
4 7 9

The Physical Principles o f the Quantum Theory.

B y  G . Te m pl e , P h .D .,  D .S c ., I m p e r ia l  C olleg e o f S c ie n ce  a n d  T e c h n o lo g y .

(C o m m u n ic a ted  b y  S. C h ap m an , F .R .S .— R ec e iv ed  J u n e  25, 1932.)

T h e  o b je c t  o f th i s  p a p e r  is t o  r e fo rm u la te  th e  p r in c ip le s  o f th e  q u a n tu m  

th e o r y  a s  a  s e q u e n c e  o f p ro p o s i t io n s  w h ic h  s h a l l  b e  e i th e r  s u m m a ry  s ta t e m e n ts  

o f s t a n d a r d  e x p e r im e n ta l  p ro c e d u re  o r  h y p o th e s e s  c o n c e rn in g  th e  r e s u l ts  o f 

e x p e r im e n t  a n d  h a v in g  a n  im m e d ia te  p h y s ic a l  in te r p r e ta t io n .  I t  is  s h o w n  t h a t  

th e  s t a n d a r d  p ro c e ss  in  m ic ro -p h y s ic s  is  a  g e n e ra lis e d  s p e c tr a l  a n a ly s is ,  w h o se  

p ro p e r t ie s  a re  s im p ly  e x p re s s ib le  in  s y m b o lic  fo rm  b y  m e a n s  o f p ro je c t iv e  o r  

“  id e m p o te n t  ”  o p e ra to r s  (E in z e lo p e ra to re n ) .  I t  a p p e a r s  t h a t  o n ly  tw o  

h y p o th e se s  n e e d  b e  m a d e  a n d  t h a t  th e s e  r e la te  to  th e  e x is te n c e  a n d  p ro p e r t ie s  

o f t r a n s i t io n  p ro b a b il i t ie s .  F r o m  th e s e  f u n d a m e n ta l  p r in c ip le s , w h ic h  h a v e  a  

d ir e c t  p h y s ic a l  s ig n if ic a n ce , i t  is  p o s s ib le  t o  d e d u c e  t h e  s u b s id ia ry  p r in c ip le s  

w h ic h  fo rm  th e  a c c e p te d  b a s is  o f th e  m a th e m a t i c a l  a n a ly s is  o f t h e  q u a n tu m  

th e o r y  a n d  w h ic h  d e a l  w i th  t h e  r e p r e s e n ta t io n  of q u a n tu m  s ta t e s  a n d  p h y s ic a l  

q u a n t i t ie s  b y  v e c to r s  a n d  l in e a r  o p e ra to r s  re s p e c t iv e ly .

I n  th i s  p a p e r  t h e  e m p h a s is  is la id  o n  th e  e x p e r im e n ta l  p ro c e ss  d e te rm in in g  

a  s t a t e  o f a  s y s te m  a n d  o n  th e  a s s o c ia te d  o p e ra to r s  r a th e r  t h a n  o n  th e  s t a t e  

i ts e lf  o r  th e  v e c to r  r e p re s e n t in g  i t  in  th e  s y s te m  s p a c e . P r o je c t iv e  o p e ra to r s ,  

w h ic h  r e p r e s e n t  a c tu a l  p ro c e s s e s  o f  m e a s u r e m e n t ,  a n d  u n i t a r y  o p e ra to r s ,  

w h ic h  r e p re s e n t  a c tu a l  t r a n s f o r m a t io n s  o f s y s te m s  o f m e a s u re m e n t ,  a re  g iv e n  

p r io r i ty  o v e r  th e  ( s ta t i s t ic a l )  o p e ra to r s  w h ic h  r e p re s e n t  p h y s ic a l  v a r ia b le s . 

T h is  m e th o d  of  r e p r e s e n ta t io n  m a k e s  t h e  p h y s ic a l  m e a n in g  o f th e  th e o r y  

fu n d a m e n ta l ,  in s te a d  of  le a v in g  i t  t o  b e  e x t r a c te d  f ro m  a  p u re ly  m a th e m a t ic a l  

s y s te m  o f n o n -c o m m u ta t iv e  a lg e b ra  o r  d if f e re n tia l  e q u a tio n s .

§ 1. T h e  G en era l P r in c ip le s  o f  the Q u a n tu m  T h eo ry .

T h e  f ir s t  s te p  in  th e  r a t io n a l  a n a ly s is  o f th e  p r in c ip le s  o f th e  q u a n tu m  th e o r y  

is th e  d is t in c t io n  b e tw e e n  th e  “  g e n e ra l  p r in c ip le s ,”  w h ic h  a re  v a l id  fo r  a n y  

p h y s ic a l s y s te m , a n d  th e  “  s p e c ia l p r in c ip le s ,’5 w h ic h  a re  c h a ra c te r is t ic  o f 

p a r t ic u la r  p h y s ic a l  s y s te m s . T h e  p r e s e n t  p a p e r  is  c o n c e rn e d  o n ly  w ith  th e  

g e n e ra l p r in c ip le s . T h e  sp e c ia l p r in c ip le s  w ill b e  c o n s id e re d  in  a  s u b s e q u e n t  

c o m m u n ic a tio n .

T h e  fu n d a m e n ta l  c o n c e p ts , in  te rm s  of w h ic h  th e  g e n e ra l p r in c ip le s  a re  

fo rm u la te d , a re  th e  c o n c e p ts  o f a  s y s te m , o f th e  s ta tes  o f a  s y s te m , o f th e  tr a n -

v o l . c x x x v m .— A . 2 L
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48 0 Gr. T e m p le .

s itio n s  o f a  sy s te m  fro m  one s ta t e  to  a n o th e r , a n d  of th e  p rob a b ility  of th ese  

tra n s itio n s . T h e  g en e ra l p rin c ip le s  th e m se lv e s  re la te  ex clusive ly  to  th e  

m a th e m a tic a l  re p re se n ta tio n  of th e se  p h y s ic a l c o n cep ts . T h ey  a sse rt t h a t  a  

sy s te m  is re p re se n te d  b y  a  c e r ta in  H ilb e r t ia n  sp ace  th e  s ta te s  of th e  sy stem  

b y  ra y s  o r  u n i t  v e c to rs , a , % . . . ,  in  th e  sy s te m  sp ace  ?i>, a n d  th e  tra n s itio n s  of 

th e  sy s te m  b y  u n i ta ry  tra n s fo rm a tio n s , U , V , . . . ,  in  Sh T he p ro b a b ility  of 

a  t ra n s i t io n  b e tw een  tw o  s ta te s  is ta k e n  to  b e  eq u a l to  | (a, P) |2, th e  sq u ared  

m o d u lu s  o f th e  s c a la r  p ro d u c t  o f th e  tw o  ra y s  a , p  re p re se n tin g  th e  s ta te s .

I n  th is  schem e a  p h y s ic a l q u a n t i ty  o r  a  d y n a m ic a l v a riab le  is a  d e riv a tiv e  

co n cep t. I t  is  a sso c ia te d  w ith  a  g ro u p  of u n i ta ry  tra n s fo rm a tio n s , {U (s)}, 

d e p en d in g  u p o n  one p a ra m e te r  s , a n d  i t  is  re p re se n te d  b y  th e  in fin ites im al 

o p e ra to r  o f th is  g ro u p ,

P =  lim  0 U (s) Ids,
S - > 0

m o re  prec ise ly , b y  th e  o p e ra to r  (h/2Tti) P  w here  is su b se q u e n tly  id en tified  w ith  

P la n c k ’s c o n s ta n t.  T h e  e ffectiv e  o r  a v e ra g e  v a lu e  of a  p h y s ica l q u a n ti ty  

re p re se n te d  b y  a n  o p e ra to r  X  in  a  s ta te  re p re se n te d  b y  a  u n i t  v e c to r  a  is ta k e n  

to  be eq u a l to  (X a , a ), th e  s c a la r  p ro d u c t  of X a  b y  a .

T h e  tw o  m odes of e x p o s it io n  of th e  q u a n tu m  th e o ry , re p re se n te d  b y  th e  

book s of D ira c  a n d  W ey l, em p h as ise  re sp e c tiv e ly  th e  re p re se n ta tio n  of s ta te s  

b y  v ec to rs  a n d  th e  re p re s e n ta t io n  of q u a n ti t ie s  b y  o p e ra to rs . W h en  th e  

e x p o s itio n  is r e s tr ic te d  to  t h a t  p a r t  o f th e  q u a n tu m  th e o ry  w hich  depends 

ex c lu siv e ly  u p o n  th e  g e n e ra l p rin c ip le s , W e y l’s m e th o d  is in e v ita b le  a n d  i t  is 

th is  m e th o d — th e  re p re s e n ta tio n  of o p e ra to rs  b y  a lg eb ras , g ro u p s  a n d  m atrices 

— w hich  is m a in ly  em p lo y ed  here .

B o th  m od es of e x p o s itio n  a re  p u re ly  d e d u c tiv e  sy s tem s  in  w hich  on ly  th e  

re m o te  con clu sions  c a n  b e  p h y s ic a lly  in te rp re te d  a n d  e x p e r im en ta lly  proved . 

T h e  p rin c ip le s  th em se lv e s , a s  is c lea r, f ro m  th e  su m m a ry  ab ov e, h av e  no 

im m e d ia te  p h y s ica l sign ificance  ; th e  o b je c t of th is  in v e s t ig a tio n  is to  analyse 

th e m  in to  sim p le  a ssu m p tio n s  free  fro m  th is  d e fect. U n til  th is  p rob lem  is 

so lv ed  th e  q u a n tu m  th e o ry  w ill p re s e n t th e  a n o m a ly  of a  phy sica l th eo ry  

in cap ab le  o f g iv in g  a  p h y s ica l in te rp re ta t io n  of i ts  ow n princip les.

§ 2. S elective  O perators.

T h e  g ene ra l in te rp re ta t io n  of th e  q u a n tu m  th e o ry  g iv en  b y  B o hr, H eisen­

b e rg  a n d  D irac  h as  s tre ssed  th e  u n c e r ta in  a n d  u n p re d ic ta b le  ch a rac te r of 

ex p e r im en ta l o b se rv a tio n s . I t  is  c le a rly  a s  im po ssib le  to  base th e  quan tu m  

th e o ry  on  th e se  negative  q u a litie s  a lone  a s  to  g ro u n d  th e  th e o ry  of re la tiv ity
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P h y s ic a l P r in c ip le s  o f  the Q u an tu m  T h eory . 481

so lely  o n  th e  n e g a t iv e  r e s u l ts  o f th e  M ich e lso n -M o rle y  e x p e r im e n t .  O n  th e  

o th e r  h a n d , a  p re c ise  a n a ly s is  o f t h e  p o s i t iv e  c h a r a c te r is t ic s  o f m ic ro -p h y s ic a l 

m e a su re m e n t d o es  fu rn is h  a n  e n t i r e ly  a d e q u a te  p h y s ic a l  b a s is  fo r  th e  q u a n tu m  

th e o ry . I t  is  a rg u e d  h e re  t h a t  t h e  m a in  e x p e r im e n ta l  p ro c e ss  o f  m ic ro sco p ic  

p h y s ic s  is a  g e n e ra lis e d  fo rm  of s p e c t r a l  a n a ly s is .  T h e  e ssen ce  o f th i s  ty p e  of 

p ro cess  c a n  b e  e x p re s s e d  q u i te  s im p ly  in  a  sy m b o lic  fo rm  (§ 3), f ro m  w h ic h  

th e  a c c e p te d  “  g e n e ra l  p r in c ip le s  ”  o f t h e  q u a n tu m  th e o r y  c a n  b e  r ig o ro u s ly  

d e d u ce d  w ith  th e  a id  o f tw o  a u x i l ia r y  a s s u m p tio n s  w h ic h  a re  w h o lly  p h y s ic a l  

in  c o n te n t .

A n y  p h y s ic a l  e x p e r im e n t  is a n  in te r a c t io n  b e tw e e n  th e  s y s te m  o b s e rv e d  

a n d  th e  a p p a r a tu s  o f o b s e rv a t io n . T h e  a c t io n  of th e  s y s te m  o n  th e  a p p a r a tu s  

in  p ro d u c in g  a n  o b s e rv a b le  re c o rd  h a s  i t s  c o u n te r p a r t  in  th e  r e a c t io n  o f th e  

a p p a r a tu s  o n  t h e  s y s te m  in  p ro d u c in g  a n  u n o b s e rv e d  c h a n g e  of s ta t e .  H e n c e  

o n ly  tw o  ty p e s  o f e x p e r im e n t  c a n  y ie ld  u n a m b ig u o u s  r e s u l ts — t h a t  ty p e  in  

w h ic h  th e  a c t io n  o f th e  s y s te m  o n  th e  a p p a r a tu s  is  c o m p le te ly  d e te rm in e d  b y  

th e  in i t ia l  s t a t e  o f th e  s y s te m  a n d  t h a t  in  w h ic h  i t  is  d e te rm in e d  b y  t h e  f in a l  

s t a t e  o f th e  s y s te m . T h e  c h a r a c te r s  o f  t h e  s y s te m  w h ic h  c a n  b e  in fe r re d  in  

th e se  tw o  ca se s  a re  d is t in g u is h e d  b y  E d d in g to n f  a s  “ r e t r o s p e c t iv e ”  a n d  

“  c o n te m p o ra n e o u s  ”  re s p e c t iv e ly . I n  a n  h is to r ic a l  s tu d y  of in d iv id u a l  sy s te m s  

o n ly  th e  s ec o n d  ty p e  o f  e x p e r im e n t  is  e ffic ac io u s .

I n  th i s  sp e c ia l  t y p e  o f e x p e r im e n t  t h e  in fe re n c e  r e g a rd in g  th e  c h a r a c te r  o f 

th e  o b se rv e d  s y s te m  is  v a l id  p re c is e ly  b e c a u s e  t h e  e x p e r im e n t  im p re sse s  th i s  

c h a ra c te r  u p o n  th e  s y s te m . H e n c e , i f  t h e  s a m e  s y s te m  is  im m e d ia te ly  s u b ­

je c te d  a g a in  to  t h e  s a m e  p ro c e ss , i t  w ill  su ffe r  n o  f u r th e r  c h a n g e . I f  th e  

e x p e r im e n ta l  p ro c e ss  is  r e p re s e n te d  b y  th e  o p e r a to r  P  th i s  p r o p e r ty  o f th e  

p ro ce ss  is  sy m b o lis e d  b y  t h e  e q u a t io n

P 2 =  P  . P  =  P .

W h en  th e  s y s te m  is  s u b je c te d  to  so m e  o th e r  p ro c e ss , r e p re s e n te d  b y  th e  

o p e ra to r  Q , th e  c h a r a c te r  im p re s s e d  b y  Q  m a y  b e  in c o m p a tib le  w ith  th e  

c h a r a c te r  im p re s se d  b y  P ,  in  w h ic h  c ase  th e  p ro c e ss  Q  w ill c au se  a  t r a n s i t io n  o f 

th e  s y s te m  fro m  o n e  s t a t e  to  a n o th e r .  S y m b o lic a lly , th e  c o m p a t ib i l i ty  o r  

in c o m p a tib i l i ty  o f th e  c h a ra c te r s  im p re s se d  b y  P  a n d  Q  is re p re s e n te d  b y  th e  

e q u a tio n s

P Q  =  Q P  o r P Q  ?£ Q P

re sp e c tiv e ly .

t  “ T he D eclin e  of D eterm in ism ,” P resid en tia l A ddress to  th e  M ath em atica l A ssocia tion , 

Jan u ary  4 , 1932.
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48 2 G . T e m p le .

F u r th e rm o re , tw o  c h a ra c te rs  m a y  be exclu sive  in  th e  sense t h a t  no sy stem  

possessing  e ith e r  c h a ra c te r  c an  receive  th e  im p ress  of th e  o th e r  ch arac te r, 

i.e ., th e  p rocess  y ie ld s  a  n u ll re su lt. I n  sy m b o ls, ex clusiveness im plies th a t

P Q  =  0  =  Q P ,

w here 0  is th e  n u ll o p e ra to r .

T he p reced in g  co n cep ts  h a v e  an a lo g ies  in  g en e tic  b iology . H ere  th e  process 

w hich  im presses  a  c h a ra c te r  is se le c tiv e  g e n e ra tio n  o r b reed ing . T he p ro p a g a ­

t io n  of a  “  p u re  lin e ”  w h ic h  “  b reed s  t r u e  ”  is analog ous to  th e  rep ro d u c tio n  

of th e  sam e c h a ra c te r  b y  r e p e a te d  s im ila r  p rocesses. I n  a  p u re  line th e  d e te r ­

m in in g  c h a ra c te r  m a y  be d o m in a n t o r  recessive, b u t  th e se  tw o  k in d s  of 

c h a ra c te rs  a re  m u tu a lly  ex clus iv e , i.e.,recessive  offsp

d o m in a n t p a re n ts  in  th e  p u re  lin e a n d  vice versa. T he in c o m p a tib ility  of 

d o m in a n t a n d  recessiv e c h a ra c te rs  in  th e  “  m ix e d  line ” is i l lu s tra te d  b y  th e  

g e n e ra tio n  of p u re  recessives fro m  h y b r id  d o m in a n ts .

I n  v iew  of th is  an a lo g y  i t  is  c o n v e n ie n t to  desc rib e  a  p rocess a n d  i ts  rep re ­

se n ta tiv e  o p e ra to r  a s  “  se le c tiv e  ”  if P 2 =  P . (T h is a v o id s  th e  aw kw ard  

a d je c tiv e  “  id e m p o te n t ,”  in tro d u c e d  b y  S y lv es te r, a n d  th e  u n tra n s la tea b le  

te rm  “  E in z e lo p e ra to r  ”  d u e  to  J .  v . N e u m a n n .)  T h e  s ta te  of a  sy ste m  is 

specified  b y  th e  s e t  of se lec tiv e  p ro cesses w h ic h  p ro d u ce  no  chan ge  in  th e 

sy ste m . T hese  p rocesses co rre sp o n d  to  th e  to t a l i ty  of (com pa tib le ) ch arac te rs  

possessed  b y  th e  sy s te m  in  som e s ta te ,  a n d  th e y  c o m p le te ly  describe th e  

o b serv ab le  p ro p e r tie s  of t h a t  s ta te .

§ 3. S pec tra l S e ts  o f  O perators.

T h e  p rin c ip le s  of th e  p re c ed in g  sec tio n  a re  of w ide ap p lic a tio n . T h ey  are 

reco gnised  in  b io lo gy , a n d  a p p e a r  to  b e  ap p lic ab le  to  th e  p sy cho log y  of con­

d itio n e d  reflexes. I n  p h y sics , how ev er, th e se  gen era l p rinc ip les  require  

sp ec ia lisa tio n  in  v iew  of th e  q u a n t i ta t iv e  n a tu re  of p h y s ica l ch arac te rs . More­

ove r, th e  th e o ry  h a s  to  b e  fra m e d  to  in c lu d e  p h y s ic a l q u a n titie s  w hich m ay  vary  

e ith e r  c o n tin u o u s ly  o r  d isc re te ly . H en ce  th e  ty p ic a l p h y sica l c h a rac te r is 

ta k e n  to  be e ith e r  t h a t  som e v a ria b le  \  (such  as a  p o s itio n a l co -ord inate) has 

a  n u m eric a l v a lu e  n o t  ex ceed ing  som e p resc rib ed  n u m b e r o r t h a t  i t  has a 

v a lu e  g re a te r  th a n  x. T h e  co rresp o n d in g  selec tive o p e ra to rs  a re  w ritten  S* 

o r S J .  W e h a v e  to  con sider th e  p ro p e rtie s  of th e  sets  of selective operators 

{S,,}, { S /}  w here x  h a s  a ll  possib le  va lues.

T hese p ro p e rtie s  c an  o n ly  be k n o w n  b y  a b s tra c tio n  from  th e  concrete 

selective p rocesses a c tu a lly  em p lo y ed  in  m icro-physics. N ow  th e  ty pe  of
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P h ys ic a l P r in c ip le s  o f  the Q uan tu m  T heory. 48 3

process w hich  is o f p r im a ry  im p o r ta n c e  in  th is  d o m a in  is ex em p lif ied  in  S te rn  

a n d  G e rla ch ’s a n a ly s is  o f m e ta llic  v a p o u rs  b y  a n  in h o m o g en eo u s  m a g n e tic  

field, in  th e  a n a ly s is  o f p o s itiv e  ra y s  b y  A s to n ’s m a ss -sp e c tro g ra p h , a n d  in  th e  

m ag n e tic  a n a ly s is  o f (3-rays. A ll th e se  m e th o d s  p re s e n t  an a lo g ies  w ith  th e  

' sp ec tra l a n a ly s is  o f ra d ia t io n . T h e ir  e sse n tia l c h a ra c te r is t ic  is th e  re so lu tio n  

of a n  in h o m o g en eo u s a g g re g a te  in to  (re la tiv e ly )  h o m o g en eo u s  p a r ts .

In  o u r sy m b o lism  th e  p ro ce ss  o f s e p a ra t io n  o f a  p a r t ia l  r e la tiv e ly  h o m ogeneo us 

ag g reg a te  in  w h ic h  # < £ > < ? /  c a n  b e  re p re se n te d  o n ly  b y  th e  o p e ra to r

Of course, s u c h  a n  a g g re g a te  m a y  c o n ta in  no  m e m b e rs , in  w h ic h  case  th e  

o p e ra to r  S ./S ,, is  e q u iv a le n t  to  th e  n u ll o p e ra to r  0  a n d  w e s a y  t h a t  th e  re g io n  

x  <  £ y is  a b s e n t  f ro m  th e  “s p e c tru m  ” of th e  v a r ia b le  fo r 

a g g re g a te  s u b je c te d  to  a n a ly s is . T h e  s p e c tru m  i ts e lf  is th e n  d e fin ed  n e g a tiv e ly  

as th e  s e t  of v a lu e s  n o t  e x c lu d e d  a s  “  a b s e n t .”

I n  th is  p a p e r  th e  te r m  s p e c tra l  a n a ly s is  w ill be  a p p lie d  n o t  o n ly  to  th e  ty p e  

of p ro cess i l lu s t r a te d  a b o v e  b u t  w ill a lso  b e  g iv e n  a  s t i l l  w id e r  s ig n ificance . I n  

th e  p rocesses ju s t  c ite d , th e  a g g re g a te  to  b e  a n a ly se d  is co m p o sed  of sy s te m s  

w hich  a re  s im u ltan eou sly  p a s se d  th ro u g h  th e  a n a ly s in g  fie ld  b u t  i t  is  c le a r  t h a t  

no e sse n tia l fe a tu re  o f th e  m e th o d  of a n a ly s is  w o u ld  b e  v a r ie d  if  th e  in d iv id u a l  

sy s tem s  w ere sepa ra te ly  a n d  su cce ss iv e ly  s u b je c te d  to  th e  a n a ly t ic a l  p ro cess . 

U n d e r th e se  c irc u m s ta n c e s  th e  c o m p le te  p ro ce ss  w o u ld  c o n s is t o f a  m u lt i tu d e  

of s e p a ra te  e x p e r im e n ts  u p o n  in d iv id u a l sy s te m s . T h e  a g g re g a te  of th e se  

sy s tem s  w o u ld  th e n  cease  to  b e  a n  a c tu a l  c o lle c tio n  a n d  w o u ld  beco m e a  m e n ta l  

f ic tio n  s im ila r  to  a  G ib b s ia n  “  e n se m b le .”

F ro m  c o n s id e ra tio n  of p a r t ic u la r  e x am p le s  w e c a n  see t h a t  th e  n e ce ssa ry  a n d  

suffic ien t c o n d itio n s  t h a t  tw o  se ts  o f c o m p le m e n ta ry  se le c tiv e  o p e ra to rs , 

{ S J  a n d  {S./} sh o u ld  re p re se n t a  p ro ce ss  o f s p e c tra l  a n a ly s is  a re  e x p re ssed  b y  

th e  fo llow ing  e q u a tio n s  :—

S A  -  S ,S X =  S a, if

if x  < « /  ;

if a , b a re  th e  u p p e r  a n d  low er b o u n d s  of th e  v a ria b le  c  a n d  I  is th e  id e n tic a l
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4 8 4 G . T e m p le .

o p e ra to r . Tw o c o m p le m e n ta ry  se ts  of s p e c tra l  o p e ra to rs  a re  called  “  sp ec tra l 

s e ts  ” f  if th e y  s a tis fy  th e se  co n d itio n s .

T he m a th e m a tic a l  an a ly s is  is c o n s id e ra b ly  s im plified  if  th e  co n tin uou s set 

o f o p e ra to rs  ( S J  is re p la c e d  b y  th e  fin ite  s p e c tra l  s e t {P„} defined b y  

P „  =  S ^ '  S* , w here  {x n}  is  a  fin ite  s e t  o f v a lu es  of th e  v a ria b le  £, d iv id in g  

th e  com p le te  d o m a in  of \  in to  in te rv a ls  of e q u a l c o n te n t , x n+1 — x n, (or a  

p r io r i  p ro b a b i l i ty ^ ) ; a n d  if  th e  c h a ra c te r  im p re sse d  b y  P M is ta k e n  to  be t h a t  

£ h a s  th e  v a lu e  x n. T h e  a p p ro x im a tio n  in v o lv ed  in  th is  s u b s ti tu tio n  c an  be 

in d e fin ite ly  sh a rp e n e d  b y  a  su b se q u e n t p a ssa g e  to  th e  l im it  in  w hich  th e  u p p e r 

b o u n d  of th e  le n g th  of th e  in te rv a ls  x n+ — 

p ro p e rtie s  o f th e  o p e ra to rs  P n a re  e as ily  d e d u c e d  fro m  th o se  of th e  se t {Sn}. 

T h ey  a re

P n 2 =

=  0 , if

T h ere  is a n  o b v io u s  a n a lo g y  b e tw e e n  th e  s e t  of o p e ra to rs  {PB} a n d  th e  

g eo m etric a l o p e ra to rs  w h ic h  p ro je c t a  v e c to r  o n  to  a  s e t of o rth o g o n a l axes  

in  m u lti-d im e n s io n a l sp ace , a n d  th is  a n a lo g y  is th e  gu id e  to  th e  su b seq u en t 

th e o ry  of th e  re p re s e n ta t io n  of th e se  o p e ra to rs . I n  a n t ic ip a t io n  of th e  re su lts  

o f th is  th e o ry  th e  o p e ra to rs  w ill b e  d e sc rib ed  a s  “  p ro je c tiv e ,”  a n d  tw o 

p ro je c tiv e  o p e ra to rs  P , Q su ch  t h a t  P Q  =  0  =  Q P , w ill be  described  as 

“  o rth o g o n a l.”

T his a n a lo g y  also  su g g es ts  t h a t  th e  t r a n s i t io n  p ro b a b ility  from  th e  s ta te  

d e te rm in e d  b y  a  p ro je c tiv e  o p e ra to r  P m to  th e  s ta te  d e te rm in e d  b y  a  p ro je c tiv e  

o p e ra to r  Q„ sh o u ld  b e  th e  sq u a re  of th e  cosine of th e  ang le  b e tw een  th e  axes  

o f P m a n d  Q n, i.e ., th e  c h a rac te ris tic§  (S p u r)  of th e  m a tr ix  re p re sen tin g  th e  

p ro d u c t P.mQ n, since th e se  q u a n ti t ie s  s a tis fy  th e  ob v io us  re q u ire m e n t th a t

£ S P (P mQ n) =  l .
n

F u th e rm o re  i t  su g g es ts  t h a t  th e  p ro cess re p re se n te d  b y  a  n u m erica l o p e ra to r 

X sh o u ld  be a  ch an g e  in  th e  n u m b e r  of sy s tem s  in  th e  ag g reg a te  affected  in  th e  

ra tio  X2 : 1. W e sh a ll a d o p t  th is  la s t  su g g es tio n  as a  p u re  co nven tion , obviously

f  This term  is due to  E eisz. v . N eum ann’s expression “ die Zerlegung der E in lieit,” 

which is translated  b y  M. H . Stone as “ th e  canonical resolution of th e id en tity .”

% Two intervals of a variable have equal a  'p r io ri probability  when th ey  can be trans­

formed into one another b y  a congruent transform ation.

§ The characteristic of a m atrix  is th e num erical sum  of the elem ents in its p rin cip a l 

diagonal.
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n o t in c o n s is te n t w ith  a n y  p h y s ic a l fa c t ,  o r  th e  a g re e d  p ro p e r tie s  of se lec tiv e  

o p e ra to rs .

§ 4. T r a n s it io n  P ro b a b ilitie s .

T he p re c ed in g  s e c tio n  o u tlin e s  th e  “  d e sc r ip tiv e  ”  th e o ry  o f s p e c tra l  a n a ly s is , 

th e  a x io m s of w h ic h  a p p e a r  to  b e  a n  im m e d ia te  in d u c tio n  f ro m  th e  c u s to m a ry  

m eth o d s  of p h y s ic a l m e a su re m e n t. T h e  “  m e tr ic a l  ”  th e o ry  of s p e c tra l  

an aly sis  d e p e n d s  u p o n  tw o  a d d it io n a l  a s su m p tio n s  re g a rd in g  th e  p ro b a b ilitie s  

of t r a n s i t io n  f ro m  one s t a t e  to  a n o th e r . T h ese  a s s u m p tio n s  a re  a s  follow s :—

(a) T h ere  is a  d e fin ite  p ro b a b i l i ty  p  t h a t  a  s y s te m  in

p ro je c tiv e  o p e ra to r  A  ( =  P m, say ) w ill p a ss  o v e r in to  th e  s ta t e  defin ed  

b y  a  p ro je c tiv e  o p e ra to r  B  ( =  Q ra, s a y )  a s  a  r e s u l t  o f th e  p ro cess  o f 

s p e c tra l  a n a ly s is  d e fin ed  b y  th e  s p e c tra l  s e t ,  {Qn} to  w h ic h  B  b e lo ngs .

(b) T h is  p ro b a b i l i ty  is c o m p le te ly  d e te rm in e d  b y  th e  o p e ra to rs  A  a n d  B ,

a n d  is  th e  sa m e  fo r  th e  t r a n s i t io n s  B  -*■ A  a n d  A  -> B .

I t  fo llow s fro m  th e se  a s s u m p tio n s  t h a t  th e  tw o  “  p a r t i a l  ”  a g g re g a te s  w h ich  

a re  s e p a ra te d  f ro m  a n y  g iv e n  a g g re g a te  b y  th e  p ro cesses  re p re se n te d  b y  A  

a n d  A B A  w ill c o n s is t o f sy s te m s  in  th e  sa m e  s ta t e ,  th e  s t a t e  d e te rm in e d  b y  

A , a n d  w ill d iffe r o n ly  in  th e  n u m b e r  o f s y s te m s  w h ic h  th e y  c o n ta in . T h e  

c o n v e n tio n  in tro d u c e d  a t  th e  e n d  of th e  la s t  sec tio n  allo w s th is  re s u lt  to  b e  

ex p re ssed  in  th e  fo rm

A B A  =  XA,

w here  X is a  n u m e ric a l o p e ra to r .  M oreover, X is e v id e n t ly  th e  p ro b a b il i ty  

p  a n d  is c o m p le te ly  d e te rm in e d  b y  th e  o p e ra to r  A B A , so t h a t  i t  m a y  b e  

re w r i t te n  in  th e  fo rm

\ — p  (A B A ).

H en ce  ,

A B A  =  p (A B A ) . A  a n d  (A B A ) =  (B A B ).

T h e  th e o ry  of th e  re p re s e n ta t io n  of p ro je c tiv e  o p e ra to rs  is  a n  im m e d ia te  

co ro lla ry  to  th e se  tw o  a s s u m p tio n s .!  I f  {E n} is a  co m p le te  s e t  o f o rth o g o n a l, 

p ro je c tiv e  o p e ra to rs , th e  m a t r ix  o p e ra to r  w ith  c h a ra c te r  (E 3-, E fc) o f a n y  

p ro je c tiv e  o p e ra to r  P  is d e fin ed  to  be

B it =  EyPEj..

f  A  purely m ath em atica l in vestiga tion  is sufficient to  deduce th e  possib le irreducible  

representations of a s in g le  se t o f p rojective operators from  th e  relations P na =  P „ , P„,Pn =  0 . 

The tw o  p h ysica l assum ptions m ade above are necessary to  determ ine th e  representation  

of tw o  d istinct se ts  of projective operators {E „ }  and  { P n} . T h ey  ensure th a t th ese  tw o  sets  

have th e  sa m e  field of operation, i .e . ,  th a t th eir  representative m atrices act upon th e  sam e  

se t  of vectors.

P h y sic a l P r in c ip le s  o f  the Q u an tu m  T heory. 485
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48 6 G . T e m p le .

T h e  tw o  fu n d a m e n ta l p ro p e rtie s  o f m a tr ix  o p e ra to rs  a re  :—

PoBfci =  EfPE^EfcPE j =  0 ,  if j ^ k ;

a n d

P . A  =  E fP E 3P E fc

=  P  (P E jP )  E tP E fc 

=  V (B,j) Pa­

i n  p a r tic u la r  th e  m a tr ix  o p e ra to rs  o f th e  o p e ra to r  E „  a re  a ll n u ll o p e ra to rs  

e x ce p t th e  one w ith  c h a ra c te r  (E n, E n) fo r w h ic h

§ 5. T h e M a tr ix  R epresen ta tion  o f  O perators.

T he fa c t t h a t  th e  m a tr ix  o p e ra to rs  o f P  a n d  of th e  s e t  {En}, to g e th e r  w ith  th e  

n u m eric a l o p e ra to rs , fo rm  a  fie ld  w h ic h  is c losed  w ith  re sp e c t to  m u ltip lic a tio n  

im plie s  t h a t  th e se  o p e ra to rs  c a n  be re p re se n te d  b y  m a tr ic e s— in  fa c t th e  

o p e ra to rs  {P J3} fo rm  th e  b a s is  o f a  “  co m p le te  m a tr ix  r in g .” f

A ll th e  irred u c ib le  re p re se n ta tio n s  of th e  o p e ra to rs  {P w} a re  e q u iv a len t to  a  

re p re se n ta tio n  in  w h ic h  th e  o n ly  n on -zero  e lem en t in  th e  m a tr ix  rep re sen tin g  

a n  o p e ra to r  o f c h a ra c te r  (E,-, E ;.) is  in  th e  ro w  a n d  th e  co lu m n  k. Also i t  is 

possib le  to  choose th e  re p re s e n ta tio n  so t h a t  th is  e le m en t h a s  th e  fo rm  x}*xk 

w here {a;,.} is a  s e t  of c o m p le x  n u m b e rs  a n d  {x k*} th e ir  co n ju g a tes . I t  is c lear 

t h a t

***** =  P  (P

so t h a t  o n ly  th e  m o d u li of th e  n u m b e rs  {a;*.} a re  d e te rm in a te  ; th e ir  phases  can  

be p re sc rib ed  a rb itra r i ly .

M oreover, i t  c a n  b e  sh o w n  t h a t  th e  re p re se n ta tio n s  of th e  m a tr ix  o p e ra to rs  

o f tw o  d is t in c t  p ro je c tiv e  o p e ra to rs  P  a n d  Q a re  s im u lta n eo u s ly  reducib le  to  

th e  can o n ic a l fo rm  d efined  ab o v e . F o r ,

P«Qfct =  0 ,  if  =£ k,

a n d

P u Q jt =  E , . P E ,Q  . E „

=  a  m a tr ix  o p e ra to r  of c h a ra c te r  (E i; E fc),

hence th e  re su lt follow s a t  once.

I t  rem a in s  to  co n sid e r th e  re p re se n ta tio n  of th e  p ro je c tiv e  o p e ra to rs  th e m ­

selves. A lth o u g h  th e  g en era l co n cep t of th e  su m  of tw o  o r m ore o pera to rs

f  V an der W aerden, “ Moderne Algebra ” (1931).
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P h y sic a l P r in c ip le s  o f  the Q uantum  Theory. 487

c a n n o t y e t  be d e fin ed  in  p h y s ic a l la n g u a g e  (see § 9) th e re  is a n  o b v io u s  sense 

in  w hich a  p ro je c tiv e  o p e ra to r  P  is  th e  su m  o f i t s  m a t r ix  o p e ra to rs  {P„}, i .e .,  

if <f> d en o te s  a n y  a g g re g a te  o f sy s te m s , th e  a g g re g a te  of sy s te m s  P ^  is th e  su m  

of th e  a g g re g a te s  P tV<£. T h is  r e s u l t  follow s f ro m  th e  f a c t  t h a t  th e  sy s te m  of 

p ro je c tiv e  o p e ra to rs  {E}} is “  c o m p le te ,”  i .e .,  a n y  a g g re g a te  is  e x h a u s tiv e ly  

an a ly sed  b y  th e  c o rre sp o n d in g  p ro ce ss  o f s p e c tra l  a n a ly s is . T h is  is th e  

p h y s ica l s ig n ificance  of th e  “  d o u b le  P e irce  re d u c tio n  ”  of P ,

This re la tio n  show s t h a t  a  p ro je c tiv e  o p e ra to r  P  c a n  be re p re se n te d  b y  a  

m a tr ix  w h ic h  is th e  su m  of th e  m a tr ic e s  re p re s e n tin g  i ts  m a t r ix  o p e ra to rs  

A g ain , if  A  a n d  B  a re  tw o  p ro je c tiv e  o p e ra to rs  th e  d e f in itio n  of th e  su m  

E  A E jB  as  e q u a l to  A B  c a n  b e  s im ila r ly  ju s tif ie d . H en ce , if  C  =  A B ,

C3.fc -  E jA B E ,. =  E  E ;A E , . E ZB E ,

— E AyjBjj..

T h erefore  th e  m a t r ix  re p re s e n tin g  A B  is th e  o rd in a ry  m a t r ix  p ro d u c t  o f th e  

m a tr ic e s  re p re se n tin g  A  a n d  B .

T he re p re s e n ta t io n  of th e  o p e ra to rs  b y  m a tr ic e s  im p lie s  a  s im u lta n e o u s  

re p re se n ta tio n  of th e  s ta te s  o f a  s y s te m  b y  v e c to rs  in  th e  sp ace  ?1). T h e  

a c tio n  of th e  p h y s ic a l p ro cesses  d e n o te d  b y  th e  o p e ra to rs  u p o n  th e  s ta te s  of 

th e  s y s te m  is th e n  re p re se n te d  b y  th e  t r a n s fo rm a tio n  of th e  v e c to rs  b y  th e  

m a tr ic e s . T h e  s ta t e  w h ic h  is  d e te rm in e d  b y  th e  p ro je c tiv e  o p e ra to r  P n is 

re p re se n te d  b y  th e  v e c to r  <j„, w h ic h  is  in v a r ia n t  u n d e r  th e  t r a n s fo rm a tio n  b y  

th e  m a tr ix  re p re se n tin g  P n. I t  is  c o n v e n ie n t to  u se  th e  sam e  sy m b o ls  to  

d e n o te  th e  p h y s ic a l p ro cess , th e  c o rre sp o n d in g  o p e ra to r  a n d  i ts  re p re se n ta tiv e  

m a t r i x ; a lso  to  use  th e  sam e  sy m b o ls  fo r th e  s ta t e  a n d  i ts  re p re s e n ta tiv e  

v ec to r . W ith  th is  c o n v e n tio n

T na n <rn,

V m<yn =  0 , if  m

W ith  th e  c o n v e n tio n  t h a t  th e  s ta te s  d e te rm in e d  b y  th e  p ro je c tiv e  o p e ra to rs  

A  a n d  B  a re  re p re se n te d  b y  v e c to rs  a  a n d  (3, of u n i t  le n g th , i t  fo llow s t h a t  th e  

p ro b a b ility  of th e  tra n s i t io n s  a  -> (3 o r  (3 -> a  is | (a, (3) |2.

§ 6. A verage V alu es o f  I n d iv id u a l V ariab les.

I t  is  now  possib le  to  d ed u ce  th e  re s u lt  a n t ic ip a te d  a t  th e  e n d  of § 3, i.e .,  t h a t  

th e  p ro b a b ili ty  of th e  t ra n s i t io n s  A  -> B  o r B  -> A  e q u a ls  th e  c h a ra c te r is t ic  o f
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488 G . T e m p le .

th e  m a tr ix  re p re se n tin g  th e  o p e ra to r  A B A . T he d iag o n a l m a tr ix  e lem ents of 

A  a re  th e  n u m b e rs  p  (Akk), i.e ., th e  n u m b e rs  p  (E fcA E fc) w hic

ab ilitie s  o f th e  t r a n s i t io n  A  -> E ,c. S ince th e  se t of o p e ra to rs  {E,,} is co m plete , 

th e  su m  of th e se  n u m b e rs  is u n ity ,  i.e .,

S p A  — 1.

N ow

A B A  =  p  (A B A ) . A,

w hence

S p  (A B A ) =  p  (A B A ) . S pA

=  p (A B A ),

— th e  re q u ire d  re su lt. T h is ex p re ss io n  fo r th e  t r a n s i t io n  p ro b a b ility  is ex ac t, 

w hereas th e  f irs t ex p re ss io n  d e d u ce d  below  fo r th e  av e rag e  v a lu e  of a  v a ria b le  

is o n ly  a n  a p p ro x im a tio n , s u b se q u e n tly  m a d e  e x a c t b y  a  passag e  to  a  lim it.

W e c a n  no w  o b ta in  a  sim p le  e x p re ss io n  fo r th e  av erag e  v a lu e  of a  v a riab le  \  

in  th e  s ta te  specified  b y  th e  p ro je c tiv e  o p e ra to r  A . A n  av erag e  va lue  c a n  be 

defin ed  on ly  in  te rm s  of th e  e x p e r im e n ta l p ro cess  b y  w hich  i t  is  a c tu a lly  

d e te rm in e d . T o d e te rm in e  th e  a v e rag e  v a lu e  i t  is n ecessa ry  to  analy se  an  

ag g re g a te  o f sy s te m s  in  th e  spec ified  s ta te  b y  m e an s  of th e  s e t  of ope ra to rs  

{Pn} =  { S '^  Sx }. T h e  p ro b a b il i ty  o f th e  t r a n s i t io n  A  -*■ P „  is sim ply  

S p  (A P n). H en ce  th e  a v e rag e  v a lu e  of \  is  a p p ro x im a te ly  £  x„Sp  (A P„).
n

I f  we in tro d u c e  th e  m a tr ix  S defin ed  b y  th e  eq u a tio n ,

■ S =  S  x nV n,
n

th e  av e rag e  v a lu e  of th e  v a r ia b le  \  in  th e  s ta te  d e te rm in e d  b y  A  is concisely 

ex pressib le  as

E  (^) =  S p  (A S ).f

T h is  a p p ro x im a tio n  to  th e  a v e ra g e  v a lu e  of c a n  be sh a rp en ed  b y  inc reasing  

th e  n u m b e r  o f o p e ra to rs  in  th e  s e t  {P3}. T h e  e x a c t v a lu e  o b ta in e d  on  p ro ­

ceed ing  to  th e  l im it  is  g iv en  b y  th e  S tie lt je s ’ in te g ra l

00
x  d a  (x),

J — 00

w here

to (x) =  S p  (A S .).

T he m a in  p ro b le m  of q u a n tu m  th e o ry  is th e  d e te rm in a tio n  of averag e  values, 

t  E( ) is th e  sym bol used by  v. N eum ann for the “ Erwartungswert.
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489P h ys ic a l P r in c ip le s  o f  the Q u an tu m  Theory.

a n d  fo r th is  p ro b le m  th e  v a r ia b le  £ is  re p re se n te d  b y  th e  o p e ra to r  S =  2  z „ P n,

or, a c c u ra te ly  b y
T+OO

J — 00
x d S x.

n

H ence  S m a y  b e  ca lled  th e  s ta t i s t ic a l  o p e ra to r  o f £. C onverse ly , a n y  co m ­

p le te  s e t o f p ro je c tiv e  o p e ra to rs  {Q„} to g e th e r  w ith  a  s e t  o f n u m b e rs  { y n}  

de te rm in es  a  s ta t i s t ic a l  o p e ra to r ,  T  =  2  y „ Q n a n d  th u s  re p re se n ts  som e
n

v ariab le  yj.

F in a lly , w e n o te  t h a t  th e  a v e ra g e  v a lu e  o f / ( £ ) ,  w h e r e / i s  a n y  p o ly n o m ia l 

fu n c tio n  of \  o r  th e  l im it  o f a  seq u en ce  of su ch  fu n c tio n , is  g iv e n  b y

E ( / )  =  S / ( * J  Sp (AP„),
11

i.e ., b y

S p (A /(S )) ,

w here

/ (S) =  2 / ( * „ )  P „ .

§ 7. C ongruen t T ra n s fo rm a tio n s  a n d  U n ita r y  O pera tors.

F u r th e r  p ro g ress  in  th e  th e o ry  of th e  r e p re s e n ta t io n  of o p e ra to rs  re q u ire s  

th e  p o w erfu l m e th o d s  of g ro u p  th e o ry  in tro d u c e d  b y  W e y l .f  T h e  a rg u m e n t is  

th a t  a  g ro u p  of c o n g ru e n t t ra n s fo rm a tio n s  o f a  p h y s ic a l q u a n t i ty  ^ in d u c es  a  

c o rre sp o n d in g  g ro u p  of u n i t a r y  tra n s fo rm a tio n s  in  th e  sy s te m  sp ac e  a n d  

t h a t  th e  in f in ite s im a l o p e ra to r  o f th i s  g ro u p  c o rre sp o n d s  to  th e  v a r ia b le  

d y n a m ic a lly  c o n ju g a te  to  £. T h e  su m  of tw o  o p e ra to rs  c a n  th e n  be d e fin ed  

in  te rm s  of th e  p ro d u c t  o f th e  fin ite  o p e ra to rs  w h ic h  th e y  g e n e ra te  w h e n  

re g a rd e d  as  in fin ite s im a l o p e ra to rs .

C o n g ru en t t ra n s fo rm a tio n s  a r ise  f ro m  th e  c o m p a r iso n  of d iffe ren t m e th o d s  

of d e te rm in in g  th e  p h y s ic a l c h a ra c te r is t ic s  o f th e  sam e  sy s te m . H en ce  a  

c o n g ru e n t t ra n s fo rm a tio n  of a  v a r ia b le  is s im p ly  a  p e rm u ta t io n  o f th e  p ro p e r  

s ta te s  o f th is  v a r ia b le , i.e .,  th e  s ta te s  d e te rm in e d  b y  th e  p ro je c tiv e  o p e ra to rs  

of H en ce  th e  c o rre sp o n d in g  tra n s fo rm a tio n  U  in  th e  sy s te m  sp ace  fi>,

, > UCf,
is u n i ta ry ,  so t h a t

- (U<T„, U<7„) =  1.

T h e  m a tr ix  o p e ra to rs  a n d  m a tr ix  e lem en ts  of a  u n i ta ry  o p e ra to r  U  a re  

defined  a s  in  th e  case o f p ro je c tiv e  o p e ra to rs . I f  {B„} is th e  s p e c tra l  s e t  o f

t  “ The Theory of Groups and  Q uantum  M echanics ” (E ng. trans., 1931), p. 185.
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p ro je c tiv e  o p e ra to rs  ta k e n  a s  th e  b asis , th e  m a tr ix  o p e ra to r  of ch arac te r 

(E 3., E k) is

U ,fc =  E ,U E fc.

F ro m  th e  u n i ta ry  p ro p e r ty  of U  i t  follow s, b y  th e  u su a l a rg u m e n t, t h a t  th e  

j ,  ^ -m a tr ix  e lem en t of U  a n d  th e  k, j -m atr

co n ju g a te  co m p lex  n u m b e rs .

W h en  th e  v a r ia b le  w h ic h  is th e  s u b je c t of a  co n g ru e n t tra n s fo rm a tio n  is th e  

tim e , th e  co rre sp o n d in g  u n i ta ry  o p e ra to r  U  tra n s fo rm s  th e  s ta te  of a  sy stem  

a t  a n y  g iv en  tim e  in to  i ts  s ta te  a t  som e su b se q u e n t tim e  a n d  th u s  de term ines 

th e  h is to ric a l d ev e lo p m en t of th e  sy s te m . I f  th e  in it ia l  s ta te  of th e  sy ste m  is 

a  p ro p e r s ta te ,  oq, of som e p ro je c tiv e  o p e ra to r , A p  be lo ng in g  to  a  sp ec tra l set 

{A;}, th e  fin a l s ta te ,  fi3-, of th e  s y s te m  is n o t  necessa rily  a  p ro p e r s ta te  of a n y  

of th e se  o p e ra to rs . N ev erth e le ss  th e  fina l s ta te  is co m p le te ly  d e te rm in a te , an d  

i ts  p ro p e rtie s  m a y  be specified  b y  su b je c tin g  th e  sy ste m s in  th is  s ta te  to  th e  

p rocess o f s p e c tra l  a n a ly s is  re p re se n te d  b y  th e  s e t  of o p e ra to rs  {A3}. The 

d o ub le  tra n s i t io n , oq -> (i3- -> A k[ip  is d e te rm in e d  b y  th e  o p e ra to r  A fcU . H ence 

th e  p ro b a b ili ty  o f th e  t r a n s i t io n  fro m  a p ro p e r  s ta te  of to  a  p ro p e r s ta te  of 

Ak u n d e r  th e  in fluence of U  w ill be zero  if

AfcCoq =  0,

i.e ., if

U* =  a *u a 3. =  0.

T hu s th e  e v an e sce n t m a tr ix  e lem en ts  of U  w ith  basis {A}} de te rm in e  w hat 

t ra n s it io n s  th e  o p e ra to r  U  c a n n o t p ro d u ce .

I n  ge n era l, th e  p ro b a b il i ty  of th e  t r a n s i t io n  oq -> A ^ -  is d e te rm in ed  by  

Alc a n d  B }— th e  p ro je c tiv e  o p e ra to r  sp ec ify in g  th e  s ta te  I n  th e  n o ta tio n  

of § 4 th is  t r a n s i t io n  p ro b a b ili ty  is p  (A fcB 3A

N ow  th e  tra n s fo rm a tio n

_ _ a  j-> U a 3- =  '

im plies  th e  tra n s fo rm a tio n

Aj-> U A 3-U_1 =  B 3,

H en ce

V (AfcBjAfc) =  p  (AfcUA^U-1 Ak)

=  p ( A kU A , .A ,U ^ A k)

=  p (  uw.u ,r1) = KI*.

490  G . T e m p le .

w here u kj is th e  o n ly  su rv iv in g  m a tr ix  e lem en t of U kJ.
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P h y s ic a l P r in c ip le s  o f  the Q u an tu m  T h eory. 491

§ 8. C o n ju g a te  V aria b le s.

T he s e t  o f c o n g ru e n t  t r a n s fo rm a tio n s  o f a  s in g le  v a r ia b le  \  fo rm  a  g ro u p , 

a n d , s in ce  th e r e  is  is o m o rp h ic  c o rre sp o n d e n c e  b e tw e e n  th e s e  tra n s fo rm a tio n s  

a n d  th e  u n i t a r y  t r a n s fo rm a tio n s  w h ic h  th e y  in d u c e  in  th e  s y s te m  sp ac e , th e se  

la t te r  m u s t  a lso  fo rm  a  g ro u p . A n  in d iv id u a l  t r a n s fo rm a t io n  of th is  g ro u p , 

V  (s) w ill b e  d is t in g u is h e d  b y  a  p a r a m e te r  s  w h ic h  is t o  b e  ch o sen  (as is a lw a y s  

possib le ) so t h a t

V ( s ) V ( t )  = V ( s  +  t).

I t  w ill b e  sh o w n  in  th is  s e c tio n  t h a t  th e  g ro u p  o f u n i t a r y  o p e ra to rs  (V  (s)} 

re p re se n ts  th e  v a r ia b le  d y n a m ic a l ly  c o n ju g a te  to  c.

L e t  Q b e  th e  p ro je c t iv e  o p e ra to r  d e te rm in in g  a  s t a t e  w h ic h  is  u n c h a n g e d  

b y  th e  g ro u p  o f u n i t a r y  o p e ra to r s  {V (s)}. T h e n

Q =  V - i  (*) Q V  (*),

fo r a ll  s.

L e t P p  P fc b e  tw o  p ro je c t iv e  o p e ra to r s  d e te rm in in g  s t a t e s  a p  a k w h ic h  a re  

t r a n s fo rm e d  in to  on e  a n o th e r  b y  t h e  u n i t a r y  o p e ra to r s  Y  (<), V -1  (t). T h e n

P j  = V - i  P 7iV  («).

H en ce

S p (P ,Q ) =  S p V 'M O  P * V ( 0 . V -1 (« ) Q Y  (t)

= Sp V ~ \ t ) . P ,.Q  . V ( t)

=  S p  (PfcQ).

A cco rd in g ly  th e r e  is th e  sa m e  p ro b a b i l i ty  o f t r a n s i t io n  f ro m  th e  s t a t e  d e te r ­

m in e d  b y  Q to  a n y  p ro p e r  s t a t e  o f th e  v a r ia b le  A lso, s in ce  S  S p (P^Q) =  1,
j

th e se  t r a n s i t io n  p ro b a b il i t ie s  a ll  h a v e  th e  s am e  v a lu e , N " 1, w h ere  N  is  th e  

n u m b e r  o f p ro je c t iv e  o p e ra to r s  in  th e  c o m p le te  s e t  {P,,.}.f

A cco rd in g ly  if  {Qfc} is th e  s e t  o f p ro je c t iv e  o p e ra to rs  w h ic h  a re  in v a r ia n t  

u n d e r  th e  g ro u p  {V (s )}, t h e n  a l l  th e  t r a n s i t io n  p ro b a b il i t ie s  P,. Q k a re  e q u a l. 

U n d e r  th e se  c irc u m s ta n c e s  w e s a y  t h a t  th e  tw o  se ts  o f o p e ra to rs  a n d  th e  

c o rre sp o n d in g  s e ts  o f  s ta te s ,  a re  con jugate.

I t  fo llow s f ro m  s ta n d a r d  m a t r ix  th e o ry  t h a t  th e  t o t a l i t y  o f p ro je c tiv e  

o p e ra to rs  {Qfc} w h ic h  a re  in v a r ia n t  u n d e r  (V (s)} fo rm  a  c o m p le te  s p e c tra l  s e t, 

a n d  t h a t  if  th o se  o p e ra to rs  a re  t a k e n  a s  a  b a s is , th e  u n i ta r y  o p e ra to r  V (s) 

is re p re se n te d  b y  a  d ia g o n a l m a tr ix ,  in  w h ic h  th e  d ia g o n a l e le m e n t v kk h a s  th e

t  T his assum es th a t  th e  dom ain  of £ is fin ite , i .e . ,  5 is a cyclic  variab le. N on -cyclic  

variables (if such  ex ist)  m u st be trea ted  as lim itin g  cases.
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fo rm  exp  ( is y k)  w here y k is a  re a l n u m b e r. H en ce , fo r m a tric es , we have  th e  

re su lt,

Y(s) =  S  ex p  . Q fc.
k

To in te rp re t  th is  m a tr ic ia l  e q u a tio n , we n o te  t h a t ,  in  acco rd ance  w ith  th e  

re s u lt  o f § 6 th e  s e t  of re a l  n u m b e rs  { y k}  a n d  th e  s p e c tra l  s e t {Q,.} a re  asso ciated  

w ith  som e v a ria b le  7) w h ich  is re p re se n te d  b y  th e  s ta t is t ic a l  o p e ra to r

T  =  S  s/fcQfc, 
k

w hence

V(s) == e x p  (isT ).

T h u s  th e  sam e  v a ria b le  t j is  re p re se n te d  b y  th e  s ta t is t ic a l  o p e ra to r  Q in  th e  

th e o ry  of a v e rag e  v a lu e s  a n d  b y  th e  u n i ta r y  o p e ra to rs  (V(s)} in  th e  th e o ry  of 

c o n g ru e n t t ra n s fo rm a tio n s .

T h e  c o n c e p t o f tw o  d y n a m ic a lly  c o n ju g a te  v a ria b le s  c a n n o t be bodily  

tra n s fe r re d  fro m  c la ss ic a l th e o ry  to  q u a n tu m  th e o ry , a s  a n  e x a c t d e te rm in a tio n  

of th e  s im u lta n eo u s  v a lu es  o f a  c o -o rd in a te  a n d  i ts  m o m e n tu m  is ex p erim en ta lly  

im possib le . B u t  th e  ro le  o f th e  v a r ia b le  c o n ju g a te  to  £ is p la y e d  in  th e  q u a n tu m  

th e o ry  b y  th e  v a r ia b le  t j d e fin ed  in d ire c t ly  ab o v e . T h is  id e n tif ic a tio n  of th e  

n a tu re  o f 7) is s tre n g th e n e d  b y  th e  fo llow ing  a n a lo g y :— in  classical th e o ry  a  

de fin ite  c o n s ta n t  v a lu e  of a  m o m e n tu m  im p lie s  t h a t  i t  is  e q u a lly  p ro b ab le  th a t  

th e  v a lu e  of th e  co -o rd in a te  lies in  a n y  tw o  in te rv a ls  of eq u a l le n g th . S im ilarly  

in  q u a n tu m  th e o ry , fo r  a  s y s te m  in  th e  s ta t e  d efined  b y  Q fc (for w hich 7] has 

th e  de fin ite  v a lu e  y k) th e re  is e q u a l p ro b a b il i ty  fo r a ll  th e  tra n s it io n s  Q k -> Vp

l j  =  1 , 2 , . . . ) .

§ 9. A verage V alues o f the S u m  or o f  T w

I n  q u a n tu m  th e o ry  th e  c o n ce p t of a v e rag e  v a lu es  is su b je c t to  severe lim ita ­

t io n s , w hich  a re  im p o sed  b y  th e  v e ry  n a tu re  of th e  ex p e r im en ts  w hich  h ave  to  

be m a d e  in  o rd e r  to  m easu re  th e m . T h u s , if  c  a n d  t j a re  a n y  tw o  variab les, 

a lth o u g h  we c a n  e x p e r im e n ta lly  define th e  a v e rag e  v a lu es  of £, of 7j a n d  of 

t, +  7) fo r a n y  p re sc rib ed  s ta te ,  w e c a n n o t define th e  av e rag e  v a lu e  of cr; unless 

th e  s ta t is t ic a l  o p e ra to rs  S a n d  T  co m m u te , a n d  ev en  th e  re la tio n

E ( 5 )  +  E f o )  =  E ( 5 - f i j )

is  n o t se lf -e v id en tly  tru e .

To e s ta b lish  th is  re la tio n  fo r v a ria b le s  w hich  a re  c o n ju g a te  to  co-ord inates 

su scep tib le  o f continuous  v a r ia tio n  i t  is su ffic ien t to  u tilise  th e  double  repre-

4 9 2  G . T e m p le .
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49 3

s e u ta tio n  of s u c h  v a r ia b le s  a s  s t a t i s t i c a l  o p e ra to rs  a n d  a s  u n i ta r y  o p e ra to rs . 

The v a ria b le  £ is  re p re s e n te d  e i th e r  b y  t h e  s t a t i s t i c a l  o p e ra to r

S  =  S x „ P „ ,

o r b y  th e  g ro u p  of u n i t a r y  o p e ra to r s

U (X ) =  e x p  S).

I t  is c le a r  t h a t  i f  th e  v a r ia b le  c o n ju g a te  t o  £ is  c o n tin u o u s ly  v a r ia b le , th e  

g ro u p  {U (X)} is  a lso  c o n tin u o u s  a n d  t h a t  i t s  in f in ite s im a l o p e ra to r  is

[au(x)/ax]A=0 =  ;s.

N ow  l e t '/] b e  r e p re s e n te d  b y

T  =  S
a n d  b y  th e  g ro u p

V  (X) =  e x p  T ).

A lth o u g h  i t  is  n o t  im m e d ia te ly  e v id e n t  w h a t  s ta tis tic a l  o p e ra to r  w ill r e p re s e n t  

th e  su m  £ +  ^  i t  is  c le a r  t h a t  th e  r e p re s e n ta t iv e  g ro u p  w ill b e  {U  (X) V  (X)} fo r  

th is  re p re se n ts  th e  jo in t  e ffec t o f Y  ( X) fo llo w ed  b y  U  ( X). H e n c e  w e c a n  d e d u ce  

th a t  th e  s ta t i s t i c a l  o p e ra to r  o f £  - j -  t j is  th e  in f in ite s im a l o p e ra to r  o f th e  g ro u p ,

—  * { U  (X) V  (X)},
i.e .,

S  +  T .

H e n ce , if  S  a n d  T  r e p re s e n t  th e  s t a t i s t i c a l  o p e ra to r s  o f  th e  v a r ia b le s  \  a n d  t j, 

th e n  S +  T  re p re s e n ts  £ 4 - 7 ) .  S im ila r ly  £ — 7] is  r e p re s e n te d  b y  t h e  g ro u p  

{ U ( X ) . V " 1 (X)} a n d  b y  t h e  s ta t i s t i c a l  o p e ra to r  S — T , a n d , in  g e n e ra l, th e  

s ta t is t ic a l  o p e ra to r  o f a £  4 -  bri is  a S  +  6T , w h e re  a , b a re  a n y  tw o  n u m b e rs .

T h is  r e s u l t  c o m p le te s  th e  th e o r y  o f th e  r e p re s e n ta t io n  o f p h y s ic a l q u a n t i t ie s  

b y  o p e ra to rs . F ro m  th i s  p o in t  t h e  g e n e ra l  ”  q u a n tu m  th e o r y  c a n  be 

d ev e lo p ed  a s  in  W e y l’s t r e a t i s e .  T h e  e x c h a n g e  re la t io n s  fo r  c o n ju g a te  v a r ia b le s  

follow  fro m  th e i r  r e p re s e n ta t io n  b y  u n i t a r y  o p e ra to r s  a n d  th e  th e o r y  o f th e  

a n g u la r  m o m e n tu m  a n d  p o la r is a t io n  o p e ra to r s  is  d e d u c ib le  f ro m  th e  iso ­

m o rp h ism  of th e  c o n g ru e n c e  g ro u p s  a n d  th e i r  a s s o c ia te d  u n i t a r y  g ro u p s  in  

s y s te m  sp ace . T h e  p ro b le m s  o f “  s p e c ia l ”  q u a n tu m  th e o ry , a n d , in  p a r t ic u la r ,  

th e  th e o ry  of th e  H a m il to n ia n  o p e ra to r  w ill b e  d isc u sse d  in  a  fu tu r e  p a p e r .

jS u m m a ry .

A n  a n a ly s is  o f th e  g e n e ra l  n a tu r e  o f p h y s ic a l m e a s u re m e n t sh o w s t h a t  

q u a n tu m  s ta te s  a re  d e fin e d  b y  c e r ta in  “  s e le c tiv e  ”  p ro cesses , r e p re s e n te d

c a l P r in c ip le s  of the Q u an tu m  T h eory .
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b y  o p e ra to rs  w h ic h  s a tis fy  th e  c o n d itio n , P 2 =  P . T h e  gen era l p rincip les of 

th e  re p re s e n ta t io n  of q u a n tu m  s ta te s  a n d  p h y s ic a l v a ria b le s  b y  sec to rs  and 

m a tric e s  in  H ilb e r t ia n  sp ace  c a n  th e n  b e  d ed u ced  from  tw o  physical 

h y p o th e s e s :—

'(« )  t h a t  (u n d e r  spec ified  c o n d itio n s )  th e re  is a  d e fin ite  p ro b a b ility  for 

th e  t ra n s i t io n  fro m  th e  s ta t e  re p re se n te d  by  P  to  th e  s ta te  re p re se n te d  by Q. 

(6) t h a t  th is  p ro b a b i l i ty  is th e  sam e  fo r th e  t ra n s i t io n s  P  -> Q a n d  Q - > p

T h e  a sso c ia tio n  of c o n g ru e n t t ra n s fo rm a tio n s  w ith  u n i ta ry  o p e ra to rs  leads 

to  th e  th e o ry  of d y n a m ic a lly  c o n ju g a te  v a ria b le s , a n d  co m p le te s  th e  theory 

of th e  “  e ffective  ”  v a lu e  of a  v a r ia b le , a v e ra g e d  o v e r a ll  sy ste m s in  a  definite 

s ta te .

A . L . M c A u la y  a n d  E . C. R . Spooner.

A Unique Electrode Potential Characteristic o f a Metal, and a Theory 

for the Mechanism o f Electrode Potential.

B y  A. L. Mc Au l a y  an d  E . C. R . Spo o n e r .

P h y s ic s  L a b o ra to ry ,  U n iv e rs i ty  o f T asm an ia .

(C om m unica ted  by  T. M. L ow ry, F .R .S .— R ece ived  Ju n e  29, 1932.)

1. G eneral.

M eta l e lec tro d es  im m ersed  in  a i r  free  so lu tio n s  of KC1 w ere fo u n d  to  come to 

a  de fin ite  rep ro d u c ib le  p o te n tia l .  F ro m  th e  N e rn s t exp ress io n , th is  po ten tia l 

co rre sp o n d s  to  a  c e r ta in  c o n c e n tra tio n  in  th e  so lu tio n  of th e  ion  of th e  electrode 

m e ta l. C h em ica l a n a ly s is  sh o w ed  t h a t  th e  c o n c e n tra tio n  t h a t  a c tu a lly  exists 

in  th e  b u lk  of th e  so lu tio n  is m u c h  sm a lle r  th a n  t h a t  d ed u ced  fro m  th e  po ten tia l, 

ev en  a f te r  e lec tro d e  a n d  so lu tio n  h a v e  b een  in  c o n ta c t fo r w eeks.

I t  w as  fe lt  t h a t  a  k n o w le d g e  of th e  cau se  of th is  de fin ite  p o te n tia l was 

fu n d a m e n ta l to  th e  g e n e ra l in v e s t ig a tio n  of th e  p o te n tia ls  of m e ta ls  in  solutions 

of v a ry in g  a e ra tio n , p H, a n d  s a l t  c o n c e n tra tio n , a  su b je c t of g re a t p ractical 

im p o r ta n c e  w h ic h  is a t  p re s e n t in  r a th e r  a n  in d e fin ite  a n d  unsatisfactory  

co n d itio n .

W o rk  w as u n d e r ta k e n  w ith  a  v iew  to  o b ta in in g  in fo rm a tio n  ab o u t the 

p o te n tia ls  of m e ta ls  im m e rse d  in  a ir-free  so lu tio n s  c o n ta in in g  few  of th e ir  own 

ions. I n  m o s t o f th e  e x p e r im e n ts  c a d m iu m  w as u sed  as a n  electro de , b u t check 

ex p e r im en ts  h a v e  b een  m a d e  u s in g  o th e r  m e ta ls .

T h e  re su lts  d isclose a  sing le  p o te n tia l  to  w hich  a  m e ta l te n d s  to  come, and 

lead s  to  a  th e o iy  fo r th e  m ech an ism  w hich  p ro d u ces  th is . F u r th e r  w ork was 

do ne  on  so lu tio n s  w h ich  h a d  b een  a e ra te d .
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