
 Open access  Journal Article  DOI:10.1177/1081286514566707

The piston problem in hyperelasticity with the stored energy in separable form
— Source link 

Serge Ndanou, Nicolas Favrie, Sergey Gavrilyuk

Institutions: Aix-Marseille University

Published on: 01 Jan 2017 - Mathematics and Mechanics of Solids (SAGE Publications)

Topics: Longitudinal wave, Rarefaction, Transverse wave, Piston and Nonlinear system

Related papers:

 A thermodynamically compatible splitting procedure in hyperelasticity

 Criterion of Hyperbolicity in Hyperelasticity in the Case of the Stored Energy in Separable Form

 Thermodynamic relations for high elastic materials

 Necessary and sufficient conditions for strong ellipticity of isotropic functions in any dimension

 The Exponentiated Hencky-Logarithmic Strain Energy. Part I: Constitutive Issues and Rank-One Convexity

Share this paper:    

View more about this paper here: https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-
4eep0p8wcs

https://typeset.io/
https://www.doi.org/10.1177/1081286514566707
https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs
https://typeset.io/authors/serge-ndanou-kzkvecgiyq
https://typeset.io/authors/nicolas-favrie-5c5pj0hu60
https://typeset.io/authors/sergey-gavrilyuk-1maqldd9ej
https://typeset.io/institutions/aix-marseille-university-2z208r50
https://typeset.io/journals/mathematics-and-mechanics-of-solids-mdextmuw
https://typeset.io/topics/longitudinal-wave-2p6dokce
https://typeset.io/topics/rarefaction-39hlnqig
https://typeset.io/topics/transverse-wave-2ormwcu6
https://typeset.io/topics/piston-2vpkf84e
https://typeset.io/topics/nonlinear-system-2hsrhyzq
https://typeset.io/papers/a-thermodynamically-compatible-splitting-procedure-in-3zhg20xlvn
https://typeset.io/papers/criterion-of-hyperbolicity-in-hyperelasticity-in-the-case-of-1pdnadbhta
https://typeset.io/papers/thermodynamic-relations-for-high-elastic-materials-40o9xu4ngy
https://typeset.io/papers/necessary-and-sufficient-conditions-for-strong-ellipticity-1bpz4h14xn
https://typeset.io/papers/the-exponentiated-hencky-logarithmic-strain-energy-part-i-w7065tj7cu
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs
https://twitter.com/intent/tweet?text=The%20piston%20problem%20in%20hyperelasticity%20with%20the%20stored%20energy%20in%20separable%20form&url=https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs
https://typeset.io/papers/the-piston-problem-in-hyperelasticity-with-the-stored-energy-4eep0p8wcs


HAL Id: hal-00917961
https://hal.archives-ouvertes.fr/hal-00917961

Submitted on 12 Dec 2013

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

The piston problem in hyperelasticity with the stored
energy in separable form

Serge Ndanou, Nicolas Favrie, Sergey Gavrilyuk

To cite this version:
Serge Ndanou, Nicolas Favrie, Sergey Gavrilyuk. The piston problem in hyperelasticity with the
stored energy in separable form. Mathematics and Mechanics of Solids, SAGE Publications, 2015,
10.1177/1081286514566707. hal-00917961

https://hal.archives-ouvertes.fr/hal-00917961
https://hal.archives-ouvertes.fr


❚❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠ ✐♥ ❤②♣❡r❡❧❛st✐❝✐t② ✇✐t❤ t❤❡

st♦r❡❞ ❡♥❡r❣② ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠

❉r❛❢t ✈❡rs✐♦♥

❙❡r❣❡ ◆❞❛♥♦✉ a✱ ◆✐❝♦❧❛s ❋❛✈r✐❡ a ❛♥❞ ❙❡r❣❡② ●❛✈r✐❧②✉❦ a

a❆✐①✲▼❛rs❡✐❧❧❡ ❯♥✐✈❡rs✐té ❛♥❞ ❈✳◆✳❘✳❙✳ ❯✳▼✳❘✳ ✼✸✹✸✱ ■❯❙❚■✱ ✺ r✉❡ ❊✳ ❋❡r♠✐✱

✶✸✹✺✸ ▼❛rs❡✐❧❧❡ ❈❡❞❡① ✶✸ ❋r❛♥❝❡

❆❜str❛❝t

❚❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠ ❢♦r ❛ ❤②♣❡r❡❧❛st✐❝ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡
st♦r❡❞ ❡♥❡r❣② ✐s ❣✐✈❡♥ ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠ ✐s st✉❞✐❡❞✳ ❚❤❡ ❡✐❣❡♥✜❡❧❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ❛r❡ ♦❢ t❤r❡❡ t②♣❡s ✿ ❧✐♥❡❛r❧② ❞❡❣❡♥❡r❛t❡ ✜❡❧❞s ✭❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❝♦♥t❛❝t ❝❤❛r❛❝t❡r✐st✐❝s✮✱ t❤❡ ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r ✐♥ t❤❡ s❡♥s❡
♦❢ ▲❛① ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s✮✱ ❛♥❞✱ ✜♥❛❧❧②✱ ♥♦♥❧✐♥❡❛r ✜❡❧❞s ✇❤✐❝❤ ❛r❡
♥♦t ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s✮✳ ❚❛❦✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡
❢r❡❡ ♦❢ str❡ss❡s✱ ✇❡ ♣r❡s❡♥t❡❞ ♣♦ss✐❜❧❡ ❛✉t♦✲s✐♠✐❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❡q✉❛t✐♦♥s ❛❞♠✐t tr❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡s ❤❛✈✲
✐♥❣ ❛ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt② ✿ t❤❡ s♦❧✐❞ ❞❡♥s✐t② ✐s ❞❡❝r❡❛s✐♥❣ t❤r♦✉❣❤ s✉❝❤ ❛ s❤♦❝❦ ✭✐t
✐s ❛ ✧r❛r❡❢❛❝t✐♦♥✧ s❤♦❝❦✮✳

❘és✉♠é

Pr♦❜❧è♠❡ ❞✉ ♣✐st♦♥ ❡♥ ❤②♣❡ré❧❛st✐❝✐té ❛✈❡❝ ❧✬é♥❡r❣✐❡ ✐♥t❡r♥❡ s♦✉s ❢♦r♠❡
sé♣❛r❛❜❧❡

▲❡ ♣r♦❜❧è♠❡ ❞✉ ♣✐st♦♥ ♣♦✉r ✉♥ ♠♦❞è❧❡ ❤②♣❡ré❧❛st✐q✉❡ ❤②♣❡r❜♦❧✐q✉❡ ❝♦♥s❡r✈❛t✐❢ ♦ù
❧✬é♥❡r❣✐❡ ✐♥t❡r♥❡ ❡st ❞♦♥♥é❡ s♦✉s ✉♥❡ ❢♦r♠❡ sé♣❛ré❡ ❡st ét✉❞✐é✳ ▲❡s ❝❤❛♠♣s ❝❛r❛❝tér✐s✲
t✐q✉❡s ❛ss♦❝✐és ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❡t ❛✉① ✈❡❝t❡✉rs ♣r♦♣r❡s ❞✉ s②stè♠❡ ❤②♣❡r❜♦❧✐q✉❡
s♦♥t ❞❡ tr♦✐s t②♣❡s ✿ ❧✐♥é❛✐r❡♠❡♥t ❞é❣é♥éré ✭❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❝❛r❛❝tér✐st✐q✉❡s ❞❡
❝♦♥t❛❝t✮✱ ❧❡s ❝❤❛♠♣s q✉✐ s♦♥t ✈r❛✐♠❡♥t ♥♦♥❧✐♥é❛✐r❡s ❛✉ s❡♥s ❞❡ ▲❛① ✭❝♦rr❡s♣♦♥❞❛♥t
❛✉① ♦♥❞❡s ❧♦♥❣✐t✉❞✐♥❛❧❡s✮✱ ❡t✱ ❡♥✜♥✱ ❧❡s ❝❤❛♠♣s ♥♦♥❧✐♥é❛✐r❡s q✉✐ ♥❡ s♦♥t ♣❛s ✈r❛✐♠❡♥t
♥♦♥❧✐♥é❛✐r❡s ❛✉ s❡♥s ❞❡ ▲❛① ✭❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♦♥❞❡s tr❛♥s✈❡rs❛❧❡s✮✳ Pr❡♥❛♥t ❧✬ét❛t
✐♥✐t✐❛❧ ❧✐❜r❡ ❞❡ ❝♦♥tr❛✐♥t❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❞❡ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ❛✉t♦✲s✐♠✐❧❛✐r❡s ❞✉
♣r♦❜❧è♠❡ ❞✉ ♣✐st♦♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧❡s éq✉❛t✐♦♥s ❛❞♠❡tt❡♥t
❞❡s ♦♥❞❡s ❞❡ ❝❤♦❝ tr❛♥s✈❡rs❛❧❡s ❛②❛♥t ✉♥❡ ♣r♦♣r✐été r❡♠❛rq✉❛❜❧❡ ✿ ❧❛ ❞❡♥s✐té ❞✉
s♦❧✐❞❡ ❞✐♠✐♥✉❡ à tr❛✈❡rs ✉♥ t❡❧ ❝❤♦❝ ✭✐❧ s✬❛❣✐t ❞✬✉♥❡ ♦♥❞❡ ❞❡ ❝❤♦❝ ❞❡ ✧r❛ré❢❛❝t✐♦♥✧✮✳

❑❡② ✇♦r❞s✿ ◆♦♥❧✐♥❡❛r ❡❧❛st✐❝✐t② ❀ ♣✐st♦♥ ♣r♦❜❧❡♠ ❀ tr❛♥s✈❡rs❡ ✇❛✈❡s

▼♦ts✲❝❧és ✿ ❊❧❛st✐❝✐té ♥♦♥❧✐♥é❛✐r❡ ❀ ♣r♦❜❧è♠❡ ❞✉ ♣✐st♦♥ ❀ ♦♥❞❡s tr❛♥s✈❡rs❛❧❡s

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ ✶✷ ❞é❝❡♠❜r❡ ✷✵✶✸



✶ ■♥tr♦❞✉❝t✐♦♥

❆♥ ❊✉❧❡r✐❛♥ ❤②♣❡r❡❧❛st✐❝ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ ✐s st✉❞✐❡❞ ✭●✳ ❍✳ ▼✐❧✲
❧❡r ❛♥❞ P✳ ❈♦❧❡❧❧❛ ❬✶❪✱ ❙✳ ❑✳ ●♦❞✉♥♦✈ ❛♥❞ ❊✳ ■✳ ❘♦♠❡♥s❦✐✐ ❬✷❪ ❛♥❞ ♦t❤❡rs✮✳ ❲❡
✉s❡ ❤❡r❡ ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ❜❡tt❡r ❛❞❛♣t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞② ✐♥
t❤❡ ❊✉❧❡r✐❛♥ ❝♦♦r❞✐♥❛t❡s ✭❙✳▲✳ ●❛✈r✐❧②✉❦✱ ◆✳ ❋❛✈r✐❡✱ ❘✳ ❙❛✉r❡❧ ❬✸❪✮✳ ❲❡ ❝♦♥s✐✲
❞❡r t❤❡ ❝❛s❡ ♦❢ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ s♦❧✐❞s ✇❤❡r❡ t❤❡ st♦r❡❞ ❡♥❡r❣② ✐s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ t❤❡ ❋✐♥❣❡r t❡♥s♦r ✭✇❤✐❝❤ ✐s ✐♥✈❡rs❡ t♦ t❤❡ ❧❡❢t ❈❛✉❝❤②✲
●r❡❡♥ t❡♥s♦r✮✳ ❚❤❡ ❤②♣❡r❡❧❛st✐❝ ❤②♣❡r❜♦❧✐❝ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❞❡❛❧
✇✐t❤ ✈✐s❝♦✲♣❧❛st✐❝✐t② ✭❋❛✈r✐❡ ❡t ●❛✈r✐❧②✉❦ ✷✵✶✶✮ ❬✹❪✳❘❡❝❡♥t❧②✱ ✇❡ ♣r♦♣♦s❡❞ ❛
❝r✐t❡r✐♦♥ ♦❢ ❤②♣❡r❜♦❧✐❝✐t② ♦❢ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❤②♣❡r❡❧❛st✐❝✐t② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡ st♦r❡❞ ❡♥❡r❣② ✐s t❛❦❡♥ ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠ ✿ ✐t ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❡♥❡r❣② ❞❡✲
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❛♣♣❡❛r✐♥❣ ✇❤❡♥ t❤❡ ✈❡❧♦❝✐t② ✐s ♣r❡s❝r✐❜❡❞ ❛t t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ♥♦♥✲❞❡❢♦r♠❡❞
❡❧❛st✐❝ ❤❛❧❢✲s♣❛❝❡ ✭✧♣✐st♦♥✧ ♣r♦❜❧❡♠✮✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❡❧❛st✐❝ ❤❛❧❢✲s♣❛❝❡ ✐s
✐♥✐t✐❛❧❧② ❢r❡❡ ♦❢ s❤❡❛r str❡ss❡s ❛❧❧♦✇s ✉s t♦ s✐♠♣❧✐❢② t❤❡ s♦❧✉t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ❝♦♥str✉❝t❡❞ s♦❧✉t✐♦♥s ❝♦♥t❛✐♥✐♥❣ tr❛♥s✈❡rs❡ s❤♦❝❦s ✐♥ ✇❤✐❝❤ t❤❡ s♦❧✐❞ ❞❡♥✲
s✐t② ❛❢t❡r t❤❡ s❤♦❝❦ ✐s ❧♦✇❡r t❤❡♥ t❤❛t ❜❡❢♦r❡ t❤❡ s❤♦❝❦ ✭s♦✱ t❤✐s ❞✐s❝♦♥t✐♥✉✐t②
✐s ❛ ✧r❛r❡❢❛❝t✐♦♥✧ s❤♦❝❦✮✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡✐❣❡♥✜❡❧❞s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s ✭s❤❡❛r ✇❛✈❡s✮ ♦❢ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢
❤②♣❡r❡❧❛st✐❝✐t② ❛r❡ ♥♦t ❣❡♥✉✐♥❡❧② ♥♦♥✲❧✐♥❡❛r ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❛① ✭❊✳ ●♦❞❧❡✇s❦✐
❛♥❞ P✳ ✲ ❆✳ ❘❛✈✐❛rt ❬✺❪✱ P✳❉✳ ▲❛① ❬✻❪✱ P✳●✳ ▲❡❋❧♦❝❤ ❬✼❪✱❉✳ ❙❡rr❡ ❬✽❪✮✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s ✿ ✐♥ s❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❤②♣❡r❜♦❧✐❝✐t② st✉❞② ❀ ✐♥ s❡❝t✐♦♥ ✸ ✇❡ st✉❞② t❤❡ ❡✐❣❡♥✜❡❧❞s ❀
✐♥ s❡❝t✐♦♥ ✹ t❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞✳

✷ ●♦✈❡r♥✐♥❣ ❊q✉❛t✐♦♥s ❛♥❞ ❍②♣❡r❜♦❧✐❝✐t②

✷✳✶ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ✐s♦tr♦♣✐❝ s♦❧✐❞s

❚❤❡ ❣❡♥❡r❛❧ ❤②♣❡r❡❧❛st✐❝✐t② ♠♦❞❡❧ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦tr♦♣✐❝ s♦❧✐❞s ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ❢♦❧❧♦✇s ✭●✳ ❍✳ ▼✐❧❧❡r ❛♥❞ P✳ ❈♦❧❡❧❧❛ ❬✶❪✱ ❙✳ ❑✳ ●♦❞✉♥♦✈ ❛♥❞ ❊✳ ■✳ ❘♦♠❡♥s❦✐✐

❊♠❛✐❧ ❛❞❞r❡ss❡s✿ s❡r❣❡✳♥❞❛♥♦✉❅✉♥✐✈✲❛♠✉✳❢r ✭❙❡r❣❡ ◆❞❛♥♦✉✮✱
♥✐❝♦❧❛s✳❢❛✈r✐❡❅✉♥✐✈✲❛♠✉✳❢r ✭◆✐❝♦❧❛s ❋❛✈r✐❡✮✱
s❡r❣❡②✳❣❛✈r✐❧②✉❦❅✉♥✐✈✲❛♠✉✳❢r✱❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r ✭❙❡r❣❡② ●❛✈r✐❧②✉❦✮✳

✷



❬✷❪✱ ❙✳▲✳ ●❛✈r✐❧②✉❦✱ ◆✳ ❋❛✈r✐❡✱ ❘✳ ❙❛✉r❡❧ ❬✸❪✮ ✿



















































∂ρ

∂t
+ div(ρu) = 0,

∂(ρu)

∂t
+ div (ρu⊗ u− σσσ) = 0,

∂
(

ρe+ 1
2
ρu2

)

∂t
+ div

((

ρe+ 1
2
ρu2

)

u− σσσu
)

= 0,

∂eβ

∂t
+∇∇∇x(u.e

β) = 0, rot(eβ) = 0, β = 1, 2, 3.

✭✶✮

❚❤❡ ♦♣❡r❛t♦rs div✱ rot ❛♥❞ ∇∇∇ ❛r❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❊✉❧❡r✐❛♥ ❝♦♦r❞✐♥❛t❡s x =
(x, y, z)T . ❍❡r❡ ρ ✐s t❤❡ s♦❧✐❞ ❞❡♥s✐t②✱ u =(u, v, w)T ✐s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ e (G,η)
✐s t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣②✱ η ✐s t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣②✱ G = (FFT )−1 ✐s t❤❡ ❋✐♥❣❡r
t❡♥s♦r✱ F ✐s t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❣r❛❞✐❡♥t✱ σσσ ✐s t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ❞❡✜♥❡❞ ❛s

σσσ = −2ρ
∂e

∂G
G, ✭✷✮

σσσ ✐s s②♠♠❡tr✐❝✱ ❜❡❝❛✉s❡ ✇❡ ❞❡❛❧ ✇✐t❤ ✐s♦tr♦♣✐❝ s♦❧✐❞s✳ ❚❤❡ ✈❡❝t♦rs eβ =
(aβ, bβ, cβ)T ❛r❡ t❤❡ ❝♦❧✉♠♥s ♦❢ F−T = (e1, e2, e3✮✳ ❙✐♥❝❡ eβ ❛r❡ ❣r❛❞✐❡♥ts ♦❢ t❤❡
▲❛❣r❛♥❣✐❛♥ ❝♦♦r❞✐♥❛t❡s✱ ♥❡❝❡ss❛r✐❧②✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s rot(eβ) =
0✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s t✐♠❡ ✐♥✈❛r✐❛♥t ✿ ✐❢ ✐t ✐s s❛t✐s✜❡❞ ✐♥✐t✐❛❧❧②✱ t❤❡♥ ✐t ✐s s❛t✐s✜❡❞
❢♦r ❛❧❧ t❤❡ t✐♠❡✳

❲❡ t❛❦❡ t❤❡ ✐♥t❡r♥❛❧ ❡♥❡r❣② e ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠ ✭❘✳ ❏✳ ❋❧♦r② ❬✾❪✮ ✿ e = eh(ρ, η)+

ee(g)✱ ✇❤❡r❡ η ✐s t❤❡ s♣❡❝✐✜❝ ❡♥tr♦♣②✱ ρ = ρ0|G| 12 ✱ |G| = det(G)✱ ρ0 ✐s ❛

r❡❢❡r❡♥❝❡ ❞❡♥s✐t②✱ g =
G

|G| 13
✐s ❛ r❡❞✉❝❡❞ ❋✐♥❣❡r t❡♥s♦r✳ ❚❤❡ str❡ss t❡♥s♦r ✐s

❛❧s♦ ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠

σσσ = −pI+ S, p = ρ2
∂eh(ρ, η)

∂ρ
, S = −2ρ

∂ee

∂G
G, tr(S) = 0. ✭✸✮

❚❤❡ ❤②❞r♦❞②♥❛♠✐❝ s♦✉♥❞ s♣❡❡❞ c ✐s ❞❡✜♥❡❞ ❛s

c2 =
∂p

∂ρ
.

❲❡ ✇✐❧❧ s✉♣♣♦s❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❛t✉r❛❧ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ s❛t✐s✜❡❞ ✿

∂p

∂ρ
> 0,

∂p

∂η
> 0. ✭✹✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐❝✉❧❛r ❢♦r♠s ♦❢ t❤❡ ❡♥❡r❣② ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✿

eh(ρ, η) =
Aexp(η−η0

cv
)ργ + (γ − 1) p∞

(γ − 1) ρ
, ✭✺✮

✸



ee(g) =
µ

8ρ0

(

tr(g2)− 3
)

. ✭✻✮

❚❤❡ ❝♦❡✣❝✐❡♥ts A✱ η0✱ p∞✱ γ > 1✱ cv✱ µ ❛r❡ ❝♦♥st❛♥t✳ ■♥ t❤❡ ❧✐♠✐t ♦❢ s♠❛❧❧ ❞❡✲
❢♦r♠❛t✐♦♥s t❤❡s❡ ❡q✉❛t✐♦♥s ❣✐✈❡ ✉s ❍♦♦❦❡✬s ❧❛✇✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❤②❞r♦❞②♥❛♠✐❝
♣❛rt ♦❢ t❤❡ ❡♥❡r❣② ✈❡r✐✜❡s ✐♥❡q✉❛❧✐t✐❡s ✭✹✮✳

❆ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❢♦r♠ ♦❢ ✭✶✮ ✐s ✿























































∂ρ

∂t
+ u·∇ρ+ ρdiv (u) = 0,

∂u

∂t
+

∂u

∂x
u+

∇p

ρ
− div (S)

ρ
= 0,

∂η

∂t
+ u·∇η = 0,

∂eβ

∂t
+

∂eβ

∂x
u+

(

∂u

∂x

)T

eβ = 0, β = 1, 2, 3.

✭✼✮

❚❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❣r♦✉♣

t′ = t, x′ = Ox, u′ = Ou, eβ′ = Oeβ, ρ′ = ρ, η′ =η,

✇❤❡r❡ O ✐s ❛♥② ❡❧❡♠❡♥t ♦❢ SO (3)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧❧♦✇s ✉s t♦ r❡❞✉❝❡ t❤❡
❤②♣❡r❜♦❧✐❝✐t② st✉❞② ♦❢ t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠ ✭✼✮ t♦ t❤❡ ❤②♣❡r❜♦❧✐❝✐t②
st✉❞② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✶❉ s②st❡♠ ✭s❡❡ ❢♦r ❞❡t❛✐❧ ❙✳ ◆❞❛♥♦✉✱ ◆✳ ❋❛✈r✐❡ ❛♥❞
❙✳ ●❛✈r✐❧②✉❦ ❬✶✵❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✭✺✮❛♥❞ ✭✻✮✱ t❤❡ ❡q✉❛t✐♦♥s ✭✼✮ ❛r❡ ❤②♣❡r❜♦❧✐❝ ❢♦r
❛♥② ❞❡❢♦r♠❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✇✐❧❧ ✐♠♣❧② t❤❡ ❤②♣❡r❜♦❧✐❝✐t② ♦❢ t❤❡ s②st❡♠
✭✶✮ ❜❡❝❛✉s❡ t❤❡ s②st❡♠ ✭✼✮ ❝♦♥t❛✐♥s ✭✶✮ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ rot(eβ) = 0✳
❚❤❡ ♣r♦♦❢ ♦❢ ❤②♣❡r❜♦❧✐❝✐t② ♦❢ ✭✼✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ▲❡♠♠❛✳

▲❡♠♠❛ ✷✳✶ ✭❙✳ ◆❞❛♥♦✉✱ ◆✳ ❋❛✈r✐❡ ❛♥❞ ❙✳ ●❛✈r✐❧②✉❦ ❬✶✵❪✮✳ ▲❡t t❤❡ ❡♥❡r❣②

ee (g)❜❡ ❛♥ ✐s♦tr♦♣✐❝ ❢✉♥❝t✐♦♥ ♦❢ g =
G

|G| 13
✱ ✐✳❡✳ ee (g) = ee (j1, j2)✱ ✇❤❡r❡

ji = tr (gi) , i = 1, 2. ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✈❡❝t♦rs a = (aα)✱ b = (bα) ❛♥❞
c = (cα)✱ α = 1, 2, 3✳❚❤❡♥ t❤❡ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ t❤❡ str❡ss t❡♥s♦r ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s ✿

S = −2ρ
∂ee

∂G
G = −ρ

















∂ee

∂a
a

∂ee

∂a
b

∂ee

∂a
c

∂ee

∂a
b

∂ee

∂b
b

∂ee

∂c
b

∂ee

∂a
c
∂ee

∂c
b

∂ee

∂c
c

















. ✭✽✮

▼♦r❡♦✈❡r✱
∂ee

∂a
b =

∂ee

∂b
a,

∂ee

∂a
c =

∂ee

∂c
a,

∂ee

∂b
c =

∂ee

∂c
b,

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧❡♠♠❛ ✷✳✶ ❣✉❛r❛♥t❡❡s t❤❡ s②♠♠❡tr② ♦❢ S✳

✹



❈♦♥s✐❞❡r t❤❡ ✶❉ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞ ♦♥❧② ♦♥ (t, x)✳ ▼♦r❡♦✈❡r✱
u =(u, v, w) = (u, v, 0) , a3 = 0, b1 = 0, b2 = 1, b3 = 0, c1 = 0, c2 = 0, c3 = 1.
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ❛s ❢♦❧❧♦✇s ✿























































































∂ρ

∂t
+ u

∂ρ

∂x
+ ρ

∂u

∂x
= 0,

∂a1

∂t
+ u

∂a1

∂x
+ a1

∂u

∂x
= 0,

∂a2

∂t
+ u

∂a2

∂x
+ a2

∂u

∂x
+

∂v

∂x
= 0,

∂u

∂t
+ u

∂u

∂x
+

(

c2

ρ
− 1

ρ

∂S11

∂ρ

)

∂ρ

∂x
− 1

ρ

∂S11

∂a1
∂a1

∂x
− 1

ρ

∂S11

∂a2
∂a2

∂x
+

∂p

∂η

∂η

∂x
= 0,

∂v

∂t
+ u

∂v

∂x
− 1

ρ

∂S12

∂ρ

∂ρ

∂x
− 1

ρ

∂S12

∂a1
∂a1

∂x
− 1

ρ

∂S12

∂a2
∂a2

∂x
= 0,

∂η

∂t
+ u

∂η

∂x
= 0.

✭✾✮
■❢ ✇❡ s❡t U = (ρ, a1, a2, u, v, η)T ✱ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

∂U

∂t
+A

∂U

∂x
= 0, ✭✶✵✮

✇✐t❤

A =



































u 0 0 ρ 0 0

0 u 0 a1 0 0

0 0 u a2 1 0

c2

ρ
− 1

ρ
∂S11

∂ρ
−1

ρ
∂S11

∂a1
−1

ρ
∂S11

∂a2
u 0 ∂p

∂η

−1
ρ
∂S12

∂ρ
−1

ρ
∂S12

∂a1
−1

ρ
∂S12

∂a2
0 u 0

0 0 0 0 0 u



































✭✶✶✮

▲❡♠♠❛ ✷✳✷ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ν6 > ν5 > v4 = ν3 > ν2 > ν1 ♦❢ t❤❡ ♠❛tr✐① A
❛r❡ ❣✐✈❡♥ ❜② ✿

ν1,6 = u±
√

tr(K) +
√
∆

2
,

ν2,5 = u±
√

tr(K)−
√
∆

2
,

ν3,4 = u,

✇❤❡r❡

K =







c2 0

0 0





+M,

✺



M =













∂ee

∂a
· a+

∂

∂a

(

∂ee

∂a
.a

)

· a ∂ee

∂a
· b+

∂

∂a

(

∂ee

∂a
· b
)

· a
∂ee

∂a
· b+

∂

∂a

(

∂ee

∂a
· b
)

· a ∂

∂a

(

∂ee

∂a
· b
)

· b













,

∆ = (tr(K))2 − 4det(K) = (K11 −K22)
2 + 4K2

12,

a = (a1, a2) ❛♥❞ b = (0, 1)✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛ ✷✳✷ ✐s ❞✐r❡❝t✳ ❚❤❡ ▲❡♠♠❛ ✷✳✶ ✇❛s ✉s❡❞ t♦ ♦❜t❛✐♥ ❛
s②♠♠❡tr✐❝ ❢♦r♠ ♦❢ K✳

◆♦t❡ t❤❛t M ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢♦r t❤❡ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ✭✻✮ ✭❙✳ ◆❞❛♥♦✉✱ ◆✳
❋❛✈r✐❡ ❛♥❞ ❙✳ ●❛✈r✐❧②✉❦ ❬✶✵❪✮✳ ❙✐♥❝❡ c2 > 0✱ K ✐s ❛❧s♦ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s νi✱ i = 1, ..., 6 ❛r❡ r❡❛❧✳ ❲❡ ✜♥❞ ♥♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
r✐❣❤t ❡✐❣❡♥✈❡❝t♦rs ♦❢ A✳

❚❤❡ ❡✐❣❡♥✈❡❝t♦rs V3 = (1, 0, 0, 0, 0, 0)T ❛♥❞ V4 = (0, 0, 0, 0, 0, 1)T ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ν3 = ν4 = u✳ ❋♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s νi, i = 1, 6 ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ✿

Vi =

(

ρ

(νi − u)
,

a1

(νi − u)
,
2a2K12 +K22 −K11 +

√
∆

2K12 (νi − u)
, 1,

K22 −K11 +
√
∆

2K12

, 0

)

.

❙✐♥❝❡

(K22 −K11) +
√
∆ =

(K22 −K11)
2 −∆

(K22 −K11)−
√
∆

=
−4K2

12

(K22 −K11) +
√
∆
.

t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ♥♦t s✐♥❣✉❧❛r ✇❤❡♥ K12 ✈❛♥✐s❤❡s✳

❋♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s νi, i = 2, 5 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s✈❡rs❡ ✇❛✈❡s t❤❡ ❡✐❣❡♥✲
✈❡❝t♦rs ❛r❡ ✿

Vi =

(

ρ

(νi − u)
,

a1

(νi − u)
,
2a2K12 +K22 −K11 −

√
∆

2K12 (νi − u)
, 1,

K22 −K11 −
√
∆

2K12

, 0

)

.

❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❝❛♥ ❜❡ ♦r❞❡r❡❞ ✿

ν1 > ν2 > ν3 = ν4 > ν5 > ν6.

ν1 ❛♥❞ ν6 ❛r❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡ s♣❡❡❞s✱ ν2 ❛♥❞ ν5 ❛r❡ tr❛♥s✈❡rs❡ ✇❛✈❡ s♣❡❡❞s✱
❛♥❞ ν3 ♦r ν4 ❛r❡ s♣❡❡❞s ♦❢ ❝♦♥t❛❝t ❝❤❛r❛❝t❡r✐st✐❝s✳ ▲❡t ✉s ❛❧s♦ r❡♠❛r❦ t❤❛t t❤❡
❡q✉❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ ❢♦r♠

ρ = ρ0a
1. ✭✶✷✮

❍❡r❡ ρ0 ✐s ❛ ❝♦♥st❛♥t✳ ■♥ ❣❡♥❡r❛❧✱ ✐t ❝❛♥ ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❝♦♥s❡r✈❡❞ ❛❧♦♥❣
tr❛❥❡❝t♦r✐❡s✳

✻



✸ ❙t✉❞② ♦❢ ❡✐❣❡♥✜❡❧❞s

✸✳✶ ❊✐❣❡♥✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦ ν3 = ν4 = u

❖❜✈✐♦✉s❧②✱ t❤❡s❡ ✜❡❧❞s ❛r❡ ❧✐♥❡❛r❧② ❞❡❣❡♥❡r❛t❡ ✿ ∇∇∇ν3.V3 =∇∇∇ν4.V4 = 0✳

✸✳✷ ❊✐❣❡♥✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦ ν1 ❛♥❞ ν6

❚❤❡s❡ ✜❡❧❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s ❛♥❞ ❡st✐♠❛t❡❞ ♦♥ t❤❡ ✈❛r✐❡t②
✭✶✷✮ ❛r❡ ❣❡♥✉✐♥❡❧② ♥♦♥✲❧✐♥❡❛r ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❛① ✿

∇ν1.V1|ρ=ρ0a1
> 0

❚❤✐s r❡s✉❧t ❝❛♥ ❡❛s✐❧② ❜❡ ❝❤❡❝❦❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠
(a1 = 1, a2 = 0), ❛♥❞ ♥✉♠❡r✐❝❛❧❧② ♦✉t ♦❢ ❡q✉✐❧✐❜r✐✉♠✳

✸✳✷✳✶ ❙✐♠♣❧❡ ✇❛✈❡s

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✵✮ ✐♥ t❤❡ ❢♦r♠ ✿

U (t, x) = U

(

x

t

)

= U (ξ) .

❚❤❡♥ U ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ✿

(A−ξI)
dU

dξ
= 0.

❍❡♥❝❡✱ ξ ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A, ❛♥❞
dU

dξ
✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r✐❣❤t ❡✐❣❡♥✈❡❝t♦r✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡ ✜❡❧❞ ν1 ♦♥❡ ❤❛s

dU

dξ
=

V1

∇∇∇ν1.V1

.

❖r✱ ✐♥ ❞❡✈❡❧♦♣❡❞ ❢♦r♠ ✿

dρ

dξ
=

ρ

(ν1 − u)∇∇∇ν1.V1

,

da1

dξ
=

a1

(ν1 − u)∇∇∇ν1.V1

,

✼



da2

dξ
=

2a2K12 +K22 −K11 +
√
∆

2K12 (ν1 − u)∇∇∇ν1.V1

=
a2

(ν1 − u)∇∇∇ν1.V1

+
2K12

(

K11 −K22) +
√
∆
)

(ν1 − u)∇∇∇ν1.V1

,

✭✶✸✮

du

dξ
=

1

∇∇∇ν1.V1

,

dv

dξ
=

K22 −K11 +
√
∆

2K12∇∇∇ν1.V1

,

dη

dξ
= 0.

❖♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐♥ t❤❡ ❝❛s❡

ee(g) =
µ

8ρ0
(j2 − 3) ,

K12 ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ a2. ■♥❞❡❡❞✱

K12 =
µ

8ρ0

(

∂j2
∂a

· b+
∂

∂a

(

∂j2
∂a

· b
)

· a
)

=
µ

8ρ0





4a2
(

(a1)
2
+ (a2)

2
+ 1

)

(a1)4/3
+ a1

∂

∂a1





4a2
(

(a1)
2
+ (a2)

2
+ 1

)

(a1)4/3





+a2
∂

∂a2





4a2
(

(a1)
2
+ (a2)

2
+ 1

)

(a1)4/3







 .

❍❡♥❝❡✱ ✐❢ ✐♥✐t✐❛❧❧② (a2) ✇❛s ③❡r♦✱ ✐t ✇✐❧❧ st❛② ③❡r♦✳ ❚❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈❡rt✐❝❛❧
✈❡❧♦❝✐t② v ❛❧s♦ ❣✐✈❡s t❤❡ s♦❧✉t✐♦♥ v = 0 ✐❢ ✐t ✇❛s ✐♥✐t✐❛❧❧② ③❡r♦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❡q✉❛t✐♦♥s ❛❞♠✐t t❤❡ ❢♦❧❧♦✇✐♥❣ ❘✐❡♠❛♥♥ ✐♥✈❛r✐❛♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r✐❣❤t
❢❛❝✐♥❣ ✇❛✈❡s ✇❤❡r❡ ✇❡ ❤❛✈❡ t♦ r❡♣❧❛❝❡ ρ = ρ0a

1 :

u−
∫ a1

√

tr(K)+
√
∆

2

a1
da1 = const.

❚❤❡ st✉❞② ♦❢ t❤❡ ✜❡❧❞ ν6 ❣✐✈❡s ❛♥♦t❤❡r ✐♥✈❛r✐❛♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❡❢t
❢❛❝✐♥❣ ✇❛✈❡s ✿

u+
∫ a1

√

tr(K)+
√
∆

2

a1
da1 = const.

❙✐♥❝❡
∇ν1,6.V1,6|ρ=ρ0a1

> 0

t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ s✐♠♣❧❡ ✇❛✈❡s ❛r❡ ❛❧✇❛②s r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ✭✐♥ ✇❤✐❝❤ t❤❡ ❞❡♥✲
s✐t② ❞❡❝r❡❛s❡s✮✳ ❚❤❡s❡ ✐♥✈❛r✐❛♥ts ❛r❡ r❡♠✐♥✐s❝❡♥t ♦❢ t❤♦s❡ ❢♦r t❤❡ ❊✉❧❡r ❡q✉❛✲
t✐♦♥s ♦❢ ❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s✳

✽



a cb

∇ν
2
.V

2
>0 ∇ν

2
.V

2
<0

a2

a1

(1,0)

❋✐❣✉r❡ ✶✳ ❚❤❡ ❝✉r✈❡ ✇❤❡r❡ ∇ν2.V2|ρ=ρ0a1
= 0 ✐s s❤♦✇♥ ✐♥ ❜♦❧❞ ❧✐♥❡✳ ❉✐✛❡r❡♥t

✐♥✈❛r✐❛♥t ❝✉r✈❡s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❡✐❣❡♥✜❡❧❞ ν2 ❛r❡ s❤♦✇♥ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳

✸✳✸ ❊✐❣❡♥✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦ ν2 ♦r ν5

❚❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡s✳ ❖❜✈✐♦✉s❧②✱ ∇∇∇ν2.V2 =
−∇∇∇ν5.V5✳ ❍❡♥❝❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ st✉❞② ♦♥❧② t❤❡ ✜❡❧❞ ν2. ❚❤❡ ❋✐❣✉r❡ ✶ s❤♦✇s
t❤❛t t❤❡s❡ ✜❡❧❞s ❡st✐♠❛t❡❞ ❛t t❤❡ ✈❛r✐❡t② ρ = ρ0a

1 ❛r❡ ♥♦t ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r
✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❛① ✭P✳●✳ ▲❡❋❧♦❝❤ ❬✼❪ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠
✐♥ t❤❡ ❝❛s❡ ♦❢ s✉❝❤ ❡✐❣❡♥✜❡❧❞s✮✳ ❚❤❡ ❝✉r✈❡ ✇❤❡r❡ ∇ν2.V2|ρ=ρ0a1

✈❛♥✐s❤❡s ✐s
s❤♦✇♥ ✐♥ ❜♦❧❞ ❧✐♥❡✳

✸✳✸✳✶ ❙✐♠♣❧❡ ✇❛✈❡s

❚❤❡ ❡q✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ν2 ❛r❡ ✿

dρ

dξ
=

ρ

(ν2 − u) (∇∇∇ν2.V2)
,

da1

dξ
=

a1

(ν2 − u) (∇∇∇ν2.V2)
,

da2

dξ
=

2a2K12 +K22 −K11 −
√
∆

2K12 (ν2 − u) (∇∇∇ν2.V2)
,

du

dξ
=

1

(∇∇∇ν2.V2)
,

dv

dξ
=

K22 −K11 −
√
∆

2K12 (∇∇∇ν2.V2)
,

ds

dξ
= 0.

✾



Vi =

(

ρ

(νi − u)
,

a1

(νi − u)
,
2a2K12 +K22 −K11 −

√
∆

2K12 (νi − u)
, 1,

K22 −K11 −
√
∆

2K12

, 0

)

.

❚❤❡ ❘✐❡♠❛♥♥ ✐♥✈❛r✐❛♥t ❢♦r t❤❡ r✐❣❤t ❢❛❝✐♥❣ tr❛♥s✈❡rs❡ ✇❛✈❡s ✭❝♦rr❡s♣♦♥❞✐♥❣
t♦ ν2✮ ✐s

u−
∫ a1

√

tr(K)−
√
∆

2
a1

da1 = const.

❋♦r ❢♦r t❤❡ ❧❡❢t ❢❛❝✐♥❣ tr❛♥s✈❡rs❡ ✇❛✈❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘✐❡♠❛♥♥ ✐♥✈❛r✐❛♥t
✐s ✿

u+
∫ a1

√

tr(K)−
√
∆

2
a1

da1 = const,

■♥ t❤❡s❡ ❢♦r♠✉❧❛s a2 s❤♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ a1 ❛s t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✭❛❧✇❛②s ❝❛❧❝✉❧❛t❡❞ ❢♦r ρ = ρ0a

1✮ ✿

da2

da1
=

a2

a1
+

2K12

a1
(

K11 −K22 +
√
∆
) ,

a2
∣

∣

∣

a1=a1
∗

= 0.

❍❡r❡ a1∗ ✐s ❛ st❛t❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ st❛t❡ a1 ❜② ❛ s✐♠♣❧❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡
✇❤✐❝❤ ✐s ❛❧✇❛②s r❛r❡❢❛❝t✐♦♥ ✇❛✈❡✱ ♦r ❜② t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✭s❡❡ t❤❡ ❞✐s✲
❝✉ss✐♦♥ ❜❡❧♦✇ ❛❜♦✉t ❘❛♥❦✐♥❡✲ ❍✉❣♦♥✐♦t r❡❧❛t✐♦♥s✮✳ ■♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ st❛t❡
(a1 = 1, a2 = 0) t❤❡ ❡①♣r❡ss✐♦♥ ∇ν2.V2|ρ=ρ0a1

✐s ♥❡❣❛t✐✈❡✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ❧♦♥✲

❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ✭✇❤❡r❡ a1 ✐s ❞❡❝r❡❛s✐♥❣✮ ❛r❡ ♥♦t t♦♦ str♦♥❣ ✭✐✳❡✳
∇ν2.V2|ρ=ρ0a1∗

✐s ♥❡❣❛t✐✈❡ ❛t (a1∗, a2 = 0)✮✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ν2 ❤❛s ❛ ♠✐♥✐♠✉♠
❛❧♦♥❣ ❡❛❝❤ s✐♠♣❧❡ ✇❛✈❡ ♣❛ss✐♥❣ ❜② t❤❛t ♣♦✐♥t✳ ❍❡♥❝❡✱ t❤❡ s✐♠♣❧❡ tr❛♥s✈❡rs❡
✇❛✈❡s ❞♦❡s ♥♦t ❡①✐st ✐♥ t❤✐s ❝❛s❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ ❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝✲
t✐♦♥ ✇❛✈❡s tr❛♥s❢♦r♠✐♥❣ t❤❡ st❛t❡ (a1 = 1, a2 = 0) ✐♥t♦ (a1∗ < 1, a2 = 0) ✇❤❡r❡
∇ν2.V2|ρ=ρ0a1∗

✐s ♣♦s✐t✐✈❡ ✭❛ ❝✉r✈❡ a ✐♥ ❋✐❣✉r❡ ✶ ✮ ♦♥❡ ❝❛♥ ❤❛✈❡ s✐♠♣❧❡ tr❛♥s✲
✈❡rs❡ ✇❛✈❡s ✇❤✐❝❤ ❛r❡ ❛❧s♦ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ✭t❤❡ ❞❡♥s✐t② ✇✐❧❧ ❞❡❝r❡❛s❡✮✳

✹ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t r❡❧❛t✐♦♥s

❋♦r ❛♥② ✈❛r✐❛❜❧❡ X✱ ✇❡ ❞❡♥♦t❡ [X] = Xr − X l ✭t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r✐❣❤t
❛♥❞ ❧❡❢t ✈❛❧✉❡s ❛t t❤❡ ❞✐s❝♦♥t✐♥✉✐t②✮✳ ❚❤❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t r❡❧❛t✐♦♥s ❝♦♠✐♥❣
❢r♦♠ t❤❡ ❝♦♥s❡r✈❛t✐✈❡ s②st❡♠ ✭✶✮ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ a3 = 0, w = 0, b1 =

✶✵



ν
2 c

b

a

a2

❋✐❣✉r❡ ✷✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ s♣❡❡❞ ν2 ❛❧♦♥❣ tr❛♥s✈❡rs❡ ✇❛✈❡s ✐s s❤♦✇♥✳
❚❤❡ ✜rst ❝❛s❡ ✭❛✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛r❡❢❛❝t✐♦♥ ❝✉r✈❡ ❝♦♥t❛✐♥✐♥❣ ✐♥ t❤❡ ❞♦♠❛✐♥
∇ν2.V2|ρ=ρ0a1

> 0 ✭s❡❡ ❋✐❣✉r❡ ✶✮✳ ❚❤❡ tr❛♥s✈❡rs❡ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ❛r❡ t❤✉s ♣♦ss✐❜❧❡✳
■♥ t❤❡ ❝❛s❡s ✭❜✮ ❛♥❞ ✭❝✮ t❤❡ ❝♦♥t✐♥✉♦✉s r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ❞♦ ♥♦t ❡①✐st✳

0, b2 = 1, b3 = 0, c1 = 0, c2 = 0, c3 = 1, ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿



















































































[ρ (u−D)] = [m] = 0

m [u] = [σ11] ,

m [v] = [σ12] ,

m
[

e+
1

2
(u2 + v2)

]

= [σ11u+ σ12v] ,

m

[

a1

ρ

]

= 0,

m

[

a2

ρ

]

+ [v] = 0.

✭✶✹✮

✶✶



❍❡r❡ ✇❡ ❞❡♥♦t❡❞ m = ρ (u−D) ✇❤❡r❡ D ✐s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉✐t②✳
❚❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ✿



















































































[ρ (u−D)] = 0

m [u] = [σ11] ,

m [v] = [σ12] ,

m[e] = m
σl
11 + σr

11

2
[τ ]−m

σr
12 + σl

12

2
[a2τ ],

m

[

a1

ρ

]

= 0,

m

[

a2

ρ

]

+ [v] = 0,

✭✶✺✮

✇❤❡r❡ τ = 1/ρ ✐s t❤❡ s♣❡❝✐✜❝ ✈♦❧✉♠❡✳

❚❤r♦✉❣❤ t❤❡ ❝♦♥t❛❝t ❞✐s❝♦♥t✐♥✉✐t✐❡s ✇❤❡r❡ m = 0 ✇❡ ❣❡t ur = D = ul✱
[σ11] = 0✱ [σ12] = 0 ❛♥❞ [v] = 0. ❋♦r s❤♦❝❦s ✇❤❡r❡ m 6= 0✱ ✇❡ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤
t✇♦ t②♣❡s ♦❢ s❤♦❝❦s ✿ ❧♦♥❣✐t✉❞✐♥❛❧ ❛♥❞ tr❛♥s✈❡rs❡ ♦♥❡s✳

✹✳✶ ▲♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✇❛✈❡s

❲❡ s✉♣♣♦s❡ ✐♥ t❤✐s ♣❛rt t❤❛t m 6= 0✳ ❖❜✈✐♦✉s❧②✱ [v] = 0 ⇔ [σ12] = 0 ⇔
[a2τ ] = 0, τ =

1

ρ
✳ ▲♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✇❛✈❡s ❛r❡ ❞❡✜♥❡❞ ❜② [a2τ ] = 0✳ ❚❤❡

❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t r❡❧❛t✐♦♥s ❢♦r ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s ❛r❡ ✇r✐tt❡♥ ❛s ✿











































































D =
urρr − ulρl
ρr − ρl

,

[a2τ ] = 0,

[u]2 = [σ11] [τ ] ,

[e] =
σl
11 + σr

11

2
[τ ].

[v] = 0,

[σ12] = 0.

✭✶✻✮

a2 ✈❛♥✐s❤❡s ❛❢t❡r t❤❡ s❤♦❝❦ ✐❢ ✐t ✇❛s ③❡r♦ ❜❡❢♦r❡ t❤❡ s❤♦❝❦✳ ❚❤❡ s❛♠❡ st❛t❡♠❡♥t
✐s ✈❛❧✐❞ ❢♦r t❤❡ tr❛♥s✈❡rs❛❧ ✈❡❧♦❝✐t② v✳

✶✷



✹✳✷ ❚r❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡s

❈♦♥s✐❞❡r ♥♦✇ tr❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡s✳ ■♥ t❤✐s ❝❛s❡ [a2τ ] 6= 0 ❚❤✐s ❣✐✈❡ ✉s ✿















































































D =
urρr − ulρl
ρr − ρl

,

m [u] = [σ11] ,

m [v] = [σ12] ,

[e] =
σl
11 + σr

11

2
[τ ]− σr

12 + σl
12

2
[a2τ ],

[

a1

ρ

]

= 0,

m [a2τ ] + [v] = 0

✭✶✼✮

❙✐♥❝❡ [u] = m [τ ]✱ m [u] = [σ11]✱ m
2 [τ ] = [σ11] ❛♥❞ m2 [v]2 = [σ12]

2✱ ✇❡ ✜♥❛❧❧②
❣❡t ✿



















































































































D =
urρr − ulρl
ρr − ρl

,

m [u] = [σ11] ,

m [v] = [σ12] ,

[e] =
σl
11 + σr

11

2
[τ ]− σr

12 + σl
12

2
[a2τ ],

[u]2 = [σ11] [τ ] ,

[v]2 =
[σ12]

2 [τ ]

[σ11]
,

[

a1

ρ

]

= 0,

[σ11] [a
2τ ] + [σ12] [τ ] = 0.

✭✶✽✮

✺ ❚❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠

✺✳✶ ❆ s♣❡❝✐❛❧ ♣✐st♦♥ ♣r♦❜❧❡♠

❈♦♥s✐❞❡r ❛ ♣✐st♦♥ ✭❛♥ ✐♥✜♥✐t❡ ♣❧❛♥❡ ❞❡s❝r✐❜❡❞ ✐♥✐t✐❛❧❧② ❛s x = 0 ✮ ✇❤✐❝❤ ✐s
st✐❝❦❡❞ t♦ ❛♥ ❡❧❛st✐❝ s♦❧✐❞ ❛t r❡st s✐t✉❛t❡❞ ❛t x > 0✳ ■♥✐t✐❛❧❧②✱ t❤❡ ❡❧❛st✐❝ s♦❧✐❞ ✐s
❢r❡❡ ♦❢ s❤❡❛r str❡ss❡s✳ ❚❤❡ ✈❛r✐❛❜❧❡s ✐♥ t❤✐s st❛t❡ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ✐♥❞❡① ✧✵✧✳

✶✸



❋✐❣✉r❡ ✸✳ ❲❡ ❤❛✈❡ ❢♦✉r ❞✐✛❡r❡♥t ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠ ✇❤❡r❡
t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✿ ❚❤❡ ✜rst ❝❛s❡ ✿ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✇❛✈❡ ✭▲❙✮ ✐s
❢♦❧❧♦✇❡❞ ❜② ❛ tr❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡ ✭❚❙✮✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❛♣♣❡❛r ♥♦t ♦♥❧② ✐♥
t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ♣✐st♦♥ ✈❡❧♦❝✐t② ✐s ♣♦s✐t✐✈❡✳ ❚❤❡ ♦t❤❡r t❤r❡❡ ❝❛s❡s ❝❛♥
❛♣♣❡❛r ♦♥❧② ✐❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♣✐st♦♥ ✈❡❧♦❝✐t② ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ ✿ ❛ ❧♦♥❣✐t✉✲
❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ✭▲❘✮ ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ tr❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡ ✭❚❙✮✳ ❚❤❡ t❤✐r❞
❝❛s❡ ✿ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ✭▲❘✮ ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ tr❛♥s✈❡rs❡ r❛r❡❢❛❝t✐♦♥
✇❛✈❡ ✭❚❘✮✳ ❚❤❡ ❢♦✉rt❤ ❝❛s❡ ✿ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ✭▲❘✮ ✐s ❢♦❧❧♦✇❡❞ ❜②
❛ tr❛♥s✈❡rs❡ ❝❤❛r❛❝t❡r✐st✐❝ s❤♦❝❦ ✇❛✈❡ ✭❚❙✮ t♦ ✇❤✐❝❤ ❛ tr❛♥s✈❡rs❡ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡
✭❚❘✮ ✐s st✐❝❦❡❞✳

❙♦✱ a10 = 1, a20 = 0, u0 = v0 = 0✳ ❚❤❡ ♣✐st♦♥ ❜❡❝♦♠❡s t♦ ♠♦✈❡ ❛t t✐♠❡ t = 0
✇✐t❤ ❛ ❣✐✈❡♥ ✈❡❧♦❝✐t② (up, vp)✳ ■♥ t❤❡ ❝❛s❡ ♦❢ vp = 0 t❤❡ s♦❧✉t✐♦♥ ✐s s✐♠♣❧❡✳ ■❢
up > 0 t❤❡♥ ✇❡ ❤❛✈❡ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✇❛✈❡✳ ■❢ up < 0✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ up > 0 ❛♥❞ vp t❛❦❡s
❛♥② ✈❛❧✉❡ ✭♥♦t t♦♦ ❧❛r❣❡ t♦ st❛② ✐♥ t❤❡ ❞♦♠❛✐♥ ✇❤❡r❡ ∇ν2.V2|ρ=ρ0a1

< 0 ✮✳ ❚❤❡
st❛t❡ ✧✵✧ ✇✐❧❧ ❜❡ tr❛♥s❢♦r♠❡❞ ❜② ❛ ❧♦♥❣✐t✉❞✐♥❛❧ s❤♦❝❦ ✇❛✈❡ ✐♥t♦ t❤❡ st❛t❡ ✧✯✧
✇❤❡r❡ a1∗ > 1, a2∗ = a20 = 0 ❢♦❧❧♦✇✐♥❣ ❜② ❛ tr❛♥s✈❡rs❡ s❤♦❝❦ ✭s❡❡ ❋✐❣✉r❡ ✸✱ t❤❡
✜rst ❝❛s❡✮✳ ❚❤❡ tr❛♥s✈❡rs❡ s❤♦❝❦ ✐s ❛❧✇❛②s ❛ r❛r❡❢❛❝t✐♦♥ s❤♦❝❦ ✭✐✳❡✳ t❤❡ s♦❧✐❞
❞❡♥s✐t② ✇✐❧❧ ❞❡❝r❡❛s❡ ❛❢t❡r t❤❡ tr❛♥s✈❡rs❡ s❤♦❝❦ ✮✳ ■♥ t❤❡ ❋✐❣✉r❡ t❤❡ ❝❧❛ss✐❝❛❧
❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ✇❡ ❝❛♥ ❤❛✈❡✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ up ✐s ♥❡❣❛t✐✈❡✱ t❤❡ s♦❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛❧✉❡
♦❢ vp✳ ❖♥❡ ❝❛♥ ❤❛✈❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳ ❚❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥
✇❛✈❡ ✭LR✮ tr❛♥s❢♦r♠s t❤❡ st❛t❡ ✧✵✧ ✐♥t♦ ❛ st❛t❡ ✧✯✧ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛❧✇❛②s
∇ν2.V2|ρ=ρ0a1∗

< 0✳ ❚❤❡♥ ✐t ✇✐❧❧ ❢♦❧❧♦✇❡❞ ❜② t❤❡ tr❛♥s✈❡rs❡ s❤♦❝❦ TS ✭t❤❡
s❡❝♦♥❞ ❝❛s❡ ✐♥ ❋✐❣✉r❡ ✸✮✳ ❚❤❡ tr❛♥s✈❡rs❡ ✇❛✈❡ ❝❛♥ ❛❧s♦ ❜❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝
s❤♦❝❦✱ ✐✳ ❡✳ t❤❡ ✇❛✈❡ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ❜② ❛ r❛r❡❢❛❝t✐♦♥ ❝♦♥t✐♥✉♦✉s tr❛♥s✈❡rs❡
✇❛✈❡ ✭t❤❡ ❢♦✉rt❤ ❝❛s❡✮✳ ❱❡r② ❧❛r❣❡ ❧♦♥❣✐t✉❞✐♥❛❧ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡s ❝❛♥ ❛❧s♦ ❜❡
❢♦❧❧♦✇❡❞ ❜② ❛ tr❛♥s✈❡rs❡ r❛r❡❢❛❝t✐♦♥ ✇❛✈❡ ✭RT ✮✳

✶✹



❋✐❣✉r❡ ✹✳ ❙♦❧✉t✐♦♥ ✇✐t❤ ❛ ✉♥✐q✉❡ tr❛♥s✈❡rs❡ ✇❛✈❡

❲❡ ❛s❦ ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ✿ ✇❤❛t ✐s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ up ❛♥❞ vp
❛❧❧♦✇✐♥❣ ✉s t♦ ❤❛✈❡ ❛ s♦❧✉t✐♦♥ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ♦♥❡ tr❛♥s✈❡rs❡ s❤♦❝❦ r❡❧❛t✐♥❣
t❤❡ st❛t❡ ✧✵✧ t♦ ❛ st❛t❡ ✧P✧ ✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ✐s ♣r❡s❝r✐❜❡❞ ✿ (u, v)p = (up, vp)
✭s❡❡ ❋✐❣✉r❡ ✹✮✳ ■♥ ❛ s❡♥s❡✱ t❤✐s ❧✐♠✐t✐♥❣ ❝✉r✈❡ ✇✐❧❧ s❡♣❛r❛t❡ t❤❡ t❤❡ ✜rst ❜❛s✐❝
❝♦♥✜❣✉r❛t✐♦♥ LS → TS ✭✇❤✐❝❤ ❝❛♥ ❤❛♣♣❡♥ ❛❧s♦ ❢♦r ♥❡❣❛t✐✈❡ ❤♦r✐③♦♥t❛❧ ♣✐st♦♥
✈❡❧♦❝✐t✐❡s ✇❤❡♥ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t✐❡s ❛r❡ q✉✐t❡ ❧❛r❣❡✮✱ ❢r♦♠ t❤❡ ♦t❤❡r t❤r❡❡
❝♦♥✜❣✉r❛t✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❚❤✐s ❞❡❣❡♥❡r❛t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✺✳ ❲❡ ✇✐s❤ t♦ ❝♦♥♥❡❝t t❤❡ ❡q✉✐❧✐❜r✐✉♠ st❛t❡ ✑✵✑ ✇✐t❤ ❛ st❛t❡ ✑P✑ ❜② tr❛♥s✈❡rs❡

(0,0)

v
p

u
p

❋✐❣✉r❡ ✺✳ ❲❤❡♥ t❤❡ ♣✐st♦♥ ✈❡❧♦❝✐t② t❛❦❡s t❤❡ ✈❛❧✉❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❧✐♠✐t ❝✉r✈❡
s❤♦✇♥ ❜② ❞❛s❤❡❞ ❧✐♥❡✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✐s t❤❡ TS ✇❛✈❡✳ ❖✉ts✐❞❡ t❤✐s ❝✉r✈❡ ✇❡ ❤❛✈❡
❛ t✇♦✲✇❛✈❡ ❝♦♥✜❣✉r❛t✐♦♥ LS → TS✳ ■♥s✐❞❡ t❤✐s ❝✉r✈❡✱ t❤❡ t❤r❡❡ ♦t❤❡r ❝♦♥✜❣✉r❛t✐♦♥s
❝❛♥ ♦❝❝✉r✳

s❤♦❝❦ ✇❛✈❡✳ ❚❤❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t r❡❧❛t✐♦♥s ❛r❡ ✿

(uP )
2 = ((σ11)P − (σ11)0) (τP − τ0) , ✭✶✾✮

✶✺



(vP )
2 =

((σ12)P )
2

((σ11)P − (σ11)0)
(τP − τ0) , ✭✷✵✮

0 = ((σ12)P ) (τP − τ0) +
((

a2τ
)

P

)

((σ11)P − (σ11)0) , ✭✷✶✮

(eP − e0) =
1

2
((σ11)P + (σ11)0) (τP − τ0) +

1

2
((σ12)P )

((

a2τ
)

P

)

. ✭✷✷✮

❲❡ ❤❛✈❡ ❢♦✉r r❡❧❛t✐♦♥s ❢♦r t❤r❡❡ ✉♥❦♥♦✇♥s a1P ✱ a
2
P ❛♥❞ ηP ✳ ❍❡♥❝❡✱ ✐t ❛❧❧♦✇s ✉s

t♦ r❡❧❛t❡ t❤❡ ♣❛r❛♠❡t❡rs uP ❛♥❞ vP .

✻ ❈❖◆❈▲❯❙■❖◆

❚❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠ ❢♦r ❛ ❤②♣❡r❡❧❛st✐❝ ❤②♣❡r❜♦❧✐❝ ❝♦♥s❡r✈❛t✐✈❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡
st♦r❡❞ ❡♥❡r❣② ✐s ❣✐✈❡♥ ✐♥ s❡♣❛r❛❜❧❡ ❢♦r♠ ✐s st✉❞✐❡❞✳ ❙✉❝❤ ❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ✐s
✈❡r② ✉s❡❢✉❧ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s✳ ❚❤❡ ❡✐❣❡♥✜❡❧❞s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠ ❛r❡ ♦❢ t❤r❡❡ t②♣❡s ✿ ❧✐♥❡❛r❧② ❞❡❣❡♥❡r❛t❡
✜❡❧❞s ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♥t❛❝t ❝❤❛r❛❝t❡r✐st✐❝s✮✱ t❤❡ ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ❣❡♥✉✐✲
♥❡❧② ♥♦♥❧✐♥❡❛r ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❛① ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s✮✱ ❛♥❞
♥♦♥❧✐♥❡❛r ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ♥♦t ❣❡♥✉✐♥❡❧② ♥♦♥❧✐♥❡❛r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛♥s✈❡rs❡
✇❛✈❡s✮✳ ❚❛❦✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ❢r❡❡ ♦❢ str❡ss❡s✱ ✇❡ ♣r❡s❡♥t❡❞ ♣♦ss✐❜❧❡ ❛✉t♦✲
s✐♠✐❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ♣✐st♦♥ ♣r♦❜❧❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡
❡q✉❛t✐♦♥s ❛❞♠✐t tr❛♥s✈❡rs❡ s❤♦❝❦ ✇❛✈❡s ❤❛✈✐♥❣ ❛ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt② ✿ t❤❡
❞❡♥s✐t② ✐s ❞❡❝r❡❛s✐♥❣ t❤r♦✉❣❤ s✉❝❤ ❛ s❤♦❝❦✳

❋♦r ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ✐s
♥❡❡❞❡❞✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛ ♣r♦❜❧❡♠ ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❝❛✉s❡ ✐ts s♦✲
❧✉t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ♦❢ st❛t❡ ✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❆✳
❑✉❧✐❦♦✈s❦✐✐ ❛♥❞ ❊✳ ❙✈❡s❤♥✐❦♦✈❛ ❬✶✶❪ ❢♦r t❤❡ st✉❞② ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r
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