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1 Introduction

Part of the theoretical appeal of supersymmetric gauge theories is that, for certain ques-
tions, they allow more analytical control than their non-supersymmetric counterparts. An
outstanding example is supersymmetric localization, which allows to reduce the evaluation
of certain quantities of 4d N' = 2 super Yang-Mills (SYM) theories to matrix integrals [1].
For instance, the partition function on S* is reduced to
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where Z1_j40p is a factor that arises from a 1-loop computation, while Zj, is the instanton
contribution. Similarly, the expectation value of a 1/2 BPS circular Wilson loop (Wg) is
also reduced to a matrix integral [1].

The fact that four dimensional questions admit zero dimensional answers constitutes
a dramatic simplification, but still leaves the formidable task of evaluating these matrix
integrals. A first approach consists of restricting the integrals to a Cartan subalgebra of
the Lie algebra. In a second approach [2—4], the integrals are over the full Lie algebra, and
the 1-loop factor in (1.1) is rewritten as an effective action.

For N = 4 super Yang Mills theories, both Z1 100p = 1 and | Zinst|? = 1 in (1.1) [1]. The
free energy can be easily computed [5], but (Wg) is less trivial. Using the first approach
mentioned above, the vev of the 1/2 BPS circular Wilson loop can be computed for different
gauge groups G and representations R, on a case by case basis [6-8]. Recently, using the



second approach, we derived a general expression for (Wg) valid for all gauge groups G
and representations R, thus unifying and extending all previous exact results [9].

For generic N/ = 2 super Yang-Mills theories, the evaluation of (1.1) or (Wg) is con-
siderably much more complicated. Within the first approach, the free energy and (Wg) for
various representations have been evaluated with a saddle point approximation [5, 10-15].
In this note we will apply the second approach to the study of NV = 2 Lagrangian super-
conformal field theories (SCFTs) for arbitrary gauge groups at finite N, and for classical
gauge groups in the planar limit. Ideally, we would like to write the quantities of interest
in terms of color invariants of the gauge group and matter representations. This is vastly
more complicated than in the N' = 4 case considered in our previous work [9], because the
matrix model is interacting, and the identification of its perturbative expansion with the
usual one in field theory — in terms of Feynman diagrams — is not immediate.

Let’s outline our strategy and our results in some detail. Following ideas presented
in [2-4], in section 2 we rewrite the 1-loop factor Zi.joep in (1.1) as an effective action
with an infinite number of single trace and double trace terms, where the traces are in the
fundamental representation of the gauge group
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where aq, Bg and g are constants that depend on the gauge group and the matter con-
tent of the conformal field theory. For the gauge group SU(N), this effective action has
been independently derived in [4], and can find applications beyond the ones presented in
this work.

Together with the kinetic term in (1.1), the interaction terms in (1.2) constitute a
matrix model that is at the center of this work. Matrix models with single and double
trace terms in the potential were discussed in the past [16-20], in the context of two
dimensional quantum gravity. In the planar limit, these models present different phases,
depending on the relative strengths of couplings of the single and double trace terms. For
small coupling of the double trace term, the emerging geometry is that of a family of
spheres connected by wormholes, created by the double trace terms [16]. More specifically,
the planar limit imposes that the full surface has genus zero, so the spheres connected by
wormholes must form a tree graph, in the sense that no wormhole connects a sphere with
itself, no two spheres are connected by more than a wormhole, and there is no closed loop
of spheres [18, 19]. As the coupling of the double trace increases in the matrix model, the
system develops new phases, including a branched polymer phase [16].

The matrix model we encounter, with interaction terms (1.2), bears some differences
with the ones studied in the past [16] and described above. First, the number of single and
double trace terms in the effective action is now infinite. Moreover, the single trace terms
in (1.2) do not have the right scaling to contribute to the planar limit. Additionally, the



coefficients of the single trace terms Tr a?” grow exponentially with n. On the other hand,
the work [21] does consider — in their appendix B — a matrix model with an infinite
number of double trace terms, and studies it in the planar limit with the technique of
orthogonal polynomials.!

Armed with this effective action (1.2), we set out to evaluate various quantities of in-
terest. The first one is the free energy of these SCFTs on S*. As the integrals are Gaussian,
they can be easily carried out. At finite N what is left is the evaluation of color invariants
in the fundamental representation. There are well-known techniques to help with the eval-
uation of these traces [9, 22|, but the expressions become more and more cumbersome as we
go to higher orders in the perturbative expansion. Furthermore, the resulting expressions
involve color invariants of the fundamental and adjoint representations, not of the matter
representations of the various field theories. We then turn to the planar limit, and argue
that only for theories with a finite fraction of matter in the fundamental representation
— theories with 8¢ # 0 in (1.2) — the planar free energy differs from the NV = 4 result.
For these theories, we manage to write the full perturbative expansion to all orders in the
't Hooft coupling A,
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where m is the number of elements of a given composition of n,? and V; are combinatorial
factors, to be defined below, attached to each of the m + 1 vertices of the tree. As it
turns out, (1.3) involves a sum over tree graphs, thus making contact with the picture
encountered in the context of two dimensional gravity.

As a matter of fact, the particular values of the coefficients of the double trace terms
in (1.2), including the binomial coefficients, don’t play any role in our argument, so we
have effectively shown that the planar free energy of any matrix model with just double
trace terms in the potential will involve the same sum over trees as (1.3).

A basic question about this planar perturbative series (1.3), is whether it has a non-
zero radius of convergence ., as expected on general grounds, and what is its precise
value. Recall that in full-fledged quantum field theories, perturbative series are usually
asymptotic, due to the combinatorial explosion of the number of Feynman diagrams. In
the case at hand, the perturbative series are presumably divergent, but they are Borel
summable [23, 24]. On the other hand, there are generic arguments that in the planar
limit, the drastic reduction of the number of diagrams implies that their number only
grows powerlike with the number of loops, so the perturbative series has a finite radius of

"'We would like to thank Marcos Marifio for pointing out this reference to us.
2A composition is a partition where the order of the elements matters; e.g. 2+ 3 and 3 + 2 are different
compositions of 5.



convergence [25]. Finding the radius of convergence of (1.3), and more generally, unveiling
the phase structure of these theories in the planar limit, as the 't Hooft coupling is varied,
are important open questions.

In section 3 we tackle the evaluation of the expectation value of the 1/2 BPS circular
Wilson loop. Again, we start by computing the first terms in the perturbative expansion
at finite N. Then we turn to the planar limit, and restrict ourselves to Wilson loops in
the fundamental representation. We argue that (Wg) differs from the N’ = 4 one only
for theories with a finite fraction of matter in the fundamental representation. We again
manage to derive the perturbative expansion to all orders in A; it now involves a sum over
rooted trees.

In this work we have restricted ourselves to superconformal theories for concreteness.
Looking towards the future, the techniques we have used can be also applied to non-
conformal theories, massive or not. It will be interesting to determine whether any of
the phase transition encountered for these theories [5, 11, 12] can be detected with our
methods.

2 The partition function of A/ = 2 superconformal Yang-Mills theories

In this section we discuss the partition function of four dimensional Lagrangian N = 2
superconformal field theories on S*. The seminal work [1] showed that for Lagrangian
N = 2 super Yang-Mills theories — not necessarily conformal — Zga can be reduced,
thanks to supersymmetric localization, to a matrix integral. In this work we will consider
the perturbative expansion in the zero-instanton sector. We will follow the approach of [2—
4] and consider the integrals over the full Lie algebra. Furthermore, following also [2—-4]
we rewrite the 1-loop factor of the integrand as an effective action. Our first result is
a general expression for the complete effective action (see also [4] for the SU(N) case).
Armed with this result, we apply it first to obtain in a unified way the first terms of the
partition function for classical Lie groups at finite N. We then switch to the planar limit,
and obtain the planar free energy to all orders in the 't Hooft coupling.

We start by identifying the theories we will be studying. Lagrangian N' = 2 super
Yang-Mills theories with semi-simple gauge group G and arbitrary matter hypermultiplets
have been classified in [26, 27]. The necessary and sufficient condition for conformality of
such theories is the vanishing 8 function at 1-loop order, which translates into the following
condition for the matter hypermultiplets

Ir(adj) = ZnMIQ (2.1)

where n is the number of matter multlplets and the index of the representation I5(M)
is defined in (2.14). In this article we will be mainly interested in the classical groups for
which (2.1) reads

SU(N) : 2N = 2Nn,ag5 + nF + (N + 2)ngym + (N — 2)Nasym
SO(2N) : ON — 2 = (2N — 2)naq; + Ny )
SO(2N +1): 2N — 1= (2N — 1)nugj + ny

Sp(2N) : 2N +2 = (2N + 2)nagj + ny + (2N = 2)Nasym -



2.1 The 1-loop factor as an effective action

As shown in [1], supersymmetric localization reduces the partition function of N'= 2 SYM
theories on S%, to a matrix integral of the form

- 5 Tr(a?)
Zga = /dae Iy Zl—loop ’Zinst‘Q . (23)

In (2.3), da denotes a flat integration measure, over all the matrix entries, Zj_1o0p is a factor
that arises from a 1-loop computation, while |Zi,|? is the instanton contribution. From
now on we will restrict ourselves to the zero-instanton sector, for which |Zinst|2 =1.

The Zi.100p factor contains all the information of the choice of G and matter, and it’s
given by products over the weights of the adjoint and of the matter representations

Ziaoop = | [ Hlia-a) [[ [ H (iwr - @)~ (2.4)
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where H(z) is the Barnes function whose expansion is given by
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Following [2-4], our strategy will be to rewrite the 1-loop partition function Zjjoep
in (2.3) as an effective action

SG =—In Zl-loop = Sg(a) + Sg(a) + - (2.6)
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where each S; term corresponds to a value of the series expansion (2.5), so effectively any
computation is reduced to evaluation of correlators in the Gaussian theory. Due to the
vanishing of the 1-loop f function (2.1) the sum of quadratic terms in (2.5) cancel among
themselves, so the effective action starts at order g@M. The key step is that in (2.4), after
carrying out the multiplications by the weights of the different representations, we get sums
of products of eigenvalues of the matrix a. These products can be rewritten as products
of traces of a in the fundamental representation of G. Since the weights involved in (2.4)
have one or two non-zero entries, these products translate into single trace and double
trace operators respectively. For instance,
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Going through this procedure for all possible matter representations (2.2) is a straightfor-
ward but tedious exercise, so we leave the explicit form for appendix A. Here we present
the general result, written in a unified manner for an arbitrary group G as,
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SO(2N) 1 — naq;j 2(1 — nagj) 0
SO(2N +1) 1 — Magj 2(1 — nag;) 0
Sp(2N) —1 4+ Nadj — Nasym | 2(1 — Nadj — Nasym) 0

Table 1. Value of the coefficients in (2.8) for the different Lie groups.

with coefficients ag, Ba, 7¢ that depend on the gauge group and matter content, see
table 1. Eventually, we will be interested in taking the large N limit of various quantities.
Since for N/ = 2 SCFTs, ng scales with NV, we have used the condition of the vanishing of
the 1-loop f function, eq. (2.1), to eliminate np in the previous formulas; in this way, all
these coefficients are of order one, independent of N. Furthermore, they vanish for N' = 4,
as they should. The coefficient ¢ is essentially what was called v in [15], the fraction of
matter in the fundamental representation.

We conclude that for any Lagrangian N' = 2 SCFT, the 1-loop factor in (2.3) can be
expressed as the exponential of an action that includes infinitely many single and double
trace terms. For SU(XNV), this all-order effective action was also recently derived in [4].
As mentioned in the introduction, matrix models with single and double trace terms in
the action already appeared in the study of two-dimensional quantum gravity [16-18, 20],
where these double traces were interpreted as wormholes connecting spheres. In the planar
limit, for small enough coupling of the double trace term, the relevant surfaces were trees
of spheres connected by these wormholes; we will see the reappearance of tree graphs in
the planar limits of the free energy — section 2.3 — and of the expectation value of the
Wilson loop, section 3.2.

It is important to appreciate a difference between the matrix model that results from
the effective interacting action (2.8) and the matrix models just mentioned. Terms in the
action of the matrix model that contribute of the large N limit are — after perhaps a
rescaling of the matrix — of the form

S =N>W(0) (2.9)

where W (O) is a function that has no explicit N dependence and O are normalized trace
operators, e.g. O = %Tr a*. Schematically, for a theory with kinetic term, single and
double trace term interactions,

1 1 1
S = N? (NTr a® + ~ ak + ~aTra” Tr a”) : (2.10)
The kinetic term in (2.3) is already of this form, since A = g2,;N. However, the single
trace terms in (2.8) do not have the proper scaling (2.10) to contribute to the planar limit.
On the other hand, the double trace terms in (2.8) do have the right scaling, and can
contribute to the planar limit.



2.2 Partition function and color invariants at finite IN

In this section we will compute the first terms of the zero-instanton sector of the normalized
version of the partition function (2.3), using the explicit form of S&, (2.8), i.e

<e— 322, Sifa) >0
(Ig

where the subscript 0 corresponds to the Gaussian matrix model over the full Lie algebra.

Zgi =

(2.11)

The denominator is the partition function for the case with Zj o, = 1, namely, the
N =4 SYM theory. By not restricting the integrals to the Cartan subalgebra [2, 3], the
Vandermonde determinant is not generated and the matrix integrals reduce to Gaussian
ones that can be carried out by applying Wick’s theorem. As discussed in [9], this approach
has the advantage that it allows to deal with different gauge groups and matter content in
a unified fashion.

We will actually compute the first terms of the free energy F(\, N), or to be more
precise, due to the denominator in (2.11), F(A,N) — F(A, N)N=%. From a field theory
perspective, it receives contributions only from connected Feynman diagrams. At a given
order in gyn the relevant interaction terms can be read off directly from (2.8). As mentioned
above, for superconformal field theories, the effective action starts at order g@M, so the first
cancellation when considering the logarithm of the partition function takes place at order
g%M. Up to this order,

FOLN) = FO, NN = —(Sy(a)) — (S5(a)) —(Sa(a)) + 5 ((Sa(a)?) — (S2(a))*) +O(63y).

(2.12)
The computation factorizes into a trivial evaluation of Gaussian correlators, and the eval-
uation of color traces. The first part just amounts to applying Wick’s theorem with the
following two-point function,

¢
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The second one consists of evaluating traces of the Lie algebra generators, and it can be

carried out using the techniques described in [22]. Our conventions are
TR TH = if™ T T(T4Th) = LIRY™  (TRTR), = Ca(R)dy;  (2.14)

with a,b = 1,..., N4, Npg is the dimension of the representation R, and A denotes the
adjoint representation. We further deﬁne fully symmetrized traces

daRl...an _ Tr Z T Go(l) G(n) ] (2.15)
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To the order considered here, the relevant correlators (recall that all traces are in the
fundamental representation) are

(Tra®) = 1)1 0 --brbn (2.16)
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(Tra®Tra®) = “deabc (2.18)
(Tra®Tra®) = (60Ck — 15C)d@edye, (2.19)



and plugging them in (2.12) we obtain
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If needed, the color invariants that appear in the expression above can be rewritten
in terms of lower order color invariants, as discussed in [9, 22]. At order g2%; the possible
products of values of the ¢ function that can appear are ((2n; — 1)...{(2n,, — 1), where
{ni,...,ny} is a partition of n not containing 1. The number of such partitions is p(n) —
p(n — 1), where p(n) is the number of partitions of n.?

The drawback of the approach we have pursued to carry out the integrals is that (2.20)
involves color invariants in the fundamental and adjoint representations, and not color in-
variants of the original matter representations of the SCFT. Therefore, it is not straightfor-
ward to match the different terms we encounter with the perturbative series in field theory.
At low orders in the pertubative expansion, we can undo this, by rewriting the coefficient
in terms of the original invariants. For instance, for the coefficient at order géM,

a(Ca — 6CF) + BI(F)(Na+2) = C% = > npCrx(R). (2.21)
R

If we now wish to study the large N expansion of (2.20), it is straightforward to evaluate
this expression by fixing (G, the matter content, computing the corresponding group factors
and finally evaluating the large N limit. For N' = 2 SQCD, i.e. taking G = SU(NV) with
ngp = 2N, the corresponding group invariants are given by

NZ_1
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in addition, from table 1 we see that this case corresponds to ag =0, 8¢ = 1 and vg = —1.
All in all, taking the large N limit and neglecting subleading terms

N=4 _ _ 3¢(3) 5¢(5) 9¢(3)% — 35¢(7)
FO()\) - FO()\) 4 _ _ YT 22 + 10245 A3 + L 6380E A4 + O(}\B) (223)

where Fp()\) is the coefficient of N2 in the 1/N expansion of the free energy.

3The generating function of the number of partitions of n not containing 1 is T, % = (1-

DL, e = (1 —2) X, p()a” = X, (p(n) — p(n — 1)) " B



2.3 Free energy at large IN

We turn now our attention to the large N limit of the free energy on S*, F(A\, N) = In Zga.
The free energy admits a large N expansion, F(\, N) = Fy(A)N? + ..., and our goal is to
determine Fy()\). We will argue that Fy(\) differs from the N = 4 result only for theories
with a finite fraction of matter in the fundamental representation, i.e. theories with So # 0
in (2.8). In general,

00 \mtl oo m
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In the previous expansion, <(Sgt)k> involves disconnected 2k-point functions whose 1/N
expansion has a leading N?* term. On the other hand, the leading term in F (A, N) scales
like N2, so there are massive cancellations in (2.24). For actions with just single trace
interactions, only planar connected diagrams contribute to Fy(A). The action (2.8) has
however double trace terms, and we need to fully identify the N2 terms that survive the
cancellations in (2.24).

These contributions can be written as products of connected correlators, and as it turns
out, the characterization of which products of connected correlators contribute to Fy(\)
has a natural answer in terms of graph theory: for any product of connected correlators we
introduce an associated graph, and we will argue that a product of connected correlators
contributes to Fy(\) if and only if its associated graph is a tree. The perturbative expansion
we find for Fy(A) of these theories is thus given by a sum over all tree graphs.

Once we accomplish the task of characterizing the contribution of any correlator to
the planar free energy, we take advantage of the results of [28, 29] for the planar limit of
connected correlators, and write the full perturbative expansion of the planar free energy
of these theories.

As a starting point, notice that the different terms in Sﬁt, eq. (2.8), have vevs with
different large N scaling. The single trace terms have vevs that scale like V. The vev of
double trace operators with even powers factorizes in the large N and it scales like N?. On
the other hand, the vev of a double trace of operators with odd powers does not have a
disconnected contribution, and its leading term scales like N°. This already suggests that
the large N behavior of the free energy depends qualitatively of having Bg # 0 or not; this
qualitative difference was already encountered with the saddle point approximation.

For N' =4 SYM, all coefficients in (2.8) vanish, since the 1-loop factor is exactly one.
The unnormalized partition function is then trivially given by Gaussian integrals, and the
planar free energy takes the following form [5]

1
Fy(WV=t = 5. (2.25)

Let us discuss now some genuinely N/ = 2 SCFTs. When B¢ = 0, there are no terms in
SG scaling like N2, so Fy(\) = Fy(A)NV=%. The last and most interesting case is that of
theories with Sg # 0 in (2.8), that is, with a finite fraction of matter in the fundamental
representation. Theories with Bg # 0 can have ag and g # 0. We argue below that the

ag, e parts of S¢, in eq. (2.8) do not contribute to the free energy in the planar limit.



Any disconnected correlator can be written as a sum of products of connected corre-
lators

<Trak1 ...Trak"> = Z<Trak1 ...Trakr1>

Terms in the previous sum that grow faster than N? are too disconnected and cancel out

e <Tr akrs . Tr ak"> . (2.26)

c Cc

when taking the logarithm. Terms that scale slower than N? do not contribute to the
planar limit of the free energy. To characterize the terms in (2.26) that scale precisely like
N?, let’s recall that at large N, planar diagrams can be drawn on a sphere, so they scale
like N2. They are associated to connected correlators, and in the conventions of (2.10),

the Feynman rule for a trace operator inserts an additional factor of IV, so

<NTr a" . NTr ak"> ~ N2 (2.27)

c

or equivalently, the connected n-point function of trace operators scales as

<Tr I ak"> ~ N2T (2.28)

c

as long as there is an even number of odd k;; if the number of odd k; is odd, the correlator
vanishes. According to (2.28), a term in the expansion (2.26) that involves the product of
s connected correlators of 71,9, ... 7, sizes, scales as

<Tr akr ... TrakT1> <Tr akr ... TrakT2> . <Tr akr ... TrakTS> ~ N2s=(rftrs) - (2.99)
c C C

For this term to have the right scaling as N2, the total number of operators in the discon-

nected correlator, vy + - - - + rs must be even, call it 2m, and furthermore 2s — 2m = 2, so

s = m + 1. Therefore, for a disconnected 2m-point function, the terms with the right N2

scaling are products of precisely m + 1 connected correlators. A slightly different version

of the argument is the following: if we rewrite the double trace as

1
Tra? 2P Tro?% = WNTL" a®" 2% N'Tr a** (2.30)

we observe that each double trace insertion comes with a # factor. Then, the N? scaling
comes from s connected blobs, each scaling like N2, joined by m wormholes, each weighted
by %
s (1" 2
(N#) <J\72> =N=s=m+1. (2.31)
Since we are partitioning 2m operators into m+ 1 correlators, the number of such products
is given by the number of partitions of 2m into precisely m + 1 parts, py,+1(2m). This can
be shown to be the same as the number of partitions of m — 1, p(m —1).*
We have just argued that for a disconnected 2m-point function, the terms that have the
right large N scaling to contribute to Fy(A) are products of m + 1 connected correlators.
But not all such terms do actually contribute to Fy(A), since they may not survive the

mj,..m m—+1 m— m—+1 m— oo
4pm+1(2m) = ["E2 Jz 1 Hz:+1 (1jzi) =z 1] Hz:ﬁ (1jzi) = [z 1] H'L:l ﬁ =p(m —1).
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Figure 1. How to map a product of connected correlators to a tree with labeled edges: for each
connected correlator, introduce a vertex. If two vertices contain operators in the same double trace,
join them by an edge. The edges are labeled by the double trace that the respective vertices have
in common.

L
o

Figure 2. The list of trees up to 5 vertices.

cancellations that take place in the sum (2.24). If a term in <(Sﬁt)”> factorizes into pieces
that appear in a product of <(Sﬁt)m> of lower orders, it will be cancelled. So the terms
in ((SS

G.)™) that contribute to Fy()) are products of connected correlators, such that none

of these correlators appears at lower orders. A succint way to describe this condition uses
the language of graph theory. For this reason, we are going to associate a graph to any
product of connected correlators.

Consider a particular product of m + 1 connected correlators of lengths rq,..., 7,11
such that 1 + -+ + re1 = 2m. For each of them draw a vertex, so this is a graph with
m + 1 vertices. Then join two vertices by an edge if the correlators involve operators from
the same double trace; there are then at most m edges. See figure 1 for an example of this
procedure.

The condition on the correlators described above translates into the requirement that
the graph is connected and has no loops; a connected graph with m + 1 vertices and m
edges is a tree [30]. See figure 2 for the list of trees with up to five vertices.

We can be more specific about the relevant types of trees. First, the edges are labeled
by the double trace they represent. Furthermore, one has to distinguish two graphs coming
from just swapping two operators in the same double trace. This can be taken into account
by adding a direction (an arrow) to the edges, see figure 3. All in all, we have argued that
the terms that contribute to Fy(\) from a disconnected 2m-point function are in one-to-one
correspondence with directed trees with m + 1 vertices and labeled edges.

- 11 -



Let’s collect some basic results about the enumeration of trees. There is no known
formula for the number of unlabeled trees with n vertices. The sequence for the number of
unlabeled trees with n vertices has the following first few terms [31]

1,1,1,2,3,6,11,23,... (2.32)

A classical result by Cayley is that there are (m-+1)""1! trees with labeled m+1 vertices [32].
Using this result, it is immediate to prove [33] that for m > 2, there are (m + 1)™~2 trees
with labeled edges. Finally, if every edge is oriented (with an arrow), there is an additional
factor of 2 for each edge, so the number of oriented trees with m + 1 vertices and labeled
edges is 2™(m + 1)™2 [34]. See figure 3 for examples of these types of trees.

Let’s go back to the expansion (2.24). Recall that the terms in the action (2.8) don’t
have any power of N in front of them. As discussed after eq. (2.10), that implies that
double trace terms can contribute to the planar limit, but the single trace terms in (2.8)
can’t. Let’s further argue that only the double traces of even powers — the Sg term in
the action (2.8) — contribute to the planar limit. First, any non-zero correlator has an
even number of odd powers, call it 2k. In particular, no connected correlator can have just
one odd power operator: it either has none, or at least two. Therefore there are at most
k connected correlators with odd powers. The subgraph of connected correlators with odd
powers has at most k vertices and precisely k edges, so it must contain loops. This implies
that the full graph can’t be a tree, and thus this product of connected correlators doesn’t
contribute to the large N limit.

After arguing that only double traces of even powers contribute to the planar limit of
the free energy, we restrict our attention to just those terms,

Zga =1+ Z mBG i (_1)n1+--~+nm ((2m —1)...¢(2nm — 1)

ny...NMym
N yeeey i, =2

N N (2.33)
Z (221) Z <§Zm> <Tr a?m=k)my g2k Ty q20m—km) Ty a2km> .
1 m

k1=1 km=1

To proceed, we need the coefficients of connected correlators in the planar limit. These
coefficients give the number of connected planar fatgraphs one can draw with the corre-
sponding operators, and are thus integer numbers. For one-point functions [35, 36|

1. o A\

where C, are the Catalan numbers. For connected n-point functions, the leading term at
large N is [28] (see also [29] for an earlier, purely combinatorial derivation)
(d — o (2k)!

Tra? Tra? . Tra?) = :
<“‘ “ /e (d—n—i—Q'Zlk—l)'k'

A
1672

)dNQ_”, (2.35)

where d = Y k;. Notice that (2.35) reduces to (2.34) when n = 1. The results above were
derived for the Hermitian matrix model, so in principle they apply to U(N)/SU(N) gauge
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(c) (d)

Figure 3. a) An unlabeled tree. b) A tree with labeled vertices. ¢) A tree with labeled edges. d)
A directed tree with labeled edges.

theories. Nevertheless, since we are only concerned with planar diagrams, they apply also
to SO(N), Sp(N) theories. For future use, let’s give a name to the numerical coefficient
in (2.35),

(d—1) 1 (2k)!
V(k,. .. k) = (d—n+2)!i1_11(ki—1)!ki!‘ (2.36)

The contributions to Fy(\) at fixed order % are then obtained as follows. At this order,
there are m pairs of traces, coming from m double trace terms, Tra?™—2k1 Trg?k1 .. |
Tr a?"m=2km  Trq?*m . Draw all directed edge-labeled trees with m edges. Assign Tr a2 —2ki
to the vertex at the start (i.e. origin of the arrow) of the i-th edge. Assign Tra?* to the
vertex at the end i.e. end of the arrow of the i-th edge. This procedure assigns to each of
the m + 1 vertices a number of traces equal to the degree of the vertex, i.e. the number of
edges connected to that vertex. For each vertex, consider now the connected correlator of
all its trace operators and assign it its numerical factor V;, eq. (2.36). Then,

_ = (-n)mpm & A\ cony — 1)L (20, — 1
m=1 ’ N1 yeey =2 s ltm

ni—1 Nm—1 m+1
DN 6 D Sl () B DRI | %

2k, 2km, , L1 "
k1=1 km=1 directed trees =1
with labeled edges

(2.37)

Let’s illustrate this result by working out the lowest orders of (2.37). Notice that fg
counts the number of double trace terms, and it can be thought of as a wormhole counting
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parameter. When m = 1, we have two-point functions, and we have to consider partitions
of 2 into precisely 2 parts; the only possibility is 2=1+1, so the contribution comes from the
product of two one-point functions. Applying (2.26) and (2.34) for the full series of (2.11),
we obtain

X ¢(2np —1) [ =X\ ron
Fo(N)s, = —fa S ( ;1 )<1 772) 3 21; Crures Oy

n1=2 k=1

= -fe3 =D (55 CalCun-2) (239)

as expected from the finite N discussion we see that the leading B term is an infinite
series that captures all the terms with only one ( thus generalizing the result (2.23). At
order BZ, the terms that contribute to Fy(A) come from distributing the 4 operators into
precisely 3 correlators. The only possible partition is 4 = 1 4+ 1 4 2, which corresponds to
the only tree with 3 vertices in figure 2. There are 4 directed trees with labeled edges for
this unlabeled tree, so the contributions are

<Tr a?(m—k1) > <Tr a2(”2*k2)> <Tr a?F1 Ty g2k > (2.39)

c c c

and the corresponding permutations coming from exchanging k; <> n; —k;. While the prod-
uct of correlators is not invariant under this exchange, after summing over k; o in (2.37),
the answer is, so we can just take one of them and multiply by 4. The contribution to the
planar free-energy is given by

2= C(2n—1)¢(2np — 1) [ A\
S )

1n2 w2

ni,ne=2

(2.40)

ni—1 no—1
2721 2712 4 (2]61)' (2]{‘2)'
kzl (2k:1> kzl <2k2) ki + ka (k1 — 1)ky! (ko — 1)!@!0"1—’“0"2—’” ‘
1= o=

This expression recovers the term in (2.23) with a product of two values of ¢, and provides
all the subsequent terms of this form.

After these examples, let’s simplify the sums in (2.37). First, as we have seen in the
example at order Bé, while the product Vi ... V41, is not invariant under k; <> n; — k;,
after summing over all k; in (2.37), the answer is the same for any of the choices of arrows
of the tree, so one can just take any of the 2™ possible assignments, and replace the last
sum by

om > Vi Vi (2.41)

undirected trees
with labeled edges

where now the sum is over undirected trees (no arrows) with m labeled edges. To further
simplify this sum, note that for a given unlabeled tree T with m > 2 edges and with auto-
m!

morphism group Aut(T), there are Aut(y] Ways to label its edges [33]. They correspond
to different rearrengements of the indices 1,2,...,m in the traces placed in the m + 1
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correlators, so again, in general the values of the correlators are different. However, (2.37)
contains a sum over all ny, ..., n,, so after this sum all such terms end up giving the same.
The case m = 1 has to be considered separately; the only tree with one edge, see figure 2,
has |Aut(T)| = 2 and there is just one way to label its edge. On the other hand, for the
directed version, changing the direction of the arrow does not change the tree, so these
two factors cancel each other. These considerations allow to further simplify the sum over
trees to

m m!

unlabeled trees

finally arriving at,

e e ni+-tnm _ S
Fo(\) = BB W)Y = 3 (=260 Y (”) ¢@2m —1)... (2 — 1)

1672 ni...NMm

m=1 N yeeey N =2

o "e! fon 1
1 m
E e E E —V1 ...V .
(%1) (%m) [Aut(T)]
k1=1 km=1 unlabeled trees

with m edges

(2.43)

A physically more relevant expression comes from grouping all terms with the same
power of A\. To write it down, first recall that a composition of n is a partition where order
matters, so 3+ 2 and 2+ 3 are different compositions of 5. We will denote by m the number
of non-zero elements of a given composition. Then

Fo(A)—Fg()\)N:4:Z< py )” Z (_QﬁG)mC@nl—1)...C(2nm—1)

1672 Ni...Mm

n=2 compositions of n

not containing 1

£ () B () 5 st o

k1=1 km=1 ™/ unlabeled trees
with m edges
where the second sum is over compositions {ni,...,n,} of n that don’t contain 1. The

number of such compositions of n is given by the Fibonacci number F,,_; [37]. Equa-
tion (2.44) is our result for the planar limit of the free energy of theories with S # 0, and
the main result of this section. In appendix B we write explicitly its first terms, up to 13th
order.

Let’s comment now on the convergence of the perturbative expansion (2.44). Typi-
cally, perturbative series in quantum field theory are asymptotic, due to the combinatorial
explosion of Feynman diagrams. The perturbative series of the full free energy of these
theories is presumably divergent, but it is Borel summable [23, 24]. On the other hand,
for generic quantum field theories, when we restrict to the planar limit, there is a drastic
reduction in the number of Feynman diagrams that contribute in this limit, which now
grows only powerlike. As a consequence, the planar perturbative series has a finite radius
of convergence [25, 36]. A pertinent question is then what is the radius of convergence
of (2.44).
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We haven’t been able to determine the radius of convergence of (2.44). Nevertheless,
let us offer some comments on the convergence of the series that appear at every order in g
in (2.43). At every fixed order in B¢, the coefficient is a series in A. At order S¢, it follows
immediately from the quotient criterion that the series (2.38) has radius of convergence
M. = m2. This is precisely the same value as the one found in [12] for the divergence of
planar perturbation theory for N/ =4 SYM generic observables (in this sense, the 1/2 BPS
N = 4 Wilson loop turns out not to be a generic observable). We can sketch an argument
proving that the series in A at generic, but fixed, order in S in (2.43) have all the same
radius of convergence. First, define V; as the prefactor of V; that does not factorize,

- (d—1)!

Vilht, ) = T (2.45)

with d = ), k;. Then, the last line in (2.43) can be rewritten as

T 8 e > G [ (Y S o [ )

km=1

Vl “e Vm+1
E ——— . (2.46
|Aut(T)] (2.46)
unlabeled trees

with m edges

The sum over trees in the equation above yields a rational function of the variables n;, k;
of degree —m — 3, let’s call it @y, (n;, k;) For large n; the m sums over k; can be thought as
a measure peaked around k; = n;/2, so we conjecture that when all ns are large, the effect
of the sums is evaluating @, with all k; taking the value n;/2

DN Qmna, ki, k) = Qm(ny, 01 /2, 0 /2) Y 0D (247)

k1 km k1 km
If this is true, assuming all the n; are large enough and applying the Stirling approximation,
it follows that for every m the series at order % in (2.43) has finite radius of convergence
A = 72. Even if this argument can be made precise, proving that at every fixed order
in 3, the corresponding series in (2.43) has radius of convergence A, = w2 doesn’t prove
that this is the radius of convergence of (2.44). Study of the convergence of (2.44) is under
investigation.

Finally, let’s point out that the number of trace insertions at every vertex in the tree
graph is fixed. It is the degree of the vertex, i.e. the number of edges arriving at the vertex.
This is due to the fact that single trace terms don’t contribute to the planar limit.

3 The 1/2 BPS circular Wilson loop

Another milestone of supersymmetric localization is the possibility to compute the expec-
tation value of certain class of protected operators. In the work [1] it was proven that the
expectation value of the 1/2 BPS circular Wilson loop

1
Wgr = —TrgP exp% (Apdzt +i®ds) (3.1)
Nr c

~16 —



also reduces to a matrix model computation

2
1 — 87% Ty(q2
daTre 2mbag o5y )

(W) = s

Zl—loop|Zinst |2 . (32)

It has been understood more recently that the correlator of the stress-energy tensor and
a 1/2 BPS circular Wilson loop can also be determined by a matrix model computation.
First, the two-point function of the stress-energy tensor and a straight 1/2 BPS Wilson
line is determined by conformal invariance, up to a coefficient hy [38]
TO(2)W h
w — ij; ) (3.3)
(W) |7
This coefficient appears also in the two-point function of the stress-energy tensor and a
circular Wilson loop [39]. It was conjectured in [40] that for N/ =2 SCFTs

1

= Wab In <Wb>’b:1 (34)

hw

where the vev of the Wilson loop is computed in a squashed S* sphere of parameter b,

1 ~ 5 Tr(a?)
(Wy) = 7 /daTre_%bae AV Zl—loop|Zinst‘2- (3.5)

S4
In principle, both Zi_j50, and | Zins|?> depend on the squashing parameter b, but this de-
pendence starts at quadratic order in (b — 1)? [40]. In practice, since the relation (3.4) is
only sensitive to the linear dependence in b — 1, in evaluating (3.4) it is valid to use the
expressions for Zq.j0p and | Zins|? of the ordinary S*. Additional evidence for eq. (3.4) was
provided in [41] and it was finally proven in [42]. It is also worth keeping in mind that for
N = 2 theories it was conjectured in [40, 43] and proven in [44] that B = 3hy, where B is
the Bremsstrahlung function [45, 46].

The perturbative computation of the vev of this Wilson loop operator in N’ = 2 was
studied before [47] by usual QFT techniques, in [41] by using the heavy quark effective
theory and in [13] by matrix model techniques. All of this perturbative computations were
done for the case of G = SU(N) with np = 2N, in addition going to higher orders in
perturbation theory seems a daunting task in these formalisms.

As in the case of the partition function, we will attack this problem with localization
techniques and once again we will not restrict the integration to the Cartan subalgebra of
G. This will allow us to obtain both the Wilson loop operator and the Bremsstrahlung
function in an unified manner for any choice of G obeying (2.1) in terms of color invariants.
In the large N limit, we will be able to obtain an all order expression in A, similar to the
one found for the free energy in the previous section.

We will consider the generalized Wilson loop W, eq. (3.5), on an ordinary S* so we
can apply (3.4) to obtain the one-point function of the stress-energy tensor in the presence
of the Wilson loop. To obtain the expectation value of the Wilson loop on S%, it is enough
to set b= 1.
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3.1 Wilson loops at finite N

In this section we will proceed as in the case of the free energy. We will perform a per-
turbative calculation of the lowest orders of the vev of the 1/2 BPS circular Wilson loop
operator and we will be able to cast the result for arbitrary gauge group G at finite N.
Setting from now on | Ziust|? = 1, from (3.5) we have

1 & g
Tr ale=S(@)y g 3.6
Ze ; l'NR R )0 (3.6)

since we are interested in corrections coming from the matter content it is convenient to
subtract the expectation value of the Wilson loop operator of the A/ = 4 theory. Up to
order g%, we find

Trr a2Sg(a))—<TrR a2)<Sg(a)>+<TrR aQSg(a)>—<TrR a2>(53(a)>}

1 et
Nr 4!

[mR a*S(a))—(Trr a4><52(a)>] +O(g%) . (3.7)

From (2.8) it’s a straightforward calculation to obtain at finite N

3C(3)0°g5y L2(R)

(Win=2 — (W)n=1 = &2 Ng

4(5)529%1\/1
(8m2)3

((3)b*g¥
KEINg 0,

[6agdgﬂbb — Bela(F)2NA(N4 + 2)}

I (R
2]\<7 ) [—4500@(1%“%06 + 45815 (F) (N + 4)d#* + 607Gd%)cd%)c}
R

aabb dccdd
+

+ AR + 386(Na + 3)aE™] + O(gh) . (3.8)

As a check, we can compare the order 936(1\/[ general result with the computations carried
out in [41, 47] for the special case of SQCD, this setup is the same as the one considered
n (2.22), with this is straightforward to evaluate the order g%,; term in (3.8) for this choice

(N2 —1)(N%2+1)
N )

(W)ns — (Wnes = —B2-I0 (3¢(3))

p127t (3.9)

that precisely matches the result presented in [47] and further generalizes it to any gauge
group G while preserving the finite NV contributions.

As in the case of the free energy, a drawback of the result (3.8) is that it’s written
in terms of gauge invariants in the fundamental representation, and not of the matter
representations of the theory. To fix this, we can look at the relevant diagrams in the
quantum field theory computation, eq. (18) in [47], to find that at order g%M the color
factor is

Znh <Ch — > Ig(h) = C% — ZnhChlg(h) (3.10)
h

where the sum is over the matter hypermultiplets. It can be easily checked that the color
invariant and the coefficients in (3.8) do reproduce this color factor.
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As a second example, consider the SCFT whose gauge group is SU(N) and has one
rank—2 symmetric and one rank—2 antisymmetric hypermultiplet, with this matter content
the degrees of freedom scale as 3N(N + 1) + 3N (N — 1) ~ N? this is the same number
as N =4 SU(N) x U(1) gauge theory. This coincidence leads to a massive cancelation of
Feynman diagrams from which it’s expected [46, 48] that corrections from the expectation
value of the N' = 4 result scale as 1/N, this is easy to check noting that this theory
corresponds (1) to ag =0, B = 0 and v = —2, so (3.8) becomes

_ 1200%65,¢(5)
N Np(8m2)3

At 156%¢(5)

dabcdabcI ~ _
7 df I(R) ANZ? (872)3

(3.11)
where we see that corrections scale as 1/N2.

Finally let us briefly discuss the large N limit and present the result corresponding to
SQCD, from (3.7) and (3.8) we obtain

362 \3 (3) — A (27r2b4g(3) — 1562¢(5)

(Wn=e = (Whw=1 = —2555¢ 409670

) +0(\).  (3.12)

3.2 Wilson loops at large INV

We want to determine now the planar limit of the expectation value of the Wilson loop
operator. As found in the previous section for the planar free energy, the answer depends
markedly on whether the SCFT has a finite fraction of matter in the fundamental repre-
sentation, g # 0 in (2.8), or not.

Since we want to take advantage of the result for the planar connected correla-
tors (2.35), we will restrict ourselves to the case R = F, so the Wilson loop is taken in
the fundamental representation. Recall that the effective action (2.8) involves single trace
terms, and double traces of even and of odd power operators. Note that when Bg # 0, the
ag and g terms in the action give subleading contributions, and can be neglected in the
planar limit.

First of all, let’s argue that (W) scales like N° in the planar limit. Expanding the
exponential of the Wilson loop insertion

o0 22\ { LTy g?le—5
=0

Now, the expression inside the sum is the one-point function of %Tr a® in an interacting
matrix model, that scales like NV. Following the same logic as in the previous section for
the free energy, we aim to write this as a product of connected correlators with the right
large N scaling. Moreover, as we did for the free energy, it proves convenient to subtract
the result from the Gaussian matrix model, which in this context corresponds to the N' = 4
theory.

After expanding the effective action, we want to extract the piece of <Tr a215m> that
scales like N. This correlator contains 2m + 1 traces, so by the same argument as in the
previous section, a product of s connected correlators scales like 2s — 2m — 1, which implies
the relevant piece are again products of m + 1 connected correlators. On the other hand,
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Figure 4. The list of rooted trees up to 4 vertices. In each tree, the distinguished vertex is
represented by the white dot.

Tra? can not be by itself in one of these correlators, because it will be cancelled by the
N = 4 subtraction. As a consequence, after fixing the correlator that contains Tra?, we
are again distributing 2m operators into m + 1 connected correlators, so again we find
a tree structure! There is however, an important difference: now, one of the connected
correlators contains Tra?, so it is distinguished from the rest. When we translate the
product of connected correlators to a tree graph, we have to distinguish one of the vertices,
the one that correspond to the correlator containing Tr ¢?. In the mathematical literature,
trees with a distinguished vertex are call rooted trees [30]. See figure 4 for the list of rooted
trees with up to four vertices. The number of rooted trees with n vertices is [49]

1,1,2,4,9,20,48, . .. (3.14)

All in all, we find

20 ANV X (B S AN\ c(2ny—1) L C(2nm—1)
Whwmo=Wiyoe = Z (20)! <Z) Z m! Z (1671'2) ni...Mm
ni—1 m Ny —1 m m-+1
1 m
3 <2k> S <2k> Y TIve 61
k directed rooted trees i=1
with m labeled edges

By the same arguments that we used in the discussion of the free energy, this expression

can be simplified to a sum over unlabeled rooted trees

oo

) Semr $ () sty

<W>,/\/’:2 - <W>/\/‘:4 =

m—+1

" o, "t (o, 1
<2k> $ <2km> >y v 619

unlabeled rooted
trees with m edges
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To illustrate (3.16), let’s work out the terms up to Bé,

Whx—a= (Wi 4*Zu I—1)! ( ) [ ﬂGZ(mﬁ) 27; R (?)2(2) (;:Jlik
£ () ) () ()

TLI,TLQ:Q

(n1—k1+1)(n1—Fk1) o7 I~ A\ (90 —1)¢(2na—1)C(2n3—1)
(4 (Z+N1—k1)(k1+k2) +2>_6 Z (1671’2) n1NoN3

ni,nz,ng=2

GO E ) E )6 E )
(48 (nl(lﬂ)(nlk1+1)(n3k3)(n3k3+1) a8 (n1—ky)(ny—ki+1)

I4+k1) (k2+k3) (n1—k1+nz—Fks) ks+ni—ki

(nl—kl)(nl—k’1+1)
l+n1—k1

+24 (3.17)

+8(l+k1+/€2+k3—1)> +-e

where the dots stand for terms with more than three values of the ¢ function. We have
checked that this expression correctly reproduces the explicit results of appendix A of [13],
where this expectation value was computed up to \”. This match provides a very non-trivial
check of our computation.

Finally, let’s consider an example of a theory with S = 0, namely the SU(N) gauge
theory with a 2-symmetric and a 2-anti-symmetric hypermultiplet. This theory has ag =
Ba = 0 and yg = —2, so in the planar limit (W)y—2 = (W)px—4, and we can compute
some subleading 1/N? terms in (W)—2. In particular, we will now derive the term linear
in ~yqg, so it contains all the terms with a single value of the ¢ function. To do so note that
in this case the effective action (2.8) has only odd powers so we need the equivalent result
of (2.35) with two odd powers and a single even power. This is [28]

2k D! @R+ 1) (2k)!
¢k ko2 (ks — 1)lks!

<Tra2k1+lTra2k2+lTra2k> (3.18)

With this in mind we obtain

(3.19)

where in fact the sums over k£ and [ can be performed, which gives us

(2(n—1)> 2] ( A )"
n—1 1672 '
(3.20)
Where I (z) is the modified Bessel function of the first kind and this result is computed
for SU(N). In the large N limit, n-point functions of traces of odd powers don’t coincide

for U(N) and SU(N), so this result can’t be compared with the large N limit of (3.8).

N2

W n=2—(Wix=4a = e b\/>[1 bV X) i 2n—1)( <n2n >(n+1)
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A Zi00p and SE, for the classical groups

In this appendix we present the full expression of the Zy_joop for (2.4) and the corresponding
expression of the effective action

SU(N) _ 1., H(iau—ia,)?
oo TN, L H(iau—iaw)?™sa [[N_, H(iau)™ Hivgv:1 H(iay+iay) s T[N, _| H(iau+ia,) e
(A1)
10y, +10a0y 1y — 10y
ZSO(2N) _ uN<v H2 ) J H2 J i (A 2)
1000 TN H iy +iay ) Hiau—ia,) 2 [10_, H(iay )"
ZS0(N+1) _ Hiv@ H?(iay+iay) H (iay—iay) [0, H(iay)? (A.3)
1-loop HuN<U H(iau+iav)2nadjH(iau*iau)Qnadj Hi\;l H(iau)Qnadj+2nV
Sp(N) H5<U H?(iay+iay,) H? (iay,—iay) Hﬂ;l H(2iay)?
1-loop — H;V<u H(iau+iav)2nadj+2"“H(iau*iav)Z"adJ’+2"“ HluV=1 H(Qiau)Q"adi H]uV:1 H(iau)Q”v’
(A.4)
= ¢(2n—1)(=1)™ [ 4—4"
SSU(N) — Z C( n n)( ) { 5 (nsym_nasym)r:[‘ra2n
n=2
2 (on Neym+1
k sym asym 2n—k k
n kZ_Q <k> ((—1) (1—nadj)—%) Tra® *Tra } (A.5)
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B Explicit planar free energy up to 13th order

In this appendix we present the result of evaluating (2.44) up to A'3. To do so, we use

the shorthand \ = —#. Furthermore, we are not writing powers of 3g; to recover them,

write one B¢ for each (. The planar free energy is then
Fo(A\)—Fo(MV =% = —3¢s A2 =200 A°+(36¢2 —140¢7) A+ (720 3¢5 —1092¢o ) X
+(=T720¢3+3800¢2+6720¢5¢7—9394C11 ) A +(—25920¢3 C5+73360(5C7+65520¢3 (o —87516(13) A"
+(18144¢5 —316800( 32 —282240¢3 (7+361620¢7 +732480(5 Co+676368C3(11 —868725¢15)A°
+(967680¢; 5 —(3920000(5 ) /3—6968640C3Cs Cr—3144960(5 Co+7331520¢7Co~+T7700880(5 11+
73513443¢13—9072492¢17) A +(— (2612736 /5) (3 +19440000¢5 ¢G5+ 116121603 C7 —43394400¢5 (7
—38478720¢3¢7 —78180480(3(5Co+37570176(5 —36523872¢3 (114779948407 C11
+84942000¢5¢13+83397600¢3¢15—(493668032¢10) /5) A
+(—37324800¢5 5+17395200083¢5 +466502400C3 G5 ¢ —481376000¢5 (7 + 14152320083 Co —489014400¢5 Co
—865186560¢3(7Co—912859200¢3¢s¢11+806319360CoC11 —441080640(5 C13+868659792¢7C13
+975477360(5C15+979829136(3 (17 —1111643260C21 )A™
+(16422912¢5 —1064448000¢5 C2 +584160000¢5 —479001600¢5 C7+6253228800¢5(2 (7 +2787966720(5 C2
—(5345751040¢3) /3456788300805 C5Co—10857759360¢5 (7o — 48661603203 +1785611520(5 €11
—5731228800¢7 €11 —10116912960¢3C7¢114+4356229416¢1; —11075201280(3C5¢13+9045036000(0C13
—5504241600¢3 C15410057407360C7C15411579728160C5C17+11848032768(3C10— (38632924694 (a3) /3) A2
+(1478062080¢5 ¢5 — 151372800005 C2 —27186001920¢3 (5 (7 +27942656000¢ 5 (7 +74609203200¢3(5 (2
—6227020800¢3 Co+75975782400(3(2 Co-+67576965120¢5 C7Co—60299164800¢7 (o —61206969600¢5 (s
+71569681920¢;5 C5¢11 —127317072960¢5C7¢11 —113820094080¢5Co 11 +23289057792¢5 (13
—69769814400¢7 C13—122896597824¢3(7¢13+9830053833611 (15— 138770723520¢3C5 15+
1053672328809 15— 70547697792¢3 C17+120227642080(7C17+141264773520C5C19+146736910320¢3Co1
—152833845400(25) A2 +O (M) .

Using the method of orthogonal polynomials explained in appendix B of [21], we have
checked this result up to \”.
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