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THE PENTAGRAM MAP ON GRASSMANNIANS

by Raul FELIPE & Gloria MARI BEFFA

ABSTRACT. — In this paper we define a generalization of the pentagram map
to a map on twisted polygons in the Grassmannian space Gr(n,mn). We define
invariants of Grassmannian twisted polygons under the natural action of SL(nm),
invariants that define coordinates in the moduli space of twisted polygons. We then
prove that when written in terms of the moduli space coordinates, the pentagram
map is preserved by a certain scaling. The scaling is then used to construct a Lax
representation for the map that can be used for integration.

RESUME. — Dans cet article nous définissons une généralisation de la carte
pentagramme a une carte sur des polygones tordus dans ’espace Grassmannien
Gr(n,nm). Nous définissons les invariants des polygones tordus Grassmanniens
sous l'action naturelle de SL(nm), invariants qui définissent les coordonnées dans
I’espace des modules des polygones torsadés. Nous prouvons ensuite que lorsqu’il
est écrit en termes de coordonnées d’espace de modules, la carte de pentagramme
est préservée par une certaine mise a ’échelle. La mise & I’échelle est ensuite utilisée
pour construire une représentation Lax pour la carte qui peut étre utilisée pour
I'intégration.

1. Introduction

In the last five years there has been a lot of activity around the study of
the pentagram map, its generalizations and some related maps. The map
was originally defined by Richard Schwartz over two decades ago ([9]) and
after a dormant period it came back with the publication of [7], where
the authors proved that the map, when defined on twisted polygons, was
completely integrable. The literature on the subject is quite sizable by now,
as different authors proved that the original map on closed polygons was
also completely integrable ([8, 11]); worked on generalizations to polygons
in higher dimensions and their integrability ([1, 2, 4, 5]); and studied the
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422 Ratl FELIPE & Gloria MARI BEFFA

integrability of other related maps ([6, 10]). The subject has also branched
into geometry and combinatorics, this bibliography refers only to some
geometric generalizations of the map and is by no means exhaustive.

The success of the map is perhaps due to its simplicity. The original
map is defined on closed convex polygons in RP?. The map takes a convex
polygon in the projective plane to the one formed by the intersection of
the lines that join every other vertex, as in the figure. The mathematical
consequences of such a simple construction are astonishing (in particular,
the pentagram map is a double discretization of the Boussinesq equation,
a well-known completely integrable system modeling waves, see [7]). Inte-
grability is studied not for the map itself, but for the map induced by it
on the moduli space of planar projective polygons, that is on the space
of equivalence classes of polygons up to a projective transformation. In [7]
the authors defined it on twisted polygons, or polygons with a monodromy
after a period N, and proved that the map induced on the moduli space is
completely integrable. (The map is equivariant under projective transfor-
mations, thus the existence of the moduli induced map is guaranteed.)

In this paper we look at the generalization of the map from the Grass-
mannian point of view. If we think of RP? as the Grassmaniann Gr(1,3),
that is, the space of homogeneous lines in R?, then the polygon would be
a polygon in the Grassmannian under the usual action of SL(2 4 1), with
each side representing a homogeneous plane as in the picture. The case of
RP™ ! was studied in [1] where the authors proved that the generalized
pentagram map was integrable for low dimensions, and conjectured that a
scaling existed for the map that ensured the existence of a Lax pair and
its integrability. The conjecture was proved in [5]. We can also consider
this case as Gr(1,m), m > 3. From this point of view, it is natural to in-
vestigate the generalized map defined on polygons in Gr(n, mn), where m
and n are positive integers, m > 3. In this paper we define and study the
generalization of the pentagram map to twisted Grassmannian polygons in
Gr(n,mn), m > 3.

The first step is to define the map on the moduli space of Grassmannian
twisted polygons, that is, on the space of equivalence classes of Grassman-
nian twisted polygons, under the classical action of SL((m — 1)n + n) that
generalizes the projective action of PSL(m) on RP™ . We do that by
carefully studying the moduli space and finding generic coordinates that
can be used to write the map in a convenient way (as in the case of the
original pentagram map, the map can only be defined generically). The
coordinates are found with the use of a discrete moving frame constructed
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Figure 1.1. the pentagram map on pentagons in Gr(1, 3)

through a normalization process similar to the one described in [3]. The
classification of invariants under this action is, as far as we know, unknown,
and it is completed in Section 3.

In Section 4 we study the case m = 2s. In a parallel fashion to the study
in [5], we proceed to write the pentagram map on the moduli space in the
chosen coordinates, and we show that it can be written as the solution of
a linear system of equations. We use that description and Cramer’s rule to
prove that the map is invariant under a certain scaling. As it was the case
in [5], a critical part of the study is a fundamental lemma that decomposes
the coefficient matrix of the system into terms that are homogeneous with
respect to the scaling. This is Lemma 4 for the even dimensional case, and
Lemma 9 for the odd dimensional one. The proofs of the rest of the results
are supported by those two lemmas. Once the invariance under scaling is
proved, the construction of a Lax representation is immediate when we
introduce the scaling into a natural parameter-free Lax representation that
exists for any map induced on the moduli space by a map on polygons. In
Section 5 we prove the case m = 2s + 1.

The existence of a Lax representation with twisted boundary conditions
does not guarantee the integrability in the geometric sense, although it is
often taken as definition of integrability in some sectors of the community.
Because of the existence of the spectral parameter A in the Lax represen-
tation, and because the conjugation class of the monodromy is preserved
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by the map, the map will preserve the characteristic equation of the mon-
odromy, and hence it lies on the Riemann surfaces det(M (\) — puI) = 0, for
the different values of the complex parameters A and p. The coefficients of
this equation will be invariants of the map. This paper generalizes results
in [1] and [5]. In [1] the authors described the existence of a Lax repre-
sentation for the projective case (Grassmannian of dimension 1) assuming
that the map is invariant under certain scaling - a fact they proved for
RP? and RP°. The invariance under scaling for the general case was proved
in [5]. In [1] the authors also described the complete geometric integration
for the lowest dimension n = 3 (the well-known pentagram map is the case
n = 2). The lowest interesting dimension in our study is already very high
dimensional as the dimension of the Grassmannian increases fast, and we
do not include further work in that direction.

Acknowledgements. This paper is supported by Mari Beffa’s NSF
grant DMS #1405722, by Felipe’s CONACYT grant #222870, and by the
hospitality of the University of Wisconsin—-Madison during Felipe’s sabbat-
ical year. R. Felipe was also supported by the Sistema de ayudas para anos
sabaticos en el extranjero, CONACY'T primera convocatoria 2014.

2. Definitions and notations

Let Gr(p,q) be the set of all p-dimensional subspaces of V' = R? or
V = C4. Each [ € Gr(p, q) can be represented by a matrix X; of size ¢ x p
such that the columns form a basis for [. We denote this relation by I = (X;).
Clearly | = (X;) = (X;d) for any d € GL(p), and the representation is not
unique. Hence, Gr(p, ¢) can be viewed as the space of equivalence classes of
q X p matrices, where two matrices are equivalent if their columns generate
the same subspace. An element of this class, X; is called a lift of [. The
name reflects Gr(p, ¢) admitting the structure of a homogeneous space of
dimension p(q — p). Indeed, consider the Lie group SL(q + p), represented
by block matrices of the form

(ququ quXp) _
Cpxq—p Epxp
Let H be the subspace defined by B;_px, = 0. One can show that

SL((¢ — p) + p)/H is isomorphic to Gr(p,q) and the natural action of
SL((q — p) + p) on Gr(p, q) is given by

g-(X) = (9X).
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Consider Gr(n, mn) for any positive integers n,m, and let
SL((m — 1)n 4+ n) x Gr(n, mn) — Gr(n, mn)

be the natural action of the group SL(mn) on Gr(n,mn).

A twisted N-gon in Gr(n,mn) is a map ¢ : Z — Gr(n, mn) such that
d(k+ N) =M - ¢(k) for all k € Z and for some M € SL(mn). The matrix
M is called the monodromy of the polygon and N is the period. We will
also denote an N-gon by o = (I), where I, = ¢(k).

Let X = (X}) be an arbitrary lift for an N-gon p = (I;) with monodromy
M, and choose X so it is also twisted, that is, Xy+r = MXj for all
k. For any discrete closed N-polygon d = (di) in GL(n) (i.e. satisfying
dr+N = di), we have that Xd = (Xydy,) is also a lift for the same polygon,
with the same monodromy M.

Let us denote by Py the moduli space of twisted N-gons in Gr(n, mn),
that is, the space of equivalence classes of twisted polygons under the nat-
ural action of SL(mn). We will also denote by Ply the moduli space of
N-gons in R™"*™ (or C™"*™ wherever the lifts live), under the linear
action of SL(mn).

A N-gon p = (lg) is called regular if the matrix

e = (X Xy Xppm—2 Xpym—1)
satisfies the following condition
(21) det Pk — |Xk Xk+1 e Xker,Q Xk+m71| 75 0,

for any k € Z and any lift X (clearly, it suffices to check the condition for
one particular lift). In other words, the columns of the matrix constitute a
basis of R™™ (or C™") for all k € Z.

3. The moduli space of twisted polygons in Gr(n,mn)

In this section we will prove that the moduli space of regular twisted
polygons, Py, is a N(m — 1)n-dimensional manifold and will define local
coordinates.

Assume p = (), I € Gr(n,mn) is a regular twisted N-gon and let { X}
be any twisted lift. By dimension counting, and given that g is regular, for

any k=0,...,N — 1 we can find n x n matrices al,i=0,...,m — 1 such
that
(3.1) Xipm = Xmiror0p ™+ -+ Xppaa), + Xpa).
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Notice that if pj is as in (2.1), then

o, 0O, ... O, ag
I, O, ... O, a]lC
(3.2) P+l =Pk | = -0 e : = prQk,
Op ... I, O, a2
Op ... O, I, al!

where @, is the matrix above. Using (2.1), this implies that deta) # 0,
for all k. Notice that py = poQo@1,.-.,@n—1. Thus, if pg = I, the
monodromy is given by M = Qqp...Qn—1, and for other choices M =
p0Qo - - . QN_lpal. Thus, only the conjugation class of monodromy of the
system defined by the matrices Q, k = 0,..., N — 1, is well-defined, not
the monodromy itself.

THEOREM 3.1. — Assume m and N are coprime. Then, for any regular
twisted N-gon, p, there exists a lift V.= (V) such that

(3.3) det(Vie, Vit - -+ s Vierm—1) = 1,

for any k =0,...,N — 1, and such that if a}, are given as in (3.1), then
ay = diagonal(ry,...,r7), where each rf{ is an upper triangular
1) a? di 1(r} 4 h h rf i tri 1
Toeplitz matrix with det a) = 1.
(2) We can choose V such that all aZL*l 's entries, for any k, are gener-
ated by N(n? —n + 1) independent functions.
The remaining N(n — 1)m entries of al, i # 0,m — 1, together with those
above, define a coordinate system on Ppy.

Proof. — Let X = (X}) be any twisted lift of the twisted polygon p. We
will call V, = Xdi and show that we can find a closed polygon in GL(n),
{dk}, such that the conditions of the theorem are satisfied. If Vj, = Xjd
we have

(34) (an R Vk+m—1) = (Xk?a s 7ch+m—1) dlag(dka dk7+17 s 7dk+m—l)'
First of all we will show that condition (3.3) determines the values of §;, =
det di, for any k. Indeed, from (3.4) we have that

k+m—1

H 0y = Zy,

i=k

where Z), = det(Xg,..., Xprm—_1) ' is determined by the choice of lift.
These equations determine J; uniquely whenever N and m are coprime, as
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shown in [5]. Let us call b} the invariants in (3.1) associated to X and ai,
those associated to Vj. Then, substituting in (3.1), we have that

(3.5) af, = di} biiym-

Let p = {px} be a closed polygon in GL(n) and define the rth m-product
to be the product of every m matrices starting at p, until we get to the
end of the period, that is

[pra ce apT+jm}m = PrDPr+mPr+2m - - - Pr4+jm,

with 7+ (j+1)m > N. If N and m are coprime, by repeatedly adding m to
the subindex we can reach all N elements in {py}; that is, if N and m are
coprime and N = mq + s, with 0 < s < m, then all p;,, k =0,1,...,N —1
appear in the product

(3.6) ILm(po)
= [p()v“prfs]m[pmfsv~~~a]mn'[v"'va%»sfm]m[psa~"7pN7m}m~

(To see this one can picture a circle with N marked points where we locate
p;. If we join with a segment every m points, we are sure to join all points
with segments before closing the polygon. If the polygon closes leaving
some vertices untouched, it means that a multiple of IV can be divided into
the union of disjoint orbits formed by joining every m points. This would
imply that N and m are not co-prime.)

Let us call

(3.7) A =TL,(a)) =[a2alt,, s A rslm - [@0 s oo QN e

We can see directly that A,.,, = (a?)714,a?, for all 7. Once more, if N
and m are coprimes, this property guarantees that all A, have the same
Jordan form, which we will call J.

Finally, notice that if B, = II,,,(b?), then

(3.8) A, =d 'B,d,.

Let us choose d,. to be the matrix that conjugates B, to its Jordan normal
form J, so that A, will all be in Jordan form. We can choose an order in
the eigenvalues (for example, from smallest to largest) to ensure that the
matrix is unique up to a factor that commutes with .J. It is known that if
a matrix commutes with a Jordan form matrix it must be block diagonal

diagonal(ry, ..., rs),

TOME 69 (2019), FASCICULE 1
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where each r, is a Toepliz matrix, upper triangular, whenever the corre-
sponding Jordan block is of the form

Al 0 ... 0
o x 1 ... 0
o ... 0 X 1
0O ... 0 0 A

or it is diagonal if the Jordan block is diagonal. Thus, dj are unique up to
a block-diagonal matrix of this form.
Since
Biym = (b) ™' By,
we have that
Apsm = J = di ) Brymdism = dii ), (00) 7 Brbldpsm
=d; ), (00)  didy Brdydy, by dprm = (af) " Aga = (af) " Jag,

for all k. Therefore, since a? commutes with the Jordan normal form, it

must be a Toeplitz matrix of the form stated in the theorem, for all k.

Finally, dj is unique up to a matrix commuting with J, lets call it g;. We
now turn our attention to the transformation of bz‘_l under the change of
lifting, namely

(3.9) 4 = G O G,
bt = dil b dygn (di found above), and g, Toeplitz and
commuting with J.

How to determine which entries generate the others depend very much
on the particular point in the Grassmannian. In the generic case ¢, will all
be diagonal; we will next describe the process generically. Using (3.9) we
see that

where

m—1 m—1 m—1 -1 m—1 m—1 m—1
ak—?n-{—lak—nL-i-Q e aN-i—k—nL - qk (bk—m+1bk—7n+2 e bN-l—k—nL) dk,

fork=0,...,N —1.

Before we describe the normalizations that will generate the syzygies,
we recall that the determinants of ¢; are determined by (3.3) for any k =
0,...,N — 1, whenever N and m are coprime. Let us call det dj = Jy.

The last round of normalizations will be chosen by equating those entries
in place (i,i+1),i=1,2...,m — 1 with the entry (2,1).

If we denote by q; = diag(gj,...,q}), and we denote the entries of
k -1 -1 -1
b = b;cn—m+lbzl—m+2 e b%—&-k—m

ANNALES DE L’INSTITUT FOURIER
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by b% ., then these normalizations result in equations of the form

1,77
i+1 2
q q

(3~10) kaﬁiH = *lfblfza

qx 9
fori=1,...,N—1,and

Qi k qz% k
(311) *2()2/)1 - *11)1')2.

qj 95

(3.11) solves for g7 in terms of g; (if by 2/b2,1 is not positive, we would need
to choose different normalizations), and substituting it in (3.10) we get an
expression for any ¢ in terms of g}. Since detq, = detd; 5y, where dj
was determined in the normalization of b9, ¢; is also determined.

These last normalizations will produce as many syzygies in the entries in
b7~ ! (linear or quadratic) as indicated in the statement of the theorem. The
fact that the entries of Qk, k = 0,..., N — 1, generate all other invariants
of polygons in Gr(n, mn) is a consequence of the work in [3]. |

Remark 3.2. — It is very clear that these last normalizations could be
chosen in many different ways (we could make entries constant, for example;
or we could choose a different block, or relate entries from different blocks).
Not all choices will work for us, and in order to be able to prove scaling
invariance of the map, it is important that we choose the equations to be
homogeneous in the entries of b},. It is also simpler (although not necessary)
if we choose entries from one block only to define the equations. The choice
of bkm_1 versus by, 7 # 0, m—1 is just more convenient, but we could choose
any other r # 0 instead.

4. The Pentagram map on Gr(n,2sn)
4.1. Definition of the map

Next, we define the Pentagram map for the Grassmannian Gr(n, 2sn) for
s > 2. The dimension of Gr(n,2sn) is clearly (2s — 1)n?.

Let X = (X}) be a lift of a regular N-gon in Gr(n,2sn), and define the
following subspaces

Oy = (Xe, Xigo -, Xpyo(s—1), Xeras),
and
Qe = (Xpy1, Xigs, - oo Xigos—3, Xpyos—1)-

Note that dim 1T, = (s + 1)n and dim ) = sn. Therefore, generically,
dim II, N Qg = n.

TOME 69 (2019), FASCICULE 1
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DEFINITION 4.1. — Let p = (I) be a twisted N-gon in G(n,2sn). Let
T(p) be the map taking the N-gon g to the unique twisted N-gon whose
vertices have a lift of the form T'(Xy) = Iy NQy. The map T is independent
from the choice of the lift X. We call T' the Grassmannian Pentagram map.

Notice that we are abusing notation by calling 7" both the map on poly-
gons and their lifts. We will go further and use the letter 7" to denote the
image of other data associated to g in T(p) (invariants, frames, etc). It is
immediate to check that T'(p) is also twisted, with the same monodromy
as @, using the fact that Iy, = M1l and Qnyr = MQy,.

Next we will define this map in the moduli space of polygons, with co-
ordinates given by the invariants in our previous section. We will keep on
using the letter T, defining T : Py — Pn. We will specify the domain if
needed. Let us assume that V' = (V4) is the lift defined in Theorem 3.1 for
a polygon . Assume

(41) V}C+25 = Vkag + VkJ,»lak + -+ Vk+2(571)ai572 + Vk+2571a25717

as in (3.1) for 2s matrices ag,ab...,a?*l of size n x n and with the
properties described in Theorem 3.1.
Using the fact that T'(V}) € II;, we know that generically there exist

matrices ¢} such
(42) T(Vk) = chg + V]H_QC% R + V]H_QSC%S.

If we now use the relation (4.1) we can replace Vi o5 in (4.2), and arrive
to the following expression for T'(V},) :

T(Vk) = chg + Vk_}rgci = Vk+2s—2028_2

+ (Vkai + Viprag + -+ Vk+2(571)ai572 + Vk+2571a2871) i’
= Vi(eh + aRei’) + Verrapel” + Viewa (e + aieiy)
4+ 4+ Vk+gs,1aisflci5.
Since we also assumed that T'(Vy) € Qi then " + ai"ci® = 0, for r =
0,...,s—1, and
(4.3) T(Vi)
= (Vi1a), + Vissad + -+ + Vigas—30;" 7> + Vigos_1a3° ) c°.

Although the matrix cﬁs seems to be arbitrary, it is uniquely determined
by the fact that the right hand side of (4.3), not only for k, but also for
kE+1,...,k+2s—1, must be a lift for the image polygon T'(p), with the
same properties as those found in Theorem 3.1. Once cis are chosen that
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way, we will be able to find the image of the matrices af under the map T,
as follows. Let us call ¢2® = )y, so that we can write

T(Vi) = prrrAk,
with Pk = (Vka Vk+17 Vk+27 ceey Vk+25—1)a
On,

1
ag

and where A\ are uniquely chosen so that {T'(V})} is the lift of the image
polygon described in Theorem 3.1.

Example 4.2. — In particular, (4.3) implies that when s = 2 the Penta-
gram map takes of following form

T (Vi) = [Vigrar, + Xessap] A = (Vi Vigr Vigz Virs) Ak = PRTEAR,

for all k € Z.

Extending the map T using, as usual, the pullback, we have that
T(pr) = (T(Vi), -, T(Vitas—1))
= P (T Ay BeTha1 A1, - - Riros—oThr2s 1 k426-1),

where Ry1r = QrQr+1 - - - Qr+r and Qy, is given as in (3.2). This expression
can be written as

(4.5) T(px) = pr Nk Mg,
where
(4.6) Ny = (vg, Ririt1, Rep1Thyo, -, Ripos—oTri2s-1)s
and
Ak O, ... O,
On Mepi .. On
(4.7) Ay = . .
On cee On Ak—&-Qs—l

TOME 69 (2019), FASCICULE 1
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One can recognize equations (3.2) and (4.5), that is

(4.8) Pr+1 = PrQk, T(pr) = peNKAg,

as a parameter free Lax representation for the map 7. The compatibility
conditions are given by

(4.9) T(Qr) = AL ' N, ' QN1 A

The last block-column of this equation defines the map T on the moduli
space of Grassmannian polygons, written in coordinates given by the in-
variants a? . The question we will resolve in the next subsection is how to
introduce an spectral parameter in (4.8).

4.2. A Lax representation for the pentagram map on Gr(n,2sn)

In this section we will prove that one can introduce a parameter y in (4.8)
in such a way that (4.9) will be independent from p. This will define a true
Lax representation that can be used for integration of the map. As it was
done in [5], we will prove that the map T is invariant under the scaling

(4.10) airﬂ — uai”l, ai’ = ay”,
for any r =0,1,...,s — 1 and any k (this implies that all entries of these
n X n matrix scale equally). This will involve several steps.

Let us denote the block columns of (4.6) by F,, so that Fy, = ry, and
(4.11) Frvo = Reyo1thie = QeQrrr - - Qrr—1Th 1o,

¢=1,2,..., with r as in (4.4). Our first lemma will allow us to decompose
the block columns of N, into homogeneous terms according to (4.10). The
lemma is almost identical to Lemma 3.1 in [5]. Let us denote by T' the

matrix
On On On oo On
I, O, O, ... O,
(4.12) r=|0n In On ... Onl,
o, ... 0, I, O,

where I, is the n x n identity matrix. Let us also denote by T the shift
operator, namely 7 (V%) = Vi41. This shift operator can trivially be ex-
tended to invariants using 7 (a}) = a}, 41 and to functions depending on
the invariants using the pullback. We can also extend it to matrices whose
entries are invariants by applying it to each entry, as it is customary.
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LEMMA 4.3. — Let Fy4¢ be given as in (4.11). Then, there exist n x n
matrices o] such that

‘
Frqor = ZFk+2r—la§£_1 + Gryae,
(4.13) =t

‘
_ 2wl | A
Friop1 = E Fryoras,™ + Gra2et1,
r=0
for £ > 1, where

Grioet1 = Pr (TGrs20),, + TTGrpoe,

(4.14)
agtt =Tadl 1, o = (TGryae),, »
with
ajy
O,
aj,
(4.15) Pr = On ,
aZ%Q
On
and

(4.16)  Griarre =TT Grioes1, asis =Todtt, G =Fy=r.
By A,, we mean the last n X n block entry of a matrix A.

From now on we will simplify our notation by denoting F}, simply by
Fy. We will introduce the subindex k only if its removal creates confusion.

Proof. — First of all, notice that the last column of @ in (3.2) is given by
p+r, asin (4.15) and (4.4). Notice also that, from the definition in (4.11)
we have

Fo=QTFo_.
We proceed by induction. First of all, since F' =r,
Fi=QTF=Qr,=(p+r)a ' +Tr = Fa" ' + pa]" ' +Try.
We simply need to call Gy = pa”~! 4 I'rq, and of = a7~ = T (F)
Let’s do the first even case also:
F,=QTF = Q(T@1 +TFay™ ) = Fay ' + I‘Tél,

and we call Gy = I‘Tél. Notice that QT@l = FT(A}’l since the last block
of (1 vanishes, as indicated by the hat.

m’

TOME 69 (2019), FASCICULE 1



434 Raitl FELIPE & Gloria MARI BEFFA

Now, assume
[

Iy = E For 1038 4+ Gy
r=1
Then

Foprp1 = QT Fyp = ZQTFQT 17—C¥2r 1+ QT Goy.

r=1

Since QT Goy = p (T Ga),, + 1 (TG2),, +T'TGo and r = F, if
Gai1 =D (TG2),, +TTGa,
agﬁ—i_l TaZr 1 r= 15 . agv agf-‘rl = (TGQe)m

then we have
¢

Foppq = Z Fora2 4 Gopyy.
r=0
Looking into the even case, we have that

Forpo = QT Fopr = Z QT Fo, T3 + QT Gari1,

r=0

and since Fy,.11 = Q7T Fy,- and QT@%H = 1"7’@2”1, if we call

_ ~ 2e+1
Goryo =TT Gy, ojit] =Tas

we prove the lemma. O

Once we have this lemma we can identify homogeneous terms in the
expansion of block columns. Indeed, notice that r and p are homogeneous
of degree 1 and 0, respectively, with respect to the scaling. Since the shift
clearly preserves the degree, from the statement of the lemma we have that
both (A;kJrQT_H and Go, are homogeneous of degree 1, for any r. Likewise,
ag are also homogeneous of degree 1, for any r, from its definition, and
since all others are obtained by shifting these, they also are.

Therefore, if we denote G = F, iteratively applying the lemma we have
that F,. are in all cases a combination of Ga, and 62T+1 for the different
values of r, with different types of factors of the form ], each of degree 1.
One can also clearly see that if the columns of F). generate R™ for r =
0,1,...,m — 1, them the columns of G5, and 62r+1, r=20,...,s —1 will
also generate the same space since the change of basis matrix will be upper
triangular with ones down the diagonal. This new basis will be crucial in
the calculations that follow.

Finally, a comment as to the reason for our notation. Notice that both
Gop and 62[+1 have alternative zero and non-zero clocks, with Gy, starting
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with a zero block and é25+1 starting with a nonzero block. We are keeping
that marked not only by the subindex but also by a hat, since as calculations
become more involved it helps to have them be visibly different. It shows
that the entire space can be written as a direct sum of two orthogonal
subspaces, one generated by the block columns with hats and one generated
by those without hats.

Next, assume that we drop the Ay factor and define

T(Vk) = PrYg.

Define further ¢i = T(a}), as given by the following compatibility formula,
which is (4.9) after removing Ay

(4.17) T(Qr) = N ' Qi N1

Notice that ¢}, will need to be normalized by Ay before we can declare it to
be T'(a}). Let us call a;, the last block column in Qj, (the ith block will be
az_l). Then, choosing the last block-column in both sides of the equation

T(ay) = N, ' QT Fry2s—1 = Nj ' Fyyas,
which can be written as
(4.18) NkT(ak) = Fk+25.

Thus T'(ay,) can be interpreted as the solution of the linear equation (4.18).
This will be crucial in what follows.

THEOREM 4.4. — The matrices ci, are homogeneous with respect to the
scaling (4.10), and

d(cf) =0,  dGT) =1,
for any £ =0,1,...,s—1.

Proof. — As in the previous proof, we will drop the subindex k£ and
introduce it only if needed.

First of all, let us analyze the homogeneity with respect to (4.10) of the
determinant

D =det N =det(F, F,...,Fa_1).
From (4.13) we can rewrite it as

D = det(F,él,GQ, . .,G2572762571)7

and since d(Gay) = d(@gg,l) =1 for all ¢, we have that D is homogeneous
and d(D) = 2sn.
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Next, denote by f7 the jth column of F}., and let Fj be the block column
whose individual columns are equal to those of Fi., except for the ith column
which is equal to the jth column of Fyg, for any r =0,1,...,2s — 1.

Define next

Dé),i =det(F, F1,..., Fo 1, ngz’i; Foryay.., Fas_1).

We first notice that using (4.13), we can substitute the ith column of sze,i
by the jth column of Gas, since Fbs and Gy differ in a linear combination
of columns of Fy,.y1, r < s. Let us call the new matrix szé?r We then

simplify the part of the determinant to the right of szu using (4.13), to
become

(4.19) ng = det(F, Fy, ..., Fap1, 2[176'2“1 + fa (a3,
GQ[, ey GQS_Q, G25—1 + f2£ (Oégj 1);‘)’

where (af,), denotes the ith row of aj,.

We now proceed to simplify the columns fi, which can be substituted
by ¢4, (the ith column of Gg) since their difference is generated by odd
vectors with subindiced less that 2¢. We can then simplify the rest of the
determinant, using (4.13) once more. We get

(4_20) D%E,i = det (F, él, ey 625_1, Géé,i’ 626-&-1 + g;é (agg—i_l)i )
Ggg, ey G25727 G2sfl + g;@ (agz 1)1’)’

where ng,i indicates the matrix equal to Gy, except for the ith column

which is equal to ggs. Our last step is to notice that we have enough Ga,
block-columns (r = 0,...,s—1, r # s) that together with GQZ ; generically
generate the entire subbpace generated by Go,, 7 = 0,...,s — 2. But the
vector gi, belongs to this subspace, and hence it will be a combination of
the columns of those blocks. Thus

Dy, ; = det(F, Giy..oyGor1, Gég,p Gorr1, Gty -, Gog—2,Gog 1),
which clearly shows that D%M is homogeneous, and since d(G;'M) =1,
d(Dée ;) = 2sn also.

Finally, T'(a) is the solution of system of linear equations (4.18), and so,
by Cramer’s rule, the (j,4) entry of ¢2* = T(a?*) is of the form

D3y
-
Therefore, ¢ is homogeneous and d(c*) =0,¢=0,...,5 — 1.
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2041

We now study ¢ . Consider the determinant

D%Z+1,i = det(F, F17 ey Fgg, F2]€+1,i’ FQ[+2, . 7F2s—1)7
where sze 41,4 1s defined as Fopqq substituting the ith column with the jth
column of Fy,. As before, using (4.13), we start by noticing that we can
substitute the ith column of F2j€+1,i by the jth column of Gag, call it ggs,
plus fi, (O‘%zﬂ)i,j that comes from the expansion of Fy; in terms of odd
terms, and the fact that the ith column of Fs4 1 is missing. The expression
(a%jﬂ)i’j is the (i,7) entry of a3;, ;. We call the resulting matrix szl;il,i.
If we simplify the right hand side of the determinant it becomes

J - 59 ' 2042
Dy, = det (F, Fryoo Foes By i Goerz + faein (0‘2£+1)¢ '

N , ey A
Gargss - Gas—a + [0 (03005 »,02571)

(2

2 ~
= (a22+1)i,j det(F7 F17 C) F2£7 F2€+17 G2[+2a ey GQS*I

)
+ det (F7 F17 EERE F2€7 ég,€+1’ia G2€+2 + fgie+1 (a%if) )

K3

N , ey A
Gargss - Gas—a + [ (a5577) G2s71)7

1
where ége 1 is equal to CAT'%H except for the ith column which is equal
to g%s'
As before, f3,., and gb,,, differ in a sum of columns of Fy,, r < £. Thus,
we can substitute f3,,, by g5, in the determinant. After that, we proceed
to simplify the rest of the determinant obtaining

J _ 2s
Dipyri = (a2z+1)i7j D
~ ~J ~ 2042
+ det <F7 Gi,. .., G, G25+1’i7 Gapyo + 92041 (042@+1)i )
A ~ 25-2\ A
Gory3, .-y Gas—2+ Gy (a25+1)i , G2571)7
J

2041,
and hence, the odd columns (other than gi,,,) do not generate the odd

orthogonal subspace since they are one dimension short. Thus, including

Unlike the previous case, this time one of the columns of G is even,

Goy 41, we have an equal number of odd and even columns and we need to
expand.
The term that includes no i, 41 in the expansion is given by

det(F, él, G27 ey Ggg, @éHl’i, G25+2, ce GQS_Q, az‘g_l) = 0,
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since, as we said before, there are more even columns that odd columns.
The remaining terms in the expansion are

s—1 n

2r ~ ~J ~ i ~j T
> S (03i),, det(F. G Gy Gorot, Gy + Gl
r=£+1p=1

G2r—17 LR} G25—27 GZs—l)a

where (a3y, ). is the (i,p) entry of a3y, |, G4, has zero ith column and

where e, is thgpstandard canonical basis of R” with a 1 in the pth entry
and zero elsewhere. Each one of these determinants has an equal number
of odd and even columns. Each column is homogeneous of degree 1, and
so each determinant is homogeneous of degree 2sn. But, like D (also of
degree 2sn), they are multiplied by (agg +1)i’p, homogeneous of degree 1.
Hence, Dg“_l,i is homogeneous and d(D%€+1,i) = 2sn + 1.

Finally, since, according to (4.18), the (j,4) entry of T'(a?T!) = ¢#*! is
equal to

D%é—i—l,i

_D )
we conclude that ¢! is homogeneous and d(c?**!) = 1. This concludes
the proof of the theorem. O

Our final step is to introduce the normalization matrices \; and to study
how they might affect the scaling degree of T'(a}). Recall that \j, has two
factors: d, used to normalize ¢ and to transform them into their Jordan
form (as in (3.5)); and gg, in the generic case, a diagonal matrix used to

m—1

define syzygies among the entries of ¢;' ', as in (3.9) (¢;*~" plays the role
of b~ ! in (3.9)).

LEMMA 4.5. — The matrices A, are homogeneous with respect to (4.10)
and
d(Ae) = -1,
for all k.

Proof. — Since A\, = diqx, we will look at each factor separately.

The first factor d, is determined by the normalization of By, as in (3.8),
where, in our case, B = I1,,,(c?) as in (3.6). But, given that ¢ are invariant
under the scaling, By will also be, and hence so will d.

The second factor, g, is found by using a number of equations of the
form (3.10)—(3.11), which finds each entry of g as fuctions of the first entry
qi- Since cZ’*l (which plays the role of b™~1) is homogeneous with respect
to the scaling, equations (3.10)—(3.11) imply that qi are homogeneous also,
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with equal degree. Also, since det q; = det d,:lék, where 0 = det A\, each
entry of g, will have degree equal to d(dy)/n. Hence, to prove the lemma
we need to show that d(dx) = —n.

But this follows from the fact that NyAr = png(pk), where Ay is as
in (4.7), must have determinant equals 1 since pj does. Therefore,

det(Ng)oxOr41s -+ Okgpm—1 = 1.
If we now apply the scaling, and having in mind that d(Ny) = nm, we get
‘unm det(Nk)SkSk_;,_l, ey Sk,-‘,—m—l = 1,

where 8}€+1 is the scaled determinant. As show in [5], this system has a
unique solution whenever N and m are coprime. But

5k+’l" - 5k+rﬂ_n7

for all r, is clearly a solution. Hence ) are homogeneous and d(d;) = —n.
This concludes the proof. O

We are now in position to prove our main theorem.

THEOREM 4.6. — The Grassmannian pentagram map on the moduli
space Py defined by (4.9) is invariant under the scaling (4.10).

Proof. — We need to show that T'(a} ) are homogeneous, and d(T'(a3t)) =
0, d(T(a2**1)) =1for £=0,...,s — 1. As in previous proofs, we will drop
the subindex unless there could be some confusion.

Using (4.9), and denoting by a the last column of @, we can write T'(a)
as

On

T(a)=A"'N"'QTN ;

)\m+1
or as the solution of the linear system of equations
On,

NAT(a) = QTN

)\m-i-l

Since we plan to use Cramer’s rule once more, we will study the associated
determinants.

TOME 69 (2019), FASCICULE 1



440 Raitl FELIPE & Gloria MARI BEFFA

To start with, we know that det(NA) is a homogeneous function of degree
nm — nm = 0. Define

Dl =det(FA, Fidi,..., Froihe 1, FIN Fridgn, - Fag—1)as 1)

T, 7

= det(F, Fl, ey Frfl, Fﬂ”i)\, Fr+17 ey F25,1)51 . 6r7167"+1 N (525717

where FTJ_;’;‘ has all the columns equal to F.\., except for the ith col-
umn Which is given by the jth column of Fhshog, that is, by ng)\gs =
Fosdasq) e, with das and gos as in (3.8) and (3.9).

Assumer = 2¢. — As in the first lemma, we can use (4.13) to write down
the determinants in terms of homogeneous components. For example, the
jth column coming from Fs¢ can be replaced by that of Gy, in Frj)’i)‘ and we
can simplify the terms to the left of it, including the remaining columns of
Fyy. We obtain

i, A
det(Fa Fla .. '7F2€—17F2Jé7i7F2€+17 s 7F28—1)
A .
= det(F7 F17 .. '7F25717G%’g7i7G2f+1 + f;@(a§£+1)ia

Garg2,- .., Gos—1 + fée(aii‘lh)

The block column G%‘i is equal to GapAop except for the ith column, which
is equal to GosA,,. We can further use (4.13) to substitute fi, with gi,.
Once we do that, we see that the even orthogonal subspace is generated
by the columns of Go,., r = 0,...,s — 1 except for the extra column in
Go¢, which in this case is generically covered by combination of columns in
Ggs/\% .- Thus, as before, we can remove the g}, terms from the determinant
and simplify to the left of the 2¢ position.
We obtain

Di,i = det (F, él, Go... s égg_l, G;’Z\Z, é2[+1, e ,@25_1>
001 ... 020102041 - - - 0251,
with hats and non-hats alternating. All of the columns of G, are homo-

geneous of degree 1 for any r. On the other hand, the columns of G;f‘i

have degree zero since Ga¢ has degree 1 and Ay, has degree —1, so does
Gas\y, = Gasdasqy.ej. Therefore,

d(D?,;) =n(m—1) —n(m—1) =0.

J

The (j,1) entry of T'(a?) is given by DQD“, and hence d(T(a?")) = 0.

ANNALES DE L’INSTITUT FOURIER



THE PENTAGRAM MAP ON GRASSMANNIANS 441

Assume r = 20 + 1. — In this case, and always using (4.13), the deter-
minant

Dﬁl =det(FA, Fi)1,. .., Faeloy, Fg@il,i,F2£+2A2£+2, s Fos 1 has1),

can be further simplified replacing the ith column of széiu, given by
Fos Xy, by

W3 = GaaXy + Fars1a3i N,
We can then simplify the side of the determinant to the right of FQJl} 1
that Fo,.4q1 — G2T+1 and Fy,. — Gor + f2£+1 (a2£+1) After this 51mphﬁca-
tion we can also substitute f3,,, with g3,,, and F. 2Z+1 ; by G%+1 ;» Where

all columns of G%+1 , are equal to those of G2g+1)\25+1, except for the ith
column, given by

JA _ J ~ 2s J
925 = G23>\25 + G2£+1a2l+1>\25'

We then continue to simplify the part of the determinant to the left of
G;E):&-l ;- The result of all these simplifications is the determinant

~ AT ~ 2042
det(F, G, Ga, ., Gar, G s Gaena + Goegn (03013),

Gopysy -y Gog_ 2+92e+1 <a2£+1) G2S 1)

First of all, notice that if we expand this determinant, the term in the
expansion without any g4, , is given by

det(F él,... Ggg,XA Gapga,. .-, 62571)

where X* equals G24+1)\2[+1 except for the ith column given by
GggHa%_H)\zs All columns of G2[+1 A2¢41 have degree zero, except for the

ith column which has degree 1 (d (G2[+1) = d(a3;,,) = 1 while d(X,) =
—1). Therefore, the degree of this determinant is n(m — 1) + 1.

If we now look at any of the terms in the expansion containing géé 41, We
have

n

3 (ad),, det (F Ciye Y Gy 1, Gy + Gagrel,

r=¢+1p=1
Gor—1,...,Gos_2, Gstl)y

where (agz‘*‘l)im is the (i,p) entry of a3y, , G, has zero ith column and
where e, is the standard canonical basis of R". The matrix Y? is equal
to Gagp1Aap+1 except for the ith column, which is equal to 92’8)‘. We can
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further simplify gg’j to become Ggs)\%s since its odd term is generated by
the other columns.

Each column has degree 1, except for those in Y*, which have degree 0.
Since each term is multiplied by (agz +1)ip, of degree 1, each term has
degree n(m — 1) + 1, and so does the determinant. From here

d(D;Mi) =nm—-1)+1-n(m—1)=1.

DI, ..
Since the (j,7) entry of T'(a**1) is given by —224%L, we have

d(T(a®*)) =1,
which concludes the proof of the theorem. O

This theorem allows us to define the Lax representation for the map T
on Py. Indeed, if we define

On On ... O, a

I, O, ... O, uajc
Qulu) = [ On 1o On @ |,

On ... O, I, pa*

then there is a unique matrix Ny (u) such that

(4.21) T(Qr(1)) = Nip(1) ™ Ay Qu(p) A Ny (1)

The matrix Ny (p), which is invariant and hence depends on aj,, is simply
the matrix Ny in (4.6) rescaled by (4.10), that is

Ni(p) = p (rk7 Qr()rr+1, Qr () Qrr1(1)Thkt2, - - -,

(Qr(1) - Qryas—2(p)] I‘k+2s—1)~

(We can ignore the factor p in front.) The system of equations

T(k) = MeNe(); Mer1 = MeQr (1),

has (4.21) as compatibility condition. (4.21) must be independent from pu
since T is defined by its last column, and it is preserved by the scaling,
while the rest of the entries are zero or I,, and hence independent from
w. Hence, this system is a standard Lax representation for the Pentagram
map on Grassmannian, which can be used as usual to generate invariants
of the map. Indeed, the conjugation class of the monodromy is preserved
by the map T : Py — Pu, as we saw before. Since a representative of the
class is given by M = QoQ1 ... Qn_1, we obtain the following theorem.
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THEOREM 4.7. — The map T : Py — Py lies on the Riemann surface

det(Qo(1)Q1 (1) .- Qn-1(p) = 1lpm) =0
with p,n € C.

5. Pentagram map on Gr(n, (2s + 1)n)
5.1. Definition of the map

In this section we will define the Pentagram map for the Grassmannian
Gr(n, (254 1)n) for s > 1. Recall that the dimension of Gr(n, (2s+ 1)n) is
2sn2.

Assume that p = (Ij;) is a twisted polygon on Gr(n, (2s+1)n) and let X},
be any twisted lift. Let IIj be the unique n(s+1) linear subspace containing

the following subspaces
O = (Xp, Xig2, -, Xigas)-

We define the pentagram map to be the map T taking the polygon p to
the unique twisted polygon (with the same monodromy) whose kth vertex
has a lift given by the intersections IIy N Ilgy;. This map can be defined
either on the space of polygons, or on the vertices. The map T is well
defined and independent from the lift X. In fact, from the Grassmann
formula we get

(28 + 1)’/7, = dim(Hk_l + Hk) =dimII;_q1 +dimII; — dim(Hk_l N Hk)
=(s+Dn+(s+1)n —dim(IIx_; N 1)
=2(s + 1)n — dim(Ix—; N II;),

which shows that dim(ITy_y N IIx) = n for any k, and hence I N Ty is
a lift of a unique element in Gr(n, (2s + 1)n), an element equals to the kth
vertex of T'(p). As before, we will abuse notation and use T equally for the
map on polygons, on their lifts, on frames or on the moduli space.

Clearly the pentagram map is invariant under the action of the projective
group (linear on lifts), and therefore one is able to write it as a map on the
moduli space of Grassmannian polygons, as represented by the invariants
we found in Section 3. This is what we do next.

Let us consider a twisted normalized lift V' = (V) of a regular N-gon,
p = (Ix) as in Theorem 3.1. Then, using dimension counting, there exist
2s + 1 squared n x n matrices ag, a}C, ey azsfl, ais such that

(5.1) Visost1 = Viag + Viprag + -+ 4 Vipas—107° " + Vierasag”.
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The blocks will be normalized so that af is diagonal or Toeplitz, and the
entries of a}® have a number of syzygies that relate them.

If the lift is twisted, then a} will be N-periodic for i = 0,1,2,--- ,2s;
that is
(52) a?c—l—N = a?c?
for any k.

Since T'(Vy) € k41, we can assume that there exists c}‘€7 n X n matrices
such that
(5.3) T(Vi) = Vigick + Visacp + -+ Vigas—1625 4+ Vigosricas
for all k € Z.

On other hand, we can replace Viios11 in the last term of (5.3) by
(5.4) Vitos+1 = Vk&g + Vk+1a;1€ + -+ Vk+23_1a23_1 + Vk_;,_gsais.
It follows that

T(Vk) = Vk+1cllc + Vk+30z +---+ Vk+25,10i571

0 1 251 2541
+ (Viag + Vigrag, + -+ 4 Vigos—10;°" " + Vigos03°) 6

(5.5) = Via)er T + Vi ek + ap T + Vipaag et

+ Vk+3[ck + akc%*l} 4 + Vk+2572azs 2 is+1

+ Vk+25—1[ckk + CLQQ ! 2€+1] + Vk+29ak Ck: +1.
Since we also have T(V;,) € Iy, it follows that ¢; ™! = —a2* ™25 for any
£=0,...,s—1, and

T(Vk) = [Vkag + Vk—&-QCLi + -+ Vk+25_2a23_2 + Vk+25ais] Cis—i_l.

Remark 5.1. — As in the previous case, the matrix invariant matrix cisﬂ

has no apparent restrictions, but in fact, it is completely determined. In
order to be able to define the pentagram map on the moduli space coor-
dinates given by the matrices a'li, we need to guarantee that {T'(Vy)}YV_,
is the lift of T'(Ix) as described by Theorem 3.1, as far as T'(p) is generic.
As we showed in Theorem 3.1, there is such a unique lift, and 025+1 = g

will be the proportional matrix that appears in the theorem. In fact, we
have not shown that if p is regular, so is T'(p). As it was the case with the

original pentagram map ([9]), the map is only generically defined.)

Example 5.2. — For s = 1, that is, on Gr(n,3n) the Pentagram map is
ajy

T (Vi) = (Viap + Vir202) e = (Vi, Vi1, Vira) | On | e = prridn,

2
aj
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for any k € Z.
Now, define
(5.6) Pk = (Vi Vir1 -+ Vigas—1 Viyas),
so that for any k € Z
ay
On
ay

T(Vk) = Pk On )\k-

As before, if ppr1 = prQk, and

rey =

2s
aj

and if we extend T to pi by applying it to each block-column, we can write
(5.7)  Tlpx) = pr (tede Regivhoiders - RiyosThioaiias)

where, if Qf is given as in (3.2), then Rxy; = QrQra1 - Qryi_1, for
1=1,2,....
Now, as we did before, for any k € Z define

Ni = (ri RppiTiq1 RppoTige -+ RpjasTigos)

It follows that

(5.8) T(pr) = peNele,  prv1 = prQrs
where
e O, ... O,
a0 /\.k+1 . O,
On . O Am
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As before, the compatibility condition of these two natural maps is given
by

T(T(pr)) = T(peNk) = pr+1Ni+1 =T (T (pk))
=T (pr+1) = T(pxQr) = T(pr)T(Qk).

Hence

Pre+1Ne1 i1 = T(pr)T(Qr) = peNeAiT(Q),
for all k € Z. It shows that (5.8), together with

(5.9) T(Qr) = A "N ' QuNis1 A,

holds true for any k € Z and describes a discrete, parameter free, Lax
representation for the map T defined on the moduli space as represented by
the invariants that appear in the last column of Q. Notice that from (5.7)
we now that A, are also periodic, that is Ax.ny = A for any k. And from
the definition in (3.2) so are both @ and Ry.

5.2. A Lax representation for the pentagram map on
Gr(n,(2s+ 1)n

As we did for the even dimensional case, in this section we will prove
that one can introduce a parameter p in (5.8) in such a way that (5.9) will
be independent from . This will define a true Lax representation that can
be used for integration of the map. As it was done in [5], we will prove that
the map T is invariant under a scaling, this time given by

air"'l — ;flJ”“/saiH'l, r=0,...s—1

(5.10)
aﬁr—uf/saiﬂ r=0,1,...,s.

We will follow the same steps as in the even dimensional case. The first
steps involve proving that the map defined without the proportional matrix
Ak is invariant under the scaling. We will then calculate the degree of Ag
using these results and incorporate the proportional matrices Ay to the map
to finally calculate the degree of T'(a}).

First of all, notice that if, as before, we denote by F}, the r + 1 block-
column of N, the analogous to Lemma 4.3 still holds true. We cite it here
without proof, since the proof is identical.
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LEMMA 5.3. — Let F}, = vy and Fyi¢ = Rpyerr1e, L =1,... as above.
Then, there exist n x n matrices o such that
‘
20
Fryor = ZFk+2r—1a27~_1 + G20,
r=1
¢
20+1 ~
Frior = Z Fryorao ™ + Grroort,
r=0

(5.11)

for £ > 1, where

Ghrrori1 = Dk (T Grs2t)gs + TT Gryor,

(5.12)
agiﬂ = Ta%f—l» 043“_1 = (TGry2e)oy s

with

and
(5.14)  Gryoer2 = I'TGryoeq1, agfﬁ =Tadt™, Gy =Fp=r.
By Ass we mean the last n X n block entry of a matrix A.

The main difference with the even dimensional case is that the even
block-columns Gop start now with a non-zero block (while before it started
with a zero one), and generate a (s+ 1)n dimensional subspace, orthogonal
to those generated by the odd ones égg+1, which start with a zero block
and generate a sn dimensional subspace. Also, in this case the first two
blocks of Goy are zero since G yo¢ = FT@kﬁg,l and I" shifts all the blocks
once downwards.

Assume first that we drop the Ay factor and define

T(Vk> = PEYk.

Define also c}lC = T(a};), which is given by the compatibility formula below,
the analogous to (4.17)

T(Qk) = szleNk+1~
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Then
T(ax) = Ny 'QxT Fiyos = Np ' Friosi1,

which can be written as
(5.15) NkT(ak) = Fk+25+1.

Once more T(a;) can be interpreted as the solution of the linear equa-
tion (5.15).

THEOREM 5.4. — The matrices c};. are homogenous with respect to the
scaling (5.10), and

() = é Aty =-1+ g

Notice that the degree of ¢}, coincides with that of aj. Later we will show
that Ar are all invariant under scaling and this theorem will essentially
prove the invariance of the map under (5.10).

Let us once more drop the subindex k unless needed. As we did in the
previous case, we will work with determinants of the form DZ,@ simplifing
them down to their homogeneous component, and calculating their degree.
Because they are solution of (5.15), each entry of ¢" will be a quotient of
these determinants and D, and this way we will be able to determine their

degree. The study comes in a number of lemmas.

LEMMA 5.5. — The determinant

D =det(F, Fy,. .., Fyy),

is invariant under (5.10).

Proof. — Using (5.11) we have that

D =det(F,Gy,Ga, ..., Gas_1,Gas).

This time all G, = FT@H have the first two blocks equal O,,; therefore,
the blocks in the first row of D are all zero, except for the first block which
is the first block of F = r, i.e. a®, and which is invariant under scaling.

If we simplify using the first n rows, we have the determinant of a matrix
that looks like

Ain Op Ao O, ... A O,
On Bl,l On BLQ Ce On B]_’S
A1 O, Aso O, ... Ay, O,
On Bg)l On 3272 e On B275 ,
Ash O, Asp O, ... A, O,
O, Bsi1 O, Bs2 ... O, Bs;s

s

ANNALES DE L’INSTITUT FOURIER



THE PENTAGRAM MAP ON GRASSMANNIANS 449

where A; ; are the nonzero blocks of GQj_l and B; ; are the nonzero blocks
of Go;. Using n?s(s — 1) exchanges of rows and columns, this determinant
can be easily transformed into

A Ogp
det ( 0.. B ) ,
with A = (A; ;) and B = (B; ;). Also, since Ggp = FT@Qg_l, we have that
B=TAand D =det Adet T A.

We will next show that d(4; ;) = % This will imply, from the definition
of determinant, that d(detA) = n>>7 | >7 =1 = 0, concluding the
proof.

Indeed, from (5.12) we have

Gopy1 =D (TGat)y, + I'TG2 =p (ﬂ@25—1>2 Tt 272Gy 1,

s—

and using this we conclude that

(5.16) Ap s = CLZk_lTAS’g + TQAk,Lg.
The degrees of the nonzero blocks of p are given by
2 -1
T T PP P A

while the degree of a?* is 1. Thus,
d(Ak,l) _ d(a2k—1a2s) _ d(Ta2k—2) _

We now use induction. Assume that d(4, ;) = =L foralli=1,...s and
all j < £. From (5.16) we have that, since d(a?*~!) = —1 + £=1,

S

k=1 s—0 k—f—1

d(@®* T Agy) = —1+ + = :
s s S
d(T?Ap_14) = %,
and so
d(Ak,e+1) = %7
concluding the proof of the lemma. |

Let us denote by Di,i the determinant given by

D}, =det(F,Fy,...,F,1,F), Fria,..., Fay),

r,0

where Fﬂl is the block-column obtained from F,. by substituting the ith
column, fi, with the jth column of Fysy1, féjs+1'
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LEMMA 5.6. — Determinant DglJrl,i is homogeneous for alli,j=1,...n,
and {=0,...,s—1, and

: Y4
d(Dypyq ) = —1+ 5

Proof. — As in the previous cases we will make heavy use of (5.11) to re-
duce the determinants to their homogeneous components before calculating
their degree. First of all we will substitute the ¢th column of F}, L1400

det(F?F17"'7F2€aF-27.Z+1’2‘)F2Z+23"'3F2S)7

by that of @234-1, @\%g 41, since the difference is a combination of even
columns, which are all present in the determinant. We can then simplify
the columns to the right of this and substitute them by either Go,41 or by

~ 2r
Gar + G5041 (a2€+1)i )

where a super index indicate the column, a subindex the row. We can then
substitute all the remaining columns of F2J£+1,i and F,., r < 2¢ by those of
G, or @T., depending on parity, to obtain
) ~ ~ ) P
Dii = det (F, Gl, ey GQ@, GJ2€+17,L-, G24+2 + /géprl (Oégéi%)

74' b)
~ -~ 2s
G2043, .-, G2s + G011 (O‘2é+1)i)’

where (Alge 4108 equal to (?224_1 except for its ith column which has been

substituted by the jth column of égerl. Since the missing column in 62£+1
has been substituted by another odd column, if we expand this determinant
all the terms that include any extra column gi,,, will vanish since we
already have odd columns equal to half the dimension in their standard
position. Therefore

va;,i = det(F, Gl, ey Ggg, Gé€+1,i’ G2[+2, G2[+3, ey GQS).
Consider now the following product

(5.17) Geir = Gor1 @ (Too1) ' @ PBgyrs

where by (g4,,,)”" we mean the vector whose entries are the inverses of
the entries of g3, 11, and where the product represents the individual entries

product, as customary. We claim that (g5,,,)"" ® ZJ\%S 41 is homogeneous,

each entry with the same degree. Indeed, using the fact that d(A; ;) = i

(recall that A, ;, 4 =1,...s, are the nonzero blocks of @gj,l, ji=1...,s),
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we can see that
A(Goe1) " © Gagy1) = d(@hsr1) — d((Ghes1)

*7—1,*,—14—1,*,...,*,—1—1—8_17*)
S s

< £ 17 s—1—14 >
— [ *,—=, %, JKy ek, %

S S S

Y4 Y4 J4
= (*,—l—i-,*,—1—|—,>k,...,>k,—1—|—,>k>,
s s S

where * indicates the position of a zero block. Therefore, substituting ﬁés 11
by (5.17) in the determinant, expanding the determinant using this column,
and using the fact that D is invariant under scaling gives us

. Y4
d(Dypyy ) =—1+ 3

as claimed. O

LEMMA 5.7. — Determinant Dgz ; is also homogeneous for all i,j =
1,...,n,£=0,...,s—1 and

; /
d(D%Z,i) = ;

Proof. — The proof of this case is a bit more complicated. We need to
look at the determinant

D, =det(F,Fy,...,Fay_1,F)y ; Py, .., Fay).

As before, we simplify the ¢th column of F2j£,i7 using (5.11). That is, fgsﬂ
will be substituted by

(5.18) §§s+1 + f3 (a§z+1)i,j :

We can then substitute the columns to the right of this one: we substitute
Fy.1 by 627\+1 + fée (a%“)i and Fy,. by Go,.. We can also substitute f2ie
in the expression of Fs,41 by g5,. We then change the remaining columns
in FQjM, including f3,, by those of Gg, (we call the resulting matrix Géé,i)’
and substitute the F’s blocks to the left of G%“ by G-blocks. Then, col-
umn (5.18) becomes 7

(5.19) Fhosr + 05 (a3T), -
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and the resulting determinant is given by

det(F,G1, G, Gao1, Gy s Gara + g (037,
Govy2,. .., Gas—1+ gby (aiz“)i G2s)~

If we now expand the determinant using the ith column of Gge 5 1e (5.19),
we have

j o (2541
Dy, ; = (a3 )z,jD
+ det (F, G1,G2...,Go1, Gém, Garr1 + g5 (0357),

Gorta, -, Gas_1 + gy (a3s™ )Z-st),

where Ggé,i has as ith column g5, 11 and Gy elsewhere.

Notice that, once more, if we expand this determinant, the terms with
no Ggé will be zero since we have more odd columns that are needed to
generate the odd subspace (indicated with a hat) given that Gé@,i contains
one. Thus, the determinant expands as

n

Z Z 2 +1 ~ j A
r i det(F,Gl,GQ,...,G;Z7i,G24+1,...7
r=£+1p=1

AP i T
G27"+1 + géfep ) GQZ-‘rla R G?S)a
where G%,. , indicates Ga,41 with a zero p column. Each one of these

terms can transformed by shifting the p column of @’;r 1t gézez; and the
ith column of G, ;. The expansion becomes

(5.20) Z Z:l: ag;-&-l i det(F,éhGg,...,Ggg,@2g+1,...,
r=~(+1 p=1

AP ~j T
G2r+1 + 92541€p > Gaey1, ..., Gag),

and now we are ready to calculate degrees. Substitute §%S 41 by
~7 —~j ~ 1 ~
g%s+1 = g%erl ® (g§r+l) ® gngrlv
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as before, and notice that the degree of gj, 41 ® (g5,,1)" " is the same for
all of its block-entries and equal to —1 + %

* *
1—(s+1) 1—(r+1)

. .
AFhoir ® Frr) ™)) = d(@hosr) — d(@,,) = | Z52 | - [ 24
sf(:?+l) 37(7.‘+1)

. .

We now need to calculate the degree of a{ . This is simple from (5.12)
and (5.14). We see that

_ . )
daf ) ==, d(a3") =d(ag" ") =1- T,
S ’ s
— —0-1
o) = d(ad ) =1 = T,
With this, every term in the expansion (5.20) has degree
r r r—¢ /
1+ -4d((aZ™) Y=—14+-4+1- ==
+o+ ((a3™);,) +o+ o
and since
2s+1 2s+1 s—4¥ 14
d((a% )i,jD> :d<(a22 )i,j) =1- s s
we conclude the proof of the lemma. O

After these results, the proof of Theorem 5.4 is immediate since the entry
(4,4) of ¢" is the quotient
Di,
D
and so d(c") = d(DZ’i), which coincide with the statement of the theorem.
Finally, the following theorem is a consequence of 5.4.

THEOREM 5.8. — If N and m are coprime, the map T is invariant under
the scaling (5.10).

Proof. — To prove this result we simply need to prove that A\x are in-
variant under scaling. After this fact is proved, computations similar to
those in the proof of Theorem 4.6 will show that even as we introduce Ay
in the different block columns of determinants D and Dg,w they do alter
neither the homogeneity nor the degree of the determinants because they
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are invariant under the scaling and all columns of a block-column have the
same degree (and so do their linear combinations). Therefore

d(cy) = d(T(a)) = d(ay),

for any k and r = 0,...,m — 1. We will avoid further details of those com-
putations since they are almost identical to those in 4.6 and the interested
reader can reproduce them.

To show that A are invariant under scaling is not hard: if N and m are
coprime, their determinants, d; = det A, are the unique solution of

det Nk5k5k+1 . 5k+m—1 = 1,

and since det Ny = Dy, det N is invariant under the scaling (since
d(Dy) = 0) and so are J; for any k. We next look at each factor in the
splitting of Ay = diqx. As in the previous case, the factors dj are deter-
mined by the normalization of By, = II,,,(c}) as in (3.6), and since ¢} are
invariant under the scaling, so will dy.

Finally, ¢; are uniquely determined by equations of the form (3.10)
and (3.11) for ¢!, and by their determinants. Since ;g =

moL el ol is homogeneous, equations (3.10)—(3.11) are

Ck—m-‘rlck—m-i-l e CN—i—k—m
scaling invariant. Furthermore, det ¢ = det d,;lék and both d;, and det d,
are scaling invariant, so is det ¢x. Therefore, ¢, are scaling invariant and so
are \j. O

As in the even dimensional case, this theorem allows us to define the Lax
representation for the map T : Py — Py. Indeed, if we define

0

On On On On On ak
I, O, O, 0, O, u’la}c
O, I, O, 0, O, [+ a2
—141 3
Qi(p)= | On On In On On peo Ay )
On On On ITL O ILL71+ 8;1 ai‘g_l
On On On On In [LCL%S

then we can define

Ni(p) = (rr(p), Rie()rk41, R ()2 (1), - - oy Ripm—2 (1) Thtm—1 (1)),
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where

and Rpir(p) = Qr(t)Qra1 () - . - Q4 (1). The compatibility condition of
the system

Pr+1 = prQr (1), T'(pk) = puNi (1),
will be given by

(5.21) T(Qr(p)) = Nie(1) ™ Ay Q1) A Ny (n).

(5.21) must be independent from p since T' is defined by its last column,
and it is preserved by the scaling, while the rest of the entries are zero
or I, and hence independent from p. Hence, this system is a standard
Lax representation for the Pentagram map on Grassmannian in the case
m = 2s + 1, which can also be used as usual to generate invariants of the
map. With this new scaling, Theorem 4.7 is also true in the case when m
is odd.
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