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1 . Introductio .

In  th e  course of an  in v estiga tion  of th e  effect of su rface scra tches on th e  m echanical 

s tren g th  of solids, some general conclusions were reached  which appear to  have a d irec t 

bearing on th e  p rob lem  of ru p tu re , from  an  eng ineering s tan d p o in t, an d  also on th e  

larger question  of th e  n a tu re  of in te rm olecu lar cohesion.

The original ob ject of th e  w ork, which was carried  o u t a t  th e  R oya l A ircraft E s ta b ­

lishm ent, was th e  discovery of th e  effect of su rface tre a tm e n t— such as, for instance, 

filing, grinding or polishing— on th e  s tren g th  of m etallic  m achine p a r ts  subjected  to  

a lte rn a tin g  or rep ea ted  loads. In  th e  case of steel, and  som e o th e r m etals in com m on 

use, th e  resu lts  of fa tigue te s ts  ind icated  th a t  th e  range of a lte rn a tin g  stress which 

could be p erm anen tly  sustained  by  th e  m a te ria l was sm aller th a n  th e  range w ithin  

which i t  was sensibly elastic, a f te r  being su b jec ted  to  a g rea t num ber of reversals. 

H ence it  was in ferred  th a t  th e  safe range of loading of a p a r t, having a sc ra tched  or 

V O L . C C X X I . ---- A  5 8 7 .  2  A  [ P u b li s h e d  O c to b er  2 1 , 19 2 0 .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



1 6 4 M R . A . A . G R IF F IT H  O N

grooved surface of a g iven ty p e , shou ld be capab le of estim ation  w ith  th e  help of one 

of th e  tw o hypotheses of ru p tu re  com m only used for solids which are elastic to  fractu re. 

According to  these  hypotheses ru p tu re  m ay  be expected if (a) th e  m axim um  tensile 

stress, (6) th e  m axim um  extension, exceeds a certa in  critica l value. M oreover, as th e  

behaviou r of th e  m ateria ls  u n d er consideration, w ith in  th e  safe range of a lte rna ting  

stress, shows very  lit tle  d ep a rtu re  from  H o o k e ’s  law, i t  was th o u g h t th a t  th e  necessary 

stress and  s tra in  calculations could be perform ed  b y  m eans of th e  m athem atical th eo ry  

of elasticity .

The stresses and  s tra in s  due to  ty p ica l scra tches were ca lculated  w ith  th e  help of 

th e  m ath em atica l w ork of P rof. C. E . I n g l i s ,* an d  th e  soap-film  m ethod  of stress 

estim ation  developed by  Mr. G. I. Ta y l o r  in  co llaboration  w ith  th e  p resen t au thor, f  

The general conclusions were th a t  th e  scra tches o rd inarily  m et w ith  could increase 

th e  m axim um  stresses and  s tra in s  from  tw o to  six tim es, according to  th e ir  shape and 

th e  n a tu re  of th e  stresses, and th a t  th ese  m axim um  stresses and  stra in s  were to  all 

in ten ts  and  purposes independen t of th e  abso lu te size of th e  scra tches. Thus, on th e  

m axim um  tension hypo thesis, th e  w eakening of, say, a sh a ft 1 inch in d iam eter, due 

to  a sc ra tch  one te n -th o u sa n d th  of an  inch  deep, should be alm ost exac tly  th e  same as 

th a t  due to  a groove of th e  sam e shape one-hundred th  of an  inch  deep.

These conclusions are, of course, in  d irec t conflict w ith  th e  resu lts  of a lte rnating  

stress te s ts . So far as th e  au th o r is aw are, th e  g rea tes t w eakening due to  surface 

trea tm en t, recorded  in  published  w ork, is th a t  g iven b y  J . B. K o m m e r s ,{  who found 

th a t  polished specim ens showed an  increased resistance over tu rn ed  specim ens of 

45 to  50 per cen t. The g rea t m a jo rity  of published resu lts  in d icate a d im inution  in 

s tren g th  of less th a n  20  p er cen t. M oreover, i t  is ce rta in  th a t  reducing th e  size of th e  

scratches increases th e  s tren g th .

To explain  these  discrepancies, b u t one a lte rn a tiv e  seemed open. E ith e r th e  

o rdinary hypo theses of ru p tu re  could  be a t  fau lt to  th e  ex te n t of 200 or 300 per cent., 

or th e  m ethods used to  com pute  th e  stresses in  th e  sc ra tches were defective in a like 

degree.

The la tte r  possibility  was te s ted  by  d irec t experim ent. A specim en of soft iron 

wire, ab o u t 0 * 028-inch d iam eter and 100  inches long, w hich had  a rem ark ab ly  definite 

elastic lim it, was selected. This was scra tched  spirally  ( ., th e  scratches m ade an

angle of ab o u t 45 degrees w ith  th e  axis) w ith  ca rborundum  cloth  and oil. I t  was 

th e n  norm alised to  rem ove in itia l stresses and  subjected  to  a tensile load. U nder 

these conditions th e  effect of th e  sp iral sc ratches was to  im p art a tw is t to  th e  wire, 

th e  tw isting  couple arising en tire ly  from  th e  stress-system  due to  th e  scratches. I t  

was found th a t  if th e  load exceeded a ce rta in  critica l value, a p a r t  of th e  tw ist, am ounting

* “ S tresses in  a P la te  due to  th e  P resence of Cracks and Sharp Corners,” ‘ P roc. In st . N a v a l A r c h ite c ts /  

M arch 14, 1913.

f  * P roc. In st . M ech. E n g .’ D ecem b er 14, 1917, pp. 7 5 5 -8 0 9 .

J ‘ In tern . A ssoc, for T estin g  M a ter ia ls / 1 9 1 2 , vol. 4a  and  v o l .  4 b .
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in som e cases to  15 p e r cent-., rem ain ed  a f te r  th e  rem oval of th e  load. I t  was inferred  

th a t  a t  th is  critica l load  th e  m ax im um  stresses in  th e  sc ra tch es reached  th e  elastic 

lim it of th e  m ate ria l. T his lo ad  was a b o u t o n e-q u arte r  to  o n e-th ird  of th a t  w hich 

caused th e  w ire to  yield  as a w hole, so t h a t  th e  sc ra tch es increased th e  m ax im um  

stress th ree  or four tim es. The read ings w ere q u ite  defin ite ev en  in  th e  case of sc ra tches 

p roduced  by  No. 0  c lo th , w hich  w ere found  b y  m icrograp h ic exam in a tion  to  be b u t 

1 0 ~4-inch deep. C ontrol experim en ts  w ith  lo n g itu d in a l an d  c ircum feren tia l scra tches 

gave tw ists  on ly  2 or 3 p e r cen t, of th o se  found  w ith  sp ira l sc ra tches, an d  th e re  was no 

p e rm an en t tw is t.

This su b s ta n tia l confirm ation of th e  e s tim a ted  values of th e  stresses, even  in very 

fine scra tches, show s th a t  th e  o rd in ary  h ypo th eses of ru p tu re , as u sua lly  in te rp re ted , 

are inapp licab le to  th e  p resen t phenom ena. A p art a lto g e th e r from  th e  num erical 

d iscrepancy , th e  observed difference in fa tigue  s tre n g th  as betw een  sm all and  large 

scra tches p resen ts  a fu n d am e n ta l d ifficulty .

2. A  Theoretical Criterion Rupture.

In  view  of th e  in ad eq u acy  of th e  o rd in a ry  hypo th eses, th e  p rob lem  of th e  ru p tu re  

of elastic solids has been a tta c k e d  from  a new  s ta n d p o in t. A ccording to  th e  w ell-know n 

“ theorem  of m inim um  en erg y ,” th e  equ ilib riu m  s ta te  of an .e las tic  solid body , deform ed 

by  specified surface forces, is such th a t  th e  p o te n tia l energy  of th e  whole system * is 

a m inim um . The new  crite rion  of ru p tu re  is o b ta in ed  b y  add ing  to  th is  th eo rem  th e  

s ta tem en t th a t  th e  eq u ilib riu m  position , if equ ilib riu m  is possible, m u st be one in  w hich 

ru p tu re  of th e  solid has occurred, if th e  sy stem  can  pass from  th e  u n b ro k en  to  th e  

broken condition b y  a process involving a con tin uous decrease in  p o te n tia l energy.

In  order, how ever, to  app ly  th is  ex ten d ed  th eo rem  to  th e  p roblem  of finding th e  

breaking loads of rea l solids, i t  is necessary  to  ta k e  acco u n t of th e  increase in p o ten tia l 

energy w hich occurs in  th e  fo rm ation  of new  surfaces in  th e  in te rio r of such  solids. 

I t  is know n th a t ,  in  th e  fo rm ation  of a c rack  in  a  body  com posed of molecules w hich 

a t t ra c t  one an o th er, w ork m u st be done ag a in st th e  cohesive forces of th e  molecules 

on e ith er side of th e  crack.*j* T his w ork appears as p o te n tia l surface energy, and  if 

th e  w id th  of th e  c rack  is g rea te r  th a n  th e  v ery  sm all d is tance  called th e  “ rad ius of 

m olecular ac tio n ,” th e  energy  p er u n it a rea  is a co n s ta n t of th e  m ate ria l, nam ely, its  

surface tension.

In  general, th e  surfaces of a sm all newly form ed crack  can n o t be a t  a d is tance  

a p a rt g rea ter th a n  th e  rad iu s of m olecular ac tion. I t  follows th a t  th e  ex tended  

theo rem  of m inim um  energy  can n o t be applied unless th e  law  connecting  surface 

energy w ith  d istance of sep ara tio n  is know n.

* P o y n t i n g  an d  Th o ms o n , * P rop erties o f M a tter ,’ ch . x v .

f  T he p o ten tia l en ergy  o f th e  a p p lied  surface forces is , o f course, in c lu d ed  in  th e  “  p o ten tia l en ergy , 

of th e  sy s te m .”

2  A  2
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1 6 6 M R. A . A . G R IF F IT H  O N

T here is, how ever, an im p o rtan t exception to  th is  sta tem en t. If  th e  body is such 

th a t  a crack  form s p a r t of its  surface in th e  unstra ined  s ta te , it  is no t to  be expected 

th a t  th e  spreading of th e  crack, u n d er a load sufficient to  cause ru p tu re , will resu lt in 

any  large change in th e  shape of its  ex trem ities. If, fu rth e r, th e  crack  is of such a 

size th a t  its  w id th  is g rea te r th a n  th e  rad ius of m olecular action at. all poin ts except 

very near its  ends, it  m ay  be in ferred  th a t  th e  increase of surface energy, due to  th e  

spreading of th e  crack, will be given w ith  sufficient accuracy by  th e  p roduct of the 

increm en t of surface in to  th e  surface tension of th e  m aterial.

The m olecular a ttra c tio n s  across such a crack m u st be sm all excep t very  near its  

ends ; it  m ay therefo re be said th a t  th e  app lica tion  of th e  m ath em atica l th eo ry  of 

e lastic ity  on th e  basis th a t  th e  crack is assum ed to  be a trac tion -free  surface, m ust 

give th e  stresses co rrec tly  a t  all p o in ts  of th e  body , w ith  th e  excep tion  of those near 

th e  ends of th e  crack. In  a sufficiently large crack th e  error in th e  s tra in  energy so 

ca lcu la ted  m ust be negligible. S ub jec t to  th e  v a lid ity  of th e  o th er assum ptions involved, 

th e  s tren g th  of sm aller cracks ca lcu la ted  on th is  basis m u st ev iden tly  be too  low.

The ca lcu la tion of th e  p o te n tia l energy is fac ilita ted  b y  th e  use of a general theorem  

which m ay be s ta te d  th u s  : In  an  elastic solid body  deform ed by  specified forces applied 

a t  its  surface, th e  sum  of th e  p o te n tia l energy of th e  app lied  forces an d  th e  s tra in  energy 

of th e  body is d im inished or u n a lte red  by  th e  in tro d u c tio n  of a crack whose surfaces are 

trac tion-free .

T his th eo rem  m ay be proved* as follows : I t  m ay  be supposed, for th e  p resen t purpose, 

th a t  th e  crack is form ed b y  th e  sudden ann ih ila tio n  of th e  trac tio n s  ac tin g  on its  surface. 

A t th e  in s ta n t following th is  operation , th e  strains, an d  therefore  th e  p o ten tia l energy 

un d er consideration , have th e ir  orig inal values ; b u t, in  general, th e  new s ta te  is n o t 

one of equilib rium . If i t  is n o t a s ta te  of equ ilib rium , th en , by  th e  th eorem  of m inim um  

energy, th e  p o ten tia l energy is reduced by  th e  a tta in m e n t of equilib rium  ; if i t  is a s ta te  

of equ ilib rium  th e  energy  does n o t change. H ence th e  th eo rem  is p roved .

U p to  th is  p o in t th e  th eo ry  is qu ite  general, no assu m ption  hav ing  been in troduced  

regard ing  th e  iso tropy  or hom ogeneity  of th e  substance , or th e  lin earity  of its  stress- 

s tra in  rela tions. I t  is necessary, of course, for th e  s tra in s to  be elastic. F u rth e r  

progress in  deta il, however-, can only  be m ade by  in troducing  H o o k e ’s  law.

If  a body hav ing  linear s tress-s tra in  re la tions be deform ed from  th e  u n stra in ed  s ta te  

to  equilib rium  by  given (constan t) surface forces, th e  p o ten tia l energy of th e  la tte r  is 

d im in ished by  an  am o u n t equal to  tw ice th e  s tra in  en e rg y .f I t  follows th a t  th e  n e t 

reduction in p o ten tia l energy is equal to  th e  s tra in  energy, an d  hence th e  to ta l decrease 

in p o ten tia l energy due to  th e  fo rm ation  of a crack is equal to  th e  increase in stra in  

energy less th e  increase in  surface energy. The theorem  proved  above shows th a t  th e  

form er q u a n tity  m u st be positive.

* T h e proof is due to  Mr. C. W i g l e y , la te  o f th e  R o y a l A ircraft E stab lish m en t, 

t  A. E . H . Lo v e , * M athem atical T h eory  of E la s t ic ity ,’ 2nd ed ., p. 170.
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3. Application o f the Theory to a Cracked Plate.

T he n e c e s s a r y  an aly sis  m ay be p erfo rm ed  in  th e  case of a fla t hom ogeneous iso trop ic  

p la te  of un ifo rm  th ickness , co n ta in in g  a s tra ig h t crack  which passes no rm ally  th ro u g h  

it , th e  p la te  being  su b jec ted  to  stresses ap p lied  in  its  p lan e  a t  i ts  o u te r  edge.

If  th e  p la te  is th in , its  s ta te  is one of “ p lan e  s tre s s ,” an d  in  th is  case i t  m ay , w ith o u t 

ad d itio n a l com plex ity , be su b jec ted  to  an y  u n ifo rm  stress no rm al to  its  surface, in 

a d d itio n  to  th e  edge trac tio n s . I f  i t  is n o t th in , i t  m ay  still be d e a lt w ith  p ro v id ed  i t  is 

su b jec ted  to  norm al su rface stresses so a d ju s te d  as to  m ake th e  no rm al d isp lacem en t 

zero. H ere th e  p la te  is in  a s ta te  of “ p lan e  s tr a in .” T he eq u a tio n s  to  th e  tw o  s ta te s  

are  of th e  sam e form ,*  differing on ly  in  th e  v a lue  of th e  c o n s ta n ts  ; th e y  will th e re fo re  

be tak en  to g e th e r.

T he s tra in  energ y  m ay  be found , w ith  sufficient accu racy , in  th e  genera l case w here 

th e  ed g e-trac tio n s are  a rb itr a ry  ; i t  is necessary  in  th e  p re se n t ap p lica tio n , how ever, 

for th e  resu ltin g  stress-sy stem  to  be sym m etrica l a b o u t th e  crack , as  o therw ise  i t  is 

n o t obvious t h a t  th e  la t te r  will rem ain  s tra ig h t as i t  sp reads. T he on ly  stress 

d is tr ib u tio n  w hich will be considered , th e re fo re , is t h a t  in  w hich th e  p rin cip a l stresses 

in  th e  p lane  of th e  p la te , a t  p o in ts  fa r from  th e  crack , are resp ec tiv e ly  p ara lle l an d  

perp en d icu la r to  th e  crack, a n d  are  th e  sam e a t  all such p o in ts . T his is eq u iv a le n t 

to  saying  th a t ,  in  th e  absence of th e  crack , th e  p la te  w ould h av e  been  su b jec ted  to  

un ifo rm  p rin c ip a l stresses in  a n d  p e rp en d icu la r  to  its  p lan e . I t  is also  necessary , on 

physical g rounds, for th e  stress p e rp en d icu la r  to  th e  crack  a n d  in  th e  p lan e  of th e  p la te  

to  be a tensio n , o therw ise  th e  su rfaces of th e  crack  are  fo rced to g e th e r  in s tead  of being 

sep ara ted , an d  th e y  ca n n o t rem ain  free from  tra c tio n .

In  ca lcu la ting  th e  s tra in  energy  of th e  p la te  use will be m ade of th e  so lu tio n  o b ta in ed  

by  Prof. I n g l i s  for th e  stresses in  a c racked  p la te , to  w hich reference h as  a lread y  been 

m ade. T he n o ta tio n  of P rof. I n g l i s ’s  p ap e r  will be em ployed . In  th a t  n o ta tio n  

a, (3, are ellip tic co -o rd in ates defined by  th e  fam ily  of confocal e l l ip se s ; a — const,

a n d  th e  o rth ogonal fam ily  of hyperbolae (3 =  const. 

lim itin g  ellipse or focal line a  =  0 . The ax is of x  coincides w ith  th e  m ajo r axes, an d  

th e  axis of y  w ith  th e  m inor axes of th e  ellipses. T he ca rte s ian  co -o rd in ates , y, are 

connected w ith  th e  e llip tic co -o rd inates a, b y  th e  re la tio n

x  +  iy  =  

R aa, u a, are th e  tensile  stress a n d  d isp lacem ent respective ly  along th e  norm al to  

a  =  const.

R/50, uPf are th e  corresponding q u an titie s  in th e  case of th e  norm al to  const.

Sap is th e  shear stress in  th e  d irec tions of th ese  norm als. 

c is th e  ha lf-leng th  of th e  focal line.

* A. E . H . L o v e , ‘ M ath em atica l T h eory  of E la s t ic i t y /  2n d  ed ., p. 205.
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1 6 8 M E. A . A . G R IF F IT H  O N

ion, \ fh is th e  m odulus of tran sfo rm atio n , . %/ „ .
2 (cosh 2 a  — cos

ix is th e  m odulus of r ig id ity  of th e  m ateria l.

E  is Yo u n g ’s  m odulus.

<t  is Po is s o n ’s  ra tio .

p — 3 — 4 a- in  th e  case of p lane s tra in , an d  

3 — (T

l + o -
in  th e  case of p lane stress.

T he s ta te  of un iform  stress ex isting  a t  p o in ts  fa r from  th e  crack ( . where a is

large) will be specified b y  th e  th ree  p rin c ip a l tensions P , Q an d  R . P  is norm al to  th e  

p la te , an d  in  th e  case of p lane stress i t  is th e  sam e everyw here. Q an d  R  are paralle l 

respectively  to  th e  axes of x  an d  y, an d  R  is positive.

The s tra in  energy of th e  p la te  is a q u ad ra tic  function  of P , Q an d  R , an d  hence, in  

accordance w ith  th e  theorem  p ro v ed  above, th e  increase of s tra in  energy due to  th e  

crack  m u st be a positive q u ad ra tic  function  of P , Q an d  R . The general form  of th is  

function  m ay be found  by  ev a lu a tin g  a sufficient num ber of p a r tic u la r  cases.

The following p a r tic u la r  cases are  su ffic ien t:—

I .— Q =  R  (and  P  =  0  in  th e  case of p lane stress).

B oundary  of crack given b y  a  =  a a.

The stresses are

P  _  p  sinh  2 a  (cosh 2 a  — cosh 2 a 0)

aa “  |c o sh  2a- cos 2/3)2 ’

P  — P  s + b  2 a  (cosh 2 a  +  cosh 2a,, — 2 cos 2/3)

(cosh 2 a  — cos 2/3)2

o _  -d  sin 2/3 (cosh 2 a  — cosh 2 a 0) 

(cosh 2 a  — cos 2/3)2

while th e  displacem ents are  given by

T  =  i r ^ { ( P  — 1) cosh  2 a  — (p +  1) cos 2/3 +  2 cosh 2 a 0} 
h 8u

Up

h
=  0

• (4)

The s tra in  energy of th e  m ate ria l w ith in  th e  ellipse a , per u n it th ickness of p la te  is

+ j £ > . S . s.d/3. ( 5 )
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T H E  P H E N O M E N A  O F  R U P T U R E  A N D  F L O W  I N  S O L ID S . 1 6 9

On su b s titu tin g  a n d  in te g ra tin g , i t  is fo und  th a t ,  as a  becom es large, th e  s tra in

energy  te n d s  to w ard s  th e  value

^ ( p  -  1 ) e2* +  (3 -  cosh 2 , 4 .(6
o/x

H ence W , th e  increase of s tra in  en erg y  due to  th e  c a v ity  a 0, is g iven  b y

W  =  2 ^ 5 -  (3 -  p) cosh 2 «,.......................................... (7)

or, on p roceed in g  to  th e  lim it, a 0 =  0 ,

w  =  <3 -  7rciR' ............................................ (8 )
Sfi

for a v ery  n arrow  crack  of len g th  2 c.

I I .  — R  =  0 ( =  P  in  th e  case of p lane  stress) a0 =  0 .

H ere th e  stresses are  en tire ly  u n a lte red  b y  th e  crack , a t  every  p o in t of th e  p la te  

excep t th e  tw o  p o in ts  x  — ±  c, y  =  0, w here R a a  =  — Q. I t  follows th a t  W  =  0 .

I I I .  — Q =  R  =  0, a 0 =  0.

H ere, again , th e  stresses a re  u n a lte red , an d  W  =  0 .

T he only  positiv e  q u ad ra tic  fu n c tio n  of P , Q and  R  w hich is co m p atib le  w ith  th ese  

th ree  p a rtic u la r  cases is th a t  g iven  b y  e q u a tio n  (8 ) ; th is  is th e re fo re  th e  genera l form  

of W , an d  ru p tu re  is d e te rm in ed  en tire ly  b y  th e  stress R , p erp en d icu la r to  th e  crack.

A p o in t of som e in te re s t, w ith  reg ard  to  eq u a tio n  (8 ), m ay  be no ticed  in  passing. 

Since W  can n o t be neg a tiv e  i t  follows th a t ,  in rea l substances, w here is positiv e , 

3 — p  m u st be positive . H ence <r c a n n o t be neg a tiv e  in  real iso trop ic  solids.

T he p o ten tia l energy of th e  surface of th e  crack, p e r u n it th ickness of th e  p la te  is

U  =  4 c T .......................................................... (9)

w here T is th e  surface ten sio n  of th e  m ate ria l.

H ence th e  to ta l  d im in u tio n  of th e  p o te n tia l energy  of th e  system , due to  th e  presence 

of th e  crack, is

w _  XJ =  ( i l l ? K ^ _ 4 cT.................................. (10 )
8 fx

The cond ition  th a t  th e  crack  m ay  ex tend  is

1 ( W - U )  =  0,

or

( 3  -  p) x c R 2 =  1 6 / T , ..... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 1 1 )
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1 7 0 M R . A. A . G R IF F IT H  O N

so th a t  th e  break in g  stress is 

in  th e  case of p lane s tra in , and

E =  2 a A 1
V yrarC * ....................... (12)

B =  a / ® * ........................
* 7T<t C

........................(13)

in  th e  case of p lane stress.

F orm ula (13) has been verified experim en ta lly . In  connection  w ith  th e  experim ents, 

in te re s t a ttach es  n o t only  to  th e  m agn itude of R , b u t also to  th e  value of th e  m axim um  

tension  in  th e  m ateria l, w hich occurs a t  th e  ex trem ities of th e  crack. T his stress m ay  

be estim ated  if th e  rad iu s of cu rv a tu re  of th e  b o u n d ary  of th e  crack, a t  th e  po in ts in 

question, can  be found.

E xpression (2 ) gives th e  m ax im um  tension  as

2R a / £ ............................................ <14>

in  case I. above, p  being th e  rad iu s of cu rv a tu re  a t  th e  corners of th e  ellip tic 

Prof. I n g l i s  shows th a t  th is  expression m ay  also be used, w ith  l it t le  error, for cracks 

which are ellip tic only  near th e ir  ends. T he foregoing expressions for th e  stresses 

are ob ta in ed , how ever, on th e  assum ption  th a t  th e  d isp lacem ents are everyw here so 

sm all th a t  th e ir  squares m ay  be neglected. A t th e  corner of a very  sharp  crack, i t  

canno t be assum ed, w ith o u t proof, th a t  th e  change in  p leaves form ula (14) su b stan tia lly  

unaffected.

In  th e  case under consideration th e  d isp lacem ents a t  th e  surface of th e  crack, due to  

a sm all tension  dR  a t  d is ta n t po in ts , are  given by

ua _ c2dR

J  w
(cosh 2 a0 — cos 2/3)

l

J

(15)

W hence, b y  resolution, th e  displacem ents para llel respectively  to  th e  m ajo r and  m inor 

axes are

2dR

~E~

2dR

c sinh a0 cos /3

c cosh a 0 sin /3

>»
(1 6 )

2dR

w hich m ay be w ritten

E
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T H E  P H E N O M E N A  O F  R U P T U R E  A N D  F L O W  I N  S O L ID S . 1 7 1

E q u a tio n s  (17) show th a t  th e  effect of th e  sm all stress on th e  ellip tic  c a v ity  is to  

deform  i t  in to  a n o th e r ellipse. I f  a an d  b a re  th e  

ellipse, w hen th e  p la te  is sub jected  to  a stress R , th e n , b y  (17),

da _ 2b '

d R  E

db _  2 

d R  E

(18)

on m ak in g  use of th e  re la tio n  ta n h  a 0.

T he so lu tion  of th ese  sim u ltaneous d iffe ren tia l eq u a tio n s is

, 2 R  , , • , 2 R  1
a =  a0 cosh —  +  s i n h ^ -  |

7 • , 2R  . 7 , 2 R
b =  % s i n h - | r  +  c o sh -^ -

(19)

where a0 and  b0 are  th e  values of a an d  b in  th e  u n s tra in ed  s ta te .

W ith  th e  help  of equa tio n s (19) i t  is possible to  find th e  m ax im um  stress, F , due to  

an  app lied  stress, R , ta k in g  acco u n t of th e  change in  th e  shape of th e  cav ity . F ro m  (2 )

whence

d ¥  _

3 5  6
(20)

F  =  25
K a0 cosh ^  -f- 60 sin h  ^ d R

ill ill

• i 2R  , 7 , 2R
o a 0 sinh  -jT - b0 cosh - p r

=  E  log (cosh  ^  +  ^  sinh  ^ ) ,
2 R

( 2 1 )

Cb
and  in  th e  case of a narrow  crack w hich is e llip tic only  near its  ends, m ay , as in (14),

be replaced by  / y /

In  th e  general case, w here Q is n o t equal to  R , th e  q u a n tity  R  — Q m u st be added 

to  th e  value of F  given by  (2 1 ).

Form uhe (19) and  (2 1 ) are no t, of course, exac tly  tru e . T he ap p lica tion  of in teg ra tio n  

to  equa tions (18) and  (2 0 ) involves th e  assum ption  th a t  th e  s tra in s  are so sm all th a t  

th e y  can  be superposed. If th e  s tra in s  are fin ite, th is  involves an  erro r in  th e  stresses 

depending on th e  square  of th e  stra in s. In  th e  case of o rd in ary  solids, i t  is im probab le  

th a t  th is  assu m ption  can  a lte r  th e  ca lcu la ted stress by  as m uch as 1 per cent. 

v o l . c c x x i.— a . 2 B
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1 7 2 M E . A . A . G R IF F IT H  O N

4. Experimental Verification o f the Theory.

In  order to  te s t form ula  (13), i t  was necessary  to  select an  iso tropic m ate ria l which 

obeyed H o o k e ’s  law  som ew hat closely a t  all stresses, and  whose surface tensio n  a t 

o rd in ary  tem p era tu res  could be es tim ated . F o r th ese  reasons glass was preferred to  

th e  m etals in  com m on use. A com parative ly  h ard  E nglish  glass,* hav ing th e  following 

p roperties, was em ployed :—

Com position— S i0 2, 69*2 per cent. ; K 20 ,  1 2 -0  per cent. ; N a20 ,  0*9 per cent. ;

A120 3, 11*8  per cent. ; CaO , 4*5 per cent. ; MnO, 0 -9  per cent.

Specific g ra v ity —2*40.

Yo u n g ’s  m odulus— 9-01 X  106 lbs. p er sq. inch.

P o i s s o n ’s  ra tio —0*251.

Tensile s tren g th — 24,900 lbs. per sq . inch.

The th ree  la s t-nam ed  q u an titie s  were determ in ed  by  th e  usual tension  and to rsion  

te s ts  on ro und  rods or fibres ab o u t 0* 04-inch d iam eter and 3 inches long betw een th e  

gauge po in ts . T he fibres had  enlarged spherical ends w hich were fixed in to  holders 

w ith  sealing w ax. A sligh t load was app lied  w hile th e  w ax was still soft, to  ensure 

freedom  from  bending. The possible erro r of th e  extension  m easurem ents was ab o u t 

± 0 * 3  per cent., an d  H o o k e ’s  law  was obeyed to  th is  o rder of accuracy. No “ elastic 

afte r-w ork ing ” was observed w ith  th is  glass, th o u g h  m ore accu rate  m easurem ents 

w ould doubtless have in d ica ted  its  existence.

T he prob lem  of es tim ating  th e  surface tension  of glass, in  th e  solid s ta te , ev iden tly  

requires special consideration. D irec t determ in atio ns appeared  to  be im practicab le , 

and  u ltim ate ly  an  in d irec t m ethod  was decided on, in  w hich th e  surface tension was 

found a t  a num ber of h igh te m p era tu res  and  th e  value a t  o rd in ary  tem p era tu res  deduced 

by  ex trapo la tion .

On th e  accepted th eo ry  of m a tte r, in term olecu lar forces in  solids and liquids consist 

m ain ly  of tw o p a rts , nam ely, an  a ttra c tio n  w hich increases rap id ly  as th e  d istance 

betw een th e  m olecules dim inishes, balanced  b y  a repulsion (the in trin sic  pressure), 

w hich is due to  th e  th e rm al v ib ra tio n s of th e  molecules. I t  is reasonable to  assum e 

th a t  th e  a ttra c tio n , a t  co n s tan t volum e, is sensibly independen t of th e  tem p era tu re  ; 

th is  am ounts m erely to  supposing th a t  th e  a ttra c tio n  exerted b y  a molecule does no t 

depend on its  s ta te  of m otion. On th is  view, th e  tem p era tu re  v aria tion , a t  co n stan t 

volum e, of th e  in te rm olecu lar forces is determ ined  en tire ly  b y  th e  change in  th e rm al 

energy. H ence, i t  m ay  be inferred , on th e  accepted th eo ry  of surface ten sio n ,!  th a t  

th e  surface tension  of a m ateria l, a t  co n stan t volum e, is equal to  a constan t dim inished 

by  a q u a n tity  p roportional to  th e  th e rm al energy of th e  substance. In  th e  case of 

solids, nearly  th e  sam e resu lt should hold a t  co n stan t pressure, as th e  tem pera tu re- 

volum e change is sm all.

* S u pplied  in  th e  form  of tes t-tu b es  b y  M essrs. J . J . Griffin, K in gsw ay , L ondon.

|  Po y n t in g  and  Th o ms o n , ‘ P rop erties o f  M a tter ,’ c h . x v .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



T H E  P H E N O M E N A  O F  R U P T U R E  A N D  F L O W  IN  S O L ID S . 1 7 3

T he specific h e a t of glass is g rea te r  a t  h ig h  th a n  a t  low te m p era tu re s , b u t  th e  

te m p e ra tu re  coefficient is n o t large. H ence its  su rface  ten sio n  m ay  be expected  to  be 

n ea rly  a lin ear fu n c tio n  of th e  te m p e ra tu re , an d  e x tra p o la tio n  should  be fa irly  reliable. 

T his was found  to  be th e  case w ith  th e  glass se lected for th e  p re se n t experim en ts .

In  th e  neighbourhood  o f  1 1 0 0 ° C. th e  su rface  ten s io n  w as found  b y  Q u i n c k e ’s  drop  

m ethod . A t low er te m p e ra tu re s  th is  m e th o d  w as n o t sa tis fac to ry , on acco u n t of th e  

large v iscosity  of th e  liq u id  glass ; b u t  betw een 730° C. an d  900° C. th e  m e th o d  described  

below w as found  to  be p rac ticab le . F ib res  of glass, a b o u t 2  inches long an d  from  

0 *0 0 2 -inch to  0 *0 1 -inch  d iam ete r, w ith  en larged  spherical ends, w ere p rep ared . T hese 

were su p p o rted  h o rizo n ta lly  in  s to u t w ire hooks an d  su itab le  w eigh ts w ere hu n g  on 

th e ir  m id -po in ts . T he en larged  ends p rev en ted  an y  sagging ex cep t th a t  due to  

ex tension  of th e  fibres. T he w hole was p laced  in  an  elec tric  resis tance fu rn ace m a in ­

ta in ed  a t  th e  desired te m p era tu re . U n d er th ese  co nd itions viscous s tre tch in g  of th e  

fibre occurred u n til  th e  su sp ended  w eigh t vras ju s t  ba lanced  b y  th e  v e rtica l com ponen ts 

of th e  ten sio n  in  th e  fibre. T he la t te r  was en tire ly  due, in  th e  s te a d y  s ta te , to  th e  su rface  

ten sio n  of th e  glass, whose value  could  th ere fo re  be ca lcu la ted  from  th e  observed sag 

of th e  fibre. In  th e  experim en ts  th e  angle of sag w as observed  th ro u g h  a w indow  in  

th e  fu rnace b y  m eans of a telescope w ith  a ro ta tin g  cross wire. If  w  is th e  suspended  

w eight, d th e  d iam ete r of th e  fibre, T th e  su rface  tensio n , an d  6 th e  angle a t  th e  p o in t

of suspension  betw een  th e  tw o halves of th e  fibre, th e n , ev iden tly ,

7r . d  . T  . sin  =  w.

F o r th is  m eth od  of d e te rm in in g  th e  su rface  ten sio n  to  be v a lid , i t  is ev id en tly  necessary  

th a t  th e  angle of sag shall reach  a s te ad y  value  before th e  deve lo pm en t of local 

co n tractions, arising  from  th e  in s ta b ility  of liq u id  cy linders, becom es apprec iab le . 

T h a t th is  req u irem en t is sa tisfied  is show n b y  th e  follow ing ex p erim en ta l resu lts. A fter 

h ea ting  for tw o  hours a t  ab o u t 750° C. th e  angle of sag of a p a r tic u la r  fibre was 18° *25. 

Two hours la te r  i t  h ad  increased b y  less th a n  0 o , l .  T he te m p era tu re  was th e n  raised  

m om en ta rily  to  940° C., and  quick ly  reduced again  to  750° C. T he angle was th e n  

found to  be 2 0 ° - 2 . A fter tw o hours fu rth e r  h ea tin g  a t  750° C. th e  angle h ad  decreased 

to  18° *4, agreeing w ith in  perm issible lim its  of e rro r w ith  th e  form er value. T h a t 

is to  say, su b s tan tia lly  th e  sam e lim itin g  angle of sag was reached  w heth er th e  in itia l 

angle was above or below th a t  lim it.

Above 900° C. i t  was found th a t  th e  viscosity  was insufficient to  enable an  observa tion  

to  be m ade before th e  fibre com m enced to  b reak  up  in to  globules. Below 730° C., on 

th e  o th er hand , observations m ade on fibres of d ifferen t d iam eters  were inconsis ten t, 

th e  ap p a ren t surface tensio n  being higher for th e  la rg er fibres. T he obvious m eaning  

of th is  resu lt is th a t  below 730° C. th e  glass used was n o t a perfect viscous liq u id  and  

hence th e  m ethod  was inapplicable . T he tran s itio n  from  th e  viscous liqu id  s ta te  was 

qu ite  gradual. T he m ax im um  tensio n  (ap a rt from  surface tension) w hich could be 

perm anen tly  sustained, was zero a t  730° C., 1*3 lbs. per sq. inch a t  657° C., and  24 lbs.

2 b  2
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1 7 4 M R . A. A . G R IF F IT H  O N

per sq. inch a t  540° C. A t lower te m p era tu res  th e  ra tes of increase, b o th  of th is  “ solid 

stress ” and  th e  viscosity , were enorm ously  greater. A t 540° C. a fibre took  abou t 

70 hours to  reach th e  stead y  s ta te .

T able I. below gives th e  values of th e  surface tension  ob ta ined  from  these experim ents. 

T h a t for th e  tem p era tu re  1110° C. is th e  m ean of five determ in atio ns by  th e  drop 

m ethod. T he rem aining figures were ob ta in ed  from  th e  sag of fibres.

Ta b l e  I .— Surface Tension of G lass.

T em p eratu re. Surface T en sion .

° C. lb . per in ch .

1110 0 -0 0 2 3 0

905 0 -0 0 2 3 9

896 0 -0 0 2 5 0

852 0 -0 0 2 4 9

833 0 -0 0 2 5 4

820 0 -0 0 2 4 9

801 0 -0 0 2 5 7

760 0 -0 0 2 5 5

745 0 -0 0 2 5 1

15 0 -0 0 3 1 *

So far as th e y  go, these  figures confirm  th e  deduction  th a t  th e  surface tension  of glass 

is ap p rox im ate ly  a lin ear function  of tem p era tu re . M oreover, as th e  ac tu a l v a ria tio n  

is n o t g rea t, th e  erro r involved in  assum ing such a law  and  ex trap o la tin g  to  15° C. is 

doubtless fairly  sm all. The value so obta in ed , 0*0031 lb. per inch, will be used in 

th e  p resen t app lica tion .

R igorously , expressions (13) and  (2 1 ) above are tru e  only for sm all cracks in  large 

flat p la tes. In  view, how ever, of th e  difficulties a t te n d a n t on annealing and  loading 

large flat glass p la tes, i t  was decided to  perform  th e  b reak ing  te s ts  on th in  round  tubes 

and  spherical bulbs. These were cracked and th e n  annealed and  broken by  in te rn a l 

pressure. T he ca lcu la tion  canno t be ex ac t for such bodies, b u t th e  erro r m ay  obviously 

be reduced by  increasing th e  ra tio  of th e  d iam eter of th e  bulb  or tu b e  to  th e  leng th  of 

th e  crack. I t  will be seen from  th e  resu lts of th e  te s ts  th a t  th e  v aria tio n  of th is  ra tio  

from  tw o to  ten  caused little , if any , change in  th e  bu rstin g  s tren g th , and  hence i t  m ay  

be inferred  th a t  th e  error in  ques tion is negligible for th e  p resen t purpose.

The cracks were form ed e ith er w ith  a g la ss-cu tte r’s diam ond, or by  sc ra tch ing  w ith 

a hard  steel edge and  tap p in g  gently . The subsequent annealing was perform ed by  

hea ting  to  450° C. in  a resistance furnace, m ain ta in in g  th a t  tem p era tu re  for abou t 

one hour, and  th e n  allowing th e  whole to  cool slowly. T he ques tion of th e  best annealing 

tem p era tu re  requ ired  careful consideration, as i t  was eviden tly  necessary to  relieve th e

* .B y  ex tra p o la tion .
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T H E  P H E N O M E N A  O F  R U P T U R E  A N D  F L O W  I N  S O L ID S . 1 7 5

in it ia l stresses due to  crack in g  as m uch  as possible, w hile a t  th e  sam e tim e  keeping th e  

te m p e ra tu re  so low th a t  app rec iab le  d e fo rm atio n  of th e  c rack  d id  n o t occur. I t  was 

found th a t  th e  b u rs tin g  s tre n g th  increased  w ith  th e  ann ealin g  te m p e ra tu re  up  to  a b o u t 

400° C., w hile betw een  400° C. an d  500° C. v ery  li t t le  fu r th e r  change w as percep tib le . 

F ro m  th is  i t  was in ferred  th a t  relief of th e  in itia l stresses w as sufficient for th e  purpose  

in  view  a t  a te m p e ra tu re  of 450° C.

T he p rin c ip a l stresses a t  ru p tu re , Q an d  R , w ere ca lcu la ted  from  th e  observed 

b u rs tin g  pressu re  b y  m eans of th e  usual expressions for th e  stresses in  th in  hollow 

spheres an d  c ircu la r cy linders, th e  th ick n ess  of th e  glass n ea r th e  crack  being  m easured  

a fte r  b u rs tin g . In  th e  case of th e  tu b e s  th e  cracks w ere p ara lle l to  th e  genera to rs, 

an d  prov ision w as m ade for v a ry in g  Q b y  th e  ap p lica tio n  of end  loads.

In  dealing  w ith  th e  longer cracks, leakage w as p rev en ted  b y  covering th e  crack  on 

th e  inside w ith  celluloid jelly , th e  tu b e  being  b u rs t  before th e  je lly  hardened . In  th e  

case of th e  sm alle r cracks leakage w as im p ercep tib le  an d  th is  p recau tio n  was unnecessary .

T he tim e  of load ing to  ru p tu re  v aried  from  30 seconds to  five m in u tes. N o evidence 

was observed  of an y  v a ria tio n  of b u rs tin g  pressu re  w ith  tim e  of loading.

T he resu lts  of th e  b u rs tin g  te s ts  a re  se t dow n in  T ab les I I .  an d  I I I .  below. 2c is 

th e  len g th  of th e  crack, Q an d  R  are  th e  ca lcu la ted  p rin c ip a l stresses resp ective ly

T a b l e  I I .— B u rstin g  S tre n g th  of C racked S pherical B ulbs.

2 c D Q R R  Jc.

in ch . in ch . lb s. per sq . in ch . lb s. per sq . in ch .

0 -1 5 1*49 864 864 237

0 - 2 7 1*53 623 623 2 2 8

0 -5 4 1 -6 0 482 482 251

0*89 2*00 366 366 244

T a b l e  I I I .— B u rstin g  S tren g th  of C racked C ircu lar T ubes.

2c D Q R R

in ch . in ch . lbs. per sq . in ch . lbs. per sq . in ch .

0 -2 5 0 -5 9 - 6 2 1 678 240
0 -3 2 0 -7 1 - 1 7 6 590 232

0 -3 8 0 -7 4 -  31 526 229
0*28 0 -6 1 55 655 245
0 - 2 6 0*62 202 674 243
0*30 0 -6 1 308 616 238

parallel and  perpend icu la r to  th e  crack, an d  D is th e  d iam ete r of th e  bulb  or tube . 

The th ickness of th e  bu lbs was ab o u t 0*01 inch an d  th e  tu b es  0*02 inch.
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1 7 6 M R . A . A . G R IF F IT H  O N

T he average value of R  \ /  cis 239, and  th e  m axim um  251.

A ccording to  th e  th eo ry , frac tu re  should n o t depend  on Q, and R  y /  c shou ld have, 

a t  frac tu re , th e  co n s tan t value  ___

y / m .
v  7

in  th e  case of th e  glass used for these  experim ents, E  =  9-01 X  106 lbs. per sq. inch, 

T =  0*0031 lbs. per inch, and  a- =  0*251, so th a t  th e  above q u a n tit

These conclusions are  sufficiently well borne o u t b y  th e  experim en ta l results, save 

th a t  th e  m axim um  recorded value of R  \/cis 6 p e rc e n t., and  th e  

below th e  th eo re tica l value. I t  m u st be regarded  as im probab le  th a t  th e  erro r in  th e  

estim ated  surface tension is large enough to  accoun t for th is  difference, as th is  view 

would ren der necessary  a som ew hat unlik ely  d ev ia tio n  from  th e  lin ear law.

A m ore p robable  ex p lan atio n  is to  be ob ta in ed  from  an  estim ate  of th e  m axim um  

stress in  th e  cracks. A n u pper lim it to  th e  m agn itude of th e  rad ius of cu rv a tu re  a t  

the  ends of th e  cracks was o b ta in ed  b y  in spection  of th e  in te rference colours shown 

th ere . N ear th e  ends a fa in t brow nish  t in t  was observed, an d  th is  g radually  died ou t, 

as th e  end was approached , u n til finally n o th in g  a t  all was visible. I t  was inferred 

th a t  th e  w id th  of th e  cracks a t  th e  ends was n o t g rea te r th a n  one-quarte r of th e  sh o rtes t 

w ave leng th  of v isible lig h t, or ab o u t 4 X  1 0 -6 inch. H ence could n o t be g reater 

th a n  2 X  10-6 inch.

T ak ing as an  exam ple th e  la s t bu lb  in  T able I I . and  su b s titu tin g  in  form ula (21), i t  

is found th a t

t =  V £ ^ 478uo

2 R
=  8*13 X  If)"5,

E

whence th e  m axim um  stress F  >  344,000 lbs. per sq. inch. T he value given by  th e  

first order expression

F  =  2R  a / c  

v  P

is 350,000 lbs. per sq. inch.

A possible exp lanatio n  of th e  discrepancy  betw een th eo ry  and  experim en t is now 

eviden t. In  th e  tensio n  te s ts , th e  verification of H o o k e ’s  law could only be carried 

to  th e  break ing stress, 24,900 lbs. per sq. inch. T here is no evidence w hatever th a t  

th e  law  is s till applicable a t  stresses m ore th a n  te n  tim es as great. I t  is m uch more 

probab le th a t  th e re  is a m arked  reduction  in  m odulus a t  such stresses. B u t a decrease 

in  m odulus a t  an y  p o in t of a body deform ed b y  given surface trac tio n s  involves an 

increase in  s tra in  energy, and  therefore in  th e  foregoing experim ents a decrease in 

s treng th . T his is in  agreem ent w ith  th e  observations.
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5 . Deductions fro m  the Foregoing .

T he es tim a te  of m ax im u m  stress o b ta in ed  above ap p ears  to  lead  to  a p e rem p to ry  

disproof of th e  hypo th esis  th a t  th e  m ax im u m  ten sio n  in  th is  glass, a t  ru p tu re , is alw ays 

eq ua l to  th e  b reak in g  stress in  o rd in a ry  tensile  te s ts . I f  H o o k e ’s  law  w as obeyed to  

ru p tu re , an d  th e  squares of th e  s tra in s  w ere negligible, th e  m ax im u m  ten sio n  in  th e  

above cracked  tu b e  could  n o t h av e  been  less th a n  344 ,000 lbs. p e r  sq. in ch  ; b u t, in  

th e  tensile  te s ts , H o o k e ’s  law  w as obeyed  u p  to  th e  b reak in g  stress, th e  squares of 

th e  s tra in s  w ere negligible, an d  th e  m ax im u m  stress w as on ly  24 ,900 lbs. p er sq . inch . 

H ence th e  stresses could  n o t have  been  th e  sam e in  th e  tw o  cases. M oreover, 

th e  o rder of th e  resu lts  o b ta in ed  suggests (though  th is  is n o t rigorously  p roved , 

as th e  assum ptions h av e  n o t been  checked a t  stresses above 24 ,900 lbs. p e r  sq . 

inch) th a t  th e  ac tu a l s tre n g th  m ay  be m ore th a n  te n  tim es th a t  g iven  b y  th e  

hypothesis.

S im ilar conclusions m ay  be d raw n  regard in g  th e  “  m ax im u m  ex ten sio n ,” “ m ax im um  

stress-difference ” an d  “  m ax im u m  sh ear s tra in  ” hypo th eses w hich  h av e  been  proposed  

from  tim e  to  tim e  for es tim a tin g  th e  s tre n g th  of b r i t t le  solids.

T hese conclusions suggest inqu irie s of th e  g re a te s t in te re s t. I f  th e  s tre n g th  of th is  

g lass, as o rd in arily  in te rp re te d , is n o t c o n s tan t, on w h a t does i t  dep en d  ? W h a t is 

th e  g rea tes t possible s tren g th , an d  can  th is  s tre n g th  be m ade av a ilab le  for tech n ica l 

purposes b y  ap p ro p ria te  tre a tm e n t of th e  m a te r ia l ? F u r th e r , is th e  s tre n g th  of o th e r 

m ateria ls  governed b y  sim ilar consid era tions ?

Some in d ica tio n  of th e  p ro b ab le  m ax im u m  s tre n g th  of th is  glass m ay  be o b ta in ed  

from  th e  b u rs tin g  te s ts  a lread y  described . T here is no reason  for supposing th a t ,  in  th ose  

te s ts , th e  rad ii of cu rv a tu re  a t  th e  corners of th e  cracks w ere as g rea t as 2 X 1 0 -6 inch . 

I t  is m uch  m ore like ly  th a t  th e y  were of th e  sam e o rder as th e  m olecu lar d im ensions. 

Considering, as before, th e  la s t bu lb  in  T ab le  I I . ,  an d  p u ttin g  —- 2 X 1 0 -8 inch 

in  form ula (2 1 ), i t  is found th a t  th e  m ax im um  stress, F , is a b o u t 3 X 1 0 6 lbs. p e r 

sq. inch. E las tic  th e o ry  can n o t, of course, be ex pected  to  ap p ly  w ith  m uch  accuracy  

to  cases w here th e  dim ensions a re  m olecular, on acco u n t of th e  rep lacem en t of 

sum m ation  b y  in teg ra tio n , an d  th e  p robab le  d im in u tio n  of m odulus a t  very  high 

stresses m u st involve  a fu rth e r  error. T ak ing  th ese  circum stances in to  consideration, 

how ever, i t  m ay  still be sa id  th a t  th e  p robab le  m ax im um  s tre n g th  of th e  glass used 

in  th e  foregoing experim en ts  is of th e  o rder 106 lbs. p e r sq. inch.

I t  is of in te re s t to  en qu ire  a t  th is  stage  w heth er th e re  is an y  reason for ascrib ing  

sim ilar m axim um  stren g th s  to  o th e r m ateria ls. O n th e  m olecular th eo ry  of m a tte r  

th e  tensile s tren g th  of an  iso trop ic  solid or liqu id  is of th e  sam e order as, th o u g h  less 

th a n , its  “ in tr in sic  p ressu re ,” and  m ay  there fo re  be es tim a ted  e ith er from  a know ledge 

of th e  to ta l  h ea t requ ired  to  vaporise  th e  substance  or b y  m eans of V a n  d e r  W a a l ’s  

equation.*  I t  m ay  be no ted  th a t  th ese  m ethods of es tim atin g  th e  stress ind ica te  th a t

* P o y n t in g  an d  Th o ms o n , ‘ P rop erties o f M a tter ,’ ch. x v .
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1 7 8 M R. A. A . G R IF F IT H  O N

i t  should  be, app ro x im ate ly  a t  least, a  co n stan t of th e  m aterial. Tr a u b e * gives th e  

following as th e  in tr in sic  pressures of a num ber of m etals, a t  o rd in ary  tem pera tu res :—

Ta b l e  IV .— In trin s ic  Pressures of M etals (Tr a u b e ).

M etal. In tr in sic  P ressure.

N i c k e l ..... . . . .. . . . .. . . . .. . . . .. . . . ..

lb s. per sq. in ch .

4*71 x  106

I r o n ..... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 4-70  X 106

C opper .............................. 3-42 X 106

S i l v e r ..... .. .. .. .. .. .. .. .. .. .. .. .. . 2-34 X 106

A n t i m o n y ..... .. .. .. .. .. .. .. .. .. .. 1-74 X 106

Z inc . . . . . . . . 1-58 X 106

T i n ................................... 1-06 X 106

L e a d ...... . . .. . . . .. . . . .. . . . .. . . . .. . . .. . 0 -75  X 10®

These are  of th e  sam e order as th e  d irec t estim ate  ob ta ined  above for glass, b u t  th ey  

are from  20 to  100 tim es th e  s tren g th s found in  o rd in ary  tensile and  o th er m echanical 

te sts .

In  th e  case of liquids, th e  d iscrepancy betw een in tr in sic  pressure and observed tensile 

s tren g th  is m uch g reater. A ccording to  Va n  d e r  Wa a l ’s equa tion , w a te r has an 

in tr in sic  pressure of ab o u t 160,000 lbs. per sq. inch, w hereas its  tensile s tren g th  is found 

to  be ab o u t 70 lbs. per sq . inch. I t  has been suggested th a t  th is  d ivergence m ay  be 

due to  im purities , such as dissolved air, b u t  Dix o n  and  JoL Y f have shown th a t  dissolved 

a ir has no m easurable effect on th e  tensile s tren g th  of w ater.

T hus th e  m a tte rs  under discussion ap p ear to  be of general incidence, in  th a t  th e  

s tren g th s usually  observed are  b u t a sm all frac tion  of th e  stren g th s ind icated  by  th e  

m olecular th eo ry .

Some fu rth e r discrepancies betw een th eo ry  and  experim en t m ay now be noticed. 

In  th e  th eo ry  i t  is assum ed th a t  ru p tu re  occurs in  a tensile te s t  a t  th e  stress corresponding 

w ith  th e  m axim um  re su ltan t pull w hich can be exerted  betw een th e  m olecules of th e  

m aterial. On th is  basis th e  app lied  stress m ust have a m axim um  value a t ru p tu re , 

and  hence, if in term olecu lar force is a continuous function  of m olecular spacing, th e  

s tress-s tra in  diag ram  m u st have zero slope a t  th a t  po in t. This, of course, is never 

observed in  tensile te s ts  of b r ittle  m ateria ls  ; in  no case has any  evidence been ob tained 

of th e  existence of such a m axim um  anyw here near th e  breaking stress.

Again, th e  observed differences in  streng th  as betw een s ta tic  and  a lte rn a tin g  stress 

te s ts  are a t  first sigh t inexplicable from  th e  s tan d p o in t of th e  m olecular th eory , if th e

* ‘ Zeitschr. fur A norgan isch e C hem ie,’ 1903, vo l. x x x iv ., p. 413. 

f  ‘ P h il. T ran s.,’ B , 1895, p. 568.
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b reak in g  load is regarded  as th e  su m  of th e  in te rm o lecu la r a ttra c tio n s . A ccording to  

th e  th eo ry , la rge  changes in  th e  la t te r  can  on ly  occur as a re su lt of la rge changes in  

th e  th e rm a l energy  of th e  su b stan ce , such  as w ould be im m ed ia te ly  ev id en t in  a lte rn a tin g  

stress te s ts , if  th e y  to o k  place.

L astly , as in d ica ted  above , th e  s tra in  energy  a t  ru p tu re  of a n  e lastic  solid o r liquid 

shou ld  on th e  m olecu lar th e o ry  be of th e  sam e o rder as its  h e a t of v ap o risa tio n . H ence 

ru p tu re  should  be accom panied  b y  phenom ena, such as a la rge  rise of te m p era tu re , 

in d ica tiv e  of th e  d iss ip a tio n  of an  a m o u n t of energy  of th is  o rder. I t  is well know n 

th a t  tensile  te s ts  of b r i t t le  m a te ria ls  show  no such  phenom ena.

If, as is u su a lly  supposed , th e  m a te ria ls  concerned  a re  su b s ta n tia lly  iso trop ic , th e re  

is b u t  one hypo th esis  w hich  is capab le  of reconciling all th ese  a p p a re n tly  c o n tra d ic to ry  

results . T he th eo re tica l d ed u c tio n — th a t  ru p tu re  of an  iso tro p ic  e lastic  m a te ria l alw ays 

occurs a t  a ce rta in  m ax im u m  te n sio n — is doub tless c o r r e c t ; b u t  in  o rd in a ry  tensile  

an d  o th e r te s ts  designed to  secure un ifo rm  stress, th e  stress is a c tu a lly  fa r  from  un ifo rm  

so th a t  th e  average stress a t  ru p tu re  is m uch  below  th e  tru e  s tre n g th  of th e  m a te ria l.

N ow  i t  m ay  be  show n, w ith  th e  help  of e lastic  th e o ry , t h a t  th e  stress m u s t be 

su b s tan tia lly  uniform , in  such te s ts , unless th e  m a te ria l of th e  test-p ieces is heterogeneous 

or d iscon tinuous. I t  is know n th a t  all su b stan ces a re  in  fa c t d iscon tinuous, in  th a t  

th e y  are  com posed of m olecules of fin ite  size, an d  i t  m a y  be asked  w h eth e r th is  ty p e  

of d isco n tin u ity  is sufficient to  acco u n t for th e  observed phen om en a.

W ith  th e  help  of fo rm ula (13) above, th is  q u es tio n  m ay  be answ ered in  th e  negative . 

F o rm u la  (13) shows th a t  a th in  p la te  of glass, h av in g  in  i t  th e  w eakest possible c rack  of 

le n g th  2c inch, will b reak  a t  a tensio n , no rm al to  th e  crack , of n o t less th a n  2 6 6 / \ /c  lbs. 

per sq . inch. T his resu lt, how ever, is su b je c t to  ce rta in  erro rs, an d  ex p erim en t 

shows th a t  th e  tru e  b reak in g  stress is ab o u t 240 / \ / c  lbs. p e r  sq . inch. B u t such a 

c rack  is th e  m ost ex trem e ty p e , e ith e r  of d isc o n tin u ity  or h e terogeneity , w hich can  

ex is t in  th e  m ateria l. H ence i t  is im possible to  acco u n t for th e  observed s tren g th , 

24,900 lbs. per sq . inch, of th e  sim ple ten sio n  te s t  specim ens, unless th e y  co n ta in

d iscon tinu ities a t  le as t 2 X  ( -  ■ - - ) inch, or say, 2 X  10-4 inch  wide. T his is of
\24 ,900 / J

th e  order 1 0 -4 tim es th e  m olecular spacing.

T he general conclusion m ay  be d raw n  th a t  th e  w eakness of iso tro p ic  solids, as 

o rd in arily  m et w ith , is due to  th e  presence of d iscon tinu ities , or flaws, as th e y  m ay  be 

m ore co rrec tly  called, whose ru ling  dim ensions are  large com pared w ith  m olecular 

d istances. T he effective s tre n g th  of techn ica l m ateria ls  m ig h t be increased 10 or 20 

tim es a t  least if th ese  flaws could  be elim inated .

I t  is easy to  see w hy  th e  presence of such sm all flaws can  leave th e  s tre n g th  of cracked 

p la tes, such as th ose  of th e  foregoing experim en ts , p rac tica lly  unaffected. T he m ost 

ex trem e case of w eakening is th a t  w here th e re  is a flaw very  near th e  end of th e  crack  

an d  collinear w ith  i t .  H ere th e  re su lt is m erely to  increase th e  effective len g th  of th e  

crack b y  less th a n  1 0 -3 inch. T his involves a w eakening of less th a n  0*1 per cent. 

v o l . c c x x i.— a . 2 c
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6 . The Strength o f Th in  Fibres.

C onsideration of tlie  consequences of th e  foregoing general ded uction  ind icated  th a t  

very  sm all solids of g iven form , e.g ., wires or fibres, m ig h t be expected 

th a n  large ones, as th e re  m u st in  such cases be some add itio n a l restric tio n  on th e  size 

of th e  flaws. In  th e  lim it, in  fac t, a  fibre consisting of a single line of molecules m ust 

possess th e  th eo re tica l m olecular tensile  s tren g th . In  th is  connection i t  is, of course, 

well know n th a t  fine wires are  stronger th a n  th ic k  ones, b u t  th e  p resen t view suggests 

th a t  in  sufficiently fine wires th e  effect should be enorm ously  g reater th a n  is observed 

in  o rd in ary  cases.

T his conclusion has been  verified experim en ta lly  for th e  glass used in  th e  previous 

tests , s tren g th s of th e  sam e order as th e  th eo re tica l te n a c ity  hav ing been observed. 

Incid en ta lly , in fo rm ation  of in te re s t has been  ob ta in ed , som ew hat unexpectedly , 

concerning th e  genesis of th e  flaws, an d  i t  has been  found .to be possible to  p rep are 

q u ite  th ic k  fibres in  an  u n stab le  condition in  w hich th e y  have th e  th eo re tica l s treng th .

F ib res of glass, ab o u t 2  inches long and  of various diam eters , were p repared . One 

end of a fibre was a tta c h e d  to  a s to u t w ire hanging  on one arm  of a balance, and  th e  

o th e r end to  a fixed p o in t, th e  m edium  of a tta c h m e n t being sealing w ax. A sligh t 

tension  was app lied  w hile th e  w ax  was s till soft, in  order to  elim inate  bend ing  of th e  

fibre ab th e  po in ts  of a ttac h m en t. T he o th er arm  of th e  balance carried a beaker in to  

w hich w ate r was in troduced  from  a p ip e tte  or b u re tte . The w eight of w ate r necessary 

to  b reak  th e  fibre was observed, an d  th e  d iam eter of th e  la tte r  a t  th e  frac tu re  was 

found b y  m eans of a h igh-pow er m easuring  m icroscope. H ence th e  tensile s treng th  

was ob ta ined .

A t first th e  resu lts were ex trem ely  irregu lar, th o u g h  th e  general tendency  of th e  

s tren g th  to  increase w ith  dim in ish ing  d iam ete r was clear. I t  was found th a t  th e  

irregu larities were due to  th e  dependence of th e  s tren g th  on th e  following factors :—

(1 ) T he m ax im um  te m p era tu re  of th e  glass.— To secure th e  best resu lts i t  was found 

necessary  to  h ea t th e  glass bead  to  ab o u t 1400° C. to  1500° C. before draw ing  th e  fibre.

(2 ) T he tem p era tu re  du rin g  draw ing.—-If th e  glass becam e too cool before draw ing 

was com plete, a w eak fibre was ob ta ined . T his tem p era tu re  could n o t be very  closely 

defined, b u t i t  is perhaps th e  sam e as th e  lim itin g  te m p era tu re  of th e  viscous liqu id  

phase, nam ely, 730° C. T his effect m ade th e  draw ing of very fine fibres a m a tte r  of 

some difficulty, as th e  cooling was so rap id .

(3) The presence of im purities and  foreign bodies.

(4) T he age of th e  fibre.— F o r a few seconds a fte r p repara tio n , th e  s tren g th  of a 

properly  tre a te d  fibre, w hatever its  d iam eter, was found to  be ex trem ely  high. * Tensile 

stren g th s ranging from  220,000 to  900,000 lbs. per sq. inch were observed in  fibres up  

bo ab o u t 0 -0 2  inch diam eter. These stren g th s were es tim ated  by  m easuring th e  radii 

to  which i t  was necessary  to  bend th e  fibres in  order to  b reak  th em . T hey are therefore 

p robab ly  som ew hat h igher th a n  th e  ac tu a l tenacities. The glass appeared  to  be
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a lm ost perfec tly  e lastic  up  to  th ese  h ig h  stresses. T he s tre n g th  d im in ished , how ever, 

as tim e  w en t on, u n til  a f te r  th e  lapse of a few hours i t  reached  a s te a d y  value whose 

m ag n itu d e  depended  on th e  d ia m e te r  of th e  fibre.

S im ilar phen om en a have  been observed  w ith  o th e r k in d s of glass, an d  also w ith  fused 

silica.

T he re la tio n  be tw een  d ia m e te r  an d  s tre n g th  in  th e  s te a d y  s ta te  w as in v e s tig a ted  in  th e  

following m anner. F ib res  of d iam ete rs  rang in g  from  0 • 13 X  10~3 in ch  to  4 • 2 X  10-3 in ch , 

an d  6 inches long, were p rep ared  b y  h ea tin g  th e  glass to  a b o u t 1400° C. to  1500° C. in  

an  oxygen an d  coal-gas flam e an d  d raw in g  th e  fibre b y  h an d  as qu ick ly  as possible. 

T he fibres w ere th e n  p u t  aside for a b o u t 40 hours, so t h a t  th e y  m ig h t reach  th e  

s te a d y  s ta te . T he te s t  specim ens w ere p rep ared  by  b reak in g  th ese  fibres in  tensio n  

several tim es u n til  p ieces a b o u t 0 • 5-inch long rem ain ed  ; th ese  w ere th e n  te s te d  b y  

th e  ba lance m eth o d  a lread y  described . T he o b jec t of th is  p rocedure  w as th e  

e lim in a tio n  of w eak places d u e  to  m in u te  foreign bodies, local im p u ritie s  an d  o th e r 

causes.

T ab le  V. below  gives th e  resu lts  of th ese  te s ts . D iam ete rs  a re  in  th o u sa n d th s  of 

an  inch, an d  b reak in g  stresses in  lbs. p e r  sq. inch.

T a b l e  Y .— S tre n g th  of Glass F ib res.

D ia m eter . B rea k in g  S tress. D ia m eter . B rea k in g  S tress.

0 ‘001 in ch . lb s. per sq . in ch . 0 *001  in ch . lb s . per sq . in ch .

4 0 -0 0 2 4 ,9 0 0 * 0 - 9 5 1 1 7 ,0 0 0

4 -2 0 4 2 ,3 0 0 0 - 7 5 1 3 4 ,0 0 0

2 -7 8 5 0 ,8 0 0 0 - 7 0 1 6 4 ,0 0 0

2 -2 5 6 4 ,10 0 0 - 6 0 1 8 5 ,00 0

2 -0 0 7 9 ,6 0 0 0 -5 6 1 5 4 ,0 0 0

1 -8 5 8 8 ,50 0 0 - 5 0 1 9 5 ,0 0 0

1 -7 5 8 2 ,60 0 0 - 3 8 2 3 2 ,0 0 0

1 -4 0 8 5 ,20 0 0 -2 6 3 3 2 ,0 0 0

1 -3 2 9 9 ,50 0 0 -1 6 5 4 9 8 ,0 0 0

1*15 8 8 ,70 0 0 -1 3 0

1
4 9 1 ,0 0 0

I t  will be seen th a t  th e  resu lts  are  still som ew hat irregu lar. N o d o u b t m ore precise 

tre a tm e n t of th e  fibres w ould lead  to  som e im p ro v em en t in  th is  respect, b u t  such 

refinem ent is scarcely necessary  a t  th e  p resen t stage.

T he lim iting  tensile s tre n g th  of a fibre of th e  sm allest possible (m olecular) d iam ete r 

m ay be ob ta in ed  ap p ro x im ate ly  from  th e  figures in  T able V. b y  p lo ttin g  reciprocals 

of th e  tensile s tren g th  and  ex trap o la tin g  to  zero d iam eter. T his m axim um  stren g th  

is found to  be ab o u t 1*6 X  106 lbs. per sq. inch, w hich agrees sufficiently well w ith 

th e  rough estim ate  previously  ob ta in ed  from  th e  cracked p la te  experim ents .

* From  th e  ten sile  te s ts  p rev iou sly  described .

2  o  2

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



1 8 2 M R . A. A . G R IF F IT H  O N
\

In  1858, Ka r ma r s c h * found th a t  th e  tensile s tren g th  of m etal wires could be rep re­

sen ted  w ith in  a few p e r cent, b y  an  expression of th e  ty p e

ff =  A + | .................................................... (2 2 )

where d is th e  d iam eter and  A and B are constan ts . In  th is  connection i t  is of in te re s t 

to  notice th a t  th e  figures in  T able V. are given w ith in  th e  lim its  of experim en ta l error 

b y  th e  fo rm ula

f  =  22’400^ t o ...........................................(23>

where F  is in  lbs. p er sq . inch  and  d is in  th o u san d th s  of an  inch. W ith in  th e  range 

of d iam eters  availab le  to  Ka r ma r s o h , th is  expression differs lit t le  from

F  =  22,400 - f  -9 8 , 9 Q Q , ............................................... (24)
Q/

w hich is of th e  form  given b y  Ka r ma r s c h . M oreover, th e  values of B found b y  him  

for th e  w eaker m etals, e.g., silver and  gold, in  th e  annealed  s ta te , are of th e  sam e order 

as th a t  g iven b y  form ula (24) for glass.

To a ce rta in  ex te n t th is  correspondence suggests th a t  th e  m echanism  of ru p tu re , as 

d is tin c t from  p lastic  flow, in  m etals, is essen tially  sim ilar to  th a t  in  b r ittle  am orphous 

solids such as glass.

T he rem arkab le  p roperties of th e  u n stab le  strong  s ta te  referred to  on p. 180 above 

are exh ib ited  m ost read ily  in  th e  case of clear fused silica. If a po rtio n  of a rod ab o u t 

5 mm. d iam ete r be m ade as h o t as possible in  an  oxyhydrogen  flame, and  th e n  draw n 

dow n to , say, 1 m m . or less and  allow ed to  cool, th e  draw n-dow n po rtio n  m ay  be b en t 

to  a rad iu s of 4 or 5 m m . w ith o u t break ing, an d  if th e n  released will spring back  alm ost 

exactly  to  its  in itia l form . If  in s tead  of being released i t  is held in  th e  b en t form  i t  

will b reak  spontaneously  a fte r a tim e which usually  varies from  a few seconds to  a 

few m inutes, according to  th e  degree of flexure. To secure th e  best resu lts th e  draw ing 

should be perform ed som ew hat slowly.

W hen frac tu re  occurs i t  is accom panied b y  phenom ena a lto gether d ifferent from  those 

associated w ith  th e  frac tu re  of th e  norm al substance . The rep o rt is m uch louder and 

deeper th a n  th e  sharp  crack w hich accom panies th e  ru p tu re  of an  ord in ary  silica or 

glass rod, and  th e  specim en is in v a riab ly  sh a tte red  in to  a num ber of pieces, p a rts  being 

frequen tly  reduced to  pow der. T his sh a tte rin g  is n o t confined to  th e  highly  stressed 

draw n -ou t fibre ; i t  usually  occurs also in  th e  unchanged p a rts  of th e  original th ick  

rod and som etim es in  th e  free ends, w hich are  n o t subjected  to  th e  bending m om ent. 

T he experim en t .is m ost strik ing, for i t  appears a t  first sigh t th a t  th e  5 mm. rod has 

been broken b y  a couple app lied  th ro u g h  th e  fibre, w hich m ay  be only 0*5 mm. in

* ‘ M itth eilu n gen  dee gew . Yer. fur H a n n o v er ,’ 1858, pp. 138-155 .
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d iam eter. As a m a tte r  of fac t, how ever, th e  sh a tte r in g  is p ro b ab ly  m ere ly  one of th e  

m eans of d iss ip a tin g  th e  s tra in  energy  of th e  s tro n g  fibre, w hich  a t  fra c tu re  is perh ap s 

10 ,000  tim es t h a t  of silica in  th e  o rd in a ry  w eak s ta te . A n e lastic  w ave is d o ub tless 

p ro p ag a ted  from  th e  o rig inal frac tu re , an d  th e  stresses d u e  to  th is  w ave s h a tte r  th e  

rod.

C on firm ation of th is  v iew  is o b ta in ab le  if th e  fibre is b ro k en  b y  tw is tin g  in s tead  of 

b y  bending. T he th ic k  p a r t  of th e  rod  is in  th is  case fo und  to  co n ta in  a n u m b er of 

sp ira l cracks, a t  an  angle of a b o u t 45° to  th e  axis, show ing th a t  th e  m a te r ia l h as  b ro k en  

in  tensio n , b u t  th e  cracks ru n  in  b o th  r ig h t-  an d  le ft-h an d ed  spirals, so t h a t  th e  su rface  

of th e  rod  is d iv id ed  up  in to  l i t t le  sq uares. T his show s th a t  th e  crack in g  m u st be  due 

to  an  a lte rn a tin g  stress, such  as w ould re su lt from  th e  p ro p ag a tio n  of a to rs io n a l w ave 

along th e  rod.

A n o th er phenom enon  w hich  has been observed in  th ese  fibres is th a t  f ra c tu re  a t  an y  

p o in t ap p ears  to  cause a sud d en  la rge  red u c tio n  in  th e  s tre n g th  of th e  rem ain in g  pieces. 

T hus, in  one case a glass fibre w as found  to  b reak  in  bend ing  a t  a n  es tim a ted  stress 

of 220 ,0 00  lbs. p er sq . inch. One of th e  pieces, on being te s te d  im m ed ia te ly  a fte rw ard s, 

broke a t  a b o u t 67,000 lbs. p e r sq . inch.

7. Molecular Theory o f Strength Phenomena.

F ro m  th e  engineering  s ta n d p o in t th e  chief in te re s t of th e  foregoing w ork  cen tres 

ro und  th e  suggestion  th a t  enorm ous im p ro v em en t is possible in  th e  p ro p erties  of 

s tru c tu ra l m ate ria ls . Of secondary, b u t  still considerable, im p o rtan ce  is th e  dem on­

s tra tio n  th a t  th e  m eth ods of s tre n g th  e s tim a tio n  in  com m on use m ay  lead  in  som e cases 

to  serious error.

Q uestions re la tin g  to  m eth ods of. securing  th e  in d ica ted  increase in  te n a c ity , or of 

e lim in ating  th e  u n c e rta in ty  in  s tre n g th  ca lcu la tions, can scarcely  be answ ered w ith o u t 

som e m ore or less definite know ledge of th e  w ay  in  w hich  th e  p ro p erties  of m olecules 

en te r  in to  th e  phenom ena u n d er consideration . In  th is  connection i t  is of in te re s t to  

enqu ire w heth er an y  in d ica tio n  can  be o b ta in ed  of th e  n a tu re  of th e  p roperties w hich 

are requ isite  for a n  ex p lan a tio n  of th e  observed facts.

F o r th is  purpose i t  is conven ien t to  s ta r t  w ith  m olecules of th e  classical ty p e , whose 

p roperties m ay  be defined as (a) a  cen tra l a ttra c tio n  betw een  each p a ir  of m olecules 

w hich decreases rap id ly  as th e ir  cen tra l d is tance  increases, and  w hich depends on ly  on 

th a t  d is tance an d  th e  n a tu re  of th e  molecules ; (6) tran s la tio n a l an d  possibly  ro ta tio n a l 

v ib ra tions whose energy is th e  th e rm a l energy of th e  su bstan ce . In  th e  u n stra in ed  

s ta te , th e  kine tic  reac tions due to  ( b) balance th e  cen tra l a tt

In  a body com posed of such  m olecules, th e  flaws w hich have been show n to  ex ist 

in  real substances m ig h t consist of ac tu a l cracks. B u t experim en t shows th a t  under 

certa in  conditions th e  s tre n g th  of glass d im inishes w ith  lapse of tim e. O n th e  

p resen t hypo thesis th is  w ould req u ire th e  p o ten tia l energy of th e  system  to  increase
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spon taneously  b y  th e  am o u n t of th e  surface energy of th e  cracks. T his view m ust 

th erefo re be regarded  as un tenab le .

A gain, th e  observed w eakening m ig h t conceivably  occur if a t  an y  in s ta n t th e  v ib ra tions 

of a large num ber (a t least 108) of near m olecules synchronised and  were in  phase, 

provided th e  energy of th ese  m olecules was app rox im ate ly  th a t  corresponding w ith  

th e  tem p era tu re  of ebu llition  of th e  substance . E x cep t in  th e  case of a m ateria l very  

near its  boiling po in t, th e  p ro b ab ility  of such an  occurrence m u st be so sm all as to  be 

q u ite  negligible. H ence th is  hypothesis also m u st be discarded.

T he foregoing discussion seems to  suggest th a t  th e  assum ed ty p e  of molecule is too 

sim ple to  p erm it of th e  construc tion  of an  ad eq u a te  th eo ry . A n increase in  genera lity  

m ay  be ob ta in ed  b y  supposing th a t  th e  a ttra c tio n  betw een a p a ir  of molecules depends 

n o t only  on th e ir  d is tance a p a rt , b u t  also on th e ir  re la tive  o rien ta tion . T he p roperties 

of crysta ls  seem definitely  to  requ ire th e  molecules of an isotropic m ateria ls to  be of 

th is  ty p e , b u t  those  of iso trop ic substances have usu ally  been assum ed to  be of th e  

sim pler k ind. In  view  of th e  au th o r, how ever, m o lecu la r.a ttrac tio n  m u st be a function  

of o rien ta tio n  even in  substances, such as glass, m etals an d  w ater, w hich are usually  

referred to  as “ iso trop ic .”

Consider a solid m ade u p  of a num ber of such molecules, in itia lly  o rien ted a t  random . 

D oubtless th e  m echanical p roperties of th e  substance , w hile i t  is in  th is  am orphous 

condition, will differ l it t le  from  th ose  of a su bstance com posed of m olecules of th e  

sim pler ty p e , hav ing  an  a ttra c tio n  of ap p ro p ria te  s tren g th . If  th is  is so, th e  tensile 

s tren g th  of th e  m ateria l m u st be th a t  corresponding w ith  its  average in trin sic  pressure.

In  general, how ever, th is  in itia l condition  can n o t be one of m inim um  p o ten tia l 

energy.

I t  is clear th a t  un d er su itab le  cond itions th e  ten d en cy  to  a t ta in  stab le  equilib rium  

can  cause th e  m olecules to  ro ta te  an d  se t them selves in  chains or sheets, w ith  th e ir  

m axim a of a ttra c tio n  in  line. T he fo rm ation  of sheets will com m ence a t  a g rea t num ber 

of places th ro u g h o u t th e  solid, i.e., w herever th e  in itia l random  arrangem en t is sufficiently 

favourable. E v id en tly  i t  is possible for th e  num ber of such “  sufficiently favourab le ” 

arrangem ents  to  be enorm ously less th a n  th e  to ta l  num ber of molecules, so th a t  th e  

u ltim a te  resu lt will be th e  fo rm ation  of a num ber of u n its  or groups, each contain ing 

a large num ber of m olecules o rien ted  according to  som e definite law. T he re la tive 

a rrangem en t of th e  u n its  will, of course, be haphazard .

Now, in  each u n it th e re  will, in  general, be a d irec tion w hich is, app rox im ate ly  a t  

least, th a t  of th e  m inim um  a ttra c tio n s  of th e  m a jo rity  of th e  molecules in  th e  u n it. 

H ence if th e  ra tio  of th e  m axim um  to  th e  m inim um  a ttrac tio n s  is sufficiently great, 

each u n it can  co n s titu te  a “ flaw ,” and  th e re  appears to  be no reason w hy th e  u n its  

should n o t be as large as th e  flaws have been show n to  be in  th e  case of glass. Thus, 

in  order to  exp lain  th e  spontaneous w eakening of glass, i t  is only necessary to  suppose 

th a t  th e  th e rm al ag ita tio n  a t  ab o u t 1400° C. is sufficient to  b ring  ab o u t th e  in itia l 

random  form ation .
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I t  will be rem em bered  th a t  in  th e  case of th e  fresh ly  d raw n  fibres th e  red u c tio n  in  

te n a c ity  req u ired  several hou rs for com pletion , so t h a t  th e  tim e  ta k e n  w as large 

com pared w ith  th e  tim e  of cooling. E x p ressed  in  te rm s of m olecu lar m otion , th is  

m eans th a t  th e  m olecules res is t ro ta tio n  v e ry  m uch  m ore th a n  th e y  resis t tra n s la tio n . 

T his is in  keep ing  w ith  th e  conclusions of D e b y e ,* who found  th a t ,  on th e  basis of th e  

q u an tu m  th e o ry , th e  p henom ena associa ted  w ith  th e  specific h e a t of solids could  be  

ex p la in ed  only  if th e  th e rm a l v ib ra tio n s  of th e  m olecules w ere reg ard ed  as p rac tica lly  

ir ro ta tio n a l. T he sam e th in g  is show n m ore rough ly , w ith o u t in tro d u c in g  th e  q u a n tu m  

th eo ry , b y  th e  law  of D u l o n g  an d  P e t i t , w hich requ ires th a t  each  m olecule shall 

have only  th re e  degrees of freedom .

T he th e o ry  here p u t  fo rw ard  m akes th e  spon tan eo u s w eakening  a consequence of 

th e  a t ta in m e n t of a m olecu lar config uration  of s tab le  eq u ilib riu m  ; i t  th e re fo re  suggests 

th a t  th e  w eakening shou ld  be accom panied, in  general, b y  a change in  th e  dim ensions 

of th e  solid. T h is has been  verified  b y  d irec t o b se rv a tio n  w ith  a h igh-pow er m icroscope ; 

in  th e  course of half a n  h o u r a sp o n tan eo u sly  w eaken ing  glass fibre increased  in  len g th  

b y  a b o u t 0*1 p er cen t., w hile th e  len g th  of a silica fibre decreased  b y  a b o u t 0*03 p er 

cent.

O n accoun t of th e  ran d o m  a rran g em en t of th e  m olecu lar groups, th is  sp on taneous 

change in  u n s tra in ed  volum e m u st se t u p  in te rn a l stresses, w hich m ay  be sufficiently 

la rge to  s ta r t  cracks along th e  d irec tions of leas t s tre n g th . In  th is  connection  i t  m ay  

be m en tioned  th a t  irreg u la rly  shaped  pieces of glass, of ‘w hich  som e p a r ts  h ad  been 

p u t  in to  th e  stro n g  u n stab le  s ta te  b y  h ea tin g , h av e  som etim es been  observed to  b reak  

sp on taneously  ab o u t an  h o u r a f te r  cooling w as p rac tica lly  com plete.

I t  was rem ark ed  on p. 184 th a t  cracks could  n o t form  spon tan eo u sly  in  a substan ce  

com posed of m olecules h av in g  spherical fields of force, as th e  process w ould involve 

an  increase in  p o te n tia l energy. T his is no longer tru e  w hen  th e  a t tra c tio n  is a fu n ctio n  

of o rien ta tio n , as th e  surface energy  of th e  cracks m ay  be m ore th a n  coun terba lanced  

b y  th e  decrease in  p o te n tia l energy  accom panying  th e  m olecular rearran g em en t.

F o r th is  reason, i t  is im possible to  deduce th e  ra tio  of th e  m ax im um  to  th e  m in im um  

m olecular a ttra c tio n s  from  th e  ra tio  of th e  m ax im um  an d  m in im um  stren g th s  of th e  

m ate ria l, as i t  is possible th a t  th e  sp on taneous w eaken ing is alw ays accom pan ied  by  

th e  fo rm atio n  of m in u te  cracks, of th e  sam e size as th e  m olecular groups.

I t  is p robab le  th a t ,  in  m an y  cases, th e  m ost s tab le  o rien ta tio n  of th e  m olecules a t  

a free surface is th a t  in  w hich th e ir  m ax im a of a ttra c tio n  lie along th e  surface. Such 

a n  o r ien ta tio n  w ould in  tu rn  lead  to  a sim ilar ten d en cy  on th e  p a r t  of th e  n ex t layer 

of m olecules, an d  so on, th e  ten d en cy  d im in ish ing w ith  increasing  d is tance from  th e  

surface. T here w ould th erefo re be a surface lay er h av ing  th e  special p ro p e rty  th a t  in  i t  

th e  “ flaws ” ran  paralle l to  th e  surface.

H ence th is  layer w ould be of exceptional s tren g th  in  th e  d irec tion  of th e  surface. 

T his suggests a reason for th e  experim en ta l fac t th a t  th e  b reak ing  load of wires and

* ‘ A nn . der P h y s ik ,’ 39 (1912), p. 789.
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1 8 6 M R. A . A . G R IF F IT H  O N

fibres consists m ain ly  of tw o p a rts , one p rop o rtio n al to  th e  area , and  th e  o th er to  th e  

p erim eter of th e  cross-section. T he process of draw ing, too, m ig h t predispose th e  

molecules to  ta k e  up  positions w ith  th e ir  m ax im a of a ttra c tio n  parallel to  th e  surface.

If a perfec tly  clean glass p la te  be covered w ith  gela tine and se t aside, th e  gelatine 

g radually  co n trac ts , an d  as i t  does so i t  te a rs  from  th e  glass surface th in  flakes up  to  

ab o u t 0 * 06-inch d iam eter and  shaped  like oyste r shells.* T his tendency  to  flake a t  

th e  surface is also observed w hen glass is b roken  b y  bending. T his was p articu la rly  

well show n in  th e  specially  p repared  fibres used for th e  experim ents described in  th e  

p resen t paper. In  alm ost all cases of flexural frac tu re  th e  crack curled round  on 

ap proach in g  th e  com pression side, ti l l  i t  was nearly  paralle l to  th e  surface. On tw o 

occasions th e  frac tu re  d iv id ed  before changing  direction , th e  tw o branches going 

opposite w ays along th e  fibre an d  a flake of leng th  several tim es th e  d iam eter of th e  

fibre was detached .

Surface flaking is also observed w hen som e kinds of steel are sub jected  to  repea ted  

stress. H ere th e  flakes are u sua lly  very  sm all.

All th ese  fac ts  are  ev iden tly  in  com plete agreem en t w ith  th e  “ surface layer ” th eo ry  

and , indeed, i t  is d ifficult to  acco u n t for th e m  on an y  o th e r basis.

8. Extended Application o f  the Molecular Or

On th e  basis of th e  p resen t th eo ry , th e  physical p roperties of m ateria ls m u st be 

in tim a te ly  re la ted  to  th e  geom etrical p roperties  of th e  m olecular sheet-fo rm ation . In  

order th a t  a su bstance m ay  ex h ib it th e  ch arac te ris tic  p roperties of crysta ls, i t  is clearly 

necessary  for th e  sheets of m olecules to  be plane. In  th is  case th e  crysta ls  are, of 

course, th e  m olecule groups or “  u n its  ” referred  to  above. In  “ am orphous ” m aterials, 

on th e  o th e r hand , th e  sheets are p ro b ab ly  cu rv ed .f

In  m ateria ls  of th e  form er ty p e , th e re  m u st ex ist p lanes on w hich, if th e y  are sub jected 

to  a sufficiently large shearing  stress, th e  portions on e ith er side of th e  planes can undergo 

a m u tu a l slid ing th ro u g h  a d is tan ce  equa l to  an y  in teg ra l m ultip le  of th e  m olecular 

spacing, w ith o u t fu n dam en ta lly  affecting th e  s tru c tu re  of th e  crysta l. I t  is well know n 

th a t  th e  phenom enon of y ield  in  crysta ls, and  especially  in  m etals, is of th is  na tu re . 

T he planes in  question  are, of course, th e  w ell-know n “ gliding p lanes,” an d  i t  is fu rth e r 

possible th a t  th e y  m ay  be identified  also w ith  th e  surfaces of least a ttra c tio n . The 

stress a t  w hich gliding occurs in  a single c rysta l m u st be determ in ed  in  th e  following 

m anner. T he molecules of a c ry sta l are norm ally  in  a configuration of stab le  equ ilibrium , 

and  if tw o p a rts  of th e  c rysta l slide on a gliding plane th ro u g h  one m olecular space th e  

resu lting configuration is also stable . B etw een these  tw o positions th e re  m ust, in  

general, be one of h igher po ten tia l energy, in  w hich th e  equ ilibrium  is unstab le , an d  th e  

shearing stress is determ ined  b y  th e  condition th a t  th e  ra te  a t  w hich work is done, in

* L ord Ra y l e ig h , ‘ E n g in eer in g ,’ 1917, v o l. 103, p. I l l ,  a n d  H . E . H e a d , * E n g in eer in g ,’ 1917, vo l. 103, 
p. 138.

f  See Qu i n c k e , ‘ A nn . der P h y s ik ,’ (4), 46, 1915, p. 1025.
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slid ing  from  th e  s tab le  to  th e  u n s ta b le  s ta te , m u s t be  equa l to  th e  g rea te s t ra te  of 

in crease in  p o te n tia l energy  w hich  occurs d u rin g  th e  passage betw een  th e  tw o s ta te s . 

T his ra te  will depend  on th e  sh ape of th e  m olecu lar fields of force, an d  m ay  in  p a r tic u la r  

cases be zero. L iq u id  cry sta ls  a re  doub tless of th is  ty p e . T he av erag e  sh ear stress, 

d u rin g  yield , of a ran d o m  ag g reg a tio n  of a la rge  n u m b er of c ry sta ls , is doub tless g rea te r  

th a n  th a t  of a single c ry s ta l, as th e  angle be tw een  th e  glid ing  p lanes an d  th e  m ax im um  

sh ear stress m u st v a ry  from  c ry s ta l to  c ry s ta l an d  can  be .zero  in  on ly  a few of th em .

As th e  m u tu a lly  glid ing p o rtio n s  of a c ry s ta l pass from  th e  s ta b le  to  th e  u n s tab le  

s ta te , th e  m olecu lar cohesion betw een  th e m  (norm al to  th e  glid ing p lane) m u st, in  

general, becom e less. In  p a r tic u la r  in stan ces i t  m ay  d im in ish  to  zero before th e  

positio n  of u n s ta b le  eq u ilib riu m  is reached . In  th ese  cases, shearin g  fra c tu re  along 

th e  glid ing planes will occur, unless th e  m a te ria l is su b jec ted  to  a sufficiently  high  

“  h y d ro s ta tic  ” p ressu re, in  ad d itio n  to  th e  shearin g  stress. T hus, a c ry sta llin e  

sub stan ce  m ay  be e ith e r du c tile  o r b r ittle , acco rd ing  to  n a tu re  of th e  app lied  stress, 

or i t  m ay  be d u c tile  a t  som e te m p e ra tu re s  an d  b r i t t le  a t  o th e rs , u n d e r th e  sam e k in d  

of stress as has been  a c tu a lly  observed b y  B e n g o u g h  an d  H a n s o n  in  th e  case of tensile  

te s ts  of copper. T h is ru p tu re  in  sh ear exp la in s th e  c h a ra c te ris tic  f ra c tu re  of sh o rt 

colum ns of b r ittle  c ry sta llin e  m a te ria l u n d er ax ia l com pression. T he th e o ry  in d ica tes 

th a t  such  fra c tu re  can  alw ays be p rev en ted  an d  yie ld  se t u p  b y  ap p ly in g  sufficient 

la te ra l pressu re in  a d d itio n  to  th e  lo n g itu d in a l lo ad  ; th is  is in  ag reem en t w ith  ex p eri­

m en ts  on rocks such  as m arb le  and  san dsto ne .*  Conversely , a d u c tile  su b stan ce  m ig h t 

be m ade b r it t le  if i t  w ere possible to  ap p ly  to  i t  a  su fficiently  la rge  h y d ro s ta tic  tension .

In  th e  case of an  alloy  of, say , tw o  m eta ls  A an d  B , suppose , as an  exam ple , t h a t  th e  

sequence of m olecules on  e ith e r side of a g lid ing  p lane  is

. A . B . B . A . B . B

B . B . A . B . B . A .

L e t slid ing occur (th ro u g h  one m olecular space) to  a n  ad jo in in g  positio n  of s tab le  

equ ilibriu m , or, say, to  th e  configu ra tion

. A . B . B . A . B . B . - * —

. B  . B . A . B  . B . A - >

E v iden tly , th e  s tru c tu re  in  th e  neighbourhood  p f th e  glid ing p lane is in  th is  case no 

longer th e  sam e as in  th e  original c ry sta l fo rm ation . I t  is th e re fo re  like ly  th a t  th e  

new s ta te  is one of h igher p o te n tia l energy, w hence i t  is reasonab le  to  suppose th a t  

th e  m axim um  ra te  of increase in  p o ten tia l, in  sliding, is g rea te r th a n  i t  w ould have 

been had  th e  p o ten tia l of th e  tw o s ta te s  been  th e  sam e. T hus an  alloy m ay  be expected 

to  have a higher y ie ld -po in t th a n  its  m ost d u ctile  co n s titu en t. T his is in  accordance 

w ith  experience. F o r  exam ple, i t  is know n th a t  quench ing  from  a h igh  tem p era tu re

* T. V . Ka r m a n , * Z eitschr. V er. D eu tsc h . I n g ., ’ 55 , 1911.

V O L. C C X X I .— A . 2  D
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1 8 8 M R . A . A . G R IF F IT H  O N

hardens too l steel b y  p rev en tin g  th e  sep ara tio n  of “ fe rrite ,” or iron  con ta in ing  no 

carbon.

In  a single c ry sta l th e  molecules are  p resu m ably  in  an  equ ilib rium  configuration of 

m axim um  stab ility . In  th is  ev en t, th e  equilib rium  of m olecules a t  or near in te r­

crysta lline  boundaries, in  a body  com posed of a large num ber of crysta ls, m ust, in 

general, be less s tab le  th a n  th a t  of th e  m olecules in  th e  in te rio r of th e  crystals. In  

fac t, where th e  o rien ta tio n  of th e  com ponen t crysta ls  is haphazard , th e  s ta b ility  of 

th e  boun d ary  m olecules m ay  be expected  to  range from  th e  m axim um  of norm al 

c rysta llisa tion  dow n to  zero, i.e.} n eu tra l equilibrium . If  such a body  be sub jected  

to  a shear stress, som e of th e  molecules in  or near n eu tra l equilib rium  m ust, in  general, 

becom e u nstab le , an d  th ese  will te n d  to  ro ta te  to  new  positions of equilibrium . This 

ro ta tio n , how ever, will be strong ly  resis ted , as has been seen, b y  forces doubtless of 

a viscous n a tu re , an d  its  am o u n t will accordingly  depend  on th e  tim e du rin g  w hich 

th e  stress is app lied . If, therefo re, th e  s tra in  is observed i t  will be found to  increase 

slowly as tim e  goes on, b u t a t  a co n s tan tly  decreasing ra te , as th e  m olecules concerned 

approach  equilib rium . I f  now  th e  load  is rem oved, these  m olecules m ust ro ta te  in  

order to  regain  th e ir  orig inal positions of equilib rium , and  th is  process in  tu rn  will be 

re ta rd ed  b y  viscous forces. H ence a sm all p a r t  of th e  observed s tra in  will rem ain 

a fte r th e  rem oval of th e  load, an d  th is  will g rad u ally  d isappear as tim e goes on. These 

p roperties, know n as “  elastic  afte r-w ork in g ,” are, of course, well know n to  belong 

to  crysta lline m ateria ls . M oreover, th e  th eo ry  shows th a t  th e y  should n o t be possessed 

b y  single crysta ls , an d  th is  has been  d em o n stra ted  experim enta lly .*

T here is a special ty p e  of glid ing or y ie ld  w hich m ay  occur a t  stresses below th e  

no rm al yield  po in t. Consider a p a ir  of ad jacen t crysta ls , sep ara ted  b y  a plane boundary . 

If  these  crysta ls  are  th o u g h t of as slid ing re la tive ly  to  each o ther, i t  will be seen th a t  

only  in  a fin ite num ber of th e  positions so ta k e n  up  can  th e  tw o be in  s tab le  equilibrium . 

B etw een each p a ir  of such positions th e re  m u st in  general be one of unstab le  equilibrium . 

Suppose th a t ,  while near such an  u n stab le  position, th e  tw o crysta ls  are em bedded in  

a num ber of o thers. U nder th ese  cond itions th e  b o u n d ary  molecules of th e  tw o crystals 

will be pulled over in  th e  d irec tion  of one or o th er of th e  tw o adjo ining  stab le  positions, 

and  th e y  will s tra in  th e  solid in  th e  process. I f  now th e  body  is su b jected  to  a shearing 

stress te n d in g  to  cause re la tiv e  d isp lacem ent of th e  tw o  crysta ls  to w ards th e  o ther 

stab le  position, th e n  a t  a ce rta in  value of th is  stress th e  molecules on e ith er side of th e  

boundary  will be w renched aw ay, will pass th ro u g h  th e  position of in stab ility , and will 

th e n  ta k e  up  a new position  bearing  th e  sam e re la tion  to  th e  second stab le  position 

as th e ir  orig inal s ta te  d id  to  th e  first. T his new condition will, of course, persis t afte r 

th e  rem oval of th e  load, as th e  original s ta te  can n o t be regained w ith o u t passing th rough  

unstab le  equilib rium , i.e., a condition of m axim um  p o ten tia l energy. To cause th e  

crysta ls to  pass th ro u g h  th is  condition i t  w ould be necessary to  app ly  a load of opposite 

sign, and  in  th is  w ay th e  process m ig h t be repea ted  indefinitely . In  a body  com posed 

* H . v .  Wa r t e n b e r g , * D eu tsch . P h y s. G esell., V erh .,’ 20, pp. 1 1 3 -1 2 2 , A u gu st 30, 1918.
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of a large n u m b er of c ry sta ls  th e re  m u st be m an y  a rran g em en ts  of th is  ty p e , in  w hich 

ad ja c e n t c ry sta ls  can  ex ecu te  in e lastic  osc illations a b o u t positions of u n stab le  equ ilibriu m , 

un der a lte rn a tin g  sh ear stresses below  th e  o rd in a ry  y ie ld  stress. T he co nsequen t 

observed phen om en a w ould co rrespond ex ac tly  w ith  th o se  know n to  be m anifested 

in  m etals, u n d er th e  nam e “ elastic h y ste res is .” *

E x p erim en ta lly , e lastic hysteresis is d is tin g u ish ed  from  elastic  afte r-w o rk in g  b y  th e  

c ircum stance th a t  i t  is co m pleted  v ery  m uch m ore quickly . T h is is ju s t  w h a t w ould 

be ex pected  th eo re tica lly , on th e  view  th a t  m olecu lar tra n s la tio n  occurs m uch  m ore 

read ily  th a n  ro ta tio n .

I t  has been  rem ark ed  th a t  w hen a single c ry s ta l of a p u re  su b stan ce  is caused  to  

yield , its  s tru c tu re  is fu n d am en ta lly  u n a lte red . T h is ca n n o t hold , ho'wever, in  th e  

case of an  aggregate  of a large n u m b er of c ry s ta ls  a rran g ed  a t  random , or a c ry s ta l 

em bedded  in  am orphous m ate ria l. T rue, th e  m a te ria l in  th e  in te rio r  of each  c ry sta l 

can  re ta in  its  orig inal p roperties , b u t  n ea r th e  c ry sta llin e  b o u ndarie s th e  s tru c tu re  

m u st be v io len tly  d is to rted . As a resu lt, i t  m ay  be expected  th a t  th e  n u m b er of th e  

m olecules of in ferio r s ta b ili ty  will be la rge ly  increased. E la s tic  afte r-w ork in g  in  m eta ls 

should  th erefo re  be increased  b y  o v erstra in in g  or “  co ld -w o rk ing .”  T his, again , agrees 

w ith  experience.

T he foregoing considerations lend  su p p o rt to  th e  view  th a t  each c ry sta l of a severely  

co ld-w orked piece of m e ta l is su rro u n d ed  b y  an  am orphous lay e r of app rec iab le  

th ickness. I f  such  a piece of m e ta l undergoes a sh ear s tra in  g rea te r  th a n  th a t  which 

can in it ia te  y ie ld  in  th e  no rm al c ry sta llin e  su b stan ce , th e  av erage stress w hich  is se t 

up  m u st be above th e  no rm al y ie ld  stress, for th e  p a r t  due to  th e  am orphous layers 

m u st be th e  elastic stress correspond ing  w ith  th e  s tra in , an d  th is , b y  hypo th esis , is 

g rea ter th a n  th e  yie ld  stress. T his p a r t , m oreover, will in crease w ith  th e  s tra in . I t  

follows th a t  y ield  in  cold-w orked m eta l shou ld be less sh a rp ly  defined, an d  should  occur 

a t  a h igher shear stress th a n  in  th e  norm al c ry sta llin e  v a rie ty . T h a t th is  is ac tu a lly  

th e  case is, of course, well know n.

In  th e  case of very  large s tra in s  an  im p o rta n t p a r t  of th e  sh ear stress m u st be ta k e n  

b y  th e  am orphous b o u n d ary  layers, an d  as a re su lt th e  m ax im um  tensile  stress m ay  

reach a value sufficient to  cause ru p tu re  of som e fav o u rab ly  disposed c rysta ls  across 

th e ir  p lanes of least s tren g th . T his is, perhaps, th e  ac tu a l m ode of ru p tu re  in  d uctile  

m aterials. On th is  view, th e  “ d u c tility  of a m eta l depends sim ply  on th e  re la tio n  

betw een th e  tensile  s tren g th  of th e  • flaws ” and  th e  norm al yie

whose d u c tility  is sm all m ay  still be “ m alleab le ,”  as ham m ering  need n o t give rise 

to  large tensile stresses.

The fo rm ation  of non -cry stalline m a te ria l a t  th e  in te rc ry s ta llin e  boundaries, w hen a 

piece of m eta l is over-strained , appears to  prov ide an  ex p lan a tio n  of th e  sudden  drop 

in  stress w hich occurs im m edia te ly  a fte r th e  in itia tio n  of y ie ld f  in  d uctile  m etals.

* Gu e s t  a n d  Le a , “ T orsion al H y steresis  of M ild S te e l,” ‘ R o y . Soc. P r o c .,’ A , J u n e , 1917.

|  R o b e r t s o n  an d  Co o k , ‘ R o y . Soc. P ro c .,’ A , v o l. 88, 1913, pp. 4 6 2 -4 7 1 .

2  D 2
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R em em bering th a t  th e  surface tensio n  of a substance  is th e  w ork done in  form ing u n it 

a rea  of new  surface, i t  will be seen th a t  th e  tensio n  of an y  surface of a c rysta l m ust 

depend on th e  angle i t  m akes w ith  th e  c ry sta l axis. T hus th e  surface tension  parallel 

to  th e  planes of leas t s tren g th  m u st be less th a n  th a t  in  an y  o th er d irection. 

C onsequently, in  a body  com posed of a num ber of crysta ls  th e re  m u st ex ist a m u tu a l 

surface tension  a t  each in te rc ry sta llin e  boundary . Now, th e  th eo ry  of surface tension 

shows th a t  th e  m agn itude of such a m u tu a l tensio n  is g rea tly  dim inished b y  m aking  th e  

tran s itio n  betw een th e  tw o  bodies m ore gradual. H ence th e  fo rm ation  of th e  am orphous 

b o u n d ary  lay er involves a reductio n  in  th e  surface energy of th e  crysta ls, and  th is  is 

show n in  th e  experim en ts b y  a d rop  in  th e  stress. If  th is  account of th e  phenom enon is 

com plete, th e  d rop  in  stress m u st be de term in ed  b y  th e  condition th a t  th e  loss of s tra in  

energy equals th e  reductio n  in  surface energy. T he m echanism  of th e  process appears 

to  be th a t  th e  b reak ing  up  of th e  bo u n d ary , w hich m u st accom pany  yield, is resisted 

b y  th e  surface tension , and  yie lding th erefo re requires a h igher stress for its  in itia tio n  

th a n  for its  m ain tenance .

A ccording to  th is  view, th e  loss of s tra in  energy should be inversely  p roportional to  

th e  lin ear d im ensions of th e  crysta ls . H ence th e  resu lts of d ifferent experim ents should 

show considerable v a ria tio n  in  th e  m agn itude of th e  d rop in  stress. T his is ac tu a lly  th e  

case ; a single series of experim en ts on m ild  steel, b y  R o b e r t s o n  and  Co o k , gave drops 

vary in g  from  17 p er cent, to  36 per cen t., w hile in  o th er experim ents as little  as 7 per 

cent, has been  observed.

In  th e  above series of experim en ts th e  average loss of s tra in  energy was ab o u t 

12 inch-lbs. per cubic inch. A ssum ing, for sim plicity , th a t  th e  crysta ls  were cubes, 

of, say, 0*001 -inch side (which is a fa ir  value for w ell-trea ted  m ild steel), th e  area of th e  

in te rc ry s ta l surface was 3000 sq. inches per cubic inch. These figures give th e  average 

in te rc rv s ta l surface tensio n  as 0*004 lbs. per inch. T his is ce rta in ly  of th e  rig h t order 

of m agnitude .

M any of th e  phenom ena discussed above will be m ore com plicated, in  practice, if 

th e  coefficient of expansion of th e  crysta ls  is n o t th e  sam e in  all d irections. In  such 

an  even t, in te rn a l stresses will be se t up  in  cooling, on account of th e  random  arrangem ent 

of th e  crysta ls, and  these  stresses m u st be ta k e n  in to  consideration in  app lying th e  theory .

T here rem ains for consideration th e  p roblem  of th e  fractu re  of m etals under a lte rn a tin g  

stress. I t  is know n th a t  fa tigue failure occurs as th e  resu lt of cracking a fte r repeated  

slipping on gliding planes, and  th e  th eo ry  has been advanced* th a t  th is  cracking is due 

to  repea ted  to  and  fro sliding and consequent a t tr i tio n  and  rem oval of m ateria l from  

th e  gliding planes. T his th eo ry  presen ts some difficulties, in  th a t  i t  does n o t explain  

how th e  a t tr i tio n  can  occur, or th e  m ethod  of disposing of th e  debris.

A th eo ry  w hich is free from  these  objections m ay be constructed  if i t  is supposed 

th a t  a change in  volum e occurs on th e  passage of th e  m etal from  th e  crystalline to  th e  

am orphous s ta te . T his assum ption  is, of course, know n to  be valid for m any  substances 

* Ew in g  and Hu m f r e y , * P h il. T ran s.,’ A, 1902, p. 200,
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a t  th e ir  m eltin g  po in ts , b u t  a t  low er te m p e ra tu re s  th e re  seem s to  be no defin ite 

in fo rm ation  availab le .

T his assu m p tio n  being g ran ted , suppose th a t  a p iece of m a te r ia l w hich co n tra c ts  on 

dec ry sta llis in g  is being  su b jec ted  to  a stress cycle ju s t  sufficient to  cause rep ea ted  

slipping  in  th e  m o st fav o u rab ly  disposed crysta ls . As a re su lt, th e  m a te ria l a t  th e  

boundaries of th ese  c ry sta ls  will becom e am orphous, an d  th e  q u a n t i ty  of am orphous 

m ate ria l w ill increase con tin u o u sly  as long as th e  rep ea ted  slipp in g  goes on. B u t, b y  

hypo th esis, th e  u n s tra in e d  vo lum e of th e  am orp hous phase  is less th a n  th e  space i t  

filled w hen in  th e  c ry sta llin e  s ta te . H ence all th e  m a te ria l in  th e  im m ed ia te  ne ig h ­

bourhood will be su b jec ted  to  a tensile  stress, an d  as soon as th is  exceeds a ce rta in  

critica l value  a c rack  will form . I t  has been  observed  above th a t  th e  ap p lica tio n  of 

a sufficiently large h y d ro s ta tic  ten sio n  m ay  be expected  to  m ake a d u c tile  su b stan ce  

b r ittle . H ence th e  c rack  m ay  occur e ith e r  in  ten sio n  or in  shear, acco rding  to  th e  

p roperties of th e  m a te ria l an d  th e  n a tu re  of th e  app lied  stress. F u r th e r  a lte rn a tio n s  

of stress w ill cause th is  c rack  to  sp read  u n til  com plete  ru p tu re  occurs. T his th e o ry  

m akes th e  lim itin g  safe range of stress eq ua l to  th a t  w hich ju s t  fails to  m a in ta in  

rep ea ted  slid ing in  th e  m ost fav o u rab ly  disposed c rysta ls .

I t  m ay  be  asked  w hy  such  crack in g  does n o t ta k e  place  in  a s ta tic  te s t  w here th e  

q u a n tity  of am orphous m ate ria l, once y ie ld  has fa irly  s ta r te d , is p resu m ab ly  m uch 

g reater. T he answ er to  th is  is tw o-fold . In  th e  firs t p lace , if th e  m a te ria l becom es 

am orphous ro u n d  all, o r n ea rly  all, th e  c ry sta ls  of a p iece of m eta l, i t  is ev id en t th a t  i t  

will co n tra c t as a whole an d  no g rea t tensile  stress will be se t up . In  th e  case w here 

only  a few crysta ls  y ield , th e  ten sio n  arises from  th e  rig id ity  of th e  unchanged  su rround ing  

m etal.

In  th e  second place, even if som e cry sta ls  do crack, th e  cracks will n o t, in  general, 

te n d  to  sp read  th ro u g h  th e  du c tile  cores of th e  neighbouring  crysta ls , unless th e  ap p lied  

load is a lte rn a tin g , on accoun t of th e  eq u a lisa tio n  of stress due to  yield.

T he safe lim it of a lte rn a tin g  stress will u sua lly  be less th a n  th e  a p p a re n t stress 

necessary  to  in it ia te  y ield  in  a s ta tic  te s t, on acco u n t of in itia l stresses, in c lud ing  those  

due to  u n equa l co n trac tio n  of th e  crysta ls .

T he th e o ry  ind icates th a t  th e  cracking of th e  firs t c ry s ta l m arks a critica l p o in t in  

th e  h is to ry  of th e  piece. A t an y  earlie r stage  th e  effects of th e  p rev ious loading  m ay  

be rem oved b y  h e a t tre a tm e n t, or possibly  b y  a re s t in te rv a l, b u t  once a crack  has 

form ed th is  can n o t be done. T rue, th e  tensio n  m ay  be relieved  an d  th e  ru p tu re d  

c ry sta l m ay  even be com pressed som ew hat, b u t  th is  can n o t, in  general, close th e  crack, 

as cracking is n o t a “  reversible ” operation . A n ex cep tion  m ay  occur if th e  to p  

tem p era tu re  of th e  h e a t- tre a tm e n t is sufficient to  b rin g  th e  m olecules on e ith er side 

of th e  crack w ith in  m u tu a l range b y  th e rm a l ag ita tio n , b u t  i t  is un like ly  th a t  th is  

can  happen  save in  th e  case of very  sm all cracks.

If th is  th eo ry  is co rrect, i t  appears a t  first s ig h t th a t  th e  phenom enon of fatigue 

failure  m ust be confined to  su bstan ces w hich c o n tra c t on decrysta llising. T his, how ever
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is n o t necessarily so. If, for in stan ce , a sm all th ickness of m ateria l a t  th e  in terface 

betw een tw o crysta ls  were to  increase in  volum e, i t  could n o t be said w ith ou t proof 

th a t  tensile  stresses w ould n o t be se t up  th e reb y , in  ad d itio n  to  com pressions. In  

som e cases, in  fact, i t  is obvious th a t  th e re  m u st be tensions. T hus, if th e  ou te r layer 

of a sphere increases in  volum e, th e  m a tte r  inside m u st be su b jected  to  a tensile stress.

T he effect of overstra in  on th e  d en s ity  of m etals is a t  p resen t under investiga tion  

a t  th e  R oya l A ircraft E stab lish m en t. T he w ork is n o t y e t sufficiently com plete for 

d eta iled  pu b licatio n , b u t i t  m ay  be m entioned  here th a t  th e  expected change in  d ensity  

has been found, and  th a t  th e  resu lts a lready  ob ta in ed  are such as to  leave lit tle  room  

for d o u b t th a t  th is  change is in  fac t th e  cause of fatigue failure  in  m etals. T hus, in  

overstra in in g  m ild  steel b y  m eans of a pure  shearing  stress, a decrease in  average 

d en s ity  of as m uch  as 0 -25 per cent, has been observed.

Some progress has also been  m ade in  th e  d irec tion  of es tim ating  th e  in te rn a l stresses 

se t up as a resu lt of th e  change in  density , and i t  has been found th a t  an  average change 

of th e  m agn itude m entioned  above could give rise to  a h y d ro sta tic  tensile stress in  th e  

cores of th e  crysta ls , of th e  o rder of 30,000 lbs. per sq . inch.

D ealing now w ith  m ateria ls  whose m olecular shee t-fo rm ations are curved, i t  is a t  

once ev iden t th a t  all y ield, or slide, phenom ena m u st be ab sen t, as possible gliding 

planes do n o t exist. T hus, th is  case, th o u g h  geom etrically  m ore com plicated, is 

p ractica lly  m uch sim pler th a n  th a t  in  w hich th e  sheets are  plane. T he theore tica l 

p roperties of m ateria ls  hav ing  th e  curved  ty p e  of fo rm ation  ap p ear to  correspond 

exactly  w ith  those know n to  belong to  b r ittle  “ am orphous ” substances. E x ac tly  

as in  th e  case of crysta lline  m ateria ls, elastic afte r-w ork ing  is explained by  th e  inferor 

s ta b ility  of m olecules near th e  boundaries of th e  u n its  of m olecular configuration, b u t 

elastic hysteresis should n o t occur. If ad eq u a te  p recau tions are ta k en  to  avoid  secondary 

tensile stresses, frac tu re  of sh o rt colum ns in  com pression should occur a t  stresses of an 

a lto gether h igher order th a n  in  th e  case of crysta ls. I n  th is  connection i t  m ay  be 

rem arked  th a t  th e  com pressive s tren g th  of fused silica is ab o u t 25 tim es as g rea t as 

its  o rd in ary  tensile  s tren g th .

I t  appears from  th e  foregoing discussion th a t  th e  m olecular o rienta tion  th eo ry  is 

capable of g iving a sa tisfac to ry  general acco un t of m any  phenom ena re la ting  to  th e  

m echanical properties of solids, th o u g h  closer in vestiga tion  will perhaps show th a t  

th e  agreem ent is in  some cases superficial only. Such questions as th e  effects of unequal 

cooling, foreign inclusions and local im purities , and  th e  behav iour of m ix tu res of 

d ifferent crysta ls, have n o t been d ea lt w ith  ; i t  is th o u g h t th a t  these  are m a tte rs  of 

d e ta il wrhose discussion canno t usefully precede th e  estab lish m ent of th e  general 

principles on w hich th e y  depend.

9. Practical Limitations o f the Elastic Theory.

I t  is now possible to  ind icate  th e  direc tions in  w hich th e  o rd in ary  m athem atical 

th eo ry  of e lastic ity  m ay  be expected to  fail w hen applied to  real solids.
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I t  is a fu n d am en ta l a ssu m p tio n  of th e  m a th em a tic a l th e o ry  th a t  i t  is leg itim a te  to  

replace su m m atio n  of th e  m olecu lar forces b y  in te g ra tio n . In  genera l th is  can  on ly  

be tru e  if th e  sm allest m a te ria l d im ension, invo lv ed  in  th e  ca lcu la tions, is la rge com pared  

w ith  th e  u n it of s tru c tu re  of th e  substance . In  c ry s ta llin e  m eta ls  th e  c ry sta ls  appear, 

from  th e  foregoing in v estig a tio n , to  be an iso tro p ic  an d  th e y  m u s t th e re fo re  be regarded  

as th e  u n its  of s tru c tu re . H ence th e  th e o ry  of iso tro p ic  hom ogeneous solids m ay  

b reak  dow n if ap p lied  to  m eta ls  in  cases w here th e  sm allest lin ea r d im ension  involved  

is n o t m an y  tim es th e  len g th  of a c ry sta l.

S im ilar considerations ap p ly  to  solids such as glass, save th a t  here th e  u n its  of 

s tru c tu re  a re  p ro b ab ly  cu rved .

T he m o st im p o r ta n t p rac tica l case of fa ilu re  is t h a t  of a re -e n tra n t angle o r groove. 

H ere th e  th e o ry  m ay  b reak  dow n if th e  rad iu s of c u rv a tu re  of th e  re -en te rin g  co rner 

is b u t a sm all n u m b er of c ry s ta ls  long. A n ex trem e in s tan ce  is t h a t  of a surface 

sc ra tch , w here th e  rad iu s  of c u rv a tu re  m ay  be b u t  a f ra c tio n  of th e  le n g th  of th e  

c ry sta ls .

In  th e  case of b r ittle  m a te ria ls  th e  genera l n a tu re  of th e  effect of sc ra tches on s tre n g th  

m ay  be in ferred  from  th e  th e o re tica l c rite rio n  of ru p tu re  en u n c ia ted  in  section  2 above. 

W h eth er th e  m a te ria l be iso tro p ic  o r an iso trop ic , hom ogeneous or heterogeneous, i t  is 

necessary  on dim ensional g rounds th a t  th e  s tra in  energy  sha ll dep en d  on a h ig her pow er 

of th e  d e p th  of th e  sc ra tch  th a n  th e  su rface  energy. I t  follows th a t  sm all sc ra tches 

m u st reduce th e  s tre n g th  less th a n  la rge  ones of th e  sam e sh ape. H ence, w here th e  

te n a c ity  of th e  m a te ria l, u n d er “  un ifo rm  ”  stress, is d e te rm in ed  b y  th e  presence of 

“ flaw s,” i t  m u st alw ays be possible to  find a ce rta in  d e p th  of sc ra tch  w hose b reak in g  

stress is eq ua l to  t h a t  of th e  flaws. E v id e n tly  such  a  sc ra tch  can  h av e  no influence 

on th e  s tren g th  of th e  piece. D eeper scra tches m u st h av e  som e w eakening effect, 

w hich m u st increase w ith  th e  d ep th , u n til in  th e  lim it th e  s tre n g th  of v e ry  large grooves 

m ay  be found b y  m eans of th e  elastic th e o ry  an d  th e  ap p ro p ria te  em pirica l hypo th esis  

of ru p tu re .

In  th e  case of d u c tile  m etals , th e  effect of scra tches is im p o rta n t only  u n d er a lte rn a tin g  

or rep ea ted  stresses. O n th e  th e o ry  advanced  in  th e  preced ing section , fa tig u e  fa ilu re  

under such stresses is d e term in ed  b y  phenom ena w hich occur a t  th e  in te rc ry s ta llin e  

boundaries. H ence th e  s tre n g th  of a sc ra tched  piece is fixed, n o t b y  th e  m ax im um  

stress range in  th e  co rner of th e  sc ra tch , b u t b y  th e  stress range a t  a ce rta in  d is tance  

below th e  surface. T his d is tan ce  can n o t be less th a n  th e  w id th  of one cry sta l, and  i t  

m ay be g rea ter. E las tic  th e o ry  suggests th a t  th e  stress due to  a sc ra tch  falls off very  

rap id ly  w ith  increasing  d is tance  from  th e  re -e n tra n t corner, so th a t  th e  re la tiv e ly  sm all 

effect of scratches in  fa tigue  te s ts  is read ily  exp lained.

Possibly  m any  published resu lts bearing  on th is  m a tte r  depend  m ore on in itia l skin  

stresses th a n  on sh a rp  co rner effects.
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10. Methods o f Increasing the Strength o f Materials.

The m ost obvious m eans of m aking th e  th eo re tica l m olecular te n ac ity  available  for 

technical purposes is to  b reak  up  th e  m olecular sheet-fo rm ation  and  so elim inate th e  

“  flaws.” In  th e  case of crysta lline m a te ria l th is  has th e  fu rth e r ad v an tag e  of elim inating 

yield  and  p robab ly  also fa tigue  failure.

In  m ateria ls w hich norm ally  have curved sheets, th e  m olecular fields of force are 

p resum ably  asym m etrica l, and  th e  process in d ica ted  above w ould lead of necessity 

to  a random  arrangem en t, w hich m ig h t be unstab le . I t  has been seen th a t  in  glass 

and  fused silica i t  is ac tu a lly  u n stab le , excep t in  th e  case of th e  finest fibres.

As regards crysta lline  m ateria ls, how ever, in  w hich th e  fields of force m ust have 

some so rt of sy m m etry , th e re  seems to  be no reason w hy th e re  should n o t be possible 

a very  fine grained  s tab le  configuration, w hich could be derived  from  th e  ord inary  

crysta lline form  b y  ap p ro p ria te  ro ta tio n s  of ce rta in  molecules to  new  positions of stab le  

equilib rium , in  such a w ay as to  b reak  up  th e  gliding planes. T he g ra in  of such a 

s tru c tu re  need be b u t a few m olecules long, and  its  s tren g th  w ould app rox im ate  

to  th e  th eo re tica l value  corresponding  w ith  th e  h ea t of vaporisa tion .

T here is som e evidence th a t  m ild  steel w hich has been p u t in to  th e  am orphous 

condition b y  o ver-strain  tends, u nder ce rta in  conditions, to  ta k e  up  a stab le  fine-grained 

fo rm ation  of th is  k ind , in  preference to  resum ing its  orig inal coarse crysta lline configura­

tio n , in  th a t  a te m p era tu re  of 0° C. ap pears to  p rev en t recovery from  tensile over­

s tra in .*

These considerations suggest th a t  if a piece of m eta l were rendered  com pletely  

am orphous b y  cold-w orking, an d  th e n  su itab ly  h ea t- tre a te d , its  m olecules m ig h t ta k e  

up  th e  stab le  strong  configuration a lready  described. T he th eo ry  ind icates, how ever, 

th a t  over-straining ten d s to  se t up  tensile  stresses in  th e  unchanged  p a r ts  of th e  crysta ls  

w hich m ay  s ta r t  cracks long before d ec rysta llisa tio n  is com plete. Such cracking could 

be p rev en ted  if th e  over-strain ing  were carried  o u t un d er a sufficiently g rea t h y d ro sta tic  

pressure, and  th is  line of research seems to  be well w orth  following up. I t  m ight, of 

course, be found th a t  th e  requ isite  p ressu re  was so enorm ous as to  ren der th e  m ethod 

unw orkable, b u t if th e  th eo ry  is sound th e re  seems to  be no o th er reason why definite 

resu lts should n o t be obtained .

T he prob lem  m ay be a ttac k ed  in  an o th e r way. As has been seen, th e  th eo ry  suggests 

th a t  th e  drop in  stress a t  th e  in itia tio n  of y ield  is due to  th e  surface energy of th e  in te r­

c rysta l boundaries. T hus th e  yield  p o in t m ay  be raised by  “ refining ” th e  m etal, 

i.e.y so h ea t- trea tin g  i t  as to  reduce th e  size of th e  crystals. T he lim it of refinem ent is, 

doubtless, reached w hen each “ c rysta l ” con tains b u t a single molecule and  th e  m ateria l 

is th e n  in  th e  strong  s tab le  s ta te  a lready  described.

Refining is also of g rea t value in  connection w ith  resistance to  fatigue failure. Suppose, 

in  accordance w ith  th e  foregoing th eo ry  of fatigue, th a t  one cry sta l has been fractu red ,

* Co k e r , ‘ P h y s . R e v ., ’ 15, A u g u st , 1902.
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th e n  th e  genera l c rite rio n  of ru p tu re  show s th a t  th e  c rack  ca n n o t sp read  unless th e  

m a te ria l is su b jec ted  to  a ce rta in  m in im um  stress, w hich  is g re a te r  th e  sm aller th e  crack . 

T hus, reducing  th e  size of th e  c ry sta ls  increases th e  s tress necessary  to  cause  th e  in itia l 

c rack  to  ex tend . T here  is th e re fo re  a  c ritica l size of c ry s ta l for w hich  th e  stress-range  

necessary  to  sp read  th e  c rack  is equa l to  t h a t  necessary  to  s ta r t  i t .  U n til th e  refining 

has reached  th a t  s tag e  i t  can  h av e  no effect on th e  m ag n itu d e  of th e  safe stress range, 

b u t  from  th a t  p o in t on th e  range m u st in crease p rogressively  w ith  re fin em ent u n til  th e  

lim it is reached, as before, w hen  each “  c ry s ta l ” co n ta in s b u t  one m olecule.

I t  th e re fo re  ap p ears  t h a t  refin ing is one avenue of ap p ro ach  to w ard s th e  ideal s ta te  

of m ax im um  s tren g th . S tran g e ly  enough, an o th e r  line of a rg u m e n t suggests t h a t  th e  

reverse of refin em ent m ig h t be effective in  secu ring  th e  desired  resu lt, in  c e rta in  special 

cases. I f  a w ire is req u ired  to  w ith s ta n d  a sim ple tensio n , i t  seem s th a t  th e  b es t 

a rran g em en t is th a t  in  w hich th e  s tro n g es t d irec tions of all th e  m olecules a re  p ara lle l to  

th e  axis of th e  wire. T h is is eq u iv a len t to  m ak in g  th e  w ire o u t of a single c rysta l. 

T he th eo re tica l te n a c ity  w ould n o t be o b ta in ed , how ever, if th e  glid ing p lanes m ade 

w ith  th e  ax is angles o th e r th a n  0° C. an d  90° C., as y ie ld  w ould occur.

If, in  passing  from  th e  no rm al c ry sta llin e  to  th e  s tro n g  fine-gra ined s ta te , th e  necessary  

o rien ta tio n  of th e  m olecules w ere perfo rm ed  in  acco rdan ce w ith  som e reg u la r p lan , 

th e  resu ltin g  configuration  w ould possess som e k in d  of sy m m etry , an d  th e  m a te ria l 

m ig h t th e re fo re  ex h ib it cry sta llin e  p roperties . In  cases w here a su b stan ce  ex ists in  

n a tu re  in  severa l d iffe ren t c ry sta llin e  form s, of w hich  one is m uch  stro n g er th a n  th e  

o th ers , i t  m ay  be th a t  th e  stro n g  m odification  is of th e  fine-g rained  ty p e  here considered. 

T hus, d iam ond  m ay  be a fine-grained m odification  of ca rbon . I f  th is  view  is co rrect, 

i t  suggests th a t  th e  tran sfo rm a tio n  of ca rbon  in to  d iam ond  req u ires, firs tly , th e  existence 

of cond itions of te m p e ra tu re  an d  pressu re  u n d e r w hich d iam o n d  has less p o te n tia l 

energy  th a n  carbon  ; and , secondly, th e  p rov ision  of m eans for causing  re la tiv e  ro ta tio n  

of th e  molecules. In  th e  a tte m p ts  w hich h av e  so fa r  been m ade in  th is  d irec tion , 

a t te n tio n  seem s to  have  been co n cen tra ted  on sa tisfy in g  th e  fo rm er req u irem en t, th e  

possible ex istence of th e  la t te r  one h av ing  been  overlooked. T he m o st 'obvious w ay  

of sa tisfy ing  it ,  if th e  m echanical difficulties could  be overcom e, w ould ap p ear to  be 

th e  app lica tion  of su itab le  shearing  stresses in  ad d itio n  to  th e  h y d ro s ta tic  pressu re .

11. Application o f the Theory to Liquids.

A d eta iled  discussion of th e  p roperties of liquids, in  th e  lig h t of th e  p resen t th e o ry , 

w ould scarcely  fall w ith in  th e  scope of th is  paper. One p red ic tio n  w hich has been 

m ade, how ever, and  w hich has been verified experim en ta lly , affords such a rem ark ab le  

confirm ation of th e  general th eo ry  th a t  i t  is fe lt th a t  no apology is necessary  for 

in troducing  i t  here. Consider a solid com posed of m olecules whose a t tra c tio n  is a 

function  of o rien ta tion , th e  m olecules being arranged  in  groups, in  accordance w ith  

th e  th eo ry  outlined  in  th e  preceding pages. If th e  te m p era tu re  of th is  body  be supposed 

to  be increasing, i t  will be seen th a t  a t  some te m p era tu re  th e  k in e tic  reactions due to  

VOL. c c x x i . — a . 2 E
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th e  th e rm al v ib ra tions m ust overcom e th e  m inim um  a ttra c tio n s  of th e  molecules in  each 

group. I t  is clear, therefore, th a t  a t  th is  tem p era tu re  th e  substance will be unab le to  

w ith stan d  shearing stresses. A t th e  sam e tim e i t  canno t vaporise, as th e  molecules 

m u st still be held to g e th er in  chains by  th e ir  m axim um  a ttrac tio n s . In  o th er words, 

th e  transfo rm ation  w hich has been discussed is sim ply th e  liquefaction  of th e  solid.

T his view of th e  phenom enon of m elting  ind icates th a t  th e  molecules of liquids are 

in  general arran ged  in  groups or chains, of a leng th  com parable w ith  th a t  of th e  

s tru c tu re  ascribed to  solids in  th e  preceding w ork, or, say, 104 molecules.

If, therefore, a liqu id  be conta ined  in  a solid b o u n d ary  w hich i t  w ets, th e  ends of 

these  chains m ay  be expected to  a t ta c h  them selves to  th e  so lid ; and  if a t  any  po in t 

th e  d istance betwreen th e  bounding walls is less th a n  th e  leng th  of th e  chains, some of 

th e  la tte r  will a tta c h  them selves to  b o th  walls and  h in der th e  free flow of th e  liquid  

and  th e  re la tive  m ovem ent, if any , of th e  boundaries. A t such a p o in t th e  liquid  will 

ac t as a solid un d er an y  stress w hich is insufficient to  b reak  th e  chains.

T his has been verified  experim en ta lly . T he ap p a ra tu s  consisted of a polished steel ball 

1 inch in  diam eter, and  a block of h ard  tool steel contain ing  a circular hole ab o u t 4 inches 

long. The hole was carefu lly  ground, a fte r harden ing , to  a d iam eter ab o u t 0*0001 inch 

greater, a t  its  sm allest p a r t, th a n  th e  d iam eter of th e  ball. W hen bo th  were d ry  th e  ball 

passed freely th ro u g h  th e  hole. If, how ever, th e y  were w etted  w ith  a liquid, consider­

able pressure was necessary  to  force th e  ball th rough . T his resistance possessed th e  

charac te ristic  “ stickiness ” of solid fric tion, and  was exactly  th e  kind of resistance 

w hich would have been expected in  forcing th e  d ry  ball th ro u g h  a hole w hich was too  

sm all for it.

To show th a t  th e  resistance was a tru e  “ solid stress ” and  n o t due m erely to  viscosity, 

th e  ap p a ra tu s  was on one occasion le ft for a week, w ith  th e  w eight of th e  ball supported  

b y  th e  stress in  th e  liqu id  (paraffin oil). The hole w'as vertical, so th a t  th e re  was no 

norm al pressure betw een its  surface and  th e  surface of th e  ball. D uring  th is  period 

no m otion wdiatever could be detected .

I t  is essential to  th e  success of these  experim en ts th a t  th e  ball and  hole should be 

tho rough ly  w etted  b y  th e  liquid. F o r th is  reason th e  liquids used have been chiefly 

paraffin oil an d  lu b rica tin g  oils, b u t on one occasion th e  effect was ob ta ined  w ith wTater.

T he p resen t th eo ry  suggests a reason for th e  very  low tensile s tren g th  of liquids. 

If a liquid  is com posed of a random  aggregation of chains of molecules, i t  m ay  reasonably  

be expected to  con ta in  regions of d im ensions com parable w ith , b u t sm aller th an , th e  

leng th  of th e  chains, across w hich no chains run. R u p tu re  of th e  liquid  will ev idently  

occur by  th e  en largem en t of these  cavities. Now th e  tension, R , necessary to  enlarge 

a spherical cav ity  of d iam eter, D, in  a liquid  of surface tension, T, is g iven by

R  =  4T /D .

In  th e  case of w ater, th e  tensile streng th , R , is ab o u t 70 lbs. per sq. inch a t  o rd inary  

tem peratu res, while T is ab o u t 0*00042 lbs. per inch. H ence th e  cavities, if spherical, 

m ust be a t  least 0 • 000024 inch in  diam eter. T his is of th e  order indicated by  th e  theory.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



T H E  P H E N O M E N A  O F  R U P T U R E  A N D  F L O W  I N  S O L ID S . 197

T he foregoing conclusions are  of especial in te re s t in  th e ir  re la tio n  to  th e  th e o ry  of 

R o s e n h a i n ,* on w hich m an y  of th e  p ro p erties  of m eta ls , an d  p a r tic u la r ly  “  season 

cracking  ” u n d er pro longed  stress, are  ex p la in ed  b y  supposing  th a t  th e  c ry sta ls  are 

cem en ted to g e th e r b y  v ery  th in  layers of am orphous m a te r ia l h av in g  th e  p ro p erties  

of an  ex trem ely  viscous undercooled  liq u id . T he ex p erim en ts  described  above show  

th a t  flu id ity  is n o t a p ro p e r ty  w hich  can  be ascrib ed  a 'priori to  such films. H ence 

if th e  view  of R o s e n h a i n  an d  A r c h b u t t  w ere to  be defin ite ly  es tab lished , i t  w ould 

be  necessary  to  reg ard  it , n o t as a th e o ry  of season crack in g  in  te rm s of th e  know n 

p ro p erties  of m ate ria ls , b u t  as a d ed u c tio n  of th e  p ro p ertie s  of th e  in te rc ry s ta llin e  

layers from  th e  phenom ena of season crack ing . L ooked  a t  in th is  w ay , i t  w ould be 

of ex trem e in te re s t, for i t  w ould show  th a t  th e  m olecu lar a rran g em en t of th e  in te r ­

cry sta llin e  layers could  n o t be of th e  coarse-grained  ty p e  ch a rac te ris tic  of th e  no rm al 

s ta te s  of solids an d  liqu id s.

I t  is clear th a t  th e  foregoing th e o ry  of liqu ids is n o t free from  ob jection , an d  th a t  in  

som e respects i t  ap p ears  to  be less sa tis fac to ry  th a n  ex isting  th eo ries. T he m ost 

obvious ob jection  is th a t  i t  seem s to  be in co m p atib le  w ith  accep ted  d e te rm in a tio n  of 

th e  m olecular w eigh t of liqu id s. Since, how ever, th ese  experim en ts  are  based  u ltim a te ly  

on  k ine tic  considerations, th e  a u th o r  believes th a t  th is  d ifflculty  will n o t in  fac t arise 

unless th e  requ is ite  bonds betw een  th e  m olecules of each  g roup  a re  found  to  be sufficiently  

strong  to  cause apprec iab le  m odification of th e  average m olecu lar k in e tic  energy.

12. Sum m ary o f Conclusions.

(1) T he o rd in ary  hypo th esis  of ru p tu re  ca n n o t be em ployed to  p red ic t th e  safe range 

of a lte rn a tin g  stress w hich can  be app lied  to  m e ta l h av ing  a sc ra tch ed  surface. T he 

safe range of an  u n sc ra tch ed  te s t  piece ap p ears  to  be s lig h tly  less th a n  th e  yie ld  range, 

b u t  if th e  surface is sc ra tch ed  th e  safe range m ay  be several tim es th e  ran ge w hich 

causes yield  in  th e  corners of th e  scratches.

(2) T he “ th eo rem  of m in im um  p o te n tia l energy ” m ay  be ex ten d ed  so as to  be capab le  

of p red ic ting  th e  b reak ing  loads of elastic solids, if accoun t is ta k e n  of th e  increase of 

surface energy  w hich occurs d u rin g  th e  fo rm atio n  of cracks.

(3) The b reak ing  load  of a th in  p la te  of glass h av ing  in  i t  a sufficiently  long s tra ig h t 

crack norm al to  th e  app lied  stress, is inversely  p ro p o rtio n a l to  th e  square  ro o t of th e  

leng th  of th e  crack. T he m ax im um  tensile stress in  th e  corners of th e  crack  is m ore 

th a n  te n  tim es as g rea t as th e  tensile  s tren g th  of th e  m ateria l, as m easured  in  an  o rd in ary  

te s t.

(4) T he foregoing observ a tion  is in  agreem en t w ith  th e  know n fac t th a t  th e  observed 

s tren g th  of m ateria ls  is less th a n  o n e -ten th  of th e  s tre n g th  deduced in d irec tly  from  

physical d a ta , on th e  assum ption  th a t  th e  m ateria ls  are  isotropic. T he observed

* W . R o s e n h a in  an d  D . E w e n , “ In tercry s ta llin e  C ohesion  in  M eta ls,” ‘ J . In st . M eta ls,’ v o l. 8 (1912) ; 

an d  W . R o s e n h a in  an d  S. L. A r c h b u t t , “ On th e  In tercry s ta llin e  F racture o f M etals under P ro lon ged  

A p p lica tion  of Stress (P re lim in ary  P a p er ),” ‘ R o y . Soc. P r o c .,’ A , v o l. 96 (1919).
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s tren g th  is, in  fac t, no g rea ter th a n  i t  w ould be, according to  th e  th eo ry , if th e  te s t  

pieces co n ta ined  cracks several th o u san d  m olecules long.

(5) I t  has been found possible to  p repare  rods an d  fibres of glass and  fused q u a rtz  

w hich have a te n a c ity  of ab o u t one m illion pounds per square inch (approxim ately  

th e  th eo re tica l s tren g th ) wdien te s ted  in  th e  o rd in ary  w ay. T he s tren g th  so observed 

dim inishes spontaneously , how ever, to  a low er s tead y  value, w hich i t  reaches a few 

hours a fte r th e  fibre has been prepared . T his s tead y  value depends on th e  d iam eter 

of th e  fibre. In  th e  case of large rods i t  is th e  sam e as th e  o rd in ary  ten ac ity , w hereas 

in  th e  finest fibres th e  s tren g th  dim inishes b u t lit tle  from  its  in itia l h igh value. T he 

re la tio n  betw een d iam ete r and  s tren g th  is of p rac tica lly  th e  sam e form  for .glass fibres 

as for m eta l wires.

(6) If  i t  is assum ed th a t  in te rm olecu lar a ttra c tio n  is a function  of th e  re la tive  

o rien ta tio n  of th e  a ttra c tin g  m olecules, i t  is possible to  co n stru c t a th eo ry  of all th e  

phenom ena m entioned  in  (3), (4) an d  (5) above. In  th e  case of crysta lline substances 

th e  th eo ry  also appears to  explain  yield  and  shearing frac tu re  ; elastic hysteresis ; 

elastic afte rw ork ing  ; th e  frac tu re  in  tensio n  of ductile  m ateria ls  an d  th e  flow of b r ittle  

m ateria ls un d er com bined shearing stress an d  h y d ro sta tic  pressure ; th e  d rop  in  stress 

w hich occurs on th e  in itia tio n  of y ield  in  ductile  substances ; fa tigue failure under 

a lte rn a tin g  stress ; an d  th e  re la tive ly  slight effect of surface scratches on fatigue 

stren g th . In  th e  case of non -crystalline m ateria ls  th e  th eo ry  explains elastic a fte r­

w orking and  th e  g rea t s tren g th  of sh o rt colum ns in  com pression.

(7) T he th eo ry  shows th a t  th e  app lica tion  of th e  m ath em atica l th eo ry  of hom egeneous 

elastic solids to  real substances m ay  lead  to  error, unless th e  sm allest m ate ria l dim ension 

involved, e.</., th e  rad ius of cu rv a tu re  a t  th e  corner in  th e  case of a scra tch , is n o t m an y  

tim es th e  leng th  of a crysta l.

(8) I t  should  be possible to  raise th e  yield  p o in t of a crysta lline substance by  

“ refining ” i t ,  u n til a t th e  u ltim a te  lim it of refinem ent th e  yield stress should be of 

th e  sam e order as th e  th eo re tica l s tren g th . I t  should  also be possible sim ilarly  to  

increase th e  ten ac ity . U p to  a ce rta in  stage th e  fatigue range should be unaffected by  

refining, b u t th e re a fte r  i t  should increase in  th e  sam e degree as resistance to  s ta tic  stress.

(9) The th eo ry  requires th a t  a th in  film of liqu id  enclosed betw een solid boundaries 

w hich i t  w ets should ac t as a solid. E xperim en ta l confirm ation of th is  has been obta ined.

In  conclusion, th e  au th o r desires to  place on record his indebtedness to  m any p as t 

and  p resen t m em bers of th e  staff of th e  R oyal A ircraft E stab lish m en t for th e ir  valuable 

criticism  and  assistance, and  also to  Prof. C. F . J e n k i n , a t  whose request th e  w ork 

on scratches was com m enced.

[Note.— I t  has been  fou n d  th a t th e  m eth od  of ca lcu la tin g  th e  stra in  en erg y  of a cracked  p late, 

w hich  is used  in  S ection  3 of th is  paper, requires correction . T h e correction affects th e  num erical values 

of all q u an tities  ca lcu lated  from  eq u ation s (6), (7 ), (8), (10 ), (11 ), (12 ) and (13), b u t n o t th e ir  order of 

m agn itu d e. T h e m ain argu m en t of th e  paper is therefore n o t  im paired , since it  deals o n ly  w ith  th e  order  

of m agn itu d e of th e  resu lts  in v o lv ed , b u t som e reconsideration  of th e exp erim en ta l verification  of the  

th eo ry  is n ecessary .]
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