-singular terms in the three- and four-parton
final states with the IR singularities of the two-parton final state. They further observed
the cancellation of the contribution from the one-loop soft gluon current between three-
and four-parton final states.

The purpose of the present work is to extend the analysis of [10] to the layers of the
N3LO cross section. We analogously integrate the tree-level five-parton, the one-loop four-
parton, the two-loop three-parton and the three-loop two-parton matrix elements over their
respective phase space:

o® :/d@5M§+/d@4M41 +/dq>3M§+/d<I>2 M3 (1.5)

This work forms part of the joint effort of the community towards N3LO calcula-
tions [11-24]. Several steps have been taken towards a complete description of the uni-
versal behaviour of matrix elements in unresolved configurations in N3LO calculations.
These scenarios include single-unresolved limits of two-loop amplitudes, double-unresolved
limits of one-loop amplitudes, and triple-unresolved limits of tree-level amplitudes. Some



unresolved limits can be described with the iteration of single and double unresolved struc-
tures, while others require novel computations, e.g. single collinear limits of two-loop am-
plitudes [25, 26]; two-loop current for the emission of a soft gluon [27-29]; triple collinear
limits of one-loop amplitudes [30, 31]; double soft emission at one loop [32-34]; quadruple
collinear splitting functions [35, 36]; and triple soft emission in tree-level amplitudes [37—
39]. At the integrated level, the interplay of the different unresolved limits is not yet
understood. The cancellation pattern between the components of (1.5) could shed more
light on the way the implicit infrared divergent behaviour translates to the integrated level.

We anticipate the importance of the presented results for the development of a local
subtraction scheme at N3LO. The matrix elements of v* — ¢g and their integrated versions
have been used in the context of the antenna subtraction scheme for NNLO calculations [40].
The matrix elements themselves (with a proper normalisation) can serve as subtraction
terms at the real level to remove implicit singularities due to unresolved radiation between
a quark-antiquark pair of hard emitters. On the other hand, the integrals of the matrix
elements over the phase space have been used to remove the explicit singularities present
in virtual matrix elements. The results of the present work can therefore provide necessary
ingredients for a future formulation of the antenna subtraction scheme at N3LO.

The remainder of this paper is organised as follows. In section 2, we briefly describe
our methods. In section 3, we present results for the integrated matrix elements in order
of final-state multiplicity. In section 4, we combine the expressions to recover the known
R-ratio at O(a?) and we comment on the results. We conclude in section 5 and elaborate
on possible future directions.

2 Method

Phase-space integrals are related to loop integrals by the reverse unitarity relation [41, 42]
which reformulates the mass-shell condition for p, a final-state massless momentum, as an
inverse propagator on cut (cut-propagator),

1 1

2mid T (p?) = — ) 2.1
Tt = 0 T a0 (2.1)

This way, all the integrals present in the matrix elements in (1.5) can be expressed as
cuts of the four-loop photon self-energy and we can leverage techniques developed for the
computation of loop integrals. According to the number of propagators on cut, a given
self-energy diagram contributes to a layer in (1.5). Namely, n-particle cuts represent the
integration over the inclusive phase space of a matrix element for the emission of n real
particles with (5 — n) loops. The relevant cuts of a particular diagram are depicted in
figure 1.

At first, the four-loop diagrams with two external legs are generated with QGRAF [43]
using a model which includes the Standard Model QCD particles and couplings, as well
as a set of fields for cut-propagators, which are also allowed to couple to regular particles.
However, most naive arrangements of the cut-fields within a four-loop diagram are unphys-
ical. In fact, a diagram only contributes to the physical integrated cross section if the cuts



(a) 5 cut-propagators (b) 4 cut-propagators (c) 3 cut-propagators (d) 2 cut-propagators

Figure 1. Example of a four-loop massless photon self-energy featuring three internal gluons with
different possible choices of cut propagators (in red). According to the number of propagators
on cut, the same diagram can represent the integral over the phase space of: (a) a tree-level
squared amplitude v — ¢gggq, (b) the interference between a one-loop amplitude v — gggq with
its tree-level, (c) the interference between a two-loop amplitude v — qgq with its tree-level, (d) the
interference between a three-loop amplitude v — gq with its tree-level.

F1 F2 F3

by ka—ks | Ky Ky — ks ky ks — ko

ko ko — k4 ko ko — k3 ko ks — kg

k3 ks — ky ks k3 — ky k4 q—Fk

k4 q— k1 k4 q—Fk1 k1 — ko q — k2
k1 —ke q—ka | k1 — ko q— k2 k1 — ks q— ks
ki—ks q—ks | ki —ks q— ka4 ki — ks q+ ko — ks
ki—ky q—Fka | k1—ky q+ks—ky| ko—ks q+ks—Fks—Fk

Table 1. The three auxiliary topologies which label every diagram present in the calculation. The
knowledge of cut propagators is re-inserted only after the matching of diagrams onto the topologies
F1, F2 and F3. One can subsequently infer which combinations of cuts are required in each topology
to accommodate every cut diagram.

divide it into exactly two connected graphs, each attached to an external photon current.
Moreover, each contribution in (1.5) requires a specific number of cuts and loops on either
side of the cut. Finally, only cuts which fulfill momentum conservation and do not contain
a self-energy insertion on cut-propagators are retained. In this way, we had to evaluate
1592, 3114, 2556 and 1764 diagrams for the integrations of the matrix elements M3, M3,
M} and MY, respectively.

We subsequently insert the Feynman rules into the selected diagrams, compute the
colour algebra, and evaluate the traces of gamma matrices. After imposing the on-shellness
condition for cut propagators and representing each integral as a combination of scalar in-
tegrals, we can use REDUZE2 [44] to sort the integrals into the auxiliary topologies reported
in table 1.

Keeping track of which propagators are cut in any diagram, we can define for every
auxiliary topology (F1, F2, F3) a set of cut-families which cover all the integrals appearing



in the matrix elements. Since we re-introduced the cuts only after matching onto the
topologies, we are left with redundancy in the definition of the cut-families, which is taken
care of internally by REDUZE2’s sector relation finder before the reduction.

The integrals appearing in the matrix elements have up to eleven propagators in the
denominator and a maximum of four scalar products in the numerator, in line with the
calculation of the three-loop quark form factor in [45]. For each layer, we reduce all
integrals to a set of master integrals, finding 22, 27, 35 and 31 master integrals for the
two-, three-, four-, and five-particle final state respectively. These master integral are in
a one-to-one correspondence with those analytically computed in [46, 47]. Namely, up to
trivial relabeling of loop momenta, we can directly use their results.

FORM [48, 49] together with MATHEMATICA and PYTHON scripts were used exten-
sively throughout the calculation.

3 Results

We illustrate the general structure of the different partonic contributions and we pro-
vide explicit expressions only for the new O(a?) results. The notation of [10] is adopted
throughout this section for ease of reference.

We present results for the integration of renormalised squared amplitudes. The renor-
malisation of ultraviolet divergences is performed in the MS scheme by means of the re-

2 2
00 12 5 = 0y 1% [1 B (5e) (50 - g) (52) + 0<a§>] SENCEY

with ag the bare coupling and p2 the mass parameter introduced in dimensional reg-

placement

ularisation to maintain a dimensionless coupling in the bare QCD Lagrangian density.
Additionally, o is the renormalised coupling evaluated at the renormalisation scale p? and

11C'4 — 2N,
Bo = #, (3.2)
17C?% — 5CANfp — 3CpN
/31 = A A6 r r ) (33)
Se = (4m)e” 7, with Euler constant v = 0.5772... (3.4)

Henceforth, we fix the renormalisation scale to be u? = ¢2, ie. as = as(¢?). Explicit
relations between unrenormalised and renormalised amplitudes are provided in appendix A.

3.1 Two-parton final state

The two-parton contribution to (1.5) is given by the QCD loop corrections to the v* — qq

process:
2
aS aS
‘M>q¢i = Viraeq [’M(O)M@"‘ (27r) ‘M(1)>q¢?+ (%) ‘M(2)>q§

as\?
+(52) |M<3>>qq+0<a§>], (3.5)



with o the electromagnetic coupling constant, e, the quark charge, and |./\/l(i)> the ¢-loop
contributions to the renormalised amplitude. The squared amplitude, summed over spins,
colours and quark flavours is given by:

(M|M)gg =D IM(" = q)?

= 477042 eg [(M(O)M/l(o))qq + (as) 2 Re[<M(1)|M(O)>qtﬂ
q

2
s\’ @) (O W gDy
+(52) (2Re[MPIMO)q] + MO MD)g)
3
+ <;‘F> (2Re[(MPMO)4q] + 2Re[(MPMD) 5] ) + O(aﬁ)]. (3.6)
We define
T = / d®y (MO M) 5, (3.7)
p / d®, 2 Re[(MD MO ], (3.8)
(6) _ (6.[2x0) | (6.[1x1])
Tag =T AT, (3.9)
TP = [ 48,2 Re[(MEPIMO),q). (3.10)
7:1(66’[1><1]) — /dtl)g <M(1)|M(1)>q¢j, (311)
(8) _ H(8.[3x0) | (8,[2x1))
T =T + T, (3.12)
TSP = [a@, 2 Re[(MOMO),q], (3.13)
) /dq)QZReKM(Q)\M(l))qq]. (3.14)

The lowest order contribution is given by

T Z4N(1 - )P, (3.15)

qq
with P the volume of the two-particle phase space,

I'(l—e

R g @) (3.16)

P2 _ /d‘bg — 2*34’26 ﬂ_fl+e

Note that in contrast with [10], our definition of 7;(;) includes a factor of P» because we
always integrate over the full phase space. The one- and two-loop contributions 7;%4) and

7;%6) are given in (4.6) and (4.7) of [10] and in appendix B. The colour decompositions of



7;(;’3X0D and 7:1((1—8’[2X1D reads

&3x0) LY 2) | nr2-(8,[3%0) (8,[3><0) (8,[3%0])
TP = (- )7 [N TEB| Tl + 3T PO
N
N N 300 Np (s[3x0)) A2 (8. [30)
+ Taq ‘NFN+ N Tag NF/N+ 7 Tag NZ
4\ [3x0)
+NF,"/ (N - N) 7:15 ‘NF’-Y s (317)
and
(8,[2x1]) _ (2) 2-(8,[2x1]) (8,[2x1]) L (8,2x1))
Tag = (N N) Tag [N Taq + Tog + 2 Taa ’I/Nz
J2x1 Np (8,21
+NpN TSED| - SE g (3.18)
NpN Ng/N |’
where )
Np,, = o)™ (3.19)

2
2q €
The last term in (3.17) features a singlet contribution proportional to (3=, eq)? which always
comes with the expected quartic Casimir d**°d®® = N — 4/N. The terms in (3.17) up to

finite order in € are given by:

L <_1)+1(_7>+1(_5Q99+” 2)
N e\ 24) T\ T8) T A\ T 1206 96"

+1< L 2185 7()
3\ 243 " 1296 123

T(8,[3x0])

qq

1 < 3371 n 45551 2 1387C 2299 4>
- — T
15552 ' 15552 432 % 20736

1(6297767 A, 52 T2AT 151, _631<>
279936 46656 108°° 103630 54 ’

80373631 12363151 , 4 5521C 506143 i o477 2
— m
1679616 559872 972 >~ 622080 576

2191 208037 6 163
- 2
80 G+ 3732480 " 144<3 +0(e), (3.20)

(3

sBxop| 1 1> 1<17> 1(811_3 2> 1(6185 499 , 11 )
Taa N0_+66<12 t5 ) Talam T3 ) Te B 1t T
1 (28075 20135 2_7 o 1573 4>
2592 3456 5760

1( 13385 97123 , 29 +240217 1,593 2+ C)
¢ \ 15552 10368  32°° T 207360 288" >3 >



9295397 | 6G3TL , 3919 | 2TSTAT 4 AT,
93312 ' 7776 © " 96 ** " 1244160 32"

923 ’ 35857
—— (5~ =T
180°° 1088640

@pxoy] 1 _1) 1<_3) 1(_25 192)
Taq 1/N? +66< 01) Ta 1) Tal T o"

64 %5@2 +0(e), (3.21)

B3\ 32 64" Tg%®

1 < 515 , 1273 2+69< 649 4>
|-+ =7+ =G — =7
2\ 64 ' 384 16>° " 3840

1 (_9073 4015 , 2119C 3833, 14577r2€_ +1mg)
e\ 384 ' 334 96 > 7680 288 © T 40 P

53675 70429 , 2669 67177 , 3665 o

768 T 230" T 32 9 160s0" 102"

2119 19301 4 913
80 7 1741824 48

BBy _ 1<1) 1<1283) 1(_ 253 419 2>
Tas ven o \8) T @ \1206) T\ T3s8s ~ 2502”

1 ( 6461 671

GG +0(e), (3.22)

__ﬂz+47<>
3888 15552 2163

€2

1( 240167 , 99107 , 521 3041 4>
e \ 734992 T 16656 12960 ' 103680 "
ST3TIT | 38TITO , 4540, 14527 ,

m — — T
209952 ' 69984 1206 %~ 69120
A1 205

e -2 000, (3.25)

(8,[3x0]) L _1> 1(_35> 1<_139 17 2)
Taa NF/N_+€5< g) Tal\Tm) T T T oe”

1<775 - 1377r2+55<>
2 \1296 1728 723

1 (24761 B 98597r2 _ @C o W4)
€ \ 3888 5134 432°° " 20736
691883 87853 , 21179 125143 ,
- - 3+ m
23328 7776 1296 622080

85 ,. 193
+%7T C3+ﬁg5+0(6), (324)




x| _ 1 _11> 1<_1> 1(23 =
Tag N§+e4< 162) "\ T2a3) T2 (324 T 108
(2417 5 <3>
17496 324" 8l
190931 403 , 52 43
- gt ——tt 0 3.25
iod976 T 72"~ 243% F grap™ T OO (3:25)
GBxo)  _, 1,5 o _m 106
T ‘NF’7—+2+24 + 2 C 50— 5+ 0, (3.26)

The terms in (3.17) up to finite order in € are given by:

B2x1))|  _ 1<_1> 1<_5> 1<_259 72) 1<_8507 372)
T, v T\ Tg) T Ty ) TalT e ™ ) Ta\Tser To6”

qq

1(_99269+517 ) @g o1 4>

2\ 5184 ' 432 144> 768
1<_655493+30709 ) 527( Rt Qg —C)
e \' 31104 ' 10368 144~ 11527 3 5
8695267 303889 , 33707, 11953 4+2365 )
186624 ' 62208 864 > 34560 1728
3839 389 5 95 ,

- . e 2
240 ¢~ To3536" T 165 T O (3.27)

7—(8,[2“])

_+1<1>+1<29>+1 1711 72 +1(15311 143 , 13()
o 6 \4) T \16) A\ 288 6 3\ 864 1927 g

1 <28153 8843 27@6 59 4)
648 3456 * 5760

L (708011 72937 , 8657 2 37 ) )

( 7776 10363" 288 @ T a30m0" T32" @11 45

6795617 _ 122045 ,  8O4GT,  1T8T ., 36T ;.

— ™

16656 7776 864 3 138240 864 " O3

197 6647 125

il = 2
+ C5 241920 7o+ <3 O(e), (3.28)

x| _ 1 _1> 1<_9> 1(_75 32)
Taa 1/N2_+€6< 8 te 16 ta 32+32

1 63 23 , 13
tosl—gt+o7 +—
€ 8

8 ' 64
1 (1555 523 , 111 a7,

&2 <_64 3™ T 16 T Tima0” )

1(_8957 301 , @Cz 19 4 133 2o 123<5>
e\ 128 96 " 2560



19215 2797 , 2281 . 1837 , 337 -

256 256 " T 16 51207 G
1017 24643 345

_ _ 2
80 °° 7 967680 C3+O() (3.29)

x| _ 1 1) 1<35) i 187 «?
7;(] NpN +65 (8 +64 144 +63 432 96

+1< L, 4l 23<>
2\ 1206 " 1728" T 72

1(_58381 1279 <2 7 4)

7776 51sd " m<3‘2304”

1801117 L 21899 , 2617C
16656 15552 | 432 O3
833 , 53

60120 864

2
(8.[2x1]) _ 1 (_1) 1 <_35) 1 187 7°
Taq Np/N +e5 8 + et 144 + €3 432 + 96

+1<751_41 2, 23<)
2 \1296 1728 T 72

(58381 1279 2 71 7 4)

€

TG+ o C5 +0(e), (3.30)

7776 sisd”  1aa T 30a”

1801117 21899 2 2617

16656 15552 432 %
833 4, 53 ,
_ 0 -2 31
69120" 864 (3 C5 + O(e), (3.31)

The presented expressions are related to the quark form factors up to three loops [45, 50, 51].
In particular

7.(8 [3%0]) 7—(2 {}—q Re [A( 2)3] _ @J-‘g Re [A(QQ)Z}

(2651 - 450> FiRe |A(¢?)] } (3.32)
and
TP — L {mrre [a@)] - 222} (3.33)
where F}, F§ and Fi are given by (2.23), (2.27) and (5.4) of [45]. The factor
A(¢*) = (=1 —i0)~¢ (3.34)

appears in time-like kinematics. The factor 1/8 in (3.32) and (3.33) compensates for the
fact that 7}, F and Fj refer to an expansion in a;/(47). Equations (3.32) and (3.33) are

indeed satisfied after the insertion of the expressions from [45], which is a strong check of
our results.

~10 -



3.2 Three-parton final states

The three-parton configuration receives contributions from the two processes v* — ¢qg

and v* — ggg. The three-gluon final state only arises at order O(a2) as the interference

S
of two one-loop diagrams where three gluons are emitted from a fermionic loop attached

to the photon. The amplitudes are
Qs
[(M)qqg = Vimaeq Vimas [ ’M(O)>qé9 + (277) |M(1)>q§g

+ (O‘)Q M) + 0(043)] (3.35)
o s

and

(M) ggg = VAmae, (47ras)3/2 [’M(1)>ggg + O(as)} . (3.36)

The squared amplitudes summed over spins, colours and quark flavours, are given by
(M|M)ggg = Z IM(v* = qqg)|?
2.2 (&s 0s\? O A1
= 47"0‘%:% 8 o (M |M >qqg o0 2 Re[(MP|M) 4]

Qs

+(w)g(2ReRM“’1M<°>>qqg}+<M<1>|M<>>qqg)+o< >] (3.37)

and
(M|M)ggg = Z IM(y* — 999)’2

= 47raZe 5127° [<§;>3(M(1)|M(1)>ggg+(9(a§)] . (3.38)

The integrated matrix elements squared are defined as

70 = s [ a0, (MO, -
T - SWQ/d‘I)g2Re[(M(1)|M(O)>qqg], (3.40)
T = T g o)
TSRx0) 87r2/d‘1>32Re[(/\/l(2)\/\/t(0)>qqg]7 (3.42)
TSI — gr2 /d<I>3 MO MDY o (3.43)
T = 5120° [ a2y (MM, (3.44)

- 11 -



Expressions for 7:1(79 and 7;(79 are given in (4.28) and (4.33) of [10] and in appendix B. For

7:1(@[2><0] nd 7:1(189[1X1 ) we refer to the following decompositions:

(8,[2x0]) _ (2) (8,[2x0]) (8,[2x0]) L (820
Taag - <N B N) Taq l 7:169 N2 Taag NO + ﬁfﬁg 1/N?
(8,12x0]) Np __(s,2x0) N2 T8[2x0)
FNEN TG N T e T e
+ Np,y <N ) Tos | ] , (3.45)
Np.
(8,[1x1]) _ 1 (2) | ar2(8,[1x1]) (8,[1x1]) (8,[1x1])
Tqég - (N B N) 71-16 [N Tqég N2 qq9 NO + ﬁ qq9 1/N2
(8,[1x1]) Np __(8,1x1)) N2 & 0x1])
NN T T | N Tas m] (3.46)

F

For 7:1(%[%0]), explicit expressions for the different contributions appearing in (3.45) are:

+1 <29)+1<128>+ 1 <23689 343 2)
N2 72) T e\ 27 1296 288"

1(497425 44041 -2 957 >
- 3

7—(8,[2><0})

qq9

7776 5lsd | 72
1 <2820559 | 15847 , 10645 - 99149 W4>
2 \ 11664 486 144 °° " 103680
1265414681 5932087 , 61387
e\ 279936 46656 216 *°
960277 , 31687
207360 864 360
206830619 143664697 , 186071 bt 750137
52488 279936 162 38880
254009 178661 5842331 ;14803
B s sl AT
1728 " %37 7240 7 26127360 144 a3 8100, (347

(8,[2%0])
Taag

_+1Cﬁ)+10%ﬂ+1(ﬁm+mﬁﬂ
NO €6 8 €d 48 et 36 288
1<—30959+ 18439 2y 1356)

€3 432 1728

n 1 1384741 n 107647 n 14849 17101 i
2 5184 2592 4 144 > 11520

~12 -



31104 * 31104 + 432 G

€

1(_32266075 5124899 2 173377

1300403 , 16825 , G 5579 9,
207360 © 288 " P °

795917293 n 122157485 , 290617C 4177081 -
186624 186624 162 * 155520

151987 , 275473 2075989 ; 17695
_ 200209 o 3.48
576 " T 210 T g700120" B TOl) (3.48)

@pxop) 1 1) 1(9> (83_37 2)
Taag 1/N2 +66 (4 +65 8 ta 16 48
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The results for ’7:1;2[1“]) are:
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<851_659 2_685€>
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1 (135041 74453 , 30355 - 809 4, 9749 2 | 12349 C)
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Taag N0_+66< s) el ) Tal " ag Tass™
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€3 96 | 576 3
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3
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161319 7895 , 6109 1349 , 1505 , 2113
e< 192 321" 48 ¥ 3s10" TIm " 9T 50 <5>
194285 32531 , 53047, S13T , 3629 ,
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7191 161467 1265
720 *®T 1451520 G+0(o), (3.56)

oxy) 1 _5> 1(_67> 1<_47 13 2)
Taag ‘NFN_+€5< o) Tal ) Tal s Tw™

1 (_1481 107 5 55()

2\ 144 108"

L/ 10385 32 , 1265 4y

e< 288 0" T 108 % 576" )

8305 22223 , 1517 10289 , 149 -

64 1728 © 736 7 51840 G
+§C5+O( ) (3.57)

(8,[1x1)) 1 1) 1(1> 1<31_2 2) 1(79_5 293 )
Taag Np/N ta (6 talg)Ta8 679" )Tl 3 135

1 <1069 6977r2 91C L9 19 4>
48 288 432
3603 25 2 241 19 i 4

93 ,
T8 3" s St Tis” 8T 1 9O, (3:58)

_+1(1>+1<1>+<19_7 2)
v ed\36) T3 \2a) T @ \1aa 432"

(109_7 2_€>
288 288" 108>°
1133 , 25 71

61 128" 2% Hisa0” +0(). (3.59)

299

(5.1x1)

qq9

The three-gluon final state 7'9(989) is a genuine singlet contribution:

1 4
8) _ (2) 8
Toos = (N - N> Tog Nra <” - N) 7;(95;)‘]\,“’ (3.60)
with
31 41 7 ¢
(8) _ Il 2 _° e 4 _ 3
Tooaly,, = 12 T 1ad" C‘”’ 0" T 6 7 C5 0. (3:61)

In order to compute the renormalised 7:]((19) , we needed to evaluate the master integrals Vs 4,
Vs, and Vg up to weight 5, in the notation of [10]. V5, and V5 are provided in a closed
form, whereas the expansion of Vg is truncated at weight 4 [52]. We numerically computed

the master integral Vg up to O(e?) with AMFLOW [53], and we reconstructed the analytic
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expression with the PSLQ algorithm [54]. The result reads:

Vi = 51“,2(612)_2_26[ i B (—407”253 - 1135<5>
+é? (1451”6 - 1181@) +O(e )] (3.62)
2268
with . )
Sra = Py (16%@8—@) . (3.63)

As a validation of this result, we notice that the master integral denoted by VVRRgg in [47]
is related to Vg by a trivial multiplication with a one-loop bubble, as can be inferred by the
definition of the two integrals. We find complete agreement between the two expressions.

3.3 Four-parton final states

The processes contributing to the four-parton final state are v* — ¢qgg, v* — qqq'q¢’ and
~v* — qqqq, where ¢ denotes a quark of a flavour different to that of g. The amplitude up
to one loop is

(M) qgij = VAmaeq dras [|M( )agij + ( ) |M(1)>qqu + O(a ) (3.64)

with ij = ¢'q, qq, gg. The perturbative expansions of the squared amplitudes summed over
spins, colours and quark flavours are

(MIM)ggij = > IM(* = qqif)[?

2
—47rozZe 6474 [<g;> <M(O)|M(O)>qqi]’

+(;33@Rdmﬂﬂuﬂ%wﬂ)+ombm (3.65)

We define
T = 6art [ 42 (MOIMO) g5 (3.66)
Tay = 6art [ d2u2Re[(MOMO) 5], (3.67)

The expressions for 7;((113 are given in equations (4.49), (4.51) and (4.53) of [10] and in

appendix B. The colour decomposition of T reads

d99
® _ 1 2-(8) 1 )
Taage = <N_ N) T [N Taagg N2 + Tagaa NO T ﬁ’]:zqgg’l/m
Np ) 4\ 3
+NFN7:16199’N + WEQQQ’NF/N + Nry (N N) EQQH‘NFW : (3.68)
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The results for the coefficients are
+1 ( 41) n 1 ( 311) n 1 ( 54325+ 1151 ,
=4— (- — | —— — —T
N2 €6 36 €d 36 et 1296 432
l (_ 1590017 N 23519 2 @C )
3 7776 1296 3

7776 - 15552 * 216 C3_103687r

1 (_84015367 n 44125165 , n 2192809
17496 03312 1296

1973 4 7435 2+ 40319<>
060 8+ >

€2

(3

€

20052623335 163823405 , = 22820177 4992721 i

1 (_7646353 1461895 2 66593 16537 4>

830808 69984 " T 2502 % 124416 "

G+

22493 s + 1335263 4433837 -6 64345
3+

G5+

32 360 13063680 " 72
1/217\ 1 /389 65 ,
—n() ( )+e4<9‘18 )
1 (177335 17189 161
63( 864 _C?’)
4000865 128357 , 12755 16579 ,
ta ( 5184 1296 36 3" 86407r>
1 /143110091 14956337 , 65791
6< 31104 31104 © 36
310760 , | 23087 , 51389
34560 " 124 "B C5)
4179822425 431838125 , 7979983 62213
186624 186624 " s6a @ Taao "

190001 , 856933 719437 26 4 19345
T™(3 —

G+

216 180 ° 7 1088640
® 11 1/ 9 1/ 91 29,
aasy e~ T\ T2) T\ 7)) TalTws T
+1(_1683+832 137<)
3 32 16 3
L (1937 843 , 169 4)
+ 2( s T” C 320

P 8 T2 T TS T B0 " 24

2082919 n 168199 , n 222847 14011 i

384 288 96 > 1280 "
3885 5. 56609 51599 7667
6 " ST 0 ST 31000" CL‘ +0(e),

17 -

1( 94331 142745 2 965 13073 o 1463 w2 +
- e 3t

(3.69)

(3.70)

10469
C5>
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7(®) _+1(1>+1(65>+1(869 132)+1<14459_%9 2_71<>
99|y v~ B \2) T 1\ 36 108 18 2\ 432 216 6 >

1 <1084631 15943 2 1327 373 4>
€

6 12067 27 T 360"
27302353 _ 200555 , 18365 . 5207
46656 3838 81 7 12060
1891 887
+ mﬂ Cs — 7C5 +O(e), (3.72)

(8) R SO O S SR O Gt B 1(_8453280)
quggNF/N_+65( 3)+e4( )+e3 sto | Tal-mgta™ T3©

1( 2307 , 473 , C 17 4>

€ 32 72 216

57305 7735 , 4295 17, 121 , 424
- gt G40 3.73
02 Toss” T e BTt T g et 5 6tol. (1)
(8) _ @_43 _5 _L 2 o —~10 0] 3.74
qug’NFw + THRCH 4C3 790" 4 37 G G5+ O(e) . (3.74)

The colour decomposition of 7:1 Ggq 1S given by
(8 _ (2) (Ve —1) s)
Eq'q’é’ B <N )T [( )N7:1qqq NpN T N 7;q'q’q'”NF/N

(8)
+(NF = )NF Togpq N2

A )
+ (Np, — 1) (N - N) 7. NFW] . (3.75)

where we have used Nr—1 and Nf,—1 because of the different flavour of the two final-state
quark lines. The coefficients above read:

Tk () () L (L
07 |y, v~ 5 \108) T e \ 648 1944 1296

1 (185695 20297 , 265
< 5832 7776 C?’)
1 (1554361 344560 , 1457 3239
e< 8748 23328 91 81 518407T>
210844381 _ 1432307 , 8225 64091
209952 17496 91 % T 311040"
+ 202 - 22 109, (3.76)

TSl o= (o) (i (T
997 | NN €D 108 et \ 648 €3 1944 = 432

1/ 131273 5047 , 889

&2 (_ 5832 ' 2502 +108<3>

1 (_2276611 | 80357 , 34270 125 ﬂ4)
e \ " 17496 " 7776 648 °° 10368
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150423833 | 1510867 , 606965 17861
209952 23328 © ' 1944 > 7 311040

10375 34661
_ 22 + G5+ O(e), (3.77)

432 180
WEYE AR AN 7
Tlnz et \ 162/ S\ 486/ €2\ 162 18

+1< 3613 73 2+76€)
1/ 3618 738 , 76
e \ 2187 ' 648 3

4661 523 , 247 41

+%mf£@'1%@3mo+ww (3.78)

®) (T, Cs T
Taada NFW_J%( 3+ 9 R 135)

2335 11972 19¢3 9617t 147%(s

26 Ofe). 3.79
7 toos T3 e T 9 600 (8.79)
Finally, the colour decomposition of quq is
® _ 1Y 2 (8) ®) (8)
Togaa = (N - N) Taq lNquq + N7:1qqq Np/N +NF Toqqq NZ
4\ (8) ®) NF s)
T (N - N) 7:1@1/(7)]\/ + Tagaq wo T ﬁfmqq v T N Taaaa Ne/N ,(3.80)

where the first three terms are identical to those in (3.75). The factors Ny and Ng, are
correctly restored in the sum of the qqq’q’ and qqqq sub-channels. The new terms appearing
in the same-flavour case are

:+1< 65 5 2 5C3)+1<—3527+2752 —C—ﬁ 4>
N0 T3\ 48 24 6 2\ 144 ' 144 1080
1/ 217805 23891 10573 281 169 117
(_ 864 1728 ™t 108 1m0 et 263_45)
| 325597 | 280337 , 97657 bt 171733
162 2592 162 77760
6265 , 4403 8171, 110

_ 220 _ = 81
516 " T 73 % " gom20" CSJFO() (3.81)

® _,1(65_5 » 5t> 1(B5 [ 7 4>
Toas 1/N2_+63 (48 24" 6Cd +€2 T — 9+ 90

45953 7435 2 935 43 oA 229 2 277
(T~ T~ 130 e G+ =G

T@)

9999

€

192 576 12 720"

251839 30857 5 24691 5089 i
+ - (3 —

128 288 48 43207
281 , 421 11 )
s Lt 82
+ 2" (3 5 G5 336" 76¢3 + O(e) , (3.82)
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@ _ L (B G 1(19 o B 4)
Taaa|y, y =+ 2 (72 3679 ) T \dos Tare™ 2t T 3am0”

3437 247 2 2125 1249 4y 8

" T2 T162" T 3229 T Toaa” T ar” K *Q’ 0. (383

3.4 Five-parton final states

The processes contributing to the five-parton final state are v* — qqggg, v* — qqq'q'g and
v* — qqqqg, and the tree-level amplitudes read

[Mggijie = Vimaeg (4ma)’* [|MO) e+ Oas)| (3.84)

with ijk = 9g99,4'q g, qqg. The squared amplitude, summed over spins, colours and quark
flavours is

(MIM)gaiji = > IM(* = qqijk)|?

3
:4mzeg512w6[<g‘;> <M<0>\M<0)>qqijk+0(a;*)]. (3.85)
q

We define
78, = 5120 / d®s (MOMO) oy (3.86)
The colour decomposition for 7;qggg reads:
(8 _ 2) | ar2 L s
Toagas = (N N) Taq lN 7:1q999 N2 +7:1q999 T ]\727:#1999‘1/1\/2] ’ (3.87)
with
® | _, 11 331) (11843 31 2)
Tagasg N2_+66(2)+ (108 tal e 24"
1 <259867 10745 , 439 )
B\ 2502 1206 ¢ 18 *°
1 (6302057_394223 , 6239 +218537T4>
2\ 11664 7776 36 > 25920
1 (815913157 26347837 , 181151
e\ 279936 93312 162 °
TST67 4, 13993 , 10946
172807 T o16 " T Cf’)
736904809 107045579 , 49920557 ot 7130357
46656 69984 7776 311040 "
67895 ,. 103894 93257 , T861 ,
44 TS T Y Boeses” T 12 O (3.88)
® | . L( TN, 1/ 37\ 1/ 1255 25,
Tageag N0—+6(5(—12>+5 ) Tal-— T

+1< 39895 76 , C)
€3 432 "9 3
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N < TS6T3 20903 , 12907 15811 4)
= | — 0
2 162 ' 432 72 > 17280
L(_ 40021591 335677 , 458257 15115 , 1541 , 5774
o + (3— (3+ 7(5
¢ 15552 1296 432 3456 © 18
| 320011123 42522607 , 15074377 2348393
23328 31104 " 2592 > 103680
142223 , 890561 916243 21473

2
- 10) 3.89
o8 " BT 350 St @maase0” 2 @ TOO) (3.89)

(8) L 1) 1<3) (33_11 2) (687_33 299 )
qugg‘mvfﬂfi(es tela)tals ™ )T\ 16 6

(1787_1099 2—1—77C 659 4)
e2\16 96 3% 2850

225217 69133 , 1997 1973 , 1981 , 1451 )
e( 331 1m2 8 @i TR T8 T @
507437 180415 , 126785 187531

192 576 06 T 34560 "
N 26103 19TOAT 1831

— O 3.90
T8 ST 0 ST rras0” G+0(). (3:90)
The colour decomposition for 7;qq Tq reads:
®  _ 1\ 2 (Ve —1) s
Eéq’é’g - (N N N) Tog |+ (Np— )Nfzqqqg NpN - N qqq’é’g’NF/N
Niy—1) (N = 2) 7® (3.91)
+(Nry — N ) lavaaly, | '

with

(8)

999'7'9

—I—l ( 7>+ 1 < 101>+ 1 ( 11651+247 2)
= _— _—— _— —_—— _— _—— —T
NpN €d 54 et 108 €3 1944 648

1 ( 426175 11227 2 493 )
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1 (_5169679 437695 , | 24599 3613 4>
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419904 * 139968 + 648 0 31104
205 2 13757
G+
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90 <5+O(€)7 ( )
o | 1 INPRE AW B

71—1@1'@'9 Np/N +65 (108 ta 648 +63 3888 1447T
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23328 864 " 108>
1 (20849357 67769 , 38797, 1771 W4)
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757887911 2403131 , 1436257 36571 4

830808 31104 " 3888 T 311040
1261 . 34651
. 3.93
G- 20 100 (399)
- _+1 Z_ﬁ_é_ﬂ4
940'T'g c\37 9 27 135
977 209 , 25 079 4, %5, 151g5
22 2. Y _ Ole) . 3.94
36 132" 6% T2060" T187 S +0(¢) (3.94)
Finally, the colour decomposition for 7:1qchg reads:

®  _ 1Y 2 (8) 1 )
Todaas = (N o N) Tya lN Eéq’«i’g NpN T N qéa’é’g‘NF/N
+ (N = 4) 7O T Lre (3.95)
N 999°q' g Ng Py 99999 NO N2 99999 1/N2 )

and analogously to the four-parton final state case, the first three contributions in (3.95)

are inherited from (3.91). The new terms are given by:

® | _,1(65 5 5 5 ) <47_253 2_7 101 4)
Tagazg N <48 24" 43 2 144 %+ Toz0
(48383_2761 2_@€ IRt 19 2+ 176€>
e\ 192 192 37 940" 3t 5
| 411893 69037 , 10409 14657
_ a2
192 576 16 07 8640 "
731 1941 167 5 _ 511
+ ﬂ” C3 — 7(5 1701 Cs +O(e), (3.96)
) 1/ 65 3 - ) 1( 185 7 , _74>
Taadg e T3 ( il ” 43 = PR T
L (46055 , 7501 , 473 w4 277
il 2 T 2 2 4
e( 92 TEe T T e B T TG <5>
| BT96T3 | 63601 5 2185C 18
192 576 4 T 91"
565 o 1297 22229 345
— ﬂﬂ' 3+ 3 (s + 272160 C3 +O(e) . (3.97)

4 Comments on the results

4.1 Total cross section at O(a?)

The natural check for our results is the complete cancellation of all infrared singularities in
the total cross section at O(a?), that is, the sum of the layers (3.17), (3.18), (3.45), (3.46),
(3.60), (3.68), (3.75), (3.80), (3.87), (3.91), (3.95). We achieve the cancellation of the poles
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and recover the N3LO coefficient of the R-ratio [55]:

®) | +(8) | (B8 , ~() (®) 8) | ) (®) (8)
_(as\* Taq +Taag + Ta9g + Tagga + Toaeq + Tagas + Taages + Taaearg + Taaz
al 2T 7;(;)
as\3 1 346201 121 6761 55
_ (% N =) N2 14l o 076l 29 >
(277) < N) < 3156 144" 2 8t 3e
L3528 143, —§C +1<_69>
64 '~ 8 2 2> T N2\ 128
62863 11 1067 . 10
NpN (=222 L 2p2 200, 2
+AF ( 1728 T 36" T35 @ 3C5)
Np /29 19 , /151 1 19>
A (i _ = N2 (=22 2 7
+N(64+5C5 4C3>+ F(54 67 9%

v (v 4 (B 6)| m

The singlet contribution proportional to (3, eq)? appears for the first time at three-loop

4.2 Singlet contribution

order. In the two-parton final state it arises from the three-loop quark form factor and is
finite due to the absence of counterterms for the associated diagrams [51]. Analogously,
the singlet term is also finite in the three-parton final state case. Due to Furry’s theorem,
neither the v* — ¢gg nor the v* — ggg sub-processes allow for lower-loop or lower-
multiplicity counterterms which could accommodate infrared singularities.

The four- and five-parton final states exhibit a €' pole in the singlet term. The pole
is due to a real or virtual infrared gluon and cancels in the sum of the two contributions.
Such single pole proportional to the quartic Casimir is present also in the one-loop triple
collinear splitting function [30]. The real emission counterpart of this singularity is found in
the antisymmetric tripole contribution to the soft current for a soft gluon-quark-antiquark
emission [38, 39]. The absence of a €2 pole is explained by the fact that the singlet part
of the tree-level matrix element squared for v* — ¢gq'q’ vanishes [10], 7©

aa’ al
9997 | .

=0, as

also noted in [30].

5 Conclusions and outlook

In this paper, we presented analytic results for the integration over the respective inclusive
phase space of all the contributions to e™e™ annihilation to hadrons at order O(a3). A
common strategy was used for all layers of the calculation, exploiting reverse unitarity
relations to compute phase space integrals. The cancellation of infrared singularities and
the recovery of the known finite result at N3LO provides strong checks on our calculations.
We provide expressions for the results in section 3 and in appendix B in FORM format in
the supplementary material.
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It will be interesting to analyze the infrared structure of our result in more detail.
The poles of the purely virtual O(a?) two-parton corrections can be predicted by means
of universal infrared factorization formulae [56, 57]. Some infrared singular terms in the
three-, four- and five-parton final states are related to individual terms in the infrared
factorization formula. Other infrared terms can be obtained from the integration of known
ingredients [25-39], and they should cancel between the three-, four- and five-parton final
states. We leave this investigation to future work.

Our results represent the first step towards a future extension of the antenna sub-
traction method at N3LO. In particular, from the analytic expressions obtained here, it is
possible to directly read off the integrated form of N®LO quark-antiquark antenna func-
tions, in the configuration where the hard quark-antiquark pair is emitted in the final
state. We envisage future work for the calculation of analogous phase space integrals in
the gluon-gluon and quark-gluon case.
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A Renormalisation of amplitudes

Expanding a; according to (3.1), the renormalised amplitudes are

MW)gq = MDY g, (A1)
Mg = MOV g D pa0ry (A2)
MO)gg = IMOygg — 20 g0 (BS - f) MOV g, (A3)
MOz = MOV — MO} g, (A4)
M)y = [MOV)g50 — 20 Oy g (gﬁ - fj) MOy, (A5)
MO = MO} g5 — L) i (A0)

where the superscript U denotes unrenormalised quantities.
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B NNLO results

Here we summarize the analytic results up to order O(a?) [10], extended to weight 6. For

the two-particle final state:

Tt 7 737t
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We notice a typo in (4.10) of [10]: the 1/e coefficient in the previous equation features a
—7/6 (3 instead of +7/6 (3.
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For the three-particle final state:
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We notice a typo in (4.34) of [10]: the 1/e coefficient in the previous equation features a

19/12 instead of 19/2. This typo was fixed in [40].
For the four-particle final state:
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