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Abstract. We prove that, at low temperature, the line of separation between the
two pure phases shows large fluctuations in shape. This implies the translation invariance
of the correlation functions associated with some non translation invariant boundary
conditions and should be a peculiarity of the dimensionality of the model.

1. The Line of Separation

It has recently been conjectured that the surface of separation between
two pure phases is, at low temperature and for short range potential
models, rigid in the case of a 3-dimensional model and non rigid in
2-dimensional models [1, 2].

In this paper we prove the truth of the conjecture in the 2-dimensional
Ising model.

The precise meaning of what “surface of separation” and “rigid”
mean will be given below and has already been discussed in the literature
[31.

LetQ2bea N x N square lattice centered at the origin: leti=1,2, ..., N?
be a label for the center of each unit square composing Q2. We assume
that on each site i e Q is located a spin o;= + 1 and that the energy of
a spin configuration ¢ = (0, ..., Oxz) 1S given by:

Hy(o)=—3 Y a0,—3 Y a+3 3 o (1.5

Gi> ica+Q ieo-Q

where ) means, as usual, sum over the pairs of nearest neighbour
couple; gf points in Q and 6% Q(0~ Q) denote the points adjacent to the
upper half (lower half) of the boundary 0Q of Q.

The physical meaning of (1.1) is that Hy(o) corresponds to the energy
of a configuration of spins interacting through a nearest neighbour pair
potential and, also, interacting with a set of external fixed spins adjacent
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Fig. 1.

to 0Q from the outside: the spins adjacent to ¢+ Q being +1 and the
ones adjacent to 0~ Q being — 1.

A picture of this situation is given in Fig. 1 where the boundary
condition is illustrated together with a possible spin configuration (in
the picture Q is a 12 x 12 box).

As usual it will be much more convenient to describe a spin configura-
tion through the lines of separation between regions containing opposite
spins. To do so we draw a line on the lattice bonds which separate
opposite spins: the set of lines thus obtained splits into several connected
components and, at each vertex of the lattice will end 0, 2,4 lines with
the important exception of the vertices A, B (see Fig. 1) where 1 or 3 lines
will end.

For an example of such a construction see Fig.2 where the lines
corresponding to the spin configuration of Fig. 1 are drawn.
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We shall consistently call y,, ..., v, the connected components of the
set of lines corresponding to a given spin configuration and which do
not contain the points A, B; we shall call 1 the component containing
A, B (it is easily realized that the component containing A must also
contain B).

It is clear that there is a one-to-one correspondence between the
“contour configurations” and the spin configurations: a contour con-
figuration being a set y;,..., 7., 4 of (n+ 1) disjoint sets of lines in Q2
such that n of them (y,, ..., y,) are “closed” (i.e. every vertex x € y; belongs
to two or four lines of y) and the other 1 is “open” with end points A
and B (i.e. every vertex x € 1 belongs to two or four lines unless x = A
or x =B).

It is very important to notice that, if |, |4| denote the “lengths™ of

i» 4, then the energy of a spin configuration o =(y,, ..., y,, 4) is given by
(see (1.1)):
Hy(o)=Cy+ 14+ Y Iyl (1.2)
i=1

where Cy 1s a suitable constant (i.e. a s-independent object).
The grand canonical ensemble corresponds to assigning the con-
figuration ¢ =(y,, ..., 7,, 4) the probability:

exp— fi2l— B Y ind
7@

PlA Vs o ) = (1.3)
where the normalization factor Z(€2, f) (gran canonical partition func-
tion) is:

2@.p= 3 exp=plAl=prn. (1.4)

AV

At low temperature the system “exhibits long range correlations”
corresponding to the fact that there are two possible equilibrium states
[4]. The fact that the spins on the upper half of the boundary are fixed
to + 1 will favor the formation of the pure phase with positve magnetiza-
tion in the upper half of Q while, for the same reasons, the negatively
magnetized phase will be favoured in the lower half of Q.

These intuitive ideas are put in a precise form by the following
theorem: [5, 91

Theorem (Minlos-Sinai). If f is large enough then a configuration
0= (A V15 ..., Vo) chosen randomly out of the grand canonical ensemble
will have properties i), ii), iii) listed below with a probability approaching 1
as N~ oz {we use the notation |Q|=N?) :

g%
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i) Ais such that

]MI—N|<%N for some C>log4. (1.5)
i) Iyi=CologQ Jor some Cy>0. (1.6)

it} if m* denotes the spontaneous magnetization (6] and M (M7)
denotes the total magnetization (i.e. the sum of the spins) above (below)
Athen:

M} Fm*3iQl <x(B)}/ 10 (17)
where x{f)— 0 exponentially fast.

The contour A will be called the “line of separation” between the
two phases: this line is almost straight, because of i), with very large
probability.

In the next two sections we introduce a more precise notion of
“straight line” and discuss other known results which will be the basis
for our investigation of “how straight” 4 is.

2. When a Random Line is Straight

Denote €% and Q% the regions above and below A and put:
QL p) = Y ep—FXlnl i=ab (2.1)
Grioeees 7n) €20 i

where the sum runs over the spin configurations above or below /A
(if i=a or bj described by contours 7, ..., 7, with no points in common
with A.

In terms of (2.1) one can write the probability py(4) that the separation
line of a spin configuration coincides with 4 as (see (1.3)):

e My (Q(a) /g)zo(g(m )
Z e T PIZG Q8 ) Zo(QP B)

pnid) = 2.2)

We shall say that the phase separation line 4 is “rigid” or “straight” if
the probability, after (2.2), that 4 passes through a fixed point x does not
tend to zero as N—coo for some x; in the opposite case we shall say
that the line 4 is “loose” or “non rigid”

We stress that in the above definition of rigidity, the point x is held
fixed as N—oc and, therefore, x is at a fixed distance from the center
0 of Q.

We shall prove that, in the model under discussion, the line 1 is loose
at low temperature, therefore A will pass “very far” from any fixed
region Q with a probability tending to 1 as N— 0. In other words we
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shall prove that there is a function D(N), D(N)x=+> oo, such that the
probability that the distance d(/, Q) exceeds D(N) tends to 1 as N— oo.
The best choice for D(N) will roughly be proportional to ]/ﬁ

It is clear that the techniques used in Ref [4] combined with such
a result will imply that the correlation functions (o, , ..., g, >o Will have

a limit as N— o0, at fixed x4, ..., X,,, and

lim {oy .00, 00 =50y, 0,07 + (0, 0, 07) (23)

where { >™,{ >~ denote the correlation functions of the two pure
phases [4].

Hence the correlation functions associated with the (non trans-
lationally invariant) hamiltonian (1.1) will be translationally invariant
and, we observe, this phenomenon is quite remarkable since it is not
expected to happen in 3-dimensions.

The technique we use can be easily understood from a physical point
of view: we picture 4 as a sequence of “jumps” each of which is interpreted
as a particle of a multicomponent one dimensional lattice gas. Thus a
line 4 will be regarded as a gas configuration. We show that the gas in
question is almost perfect and reduce the problem of the rigidity to the
investigation of the fluctuations of an almost perfect gas. We prove, for
the needed fluctuations, a “local central limit theorem™ following
Gnedenko’s ideas (with appropriate modifications) [117] and the results,
properly reinterpreted, will mean that 4 is not rigid.

A more clear and precise idea of the above scheme can be gotten
by reading the next two sections.

Our proof of the local central limit theorem can be transformed into
a proof of the local central limit theorem for Markov processes which
seems to be quite different from Kolmogorov's proof {12]: it is weaker
because it seems to need more conditions on the process but seems to
apply to more general situations. This remark will be clear to the reader
familiar with Gnedenko’s and Kolmogorov’s theorems and with Spitzer’s
work on the isomorphism between certain Markov processes and
classical lattice gases [13]. We shall pursue this point in a subsequent
paper.

3. Technicalities

To proceed we need a more handable form for (2.2).

Let A" be the family of all sets I'=(y,, ..., y,) of closed (in the sense
of §1) lines lying on the infinite square lattice and such that the set
{yyufytu--u{y,} is connected. Notice that we are not only con-
sidering sets I' of overlapping contours but we even allow identical
contours to be part of the same I e A"
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The knowledge of the statements of the following theorem will be
fundamental for understanding this paper:

Theorem 2. there is a function ¢ (I') defined on A" such that:
1) @™(I') is translationally invariant,
2} if N(I')= (number of contours in I') then:

(— 1N~ " (1) 20, (3.1)

3) there is a function 6(f)—+———0 exponentially fast such that:

p—w
Y. leT D= 8(B) 3.2)
I'sp

where the sum is over the I' e /" containing the vertex p.

4) there exists a function x(f) tending to zero exponentially fast and
such that the following inequality holds:

Y e (DS w(pyr e, (3.3)

sy
NI =n+1
5) if p is a vertex of the lattice and Q is a set of lattice vertices at a
distance d(p, Q) from p then

S QT S x(B) (de”HIE-Q (3.4)
roely

6) Using definition (2.1) one has:

Z,(Q9) BYZ,(QD) B) T
- r 35
7.Q.5) = exp FZ "I (3.5

Ics2

where I'i . means that {I'} N A=+ 0.

7) Let Y =(yy, ..., ¥.) be a set of distinct vertices of the lattice and
define

= 2 ") (3.6)
sy
where I' Y means that (y,. ..., V,,) are vertices of contours in I, then one
finds:
= Y @(Y)<w
Yo (3.7)

B (Y)<R%p(f) with R, =100

Y20,diamYzd
and p(f)— 0 exponentially as —~ co.

The above theorem is proven with a slightly different notation in
Ref. [9] appendix A: the few necessary changes in the notations are
discussed in Appendix 1 of this paper.
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Clearly (3.5) allows us to write the probability distribution (2.2) in
the ensemble U(N) of the “lines” from A to B as:
- L et

I'ii

e~ Blalg o2

Pr(d) = (normalization) 38

We now introduce several auxiliary ensembles of “lines” 4 starting
in A, ending in some point B' on the vertical line through B and lying
in the vertical strip with base the segment [A, B]. We remember that
“open lines starting in A and ending in B'” means a connected set 4 of
lattice bonds such that every vertex p e A belongs to two or four bonds
of 4 except the vertices A, B which must belong to one or three bonds
of 4.

The auvxiliary ensembles are:

I) The ensemble U (N): it is the set of lines A from A to B such that

C
A—N|<—N
2= Nl<
where C is the constant introduced in Theorem 1. The relative weight
of 1 & Uy(N) will be, by definition:

W(A)=exp—plAl— 3 o'(I.
rie
Notice that, as set of lines, U ,(N) is contained in U(N) for large p.

II) The ensemble U;(N): it consists of the lines A starting in A and
ending at the point B; at height i above B (i=0, + 1, ...). We also require
that the elements 1€ ;(N) lic in the vertical strip Iy with base the
segment [ A, B]. By definition the weight of 1 € 1;(N) will be

HiD)=exp—plA— 3 ¢"(D) (39)

Iéa
Icly

III) The ensemble T(N) is, as a set, given by Y I,(N) and the

relative weight of a configuration A e H(N) is, by definition:

W (=exp—Blal— Y ") (3.10)
Tl
Icly

(i.e. the same as (3.9)).

It is easy to prove from part i) of the Theorem 1 and (3.3), (3.4), that
the line /4 is loose in U(N) if and only if it is loose in U,(N). The simple
proof of this fact can be found in Appendix 2.

From now on we concentrate in proving that A is losse in I (N).
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4. Geometric Description of 11 (N)

This section is devoted to a detailed but purely geometrical description
of the elements Ae U(N): all the concepts introduced become very
clear if one checks, as they are introduced, what they mean for the
particular line of Fig. 3.

_%,g¥

Let A e W(N) (see Fig. 3). Consider the (N + 1) vertical lattice lines
passing through the (N + 1) lattice points of the segment [ A, B].

A vertical line will be identified with the point qe[A, B] through
which it passes.

A vertical line will have in common with A at least one point (in
fact it will, in general, have in common with A several isolated points
plus several disjoint segments).

Let q;,....q, be the vertical lines which have in common with A
more than one point; group q,...,q, into clusters &,¢,,...,¢ a
cluster consists of a set of adjacent lines which intersect A in more than
one point and such that any other vertical line drawn between the two
extreme lines of a cluster and not lying on the lattice will intersect 4 in
more than one point (notice that such vertical lines intersect 4 in an
odd number of points). In Fig.3 we have drawn the the extreme lines
of each cluster.

A cluster & consists of a set of (k+ 1) consecutive points
(9e» Qo+ 1, ..., + k) k=0,

We denote .7 the “shape” of the part of 4 above a cluster .

Clearly the set of clusters &, ..., ¢, together with the associated
shapes 9151, ..., 7 completely determine 4. Viceversa we can give
arbitrarily a set of disjoint clusters &;,..., &, and of associated shapes
Feps o> %, and uniquely construct a line Ae 1(N). This representation
for A is due to van Beyeren [14].

It is important, in order to get a clear intuitive picture of 4, to remark
that a line A can be interpreted as a configuration of a multicomponent
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lattice gas: the particles of the lattice are as many as the shapes above
the clusters; there is a hard core which forbids the overlapping of the
clusters.

Clearly there is a one-to-one correspondence between the lattice gas
configurations compatible with the hard cores and the lines AeU(N).

To each “shape” .%; (or “particle” in the lattice gas language) we
associate several “form parameters” and other related notions:

1) The “first” and the “last” point of .%;: these points are marked
in Fig.3 and their definition in the general case is easy to infer from
this particular case.

2) The “jump”, denoted 6 .%;, which is the difference in height between
the first and the last point of a cluster % :

07:=0,t1,+2,....
3) The “basis length” |£| of & is defined as |&f =k if
E=(Qy 9+ 1,...,9,+k); k=0,1,....

4) The “vertical length” at qe¢ (denoted by V, (%)) which is the
length of the intersection between A and a vertical line g e ¢ Remark
that if & =q, then [0.%] =V, (%).

5) The “horizontal Jength” at q € £ (denoted by h,(#;)) which is one
unit less than the number of intersections of ., with any vertical line
betweenqand q+1ifq=q,+11=0,1,....,k— 1. For q=q,+k we put

h, (%) =0.
6) The “total vertical length” V() defined as
V(%)= qzezé V, (%) 4.1)
7) The “total horizontal length” h(¥;) defined as
h(7:) = q; h (7). 4.2)

8) The “excess length” |7}|, at q:
|Selg = () + V(S . (4.3)
9) The “excess length™:
] =h(5) + V(). (44)
10) The distance of q e £ from the extremes of ¢ : d.(q).
Clearly if A=(¢, ..., &, S, ..., % ) we have:

=N+ Y |]. (4.5)

i=1
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In the next section we push further the analogy with the multi-
component gas and show that the problem of studying the probability
distributions of 4 in U(N) is equivalent to the problem of studying the
equilibrium state of the multicomponent lattice gas at certain component
activities and under the influence of suitable (many body) potentials.

5. Shape Potentials

Let X=(&,,....&) be a set of disjoint clusters and denote
=815 &y Frs o 2, ) aline A€ U(N).

As already mentioned we can interpret % as a configuration of a
multicomponent gas. We denote | %[ =) 1%

FX=TuT and TnT =0 we shall also write, with obvious meaning
of the symbols, % = %1 1 = FH WS
Let A=Yy and interpret the quantity — Y ¢'(I') in (3.10) as a

I
potential energy of the configuration Sy by writing:
Yo'h= % ¢'(N+USy. (5.1)

T I'.[A,B]

We wish to think U(¥y) as a sum of many body contributions as:

U(Fg) = &) (5.2)
TcX
this is certainly possible and, as a matter of fact, the potentials &(¥ 1)
are given by the (rather useless) formula:
O(F )= ) (= 1)NU(Fy) (5.3)
XcT
{M0bius inversion formula).
The potentials &(¥) will be called, for obvious reasons, shape
potentials: they verify the following lemma:
Lemma 1. If 8 is large enough the shape potentials verify the following
inequality:
Bl < By (X) 1] (5:4)

where & €X is either the first or the last cluster in X (i.e. is either to the
left of all the other clusters in X or is to the right of all the others).
Furthermore ®,(X) is a translationally invariant function of X and

§u¥ Z Do (X) = p(B) (5.5)
B

where the sup is taken over the allowed (i.e. without overlappings) cluster
configurations T which contain &, and, then, over ¢, The function p(f)
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in (5.5) can be taken to be the same as the one in (3.8) (hence it tends to
zero exponentially as p—o0).
Finally, for R,=100:

Y B,(X)= 24(8R, )V p(p) (5.6)

X3,
X34

where d(&,, &) = distance of & from £,

The above Lemma 1 is proven in Appendix 3 and is, if course, a basic
ingredient to our proof. In fact let us first remark that, because of (3.10),
(4.5), (5.1), (5.2), we can interpret the set of lines Ae U(N) as a multi-
component lattice gas in which a component ¥, has an activity
7y, = exp — 174 and in which the interaction between the elements
of the gas is described by hard cores and the shape potential: in fact
the weight (3.10) is proportional to

W (A)ccexp—plFxl— Y (S ). (5.7)
TcX
Lemma 1 tells us that the potentials (& 1) are small at low temperature
(see (5.5)) and have short range (see (5.6)). Furthermore at low temperature
the activities of the components become very small. Hence we can hope
that the gas of shapes is almost perfect at low temperature and we shall
relate this fact to the non rigidity of 4 in 2 (N).

We devote the next two sections to make more precise the statement
that the gas of shapes is almost perfect: we shall manage to do so with
the help of the generalized Kirkwood-Saltzburg equations and the
associated cluster expansions (see Ref. {7]).

6. The Gas of Shape Particles is Almost Perfect

We define, as usual (see Ref. [7]), if X =(&,, .., Eyand & < &, < <€
(in the sense that the clusters are numbered from left to right)

U (¥x) = z d(F 1), (6.1)
TcX
Taé
W, (P Fy) = 3 ®(Fr,y) 0=YnX, Y0, (6.2)
LeTcX
(S0 P =Y Wi P Y4B, YnX=0 (6.3)
RCY

YOY [Je MO 1) Y40
nz1l (lc,i)-.-,:Pn)iZI

Ki(¥x Ly) =
(IS =1 -



114 G. Gallavotti:

here )  runs over all the n?'® of different subsets of Y such

(Py, ., Py)
UP, Y

that U, P;=Y (notice that we do not require P;nP;=# i j) and such
that P,=0i=12,... n
Define the correlation functions for the gas of shape-particles in
[A, B} as
T Y e AR U@ o ry)

on(x) = YEA

— 6.5
normalization (6.5)

where the sum over Y runs over the sets of clusters in [A, B] compatible
with X C[A, B] and non overlapping.

The correlation functions (6.5) verify (as in [7]) the generalized Kirk-
wood-Salsburg equations: let ¢,€X then, if X' =(¢,,...,¢,) we have:

N (Fx) = e A al i) Z z K (% )
YnX=4¢ 7y
Z Z (= DN o(FKaw LS yUIT)

Prc+6 >y
PAXHUY)=09

(6.6)

where all the sums run over sets of clusters in [A, B] and where PN &, + @
means that either all the clusters in P have intersection with &, or P=4.
N(P)= number of clusters in P.

We now show that the Neuman series for the inhomogeneous
Eq. (6.6) (remember that on(@) = 1) converges for large f’s.

Let 4 be the space of the functions f(#y) defined for X6 and
without overlapping clusters and such that

(%)l

we regard # as a Banach space with the norm (6.7).
Define the operator & : # — %
(RO (Fx) = 70000 FF K (S, S

YnX=0

(6.8)
N Y (= 1INPH(P VS pUSLY)
PA(XDuY)=4 Ly
Pré +0
where * means that theterm X' =@, P=¢, Y =0 is omitted.
Let yn: % — % be the operator:
f(¥yx) if XC[A,B]
D (70 =" )" (6.9)

if not.



The Phase Separation Line in the Two-Dimensional Ising Model 115
Finally let o € # be defined as:

(S )= exp—BlSd— U (S) (6.10)
(@) =0 ENX)=2. '

Taking into account the definitions (6.8), (6.9), (6.10) and the Eq. (6.6)
and the fact that on(#)=1 we realize that (6.6) can be written as an
equation on %:

On = In0+ InSRon - (6.11)

It remains to show that K is small: in fact we shall prove that
8] =k(B)<1 (the | K] is the norm of the operator & in the space %)
and k(f)— O exponentially fast as f — 0.

In fact, using (6.9)

B 1o
w§{e zit/§l| Un{#y)

~ Lkl
e 2%

Y YK (e Sy

YnX=6 %

T TP (6.12)

ZI‘ Y 2 1-7p
f .
DI T i
PN +0

A straightforward but very long calculation allows us to estimate
the curly bracket in (6.12) and the result is:

“‘f(i@‘ < |f] k(B) (6.13)

where k(f)— 0 as f— o0 exponentially fast. The details of the com-
putation leading to (6.13) are in Appendix 4.
Formula (6.13) implies

IR < k(By<1 for f large (6.14)

hence the Neuman series for (6.11) converges.

The reader familiar with the Mayer expansion and the proof of its
convergence ([10], p. 83) will immediately understand why the result
{6.14) can be called a proof of the fact that the gas of shapes is almost
perfect.

Unfortunately {6.14) is not quite enough for our purposes and we
have to use some more detailed results about the Mayer expansions.
The next section provides the additional results we need.
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7. Cluster Expansions for the Shape-Particles Gas

The “clusters” in the title of this section do not have any relation
with the clusters £ associated with the shape particles. There should
be no confusion between these two concepts.

Consider the space & of the symmetric functions defined on the finite
ordered sets of configurations of shape-particles obtained by allowing
also the configurations not verifying the hard core condition [ 15].

If p e § then ¢ associates to every ordered set %y of shape particles,
where X =(&,, ..., &,), a number @(¥y). We underline the fact that

Px = s L s L)
is a set of shape particles, located in &, ..., £, not necessarily obeying
the hard core condition (we also allow the possibility that & =¢; for
some i%jand :‘(/)é,)'

If o e & we call

|@in = . Sup: '(p(‘yéla e =¢§"){ (71)

Sls ver 5n
&

gy o Ln
gxll fixed

and we shall assume that |¢|, <+ foralln= 1.
It is interesting to introduce some operations on the functions
of & [10].

If p,e®, @,c§ we define the convolution ¢, - ¢, €& as

(01 @) (Fx) = Z, (4] (fyx,) (Pz(-(//))(z) (7.2)

XjuX;=X

here X is a general set of clusters (in the sense of Sec. 4) and is determined
by the set of different clusters in X and by their multiplicities; the '
XjuX;=X
is to be regarded as the sum over the ordered couples X;, X, which
decompose X into two sets of ordered clusters (the couples (¢, X) and
(X, @) are allowed).
Let us now define the exponential of a function ¢ € &, where

8, = {olo e, @) =0}:

(P
(Expo) (75 = ¥ %)

(7.3)
nz0 n!

where " is the n'® power of ¢ in the convolution product (7.2) and
we have put ¢°(¥y) = 1 (%) with

0 ifX+0

L= ix=p. 74
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It is clear that 1 is the identity for the product (7.2). It is also clear
that, since ¢ € §, formula (7.3) makes sense since it involves only a
finite sum.

The inverse function to the exponential is defined over the set
81 =1{01lp1 €&, 1(0) =1}; il @y € §; we can uniquely write ¢, =1+ ¢
with ¢ € &, and therefore we can define

o ( 1)n+1 oo
Loggp, = Log(l +¢) = Z o (Ix)
- B (7.5)
= Z Z, @(egﬁx,)---@(fij")
n=1 XiuXouwewX =X

since, again, the sum runs over a finite set of indices. Clearly Exp: §,— &
and Log: &, — &,. Furthermore it is easily checked that

ExpLogo,=¢1 Yo €8 (7.6)
Define, on §, the operation Dy, :
(Dyx' 0 (L y)=0(Fxy). (7.7)
This operation has the properties:
Dyé((/’l' ¢3) =Dy, 1)@yt (Dg.@,). (7.8)
Dy Expo = (D, f/)) -Expo
{7.9)
D, Expg = ( Y Y D, e..D, (p> Expo.
nzt ! U, X, =X * Ao
X, %9

Finally we find that the important formula below holds:

2. (Expo) () 7(x) = exp Z ACAVIESY (7.10)
X. /
provided Y [p(¥x)z(Fx)I<+x and y is multiplicative ie. if
X. Sy
X:;élﬂ--'s én: n
X(fyx) = H Z(f(/):‘) .
i=1
and provided the symbol ) is consistently given the meaning:
X, 5
Yo=Y oo DD NP NI (7.19)
X.¥x K=o 3t Sn Y, Sen
A special y will be
7 ™( =T, (7.12)

feX

where 7™M(&) =0 if ¢¢ [A, B] but y™(&) =1 if £C[A, B].
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So that
Y Y(Expo)(Py)=exp ) D o(Fy) (7.13)
XC[A,B] 'VX Xc[A,B] ¥y
provided Y Y lo(¥Fxl<4+oc.
XC[A,B] Iy

Let B, be a large enough number in order that all the series written
below in this section converge. Let f§ be so large that > §, and w(f) < f,
where y(f) is the constant in (5.5). Consider the element ¢ € §,;

B(S) e hlxle U0 i (g, L E) =X
5 X

0 and {n¢;=0 1] otherwise
PO =1 (7.14)
Since from (5.5), (5.4), (5.2) it follows
U = (< plpl (7.15)

the condition (7.1) is satisfied @ and therefore o€ §,. Let " = Log,.
We shall also be interested in other elements @ e &, of the type

oK) =[] 19| 7 (7.16)
L seX
for some suitable real or complex A(.¥ ) such that |4(& ) < 1.
Clearly Loge is such that, see (7.5):

0" x) = (Logo) (#) =1 [ HI 93" x). (7.17)
éeX
We now investigate the %’y dependence of @' ().
Consider, for this purpose, the function @ 'e® (ie. the function
@ ' such that '@ =@ -@ ' =1: this function can be inductively
defined from (7.2) for all y € §,). Define

Ay (L) =@ Dy §)(A) (7.18)

for &y arbitrary and ¥y such that X contains only non-overlapping
clusters.

Then we can write an equation for A, (¥y) along the lines of
Ref. [7,13].

We have (if Y\T means complement of T in Y):

Avaé(er) =g fol¥el =00 z K1(yXU¢a 1)

TCY
TnEuX)=9

(7.19)
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where, as in (6.6), P~ ¢+ @ means that all the elements in P intersect &
or P=6. Eq. (7.19) is deduced in detail in Appendix 5.
From (7.19) one can deduce very strong results on @' (¥y). Put

|4 LN
I = supg} Z Z y,:’ Jj’; (y |Y) . (7.20)
‘V;{f;ngf N(Y) m-n" K

Then, using (7.19), at fixed XU and & x:

Ay (7Y ETEI
IDIESS T
Y Ly 2"
NY)+NX)=n

A &
) ; Y K (Fxoe S Y QQT_(M

Y v TCY Pri+p ‘7°‘</xu1up|
NX)+N(Y)=n ¥ TA@EuX)=4 PCY\T €

_ b
> 1 xoroe!

[
Bo
B M L R STENE) ,
=e > )3 Y K (Pxos L (721)
T Pl’\g:‘:ﬂ Lbox
PuT)nX =2

PAT=¢ N?P)+N(T)+N(X)<n

Doy
Z 2 My"”‘up('(/Y/PuTN R 71 %ot ur

Y>PUT Fyi PUT =Sy oe)
N(Y\PUT)+N(P) +N(T)+N(X) =n €

if
Lo rnien o

’
n € z z z |K1(yXuéa *yTN
T PAX =0 %, 1
TnX=¢ PaT=4g
Pri<g

1A

Bo
A'"z“}yl;uﬂ
e } S k()

as we casily see after a calculation identical to the one leading to the
estimate of the curly bracket in (6.12).
Formula (7.21) says that

L1 Sk, e L=k 1. (7.22)
_bo
In particular, since I, <e ? and
(ﬁT(-»gp:uY) = A;/JLVY) (7.23)

9 Commun math Phys., Vol 27
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we find (since @T(F2) = e Fo 17¢ly:

.
S

—T IR I
22Nyl =e R e Y I
Y % m=1
( ﬁ°> 5 (7.24)
Bo ¢y 2 Bo | g Bo T2
§CATL</§| c N _7‘</§r ge“T}yﬂ 9e

1 - k(ﬁo)

If § has been chosen large enough.
A simple consequence of (7.24) is that, for 8, large:

Y 1NN < + 0 (7.25)

XC[A.B]

1~k(B,)

as it follows by combining (7.24) with the observation that the number of
shapes %, with a given | %] does not exceed 321741,

We shall be interested in choosing the arbitrary function M) in
(7.16) of the form 8.7 is defined in Sec. 4):

i((g{):eit&ﬁ;—(ﬁ~ﬂo)|5fg|+iréyg;w(g) (7.26)

with t, 7 real and y¥(&) =1 if € C[A, O], £N(£) =0 otherwise.
We have now all the instruments to deal with the original problem
which is attacked in the next section.

8. Characteristic Functions for the End and Middle Point Displacement

Consider the characteristicjunction for the random variable
Y. 8% defined for every line 1 € U(N), 1= %:

éeX
(o) Y Y eV [T (e )
c =

3 __ XcA,B) ¥x £eX - (81)

Yy e VO] e f

XClA,B] 7y eX
Here we can apply formula (7.13) to the numerator and denominator of
(8.1); we get

ity oS
() <exp Y TS e @ 1) (82)
XC[A.B] ¥y
We now look for estimates of the sums in (8.2). The Lh.s. of (8.2) is periodic
with period 27, hence it is enough to consider it for — n <t <n. We divide
the interval |t| < 7 in three regions:

1

)OS =N*2,
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and we estimate the sum in (8.2) in these three regions. The constant ¢
is a numerical constant that will be chosen later.
Observe that, if X =¢, (| =0and %, =] ¢+ A, B we have

(ET(yE): e—lfol.ﬂ e P — e—-ﬁom‘zc74/5|j\+(((e’6ﬁ)ij| (83)

as it follows from the definition of the shape potential @(%;) and the
formula for it in Appendix 3. Hence the contribution to the sum in (8.2)
from the one-point clusters of height j = + 1 is:

expNe #((e'~ D+ (e~ 1)+ C(e ¥) (8.4)

where O(e™#) contains the end point contribution (¢ = A, B) as well as
the corrections coming from the term @(¢~%%) in (8.3). In formula (8.4),
as well as everywhere in this paper, ¢(a) means 3a where $ is a function of,
a priori, everything possible but such that | < 1.

We estimate the contribution of the other clusters to the sum in (8.2)
by: (we use (7.24) and the fact that there are at most 315 *1¢l < 3217l
different shapes over ¢ with the same | %))

2 3 X e TR

Xc[A,B] ¥
x> 1

S2 Y YR ¥ LUK
¢dA.Bl % X', Sy
Bol2
<~ 208 z Ze-(ﬁ W/ 2) | S T 3e (8.5)
B (A B) 7 —k(B.,)

w ‘ 36*/30/2
éze*Z(ﬂ*ﬂmN 32pe—(/30/2)p Se_wC(ﬁo)N
p:%H T—-k(B) —

where C(f,)— o0 if §, is large enough.
Hence we have proven that

<1IZ()75> t
—exp( 4N(sm 7)e P NOEe ) +(9(e~ﬂ)> (8.6)

forall te[—m, ]

Clearly the estimate (8.6) is going to be good only in the region iii)
and for large f.

To obtain estimates of use in 1), ii) we proceed as follows.

ox
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Expand (e!**** — 1) to third order using the Schomilch formula for
the fourth order rest: we get

ity 8% ,
<e i >=€XP{— Yooy g'o‘T(yX)e“(ﬂ—ﬂo)lsﬁx\L%_tz
e 5P (8.7)
+ z Z (‘ﬁT(yx) e~ - F) %] L_ZZ_)CMWX 4

XCA,B] Fy

where |9 £ 1 and we have used the fact that the first and third order terms
vanish for symmetry reasons.
Define o(p) as

PB=lim— Y Y T IINGAE (3
N-o N x (& m 7

the existence of this limit follows from the fact that the functions @ (%)

are essentially translationally invariant. We have not dealt with this point

and we shall not do so but we leave it as an exercise to the reader. We

observe, however, that by taking into account separately the “unit jump”

contribution one finds that the sum Z(N) on the r.h.s. of (8.8) is

E(N)=2Ne # + N (e 2/ + O (8.9)

and so
02=Ze‘”(1+(0(e‘”)) (8.10)

the real reason we do not insist on the existence of the limit (8.8) is that
(8.9) proves that

Z(N) Z(N)
N

lim inf

N—w

=2e P(1+0,(e %) and I\}im sup =2e" M1+ 0,(e7P)

and this would be enough for the rest of the proof (modulo minor
modifications).
An estimate similar to (8.9) yields

Y S IET(FKle P RIIEA) = N2e (1 + Oe ™) + O(e ™). (8.11)

XC[A,B] %

Hence using (8.7)—(8.9), (8.11) we find that, if 0 < [t| < N+ %:

< ,‘zayg> _% N) 2+ N- (Q(2e_ﬂ)}

ity 0%
e ¢ <exp - (Z(N) t? (8.12)
provided & < % (say).
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It is now easy to compute (see also [11]) an expression for the
probability Py(k) that, in H(N), the line A e U(N) ends in the point B’ at
height k= ) 6%, :

1 n i[%&yg '
PN(k): —2*'7%“ j. € ef"k dt
- (8.13)
k2
+nf< zasﬂ§> vi%d e_il‘v?f
e t

1
2nl/N - N |/ 2n0? N +0<71\T>'

In particular

1 1
Py(0) = + e | 8.14
~(0) /270’ N 0<1/N) 819
Using a completely analogous procedure we can estimate (see (7.26))
T Gt+iti™N (@) 8
<e“x > (8.15)

and deduce that the probability in (N) that the end point of A is at
height k and the last point of the last cluster in A contained in [A, O]
is at height h:

_(Ki2bksony

Py(k, h)= = g wof (8.16)
N noiN AN '
hence if |h] £ h(N) and };}%) —0 as N—owo
PON 11

(8.17)

RO 7 Vae? YN

Since Py(0, h)/Py(0) is the probability in I (N) that the last cluster
before O has the last point at height h formula (8.17) tells us that the
probability that the height h of this point is such that |hj=h(N) tends
to 1 as N—oo in Hy(N).

We now show that the probability, in Z{(N), that A contains a shape

1
 such that 17| > Clog N tends to zero faster than T if C is suitably

chosen. This fact will imply that (see (8.14)) not only in H(N) but also in
U (N} the probability that in 1 there is a %, such that |#]> ClogN
tends to zero as N— co. Therefore since the height of the last point of the
last cluster such that & C [A, O] does not exceed h(N) with probability, in
U (N), tending to 1 as N—oo we can deduce that the line 4 passes above
O at an height h(N) — C log N with a probability tending to 1 as N—cc.



124 G. Gallavotti:

It is obvious that, once it will have been proven that with probability
tending 1 as N—oo no shape in 4 is such that |#]> ClogN, a simple
modification of the above argument will allow to prove that in U (N)
the probability that the distance of O from A is larger than N* ~* tends to 1
as N-—oc at fixed £ > 0.

Therefore we are left with the proof that if

AeUN)A=(Ey, ... &, S, ... %) then (#]<ClogN

with a probability tending to 1 as N—co.
Call P(N, C) this probability: using (6.11), (6.7) and the estimate for
the number of shapes above £ and with given |.¥;| used in (8.5):

eN.O)s ) Y o)
EC[A,B] |Fx|>ClogN

B
-5 1]
w 321%l o 2

=N [4; ———F =N 1<l (8.18)
Ié|Z:O || > ClogN 1=k(f) 1512:0 | Fel >Z(‘logN
ﬂl‘/l V‘%m B3 logN 1 1 1
AP VAV
.(9e 4) _‘;§N(9e 4) " AR
1—k(p) 1—9e * (lwe 4) 1—k(B)
hence if C = %andﬁis large:
2 1
PN,O) < 5 -—=0|—]. .
NOE e (] (8.19

Acknowledgements. 1 wish to express my gratitude to H. Van Beyeren for stimulating
my interest in the problem through many discussions and through the description of
some partial results which he got using a completely different and much simpler approach

[14].

Appendix 1

The basic setting of Ref. [9] is very similar to the one of this paper.
Here, for esthetic reasons, we have preferred a different definition of the
contours associated with a spin configuration.

What we essentially need are the results of Appendix A of Ref. [9]
and to obtain them one has to proceed, word by word, exactly through
the same calculations and steps with the understanding that the new
definitions of contours (and, therefore, of overlapping contours) are to
be taken into account to modify in the obvious way the interpretation
of the notation.
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+ o+ o+ 4+ o+ o+ o+ o+ o+ o+ o+ o+

L I o B T T e B I
L e I O e
R e I R S S S (RS
+
5
+

I T S e S B I T
L S B T A I

We give, as an example, in Fig. 4 the contours associated with the
spin configuration of Fig. 1. The reader should compare Fig. 4 with
Fig. 2 in order to realize the difference in the definition of contours. We
remark that in spite of the difference in definition the number of con-
tours of length |y| is still bounded by 37!,

A mere “translation” changes the results (A.20), (A.19), (A.17), (A.21),
(A.24) of Ref. [9] into 1)+ 5) of Theorem 2.

Furthermore {A.26) of Ref. [9], duly reinterpreted, can be applied to
write (in this paper we call I what was X in Ref. [9])'

Z@P p=exp T o (1)
FCQ
Z,(QD. py=exp ) o' (Z2.2)
TC.Q/I)
Z,(Q;. py=rexp ), o'(I), (Z.3)
rce

hence, by taking the product of (Z.1) and (Z.2) and by comparing the
result with (Z.3) we find (3.4).

The last statement of Theorem 2 does not appear in Ref. [9] and we
provide here its simple proof.

Observe, from (A.20) of Ref. [9], that

@M= "1gHI) (2.4)

where " is f-independent.
From (3.3) it follows that

Y e hgtse (B (Z.5)
N(F{jirﬁrl
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Let X be a set of distinct points on the square lattice and let

X=(x;,...,X,); denoting I' 5 X the fact that the points of X are vertices
of contours in I' we find
O,(X)= Y " (D= Y e "Mp"(I)
Isx I'sX (26)
=Y e~ P hI =Bl igT(I)|
I'sX

Let R, be an arbitrary large integer, fixed once for all (say R, = 100),
then if 2R e~ ¥ ~F) < 1

SREONEY T Y

05X n=0 OeX  TIsX
N(I)=n+1
. RdiamX o= (B~ f )T e*ﬁ(,(FIWT(F)‘
= Z Z Z RéEmX o =(B=F) 11 e =Folll|5T( )| (Z.7)
rso  Xcr

N{I)=n+1 X230

i Z (ZRoe—(ﬂ—ﬂa))IFI e*BOIFl‘(T)T(FM
=0

I's0
N(IN=n+1

A

Bo
B 2
—(B—FB) _Tom %(Bo) (36 )%(ﬁo) —(f—Bo)
2R,e y;)e Ty < T 2R.e

and this formula holds for <R <R, and f large enough. Taking
R=1and R =R, (Z.7) prove statement 7 in Theorem 2.

JIA

Appendix 2

The ensemble U (N), as a set of configurations in H(N), has a prob-
ability in U(N) approaching 1 as N— oo (see i) Theorem 1).

Hence Z is loose in U(N) if and only if it is loose in 1 (N).

For large § the distance of A € U (N) from the upper and lower bases
of @ will be longer than N/2 hence, regarding A as an element of 1 ,(N),
the weights #,(1) and #,(4) are such that

W(D=W(Hexp— 3 ¢o"(I) (Z.8)

and, using (3.4):
Y et Y Y qq)T(r)|§N(1+

Ir¢a Xei IsX
rco I'n(basesof 2)

%) () (4(9 3 (Z.9)
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therefore, for large f:
—
W)= W, ()expOle *" 2 (Z.10)

_ BN _B1/N
where @(e 31/2>:.9(/1,ﬁ,...)e 3l/l and |9/ < 1.

Furthermore the set U, (N), as a subset of U (N), has in W (N) a
probability that tends to 1 as N—oo. In fact, since, using (3.2),

Z "1 Y le (DI 1A 5(B) (Z.11)
we have TFii+e o 4
Y oMl
P [l -NJ> ) < ) 2.1
Do) Bl = o~ PN-N3(5) :

where the denominator is a lower bound to the contribution to the
normalization constant to (3.9) coming from the single line 4= [A, B].
The r.h.s. of (Z.12) is bounded above as:

Z (3e~ﬁ+6(ﬁ))k

< kg(l+%)N
(Z ): e—ﬂNe‘Né(ﬂ)
’ (Z.13)
1 ( 1+ S aspe S8 )N N
= 3w ’ Foerf) ste

if C> log4 and if f is large enough.

Hence U (N), as a subset of 1L,(N), has in 1_(N) probability tending to
1 as N—o0. Clearly this fact combined with (Z.10) implies that 4 is loose
in U (N) (hence in U(N)) if and only if it is loose in U (N).

Appendix 3. Theory of the Shape Potentials

Consider a configuration %x=(¢y, ..., ¢, %, ..., %) (see Fig. 3
for reference).

We divide the sets of contours I" € 9 and lying in I and intersecting
A in three classes: to the first class belong the I’s which have in common
with A some points and which have a projection on the segment [A, B]
which does not have points in common with any of the vertical lines
through &,, ..., &. To the second class belong the I'’s which have inter-
section with some “shape” #; of 4. To the third class belong the I''s which
do not intersect any of the f s but have a projection over [A, B] which
overlaps with some of the clusters s &

Call C (1), C,(4), C5(A) the three classes and call C{(&,..., &) the
set of I"’s which intersect the segment [A, B] and have a projection on
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[A, B] overlapping with some of the clusters &,, ..., &,. We casily find:

Z (pT(F)Z Z* + Z* + Z* (pT(r)

ria reci( [eCaih) reCs(a)
reiy (Z.14)
Y* o)~  Y* ")+ Y* eTD)+ Y* NI
rilh, B FeCiEt.. & recain) reCs(h)

where the * reminds us that I' C 1.
We recognize U(F%) in the sum of the last three addends of (Z.14).
We now show that each of the last three sums in (Z.14) is of the form

Y @9(F;), where i=1,2,3 is an index that labels the last three sums in
TcX
(Z.14). Furthermore each of the three functions ¢ (%) verifies Lemma 1.

Consider first ~ >*  ¢'(I'): We have

reCi(ér...8)
Z* <DT(F): Z (Z* qDT(F))
IeCi(gs...&5) =18,
‘ Z.15
“Y e+ ¥ [T — e P
i<j\Ieg, i<j<k| e
e &, ] I:‘é
Hence, if we define Iy
<D(1)(¢%luyézu~~u.?im)=(—1)““ Z* q)T(F). (Z.16)
re,

ji=1l..n

We have for some C, >0, using (3.7) and || = (|£] + 1):
1PV FI =1 p(B) R, X | 2(X) (Z.17)

where 6({X) = distance between the first and the last cluster in X.
Hence if T is a set of non overlapping clusters:

T e | 3 o2 R <0 218

Consider next Y  ¢"(I'). Suppose A=% (in the following we

I'eCa(4)
sometimes write 4 = (X, %))} fixed; introduce the following symbols:
a) (H): this symbol means sum of ¢@T(I') over the I"’s which intersect
all the shapes of the line 1’ = (P, %).
The next symbols will be defined when the clusters of Q are between
the extreme clusters of P.

b) (% |Q): this symbol means sum of the oT(I')’s over the I'’s which
do intersect all the shapes with base P of the line " =(PuQ, % o) but
do not intersect all the shapes % in the case we considered only the line
A =(P,%).
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S| Q): this symbol means sum of the ¢™(I"), over the I”s which
would intersect all the shapes of (P, %) but do not do so if the shapes %
are considered part of a line A" = (%3 q, PUQ).

d) (%)o: this symbol means sum of the ¢'(I')’s over the Is which
intersect all the shapes of % in the line

A'=(PuQ, %uq)-
Notice that

(%o=(%)+(%I1Q - (%A]|Q). (Z2.19)
Then we can say that if X = &,
Y. NN =(%) (Z.20)
I'eCsy(4)
if X =(&,, &) and &, < &, (ie & is to the left of &,):
Y @ D) =)+ S~ (S (z.21)
TeCy(4)

IfX=(,&5,83) and & <&, <&
Z QDT(F):('%)+(%z)+(%3)_(%152)_(%253)

I'eCy(2)
- (‘9%153)5,2 + (%15253) :
(pT(r) = (’%1) + (‘%2) + (’%3) - (yélf_z) - (’%253)

IeCsy(4)

- (‘%153) + {('Spélizis) (yxéslé )+ (‘%153 H 62
IfX=(§y1 éza &y, Ea) &y <&y < E5 <&y we find
Z (P '%:1) + (ﬂz) (’%3) + ('5@4) - (%152) - (%:253)

I'eCa(2)
- ('ffsia) - (‘%153)52 - (‘%154)52 & (‘%254)53 (224)
+ (yixszgs) (9@25354) + (S ene )iz (S e )és - ("%162@54)

516364 S18264

(2.22)

Therefore

(2.23)

and using (Z.19) we deduce:

1,4

Y 0T =(S) () H )+ (KD — Y ()

TeCa(2) i<j !

(P ne) = (P |E) + (T, | )
{0 — (S, 1 83) + (Frye, [ €30
(% 62) — (F 80D + (e, [ €D
T rese) = (L1 83+ (Lo, | €3
+{~(e%,;2¢3¢4)+(%1<4|62)— (T2l €2+ (Fe,e,1E5)
g1§4”53 - 5,§4|€2é) 5164“& 53)+(%1§2§4|£3)
~(an 8+ (T 6~ (%] 82}

1€2¢a

(Z.25)
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In general, as it can be seen by induction, if é < X <& X=(&,,...,&, 1)
we find:
‘p(ymeg”) = (" 1)N(X)+ ! {(%uxu:')

° 7.26
+ Y (DU Fipoe | Q= (Foror | QT3 (226

&

PrQ=2
Qe
it is clear from (3.7) that (6(¢, &) is defined in (Z.17) or (5.6)):

(Lroxoe) S 1Tl w(B)RSPES, (Z2.27)
(Lroroe | QIS WP Ry PEDNF], (7.28)
(Lropoe | QIS WP R, VIS (Z.29)

clearly the role of £ and ¢’ is symmetric and no similar inequalities hold
with & interchanged with ¢'. Hence

1P(Foxoe)l SHEOp(B RSPEDNF (2.30)
because Y contains at most 4°4%) terms.
PcX
Qcx

Hence calling #?(EuX U &) the coefficient of ¥ in (Z.30) we find
(remember that R, = 100).

> SN2 3 pIR S yif). (231

Xz&p
XcT

It remains to deal with )  @™(I): A method very similar to the
IeCa(4)
case just treated works and, actually, one could find for this term much
better estimates (see sketch in Appendix 6).
Formula (5.6) follows from (Z.30), (Z.17) and the analogous result
for the contribution from C4(A).

Appendix 4. Estimate of |

The starting point is the term in the curly bracket (6.12).

We remember that £, is the first cluster of X=(&,,&,, ..., &)
(<< &< < &) looking from the left to right. Therefore, using
(5.4), (5.5), (6.1), we have

U SN =17 w(B) (2.32)
LW (e, AN (NS + 150D w(B) (Z.33)

1
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if all the sets Py, P,,..., P, are different and PnX=@. Therefore the
curly bracket in (6.12) is such that (using ¢* — 1 <ae* for a = 0):
s /]
— 51T Fe ] » “ 7 #ue
Use Y X* Y
n=0 ;P,{\XP ) /’U "

Ziwx(y | % )| —'|/’1

el NACEA DI ’

TNELER Vp

yooy b

=5 e
n=0 (Pi...Py) Fyp

(Z.34)

(- £ +200) 1721 70 e

HA

PnX=9

‘715/,’;1
TV KI5 T Ye
i Prii 0 93

where the * reminds us that P,, ..., P,, P are made with clusters taken out
of a configuration of non overlapping clusters (see {6.4), (6.6)).
The last two sums in (Z.34) can be written as, if P=(xn,, ..., n,):

t ——g—»ly’,’,’l1 o0 t 0 54
Z rox e sy X I X 3%
(m1...7q) Y ‘Vn’; i=1 t=0 My, t=1 q:‘ﬂ1+1

10 iné1+0 i

0 0 ké}q
éexp{(lﬁllJrl)Z ) <326 )}éeXp{\%,lwl(ﬁ)} (2.35)

r=0 g=r+1

where i, (f)—0 exponentially fast as f— o0.
Hence
B

(—§+2w<ﬁ>+wﬂ>)|¢g,l % ( **Jw(ﬁ))l o
{-}gte Yoo¥E Y e

T Wil %)

A

PaX=p QnX=p YIS
PeE Qd
( ——§+W(”))!ybszuujQ n
e H (x| S, |n W[5 (2.36)

where P,/ ¢, means that the first cluster in P, is to the left of ¢, while
Q; ¢, means that the first cluster in Q; is to the right of £,. Hence using

W (FIQUSIF] Y 1®6(TuQy (2.37)

E1eTcX
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and the property (5.5) and summing over the shapes associated with
clusters appearing in U;Q; and not in U; P, we find from (Z.36) for f8
large enough:

. \
( - §+mﬂ>+3wrﬂ>)vf<,i ©

{-j=sle

—gw(m)kffgip,l

. P nX=9 (2.38)
W)

since the sum over the shapes considered is < 1 for f§ large.

Let P, ..., P, be an element of the sum in (Z.38) and call d,, ..., dy
the different first clusters of Py, ..., P,. Since P;, P,, ..., P, are subclusters
of a set of non overlapping clusters, we have that 6, d; =01+ j. Suppose
0 <8, <+ << & Then the r.hs. of (Z.38) can be rewritten as:

(’ - %Hw(mwl(m)m,i
rhs (Z.38)L\e

fier 3w s ¥y

n=1 k=1 9;< <dx<<&; ni+ny+t -+a=n f/"‘f,

we (Z.39)
( f7+w<ﬁ>1f/’g,pl1 , /
\e , (L5 (5
11 3 amom)
1=1\&eTcX
where X' runs over the sets of clusters P, P,, ..., P,suchthat P, P,, ..., B,

contain ¢, as first cluster, P, ,,...P,, contain §, as a first cluster, ...
s Poe i oos Poy s g, cONtain 6y as a first cluster. We have again
used (5.5). Let us perform the sum over the shapes in U, P, other than

S5 -0 S5, we get (since the sum over these shapes is <1 for large f):

i
*/7+3w(/i)+uu(ﬂ)>l’/’:.4

(r.h.s)(Z.39 )g(

(+% 5 v gespl

k=1081<6<"<ox<i1 Fb,... Foym1=1 mp=1i=1

Zﬂ( Y@ Tup))

g
-£ +wm)l%,i

XDOTo¢;

1A

I+ X X

k=181< <8 <& nyp..my Fb,...55,

(e;2+3w(ﬂ)+w1(ﬁ))15f<,|< x Lo (Z.40)

k % 1
.H(ID

i=1

-4 +w<ﬂ)‘>m,:

Ta&,
T=d

<z¢ )(
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If d, is the distance between , and 9,, d, the distance between ¢, and
33, ..., (see (5.6)):
P,(T)<24(8R; )" p(p) (Z41)

Ta&y
T.3,

hence, using (Z.41) <1 for large f and n; = 1:

( *g+3w(ﬁ)+wx(ﬁ))1£’§‘I 0% Lo
(rhs)(Z.40)< \e , (1+ Y

k 184]...10,] di,.dy

Lo itie k([ D)) x . '
) Hi(ﬁe ) }H{("/ L aasr, )

npenyg [Fs ]S ] 1=

=

(— L 30+ oo, o O L
e (1+ Z

k=0 [05]..104] dy...dy

( 7§)|a,|+1
32e e(i01l+l) i
o e

e

i=1

1-3%
\ (2.42)
( '173+3w(ﬁ)+w(/3)>|f51!
<le /
. /} 5
© [ 24p(p) 32 k(O8RS K
i+ 2 L o)\ et
k=4 2 2 5 2 1—8R01
V1 —3%¢ /1 -3%¢
- L sem e 1 .
=¢ 1 Agfu = (ﬁ)
[ 3456. 5"—-‘)’—‘#’@1
-GS+t
1—3%
and k(f)—0 exponentially fast as f—oc0.
Appendix 5. Derivation of Equations (7.19)
Ay’cgux(qy) (@~ Dyg X@)(/)Y)'“ Z/ (le) (5 guXuYz)
Y,uYZZY
= Z'* qD—-l(tle) e " VTuxuyy) o Pol%el o= Bolsxl o= Bol¥y, ! (243)
YivYa=Y

Yon(¢uX)=1¢

where the * remembers us that the clusters of Y, can be assumed to be non
overlapping (see (7.14)).
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The chain of equations continues as:

Aygux(yY):e-ﬂong e U1ty 2,* (Pgl(yvl) o(Fxoy,)

Y:uY2=Y

. H e~ Wil ) YonEuX)=e
RCY:
= ¢ ol ~Uixu0) Z* (P_l(le) (P(eyxmq) Z Kl(yXuéa 1)
YiuY,=Y TCY2
Yyn{(uX)=4a
= e P Y Ki(Kea S Y 0T ().
TCY YiuY2=Y\T
Tn(EuX)=4 Yon(¢uXuT) =8
'(p(yXuTuYz):e_ﬁolygI?Ul(yXui) Y K (Fxoe S1) (Z.44)
TCY
TAguX)=0
Z (_ 1)N(P)AXuTuP('er\PuT) .
P&y +4
PCY\T

here the sum over T or P is over the subset of Y or Y\T regarded as con-
sisting of different elements.

Appendix 6
Let AcU(N), A=% and X=(&,,...,&,).
Denote
1) G,i+1,...,i+k),=Sum of ¢T(I') over the I''s in C4(4) having
a projection on [A, B] which intersects only &, ..., & 1.
2 Goj+1,...,j+k/j+k+1)=Sum of ¢T(I') over the I'’s having a
preojection over [A, B] crossing the clusters £;, ..., £, and going, to the

right, beyond the first vertical line of £;,,,, and, finally, which would
be in in C;(4’), where 1’ is obtained by continuing 4 horizontally to the
right of &;.,.

3) (....] + k/j— 1)=Sum of ¢T(I') over the I"’s having a projection
over [ A, B] crossing the clusters £;, ..., ¢;,, and going, to the left, beyond
the last vertical line of £;_, and, finally, which are in C;(4") where 1" is
obtained by continuing 4 horizontally to the left of £;.

4 (,....,j+k/j—1,j+k+ 1)=Sum of the ¢"(I') over the I'’s having
a projection over [A, B] intersecting the clusters £;, ..., &, and going
both to the right and to the left of the last vertical line of &;_, or the first
vertical line of &;,, ,;, respectively. Finally the I'’s are required to be
in C5(4”) where 4" is obtained by continuing 4 horizontally to the right
and to the left of ¢;,, and ¢; respectively.

5) G,j+1,...,j+X)=Sum of the ¢"(I')’s which belong to C,(4")

where 4" is obtained by continuing 4 horizontally before &; and after &, , .
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One then finds:

n n—1 n—2
Yoot D=3 (),+ Y @Li+1),+ Y (Gi+1,i+2),
TeCs(4) i=1 i=1 i=1 (Z45)
+e (1, 2,...,0);.
And using
G+ 1, .., 5+k,=0ji+1,..,ij+0—~Gi+ 1, ....i+k/j—-1)
-G, tkj+rk+ D406, L+ Kj—Lj+k+1)

one gets from (Z.45)

(Z.46)

n-—1 n—2
P+ Z Viirt 2 Viisvie2 T T W20 (2.47)

1 i=1 i=1

M=

Y eND)=

I'eC3(4) i

U

where (the meaningless symbols are to be set equal to zero):

Yijat k=0t k) =0, .., ]+ k= 1/j+Kk)

. o . . . (Z2.43)
+G+1 L iFkNFGHL L k= 1K)

Let d = distance between &; and &, =d(&;, £;.,) and use the fact that
a line appearing in (j,...,j+k) or (j,...,j+ k— 1/ +k) etc. must cross
a horizontal part of the line obtained by continuing horizontally to the
left and to the right the part of A containing % ..., % ., . Then one
gets from (Z.48) and (3.7)

d
s S4{E 4 g RSB,

Hence if X =& URUE and & < R < & from the Mobius inversion formula

one gets: (remark that y; ., depends only on S oon T\ S0€ (7.48))
PFK)= ) (~INPUHK)= ) (=D Pyepoe  (Z49)
PX TCR
hence
d
(3) < - 1yd 2, =
ICD (yX)|=w(ﬂ)(2Ro ) 4<d + 1___2R0—1>
FE 1 ;iR_l (Z2.50)
S BRT Y max {4l——g o [

Notice that no |#| appears in (Z.50) (as a priori forseeable) and this is

why we say in Appendix 3, that )  gives much stronger results. One
IeCs(2)

could have avoided the |# also in |@V(%)| with little extra effort but,
of course, this factor cannot be eliminated from |®@ (%))
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