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I X . T h e  P la s tic  D is to r tio n  o f  M e ta ls .

B y  G. I. Ta y l o r , F .R .S ., Yarrow  Research Professor, and  H . Qu i n n e y , M.A.

(R e c e iv e d  M a y  12, 1 9 3 1 — R e a d  J u n e  2 5 , 1 9 3 1 .)

Th e  p la s tic ity  of m e ta ls  lias been  th e  su b jec t of m a n y  re c en t p ap ers  b u t, ow ing to  th e  

com plex ity  of th e  su b jec t, th e re  is  b u t  l i t t le  ag reem en t betw een  d ifferen t researches. 

A tte m p ts  to  e x tra c t  sim ple  g enera lisa tions from  th e  v e ry  com plex  phenom ena  h ave  been  

m ade chiefly  in  tw o  d irec tio n s  (1) E ng ineers  h ave  u sed  te s t  b a rs  of c e r ta in  specia lly  

sim ple  fo rm , su ch  as u n ifo rm  ro u n d  b a rs  w h ich  th e y  h ave  su b jec ted  to  tw is tin g  or 

ten sion , a n d  th e y  have  fo u n d  th e  effect on  th e ir  te s t  of v a ry in g  physica l cond itions. 

(2) M ath em atic ian s  h av e  assum ed  a n  id ea l p la s tic  m a te r ia l a n d  h ave  g iven  i t  p ro p e r

tie s  w h ich  m a y  or m a y  n o t be possessed b y  som e re a l m a te ria l. T hey  have th e n  

analy sed  th e  d is tr ib u tio n s  of s tress  a n d  s tra in  w hen  th is  ideal m a te ria l is su b jec ted  to  

g iven  e x te rn a l forces or d is to rtio n s .

T he m a in  p rob lem  in  p la s tic ity  is  to  d e te rm in e  th e  in te rn a l stresses a n d  s tra in s  in  a 

p lastic  b o d y  w hen  g iven  e x te rn a l loads a n d  s tra in s  a re  ap p lied  to  i ts  o u te r  surfaces. 

T he com m on eng ineering  te s ts  are  incap ab le  of sup p ly in g  in fo rm atio n  in  a n y  cond itions 

of stressing  ex cep t th o se  u n d e r w h ich  th e  p a rtic u la r  te s t  concerned w as carried  ou t, 

th u s  a  p u re  tensile  te s t  of a n  ann ea led  copper b a r  y ie lds a  load -ex tension  cu rve  in  w hich  

th e  tru e  e lastic  lim it is ex trem ely  low, th e  load  ra p id ly  increases, w ith  p la s tic  ex tension . 

A  tw is te d  b a r  y ields a  to rq u e-an g le  cu rve  of th e  sam e ty p e  a n d  th e  re la tio n sh ip  betw een  

th ese  tw o  curves is a  spec ia lly  sim ple  exam ple  of th e  ty p e  of p rob lem  w h ich  m u s t be 

in v e s tig a te d  before i t  w ill be possible  to  analyse  th e  in te rn a l stresses a n d  s tra in s  in  a n y  

of th e  m ore com plex  p rob lem s of p la s tic  d is to rtio n , such  fo r in s tan ce  as t h a t  of analy sing  

th e  in te rn a l stresses d u rin g  th e  d raw ing  of a  w ire th ro u g h  a d raw  p la te . To connect 

te s ts  m ade w ith  d ifferen t ty p e s  of load ing  i t  is necessary  to  develop  som e th e o ry  of 

p la s tic ity  w hich  ta k e s  acco u n t of th e  m ost e ssen tia l observed  p ro p ertie s  of p lastic  

m a te ria ls  b u t  leaves o u t of consid e ra tio n  th o se  w hich  a p p ea r to  be of less im p o rtan ce  

in  connection  w ith  th e  p a rtic u la r  se t of phenom ena u n d er discussion . T hus i t  happens 

th a t  a  th e o ry  w hich  affords a  usefu l m eans of rep re sen tin g  p lastic  phenom ena in  a  steel 

w hich  has a h igh  elastic  lim it m ay  concern  itse lf w ith  th e  cond itions a t  th e  e lastic  lim it, 

defined as th e  s tress  a t  w hich  th e  first d e v ia tio n  from  perfec t e las tic ity  is observable . 

F o r copper, how ever, th e  e lastic  lim it is v e ry  low indeed , even  a fte r  i t  has been  h a rdened  

b y  cold w ork ing. O n th e  o th e r han d , if a  g rad u a lly  increasing  load  of a n y  ty p e  is app lied  

to  annea led  copper th e  d is to rtio n  increases a n d  if th e  load  stops increasing  th e  d is to rtio n

v o l . c c x x x .— a . 6 8 9 2  x [P u b lish ed  N o v em b er  13, 1931.
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3 2 4 G. I. TA Y L O R  A ND  H . Q U IN N E Y  ON

s to p s  inc reasing , e x ce p t fo r a  v e ry  sm all inc rease  w h ich  occurs a t  th e  h ig h e s t loads 

w h ich  co p p er can  m a in ta in . T h is  inc rease  is, how ever, to o  sm all to  a ffect a n y  of th e  

re su lts  g iv en  in  th is  p a p e r , so t h a t  a t  a n y  s tag e  of th e  p rocess th e  m e ta l m a y  be  sa id  to  

h av e  a  d efin ite  s tre n g th  w ith  re g a rd  to  th e  p a r t ic u la r  ty p e  of s tre ss  w h ich  is  b e in g  

ap p lied . I f  th e  lo ad  be rem o v ed  a n d  g ra d u a lly  ap p lie d  aga in , p la s tic  d is to r tio n  beg ins 

a t  a  lo ad  w h ich  is  c o n sid e rab ly  low er th a n  th e  m a x im u m  lo ad  a p p lie d  d u rin g  th e  f i r st, 

load ing , b u t  th e  d is to r tio n  rem a in s  v e ry  sm all t i l l  th e  h ig h e s t lo a d  a p p lie d  in  th e  firs t 

lo ad in g  is  reach ed . I t  th e n  beg in s to  inc rease  ra p id ly  a n d  a f te r  q u ite  sm all d is to r tio n  

d u rin g  th e  e a r lie s t s tag es  of th e  second  lo ad in g  i t  has  a  s tre n g th  w h ich  is  id e n tic a l w ith  

t h a t  w h ich  i t  w ou ld  h av e  h a d  if i t  h a d  been  lo ad ed  in  one o p e ra tio n  w ith o u t th e  in te r 

m e d ia te  u n lo ad in g .

F ig . 1.

T his is re p re se n te d  in  th e  cu rv e , fig. 1, w h ich  show s th e  load -ex ten sio n  cu rv e  fo r a n  

an n ea led  copper w ire . A t th e  p o in ts  A 1? A 2 . . .  th e  loads w ere rem oved  a n d  g ra d u a lly  

rep laced . T he stress  s tra in  cu rves  d u rin g  th e  rem ova l of th e  lo ad  a re  show n as A^B^, 

A 2B 2 ... T h ey  co rrespond  w ith  an  e lastic  co n tra c tio n . T he re lo ad in g  cu rves a re  show n 

as B 1E 1C1A 2, B 2E 2C2A 3 . . .  w hile th e  re su lt of te s tin g  a n o th e r  p iece of th e  sam e w ire 

w ith o u t u n lo ad in g  a t  B XB 2 . . .  is  show n as th e  co n tinuous cu rve  A A ^ A a C g  ••• T he 

p a r ts  A iC u A 2C2 w here th e  cu rv e  fo r a  co n tin u o u sly  inc reasin g  load  does n o t coincide 

w ith  t h a t  fo r th e  u n lo ad ed  a n d  re loaded  w ire are  show n d o tte d  in  fig. 1. I t  w ill be 

seen th a t  on  re lo ad in g  a  sm all b u t  fin ite  p la s tic  d is to r tio n  rep re sen ted  b y  th e  h o rizo n ta l 

p ro jec tio n  of th e  d o tte d  p o rtio n  AC m u s t be g iven  to  th e  m e ta l before i t  a t ta in s  th e  sam e 

s tre n g th  on th e  te s t  p iece w h ich  w as n ev er u n loaded .
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T H E  PLA STIC  D IS T O R T IO N  OF M ETALS. 3 2 5

W e th u s  d is tin g u ish  tw o  p o in ts  on each  re lo ad in g  cu rve  (i) th e  e lastic  lim it re p re 

sen ted  b y  th e  p o in ts  E x E 2 in  fig. 1 a n d  (ith e  p o in ts  Cx C2 . . .  w h

cu rv e  jo in s o r becom es p a ra lle l to  th e  load -ex ten sio n  cu rve  fo r co n tin u o u sly  increasing  

load . T he p o in ts  E x E 2 do n o t seem  to  be v e ry  w ell defined, b u t  we m a y  define th e  

s tre n g th  of th e  m a te ria l u n d e r d ire c t te n s io n  a t  th e  b eg in n in g  of th e  second load in g  as 

th e  o rd in a te  a t  w h ich  th e  cu rve  A 2 Cx w ould , if p roduced  backw ards, c u t th e  v e rtic a l 

co rrespond ing  w ith  th e  le n g th  of th e  specim en  a t  th e  b eg in n in g  of th e  second load ing . 

Since th e  cu rv e  A 2 Cx w hen  p ro d u ced  b ack w ard s  is fo u n d  as show n in  fig. 1 to  pass 

th ro u g h  th e  p o in t A l5 th is  defin ition  ensures th a t  th e  s tre n g th  of th e  m a te r ia l a t  th e  

b eg inn ing  of th e  second load ing  shall be  th e  sam e as t h a t  a t  th e  en d  of th e  first load ing .

T h is  in te rp re ta tio n  of th e  s tre n g th  of a p la s tic  m a te ria l m akes i t  possible  to  com pare 

th e  s tre n g th s  of th e  m a te r ia l w hen  su b jec ted  to  d ifferen t d is tr ib u tio n s  of stress. To 

com pare  th e  s tre n g th  of a  c ircu la r tu b e  in  to rs io n  w ith  th e  s tre n g th  u n d e r a  d ire c t load  

one m a y  firs t lo ad  th e  tu b e  t i l l  th e  ex tension  has som e defin ite  va lue , th e n  rem ove th e  

lo ad  a n d  s ta r t  tw is tin g . T he to rq u e -an g le  cu rve  w ill be  found  to  be s im ilar to  th e  p a r t  

Bj E j Cj  A 2 of th e  cu rve  in  fig. 1 w h ich  corresponds to  th e  second load ing . I t  has a 

v e ry  ra p id  rise  co rrespond ing  w ith  B iE jC j (fig. 1) fo llow ed b y  a  g rad u a l rise  co rresponding  

w ith  Cx A 2. T he to rq u e  to  be com pared  w ith  th e  d ire c t lo ad  a t  th e  end  of th e  first 

lo ad in g  of th e  tu b e  is t h a t  fo u n d  b y  p ro d u c in g  th e  second p a r t  of th e  to rq u e-an g le  cu rve  

backw ards  t i l l  i t  cu ts  th e  ax is  of zero angle . T h is  process sounds ra th e r  a rtific ia l b u t in  

a c tu a l o p e ra tio n  i t  is v e ry  sim ple . T he cu rves, figs. 6, , b, are  a c tu a l exam ples, th e  

p roduced  p o rtio n s  of th e  cu rves being  show n d o tte d . I t  w ill be seen th a t  in  every  case 

th e  e a rly  p a r t  of th e  cu rve  is  so s teep  com pared  w ith  th e  succeeding  p o rtio n  w hich  

corresponds w ith  Cx A 2 of fig. 1 t h a t  th e re  is li t t le  la t i tu d e  fo r possib le  v a ria tio n  in  th e  

e x tra p o la te d  to rq u e  co rrespond ing  w ith  zero ang le  of tw is t.

T he m e th o d  ju s t  described  fo r defining th e  s tre n g th  of p la s tic  m ate ria ls  is essen tia lly  

th e  sam e as th a t  u sed  b y  L o d e  in  h is w ork  on  th e  p la s tic ity  of so ft m eta ls. I t  applies 

w ell to  copper a n d  annea led  iro n  an d  to  m ild  steel, b u t  in  th e  case of a lu m in iu m  th e re  

is in  m a n y  cases a n  ap p reciab le  creep or g rad u a lly  increasing  s tra in  w ith  co n stan t stress. 

U n d e r th ese  cond itions th e  s tre ss-s tra in  cu rve  is n o t un ique , b u t  i t  is s till possible to  

discuss th e  re la tio n sh ip  betw een  th e  d is to rtio n s  p roduced  b y  various d is trib u tio n s  of 

s tress  because on re load ing  a  specim en  a fte r  rem ov ing  th e  in itia l load  in  th e  w ay  

p rev iously  described  fo r copper (see fig. 1) th e  load  a t  w hich  a ra p id  increase in  s tra in  

occurs is  defin ite  even  th o u g h  a  slow creep ing  beg ins a t  a  low er load .

A fte r defin ing th e  s tre n g th  of th e  m a te ria l in  th is  w ay  we are  in  a position  to  com pare 

th e  b eh av io u r of rea l m a te ria ls  w ith  an  ideal iso trop ic  p lastic  b o d y  w hich  has th e  p ro p e rty  

t h a t  th e  res is tance  to  d is to rtio n  bears  a  definite  re la tio n sh ip  to  th e  to ta l  am o u n t of d is

to r t io n  from  th e  in itia l annealed  cond ition . A  com plete  specification of th e  p roperties  

of such  a  m a te ria l m u s t in c lude (1) th e  p a rtic u la r  fu n c tio n  of th e  stress com ponents 

w hich  m u s t rise to  a ce r ta in  va lue  (w hich defines th e  s tre n g th  of th e  m ateria l) before 

p lastic  flow begins ; (2) th e  re la tio n sh ip  betw een  th e  p lastic  d is to rtio n  produced  an d

2 x 2
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3 2 6 G. I. TA Y L O K  A ND  H . Q U IN N E Y  ON

th e  ty p e  of a p p lie d  s tress  ; (3) th e  re la tio n sh ip  b e tw een  th e  a m o u n t of d is to r tio n  (cold 

w ork) a n d  th e  re s is tan ce  to  fu r th e r  d is to r tio n . Of th e se  (1) h as  been  th e  su b je c t of 

m a n y  resea rches  w h ich  h av e  re su lte d  in  th e  an n o u n c in g  of sev era l m u tu a lly  in c o m p a tib le  

law s, th e  b e s t k now n  of w h ich  a re  (a) th e  h y p o th esis  kno w n  as Gu e s t ’s  law  or Mo h r ’s  

h y p o th esis  t h a t  th e  m a x im u m  sh ea r s tre ss  d e te rm in e s  th e  b eg in n in g  of p la s tic  flow 

in d e p e n d e n tly  of th e  o th e r  co m p o n en ts  of sh ea r s tress , a n d  (6) v o n  Mi s e s ’ h y p o th e sis  

t h a t  th e  su m  of th e  sq u ares  of th e  p rin c ip a l sh ea r stresses m u s t rise  to  a  g iv en  v a lu e  

before  p la s tic  d is to r tio n  beg ins. T h is  we w ill call v o n  Mi s e s ’ firs t h y p o th esis  to  d is 

t in g u ish  i t  fro m  a n o th e r  w h ich  w ill be  d iscussed  la te r .

O n th e  o th e r  h a n d  (2) a  know ledge of w h ich  is  q u ite  as  necessa ry  as (1) in  m a n y  

p rob lem s of p la s t ic ity  has  rece iv ed  b u t  l i t t le  a tte n tio n . T h e  rea so n  fo r th is  n eg lec t 

is, no  d o u b t, t h a t  in  th e  case of th e  s im p lest te s ts  w h ich  can  be a p p lie d  to  a n  iso tro p ic  o r 

p la s tic  m a te ria l, th e  d e n s ity  of w h ich  is u n a lte re d  b y  s tra in , th e  ty p e  of d is to r tio n  w h ich  

occurs is s im p ly  a  m a t te r  of sy m m e try , th u s  th e  o n ly  possib le  d is to r tio n  of a  u n ifo rm  

tu b e  u n d e r  p u re  te n s io n  is a  u n ifo rm  ex ten s io n  p a ra lle l to  i ts  ax is , to g e th e r  w ith  a  

u m fo rm  c o n tra c tio n  of th e  m a te r ia l eq u a l to  h a lf th e  ex ten s io n  in  a ll d irec tio n s  a t  r ig h t  

ang les to  th e  ax is . I n  th e  case of a  tw is te d  tu b e  th e  d is to r tio n  m u s t be a  p u re  sh ea r 

w h ich  tra n s fo rm s  g en era to rs  of th e  tu b e  in to  sp ira ls  w ith o u t a lte r in g  i ts  e x te rn a l sh ap e  

or d im ensions. If , how ever, th e se  tw o  ty p e s  of s tre ss in g  a re  com bined , a  tu b e  b e in g  

su b jec te d  to  d ire c t te n sile  lo ad  a n d  to  to rs io n  s im u ltan eo u s ly , sy m m e try  alone is  n o t 

suffic ient to  d e te rm in e  th e  re su ltin g  d is to r tio n , a n d  i t  is  b y  th e  use of te s ts  of th is  k in d  

t h a t  we h av e  in v e s tig a te d  th e  re la tio n sh ip  b e tw een  d is to r tio n  a n d  s tress  d is tr ib u tio n .

General Theory o f Relationship between Stress and S tra in  in  a P lastic Solid.

Specification o f Stress. T he  m a th e m a tic a l specifica tion  of s tress  in  a  so lid  is  d iscussed  

in  a ll books on  e las tic ity . I t  c an  m o st s im p ly  be re p re se n te d  b y  m eans of a  s tress  q u ad ric*  

w h ich  is  so p laced  th a t  i ts  p rin c ip a l axes a re  in  th e  d ire c tio n  of th e  p rin c ip a l s tresses, 

so t h a t  th e  co m ponen ts  of sh ea r s tre ss  p a ra lle l to  th e  p rin c ip a l p lanes a re  zero . T he 

p rin c ip a l sh e a r  stresses t 2 t 3 a re  defined  as th e  sh ea r stresses p a ra lle l to  th e  p lan es  

w h ich  pass th ro u g h  one of th e  p rin c ip a l s tress  axes a n d  a re  a t  45° to  th e  o th e r  tw o . 

T he stress  a c ts  in  th e  d ire c tio n  a t  r ig h t  ang les to  th e  p rin c ip a l s tress  ax is  w h ich  lies in  

th e  p lane  concerned . I f  ax, <t 2, ct3 a re  th e  p r in c ip a l stresses th e n

T1 —  I  (a 2 —  ct3)> t 2 =  |  (Gs —  S i) ,  T3 =  (o'1 =  cr2).

T he im p o rtan ce  of th e  p rin c ip a l sh ea r s tresses lies in  th e  fa c t t h a t  i t  is  fo u n d  e x p e ri

m e n ta lly  t h a t  th e  a d d itio n  of a  to ta l  h y d ro s ta tic  p ressu re  to  a n y  stress  sy stem  does n o t 

p roduce  a n y  p la s tic  s tra in . T h is  depends on ly  on th e  sh ea r stresses. T he a d d itio n  of 

a  c o n s ta n t p ressu re  to  a , ,  a 2  a n d  o 3  leaves t 15 t 2 a n d  t 3 unaffected  so th a t  t x ,  t 2 , t 3 are  

suffic ient to  define th e  s tress  sy stem  so fa r  as p la s tic  d is to r tio n  is concerned  ; a n d  since

* Lo v e ’s  ‘ E las tic ity ,’ 4 th  ed ., § 50.
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T H E  PLA STIC  D IS T O R T IO N  OF M ETALS. 3 2 7

Ti +  T 2 +  T 3 =  0, th e  d irec tio n  a n d  m a g n itu d e  of tw o  of th e  p rin c ip a l sh ea r stresses 

a re  suffic ient to  define th e  s tress  a t  a n y  p o in t. T he e q u a tio n  to  th e  s tress  q u a d ric  w hen  

re fe rred  to  th e  p rin c ip a l axes of s tress  is

-f- a2y2 -(- a 3z2 =  c o n s ta n t........................................ (1)

Specification o f S tra in .— A n y  sm all s tra in  m a y  be rep re sen ted  b y  a  s tra in  quad ric*  

w hich  is a  su rface  possessing th e  p ro p e r ty  t h a t  th e  rec ip rocal of th e  square  of its  c en tra l 

ra d iu s  v ec to r in  a n y  d irec tio n  is p ro p o rtio n a l to  th e  ex tension  of a  line  in  t h a t  d irec tion . 

T he p rin c ip a l p lanes of th is  q u ad ric  a re  so o rie n ta te d  th a t  th e re  is no  com ponen t of 

sh earin g  s tra in  pa ra lle l to  th e m . T he eq u a tio n  of th e  s tra in  q u ad ric  re fe rred  to  

its  p rin c ip a l axes is

exx2 -f" 62̂ /2 +  e3z2 =  c o n s t a n t .................................... (2)

w here el5 e2, ez are  th e  (sm all) ex tensions in  th e  d irec tio n s  of th e  p rin c ip a l axes. In  th e  

case of m a te ria ls  w h ich  do n o t change th e ir  d e n s ity  d u rin g  d is to rtio n

ei ~b e2 “b e3 — 0*

Directional Relationship between Stress and S tra in .— A ll experim en ts  on th e  p la s tic ity  

of m eta ls  w hich  we h ave  been  able  to  find reco rded  have  been  carried  o u t u n d e r cond itions 

in  w hich  sy m m e try  alone ensures th a t  th e  d irec tions  of th e  p rin c ip a l axes of stress shall 

be  id e n tic a l w ith  th o se  of s tra in . T hus in  th e  case of a  un ifo rm  b a r  ex ten d ed  b y  a 

d ire c t lo ad  th e  s tress  a n d  s tra in  quad rics  are  b o th  sphero ids w ith  th e  p rin c ip a l ax is of 

rev o lu tio n  in  th e  d irec tio n  of th e  ax is  of th e  b a r. I n  a ll th eo rie s  of p lastic  flow in  

iso trop ic  solids such  as t h a t  of L e v y  a n d  v o n  Mi s e s ’ i t  has been  assum ed w ith o u t 

ex p erim en ta l te s t  a n d  som etim es w ith o u t a n y  exp lic it s ta te m e n t th a t  th e  d irec tions of 

th e  p rin c ip a l stresses a re  id e n tic a l w ith  th o se  of p rin c ip a l s tra in s. I t  is difficult to  

im agine  a n y  o th e r re la tio n sh ip  be tw een  th ese  d irec tions, b u t  i t  is w o rth  w hile no tic ing  

th a t  a n y  d e p a r tu re  from  iso tro p y  in  th e  m a te ria l m ig h t be expec ted  to  fa lsify  th is  

re la tio n sh ip  unless, as in  th e  case of a  d raw n  m e ta l ro d  or tu b e  u n d e r d irec t load , th e  

d irec tions of p rin c ip a l s tress  a re  id e n tic a l w ith  th e  p rin c ip a l d irec tions of th e  n o n 

iso trop ic  p roperties . In  th e  w ork  w hich  w ill be described  la te r , exp erim en ts  are  carried  

o u t in  w hich  th e  d irec tions of th e  p rin c ip a l stresses are  va riab le  a t  w ill a n d  i t  is p roved  

ex p erim en ta lly  t h a t  th e  d irec tions  of th e  axes of th e  s tress  q u ad ric  do in  fa c t coincide 

w ith  those  of th e  s tra in  quad ric .

Other Relationships between Stress and S tra in .— W hen  th e  d irec tions of th e  p rinc ipa l 

axes of stress are  know n th e  com ple te  specification  of stress con tains tw o  variab les, 

w hich  m ay  be reg ard ed  as (1) th e  abso lu te  m ag n itu d e  of a n y  one of th e  p rinc ipa l shear 

stresses or of a n y  hom ogeneous fu n c tio n  of th e m , a n d  (2) a n y  one ra tio  betw een th e  

p rinc ipa l shear stresses or be tw een  lin ea r com bina tions of th em . The sam e rem arks

* Lo v e ’s  ‘ E la s t ic i ty /  4 th  ed ., § 11.
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3 2 8 G. I .  TA Y L O R  A N D H . Q U IN N E Y  ON

a p p ly  to  th e  spec ifica tion  of s tra in . W h en  th e re  is  no  chan g e  of d e n s ity  a n d  th e  

d irec tio n s  of th e  p r in c ip a l axes  a re  know n, tw o  v a ria b le s  on ly  a re  n eed ed  fo r th e  

com ple te  spec ifica tion  of a n y  sm all s tra in . T hese  v a ria b le s  w ill now  be conside red  

se p a ra te ly .

1. (a) Absolute M agnitude o f S tress .— W ith  a  p la s tic  b o d y  of th e  ty p e  he re  considered  a  

defin ite  s tress  is re q u ire d  to  p ro d u ce  a  sm all p la s tic  s tra in , a n d  v a rio u s  em p irica l law s 

h a v e  been  p u t  fo rw ard  to  re p re se n t th e  s tre n g th  of th e  m a te r ia l to  re s is t d iffe ren t ty p e s  

of s tress  ; th u s  acco rd in g  to  Mo h r ’s  h y p o th e s is  or Gu e s t ’s  law , p la s tic  s tra in  ta k e s  

p lace  w hen  th e  ab so lu te  v a lu e  of e ith e r  or t 2 or t 3 rises to  a  c e r ta in  v a lu e  k . A ccord ing  

to  th e  firs t h y p o th esis  of v o n  Mi s e s , p la s tic  s tra in  beg in s  w hen  t x2  -J- t 22 - f  t 32 rises  

to  th e  v a lu e  2 k 2 . I n  e ith e r  case k  is defined  as h a lf th e  low est d ire c t s tre ss  a t  w h ich  a  

te n sile  specim en  can  be e x te n d e d  p la s tica lly . O n a p p ly in g  th e se  em p irica l law s to  

th e  case of a  tu b e  tw is te d  b y  a p p lic a tio n  of a  to rq u e  a f te r  th e  v a lu e  of k h a s  b een  

d e te rm in e d  b y  a d ire c t te n sile  te s t  i t  w ill be  seen  t h a t  acco rd in g  to  Mo h r ’s  h y p o th e sis  

th e  g re a te s t of th e  p r in c ip a l sh ea r stresses in  to rs io n  sh o u ld  be k , w hile acco rd in g  to  

t h a t  of v o n  Mi s e s ’ i t  sh ou ld  be 2k /^/Z.  T he c o m p ariso n  b e tw een  th e  s tre n g th s  of tu b e s  

u n d e r  d ire c t  lo ad  a n d  u n d e r  to rs io n  th e re fo re  affo rds a  m eans of co m p arin g  th e se  

th eo rie s . T he  e x p erim en ts  to  be desc rib ed  la te r  v e rify  th e  su b s ta n tia l  a cc u ra cy  of v o n  

Mi s e s ’ h y p o th esis  in  th e  case of copper a n d  a lu m in iu m , n o t  o n ly  in  th e  case of th e  

p a r tic u la r  s tre ss  d is tr ib u tio n  of a  tw is te d  tu b e , b u t  fo r  a ll ra tio s  of th e  p rin c ip a l sh ear 

stresses.

1. (b) Absolute M agnitude o f S tra in .— T he ab so lu te  m a g n itu d e  of th e  s tra in  w hen  a n y  

g iven  s tress  is  a p p lie d  d epends on  th e  ra te  of in crease  in  s tre n g th  of th e  m a te r ia l w ith  

in c reas in g  s tra in . T h is  v a ries  v e ry  w idely  w ith  th e  m a te ria l, a n d  fo r th e  p re sen t a t  a n y  

ra te  we m a y  w ith o u t loss of in te re s t  re g a rd  i t  as in d e te rm in a te .

2. F o r  a n y  g iven  m a te r ia l th e  ra tio  of a n y  p a ir  of p rin c ip a l sh ea r stresses m a y  be 

re g a rd e d  as a  defin ite  fu n c tio n  of th e  ra tio  of th e  co rresp o n d in g  sh ea r s tra in s , v o n  Mi s e s  

has p roposed  th e  law  th a t  th e se  ra tio s  a re  a lw ays eq u a l to  one a n o th e r  as c an  be p ro v ed  

to  be th e  case fo r a  v iscous flu id . T h is  h y p o th esis  w ill be  ca lled  v o n  Mi s e s ’ second  

hy p o th esis . I t  is  w o rth  n o tic in g  th a t  if th e  s tress  sy stem  be re d u ced  b y  a d d itio n  or 

su b tra c tio n  of a  u n ifo rm  h y d ro s ta tic  p ressu re  to  one in  w h ich  cn +  <?2 -(- <r3 =  0  y o n  

Mi s e s ’ second  h y p o th esis  m a y  be  co m p le te ly  exp ressed  b y  th e  s ta te m e n t t h a t  th e  

s tress  q u ad ric  is  s im ila r a n d  s im ila rly  o r ie n ta te d  to  th e  s tra in  quad ric .

W ork o f  L o d e .

T he on ly  w ork  in  w h ich  th ese  th eo rie s  h av e  been  p u t  to  th e  te s t  of ex p erim en t seem s 

to  be t h a t  of L o d e * w ho te s te d  th in -w a lle d  m e ta l tu b e s  u n d e r d ire c t lo ad  w hen  su b jec ted  

s im u ltan eo u sly  to  in te rn a l p ressu re . B y  v a ry in g  th e  ra tio  of th e  in te rn a l p ressu re  to

* ” V ersu che  iib er  d en  E in f lu ss  der M ittle ren  H a u p tsp a n n u n g  a u f d a s  F lie s se n  d er  M eta lle  E ise n  K u p fe r  

u n d  N ic k e l ,”  ‘ Z. P h y s ik ,’ v o l.  3 6 , p . 9 1 3  (1 926).
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T H E  PLA STIC  D IS T O R T IO N  OF METALS. 3 2 9

th e  d ire c t load  he w as ab le  to  o b ta in  a ll possib le  ra tio s  of th e  p rin c ip a l sh ea r stresses a n d  

b y  m easu rin g  th e  ex ten sio n  a n d  also change in  th e  d ia m e te r  of th e  tu b e  he  w as ab le  

to  m easu re  th e  ra tio s  of th e  co rrespond ing  p rin c ip a l sh ea r stresses. I t  has  a lre ad y  been  

p o in te d  o u t t h a t  th e  ra tio  of a n y  tw o  in d e p en d e n t lin e a r co m b in a tio n s  of sh ear stresses 

can  be u sed  to  define th e  s tress . T he p a r tic u la r  co m b in a tio n  u sed  b y  L o d e  w as

- 1 ,

a n d  th e  co rrespond ing  v a riab le  fo r defining th e  s tra in  w as

w here ex w as th e  ex tension  of th e  m a te r ia l in  th e  d irec tio n  of th e  le n g th  of th e  tu b e , e3 

w as th a t  in  th e  d irec tio n  of th e  ra d iu s  a n d  e2 w as th e  ta n g e n tia l ex tension  o b ta in ed  b y  

m easu rin g  th e  change in  m ean  ra d iu s  of th e  tu b e . A ccord ing  to  v o n  Mi s e s ’ second 

th e o ry  th e  re la tio n sh ip  fx =  v shou ld  hold .

F ig . 2.

L o d e ’s  resu lts  are  show n in  fig. 2 w here th e  o rd in a te s  rep re sen t v w hile  th e  abscissae 

are  [x. Since L o d e ’s  tu b e s  w ere th in -w alled  th e  s tress  <r2 m ay  be considered as g rea t 

com pared  w ith  <?3 an d  L o d e  to o k  <?3 =  0 , so th a t  fx =  2<t 2/ct1 — 1. W hen  th e re  w as 

no  in te rn a l p ressu re  s r2 =  0, so th a t  (x =  — 1, an d  as <r2 increased  [x increased  from  

— 1 th ro u g h  zero t i l l  w hen ct2 =  ct1, jx =  —}- 1. F u r th e r  increases in  cr2 w ere n o t 

considered because in  an  iso trop ic  m a te ria l i t  is sufficient to  lim it th e  range of 

ex perim en t to  cases fo r w hich  >  er2 >  <j 3.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



3 3 0 G. I. TA Y L O R  A N D  H . Q U IN N E Y  ON

F o r a n  iso tro p ic  m a te r ia l th e  s tre ss  q u a d ric  d eg en e ra te s  in to  a  sp h ero id  w h en

[jt =  ~  1, 0 o r - j-  1,

so t h a t  sy m m e try  alone n e ce ssita te s  t h a t  jx =  v a t  th o se  th re e  p o in ts .

O n ex am in in g  L o d e ’s  d ia g ra m , fig. 2 , i t  w ill be  seen  t h a t  som e of th e  e x p e r im e n ta l 

p o in ts , p a r tic u la r ly  fo r \x =  — 1, w h ich  co rresp o n d  w ith  d ire c t te n s io n  in  th e  absence  

of in te rn a l p re ssu re , do  n o t s a tis fy  th is  c o n d itio n  so t h a t  e ith e r  th e re  is  a  conside rab le  

possib le  e rro r in  th e  m e asu re m e n ts  o r else th e  tu b e s  w ere n o t iso tro p ic . I n  sp ite  of th e  

fa c t  t h a t  th e  p ro b a b le  e rro r a p p e a rs  to  b e  of a b o u t th e  sam e o rd e r as  th e  effect m easu re d  

L o d e ’s  re su lts  seem  to  show  a  d is t in c t  te n d e n c y  fo r th e  a b so lu te  v a lu e  of v to  be  less 

th a n  t h a t  of (x.

I n  v iew  of th e  u n c e r ta in ty  so c lea rly  show n in  L o d e ’s  d ia g ra m , fig. 2, i t  c a n n o t be  

d e fin ite ly  s ta te d  w h e th e r  v o n  Mi s e s ’ h y p o th e s is  t h a t  jx =  v is t ru e  o r u n tru e , i t  w as 

la rg e ly  to  find  o u t w h e th e r  a n o th e r  m e th o d  co u ld  b e  d ev ised  to  g ive  m ore  re liab le  re su lts  

t h a t  th e  w o rk  h e re  d e sc rib ed  w as u n d e rta k e n .

M ethod o f the Present W ork.

T he m e th o d  a d o p te d  fo r o b ta in in g  a ll possib le  ra tio s  of th e  p r in c ip a l sh ea r s tresses 

w as to  su b je c t a  tu b e  s im u lta n eo u s ly  to  a  d ire c t lo a d  a n d  to  to rs io n . B y  a d ju s t in g  th e  

ra tio  of d ire c t lo a d  to  to rq u e  a n y  d esired  v a lu e  of jx b e tw een  — 1 fo r no  to rq u e  a n d  0 fo r 

no  d ire c t lo a d  cou ld  be  o b ta in ed . T h is  covers th e  w hole  ra n g e  of ra tio s  of p rin c ip a l 

sh ea r s tresses because  fo r a n  iso tro p ic  m a te r ia l sy m m e try  show s t h a t  th e  (x, v cu rv e  

m u s t be  sy m m e tric a l a b o u t th e  p o in t (x =  0, v =  0. I n  sea rch in g  fo r th e  m o s t p ro b ab le  

sources of e rro r in  L o d e ’s  e x p erim en ts  a t te n tio n  w as c o n c e n tra te d  firs t on  te s t in g  tu b e s  

fo r w a n t of iso tro p y  so t h a t  th e  re su lts  w ith  n o n -iso trop ic  tu b e s  cou ld  be re jec ted , a n d  

second ly  on  im p ro v in g  on  L o d e ’s  m e th o d  of m e asu rin g  changes in  d ia m e te r  of th e  tu b e s . 

B o th  th ese  ob jec ts  w ere  a tta in e d  b y  th e  sam e dev ice , n am ely , m easu rin g  th e  change  in  

in te rn a l vo lum e of th e  tu b e  d u rin g  th e  s tra in  b y  filling  i t  w ith  w a te r  a n d  m easu rin g  th e  

m o v em en t of th e  w a te r  co lum n in  a  cap illa ry  tu b e  w h ich  w as d ire c tly  co n n ec ted  w ith  th e  

tu b e  u n d e r te s t .

E a c h  tu b e  u n d e r te s t  w as firs t e x te n d e d  b y  m eans of a  to ta l  lo ad  W , ap p lied  d irec tly , 

a n d  th e  change  in  in te rn a l vo lum e m easu red . I t  is  c lear t h a t  w hen  a tu b e  of iso tro p ic  

m a te ria l, w h ich  does n o t change  i ts  d e n s ity  u n d e r s tra in , is s tre tc h e d  th e re  sh ou ld  be 

no  change in  in te rn a l volum e, because  each  e lem en t of th e  w all of th e  tu b e  c o n tra c ts  

eq u a lly  in  a ll d irec tio n s  a t  r ig h t ang les to  i ts  le n g th , so t h a t  th e  ra tio  of th e  in te rn a l to  

ex te rn a l d ia m e te r  w ill rem a in  u n ch an g ed . H ence th e  ra tio  of th e  vo lum e of th e  bore  

(i.e., th e  space inside  th e  in n e r su rface  of th e  tu b e ), to  t h a t  of th e  m a te r ia l of th e  tu b e  

(i.e., th e  space b e tw een  th e  w alls of th e  tu b e ) rem ain s  u n ch an g ed , a n d  co n seq u en tly  

since th e  change in  d e n s ity  is assum ed  zero th e  in te rn a l vo lum e m u s t re m a in  u n ch an g ed  

b y  th e  s tre tch in g . A fte r a n y  en d  effects h ave  been  e lim in a te d  a n y  change  in  in te rn a l 

volum e on s tre tc h in g  b y  a  d ire c t lo ad  in d ic a te s  e ith e r  th a t  th e  m a te r ia l is n o t iso trop ic
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T H E  PLA STIC  D IS T O R T IO N  OF M ETALS. 331

or t h a t  th e re  is  an  ap p reciab le  change in  d e n s ity  on  s tre tch in g . T he  change  in  d en sity  

can  be m easu red  in d e p en d e n tly  a n d  in  th e  case of copper a n d  a lu m in iu m  i t  is fo u n d  to  

be v e ry  sm all. T he change in  in te rn a l volum e w hich  re su lts  from  th e  sm all m easu red  

change in  d e n s ity  can  be ca lcu la ted , a n d  if fo r a n y  p a rtic u la r  tu b e  th e  observed  change in  

in te rn a l vo lum e w as fo u n d  to  be m u ch  g re a te r  th a n  th is  (as som etim es occurred  u n d e r 

specia l h e a t tre a tm e n t)  th e  tu b e  w as re jec ted .

T he load  w as n e x t p a r t ia l ly  rem oved  t i l l  a  frac tio n  m W  (0 <  <  1) rem ain ed  a n d  a

g ra d u a lly  increasing  to rq u e  app lied , th e  ang le  of tw is t a n d  th e  ex tension  being  m easu red . 

T he to rq u e-an g le  cu rve  an d  th e  tw is t-ex ten sio n  cu rve  w ere th u s  ob ta in ed , specim ens 

of th ese  a re  g iven  in  fig. 7, a, b, c. A t th e  sam e tim e  th

m easu red  a n d  expressed  in  te rm s  of th e  ex tension . Specim ens of th e  re su ltin g  curves 

a re  show n in  fig. 8.

B y  v a ry in g  m  from  0 to  1 th e se  m easu rem en ts  m ake  possible  : (i) a  com parison  

betw een  th e  s tre n g th  of th e  m a te r ia l u n d e r d ire c t lo ad  a n d  th a t  u n d e r a n y  o th e r ra tio s  

of sh ear stresses, so t h a t  v o n  Mi s e s ’ firs t h y p o th esis  can  be com pared  w ith  th a t  of Mo h r  

a n d  Gu e s t , (ii) a  verifica tion  th a t  th e  o rien ta tio n s  of th e  p rin c ip a l axes of stress coincide 

w ith  th o se  of s tra in , (iii) m easu rem en ts  of v in  te rm s  of (x, a n d  hence a te s t  of v o n  Mi s e s ’ 

second h y p o th esis  th a t  [x =  v. T he m e th o d  is p a r tic u la r ly  su itab le  fo r te s tin g  w h e th er 

[x =  v, because  if jx =  v th e  in te rn a l volum e rem ains  unch an g ed  w h a tev e r com b in a tio n  

of d ire c t lo ad  a n d  to rq u e  is  app lied . H ence th e  m easu red  changes in  in te rn a l volum e 

afford  a  m eans of m ak in g  a  d ire c t m easu rem en t of d ev ia tio n s  from  th e  expec ted  

re la tio n sh ip .

A nalysis  o f Stress and S tra in  in  a Thin-walled Tube subjected to Combined Direct Load

To re p re sen t th e  s tress  a n d  s tra in  quad rics  axes th ro u g h  a n y  p o in t in  th e  m a te ria l of 

th e  tu b e  a re  ta k e n , x  p a ra lle l to  th e  le n g th  of th e  tu b e , y  ta n g e n tia l, z ra d ia l. The 

schem e is  show n in  fig. 3. I f  m W  is th e  to ta l  load , rm th e  m ean  ra d iu s  of cross sec tion

and Torque.

(a) Stra in .

(b) S tress .

F ig . 3.

2  YV O L . C C X X X .— A
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3 3 2 G. I. TA Y L O R  A N D H . Q U IN N E Y  ON

of th e  tu b e , t i ts  th ick n ess , G th e  a p p lie d  to rq u e , th e  s tress  sy s te m  is  re p re se n te d  in  th e  

u su a l n o ta tio n  b y

X  =  m P 0 =  P  =
m W

Y,. =  0, Z . =  0x «

2-k yJ  ’ y z

>

X  — S — u Y* =  0, Z — 0
v 2tt

u x --  U

w here P 0 is th e  s tre ss  in  th e  m a te r ia l a t  th e  en d  of th e  firs t lo ad in g , P  is  th e  s tress  in  th e  

d ire c tio n  of th e  le n g th  of th e  tu b e  d u rin g  th e  com bined  s tress , a n d  S is  th e  sh ea r s tre ss . 

W e m a y  suppose  t h a t  a  le n g th  l0 of th e  m a te r ia l is firs t s tre tc h e d  to  le n g th

? =  (1 H~

b y  d ire c t load . N e x t, ow ing to  th e  a c tio n  of th e  co m b in ed  d ire c t lo ad  m W  a n d  to rq u e  

G th e  tu b e  s tre tc h e s  to  le n g th  l-j- 8 lan d  tw is t

re p re se n te d  b y  th e  c o m p o n en ts

txx =  e, eyy =  — \ e — f ,  ezz =  — + /  1
> ........................ (4)

V  =  0> ezx =  0 J
T he e x ten s io n

e =  81/1 =  8l/l0 ( l  -(- e0).

T he sh ea r s — rmx l l  a n d  since th e  m a te r ia l does n o t  change  in  d e n s ity  d u rin g  th e  

ex ten s io n  fro m  l0 to  l, rm =  rm0 (1 -f- w here  rm0 is  th e  m ean  ra d iu s  of th e  tu b e  

before  th e  firs t s tre tc h in g . H ence

S — rm0 lo ' il"h eo)-T X........... (5)

As has a lre ad y  been  p o in te d  o u t if th e  d e n s ity  a n d  in te rn a l vo lum e of th e  tu b e  do  n o t  

change  eyy =  ezz — — \ e  so t h a t  th e  s tra in  /  in  (4) is  p ro p o rtio n a l to  th e  chan g e

in te rn a l vo lum e, in  fa c t

change in  in te rn a l vo lum e _  0 change in  ra d iu s  , change  in  le n g th  

in te rn a l vo lum e of tu b e  m ean  ra d iu s  le n g th

T he s tra in  q u a d ric  is
— 2eyy +  6 — — 2/.

ex2 — (^ e -{- f )  y 2 — ( \e  - f ) z 2 -\- sxy  =  c o n s ta n t. 

To find  th e  d ire c tio n  of i ts  p rin c ip a l axes p u t

( 6 )

(7)

x  =  x'cos (f> — y ' sin  <f>, =  sin  +  cos .......... (8)

T he s tra in  q u a d ric  th e n  becom es

x'2 {e cos2 </> — ( \e  + / )  s in2 <l> ssin  ^  cos >̂}

+  V'2 ie sin2 4> ~  ( ie  +  / )  cos2 cos s in  <f>)

+  {— ( |e  + / )  sin  2 <f> +  scos 2<j>} =  

 D
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T H E  PLA STIC  D IST O R T IO N  OF M ETALS. 3 3 3

T he stra in  q u ad ric  is  n o w  referred  to  i t s  p r in c ip a l a x e s  if  th e  co effic ien t of %' y ' is  zero , 

i.e., if

ta n  2<f> =  s / ( f e  + / ) ..............  

a n d  s u b s t itu t in g  th is  v a lu e  of </> in  th e  co effic ien ts o f an d  y '2 in  (9) 

th e  p r in c ip a l e x te n s io n s  are fo u n d  to  be

ei — i e — i f  +  ( f e i f ) sec

e3 =  \e  — i f  — ( i e +  i f

e2 —  —  i e + /  J
I t  w ill b e n o tic e d  th a t  e±>  e2 >  e3. T h e d i

q u a n titie s  are sh o w n  in  fig . 3 a.

U sin g  Lo d e ’s  v a r ia b le

i t  w ill be fo u n d  th a t

v -  603 2 * ...............................................(12)

T he stress q u ad ric  is

Pas2 -j- 2S xy  =  c o n s ta n t ..... .............(13)

an d  su b s titu tin g

x  =  x'cos 0 — y' s in  0, sin  0 +  cos 0

th is  becom es

x ’2 (P  cos2 0 +  2S cos 0 sin  0) +  y ’2(P  sin2 0 —  2S cos 0 sin  0)

-j- 2x'y' {— P  cos 0 s in  0 -j- S (cos2 0 — sin 2 0)} =  co n sta n t. . . .  (14)

If 0 is  now  ch osen  so  th a t  x 'y ' are p rin cip a l a x es  of stress , th e  coeffic ien t of x 'y ' in  (14) 

is  zero so  th a t

ta n  20 =  2 S /P ................................. .....................(15)

T he p rin c ip a l stresses a re  th e n

g 1 =  \P (1 +  sec  2 0 ) , a 2  =  0 ,  c r 3  =  | P  ( 1 — sec 2 0 ) . . . . (16)

T he d irection s of th e se  stresses are sh ow n  in  fig. 36. Lo d e ’s  v a ria b le

is  fo u n d  from  (16) to  be

— 1

(jl =  — cos 20 (17)

C om paring (6), (12) an d  (17) i t  w ill be seen  th a t  if  th ere  is  n o  ch an ge in  in tern a l v o lu m e  

of th e  tu b e  d u rin g d isto r tio n  so  t h a t /  =  0 , v =  —  cos <f>, an d  if  in  a d d itio n  th e  d irectio n s  

of th e  p rin cipa l a x es  of stress an d  stra in  are th e  sam e so  th a t  0 =  </>, th e n  jx =  v. T hu s  

after v er ify in g  ex p er im en ta lly  th a t  0 =  </>,as is  d on e la ter  in  T ab le  I I , th e

2 Y  2
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3 3 4 G. I . TA Y L O R  A N D H . Q U IN N E Y  ON

change  in  in te rn a l vo lum e is  a  m easu re  of th e  d e v ia tio n  fro m  v o n  Mis e s ’ re la tio n sh ip  in  

acco rdance  w ith  th e  e q u a tio n

i - 8 f
v ______ e

i
3e

R ela tio n sh ip  between m  an d  S / P 0 according to Mo h r ’s  a n d  v o n  Mi s e s ’ H ypotheses.

I t  seem s c lear t h a t  w hen  m  is n e a r ly  eq u a l to  1, so t h a t  th e  d ire c t lo ad  is on ly  s lig h tly  

re d u ced  a f te r  th e  firs t s tre tc h in g , a  sm all to rq u e  w ill suffice to  cause  p la s tic  d is to rtio n . 

W h en  m  =  0, so t h a t  th e re  is  no  d ire c t load , as w e h av e  a lre a d y  seen  S /P 0 =  0 • 5 acco rd in g  

to  Mo h r  s  h y p o th esis  t h a t  th e  m a x im u m  p rin c ip a l sh ea r s tre ss  alone d e te rm in es  w h e th e r 

p la s tic  d is to r tio n  sha ll occur, a n d  S /P 0 =  l / \ / 3  acco rd in g  to  v o n  Mis e s ’ h y p o th esis . To 

ca lcu la te  th e  in te rm e d ia te  va lues  we m a y  use th e  expressions fo r <jl5 cr 2 ,* or 3 g iven  in  (16). 

A ccord ing  to  Mo h r ’s  h y p o th esis  ax — a 3 =  P 0 so t h a t  from  (16) — <r3 =  P  sec 26 = P 0

a n d  P / P 0 =  m , so t h a t

m  =  co s  26  ................................................... (1 8a )
a n d  since 2 S /P  =  t a n  26,

S /P 0 =  \ m  ta n  26  =  — i j  =  ......................(18b )

A ccord ing  to  v o n  Mis e s ’ firs t h y p o th esis

(CT1 CT2)2 +  (<*2 — ct3)2 +  (ct3 — ^ l)2 =  2 P 02
so t h a t  fro m  (16)

| P 2 (1 +  sec 26)2 - f  I P 2 (1 — sec 26)2 +  P 2 sec2 26 =  2 P 02
or since

P  =  m P 0, w 2 ( | 4 - f  sec2 2 6 )  =  2 ...................................... ( i 9 A)
H ence

S /P 0 =  ta n  26 =  .................................... 1̂9b j

E xperim ental Details.

A  sk e tch  of th e  a p p a ra tu s  used  is show n in  fig. 4. T he tu b e  u n d e r te s t  w h ich  is a b o u t 

i  inch  e x te rn a l d ia m e te r  is show n as A. B B  are  th e  u p p e r a n d  low er fix ings fo r g rip p in g  

th e  ends of th e  tu b e . T he u p p e r fix ing  B  is  su p p o rte d  b y  a s tee l b a ll C on  a  fixed 

su p p o rt b y  m eans of a  conn ec tin g  carriag e  D  w hich  is p re v e n te d  fro m  ro ta t in g  b y  fixed  

s to p s  E E  . A  cy lin d rica l d ru m  F , 8 inches d ia m e te r , re s ts  on th e  low er en d  fix ing, B r. 

T he d irec t lo ad  W  is a tta c h e d  to  th is  th ro u g h  a  s tee l b a ll p iv o t sim ila r to  th a t  a t  th e  to p  

b u t  n o t show n in  th e  sketch , a n d  th e  to rq u e  is ap p lied  b y  m eans of th re a d s  passing  over 

b a ll-b earin g  pu lleys G rG T su p p o rtin g  eq u a l w eigh ts pp . T he ang le  of tw is t is  m easu red  

b y  a fixed p o in te r  H  re a d in g  on a  p ro tra c to r  K  fixed to  th e  u p p e r surface  of th e  d ru m  F . 

T he change in  in te rn a l volum e is m easu red  b y  re a d in g  th e  p o s itio n  of th e  m eniscus J
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T H E  PLA STIC  D IST O R T IO N  OP M ETALS. 3 3 5

of tlie  w a te r  in  th e  cap illa ry  tu b e  L  on  th e  scale M. T he c ap illa ry  tu b e  is  connec ted  w ith  

th e  u p p e r en d  fix ing  B  a n d  th e  w hole a p p a ra tu s  filled  w ith  w a te r  th ro u g h  th e  glass s to p 

cock 0  a t  th e  low est p o in t of th e  low er fix ing  B '. T he ex tensions a re  re a d  b y  te lescopes 

(no t show n in  fig. 4) m o u n te d  on  a  v e r tic a l s tee l rod . T hese can  be focussed e ith e r  on 

fine r in g  m ark s  QQ on  th e  specim en  or on  th e  u p p e r carriag e  D  a n d  on a  co rrespond ing  

s tee l p o in t R  a tta c h e d  to  th e  ax is  of th e  low er fix ing  B ' in  such  a  w ay  th a t  i t  can  be  

cen tra lised  so t h a t  i t  rem ains  in  focus d u rin g  th e  ro ta tio n  of th e  d ru m  F .

T he chief d ifficu lty  in  th e  design  of th e  a p p a ra tu s  la y  in  m ak in g  end  fixings w hich  

w ould  rem a in  w a te r tig h t w hen  th e  tu b e  w as s tre tc h e d  a n d  a t  th e  sam e tim e  lim it to  a 

sm all a rea  th e  en d  effects or v a ria tio n  of th e  d is to rtio n  a t  th e  en d  from  th e  un ifo rm

F ig . 4. F ig . 5.

s ta te  of th e  m idd le  of th e  tu b e . T h is w as accom plished  b y  ex p an d in g  th e  ends of th e  

specim ens in to  conical flanges b y  m eans of a  specially  designed press. T he ends, so 

fo rm ed , w ere th e n  g rip p ed  in  th e  end  fixings B B ' of fig. 4. These a re  show n in  de ta il 

in  fig. 5. In  th is  d iag ram  A  is th e  specim en w ith  i ts  conical ends. C is a  steel sleeve 

(sp lit fo r convenience) w ith  conical u p p e r a n d  low er faces. J  is  a  conical p lug  w ith  a 

cen tra l hole to  le t th e  w a te r th ro u g h  a n d  a p lane  u p p e r face w hich  m akes a  w a te r tig h t 

sea ting  in  th e  u p p e r n u t  L  of th e  fixing. T he low er n u t  F  w hich  res ts  on th e  carriage  

is sp lit an d  th re a d e d  w ith  a  deep th re a d  so th a t  b y  screw ing th e  tw o  p a r ts  L  an d  F  h a rd  

to g e th e r a  g re a t p ressu re  can  be b ro u g h t to  a c t on  th e  flanged u p p e r p o rtio n  of th e  

specim en. The large d is to rtio n s  so p roduced  in  th e  m a te ria l of th e  conical flange ha rd en  

copper, iron  an d  a lum in ium  to  such  a n  e x te n t t h a t  w hen  th e  tu b e  is a fte rw ard s  s tre tch e d
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3 3 6 G. I. TA Y L O R  A N D H . Q U IN N E Y  O N

no o bservab le  p la s tic  flow ta k e s  p lace  in  tb e  m a te r ia l  of tb e  flange. T he  s tre tc h in g  in  

fa c t, beg ins a t  th e  c o rn e r D  w here  th e  flange co n n ec ts  w ith  th e  p a ra lle l p a r t  of th e  tu b e . 

T he r in g  R  is  m ere ly  u sed  fo r h o ld in g  th e  tw o  p o rtio n s  of th e  s p li t  n u t  F  in  p lace .

I t  w ill be  n o tic e d  t h a t  in  th is  d e sc rip tio n  th e  sleeve C p la y s  no  p a r t ,  i t  m ig h t, in  fa c t, 

be  p a r t  of F , w hen  th e  a p p a ra tu s  is  u sed  in  th e  m a n n e r  d esc rib ed . W h en  i t  w as u sed  

fo r so ft m e ta ls  lik e  le ad  a n d  c a d m iu m  w h ich  do  n o t  h a rd e n  a p p re c ia b ly  b y  co ld  w o rk  i t  

w as fo u n d  t h a t  th e  m e th o d  ju s t  d e sc rib ed  does n o t  en su re  t h a t  th e re  sh a ll be  no  flow 

inside  th e  m a te r ia l of th e  flange. I n  th e se  cases, th e re fo re , a  cy lin d ric a l s tee l p lu g  w ith  

a  sm all c e n tra l hole  w as m ad e  to  fit th e  bo re  of spec im en . T h e  f la t faces of th e  sp li t  

sleeve C w ere  th e n  filed  so t h a t  w hen  th e  n u t  L  w as screw ed  hom e, th e  so ft m e ta l w as 

g rip p ed  b e tw een  th e  s p li t  sleeve C a n d  th e  c y lin d ric a l p lug . I n  th is  w ay  i t  w as fo u n d  

possib le  to  g rip  lead  tu b e .

To fill th e  a p p a ra tu s  w ith  w a te r  th e  p lu g  0  a n d  th e  c a p illa ry  tu b e  T  w ere unscrew ed , 

a lcohol w as th e n  p assed  th ro u g h  fro m  th e  s to p co ck  in  th e  low er fix ing  (see fig. 4) in  

o rd er to  rem ove grease . D is tille d  w a te r  fro m  w h ich  a ir  h a d  b een  re m o v ed  b y  b o iling  

w as th e n  passed  th ro u g h  t i l l  i t  overflow ed a t  0  (fig. 5). T he p lu g  0  w as th e n  re p la ce d  

a n d  a fte rw ard s  th e  c ap illa ry  tu b e  T , th e  w a te r  flow ing a ll th e  tim e . To re g u la te  th e  

p o sitio n  of th e  w a te r  m en iscus in  T th e  w a te r  w as a llow ed  to  flow b a c k  th ro u g h  th e  

a p p a ra tu s  b y  open ing  th e  low er stopcock . A s a  final te s t  w h e th e r  a n y  b u b b le s  w ere  

c a u g h t in  th e  a p p a ra tu s  a ir  p ressu re  w as a p p lie d  to  th e  c a p illa ry  tu b e . I f  th e  m en iscus 

m oved  a n  ap p rec iab le  d is tan ce  dow n th e  tu b e , b u b b les  w ere  in d ic a te d  a n d  no  te s ts  w ere 

c a rried  o u t t i l l  th e y  h a d  been  rem oved .

In  p lan n in g  th e  w ork  i t  h a d  been  in te n d e d  to  do  a ll te s ts  w ith  tw o  d iffe ren t le n g th s  of 

tu b e  so t h a t  b y  su b tra c tin g  th e  re su lts  of th e  tw o  se ts  of m e asu rem en ts  fro m  one a n o th e r  

en d  effects cou ld  be e lim in a ted , b u t  on  c a rry in g  o u t th is  p la n  in  a few  cases, i t  w as fo u n d  

th a t  th e  en d  effects w ere  to o  sm all to  be  ap p rec iab le  w hen  th e  tu b e  w as 11^ inches  

long  b y  \  in c h  d ia m e te r . A cco rd ing ly  tu b e s  of th is  le n g th  w ere  u sed  th ro u g h o u t th e  

ex p erim en ts  a n d  no  a llow ance w as m ade  fo r en d  effects.

Heat Treatment.

T he copper tu b e s  w ere supp lied  in  a  h a rd e n ed  co n d itio n  a n d  th e y  w ere an n ea led  a t  

650°C. fo r a b o u t 36 hou rs. T h is  p ro d u ced  g ra in s th e  lin e a r d im ensions of w h ich  w ere 

sm all com pared  w ith  th e  w all th ick n ess . F o r  com parison  w e also  a n n ea led  som e tu b e s  

a f te r  a  s lig h t s tra in in g  a t  conside rab ly  h ig h e r te m p e ra tu re s . T he la rge  g ra in s  th u s  

p roduced  in  m a n y  cases s tre tc h e d  from  th e  in n e r to  th e  o u te r  w all, a n d  in  th ese  cases 

we fo u n d  th a t  th e  m a te r ia l behaves in  re g a rd  to  d is to r tio n  as th o u g h  i t  w ere  n o t 

iso trop ic . T h is q u estio n  is d iscussed  la te r  in  connec tion  w ith  fig. 8.

T he copper tu b e s  w ere com posed of w h a t th e  m akers  described  as h ig h  c o n d u c tiv ity  

copper, co n ta in in g  n o t m ore  th a n  0*2 p e r cen t, im p u r ity . A  com parison  be tw een  th e  

m echan ical p ro p e rtie s  of th e se  tu b e s  a n d  th o se  of e lec tro ly tic  copper w ire  of th e  h ig h est
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p u r i ty  o b ta in ab le , com m ercially , show ed us  t h a t  th e  sm all a m o u n t of im p u r i ty  p re sen t 

in  ou r tu b e s  w as n o t suffic ient to  m ake  th e m  differ ap p re c ia b ly  from  w h a t m ig h t be 

ex p ec ted  if we h a d  been  able  to  use e lec tro ly tic  copper th ro u g h o u t.

T he a lu m in iu m  tu b e s  w ere sup p lied  in  a  sm all-g ra ined  an n ea led  c o n d itio n  a n d  no  h e a t 

t r e a tm e n t  w as req u ired . T he a lu m in iu m  w as d escribed  b y  th e  m ak ers  as co n ta in in g  

99 • 7 to  99 • 8 p e r cen t, a lum in ium .

T he m ild  s tee l w as to o  h a rd  in  th e  c o n d itio n  in  w h ich  i t  w as supp lied . I t s  ca rb o n  

c o n te n t w as from  0 • 12 to  0 • 18 p e r cen t. I t  w as, th e re fo re , a n n ea led  vacuo a t  a b o u t 

920° C. I n  som e cases th e  sam e m ild  s tee l w as decarbon ised  in  a  s tre a m  of h y d ro g en  a t  

920°. T h is  gave large  c ry s ta ls  a n d  th e  re su lts  of o u r ex p erim en ts  ag a in  in d ic a te d  th a t  

th e  m a te r ia l so t r e a te d  d id  n o t beh av e  in  a n  iso tro p ic  m an n er. To o b ta in  sm aller 

c ry s ta ls  som e of th e  tu b e s  w ere d eca rb u rised  a t  650° C. fo r five or s ix  days. These tu b e s  

w ere fo u n d  to  beh av e  m ore like  sm all-g ra ined  copper tu b e s  th o u g h  th e y  s till ap p ea red  

to  be less iso tro p ic  in  reg a rd  to  th e ir  d is to rtio n .

N u m erica l D ata.

D ia m e te r  o f to rq u e  d ru m  8 • 22  in ch es .

Copper Tubes.— 10 =  11*5 in ch es, e x ter n a l d ia m eter  0*248  in ch es, t — 0*036  in ch es, 

rmo =  0 * 1 0 6  in ch es ,*  in it ia l area of se c t io n  =  2tc =  0* 0 2 3 9 5  sq . in ch es.

p  =  m W  ( ! + « , )  .  .

S =  (08-0B8M) ?-10*6) =  3230 (1 + 60)1 P  lbS' 1,61 m 6 h - ■ ' ■ (21 A)

w here p  is  th e  w e ig h t in  lb s . in  th e  sca le  p an s o f th e  to rq u e  sy ste m

ta n  ^  =  3 e ( i  + f / / e )  =  (1 +  «•>"*(1 +  ^ ' /e)' 1 ( s \ )  ’

or if  x  is  m ea su red  in  degrees in stea d  of an gu lar m ea su re

ta n  M  =  0 -0 0 1 2 3 4  (1 +  « ,)-*  (1 +  § / /« ) ->  ( £ ) .......................(22a )

T o co n n ect th e  read in g  of th e  m en iscu s in  th e  ca p illa ry  tu b e  w i t h / / e ,  th e  area o f cross-  

se c tio n  of th e  ca p illa ry  is  0 • 0002 607  sq . in ch es , so  th a t  if  d  is  th e  in crease  in  th e  read in g

* I t  w ill  be se en  th a t  t is  n o t  v e r y  sm a ll co m p a red  w ith  rTOo, ca lc u la t io n s  w ere m a d e to  fin d  th e  v a lu e s  

o f th e  errors in tr o d u ce d  b y  n e g le c t in g  t in  co m p a riso n  w ith  rTOo, a n d  i t  w a s fo u n d  th a t  in  a ll th e  form ulae 

th e  error d ep en d e d  o n  n e g le c t in g  in  co m p a riso n  w ith  u n ity . I n  our tu b e s  ( p / r //io)2 w as a b o u t

0* 01 a n d  w e e s tim a te  t h a t  th e  m a x im u m  error in  a n y  o f  our re su lts  w h ich  ca n  arise fro m  th e  n e g le c t  o f  

( i  t / rmo)i i Q co m p a riso n  w ith  u n ity  is  3  p er  c e n t .,  th e  a v er a g e  b e in g  a b o u t 2  per ce n t.
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3 3 8 G. I . TA Y L O R  A N D H . Q U IN N E Y  ON

of th e  m en iscu s  in  th e  c a p illa r y  tu b e  ex p ressed  in  in ch e s  w hen  th e  le n g th  o f th e  sp e c im e n  

is  in cr ea sed  b y  8 l, th e n  fro m  (6)

0 '0 0 0 2 6 0 7  A nnACKi

2 / =  ( T T s f W l o W 2 =  ° ' m m ’

a n d  rem em b er in g  th a t

=  *1

k(1
th is  g iv e s

/ =  0 -0 0 3 7 ( 1  + < * ) £ - , ........................................... (23a )
6 Ol

A lu m in iu m  T u b es .= l0 =  11*5 in ch es , e x te r n a l d ia m eter  0 * 2 5 1 6  in ch es , t =  0 * 0 3 5 2

in ch es , rm0 = 0 * 1 0 8 2  in ch es , in it ia l  area of s e c t io n  0 * 0 2 4 0  sq . in ch es .

p  =  m W ( l  + e 0) ................................................. (2 0b )

0 * 0 2 4 0  v '

S  =  3 1 9 0 (1  +  e$<p. . . . . . .  

ta n  2 0  =  0 * 0 0 1 2 6  (1 +  e0)"* ( l + i  £ P  ..................... (22b )

/ =  0*00355(1 +  * ) ( ^  • • • .  ..............................(23b )

Iro n  and Steel Tubes.— 10 —  11*5  in c h e s , e x te r n a l d ia m e te r  0 * 2 4 8 7  in c h e s ,  

rm0 =  0 * 1 0 5 4  in ch es , in it ia l  area o f cr o ss -se c tio n  0 * 0 2 5 0 7  sq . in ch es .

p  _  m W  (1 +  Cp) (9()^

S =  3112  (1 -f- e0)% p............... (2 1 c)

ta n  2 0  =  0 .0 0 1 2 2 6  (1 +  e0) _ i ( l  +  f  { )  * Q j ) ............................ (2 2 c )

=  0 * 0 0 3 7 3 (1  + e o ) ( | z) ........................................................ (2 3 c)

Representa tion o f  R esults .

T he re su lts  of th e  m easu rem en ts  can  b e s t be p re sen ted  in  th e  fo rm  of cu rves  show ing 

th e  re la tio n sh ip  b e tw een  v ario u s  p a irs  of s im u ltan eo u s m easu rem en ts .

Torque-extension .— T he to rq u e -ex ten sio n  cu rves fo r copper a re  g iven  fo r v a rio u s  

values of m  in  fig. 6, a, fo r a lu m in iu m  fig. 6, b, fo r m ild  s tee l a n d  d e ca rb u rised  iro n  in  

fig. 6, c. I t  w ill be seen th a t  in  a ll cases ex cep t tw o  th e  second or slow ly ris in g  p o rtio n  

has been  p ro d u ced  backw ards  in  a  b ro k en  line  to  th e  ax is  to  o b ta in  th e  v ir tu a l  v a lu e
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of p  co rre sp o n d in g  w ith  th e  b eg in n in g  of p la s tic  d is to r tio n  in  th e  id ea lised  p la s tic  

body . I t  w ill be  seen  t h a t  th e re  is l i t t le  scope fo r a m b ig u ity  in  th e  v a lu es  of p  so 

o b ta in ed . T hese v a lu es  a re  g iv en  in  th e  s ix th  line  of T ab le  I . T he  va lu es  of p  fo r 

co p p er tu b e  E  fo r w h ich  m  —  0 • 025 a n d  th e  m ild  s tee l tu b e  fo r w h ich  =

o b ta in e d  in  a  s im ila r m an n er, b u t  th e  to rq u e -a n g le  cu rv e  w as fo u n d  to  be m ore  

s a tis fa c to ry  th a n  th e  to rq u e -e x te n s io n  cu rv e  in  th e se  cases because  th e  e x ten s io n  

fo r sm all va lues of m  is  to o  sm all, m o st of th e  d is to r tio n  b e in g  d ue  to  tw is tin g . 

T he  va lues of p  g iven  in  T ab le  I  w ere in se r te d  in  form ulae 21, a, b a n d  c to  o b ta in  

th e  va lu es  of S g iven  in  line  7 of T ab le  I . T he  com ple te  d a ta  co n cern in g  th e  in itia l 

s tre tc h in g  in c lu d in g  P 0 th e  d ire c t s tre ss  a t  th e  en d  of th e  firs t d ire c t lo ad in g  a n d  

1 +  e0 a re  g iv en  in  lines 4 a n d  5 of T ab le  I . T he  va lu es  of t a n  20 =  2 S /m P 0 a re  

g iven  in  line  8.

T w is t-ex ten sio n .— T he tw is t-e x te n s io n  cu rves  a re  g iven  in  figs. 7, b a n d  c. I t  w ill 

be  seen t h a t  in  a ll cases th e  observed  p o in ts  fa ll re m a rk a b ly  w ell on  s tra ig h t  lines. 

F ro m  th ese  lines can  be fo u n d  d ire c tly  th e  ra t io  x / 8 l  needed  in  form ulae (22, a , b , c ) 

fo r c a lcu la tin g  <f>, th e  ang le  of in c lin a tio n  of th e  axes of th e  s tra in  e llip so id  to  th e  

cen tre  lines of th e  specim en. T he va lues of x/8? so fo u n d  a re  g iven  in  line  9 of T ab le  I .

Change in  In te rn a l Volum e-extension .

In  ev ery  te s t  th e  p o s itio n  of th e  w a te r  m eniscus in  th e  c a p illa ry  tu b e  w as reco rd ed  

b o th  d u rin g  th e  in itia l d ire c t lo ad in g  of th e  specim en  a n d  d u rin g  th e  su b se q u e n t com 

b in ed  d ire c t lo ad  a n d  to rq u e . Tw o ty p ic a l specim ens of th e  re su ltin g  cu rves  a re  show n 

in  fig. 8 w ith  th e  a c tu a l o b serv a tio n s  fro m  w h ich  th e  cu rves  a re  d raw n . T he  in itia l 

s ta te  is re p re se n te d  b y  A  in  each  case. T he changes in  vo lum e d u rin g  th e  in it ia l  d ire c t 

load in g  a re  show n in  th e  p o rtio n  A  B of each  cu rv e , w hile  th e  effect of a p p ly in g  com bined  

to rq u e  a n d  d ire c t load  is show n in  th e  p o rtio n  B  C in  each  case. I t  w ill be  seen th a t  

in  th e  case of a lu m in iu m  th e re  is  a  sm all in crease  in  in te rn a l vo lum e. Since we w ere  

un ab le  to  acco u n t fo r th is  increase e ith e r  as a n  e las tic  effect, a n  effect of th e  sm all change 

in  d en sity , or as a n  end  effect, w e cam e to  th e  conclusion  th a t  i t  m u s t be th e  re s u lt  of a  

sm all re s id u a l w a n t of iso tro p y  in  th e  m a te r ia l w h ich  h a d  n o t  been  rem o v ed  b y  h e a t 

tre a tm e n t. T he  sam e re m ark s  ap p ly  to  th e  copper, b u t  in  th is  case th e re  is a  decrease 

in  vo lum e in s te a d  of a n  increase. O n s ta r t in g  th e  com pound  tw is t  a n d  d ire c t lo ad  w ith  

copper, iro n  or a lu m in iu m  tu b e s  th e re  w as in  ev ery  case a  c o m p ara tiv e ly  large  decrease 

in  in te rn a l vo lum e rep re sen ted  b y  th e  p o rtio n s  B  C of th e  cu rves. Arid i t  w as th e  slope 

of B  C w hich  w as used  in  ev ery  case to  d e te rm in e  th e  ra tio  d /8 l  u sed  in  connec tion  w ith  

formulae (23, a , b , c ), fo r d e te rm in in g / / e .

T h a t a  la rge  change in  in te rn a l volum e d u rin g  a d ire c t ex ten sio n  can  occur ow ing to  

w a n t of iso tro p y  is  show n very  c learly  b y  th e  b ro k en  cu rve  in  fig. 8 w h ich  w as o b ta in ed  

w ith  a  copper tu b e  w hich  h ad  been  annea led  a t  such  a  te m p e ra tu re  th a t  th e  c ry s ta l

 D
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Q M S . m D i carburj-zecf

F ig . 7c .

g ra in s  w ere v e ry  la rge , in  fa c t, m a n y  of th e m  s tre tc h e d  th ro u g h  th e  w hole th ic k n e ss  of 

th e  w alls fro m  th e  in n e r to  th e  o u te r  su rface  of th e  tu b e . T he ex istence  of c ry s ta ls  

com parab le  in  lin ea r d im ensions w ith  th e  th ick n ess  of th e  w all of th e  tu b e  m ig h t be 

ex p ec te d  to  m ake  th e  tu b e  b eh av e  as th o u g h  th e  m a te r ia l w ere n o t iso tro p ic , fo r in  t h a t  

case th e  res istance  to  a  ty p e  of d is to r tio n  w hich  invo lves p rin c ip a lly  c o n tra c tio n  of th e  

m a te r ia l in  th e  ra d ia l d irec tio n  m ig h t be v e ry  d ifferen t fro m  a d is to r tio n  w h ich  invo lves 

p rin c ip a lly  co n tra c tio n  in  th e  ta n g e n tia l d irec tio n . A ll re su lts  o b ta in e d  fro m  tu b e s  

w hich  show ed increases or decreases in  volum e d u rin g  th e  in itia l d ire c t ex tension  co m p ar

ab le  w ith  th o se  o b ta in e d  d u rin g  th e  com bined  to rs io n  a n d  ex ten sio n  w ere re je c te d  on th e  

g ro u n d  th a t  th e  m a te ria l of w h ich  th e y  are  com posed is n o t iso tro p ic  or th a t  i t  b ehaves 

as a n  an iso trop ic  m a te ria l.

I n  d e te rm in in g  th e  ra tio  d/8l  fo r various va lues of m  th e  slopes of th e  cu rves  of vo lum e 

change are  re q u ire d  o n ly  d u rin g  th e  ac tio n  of th e  com bined  s tress  sy stem . In  o rder to  

fac ilita te  com parison  betw een  re su lts  fo r d ifferen t values of m  th e  p o rtio n s  B  C of a ll
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0*01 _

0 0 3

F ig . 8.

curves sim ila r to  th o se  show n in  fig. 8 are  collected  to g e th e r in  th e  th re e  figures, 9, , 

w hich  refers to  copper tu b es , 9, b to  a lu m in iu m  an d  9, c to  steel. I t  w ill be seen th a t  all 

th ese  curves are , w ith in  th e  lim its  of accu racy  of ou r m easu rem en ts, s tra ig h t lines. 

T he change in  in te rn a l volum e is therefo re  p ro p o rtio n a l to  th e  ex tension , an d  th e  values 

of th e  ra tio  d/Sl  ta k e n  from  figs. 9, a ,b a n d  c are  g iven  in  line

values of f / e  o b ta in ed  from  formulae 23, a , b  a n d  c are  g iven  in  line  11 of T ab le  I .  The 

values of ta n  2  <f> ca lcu la ted  b y  m eans of formulae 22, a , b , c  from  th e  figures fo r 

x /S i an d  f j e  g iven  in  lines 9 an d  11 are  g iven  in  line 12 of T ab le  I .
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O a?.» 'OecorlMjrized tfijd  S+e+J.

m  • OS

ol ** £t fens/on of “Tube **» Inches (ff-S " /onq.)

F ig . 9c .

In terpreta tion  o f Results.

O rientation o f  the p r in c ip a l axes o f  Stress and  S tra in .— T he in c lin a tio n s  0 a n d  of th e  

p rin c ip a l axes of stress a n d  s tra in  resp ec tiv e ly  to  th e  ax is  of th e  tu b e  a re  co llected  

in  T ab le  I I .  I t  w ill be seen t h a t  th e  ag reem en t is v e ry  good in  a ll cases ex cep t t h a t  of 

copper tu b e  A. T he m ax im u m  angle betw een  th e  m easu red  o rie n ta tio n  of th e  p rin c ip a l 

s tress  axes a n d  th e  p rin c ip a l s tra in  axes, i.e ., 0 — ^  is 1*9 degrees, th e  average 

difference ta k e n  w ith o u t reg ard  to  s ign  being  0*64°. I f  i t  is assum ed th a t  th e  

tu b es  are  iso trop ic  on acco u n t of th e  h e a t tre a tm e n t th e y  have  received  th is  ta b le , 

show ing th a t  0 =  <f>,may be ta k e n  as p ro v in g  th a t  th e  p rin c ip a l axes of s tress  a n d  

s tra in  in  a n  iso trop ic  p lastic  m a te ria l a re  co inciden t. If  on th e  o th e r h a n d  th is  

is ta k e n  as ax io m a tic  in  th e  defin ition  of iso trop ic  m a te ria l th e n  th e  figures in  

T ab le  I I  m ay  be ta k e n  as in d ic a tin g  th a t  th e  m a te ria l of th e  tu b es  is iso trop ic .

R ela tionsh ip  between ratios o f  p r in c ip a l shear stresses and  ratios o f  corresponding  

p rin c ip a l shear strains , i.e ., between [x and  v.— T ak in g  th e  values of 0 a n d  <f> from  

T able  I I  a n d  th e  value  of f / e  from  T able  I, th e  values of (x =  — cos 20 an d  

_ 1  _i_ 2  f/e
v — —:— , T>- / , '  cos 26  sh ow n  in  T ab le  I I I  w ere ca lcu la ted . T h ese are p lo tted  for

1 + f  f / e
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3 4 6 G. I. TA Y L O R  A N D H . Q U IN N E Y  ON

copper, iro n  a n d  a lu m in iu m  s e p a ra te ly  in  th e  c u rv es  of fig. 1 0 . I t  w ill be  seen  t h a t  

th e  d e v ia tio n  fro m  v o n  Mi s e s ’ assu m ed  re la tio n sh ip  jx =  v w h ich  w as su sp e c ted  b y  

L o d e  is  de fin ite ly  e s ta b lish e d . C om paring  fig. 10 , w h ic h  covers th e  ra n g e  [x =  — 1 

to  {x =  0 , w ith  L o d e ’s  d ia g ra m  (fig. 2), w h ich  covers th e  ra n g e  [x =  — l t o  [x =  -f-l> 

i t  w ill be seen  t h a t  fig. 10  co rresponds w ith  th e  low er le f t-h a n d  q u a r te r  of L o d e ’s  

d ia g ra m , b u t  th e  c o n d itio n  of sy m m e try  in  a n  iso tro p ic  m a te r ia l  en su res  t h a t  th e  

(txv) cu rv e  sh a ll be sy m m e tric a l a b o u t th e  p o in t (x =  0 , v =  0 , so t h a t  fig. 10  covers 

th e  w hole ra n g e  of a ll possib le  ra t io s  of th e  p r in c ip a l sh ea r s tresses a n d  s tra in s . I t  

w ill be seen  t h a t  th e  s c a tte r in g  w h ic h  is  so n o ta b le  a  fe a tu re  of th e  p o in ts  in  L o d e ’s  

d ia g ra m  h as  d isap p e a re d , th e  p o in ts  in  f ig . 10  ly in g  on  a  c u rv e  w h ich  is  v e ry  s im ila r to  

t h a t  show n in  fig. 2 w h ich  L o d e  m a rk e d  on  h is  d ia g ra m  to  re p re se n t ro u g h ly  th e  m o s t 

p ro b a b le  v a r ia tio n  of v w ith  [x.

/L U °' C o fy fy tr  A /u r n  / m u m .

F ig . 10.

C om parison w ith  P la stic ity  o f  Glass a t H ig h  Tem peratures.

I t  has  a lre ad y  been  p o in te d  o u t t h a t  v o n  Mi s e s ’ second a ssu m p tio n  th a t  [x =  v 

w ould  be tru e  if th e  e q u a tio n s  of p la s tic  flow w ere id e n tic a l w ith  th o se  of a  v e ry  v iscous 

fluid . I t  is know n th a t  w hen  glass is  h e a te d  to  such  a  te m p e ra tu re  t h a t  i t  flows slow ly 

u n d e r a d ire c t lo ad  or a  b e n d in g  load , i t  b eh av es  like  a  v e ry  v iscous flu id  a n d  in  fa c t
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slow  p la s tic  d is to r tio n  of th is  ty p e  is  u sed  in  o rd er to  m easure  th e  v isco s ity  of glass a t  

te m p e ra tu re s  a t  w h ich  i t  is  b eg inn ing  to  so ften . As has  been  m en tio n ed  in  co n nec tion  

w ith  p la s tic  flow in  m eta ls , m o st of th e se  te s ts  h av e  been  c a rried  o u t u n d e r cond itions 

like  t h a t  of e x ten s io n  u n d e r a  d ire c t load , w here th e  ty p e  of d is to r tio n  is d e te rm in e d  b y  

th e  co n d itio n  of sy m m e try  alone.

E x p e rim en ts  on  th e  p la s tic ity  of glass h ave  in  fa c t been  lim ite d  to  d e te rm in in g  th e  

ra te  of d is to rtio n  fo r d ifferen t loads u n d e r v a ry in g  cond itions of te m p e ra tu re , e tc . I t  

seem s th a t  th e re  w ould  be no inconsistency  in  a n y  ex istin g  ex p erim en ts  if th e  d is to rtio n  

of glass u n d e r lo ad  w ere n o t t h a t  of a  v e ry  v iscous flu id  b u t  w ere s im ila r to  t h a t  of m eta ls  

fo r w h ich  v is  n o t eq u a l to  (x. I t  seem ed w o rth  w hile the re fo re  to  c a rry  o u t te s ts  w ith  

glass tu b e s  s im ila r to  th o se  a lre ad y  d escribed  w ith  m e ta l tu b e s . These a re  d escribed  in  

th e  A ppend ix . I t  w as fo u n d  th a t  th e  change in  vo lum e of th e  bore  of a  h e a te d  glass 

tu b e  su b jec ted  to  com bined  lo ad  a n d  e x ten s io n  w as so sm all as to  be h a rd ly  m easu rab le . 

T he sm all volum e changes a c tu a lly  m easu red  w ere u sed  to  ca lcu la te  a n d  (x a n d  v, a n d  

th e  p o in ts  so o b ta in ed  a re  m a rk e d  in  fig. 10. I t  w ill be  seen  th a t  in  th e  case of glass, 

v o n  Mi s e s ’ second h y p o th esis  [x =  v is  fulfilled , th e  sm all d e v ia tio n  of th e  observed  p o in ts  

fro m  th e  s tra ig h t line  (x =  v b e in g  due  p a r t ly  to  ex p erim en ta l e rro r a n d  p a r t ly  to  th e  

fa c t t h a t  th e  th ick n ess  of th e  w all is  n o t q u ite  neglig ib le . T h is  in d ica tes  n o t only  th a t  

h e a te d  glass does beh av e  like  a  v iscous flu id  in  re g a rd  to  i ts  d is to rtio n , b u t  also th a t  

th e  m e th o d  of m easu rin g  [x a n d  v b y  observ ing  changes in  in te rn a l volum e of a  tu b e  

u n d e r com bined  ex ten sio n  a n d  tw is tin g  is  su scep tib le  of considerab le  accuracy .

E xp e rim en ts  w ith  L ead  and  C adm iu m .

I t  w as fo u n d  th a t  lead  tu b e s  a n d  cad m iu m  tu b e s  change th e ir  in te rn a l vo lum es m u ch  

less th a n  copper, iro n  or a lu m in iu m  tu b e s  w hen  su b jec ted  to  com bined  ex ten sio n  a n d  

tw is tin g . I n  b o th  cases we d id  n o t find  th a t  th e  change from  p u re  ex ten sio n  to  ex tension  

com bined  w ith  to rs io n  p roduced  a  v e ry  defin ite  b en d  in  th e  cu rve  co nnec ting  in te rn a l 

volum e w ith  ex tension . T h is  is show n in  fig. 11. T he p a r t  of th e  cu rve  correspond ing  

w ith  p u re  ex tension  is  from  0  to  B . A t th e  co n d itio n  rep re sen ted  b y  B  th e  lo ad  w as 

reduced  a n d  to rq u e  app lied . T he su b seq u en t in te rn a l vo lum e-ex tension  cu rve  is show n 

as B  C D . I t  w ill be  seen th a t  th e re  is no  v e ry  m ark ed  su d d en  b en d  in  th e  cu rve  a t  

B , such  as alw ays occurred  w ith  copper, a lu m in iu m  a n d  iron .

I t  w as a t  first th o u g h t th a t  th e  change in  volum e d u rin g  th e  ex tension  w ith o u t to rs io n  

w as due to  som e end-effect, b u t  a  large  n u m b er of d ifferen t w ays of fix ing  th e  ends 

such  as castin g  en larged  ends, g rip p in g  th e  ends ro u n d  a  s tee l peg to  keep  th e  tu b e  

from  collapsing inw ards, a n d  so ldering  on b rass  end  pieces, a ll gave th e  sam e re su lt, 

so th a t  we w ere forced  to  th e  conclusion  th a t  th e  effect is a  rea l one a n d  th a t  th e  tu b es  

therefo re  behave  as th o u g h  th e y  a re  n o t iso trop ic .

F o r th e  purpose of com parison  w ith  copper a n d  a lum in ium  we calcu la ted  th e  values 

of ix a n d  v from  th e  observed  slopes of th e  p a r ts  CD of th e  curves of fig. 11 an d  th e

3 AV O L . C C X X X .— A .
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3 4 8 G. I .  TA Y L O R  A N D H . Q U IN N E Y  ON

re su lts  a re  m a rk e d  on  fig. 10, b u t  in  v iew  of th e  fa c t  t h a t  th e  e a r ly  p a r ts  of th e  cu rv e  

w ere n o t h o riz o n ta l we a re  n o t in c lin ed  to  p lace  m u c h  confidence in  th e  a cc u ra cy  of th e

^ f J u + i  /rt* »■ O S

£x/msAyy m /nch{

— Let'O f m  -  Q

F ig . 11.

re su lt. S u b jec t to  th e se  rem ark s , how ever, i t  w ill be  seen  th a t  lead  a n d  cad m iu m  

b eh av e  in  a  m a n n e r w h ich  is in te rm e d ia te  be tw een  t h a t  of iro n  a n d  co p p er a n d  t h a t  of 

g lass.

C om parison between v o n  Mi s e s ’ f ir s t  hypothesis fo r  the stress a t w hich p lastic  d istortion  

begins, nam ely , t x2 +  t 22 +  t 32 =  2k2 an d  Mo h r ’s  hypothesis  | T l| == *.

T he consequences of th e se  tw o  hy p o th eses  in  te rm s  of th e  q u a n titie s  m easu red  in  

com bined  tw is t-e x te n sio n  ex p erim en ts  have been  expressed  in  e q u a tio n s  (18) a n d  (19). 

I t  w ill be seen th a t  th e re  a re  tw o  sep a ra te  m eth o d s b y  w h ich  th e  tw o  h y p o th eses  can  

be com pared  based  on (1) eq u a tio n s  (18b ) a n d  (19b ), a n d  (2) eq u a tio n s  (18a ) a n d  (19a ).

(1) T he observed  va lues of S /P 0 can  be p lo tte d  a g a in s t va lues of m . T he re su ltin g  

cu rve  on  e ith e r  h y p o th esis  shou ld  be an  ellipse, b u t  v o n  Mi s e s ’ hy p o th esis  leads to

a n  ellipse S /P 0 =  \~T̂) w ilich has o rd in a tes  2 /^ /3  tim es  as g re a t as th e  co rre-

spond ing  ellipse S /P 0 =  ( — ~  j  a p p ro p ria te  to  Mo h r ’s  hypo thesis. T he com parison

betw een  th e  observed  values of S /P 0 a n d  th e  values p re d ic ted  on  Mo h r ’s  a n d  v o n  Mi s e s ’ 

hypo theses are  g iven  in  T ab le  IV  a n d  are  rep re sen ted  in  th e  figs. 12, a, b, c, w here th e  

tw o  ellipses a re  also m ark ed . I t  w ill be seen th a t  in  th e  cases of copper a n d  A lum inium , 

v o n  Mi s e s  hy p o th esis  fits th e  o bservations  w ith in  th e  lim its  of ex p erim en ta l e rro r.

(2) A  m ore in te r e st in g  com p arison  can  be m ade b y  m ean s of eq u a tio n s  (18a ) an d  (19a ).

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



T H E  P L A ST IC  D IS T O R T IO N  OF M ETALS. 3 4 9

These eq u a tio n s  give th e  re la tio n sh ip  be tw een  m  a n d  0 accord ing  to  th e  tw o  h ypo theses  

a n d  if u sed  d ire c tly  d epend  on th e  sam e e x p erim en ta l d a ta  as th o se  g iven  in  T ab le  IV . 

O n th e  o th e r h a n d  if i t  is assum ed, as i t  has  b y  all p rev io u s  w rite rs  on  p la s tic ity  of 

iso tro p ic  m a te ria ls , th a t  0 =  0 , th e n  eq u a tio n s  (18a ) a n d  (19a ) m a y  be u sed  to  g ive th e  

re la tio n sh ip  be tw een  m  a n d  0 ; th u s  acco rd ing  to  Mo h r ’s  h y p o th esis

m  sec 2 0  = w V  1 +  ta n 2 2 0  =  1

a n d  accord ing  to  v o n  Mi s e s ’ hy p o th esis  m V  1 + [0 - 7 5  ta n 2 2 0  =  1. 

ra tio  of th e  d ire c t lo ad  ap p lied  d u rin g  th e  com bined  stress  to  th e  m ax im u m  d ire c t load  

d u rin g  th e  p re lim in a ry  d ire c t s tress . T h is  is a  s tra ig h tfo rw a rd  m easu rem en t to  w hich  

no  a m b ig u ity  can  a tta c h . 0 is d e riv ed  from  th e  lin ea r re la tio n sh ip  be tw een  th e  observed  

ex ten sio n  a n d  th e  observed  tw is t d u rin g  th e  ap p lic a tio n  of th e  com bined  109(2. T he 

a ssu m p tio n  th a t  0 =  0 th e re fo re  m akes possib le  a  com parison  betw een  v o n  Mi s e s ’ an d  

Mo h r ’s  hypo theses w hich  is q u ite  in d ep en d en t of th e  m easu rem en ts  g iven  in  line 6 of 

T ab le  I , w h ich  w ere fo u n d  b y  p ro d u c in g  b ackw ards th e  fla t p a r ts  of th e  to rq u e -ex ten sio n  

cu rves in  th e  d o tte d  lines of figs. 6, a, b a n d  c.

T he com parison  be tw een  m V  1 -f- ta n 2 2 0  a n d  1 + 0 - 7 5  ta n 2 2 0  w ith  1*00 

the re fo re  p rov ides a  m e th o d  of co m paring  Mo h r ’s  a n d  v o n  Mi s e s ’ hypo theses w ith o u t 

th e  n ecessity  fo r th e  th e o re tic a lly  am biguous p roceed ing  u sed  to  o b ta in  p  from  figs. 6, a, 

b a n d  c. T h is  com parison  is g iven  in  T ab le  V a n d  i t  w ill be  seen th a t  in  th e  case of 

copper a n d  a lu m in iu m  i t  p rov ides a s tr ik in g  confirm ation  of v o n  Mi s e s ’ hypo thesis. F o r 

copper th e  average  va lue  of m V l  +  0*75 ta n 2 2 0  is 1 .0 0 6  w hile th e  average value  

of m V  1 +  ta n 2 2 0  is 1 *082. T he g re a te s t d e v ia tio n  of. + 0 - 7 5  ta n 2 2 0  from

1 • 00 is  2 • 0 p e r cen t, a n d  th e  average d e v ia tio n  is on ly  0 • 9 p e r cen t. T he  g re a te s t va lue  

of m  V l  +  ta n 2 2 0  is 1 • 138.

T he case of a lu m in iu m  prov ides con firm ation  of v o n  Mi s e s ’ hy p o th esis  w h ich  is n ea rly  

as good as t h a t  of copper, fo r th e  m ean  va lue  of 1 +  0*75 ta n 2 2 0  is 1 -000 w hile 

th e  g re a te s t d e v ia tio n  from  1 *00 is 5 p e r cen t. T he m ean  va lue  of m  V l  +  ta n 2 2 0  is 

1 • 093, w hile th e  g re a te s t d e v ia tio n  from  1 • 00 is 18 * 3 p e r cen t.

M i ld  Steel and  I r o n .— F o r m ild  s tee l a n d  decarb u rized  m ild  s tee l th e  m ean  values of 

m V l  + 0 * 7 5  ta n 2 2 0  w ere 1*059 a n d  1*078 respec tive ly , w hile  th e  m ean  values of 

m  V l  +  ta n 2 2 0  w ere 1*144 a n d  1*187. T hus i t  appears  th a t  v o n  Mi s e s ’ hypo thesis  is 

n earer th e  t r u th  th a n  Mo h r ’s .

I t  w ill be seen also th a t  th e  ex p erim en ta l p o in ts  in  fig. 12c lie  w ell above b o th  th e  

th e o re tica l ellipses, th u s  in d ic a tin g  th a t  th e  s tre n g th  fo r com bined ex tension  an d  

to rs io n  is g re a te r th a n  th a t  in d ic a ted  in  e ith e r of v o n  Mi s e s ’ or Mo h r ’s  th eories. I t  

seem s p robab le , how ever, th a t  th is  is an  effect due  to  w a n t of iso tro p y  for, as is show n 

in  fig. 12c, i t  is m ore  m ark ed  w ith  specim ens w hich  h a d  been  h e a t- tre a te d  so t h a t  th e  

c ry s ta l g rains w ere la rger th a n  in  those  w hich  h a d  a less coarse s tru c tu re . The change 

in  in te rn a l vo lum e of steel tu b es  d u rin g  th e  p re lim in a ry  s tre tch in g  in d ica ted  th e  sam e

3 a  2
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Fig . 1 2  o .

0 - 2 .

BJ Dcc&rjj urizeet Mile * Sleef — La

* ~ v5/) '<?// Crystals
S fc C . f  ~ 5 * t o / /  C r t f s fa /j.

Fig . 1 2 c .
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T H E  PLA STIC  D IS T O R T IO N  OF M ETALS. 351

th in g . I t  is  w ell know n  th a t  th e  load -ex ten sio n  cu rve  fo r m ild  s tee l has th e  pecu liar 

p ro p e r ty  t h a t  a f te r  a  c e r ta in  defin ite  ex ten sio n  (w hich  depends on  th e  h e a t t r e a tm e n t 

a n d  th e  carbon  co n ten t) i t  ceases ris ing , becom es fla t or even  descending  w ith  increasing  

ex tension . T h is fla t p a r t  of th e  cu rve  is succeeded b y  a fu r th e r  s te a d y  rise . T h is  is 

show n fo r one p a rtic u la r  specim en  in  th e  u p p e r cu rve  in  fig. 13. T he co rrespond ing  

changes in  in te rn a l vo lum e of th e  tu b e  in  te rm s  of th e  re a d in g  of th e  m eniscus in  th e  

c ap illa ry  tu b e  of ou r a p p a ra tu s  is show n on th e  sam e d iag ram . I t  w ill be  seen th a t  in  

th e  e lastic  ran g e  w h ich  ex ten d s  to  a b o u t 500 lb s. lo ad  th e  in te rn a l volum e increases. 

T h is  p o rtio n  is show n as 0  A  in  fig. 13. T h is  increase  in  vo lum e is  w ell know n in  th e

h I L O  S T C I . u f A H N E f l t  

L O A D  E X “I EN SIO V * ^

l o m

th e o ry  of e las tic ity . I t  depends on P o i s s o n ’s  ra tio , be ing  zero fo r t ru ly  incom pressib le  

su bstances w ith  P o i s s o n ’s  ra tio  0* 5 .  W hen  th e  m a te ria l of th e  tu b e  begins to  y ie ld  

p lastica lly  th e  in te rn a l volum e begins to  decrease  t i l l  a t  th e  p o in t B  w here th e  load  has 

risen  to  790 lb s. i t  begins to  rise  again . T h is change begins sudden ly  a t  th e  sam e 

in s ta n t  th a t  th e  load  ceases to  increase  w ith  increasing  ex tension  an d  d u rin g  th e  period  

of c o n s ta n t or decreasing  load  th e  increase  in  in te rn a l volum e is  v e ry  ra p id . A t th e  

p o in t C w here th e  ex tension  is 0*26 inches, i.e., 22 p e r cen t., th e  load  begins to  increase 

a n d  sim u ltaneously  th e  in te rn a l volum e decreases. These changes in  in te rn a l volum e
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3 5 2 G. I. TA Y L O R  A N D H . Q U IN N E Y  ON

are  fa r  g re a te r  th a n  can  be a cc o u n ted  fo r b y  th e  sm all changes in  d e n s ity  w h ich  a re  kn o w n  

to  occu r w hen  m ild  s tee l is  s tre tc h e d  p la s tica lly . T h e y  show  th e re fo re  t h a t  th e  m a te r ia l 

is n o t b e h a v in g  in  a n  iso tro p ic  m a n n e r  in  th e  tu b e .

In  th e  case of d e ca rb u rise d  m ild  s tee l th e  vo lum e changes d u r in g  th e  in it ia l  s tre tc h in g  

of th e  m a te r ia l a re  u su a lly , b u t  n o t a lw ays, g re a te r  th a n  th e y  a re  in  th e  case of fine

g ra in ed  co p p er a n d  a lu m in iu m . T he  lo ad -ex ten s io n  a n d  vo lum e change  c u rv es  fo r a  

specim en  of fine-g ra ined  d e c a rb u rise d  m ild  s tee l a re  show n in  fig. 13. I t  w ill be  seen  

th a t  th e  rem o v a l of th e  ca rb o n  fro m  th e  s tee l h as  rem o v ed  th e  f la t p a r t  of th e  load - 

ex ten s io n  cu rv e  a n d  also  th e  d isco n tin u itie s  in  th e  cu rv e  of change  in  in te rn a l vo lum e.

C om parison  between load-extension curve a n d  com plete shear, shear-stress .

I t  w as p o in te d  o u t above  t h a t  fo r a  com ple te  so lu tio n  of a n y  p ro b lem  in  p la s t ic i ty  i t  is 

necessa ry  to  know  th e  res is tan ce  to  fu r th e r  d is to r tio n  a f te r  a n y  g iv en  to ta l  s tra in . M any  

o b se rv a tio n s  h av e  been  m ade  of th e  lo a d -e x te n tio n  cu rv e  over a  la rge  ra n g e  of s tra in s  

a n d  som e h av e  been  m ade  of th e  to rq u e -a n g le  cu rv e  fo r ro u n d  rods . T he co n n ec tio n  

be tw een  th e  to rq u e -an g le  cu rv e  fo r a  ro d  a n d  t h a t  fo r a  tu b e  is  know n,*  in  fa c t  one m a y  be 

d educed  fro m  th e  o th e r  b y  p u re ly  m a th e m a tic a l processes. F ro m  th e  to rq u e -a n g le  

cu rv e  fo r a  tu b e , th e  sh ea r s tre ss— sh ea r cu rv e  can  be o b ta in ed , b u t  fo r a  com ple te  

analy sis  of p la s t ic ity  th e  w hole effect of th e  p a s t  s tra in  h is to ry  of a n  e lem en t of m e ta l 

w ou ld  h av e  to  b e  know n. T h is  leads to  su ch  co m p le x ity  t h a t  fu r th e r  p rogress is  

im possib le  un less som e sim ple g en era lisa tio n  can  be m ade  to  g ive  re su lts  of suffic ient 

a ccu racy  fo r p ra c tic a l pu rposes. T he  genera l s im ila r ity  of th e  (P , e) a n d  th e  (S, s) 

cu rves  is w ell know n a n d  i t  m ig h t be suggested  t h a t  th e  re s is tan ce  to  fu r th e r  d is to r tio n  

depends o n ly  on th e  a m o u n t of w ork  w h ich  has been  done on  th e  m a te r ia l since i t  w as 

in  i ts  in itia l an n ea led  s ta te . I f  th is  w ere tru e  th e  q u a n t i ty  k  in  th e  exp ression  fo r 

M o h r  s  a n d  v o n  M i s e s  h y p o th eses  w ou ld  be a  fu n c tio n  of th e  w ork  done ; th u s  if

w here l0 is th e  in itia l le n g th  in  th e  an n ea led  s ta te  of a  specim en  su b jec te d  to  ten sile  

load , a n d  P  is th e  s tress , th e  to ta l  w ork  done p e r u n it  vo lum e is

See  Na d a i  O n th e  M ech a n ics o f  th e  P la s t ic  S ta te  in  M e ta ls ,” 1 T ran s. A m er. Soc. M ech. E n g .,’ 1 929

If s is th e  sh ear d u rin g  a  to rs io n  te s t  a n d  S th e  sh ea r s tress ,

Q =  I Sds so th a t  S =  — .
ds
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T H E  PLA STIC  D IST O R T IO N  OF METALS. 3 5 3

A ccord ing  to  M ohr’s hy p o th esis  S =  k ,an d  accord ing  to  v o n  Mi s e s ’ h y p o th esis  2

so th a t  if k to  he  a  fu n c tio n  of Q only , th e n  th e  (S, s) a n d  (P , e) curves w ould  be id en tica l, 

accord ing  to  Mo h r ’s  th e o ry  if log (1 e) =  a n d  P  =  2S, or acco rd ing  to  v o

th e o ry  if log (1 e) =  s / y '3  a n d  P  =  S \ / 3 .

T h is h y p o th esis  t h a t  k is a  fu n c tio n  of Q o n ly  is com pared  w ith  o b se rv a tio n  in  fig. 14. 

T he (S, s) cu rve  w as fo u n d  b y  tw is tin g  annea led  copper tu b e s . To find th e  (P , log (1 -f- e)) 

cu rv e  to  be ex p ec ted  acco rd ing  to  Mo h r ’s  h y p o th esis  th e  observed  values of S w ere 

m u ltip lied  b y  2 a n d  th e  observed  values of s w ere d iv id e d  b y  2. F o r  th e  (P, log (1 +  e)) 

cu rve  to  be ex p ec ted  accord ing  to  v o n  Mi s e s ’ h y p o th esis  th e  observed  va lues  of S w ere 

m u ltip lied  b y  \ / 3  a n d  fo r th e  co rrespond ing  observed  va lues of s w ere d iv id ed  b y  ^ /3 .

Mohr's Vy fiothrsfs*

O b srrn st+ on t

/nhfrt 'a/ ■'OionteArr Q-/7G

C o W t'J ?  7q 3 £ £ .

Com par rn > n faeAtyrter Load

/rom Tore}, te  7*/rsA Curtfe.

OSSumhq 'h o  A ■SArert depen ds On ft/ On

F ig . 14.

T he re su lts  of th e se  o p era tio n s  a re  show n in  fig. 14 to g e th e r  w ith  th e  values observed  

d u rin g  a d ire c t load in g  of a  sim ila r tu b e . I t  w ill be seen th a t  th e  observed  curve  falls  

be tw een  th o se  p re d ic ted  b y  v o n  Mi s e s ’ a n d  Mo h r ’s  hypo theses. F o r m o st p ra c tica l 

purposes th e re fo re  i t  seem s p robab le  th a t  i t  w ill be suffic iently  accu ra te  to  assum e th a t  

k  is a  fu n c tio n  of Q only .

A n o th er a ssu m p tio n  fo r p red ic tin g  th e  (P , e) cu rve  from  th e  (S, s) cu rve  has been  

m ade b y  N a d a i* w ho ta k e s  e —  | s ,  P  =  S a / 3 ,  th is  leads in  th e  case of copper to  a 

ra th e r  closer ag reem en t w ith  th e  observations, b u t as i t  appears  to  be p u re ly  

em pirica l th e re  seem s to  be no w ay  in  w hich  th is  re su lt could  be ex ten d ed  to  

th e  m ore  general case of d is to rtio n  w here th e  p rinc ipa l stresses m ay  have  a n y  assigned 

ra tio s .

* Ibid.
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3 5 4 G. I. TA Y L O R  A N D H . Q U IN N E Y  ON

A p p e n d i x .

E xperim ents w ith  Glass Tubes.

In  o rd e r to  co m p are  th e  d is to r tio n  of h e a te d  glass w ith  t h a t  of m e ta ls  su b jec te d  to  

th e  sam e ty p e  of s tre ss  d is tr ib u tio n , g lass tu b e s  a b o u t 40 inches long  0 • 264 in c h  e x te rn a l 

a n d  0*192 in c h  in te rn a l d ia m e te r  w ere h u n g  v e rtic a lly  fro m  one end . A n  e lec tric  

fu rn ace  w as p laced  ro u n d  th e  m id d le  p o rtio n  of th e  tu b e  a n d  a th ic k  copper tu b e  b e tw een  

th e  fu rn ac e  a n d  th e  g lass se rv ed  to  g ive  a n  ev en  te m p e ra tu re  d is tr ib u tio n . T h e  low er 

en d  of th e  tu b e  w as g rip p e d  in  a fix ing  a t  th e  c en tre  of a  to rq u e  d ru m  a n d  a  d ire c t lo ad  

w as h u n g  c e n tra lly  below  th e  m id d le  of th e  d ru m . T he  ends of th e  glass tu b e  w ere  

g ro u n d  fla t a n d  th e  in te rn a l vo lum e w as m easu red  before  a n d  a f te r  th e  te s t  b y  filling  

i t  w ith  w a te r  w h ich  w as re ta in e d  b y  a  glass cover s lip  s tu c k  to  th e  tu b e  w ith  C h a tte r to n ’s 

C om pound .

To c a r ry  o u t a  te s t  th e  lo ad  a n d  to rq u e  w ere a p p lie d  w hile  th e  g lass tu b e  w as cold . 

T he  te m p e ra tu re  of th e  fu rn ace  w as th e n  g ra d u a lly  ra ised  t i l l  p la s tic  flow began . T he  

fu rn ac e  w as th e n  m a in ta in e d  a t  su ch  a  te m p e ra tu re  t h a t  v e ry  slow  p la s tic  flow occu rred . 

T he to ta l  inc rease  in  le n g th , 8 l,and a n  ang le  of tw is t, %, w ere  o bserved

w as a b o u t 0*35 inches, th e  fu rn ac e  w as c u t off a n d  th e  glass a llow ed to  cool.

I t  w as fo u n d  as in  th e  case of m e ta l tu b e s  t h a t  th e  ex ten s io n  w as p ro p o rtio n a l to  th e  

tw is t. F ro m  th e  ap p lied  lo ad  a n d  to rq u e  a n d  th e  in te rn a l a n d  e x te rn a l d ia m e te rs  of 

th e  tu b e  th e  va lu es  of P  a n d  S can  be  fo u n d . T hese a re  g iv en  in  co lum ns 2 a n d  3 

of T ab le  V I. T he va lue  of t a n  2 0 =  2 S /P  a re  g iv en  in  co lu m n  4. T he to ta l  ang le  of 

tw is t, x> in  degrees, th e  to ta l  ex tension , 8£ in  inches  a n d  th e  increase  in  in te rn a l vo lum e 

8-y in  cub ic  inches a re  g iven  in  co lum ns 5, 6 a n d  7 of T ab le  V I.

To f in d / /e  from  Sv fo rm u la  (6) m u s t be used . T h is  fo rm u la  app lies  to  a  th in -w a lle d  

tu b e . In  a  tu b e  th e  th ick n ess  of th e  w alls of w h ich  a re  n o t neg lig ib le  co m p ared  w ith  

th e  ra d iu s , th e  s t r a i n / v a r i e s  w ith  th e  ra d iu s . T he va lue  w ith  w h ich  w e are  concerned  

is  th e  va lue  of /  a t  th e  m ean  ra d iu s  rm0 so th a t  th e  “ in te rn a l volum e ” w h ich  com es in to  

e q u a tio n  (6) m u s t be th e  vo lum e enclosed b y  th e  cy lin d e r w h ich  lies ha lf-w ay  be tw een  

th e  in n e r a n d  th e  o u te r  w all, th u s  if lhis th e  le n g th  of th e  h e a te d  p o r

becom es

a n d  since e =  8

8v
(24)

e 2*rm? 8 l

I t  w ill be  n o ticed  th a t  lh does n o t e n te r  in to  th is  fo rm u la  so t h a t  i t  is n o t necessary  

to  know  how  m u ch  of th e  tu b e  is a c tu a lly  undergo ing  d is to rtio n . U sing  th e  observed  

m ean  va lue  rmt =  0*114 inches th e  va lues of f / e  found  from  (24) a re  g iven  in  co lum n 8 of
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T H E  PLA STIC  D ISTO K TIO N  OF M ETALS. 3 5 5

T ab le  V I. I t  w ill be seen th a t  th e y  a re  a lw ays v e ry  sm all, th e  g re a te s t va lue , n am ely  

0*01, is  w ith in  th e  lim its  of ex p erim en ta l e rro r.

To find  <f>, th e  in c lin a tio n  of th e  p rin c ip a l axes of s tra in  to  th e  ax is  of th e  tu b e  th e  

values of / ,  8 lan d  f / e  g iven  in  co lum ns 5, 6 a n d  8, T ab le  V I, a re  su b s titu te d

ta n  2(f) =  |  rMô1 +  §

fo rm u la  th e  va lues of t a n  2 ^  so fo u n d  a re  g iven  in  co lum n 9, T ab le  V I.

F o r com parison  th e  values of 20 a n d  2<f> a re  g iven  in  co lum ns 10 a n d  11. I t  w ill 

be  seen th a t  th e y  a re  equal to  one an o th e r , th e  g re a te s t observed  difference be tw een  th e m  

be ing  on ly  1 degree.

Relationship between [x and  v.— R eferrin g  to  formulae (12) a n d  (17) i t  w ill be seen 

th a t  a  value  of f j e  =  0*01 m akes th e  fa c to r

— 1 4 - 2 //e

eq u a l to  — 0 * 974, so t h a t  th e  re la tio n sh ip  be tw een  g a n d  v w ould  in  th a t  case be 

v/(x =  0• 974 (cos 2</>/cos 20). T he difference of th e  fa c to r cos 2 ^ /co s  20 from  1*00 

ow ing to  th e  fa c t t h a t  th e  m easu red  values of 0 a n d a r e  n o t e x ac tly  equal to  one 

a n o th e r  is as g re a t as th e  g re a te s t d e v ia tio n  of th e  fa c to r (— 1 +  4 " f / / e )

from  1-00 . W e h ave  a lre ad y  seen  th a t  va lues of f / e  a re  so sm all as to  be w ith in  th e  

lim its  of e x p erim en ta l erro r, so t h a t  th e  v a ria tio n s  of th e  m easu red  values of (x/v from  

u n ity  a re  due  m ain ly  to  th e  d e v ia tio n  of th e  m easu red  va lue  of 0 from  ex ac t e q u a li ty

w ith  th e  m easu red  va lue  of <f>. T he values of (x =  — cos 20 a n d  v =  ■■■■■■ c o s  ^
A ~T'SJle

are  g iven  in  colum ns 12 a n d  13 of T ab le  V I a n d  th e  re su lts  are  m ark ed  in  fig. 1C 

for com parison  w ith  th e  resu lts  of experim en ts  w ith  m e ta l tu b es.

In  conclusion we w ish  tq  express ou r th a n k s  to  P rofessor In g l i s  fo r allow ing th e  w ork  

to  be done in  th e  E ng ineering  L a b o ra to ry  a t  C am bridge, to  M essrs. Th o ma s  B o l t o n  & 

So n s  fo r th e  tro u b le  th e y  to o k  to  p roduce su itab le  copper tu b es  fo r us, to  M essrs. A c c l e s  

& P o l l o c k  fo r p resen tin g  u s  w ith  s tee l tu b e s  a n d  to  th e  B r i t i s h  A l u m i n i u m  Co mpa n y  

fo r a lum in ium  tu b es.

3 BV O L . C C X X X .— A .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
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Ta b l e  I.

A n n ealed  C opper T ubes.

N a m e  o f  T u b e . E . V I I I . C. G. J 2. A . F .

M a x im u m  lo a d  W  lb s . . . 6 7 4 6 7 4 6 7 4 6 7 4 6 7 4 6 7 4 5 7 6 5 7 5
m * ...................... 0 -0 2 5 2 0 - 2 8 0 - 5 1 5 0 - 6 5 0 - 8 0 0 - 9 0 0 - 9 5 0 - 7

.................. 1 -1 2 0 1 - 1 5 0 1 -1 1 7 1 -1 1 7 1 -1 2 5 1 -1 5 0 1 -1 8 5 1 -0 9
P 0 lb s ./s q .  in .................... 3 1 ,5 8 0 3 2 ,2 0 0 3 1 ,4 5 0 3 1 ,4 5 0 3 1 ,6 0 0 3 2 ,2 0 0 2 8 ,0 0 0 2 6 ,2 0 0

lb s . 4 - 6 5 4 - 5 2 3 - 9 8 3 - 6 2 2 - 7 0 2 - 0 1 -0 0 2 - 9
S  lb s ./s q .  in . =  3 2 1 0  (1 +  e p  . 1 7 ,7 0 0 1 7 ,4 4 0 1 5 ,1 0 0 1 3 ,7 2 0 1 0 ,3 8 0 7 ,9 4 0 4 ,1 7 0 1 0 ,6 0 0

ta n  2 6  =  . . . .
m P 0

4 4 - 5 4 - 0 2 1 -8 7 1 -3 4 4 0 - 8 2 0 0 - 5 5 7 0 - 3 1 4 1 -1 6 0

X deg rees /31  in c h e s  . . . 3 7 ,0 0 0 3 ,7 0 0 1 ,6 8 0 1 ,2 2 0 7 8 2 561 3 5 0 1 ,0 6 8
d in ch es/S I  in c h e s  . . . 52 2 7 - 4 1 5 -0 1 4 - 0 1 1 -3 7 -7 2 5 - 0 1 2 -2

f/e=0 -0 0 3 7  ( l + e , ) |  . . 0 -2 1 5 0 - 1 1 7 0 - 0 6 2 0 -0 5 7 8 0 -0 4 7 0 - 0 3 3 0 -0 2 1 8 0 - 0 4 9 2

0 -0 0 1 2 3 (1 + 6 .) - >  y 

V l + f / / e  8
3 7 - 7 3 - 9 4 1 -8 8 3 1 -3 6 8 0 - 8 8 0 0 - 6 1 6 0 - 3 8 9 1 -2 1 6

A nnealed  A lu m in iu m  T ubes.

T u b e re ference. V I . I I I . I I . IV . Y .

M a x im u m  lo a d  W  lb s ................. 3 05 3 0 5 3 0 5 3 0 5 3 0 5
m .............................. 0 - 1 0 - 3 0 - 6 0 -8 1 0 - 9 5

...................... 1 -0 7 1 -0 6 5 1 -0 8 1 -0 8 1 -0 7
P„ lb s ./s q . in ......................... 1 3 ,6 0 0 1 3 ,6 0 0 1 3 ,7 0 0 1 3 ,7 0 0 1 3 ,6 5 0

p  lb s ................................. 2 -1 7 2 -1 5 1 -7 5 1 -3 2 0 - 7 2
S =  lb s ./sq . in . '==■ 31 9 0  (1 - f  e0)i p  . .

ta n  2 6  =  .................
m P 0

7 ,6 7 0 7 ,5 5 0 6 ,2 7 0 4 ,7 5 0 2 ,5 4 0

1 1 -3 0 3 -6 9 0 1 -5 2 5 0 - 8 5 5 0 - 3 9 3

X d eg rees /8l in c h e s ............1 ,0 9 3 3 ,3 0 0 1 ,2 6 5 8 0 0 3 4 2 -5
d  inches/SZ i n c h e s .................

7

4 8 -8 4 8 - 0 3 2 - 0 21 8 - 7 5

f/e= 0-0 0 3 5 5  ( l + e , ) |  . . . 0 -1 8 5 5 0 -1 8 1 5 0 - 1 2 3 0 -0 8 0 4 0 -0 3 3 2

ta n  2<f> — ° ' ° ° 1 2 6  (1 +  e0)~* X.

; l + l f / e  X ‘
1 1 -8 3 3 - 6 0 1 -4 1 6 0 -9 1 5 0 - 4 0 7
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T H E  PLA STIC D IS TO R TIO N  OF M ETALS. 3 5 7

T ab le  I .  (con tinued).

M ild  S teel a n d  D ecarb u rized  M ild S teel.

A n n e a le d  M ild  S te e l. D ec a r b u r iz e d  M ild  S te e l.

N a m e  o f  T u b e .

i . I I . I I I . IY . V . V I . V I I . I X .

M a x im u m  lo a d  W  lb s . . . 931 9 4 2 927 9 5 2 7 4 4 741 7 4 4 7 4 4

m .............................. 0 * 5 0 - 9 0 - 1 0 - 7 0 - 5 0 - 9 0 - 3 0 - 7

1 ~f* # 0 ...................... 1 -0 3 5 1 -0 3 8 1 -0 3 5 1 -0 4 1 -0 4 1 -0 4 1 -0 4 1 -0 4

P 0 lb s ./s q .  in ................... 3 8 ,5 0 0 3 9 ,1 0 0 3 8 ,4 0 0 3 9 ,6 0 0 3 0 ,9 0 0 3 0 ,8 0 0 3 0 ,9 0 0 3 0 ,9 0 0

p  lb s .......................... 6 -3 0 3 - 3 0 7 - 3 0 5 - 7 0 5 - 4 3 -2 5 5 - 8 4 - 4

S  lb s ./sq . in . =  (31 12)  (1 +  e0)* p 2 0 ,6 0 0 1 0 ,8 0 0 2 3 ,5 0 0 1 8 ,8 0 0 1 7 ,9 0 0 1 0 ,6 5 0 1 8 ,8 0 0 1 4 ,5 0 0

ta n  2 0  =  . . . .
m P 0

% degrees/81 in c h e s  . . .

2* 14 0 -6 1 4 1 2 -2 1 -3 5 2 -3 0 0 -7 7 4 -0 6 1 -3 3

2 ,1 0 0 6 0 0 1 1 ,3 0 0 1 ,1 7 5 1 ,8 6 0 7 5 0 3 ,7 0 0 1 ,1 25

d in c h e s /8l in c h e s  . . . 2 4 -7 1 8 -5 45 2 2 -5 2 4 -7 1 9 -2 3 0 1 9 -2 5

/ / e  =  0 -0 0 3 7 3  (1 +  e0) |  . . 0 -0 9 5 5 0 -0 7 1 7 0 -1 7 0 -0 8 7 4 0 -0 9 5 6 0 - 0 7 4 0 -1 1 7 0 -0 7 4 6

2 -3 7 0 -6 8 6 1 2 -0 1 -3 2 5 2 -1 0 0 - 8 5 4 - 1 0 1 -2 8 5

L ead  Tubes.
C adm ium

T ube.

N a m e  o f  T u b e. I . I I . I I I . I .

M a x im u m  lo a d  W  lb s ................. 52 52 52 140

m .............................. 0 - 5 0 - 5 0 - 7 0 - 5

( l + e 0) .......................... 1 -0 1 1 -0 1 1 -0 2 1 -0 1 5

P 0 lb s ./s q . in ......................... 2 ,6 5 0 2 ,6 5 0 2 ,6 5 0 5 ,8 8 0

p  lb s ................................ 0 -4 3 1 0 -4 3 0 0 -2 6 8 0 -7 5

S  lb s ./sq . in . =  3 8 3 0  (1 +  • • 1 ,6 62 1 ,6 6 0 1 ,0 62 2 ,9 4 0

ta n  2 0  =  .................
m r 0

2 -5 1 2 -5 0 1 -2 1 1 -6 7 0

% d eg rees /8l in c h e s . 2 ,0 0 0 2 ,0 0 0 945 1,525

d in ch es/8l i n c h e s ................. 10 10 8 7 - 5

/ / «  = 0 - 0 0 0 3 0 7  (1 + e . ) |  . . • 0 -0 3 5 6 0 -0 3 5 6 0 -0 2 8 8 0 -0 2 7 0

ta n  o j,  _  0 - 0 0 1 2 4 (1  + 6 . ) - *  x
2 -4 0 2 -3 5 1 -1 4 1 -8 0 0

3 b  2
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3 5 8 G. I. TA Y L O R  A N D  H . Q U IN N E Y  ON

Ta b l e  II .

C om parison  of V alues of 0 a n d  0 .

A nnea led  A . C. C opper T ubes.

N a m e  o f  T u b e . E . J*. I I I . C. G r . J  2* A . F .

2 0  ( d e g r e e s ) ......................

2  0 ( d e g r e e s ) ......................

8 8 * 8

8 8 - 5

7 6 - 0

7 5 - 8

6 1 -  9

6 2 -  0

5 3 - 4

5 3 - 8

3 9 - 4

4 1 - 4

2 9*1

3 1 - 6

1 7 -4

2 1 - 3

4 9 -  3

5 0 -  6

A n n ealed  A lu m in iu m  T ubes.

N a m e  o f  T u b e . V I . I I I . I I . I T . V .

2 0 ....................................................

2 0 ....................................................
8 5 - 0

8 5 - 2

7 4 * 8

7 4 -5

5 6 -7

5 4 -6

4 0 -6

4 2 - 5

2 1 -  5

2 2 -  1

M ild S teel a n d  A nnealed  M ild  S teel.

N a m e  o f  T u b e . I . I I . I I I . I V . V . V I . V I I . V I I I .

2 0  .......................................

2 0 .......................................
6 5 - 0

6 7 -1

3 1 -6

3 4 -2

8 5 - 3

8 5 - 2

5 3 * 5

5 3 - 0

6 6 -5

6 4 -6

3 7 * 6

4 0 - 4

7 6 -2

7 6 - 3

5 3 - 2

5 2 - 2

L ead  T ube . n  j  .
C adm ium

(P rep a red  fro m  p u re le a d  in  su ita b le  d ie .)  T ube.

N a m e  o f  T u b e . L I I . I I I . I .

2 0 ...........................................

2 0 ...........................................
68° — 12' 

67°  — 14'

68° — 12 ' 

66° — 5 4 '

5 0 °  — 24 ' 

4 8 °  — 4 2 '

5 9 °  — 6 ' 

61° — 0
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T H E  PLA STIC  D IS T O R T IO N  O F METALS. 3 5 9

T a b l e  I I I .

A nnealed  C opper T ubes.

R e fer en ce . E . Ji- I I I . C. G. J 2. A . F . 1

i

[ X  =  — c o s  2 0  . . .

V _ - 1 +  2 / / e C03 o i
V“  l + f / / e  G° a 2 T •

- 0 - 0 2 1

— 0 -0 1 1

- 0 - 2 4 2

— 0 -1 7 1

- 0 - 4 7 1

- 0 - 3 9 3

- 0 - 5 9 7

— 0 -5 0 2

- 0 - 7 7 3

- 0 - 6 5 9

- 0 - 8 7 4

- 0 - 7 7 5

- 0 - 9 5 4

- 0 - 8 7 6

— 0 -6 5 2

- 0 - 5 5 4

A nnealed  A lum in ium  T ubes.

1

N a m e  o f  T u b e . V I . I I I . I I . IV . V .

(X =  — c o s  2 0  . . . .

— i  -h  2 /7 0  0 2

v =  i + t / f f  m a 2 +  • •

— 0 -0 8 7

— 0 - 0 4 6

-  0 -2 6 2  

— 0 -1 6 8

— 0 -5 4 9

— 0 -4 0 5

-  0 - 7 5 9

-  0 -5 8 9

— 0 -9 3 0

— 0 -8 4 5

M ild S teel a n d  D ecarb u rized  M ild  S teel.

N a m e  o f  T u b e. I . I I . I I I . IV . V . V I . V I I . V I I I .

(x =  — co s 2 0  . . . 

v =  .
1 +  i / / «

— 0 - 4 2 3

- 0 - 2 9 6

— 0 -8 5 2

- 0 - 6 7 7

- 0 - 0 8 2

- 0 - 0 4 9 5

— 0 -5 9 5

- 0 - 4 7 0

— 0 - 3 9 9

- 0 - 3 2 5

— 0 -7 9 2

— 0 -6 1 8

- 0 - 2 3 9

- 0 - 1 7 0

- 0 - 5 9 9

- 0 - 4 9 8

L ead  Tubes.
C adm ium

T ube.

R eferen ce . I . I I . I I I . I .

(X =  — co s 2 0  . . . 0 -3 7 2 0 -3 7 1 0 -6 3 7 0 -5 1 3 5

— 1 -f- 2 / / s  0 j

' = ~ r + m o o s 2 *  •
0 -3 4 8 0 -3 5 6 0 -6 1 0 - 4 5 0
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3 6 0 G. I. TA Y LO R  A N D  H . Q U IN N E Y  O N

T a b l e  IV .

C opper T ubes.

Reference. E. J t . I I I . 0 . G. A. P.

m . . , . . # 0-025 0-28 0-515 0-65 0-80 0-90 0-95 0-70
S / P o ................ 0-560 0-541 0-480 0-436 0-329 0-247 0-149 0-405

/ 1  — m8

V 3 • • • •
0-577 0-554 0-495 0-438 0-346 0-251 0-180 0-412

/ 1  — m2

V  ““ T ~ : * * ‘ •
0-500 0-480 0-428 0-380 0-300 0-218 0-155 0-357

A lu m in iu m  T ubes.

Reference. V I. I I I . I I . IV. V.

m ....................... 0 -10 0-30 0-60 0-81 0-95
S /P o ....................... 0-564 0-555 0-458 0-347 0-186
/ l  — m2

V  3 ................
0-574 0-550 0-461 0-337 0-180

/ 1  — m2

v  — r ~ ................
0-498 0-477 0-400 0-292 0-155

M ild S tee l a n d  D eca rb u riz e d  Iro n .

Reference. I. I I . I I I . IV . V. V I. V II. V III . IX .

m . . • . 0 -5 0-9 0-1 0-7 0 -5 0 -9 0 -3 0-7 0 -4
f  0-55

S /P 0 . . . 0-535 0-276 0-612 0-474 0-579 0-345 0-608 0-469 -{ 0-56
L 0-56

/ I  — m2

V  3 •
0-500 0-251 0-574 0-412 0-500 0-251 0-550 0-412 0-53

/ I  — ma 

v  4
0-433 0-218 0-498 0-357 0-433 0-218 0-477 0-357 0-46

T , m i C adm ium
L ead  T ubes. m .

T ube.

Reference. 1 . 2. 3. 1 .

m ................... 0 -5 0 -5 0-7 0-5
S /P 0 ................... 0-622 0-622 0-421 0-417

/ 1  — ma

V  3 • • * *
0-50 0-50 0-412 0-50

/ I  — m2
V  - j -  • • • • 0-435 0-435 0-375 0-435
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T H E  PLA STIC  D ISTO K TIO N  OF METALS. 3 6 1

Ta b l e  V.

m . ta n  2 ( f >.

m  1 +  ta n 2 2<]> 

[= 1 * 0 0  Mo h r ’s  H y p o 

th e s is ] .

m  \ / l  + 0 * 7 5  ta n 2 2 ^  

[ = 1 * 0 0  v o n  Mi s e s ’ 

H y p o th e s is ] .

0 -2 8 3*9 4 1* 138 0 * 9 9 5

0 * 5 1 5 1* 883 1*097 0 * 9 8 5

0 * 6 5 1* 368 1*101 1*008

0 * 7 0 1*216 1* 102 1*016 i
► Copper

0 * 8 0 0 * 8 8 0 1*0 6 0 1*005

0 * 9 0 0 * 6 1 6 1*057 1*0 2 0

0 * 9 5 0 * 3 8 9 1*0 2 0 1*001

M ean  1* 082 M ean 1* 006

0 * 1 0 n * 8 3 1*1 8 3 1* 029 'j

0 * 3 0 3 * 6 0 1*121 0 * 9 8 3

0 * 6 0 1* 410 1*0 4 0 0 * 9 5 0 f  A lu m in iu m

0 *8 1 0 * 9 1 5 1*097 1*031 1
0 * 9 5 0 * 4 0 7 1*0 2 4 1*007 J1

M ean  1 * 093 M ean  1* 000

0*1 12* 0 1* 205 1* 039 ] 1

0 * 5 2 *37 1*286 1*141 1[A n n e a le d

0* 7 1* 325 1*141 1*067 If  M ild  S te e l

0 * 9 0 * 6 8 6 1 * 090 1* 046 J1

M ean 1*1 4 4 M ean  1*059

0 * 3 4 * 1 0 1*266 1*106 ] 1

0 * 5 2*1 0 1* 163 1*038 1 D ec a rb u r ized

0* 7 1* 285 1*138 1*047 I* M ild  S te e l

0 * 9 0 * 8 5 1*1 8 0 1*115 J 1

M ean 1*187 M ean 1*078
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3 6 2 G. I . TA Y LO R  A N D  H . Q U IN N E Y  ON T H E  PLA STIC  D IS T O R T IO N  OF M ETA LS.

Ta b l e  V I.

G lass T ubes.

T u b e  N o .
P

lb s . sq . in . lb s .

S

sq . in .
X

ta n  2 0  =  2 S /P .
y  degrees . 81 in ch es . 8v  cub . in ch es .

1 . . . . 127 2 1 4 3 -3 5 1035 0 -4 1 8 +  0 -0 0 0 0 6

2 . . . . 127 179 2 - 8 0 1095 0 - 5 5 0 +  0 -0 0 0 0 6

3  . . . . 127 170 2 - 7 0 6 38 0 - 3 3 0 — 0 -0 0 0 3 0

4  . . . . 162 5 1 - 2 0 -6 3 2 137 0 - 2 9 6 +  0 -0 0 0 2 4

T u b e  N o .
/ ta n  2 2 0  d eg rees . 2 <j>d eg rees .
e 0 -0817 SZ '

V.

1 . . . . — 0 -0 0 1 7 3 - 3 0 7 3 - 4 7 3 -1 — 0 -2 8 6 -  0 - 2 9 0

2 . . . . -  0 -0 0 1 3 2 -6 5 7 0 - 4 6 9 -4 -  0 - 3 3 6 -  0 - 3 5 3

3 . . . . +  0 -0 1 1 1 2 -5 7 6 9 -7 6 8 -8 -  0 -3 4 7 -  0 -3 5 1

4 . . . . — 0 -0 0 9 9 0 -6 1 5 3 2 - 3 3 1 -6 — 0 - 8 4 5 — 0 - 8 7 2
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P u b l i s h e d  a t  t h e  Ox f o r d  U n iv e r s i t y  P r e s s , 11 , W a r w ic k  Sq u a r e , Lo n d o n , E .G .

A tla s  fo lio . P r ic e  £ 3 3s.

(A  re d u ctio n  to  F e llo w s  o f  th e  R o y a l S o c ie ty .) -  f

T H E  S IG N A T U R E S  IN  T H E  F IR S T  J O U R N A L - B O O K  A N D  T H E  

C H A R T E R -B O O K  O F  T H E  R O Y A L  S O C IE T Y .

B e in g  a  F a c s im ile  o f  th e  S ig n a tu r e s  o f th e  F o u n d ers , P a tr o n s , a n d  F e llo w s  o f  t h e  S o c ie ty  fro m  th e

y e a r  1 6 6 0  d o w n  to  th e  y e a r  1 9 1 2 .

P r ic e  15s. ( A  re d u ctio n  to  F e llo w s  o f thh  R o y a l S o c ie ty .)  -

T H E  R E C O R D  O F ' T H E  R O Y A L  S O C IE T Y .

C ro w n  4 to . T h ir d  E d it io n , 1 9 1 2 . r

C o n ta in in g  a  fu ll A c c o u n t  o f  th e  F o u n d a tio n , H is to r y , & c., o f th e  S o c ie ty , w ith  a  C h ro n o lo g ica l I n s t  

a n d  A lp h a b e tic a l I n d e x  o f  th e  F e llo w s  fro m  th e  F o u n d a tio n  to  th e  y e a r  1 9 1 2 .

P r ic e  15s. (A  re d u c tio n  to  F e llo w s  o f /th e  R o y a l S o c ie ty .)

C A T A L O G U E  O F  T H E  P E R IO D IC A L  P U B L IC A T IO N S  I N  T H E  L IB R A R Y

O F  T H E  R O Y A L  S O C IE T Y , 1912.

C ro w n  4 to. 455 p ages.

%

Pu b l i s h e d  a t  t h e  Ca mbr id g e  Un iv e r s i t y  Pr e s s , Fe t t e r  La n e , Lo n d o n , E.C .

C A T A L O G U E  O F  S C IE N T IF IC  P A P E R S  F O R  T H E  19t h  C E N T U R Y ., {

. C O M P IL E D  B Y  T H E  R O Y A L  S O C I E T Y . |

T h e  v o lu m e s  a r e  o n  sa le  a s  f o l lo w s :— V dls. 1 - 6  ( 1 8 0 0 -6 3 ) ,  c lo th  (v o l. 1 in  h a lfrm orocco), £ 4  n e t ; ha lf-  

m o ro cco , £ 5  5s. net. V o ls . 7 , 8  ( 1 8 6 4 -7 3 ) ,  c lo th ,, .£1 11s. 6d. n e t ; ha lf-m orocco, £ 2  5s. n e t. S in g le  

y o ls ., c lo th , £ 1 ; ha lf-m orocco, £ 1  8s. n e t ./  , Y o ls . 9, 1 0  ( 1 8 7 4 - 8 3 ) ,  clo th , £ 1  5s. , n e t j  half-moroCco, 

£ 1  12s. n e t . V o l. 11  ( 1 8 7 4 -8 3 ) ,  c lo th , £11 5s. n e t ;  h a lf-m orocco, £ 1  12s. n e t. V o l. 12 (S u p p le 

m e n ta r y , 1 8 0 0 - 8 3 ) , 'C loth, £ 1 ,5 s . l i e t ;  ha lf-m oro cco , £ 1 1 2s. n e t . V o l. 13  ( 1 8 8 4 -1 9 0 0 — A  to  B z o w sk i), 

V o l. 1 4  (C  to  F it t ig ) ,  V o l. 15  ( F i t t in g  to  H y s lo p ) , c lo th , £ 3 > 3S. n e t ;  V o l. 16  ( I  to: M arb u t), c lo th , 

£ 5  5s . n e t. V o l. 17  (M ar e to  P ) ,  c lo th , £ 9  n et. V o l. 18  (Q  to  S ), c lo th , £ 9  n e t . V o l, 19  (T  to  Z ), c lo th , 

£ 8  8s. n e t. C'-. r *v  / ( , ' » > '  ■

t  H SlS  m M M K S teM M * — i-----------,x.'. '

S U B J E C T  IN D E X  O F  S C IE N T IF IC  P A P E R S .

v \ /  '.k ''- ” 1 L a r g e  8 v o . - A

V bL . I . P u r e  M a th em a tics. 2 8 s . c lo th . 40s. h a lf-p ig sk in .

\ Vo l . II . \Mech anics. 21s, clo th . 35s. h a lf-p ig sk in .

V o l . I I I .  P h y s ic s . P a r t  L  24s . c lo th  37s. 6 d .half p ig sk in  P a r t  I I .  21 s.
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R E C E N T  P A P E R S  IN  T H E  ‘ P H IL O S O P H IC A L  T R A N S A C T IO N S .’

Series A.--—M athem atica l a n d  Ph

A  6 8 1 . P r o b le m s  o f  th e  B o u n d a r y  S ta t e .  B y  S ir  W i l l i a m  H a r d y , F .R .S . P p . 3 8 .  P r ic e  4s. 6d .

A 6 8 2 . On th e  E q u a t io n  o f  S t a t e  o f  P r o p e l la n t  G a se s . B y  A . D . Cr o w  a n d  W. E . Gr im s h a w ,

, R e se a r c h  D e p a r tm e n t , W o o lw ic h . P p . 3 4 ;  1 P la te .  P r ic e  5s.

A  6 8 3 . X *ray S tu d ie s  o f  t h e  S tr u c tu r e  o f  H a ir , W o o l, , a n d  R e la te d  F ib r e s .— I .  G e n e r a l. B y  

W. T . A s t b u r y  a n d  A . St r e e t , T e x t i le  P h y s ic s  R e se a r c h  L a b o r a to r y , th e  U n iv e r s i t y ,  Leeds. 

P p . 2 7 ;  2  P la te s .  P r ic e  5s.

A  6 8 4 . T h e  Y ie ld  P o in t  a n d  I n it ia l  S ta g e s  o f  P la s t ic  S tr a in  in  M ild  S te e l  S u b je c te d  t o  U n ifo r m  a n d  

N o n -U n ifo r m  S tr e s s  D is tr ib u t io n s .  B y  Gi l b e r t  Co o k , D .Sc ., M .In s t .C .E ., M .I .M e c h .E .,

, P r o fe s s o r  o f  M ech a n ica l E n g in e e r in g , K in g ’s  C o lle g e , L o n d o n . P p . 4 4 . P r ic e  5s. 6d .

A  6 8 5 . T h e  C o lo r im e tr ic  P r o p e r tie s  o f  th e  S p e c tr u m . B y  J .  Gu i l d , A .R .C .S .,  F .I n s t .P . ,  F .R .A .S . ,  

N a t io n a l  P h y s ic a l  L a b o ra to ry . P p . 3 9 . P r ic e  5s.

A  6 8 6 . T h e  T e r n a r y  S y s te m  C a rb o n  M o n o x id e - N itr o g e n - H y d r o g e n  a n d  t h e  C o m p o n e n t B in a r y  

S y s te m s  b e tw e e n  T e m p e r a tu r e s  o f  - 1 8 5 °  a n d  -  2 1 5 °  C ., a n d  b e tw e e n  P r e s su r e s  o f  0  a n d  

2 2 5  A tm . B y  T . T . H . V e r s c h o y l e . P p . 3 2 .  P r ic e  4 s .

A  6 8 7 . A R ese a r c h  o n  F a r a d a y ’s  “  S te e l  a n d  A l lo y s .” B y  S i r  Ro be r t  Ha d f i e l d , B t . ,  F .R .S ,  P p . 7 2 ;

9  P la te s .  P r ic e  I t s .  6d. > x r '

A  688. D ete rm ination  of th e  Y ard  in  W ave-lengths 6 f  L igh t. B y A. E . H . Tu t t o n , M .A ., D .Sc;j F .R .S . 

P p . 3 0 . P rice 4s. ' {

$ m e s  B .—  B io lo g ic a l .'  t

B  4 6 4 . S o m e  F o s s il  P la n ts  o f  E a r ly  D e v o n ia n  T y p e  fro m  th e  W a lh a lla  S e r ie s , V ic to r ia , A u s tr a lia . B y  

W i l l i a m  H . La n g , F .R .S .,  B a r k e r  P r o fe s so r  o f  C r y p to g a m ic  B o ta n y  in  t h e  U n iv e r s i t y  o f  

M a n ch es te r , a n d  Is a b e l  C. Co o k s o n , B.Sc ., L e c tu r e r  in  B o ta n y  i n  t h e  U n iv e r s ity  o f  

M e lb o u r n e  a n d  H o n o r a r y  R e se a r c h  F e l lo w  in  th e  U n iv e r s i ty  o f  M a n c h e s te r . P p . 3 0 ;

3  P la te s . P r ic e  6s. ;

B 4 6 5 . O n  th e  D e v e lo p m e n t  o f  th e  V e r te b r a l C o lu m n  o f  A n u r a . B y  H im a d r i  Kuma r  Mo o k e r j e e , 

D .S c . (L o n d .)j  D .I .C ., L e c tu r e r  in  Z o o lo g y , S ir  R a sh  B e h a r i G h o se  T r a v e l l in g  F e l lo w ,  

C a lc u tta  U n iv e r s ity ,  M a rsh a ll S ch o la r , Im p e r ia l C o lle g e  o f  S c ie n c e  a n d  T e c h n o lo g y , L o n d o n .  

P p . 3 2 ;  5  P la te s .  P rip e 9s,

B  4 6 6 . T h e  R e p r o d u c tiv e  C y c le  o f  t h e  T h r e e -S p in e d  S tic k le b a c k , L in n . B y

A . Cr a ig -Be n n e t t , M .A ., D e p a r tm e n t  o f  Z o o lo g y , U n iv e r s i ty  o f  E d in b u r g h . P p . 8 3

4  P la te s .  P r ic e  14s.

B  4 6 7 . S tu d ie s  in  th e  B io c h e m is tr y  o f  M icro -O rg a n ism s. B y  H . Ra i s t r i c k  a n d  O th e r s . P p . 3 6 7 .  

P r ic e  £ 2  10s.

V o lu m e  2 2 0  (1 9 3 1 ) , 3 6 7  p p . C lo th , 15s.

B  4 6 8 . S tu d ie s  in  T u n ic a te  D e v e lo p m e n t . P a r t  I I .— A b b r e v ia t io n  o f  D e v e lo p m e n t  in  th e  M o lg u lid se .

B y  N .  J .  Be r r i l l , D e p a r tm e n t  o f  Z o o lo g y , M c G ill U n iv e r s ity ,  M o n tr e a l. P p . 6 6 .  

P r ic e  8 s . 6dl

B  4 6 9 . C o n tr ib u tio n s  to  th e  K n o w le d g e  o f  L o w e r  C a rb o n ife ro u s  P la n ts . P a r t  I I I .  B y  Jo h n  W a l t o n , 

M .A ., D .S c .,  R e g iu s  P r o fe s so r  o f B o ta n y  a t  th e  U n iv e r s ity  o f  G la sg o w . P p , 3 3 ;  4  P la te s .  

P r ic e  7 s.

B  4 7 0 . T h e  P a ssa g e  o f  S p e r m s a n d  o f  E g g s  th r o u g h  th e  O v id u c ts  in  T e r r e str ia l V e r te b r a te s . B y  

G . H . Pa r k e r , Z o o lo g ic a l L a b o ra to ry , H a r v a rd  U n iv e r s ity .  P p . 39. P r ic e  5s.

C lo th  ca ses  fo r  b in d in g  th e  v o lu m e s  o f  th e  1 P h ilo so p h ic a l T r a n sa ctio n s .’ P r ic e  3s. 6

P u b l i s h e d  f o b  t h e  B O Y A L  S O C IE T Y  b y  

H a b r i s o n  a n d  So n s , L t d ., 4 4 -4 7 , S t . Ma r t i n ’s  La n e , L o n d o n , W .C .2 .
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