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ABSTRACT: Asymptotically flat spacetimes admit both supertranslations and Lorentz
transformations as asymptotic symmetries. Furthermore, they admit super-Lorentz trans-
formations, namely superrotations and superboosts, as outer symmetries associated with
super-angular momentum and super-center-of-mass charges. In this paper, we present com-
prehensively the flux-balance laws for all such BMS charges. We distinguish the Poincaré
flux-balance laws from the proper BMS flux-balance laws associated with the three relevant
memory effects defined from the shear, namely, the displacement, spin and center-of-mass
memory effects. We scrutinize the prescriptions used to define the angular momentum
and center-of-mass. In addition, we provide the exact form of all Poincaré and proper
BMS flux-balance laws in terms of radiative symmetric tracefree multipoles. Fluxes of
energy, angular momentum and octupole super-angular momentum arise at 2.5PN, fluxes
of quadrupole supermomentum arise at 3PN and fluxes of momentum, center-of-mass and
octupole super-center-of-mass arise at 3.5PN. We also show that the BMS flux-balance laws
lead to integro-differential consistency constraints on the radiation-reaction forces acting
on the sources. Finally, we derive the exact form of all BMS charges for both an initial
Kerr binary and a final Kerr black hole in an arbitrary Lorentz and supertranslation frame,
which allows to derive exact constraints on gravitational waveforms produced by binary
black hole mergers from each BMS flux-balance law.
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1 Introduction and outline

The study of gravitational radiation has a long history enlightened by the seminal work of

Bondi, van der Burg, Metzner and Sachs [1, 2]. There, it was realized that asymptotically

flat spacetimes not only lead to Poincaré charges but also to so-called supermomenta as-

sociated with supertranslation asymptotic symmetries. It was subsequently realized that

super-Lorentz charges, associated with the so-called superrotations and superboosts, are

also finite surface charges for standard asymptotically flat spacetimes [3-5], even though



the corresponding diffeomorphisms are not asymptotic symmetries but external symme-
tries [6].! Each such “extended BMS” charge is associated with a flux-balance law that
relates all forms of radiation reaching null infinity (including matter radiation) to the dif-
ference of BMS surface charges at initial and final retarded times. The extended BMS flux-
balance laws are complete at second order in the large radius expansion, in the sense that
no other evolution equation arises from Einstein’s equations in Bondi gauge at that order,
though an infinite tower of subleading flux-balance laws are implied by Einstein’s equa-
tions [9, 23]. While such leading and subleading flux-balance laws have already appeared
in the literature [3, 9, 20, 24-32], no unified presentation has yet been given that provides
a comprehensive first-principle derivation of all BMS laws for standard asymptotically flat
spacetimes which includes their explicit relationship to memory effects. The first objective
of this paper is to provide such a unified presentation, complementing the remarkable work
of Nichols [27, 28]. The ten Poincaré flux-balance laws will be uniquely identified after
providing the prescription for the angular momentum matching with [9, 10, 20, 30, 33-36]
and for the center-of-mass matching with [37]. The proper BMS flux-balance laws will
be explicitly related to the three relevant memories defined from the Bondi shear, namely
the displacement memory [38-56], the spin memory [27, 57-60] and the center-of-mass
memory [28].

The BMS flux-balance laws provide explicit consistency constraints on waveforms gen-
erated by compact binary mergers that are derived within General Relativity. Such con-
straints have already been explicitly discussed for momenta and BMS supermomenta [1, 2].
The energy-momentum flux-balance laws allow to deduce the final mass and velocity kick
after the merger as a function of the initial parameters of the binary. The proper super-
momentum flux-balance laws instead allow to deduce the total displacement memory as
a function of the radiation and initial parameters of the merger [24, 44-48]. The Lorentz
flux-balance laws similarly allow to deduce the final angular momentum and center-of-mass
shift after the merger, though the choice of the supertranslation and Lorentz frame intro-
duces complications [32]. Finally, the super-Lorentz flux-balance laws allow to deduce the
spin and center-of-mass memories [27, 28]. Our second objective is to provide an explicit
formulation of all BMS consistency constraints that could be directly used by numerical
relativists and gravitational wave data analysts. We will achieve this goal by providing
a unified presentation of all BMS global constraints and, in addition, by providing the
explicit BMS charges of the initial and final states of black hole binary mergers, which
completes partial results previously obtained in the literature [1-4, 6, 25, 32, 61, 62].

A crucial analytic method used to derive gravitational waveforms for binary mergers
is the post-Newtonian/post-Minkowskian matched asymptotic expansion scheme between
the source near-zone and the radiative far-zone; see e.g., [33, 63-65] as well as the effective
field theory methods [66, 67]. The BMS formalism allows for an exact solution of the
far-zone gravitational field. The third objective of this paper is to exploit this far-zone

! Alternatively, either asymptotic Virasorox Virasoro [7-10] or smooth Diff(S?) symmetries [11, 12] can
be considered to act on an extended notion of asymptotically flat spacetimes that encompasses cosmic
events such as cosmic string decays or Robinson-Trautman waves [13-22]. In this paper, we only consider
standard asymptotically flat spacetimes, i.e., that can be written as gu, = . + O(1/r) for r — oo.



solution to derive the exact form of all Poincaré and proper BMS flux-balance laws in the
symmetric trace-free (STF) radiative multipole expansion to all orders in the Newton’s
gravitational constant G and the speed of light c¢. This completes the existing results in
the literature [27, 28, 33, 68, 69] and thereby constitutes a resolved sub-problem of the
post-Newtonian /post-Minkowskian matched asymptotic expansion scheme. In turn, these
multipolar BMS flux-balance laws can be expressed in terms of source parameters. We will
elaborate that — in the case of a compact binary inspiral — the BMS flux-balance laws
lead to towers of coupled integro-differential constraints on the source parameters.

The rest of the paper is organized as follows. After a short review of the BMS formalism
in section 2, we will present the complete set of BMS flux-balance laws in simplified form
in section 3. In particular, we will derive the angular momentum and center-of-mass flux-
balance laws and extensively discuss their comparison with the literature. Section 4 is
devoted to the multipole expansion of the BMS flux-balance laws. We present the explicit
constraints resulting from the time integrated BMS flux-balance laws for binary black
hole mergers in section 5. We conclude in section 6. The derivation of the Kerr black
hole in an arbitrary supertranslation and Lorentz frame in relegated to appendix A, while
appendices B, C and D provide technical details on the multipole expansion and on the
integration of STF tensors and a comparison between STF and spherical harmonics.

Notations and conventions. In this paper, we explicitly keep track of the speed of
light ¢ and of Newton’s gravitational constant G in all formulae. Upper-case Latin letters
{A,B,C,...} label indices of tensors defined over the sphere; lower-case Latin letters
{i,7,k, ...} label indices of tensors defined over the unit sphere embedded into Euclidean
space, with unit normal vector 7 = (sin 6 cos ¢, sin # sin ¢, cos §). The Einstein summation
convention will always be implicit over repeated indices, even if both are raised or lowered.
The unit normalized integral of a function over the sphere, [¢ ‘f—ﬂg f(z4), will be denoted

by the shorthand notation fs f (mA). An overdot is used to denote derivation with respect
(k)
to retarded time, while the k-th retarded time derivative of f is denoted as f .

2 Brief review of the BMS formalism

The study of gravitational radiation close to future null infinity Z" can be suitably studied
in Bondi gauge [1, 2]. This section is aimed at reviewing the main ingredients of the BMS
formalism that we will need and at spelling our conventions. For more extended reviews,

see e.g., [3, 5, 9, 20, 70-73].

2.1 Metric in Bondi gauge

We use retarded coordinates (u, r, z4) near future null infinity. Bondi gauge is defined from
the gauge fixing conditions ¢, = gr4 = 0 and 0, det (r‘2gAB) = 0, the latter fixing the
radial coordinate r to be the luminosity (areal) distance. We consider General Relativity

coupled to a matter stress-tensor obeying the following asymptotic conditions as r — oo



(as in [3] which slightly generalizes [26])

T = 1 Fon(u %) + 0(), 1, = 0(~) @12
Trr = T74Trr(u7 ﬂfA) + O("”75)7 Tua = T72TUA(U’ xA) + O(T73)7 (21b)
Toa =1 Tpa(u,z) + O(r™), Tag =1~ 'aBT(u,z) + O(r?). (2.1c)

This is obviously satisfied by compact sources for which 7}, = 0 outside some finite radius.
Our construction however allows for more general configurations involving electromagnetic
radiation. The metric field in Bondi gauge reads on-shell as

ds®> = — & du® — 2cdudr + 7“27,43 dadx®
2gmdu + 1 Cap dztdx® + DPCag cdudz?
+ < T CapC*P + M%) —dudr + ~ [;‘ﬁNA — 204 (CpeCPO) | duda?
+ (i’yAB CopCCP + DAB> dedz® + (subleading terms in 7). (2.2)
The stress-energy conservation imposes
OuTra = cDAT, OuTrr = —2¢T, (2.3)
and Einstein’s equations further imply TTA = —%DATM — S%DBDAB. Here, va4p is the

unit metric on the sphere and all indices are raised and lowered using this metric. The
symmetric tracefree field, Csp(u,z4), is the Bondi shear and it contains the transverse
and traceless gravitational radiation. Its retarded time derivative, C4p, is the Bondi news;
4

Dap is a conserved traceless tensor ’yABDAB = 0y,Dap = 0; m(u,z”) is the Bondi mass

aspect and Na(u,z?) is Bondi angular momentum aspect as defined in [58], which is a
convenient definition for writing down the metric (2.2). We use the following conventions:
m has dimension of energy, N has dimension of angular momentum, C45 has dimension
of length and T has dimension of mass. Einstein’s equations then reduce to the following

three constraint equations:

R 3
duym = —4mcTy, — —GCABCAB + ED ADpCAB, (2.4a)
By N4 = —8mc (TuA + DAT) + Oam + EDB(D ADCCpe — DpDCCac)
+ EDB (CBCCCA> + %DBCBCCCA. (2.4b)

2.2 Supertranslations and super-Lorentz transformations

Bondi gauge is preserved by exactly two families of smooth diffeomorphisms: supertransla-
tions and Diff(S?) super-Lorentz transformations [11, 12]. We will refer to the total group



of residual diffeomorphisms in Bondi gauge as the extended BMS group. The exact form
of the infinitesimal generators can be found, e.g., in [9, 20], They schematically read as

Er =T ()0 + - (supertranslations); (2.5a)

&y =YA@P)as+ - (super-Lorentz transformations); (2.5b)

where T and Y4 respectively denote an arbitrary function and vector on the sphere. The
dots in eqs. (2.5) refer to additional terms required to preserve Bondi gauge. What is
important for our purposes is that the symmetries are completely determined by their
arguments T,Y4. The action of these diffeomorphisms on the metric can be found, e.g.,
in [5, 9, 20, 73].

The four supertranslations, whose generator 1" obeys

1
DaDpT + 57apAT =0, (2.6)

uniquely define the Poincaré translations. Here A = DD is the Laplacian on the unit
2-sphere. The generator T is given by a linear combination of the ¢ = 0,1 spherical
harmonics. Time translation is associated with T = 1. Spatial translations are associated
with T' = —% n; where n;, with i = 1,2, 3, are the three components of the unit vector 7 =

(sin 6 cos ¢, sin 0 sin ¢, cos 0).2

We will call proper supertranslations the supertranslations
that are not the time and spatial translations.

The six Diff(5?) super-Lorentz transformations that preserve the boundary metric of
the sphere, or equivalently, whose generator Y4 obeys the conformal Killing equations on

the unit sphere
DaYp + DpYa = yapDYe, (2.7)

uniquely define the six Lorentz asymptotic symmetries projected into the celestial sphere
that form a so(1,3) subgroup of diff(S?).® Within the solutions to (2.7), the three ro-
tations are uniquely defined as the divergence-free subgroup DsY4 = 0, while the 3
boosts are uniquely defined as the curl-free generators e29,Yg = 0. The generator
Y4 is given by a linear combination of the ¢ = 1 spherical harmonics. We will call proper
super-Lorentz transformations the super-Lorentz transformations that are not the Lorentz
transformations.

A general super-Lorentz generator is parametrized by an arbitrary vector on the sphere,
which can be uniquely decomposed as

Y4 = eABopd +44Bopw. (2.8)

In Minkowski spacetime, the Lorentz boosts are given by §(;) = %xi&g + ct0;. When written
in retarded coordinates, one can read off the leading components as r — oo on the sphere
as Y4 = 44B0gn;. Similarly, a rotation is given in Minkowski spacetime by () = €ijrT;iOk

2Indeed, in retarded coordinates, 0; = —%n,@u + n;0r + %Pilainl where P;; = §;; — ninj.
3 Also note that (DaDp + vag)DcY® =0 = (A +1)Ya and [DZ, Da]Yp = Ya.



and its leading angular components in retarded coordinates are eABdpn;. We infer that
the asymptotic rotations and boosts are parametrized by ® ~ n; and ¥ ~ n;, respectively.
Therefore, the decomposition (2.8) provides a generalization of those notions and hence
we call them super-rotations and super-boosts, respectively. Explicitly, we decompose the
super-Lorentz residual transformations (2.5) as

fop = eBOgDIY + - (superrotations); (2.9a)
Ey =y BagUa, + - (superboosts). (2.9b)

Together, the translations, the Lorentz asymptotic symmetries and the proper super-
translations form the BMS group which is the asymptotic symmetry group of asymptoti-
cally flat spacetimes of the form (2.2). Such asymptotic symmetries obey two fundamental
properties: they are associated with finite surface charges, and their action as diffeomor-
phisms preserves the set of metrics. The proper super-Lorentz transformations are not
asymptotic symmetries of the set of metrics (2.2), because they do not preserve the fall-off
conditions of the Bondi metric (2.2) upon action as diffeomorphisms.* Yet, they define
finite surface charges for the set of metrics (2.2) and, therefore, they are physically rele-
vant for standard asymptotically flat spacetimes [3-5], as we will detail below. They are
particular instances of external or outer symmetries, which is a more general concept than
asymptotic symmetries [6, 74].

3 The BMS flux-balance laws

In this section, we present our definition of the extended BMS charges and derive their
evolution in terms of retarded time. We will always refer to the flux-balance laws of
extended BMS charges as the BMS flux-balance laws.

3.1 Supermomenta, super-angular momenta and super-center-of-mass

The surface charges Pr associated with the supertranslations 7' are called the supermo-
menta. The surface charges Jp and Ky associated with the superrotations (labelled by
®) and the superboosts (labelled by W) are, respectively, the super-angular momenta and
super center-of-mass charges. We call all these charges the BMS charges. They are built
from a complete set of potentials in Bondi gauge that admit a retarded time evolution
constrained by Einstein’s equations. They are defined as

1
Pr = me, (3.1a)
€Js
1
Ja =5 f ABopdNy, (3.1b)
S
1
Ky =— ]{ FABog N, (3.1¢)
2c S

where m and N4 are the Bondi mass and angular momentum aspects, respectively. We ad-
justed the factors of ¢ such that the momentum has dimension mass-times-velocity and the

4For the construction of an extended phase space of metric admitting super-Lorentz transformations as
asymptotic symmetries, see [9, 10, 18, 20, 21].



center-of-mass charge has dimension mass-times-length. The angular momentum has its
canonical dimension. For T, ® and W, consisting of linear combinations of £ = 0, 1 harmon-
ics, the BMS charges (3.1) reduce to the ten Poincaré charges. More precisely, we associate
the energy (divided by ¢) with 7" = 1, the momentum with 7" = n; (the momentum is
associated with —0;), the angular momentum with ® = —n; (the angular momentum is
associated with —0,) and the center-of-mass with ¥ = n;. For T, ® and V¥ consisting of
linear combinations of higher ¢ > 2 spherical harmonics, the BMS charges (3.1) are the
proper BMS charges. While all the literature agrees with the definition of Bondi mass
aspect, the definitions of super-angular momentum and super-center-of-mass are ambigu-
ous: they require a prescription for defining the Bondi angular momentum aspect. We will
scrutinize the different prescriptions in section 3.4. In this paper, we prescribe the Bondi
angular momentum aspect N4 as

A A —udam 4GCAB cC 16G3A (CpcCP)
uC4 uC4

where Ny is defined from the metric expansion (2.2). This prescription was found in [20]°
by requiring that the Ward identity associated with super-Lorentz symmetries reproduces
the standard form of the subleading soft graviton theorem [75]. In section 4 of this paper,
we will further prove that the definition (3.2) exactly leads to the flux-balance law for
the angular momentum as computed in [33] without any additional divergences or total
time derivatives. Moreover, it will lead to the flux-balance law for the center-of-mass that
matches with the post-Newtonian derivation of [76]. Furthermore, the center-of-mass flux
will be related to the symplectic flux, which parallels the prescription used to defining the
angular momentum flux [34].

The term —udam in eq. (3.2) cancels the linear u divergence present in N4 for non-
radiative configurations, as shown in [5], and as we will rederive in section 5.3. The super-
center-of-mass charge Ky is therefore exactly conserved for non-radiative configurations,
even in the presence of supermomentum. In particular, the center-of-mass charge K;,
defined for ® = n;, is conserved in the presence of momentum and therefore physically
measures mass times the initial (i.e., at u = 0) center-of-mass position. The center-of-mass
that evolves linearly as a function of momentum in the absence of radiation is instead
given by G; = K; + uP;. We can generalize this definition to all superboosts by defining
the comoving super-center-of-mass,

1
Gy = 7{ FAB O (Ny + udam) (3.3)
2c S
The comoving super-center-of-mass Gy is related to the super-center-of-mass by
Gy =Ky + UPT:,%A\IJ- (3'4)

For boosts, ¥ = n;, —%Ani = n; and we recover the standard relationship G; = KC; + uP;.
Finally note that the shift N4 — N4 —udam does not affect the super-angular momentum
because 489,05 = 0.

5Tt was denoted as N4 and defined in eq. (5.52).



3.2 The BMS flux-balance laws

The BMS flux-balance laws are simply obtained by taking the u-derivative of the BMS
charges (3.1) and using the constraint equations (2.4) derived from the Einstein’s equations.

The evolution of the Bondi mass aspect m is given by eq. (2.4a). One can multiply
each side of this equation by an arbitrary function T(:UA) over the sphere. Upon integration
and using the definition of the supermomentum (3.1a), one obtains the supermomentum
flux-balance law

3 9 R
c 327G > (3.5)

2
’pT - E ST DADBCAB = —807G %97—' (CABCAB + 2 Tou
This flux-balance law has been well-studied and derived in many references, including [1,
2, 24, 26]. The term linear in the shear tensor Cyp gives the soft contribution to the
Weinberg’s leading soft graviton theorem upon quantization. The quadratic term in the
shear as well as the matter contribution are called the hard terms, as they contribute to
the energy flux.

The evolution of the Bondi angular momentum aspect N4 is given by eq. (2.4b). The
definitions of the super-angular momentum and super-center-of-mass charges (3.1b)—(3.1c)
involve N4 given in eq. (3.2). It is a simple matter of algebra to write down the retarded
time evolution of Jp and Ky or, equivalently, Gy. The answer is most easily expressed as
follows. We first introduce the bilinear hard super-Lorentz operator [77]

HA(C,C) = %aA <CBCCBC> — ¢BCD,4Cpe + D (C’BCCAC ~ CBCCAC) . (3.6)
and the linear soft superrotation operator
S4(C) = ADYC e — DpDADcCBC. (3.7)

The constraint (2.4b) can then be rewritten in terms of N4 as

3 UC4

BUNA—i-uaAm::ZHA<C,C)+ESA<C)—87TCTUA (3.8)
where Tyu = Tyua + %DAT — %Tuu Eq. (3.8) is in fact a rewriting of eq. (5.53) of [20],
complemented with the matter contributions. After contraction with Y4 and integration
over the sphere, one obtains the flux-balance laws for the super-angular momentum and
super-center-of-mass.

Let us now obtain the simplest possible form for these flux-balance laws. Here, we
first observe that the soft superrotation operator Sy in eq. (3.7) does not contribute to the
flux-balance law for the super-center-of-mass. Indeed, contracting eq. (3.7), respectively,
with a superrotation Yq‘:‘ = AB9p® and a superboost Y\f/4 =~4B9p W, one can show after
integration by parts that

f{ ABopd Sx(C) = 7{ A®D,Dp (GACCCB), (3.9a)
S S

7{’%‘383\1/ Sa(C) =0. (3.9b)
S



The operator Sy therefore deserves its name as the soft superrotation operator. We also
observe that the soft contribution to the super-angular momentum flux-balance law (3.9a)
is similar to the soft contribution to the supermomentum flux-balance law (3.5). The dif-
ference amounts to a parity flip of the Bondi news: the soft supertranslation term depends
upon the parity-even part, while the soft superrotation term depends upon the parity-odd
part of the news. The structure can be made explicit by performing the decomposition of
the Bondi shear into its two polarization modes®

Cap = —2DsDpCT +yapACT + 2ec(4DpDYC™. (3.10)

The BMS flux-balance laws then take the simpler form

. : c? Y 327G -
— P T(A+2ACT=—— ¢ T AB Tuu 11
Prt g frasnact = -2 f v (Cwe + 20,) @)
. ct 1 o & AB : 327G -
jcp-i-uE S<—2A<I>> (A+2)AC ——1—@ Se op® <HA(C',C)—62TUA> ,
(3.11b)
: . [ . 321G -
(3.11c)
Notice that using eq. (3.4), we can rewrite
/C\p+u7jT:_%Aq, :G@—P ——law (3.12)

Thanks to this simplified form, the physical content of the soft contributions to
the BMS flux-balance laws is now apparent. The supermomentum flux-balance law is
associated with the displacement memory effect which is caused by a permanent dis-
placement of C* between non-radiative regions due to null radiation reaching null infin-
ity [24, 38, 45, 46, 48, 49, 78]. The super-angular momentum flux-balance law is associated
with the super-angular momentum memory effect dubbed the “spin memory effect” [27, 58—
60]. It is caused by an accumulation f;ff u0,C~ between the initial and final retarded time
of the operator ud, acting on the parity-odd radiative polarization mode. Though the spin
memory effect is not clearly a memory effect (i.e., an effect depending only on the initial
and final states) using variables in Bondi gauge, it is clearly a memory effect once rewritten
in canonical/harmonic gauge [60]. The only soft contribution to the super-center-of-mass
flux-balance law (3.11c) arises from the soft contribution to the supermomentum, with
T= —%A\I/, and is proportional to ud,CT. The “super-center-of-mass memory effect”, or
“center-of-mass memory effect” in short, arises from an accumulation f;f w0, CT between
the initial and final retarded time of the operator ud, acting on the parity-even radiative
polarization mode [28]. We will come back to the memory effects in section 5, where we
write down the time-integrated form of the flux-balance laws.

Let us now simplify the right-hand side of the super-angular momentum and super-
center-of-mass flux-balance laws. Using integration by parts and eq. (2.7), we observe that

5Note that under a supertranslation, C* +— C* + T, while C~ is invariant.



the first term in the hard super-Lorentz operator (3.6) does not contribute to the super-
angular momentum flux-balance law (though we will keep it to simplify the integrand),
while the third term does not contribute to super-center-of-mass flux-balance law. In
addition, not all quadratic terms are independent from each other. Indeed, for any pair of
symmetric tracefree bidimensional tensors X ap, Yap, we have

Xa0DpYPC = XBYD Yo — XBCDpYac. (3.13)

We can therefore choose two quadratic operators as a basis and express the hard contribu-
tions in terms of them. It is convenient to define

. 1 . .

(¢, 0) = §(CBCDACBC — CP°DaCBe), (3.14a)
) 1 . )

T(C,0) = 5(CPODpCac — C*DpCuc). (3.14b)

Following the steps mentioned above, the BMS flux-balance laws finally read as

3 2 . . 327G .
Pr+ el A T (A+2)ACT = —SC—G <OABOAB + CZT) , (3.15a)
Jo — uf AB(A +2)AC™ = +@ APope (-314(C,0) +4TP(C,0))
— 4wc7{SeABaB<I> Tua, (3.15D)

2
Ky +u77T:7%A\I, = —;—G ji'yABaB\I’ Tf(ll)(C’, )

— 47r7{ AABApW Tya. (3.15¢)
S

While these laws have been written down for various definitions of BMS charges, it is the
first time that they are written for the definition of the super-Lorentz charges (3.1b)—(3.1c)
in simplified form. A comparison with the literature will be provided in section 3.4. The
proper supermomentum, super-angular momentum and super-center-of-mass flux-balance
laws will be expanded in post-Newtonian form in sections 4.3, 4.4 and 4.5. Finally note
that one could also absorb the soft terms into the supermomenta and thereby defining
dressed BMS supermomenta as done for electric asymptotic charges in [79].

3.3 Poincaré flux-balance laws

In the special case of Poincaré generators, the BMS flux-balance laws simplify. All the
soft terms linear in C'4p vanish for Poincaré generators which correspond to the £ = 0,1
harmonics of the functions 7', ®, ¥. This is because they are zero modes of the operator
A(A+2) in eq. (3.15).

According to our convention in (3.1a), the energy (divided by ¢) is canonically as-
sociated to T = 1 and the linear-momentum is canonically associated to T" = n;. The

~10 -



flux-balance laws of energy and momentum read, respectively, as

. 3 ) ) 9 .
E=cProy = _8% <CABCAB 43 CZGTW> : (3.16a)
. . . . 2 ~
Pi = Pr=pn, = _SG% (CABCAB + 3 CZGTHU> n;. (3.16D)
S

According to egs. (3.1b) and (3.1c), the angular momentum and center-of-mass are
canonically associated to ® = —n; and ¥ = n; respectively. Their flux-balance laws
explicitly read

. . 3 . . —
J= o = - ][ Bogn, [ —31()(C,0) + 410 (C, C) - 2mG s ),
! 8G S c?
(3.17a)

. ) ) 2 . 1 _
KituPi=C—P; = _4% ?{ ~ABopn, <T§§)(C, C)+ G;'GTM> (3.17b)
S

where K; = Ky—p,, Gi = Gy—p,. These ten Poincaré flux-balance laws will be expanded in
terms of symmetric tracefree radiative multipoles in section 4.2.

3.4 On the definitions of angular momentum and center-of-mass

Several definitions of angular momentum and center-of-mass of asymptotically flat space-
times have been proposed. Here, we summarize some of these definitions, relate them to
each other and discuss their properties. Let us define

I = —% jé e*Papn; (NA - GCABDCCBC> (3.18a)
S
IC(O"B) = —{-1 7{ ’yADaDni Ny — udgm — a—gcABDccBC ﬁ —— 04 (CBccBC)
i 2 f AG 16G
(3.18)
(@p _ 1 AD ) _ac BC 5703 BC
g = +5 fi’y dpmn; (NA G CABDCC 16G3A (CpcC )) : (3.18c¢)

with «a, S arbitrary. Using eq. (3.2), our definition corresponds to a = f = 1, which
matches with the one of Barnich-Troessaert [10] and subsequently [3, 20, 30]. Instead, the
angular momentum and center-of-mass as defined by Pasterski-Strominger-Zhiboedov [58]
and subsequently [5] corresponds to « = f = 0. We can also compare our expression
for the angular momentum flux (3.17a) with equation eq. (4.11) of [29] derived from the
Landau-Lifshitz pseudo-tensor. Their expression for the flux of angular momentum is of the
form (3.15b), but with T({(C',C) = CBCD4Cpe and TP (C,C) = CBCDCac instead
of eq. (3.14). Their angular momentum flux coincides with 7(®=3) in eq. (3.18).

For any «, one infers from eq. (3.15b) that the flux of angular momentum 7,
be written purely in terms of the radiative data, i.e., the shear and the news, and has no
explicit dependence on the Coulombic data, which agrees with [29].

In order to relate the angular momentum to the one defined by Dray and Streubel [35],
we need to recall the definition of the symplectic structure [34, 80, 81]. It is defined as
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w(019,029) = 610(d2g9) —620(d1g) where ©(dg) is the boundary term obtained after varying
the Einstein-Hilbert Lagrangian. Expanding this symplectic structure close to null infinity,
and integrating over the sphere, one obtains the finite symplectic form at null infinity

3 . .
wr+ (019, 02g) = 8% ?fg (510A3520AB — 520A3510AB> . (3.19)

The action of the Lie derivative with respect to a supertranslation or Lorentz transfor-
mation on the metric Ly g gives the induced action on the shear C4p and news C’AB
given by

U . 1
oryCap = <T + 2DAYA) Cap+ LyCap — §DCYCCAB —2DADBT + vaBAT,

(3.20a)
5T,YCAB = <T+ ;DAYA)C'AB +£yCAB. (3.20Db)
After some algebra, one can then rewrite the flux of angular momentum (3.17a) associated
with the vector YA = —e4Bdgn; without matter flux (T, 4 = 0) as
J; = < (CABﬁyC'AB - £YCABCAB)
‘ 16G Jg
1
= f§WI+ (9,Lyg). (3.21)

In the last step, we have used the fact that the following term vanishes for divergence-free
vectors including rotations,

f CABLyCap =0. (3.22)
S

The angular momentum flux (3.21) is precisely the one prescribed by Ashtekar and
Streubel [34]. The corresponding angular momentum surface charge [35, 82] thus cor-
responds to Ji(a:l) in eq. (3.18).

Covariant phase space or Hamiltonian charges [83-85] are well-known to be non-
integrable for radiating spacetimes. This leads to the necessity of a prescription to de-
fine the canonical charges. Such a prescription was proposed by Wald and Zoupas [36]
that uniquely leads to the Ashtekar-Dray-Streubel angular momentum [34, 35]. In sec-
tion 4, we will further show that the definition of angular momentum for a = 1 leads to
the angular momentum flux-balance law written in Thorne [33]. The angular momentum
prescriptions in this paper and [9, 10, 20, 30, 33-36] are therefore all equivalent to each
other (o = 1), while the angular momentum (and corresponding angular momentum flux)
prescribed in [5, 58] (o = 0) or [29] («a = 3) are distinct.

Let us conclude with a remark on the uniqueness. The motivation of [34-36] was to
obtain a definition of angular momentum as an integral of covariant fields over the celestial
sphere whose flux vanishes for non-radiative configurations. Now, it is clear that the
definitions (3.18) are all locally defined in terms of the metric fields in Bondi gauge for any «,
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. In addition, for non-radiative configurations, the fluxes of 7(® and K(*#) are vanishing
for any «, 3, as will be clear from section 5. There is therefore (at least) a one-parameter
ambiguity in the definition of the angular momentum and a two-parameter ambiguity in the
definition of center-of-mass when one only imposes that these charges are built locally from
the Bondi fields and that their fluxes vanish for non-radiative configurations. Note that
the subleading soft graviton theorem [75] is obtained from quantizing the super-Lorentz
flux-balance laws, independently on how we shift the left and right-hand sides of the flux-
balance law. The existence of the subleading soft theorem, therefore, does not fix the
prescription either.

What is therefore the most convenient prescription? A natural requirement is that
the angular momentum should transform in the standard fashion under translations in
non-radiative regions. Translations do not affect the shear, d7—,;Cap = 0, and therefore

the transformation law of Ji(a) is independent of «. For non-radiative configurations the
Bondi angular momentum aspect N4 defined from eq. (2.2) changes as

L T
Navs Na+32DaT + Zoam, (3.23)
C C

as can be deduced from, e.g., eq. (2.24) of [20]. The transformation of the angular mo-
mentum under a translation in non-radiative regions is then given by

5T:TL]‘ ji(rﬂ — Popo, T — _YAaAT = €jikNk, (3.24)

where Y4 = —eAB9pn,. This leads to the standard Poincaré commutator [P, Til = €ikPr,
independently of the prescription for . One other natural requirement is to impose the sim-
plest transformation property under supertranslations. For non-radiative configurations,
the transformation law of N4 under supertranslations does not admit linear terms in the
shear, while all other prescriptions do since the shear transforms under supertranslations.
This leads to the preferred choice a = 5 = 0 which is used in [5, 58]. Alternatively, one
could impose a natural requirement that the flux of angular momentum does not involve
mixed parity terms; see eq. (4.16) below. This fixes instead a = 1 asin [9, 10, 20, 30, 33-36].
In conclusion, we do not see any convincing argument to prefer either prescription.

It is also appealing to define an intrinsic angular momentum which is independent
from supertranslations. Such an intrinsic angular momentum was defined in [86] using an
implicit dressing procedure; see also [87, 88| for another construction. We will provide the
explicit definition of the supertranslation-invariant intrinsic angular momentum in terms of
Bondi fields in section 5 for non-radiative configurations. The catch is that this definition
is non-local in terms of the Bondi fields, as anticipated in [86].

4 Multipole expansion of the BMS flux-balance laws

Solving the binary problem in General Relativity requires a precise accounting of the energy
and angular momentum fluxes radiated by the binary. Building upon the work of [63, 89],
Thorne [33] summarized the flux-balance law for energy, momentum and angular momen-
tum obtained using either pseudo-tensorial methods or expansions in radiative multipole
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moments after averaging over oscillations and restricting to sources in the rest frame. The
purpose of this section is the provide the multipole expansion of the BMS flux-balance
laws (3.15) in terms of radiative multipole moments. This derivation allows to obtain the
instantaneous form of the flux-balance laws independently of the nature of the sources in
the bulk of spacetime. We will explicit both the Poincaré flux-balance laws (3.16)—(3.17)
and the proper supermomentum, super-angular momentum and super-center-of-mass flux-
balance laws. For simplicity, we will drop the contribution of the matter stress-tensor to
the flux-balance laws in this section.

4.1 Multipole expansion of the radiation field

Multipole expansions can be expressed in two equivalent ways: either in terms of spherical
harmonics or in terms of symmetric tracefree (STF) tensors. In this work, we will use STF
tensors; see appendix D and [33] for conversion formulae to spherical harmonics. We use
the convention that STF tensors are written in bold font. The capital index L refers to a
set of £ indices, i.e., Tt = Tj,...;,. We denote by Ny, the symmetric product of ¢ unit vectors
Lig)s @8 in eq. (1.8) of [33].
Since all flux-balance laws are expressed in terms of finite tensors tangent to the celestial

ni. We will write the STF projection of a tensor T, ...;, as Tj;

sphere at null infinity, we can re-express all quantities using the Euclidean embedding of the
unit sphere.” We define the transverse projector P;; and the traceless transverse projector
Piji as 1

Pyj =0y —ning, Py = Pielj — 5 Pij P (4.1)
For any pair of vectors X4 and Y4 defined on the unit sphere, we can re-express YAX 4 =

Y;P;; X; and ABX Y = n;€;jkX;Y) using the Euclidean embedding of the unit 2-sphere.
We can also use the tangential derivative on the unit sphere,

A 0

0; = rPy0 = P”(Tnl (4.2)

This allows to write the integrands of the flux-balance laws (3.15) in Cartesian notation.
The BMS symmetry parameters can be expanded as

T(x*) =) TN, @@ =) 75N, () =) 7 KLNL (4.3)
=0 =1 =1

where Ty, S;, and K, are STF tensors. The Cartesian expressions for the superrotations
of parameter St and superboosts of parameter K, are respectively

(YS)Z. = —€ijk Njo—1 Skr—1, (superrotation); (4.4a)

(YK)Z = NL—lKiL—l — NiLKL . (superboost). (44b)
In particular, for £ = 1 and S = Jr; we get the usual generator of rotation on the unit
sphere around the i-th axis.

" Alternatively, we could use the sphere of radius r but since we are working with finite quantities, we
find the use of r — oo unnecessary.
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The symmetric and traceless Bondi shear C'4p can be expressed in terms of the two sets
of radiative multipole moments Uy, (parity-even) and V7, (parity-odd) following [33, 90] as

1
Cij = Pijixr = Xij — 2n4X;) + 5(5@' + Nij)x (4.5)
where x;;, xi = niXi; and x = n;x; are respectively given by

“+oo

b
Xij = ag (NL—2 Uijr—2 — f aL—2 Eab(iV')bL2> ; (4.6a)
(=2
+oo b
{4
Xi = ZZ;W (NLl Uir—1 — 5 Nar-1 Eabz‘VbL—1> ; (4.6b)
+0o0
xX=> a; N, Up, (4.6¢)
(=2
with the coefficients ay and b, given by
4G 20

The Bondi shear was expressed in terms of the parity-even and parity-odd polariza-
tions, respectively, CT and C~, in eq. (3.10). These two polarizations are respectively
given as a function of Uy, and V7, as

o0

C+ = —Z%ULNL""X(O) +Xz(0)n7,7 (483‘)
=2
00 b _ _

==Y gy Ve KO+ X, (4.8
=2

where X(©), XZ-(O), X (), Xi(o) are arbitrary because they are zero modes of the differential
operators (3.10) and they do not appear in the metric.

In the post-Minkowskian formalism [45, 48, 64], the radiative multipole moments can
be expressed in terms of the auxiliary canonical multipole moments M7y, Sy and source
multipole moments Iy, J, as

() G\ _© G
U, =Mr +0O <3> =I.+0 <3> : (4.92)
C C
© G\ © G
V., =81 +0 <3> =J +0 <3> (4.9b)
C C

where the superscript (¢) denotes ¢ derivatives with respect to u. Explicit formulae beyond
the leading term can be found in egs. (95)—(98) of [90].

4.2 Poincaré flux-balance laws

We will now derive the multipole expansion of the Poincaré flux-balance laws derived in
the previous section 3.3.
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Energy-momentum flux-balance laws. Let us start by deriving the multipolar ex-
pansion of the flux of energy and linear-momentum (3.16). The computation consists in
substituting the quadratic expression CABCyp = C¥ C"ij, provided in eq. (B.6), and using
the explicit integrals in eq. (C.17). After some algebra, we obtain the exact multipolar
expansion of the energy-momentum flux-balance laws in terms of the radiative multipoles

G beb
Z 2Mue{ULUﬁ : vavL} (4.10a)
. =X @ W bybpay
Pi=-)_ C%%{Q(wa et (IJiLUL = VLVL) +oreiUin—1Vir- 1} (4.10b)
=2

where we recall that by = ;75 and we defined

W

2 1 L+ 1)L +2
e = (mg 9 — 2m4_1+mg> = (C+D(e+2) (4.11a)

o0 2 =102+ 1)

4by ((my_q my 8(€—|— 2)
= — —— | = 4.11b
7= (Z—l £> =D+ DR+ 1) (4.11b)

with my defined in (C.5). Explicitly,

+00

; G (€+1)(€+2) : 40(¢ + 2) -

- 4.12

+o0

S5 G 2(042)(£+3) S 8(¢ +3)

Pi = ; 62£+3{£(€—|— 1).(2€+3)!!MLUL + 20+ D120 + 3),,WLVL

8(£+2) . .
" (0 — 1)+ )20+ 1) 5’Jk[]JL1WfL—1} : (4.12b)

These final expressions agree with eq. (4.17) of [69], after using eq. (4.9), and with eq. (4.14)
and eq. (4.20) of [33], after using eq. (4.9) and averaging over wavelengths. Here, we
provided a covariant derivation of these flux-balance laws that only relies on the leading
radiative behavior of the gravitational field. The result is exact at all orders in ¢ and G,
while the derivations of [69] used canonical multipole moments in intermediate steps which
hinders to prove that the result is in fact exact in terms of radiative multipole moments.
While the result of [33] required an average over wavelengths, our result shows that this
average is not necessary: the right-hand side can be evaluated locally.

At lowest post-Newtonian order, we can use eq. (4.9) to recover the standard formu-
lae [89, 91, 92]

; G(La,®)_G (1 @@ 160 0 -9
t="5 (5% L 77 o uklus 35Ty ) +O () (4132)
: G _

The term of order G/c® in £ is the Einstein’s quadrupole formula.
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Angular momentum and center-of-mass balance laws. We now turn our attention
to the angular momentum and center-of-mass flux-balance laws (3.17). The computation
consists of substituting the quadratic expressions (B.7) and (B.9) in the quadratic bilinear
operators (3.14), and using the integrals provided in appendix C. We obtain

bebe

+oo
. G
Ji = —€ijk ;2 C%H@M{U]L WUer—1 + —5 Vie-1Viro 1} (4.14a)

“+o00
. . G beb
KituP; = — E 5073 (C+1) Mé+1{ULUzL ~UpUp + — (

ViVip — VLWL)}. (4.14b)
=2

After the manipulation of the integration coefficients, the Lorentz flux-balance laws read
explicitly as

(C+1)(0+2) .
5z]k2 2g+1{ =120+ 1 )”UjLAU?cL—l

4020+ 2 .
- 1)<€(+ 1)! ()2£+ 1),,% 1‘@“}7 (4.15a)

+o0
. . G £4+2)4+3),.- .
ICi—l—uPi:—g {( +2)(¢+ )(ULUEL—ULUZL)
¢

— 2| L0120+ 3)!
40+ 3 : .
ng,E%_'_;)”(VLV{L - V]:VZL)} . (4.15b)

The result is exact to all orders in G and ¢ in terms of the radiative multipoles.

As it turns out from the computation above, there are neither parity-odd combinations
U Vi nor total u-derivatives in the right-hand side of the flux-balance laws for angular
momentum and center-of-mass. It is sometimes stated in the literature that this follows
from parity arguments. However, such terms do appear in the super-angular momentum
flux-balance law; see (4.38) below. Instead, this non-trivial property is rooted in the
definition of the Bondi angular momentum aspect (3.2). Furthermore, if one instead defines
the angular momentum using a different prescription such as (3.18) with « # 1, the angular
momentum flux will be complemented with a parity-odd term,

+o0

o G d

T =TT =13 g O+ 1 e g (Ui Ve = b Un Vi) . (4.16)
=2

While the angular momentum flux-balance law (4.15a) matches with the final result
of [33] in its range of validity, our derivation is more general than mentioned in [33]. There,
the fluxes are expressed in terms of source multipole moments with the restriction that the
source lies in the rest frame and the computation is based upon pseudo-tensors at leading
order in the G expansion. Here, the result holds for arbitrary configurations without any
restriction (except that Einstein’s equations are obeyed!) and the result is exact at all
orders in G and c in terms of the radiative multipoles. Such multipoles can be expressed
in terms of the source multipoles using eq. (4.9).
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Our derivation contrasts with the recent derivation of the angular momentum flux-
balance law in [69]. There, formally divergent (when r — +o00) terms combines into
a total time derivative and vanish after angular integration when the source is at rest,
but persist when the source is moving with respect to the asymptotic rest-frame. These
persisting total time derivatives amount to a redefinition of the angular momentum. In
our derivation, the angular momentum is finite and uniquely defined as (3.1b)—(3.2) and
Einstein’s equations (2.4b) uniquely determine the finite angular momentum fluxes in terms
of the radiative multipole moments as (4.15a).

Our result for the center-of-mass flux-balance law differs from the one proposed by
Blanchet and Faye [69]. After a closer examination, one can match our respective expres-
sions after relating our center-of-mass charges as KC; = ICZ(BF) + 6KC;. However, dK; cannot
be written as a covariant expression in terms of the metric on the sphere and the shear.
Indeed, the only covariant term that one could add to the definition of N4 (3.2), that does
not affect the angular momentum, is a term proportional to %(‘?A(C’BCCBC). Such a term
however does not have the required structure to match d/C;. More precisely, we find

~(a=1, “(a=1,8=1 bebe 1
K:z( = ’Cz( i Z 2@+g Tu [64‘ Doy (UiLUr + + Vit VL)
1
+ §U€€iijjL—1‘/kL—1 . (4.17)

We conclude that the definition of ICEBF) violates covariance with respect to the metric
structure of the celestial sphere, while our definition of IC;, given by eq. (3.1c), is covariant.
Instead, the center-of-mass flux (4.15b) identically agrees at leading and subleading order
in the multipolar expansion with eq. (31) of [76] after using their dictionary eqs. (41)-(44).

At lowest post-Newtonian order, we can use eq. (4.9) to obtain the fluxes in terms of
the source moments,

. G2 G (1

Ji=->3 <56iykf( )1(3)> (636”’“13(“311’%’)“ mkj( )JIS)> +0 (™), (4.18a)
G 1 3 3 2

Gi=Pi— = [21 (118 - I;k)zlg,g)} +0(c™), (4.18b)

which match with those found by other methods in [76, 89].

We can also compare our expression (4.15b) with the center-of-mass flux obtained
n [28]. Using the conversion between STF tensors and spherical harmonics as detailed in
appendix D we obtain

KatuPo=c ZZ ws a b0 () = i) =) (B = ai))] (419w

=2 m=—/
. 4o l
GtuBy= e S 3 e o] (P2 +0l3) ok (7l 60)] . aasm
. . 1 T G — i l+1m — 1 myAm
K.4+uP :m;;mz;c%%ag%[U U —(U U )
+ci2 (vmv“lm_vf“mvf m)} (4.19¢)
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where

- 1e+3)
= \/ 20+ 1)(20 + 3)° (4.20a)

b = /lxm+ D)l +m+2), (4.20b)
com =/ (+m+1)(0—m+1), (4.20¢)
Fe(nﬂ;) _ gfmpttimEl +cl2v€m glimEl (4.20d)
¢ = vt mU”lmﬂJrc%Vf my ML (4.20¢)

The expressions (4.19a)—(4.19b)—(4.19¢) exactly reproduce eq. (2.42) of [28] after converting
to the convention of fluxes of opposite signs ICiGW = —K;, pEW) = —P; (see footnote 7

7
of [28] for the motivation of this sign flip convention).®

4.3 Supermomentum flux-balance law

The general BMS flux-balance laws are obtained by taking the symmetry parameter to
be an arbitrary combination of spherical harmonics, e.g. T = Tr»Ny». Note that we use
?" to label the symmetry parameter as £, ¢ are reserved to label the radiative multipoles.
So far, we limited ourselves to the lowest ¢/ = 0,1 harmonics for the function 7' and
the vector fields Y4 that generate the Poincaré subgroup of supertranslation and super-
Lorentz charges (3.1). In what follows, we will derive the remaining flux-balance laws,
starting with the supermomenta. We shall use the convention that all supertranslations
have the same dimensions as the spatial translations. Indeed, it was shown in [4] that, with
the exception of the time translation generated by the constant harmonic ¢ = 0, all other
supertranslations can be understood as spatial transformations in the bulk of spacetime.
As a result, all supermomenta will have the same dimensions as the linear momentum.

The flux-balance law of Bondi supermomentum (3.15a) can be expanded in STF har-
monics using eq. (4.3). This gives, schematically,

- [ﬁTL”} hard (4.21)

The soft contribution is easily computed. It is non-vanishing only for ¢ > 2 and gives

Pry, — [Pry]

soft

3 Opr_9 (E” + 2) (5” + 1)

> = —— NpoTrn(A 2AC+:
[PTL”]soft 4G fig L L ( + ) anfl 2(2@’ + 1)”

TiUpr,  (4.22)

after using eq. (4.8a), the property that A = —¢(¢+ 1) when acting on a harmonic function
of order ¢ and upon integration using (C.5). There is no parity-odd contribution (i.e.,
proportional to VL//). The soft supertranslation term has a well-understood interpretation.
When considering a process which is non-radiative in the far future v — +oo and far
past u — —oo, the difference of the radiative multipoles Up»|y—00 — Upr|u—s—oco is the

8For this match, two sign errors were corrected, one in [28], see the upcoming Erratum, and one in the
first arXiv version of this paper. We thank D. Nichols for helping obtaining this match.
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displacement memory field [26], up to an overall normalization. We will further comment
about this around eq. (5.3a).

In order to compute the hard contribution, we first expand it into radiative multipoles,
which is performed in eq. (B.6). We can then use the integration formulae (C.23), detailed
in appendix C, to obtain the result. It is useful to separate the hard contribution in two
terms: one contribution consisting of parity-even terms of the form UU and V'V and
denoted with the superscript +, and a second contribution consisting of parity-odd terms
of the form UV and denoted with the superscript —. In formulae,

. CQ . “AB . + .
” = —— NinTyrn = [ //] [ ,,:| . 4.2
[PTL :|hard SG%g vy CapC P hard [P hard (423)

The parity-even contribution is given by

. + > G ps : . bebyr
[PTLN:|hard - Z mﬂg,kgéﬁTLng <UL1L3UL2L3 VzdLs‘/LzL:s)éZ £ (4‘24)
=2

The delta symbol &g ¢ ¢ is defined in eq. (C.9), which constrains ¢1, £, {3 defined in eq. (C.8)

to integer values. We can explicitly solve these constraints by taking |¢' — ¢| = ¢ — 2k for
k ranging from 0 to either L%”j or LWT_”; see eq. (C.22b). The constrained sum over ¢, ¢/

can then be replaced by a sum over £, k as follows

=y .

. + G
[P ]hard Z+ Z Z W“ﬁ;z” 2,0

k=0 k=0 {=max(2,k)

bebter ok,

x Ty, L, (ULlLaUL2L3 T2

‘/[/1[/3%2[/3) (425)

Here, |L1| = ¢" — k, |Lo| = k and |L3| = £ — k. The coefficients are given by

2 1
P,
Mo o = a0 <m€—2,£’—2,£” —2myp_y 010 + 2me,z',z”> - (4.26)

For ¢ = 0, only the first term with k£ = 0 is non-vanishing. The coefficient then reads as

pe L+ D)(C+2)
Heeo = (= 1)o@+ 1)1

(4.27)

and it correctly reproduces the coefficient of the energy flux-balance law (4.10a) with the
identification Py = E/c. For ¢ =1, both terms with £ = 0 add up. The coefficient

, 20 +2) (£ + 3)
Mg = 0+ )12 + 3)1

(4.28)

reproduces the correct coefficient of the linear-momentum flux-balance law (4.10b).
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The parity-odd contribution reads as’

145 o

. G P
|:7) :|hard E E c (e k)+2+5” lu’£+£// 2k—1 g gllezmntrzL1L2 UmL1L3 ‘/TLLQL;;

k=0 {=max(2,k)
1/
1552

G . . .
Z Z am iz Meirer k1,00 CimnTiny Ly UnLo Ls VoL Ls
k=0 (=max(2,k)

(4.29)

Here, L” = iL1Ly with |L1| = ¢" — 1 —k, |La| = k, |L3| = £ — 1 — k. These terms only
exists for £/ > 1. The coefficients are

p— _ st My —20—1  My_10-1,0'-1 (4.30)
e = @y \ e+ 0+ 07 =2~ (4040 '
For ¢ =1, only the first terms of eq. (4.29) exists for k = 0 and
o 8(¢ + 2)
e 4.31
Feed = D)@+ e+ ! (431)

reproduces the correct coefficient of the momentum (4.10b). This provides nontrivial cross-
check of our formulae. As a final remark, note also that both coefficients ufﬁ are symmetric
under £ <> £’

Post-Newtonian analysis. Let us first discuss the PN order of the parity-even
part (4.25). In our convention, the supermomentum with ¢/ = 1 is exactly the linear
momentum P; which appears at 3.5PN order. The PN order of each UU term in the
parity-even contribution is £ —k+1+ %N = |Ls|+1+ % > 3PN. The dominant (lowest) PN
term is determined by the maximal number & or, equivalently, by the minimal number of
internal contractions |L3| > 0. Since ¢ > 2, terms without contractions (|Ls| = /¢ —k = 0)
are realized only for ¢” > 4, terms with one contraction (|L3| = 1) are realized for ¢ > 2,
while two contractions (|L3| = 2) are achieved for any ¢” > 0. For the parity-odd contri-
bution (4.29), the PN order of each term is { — k + 1 + % =|Ls|+2+ %/. Terms without
contractions (|Ls| = 0) are realized only for ¢/ > 3, terms with at least one contraction
(|Ls| > 1) are realized for ¢” > 1. This leads to the following dominant PN orders for the
parity-even term

"-pole | leading PN order
0,2, 4 3

1,3,5 3.5
0">6 241> 4

In particular the energy balance law ¢ = 0 is 3PN due to our convention Py = E/c,
but it is restored to 2.5PN order after dropping on each side of the flux-balance law an

9Note that we can freely exchange the upper limit LW; L of the first sum with the upper limit Le/,; 2] of
the second sum. They differ only when £” =1+ 2q, ¢ € N and in that case |L1| = |L2| and the coefficients
of each terms are both uf’[e,/ and therefore agree. See appendix C for a derivation.
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overall ¢ factor which allows to recognize the left-hand side as the energy flux. Also,
the momentum flux-balance law ¢/ = 1 is 3.5PN both for the UU and UV terms as
it should, and one recovers eq. (4.13b). It is remarkable that the supermomentum flux-
balance law for both the quadrupole (¢ = 2) and hexadecapole (¢ = 4) are 3PN order,
which is just intermediate between the energy and the momentum flux-balance laws. In
addition, the ¢ = 3,5 flux-balance laws are just 3.5PN which is of the same order as that
of linear momentum.

Explicitly, the first leading flux-balance laws (4.21), ordered by the leading PN order
of their quadratic fluxes up to 3.5PN, read as

. 2 . G4 /. . 1. . . -
Pij — %Uij =+% [35 (UikUjk - 35ijUk1Ukl>] +0(c™®), (4.32a)
. 1 . G/ 2 . . s
7Dijkl - @Uijkzl = 7676 <315U<ijUkl>> + O(C ), (4.32b)
. 2 . G/2 . . ] . . s
Piji — @Uijk = +67 (63Ul<i]‘Uk>l + memn<in|m|Vk>n> +0(c™®),  (4.32¢)
- 1 G/ 4 . . s
Pijkim — WUijklm =7 (2079U<ijUklm>> +0(c7®). (4.32d)

By keeping the soft term in the above equations on the left-hand side and the rest on the
right-hand side, one obtains non-trivial equations for the radiative multipoles by rewrit-
ing the right-hand side in terms of source multipoles using eq. (4.9) and using the dic-
tionary between supermomenta and source multipoles (discussed around eq. (4.52)). In
the first equation, the quadrupole-quadrupole interaction responsible for the nonlinear
gravitational-wave memory effect arises at 2.5PN, as obtained in [47, 50, 57]. Similarly,
in the third equation, the octupole radiative mass multipole is sourced by the right-hand
side of eq. (4.32c) which arises at 2.5PN. Interestingly, for higher multipoles ¢” > 4, the
quadratic terms associated with non-linear memory arise even earlier at 1.5PN with respect
to the corresponding radiative multipole moment.

4.4 Super-angular momentum flux-balance law

We now compute the super-angular momentum flux-balance laws by expanding eq. (3.15b)
using the relevant expressions in appendix B and C. The total super-angular momentum
flux contains a soft (linear) contribution, as well as a hard (non-linear) contribution, which
are both parity-odd. The hard contribution can be split in two sectors: a combination
(denoted by +) of parity-even quantities of the form UU and V'V contracted with the
Levi-Civita symbol, and another combination (denoted by —) of parity-odd quantities of
the form UV.

jSL,,] d+[jSL,,] . (4.33)

[ +
hard - har hard

=[] - [95]

The soft term, appearing on the left-hand side of eq. (3.15b), can be easily computed
substituting C~ from eq. (4.8b), ® = J;Np»Sp», using the fact that A(NLAL) = —(({ +
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1)(NLApL), and the integration formula (C.5) to obtain

. 04 . 941,72 gl/(e// + 1)(5// + 2) .
=u— AD(A +2)AC™ = nVin. 4.34
|:\75L”i|soft u8G fg ( + ) C cf”—l 2(26” —+ 1)” v SL VL ( 3 )
Now we turn to the more involved hard contribution
3
' - ¢ { .AB _ap(D) ¢ 2)
[Fs] =2 ) oo (=31, 0) +a1(C,0)). (4.35)

The + sector of the hard contribution reads as

.+ > G gL
jSL// = €kpq E 7 17 ’g/ o
hard ctHt+1 6L,
£0,0'=2

g bebg/ .
X SqL,Ls (UpLngUkLng+CT‘/;7L2L3W€L1L3>5271,8/71,6”71 (4.36)

where {123 are constrained by the delta function at the end of the above expression.
Explicitly, {123 = l123(¢ — 1, —1,¢” — 1), which means that in eq. (C.8), ¢, ¢ and ¢"
are decreased by 1. We don’t further expand the sum above as we did in eq. (4.25). The
integration over the 2-sphere leads to the numerical factor

g1 . _
IU/f,Z”E// - IV {(gl - Q)m&,ef—1,£”—l - 2(£/ + 1>me_1’é/;17£//_1} + (e — El) (437)

where the functions M, ,n, My s, are defined in egs. (C.26)-(C.27) in terms of g ¢ ¢ in
eq. (C.13). The — sector of the hard contribution, instead, reads as

o0
.- Gq . . .
[jsy/]h L > prav ) b Spars |17 o (Urors Vints — UL, Vi Ls)
ar
U

i

d
o (Usrs VL1L3)] Se 00 o (4.38)
where
_ 1
MZ}/,@/ = W{(f/ — Dmy_gp—sp—1— U+ 20Vmp_1 0o p—1+ C+D)mgp_q0

- (E - 2)mg_2761_2,€// + 36771(_173/_1’@/ — (E + ].)mg’g/’[//} + (E <~ E/) s
(4.39)

and the coefficient of the total time u-derivative is given by

1
O'gyg/ju = W (30(@75/7@// — (f” — 1)ﬁg7el7g//) (440)

where
Qg o = {(f’ — 2)mg_27g/_37g//_1 — (é +20 — 4)mg_1yg/_27£//_1 + (f +/0 - 1)mg7g/_17£//_1
+ £ (mg_2’51_2’zu — mf—l,@’—l,f”) } — (€ — 6/) ; (441&)

Be et prr =My_g p1_o 1o + 2mMp_1 g1 g1 —2 + Myp_2 g2 g + 2y 11 o
+ Mo g g9+ My g0 prr_9 — 2Myp_1 2 g1 — My_2 ¢/—1 071

—Amy_q g1 — 2my ey gy (4.41Db)
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For the case of rotations, i.e., £ = 1, the flux-balance law for angular momentum
J;i (see eq. (4.15a), which agrees with [33]) is recovered upon taking S, = d4;. Note that
“Z};l,l = 0 = 0¢¢4+1,1 and hence the angular momentum flux (4.15a) has no mixed UV
term unlike the general super-angular momentum flux.

Post-Newtonian analysis. Let us derive the leading PN order of each super-angular
momentum flux-balance law. The PN order of the UU contribution is given by % min(¢ +
¢'4+1), which can be found by taking into account all the constraints, namely that ¢, ¢’ > 2
and those implied by d;—1 ¢ _1¢7—1. The PN order of the UV contribution is instead
%min(ﬁ + 0" + 2) with the constraints that ¢,¢' > 2 and those implied by 6 ¢ ¢. We find
that, for the leading PN order is given by the following table

I"-pole | leading PN order

1,3 2.5
2, 4 3
5 3.5

">6 | 0)24+1>4

It is remarkable that the octupole (¢” = 3) super-angular momentum flux-balance law is
at the same PN order as the angular momentum flux-balance law (¢ = 1). The first few
balance laws, ordered by the leading PN order of their quadratic fluxes up to 3.5PN, read as

2 G [6 - G 32 .
jwk uv@ﬁ 5 ( € inlpUk>q) + o7 Cpali [_ = Vi Viyg

35 P4l 108

+ 5?57 Uit Unya + g5 189 (Ulpl\Ujk>ql + U\plljkz)Uql> ]

% [gUm%sz)m - tTgUm(kam
B %Umw%m + S;Z;Um<ij‘/k>m:| +0(c™®), (4.42a)
Jij — éu Vij = 096 {g?i)epq@ (Uj>meqm + Uj>qupm>
B ;LgUk(iVj% + z(l]iUk@"/j)k] +0(c®), (4.42b)
Tt = % uViju = _cgﬁ {31718%“ (Ulp\lUjkm + Ulp\szmq)

* 6% (U< Vi) + 2U<uVﬂ>> } +0(c), (4.42¢)

N 991 U Vijkis = —C—(i {20279€PQ<i [5v|p\ijls)q +4 <U‘p|jUkls>q + U\puklUs)qﬂ

58 . 2 . 16 .
+ [U<z‘ijzs> + 55U6i Vis) + 253 Ulije Vis)

1155 77 693
464 L
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For the quadrupole, the hard (non-linear) contribution is 2.5PN higher than the soft
(linear) contribution, while for ¢” > 3 the hard contribution is only 1.5PN with respect
to the soft one. In particular, our analysis confirms that the leading gravitational-wave
flux that generates the spin memory is at 2.5PN order with respect to the super-angular
momentum charge and arises for the £ = 3 STF harmonics as analyzed in [27].

These flux-balance laws remain to be compared with the PN/post-Minkowskian
formalism.

4.5 Super-centre-of-mass flux-balance law

The super-center-of-mass flux-balance law (3.15¢) can be expanded in radiative multipoles
using the relevant expressions in appendices B and C, along the same line of the previous
subsections. In this case, using eq. (4.3) we can write schematically both

Kicy = K]+ [Kiep| 4.43

Kr Kr soft + K hard ( )

. +1 . 1

ICKL// + UPKL// - |:]CKL" + UPKL/,:| . (4.44)
2 2 hard

The soft contribution reads as

f// + 1 @g//_2 (f” + 2)(5// + 1)2

K //i| = - [ ' ,,} = —— KU ", 4.45
|: KL soft 2 b PKL soft -1 4(26”4—1)” Us =L ( )

after using eq. (4.8a), the STF decomposition of ¥ in eq. (4.3) and the property that
A = —{(¢ + 1) when acting on a harmonic function of order ¢ and upon integration using
eq. (C.5).

The hard contribution to K K, involves the hard contribution to the supermomentum
which we already computed. Instead, we will simply compute

. o+ 1 2 AB 1),/
ICKL// + 2u7)KL//:| = —E %5’7 aB\I’ TA (C, C) (446)

hard
In order to expand it in radiative multipoles, we substitute the STF decomposition of ¥ and
we expand the quadratic operator Tjgl) (defined in eq. (3.14)) by using eq. (B.7). Finally,
we use the results of the appendix C to perform the integration over the 2-sphere. For the
+ sector of the hard contribution, we arrive at

€/I+1

Krpn + QUPKL”:| = Z Cé+£’+2 “e z' Iz

hard 0,0 =

. bobyr
X K, L, <UL2L3UL1L3 e

—VI,Ls Vi, L3> Sgr o (4.47)

where the discrete delta function 6 g constraints £q, 2,03 given by eq. (C.8). The
coefficient is given by the following expression

1
K4+ + + _
Fasirgn = M{(” = 2 (Mg =My ) = 2me,eu1,zu1} —(tel) (449

where mZe,’g,, and my s 4 are defined in eq. (C.24) in terms of mye ¢ in eq. (C.10). It is
easy to check that the coefficient reduces to the center-of-mass balance law for the special
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case ¢ =1 by noting (C.11). The — sector of the hard contribution turns out to be

41 B = G K.—
UPKL,,] = Z P be g g1 pr€ipgBqrLi Ly (4.49)

|:ICKL// +
hard 0,0/=2

X (UpL1L3VkL2L3 - UpL1L3W<;L2L3) Op—1,0r—1,0m—1

where 51’2,3 = €1,273(€ — l,f’ — 1,5” — 1) and

K)_ 1 o o) ~ ~
Mo pr g = T'K" {mefu'fz,e”fl —My—_10—10"—-1 — f(meﬂ,éuz,etl - méfl,é’fl,é”fl)

+ (6= 2y am g — (- 3)@,_;,2,@,*1,@”;2} — (e ). (450)

For ¢ =1 the last two terms in the second line vanish by definition of 7 ¢ ¢, while it is
easy to check using eq. (C.15) that the remaining terms in the first line add up to zero.
Thus, we recover the result that the flux-balance associated with Lorentz boosts does not
display any mixed term UV'; see eq. (4.15b) above.

Post-Newtonian analysis. Now we turn to the PN analysis of most leading super-
center of mass flux-balance laws. The analysis is computationally similar to the previous
case of super-angular momentum flux-balance law, so we omit the details here. We find
that the PN order of the flux of the superboost charge of rank ¢’ reads

I"-pole | leading PN order
1,3,5 3.5

2,4, 6 4

>7 | 0/2+1>45

The explicit expressions for the most leading balance laws, ordered by the PN order of
their fluxes up to 4PN order, read as

. 4 . G[|1 /. . _
Kijk + 5724 Uige = + 7 [63 (Um(ijUk>m - Um{inkz)mﬂ +0(c™?), (4.51a)
. 1 . G 2 . : -9
Kijhis + {gzoatt Uihts = = 5 [3465 (U(iijls> - U<iijls>>:| +0(c™), (4.51b)
. 3 . G 1 . 1 4. 3 .
Kij+ z u Ui = +08{ {—mUz‘janmﬁ 12 Crati <3Uj>pmV21m—2V}>qupmﬂ
— dot inverted} +0(c™?), (4.51c)
. 5 . G 1 . 1 4. 3.
Kijn + 155034 Uigkt = +Cs{ [330Um<z’ijl>m— 315 pali <3U|pjsz>q— 2Up|szk>q)]
— dot inverted} +0(c™). (4.51d)

These flux-balance laws remain to be compared with the PN/post-Minkowskian

formalism.1?

19Also note that the right-hand side of eqgs. (4.51a)—(4.51b) can be compared with eqs. (4.33a)-(4.33b)
of [28]. Up to a positive overall factor, our eq. (4.51a) and his eq. (4.33a) agree while there is a sign

mismatch between our eq. (4.51b) and eq. (4.33b). That sign mismatch is resolved by a correction in [28]
(Nichols, private communication).
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4.6 BMS flux-balance laws as constraints on source evolution

Let us consider the gravitational radiation emitted by a compact binary merger. It is
well-known, since the seminal papers by Peters and Mathews [93, 94], that at the lowest
PN order, the energy and angular momentum flux-balance laws can be used as evolution
equations to compute the secular change of the major axis and the eccentricity of compact
binary systems. More fundamentally, the energy and angular momentum flux-balance laws
inform upon the radiation-reaction force of the source which starts at 2.5PN order beyond
Keplerian motion [95-112].

The post-Newtonian/post-Minkowskian formalism (see e.g., [33, 63-65]) allows to re-
late the radiative multipoles to the source parameters {p;}, such as the binary masses,
relative distance, angular velocity, spins, finite size parameters, etc. The number of such
parameters can be infinite once one includes all the multipole structure of the sources,
e.g. neutron stars with specific internal dynamics. While this is beyond the scope of this
paper, one could find in principle the coordinate transformation between Bondi gauge and
de Donder gauge perturbatively in G, in order to find the map between, on the one hand,
the Bondi data m, N4 and Csp and, on the other hand, the canonical multipole moments
defined in de Donder gauge. As an illustration, by consistency between (4.32a) and eq. (88)
of [90], we can infer the expression of the Bondi quadrupole supermomentum in terms of
the canonical multipole moments, which involves retarded integrals,

73,._4_25\24).,_}_46:7]\4 Ood 1 2 _|_E }\44)( _ )
= T M T o T [P\ gy ) T M T T
2G [1 (5 5@ @ 2 3) (2 1 (4)
=6 |7 M Mye — = My Mg —= MraMjr +3 € Mjr S

2
+0 (i) +0 (g) . (4.52)
In turn, the canonical multipole moments can be expressed in terms of the source
multipole moments, which can be themselves expressed in terms of the source parameters
{pi} in a PN expansion. Therefore, such a map defines the functions m({p;}) and Na({p;}),
up to residual gauge choices (choice of supertranslation and Lorentz frame, choice of de
Donder frame and choice of source coordinates).
The BMS flux-balance laws (2.4a)-(2.4b)—(3.2) or, equivalently, egs. (3.15) can then
be rewritten as consistency constraints on the evolution of the source parameters in a fixed
residual gauge choice,

5 5% = Fulfor)), (4.530)
> S = Fains) (4.53b)

where the fluxes of m and N4 (including the soft/memory terms) are written as F;, and
F4 in terms of the source parameters in post-Newtonian/post-Minkowskian expansions.
These constraints are coupled non-linear integro-differential equations, which are equivalent
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to a subset of Einstein’s equations that have already been partially solved. Under the
assumption of no incoming radiation from past null infinity, these equations depend upon
retarded integrals. By construction, these equations only inform about the radiation-
reaction forces. In the small velocity approximation, retarded potentials can be expanded
in terms of Newtonian instantaneous expressions and at least at the lowest 2.5PN order,
the integro-differential equations can be rewritten as ordinary differential equations; see
a related discussion in [109]. At lowest 2.5PN order, the energy and angular momentum
flux balance laws lead to the Peters and Mathews differential equations [93, 94]. We saw
earlier that the octupole super-angular momentum flux-balance law (4.42a) also arises at
2.5PN order but it has not been used so far for constraining sources. At 4PN order, the
tails such as the one appearing in eq. (4.52) introduce a nonlocal-in-time dynamics of the
sources [45]. We leave the derivation of the explicit form of eqs. (4.53) for generic BMS
flux-balance laws for future work.

5 Global conservation laws for binary mergers

The BMS flux-balance laws describe the evolution of the Bondi mass and angular mo-
mentum aspects in any spherical direction and at any retarded time. For gravitational
systems evolving from a non-radiative state at early retarded time to a non-radiative state
at late retarded time, the BMS flux-balance laws can be integrated to relate the differ-
ence between initial and final BMS charges to the total gravitational and electromagnetic
radiation [3-5, 24, 26, 29, 31]. We will summarize these global constraints for each of
the BMS flux-balance laws and derive in particular the initial and final BMS charges for
binary black hole mergers. The specification of both the initial and final BMS charges re-
quires a choice of supertranslation and Lorentz frame, i.e. a fixation of the BMS asymptotic
symmetry group.

5.1 Conservation of Poincaré charges and proper BMS memories

Qualitatively, we need to distinguish the Poincaré conservation laws and the proper BMS
conservation laws. The Poincaré conservation laws are the global conservation of energy-
momentum, angular momentum and center-of-mass. These conservation laws allow, given
the data of an initial binary system and given the data of the fluxes of radiation, to deduce
the final energy, the final momentum (also called the velocity kick), the final angular
momentum and the final center-of-mass (also called the center-of-mass shift). These ten
global conservation laws take the form

Qluy — Qlu, = Fluxes (5.1)

where u; and ug are the initial and final non-radiative final states, the charges @ are the ten
Poincaré charges (3.1a)—(3.1b)—(3.1c) (with 7', ®, ¥ a combination of £ = 0,1 harmonics)
and the fluxes are detailed in eqgs. (4.12a)—(4.12b)—(4.15a)—(4.15b). We will derive explicit
expressions for the Poincare charges of an initial infinitely-separated black hole binary and
of a final black hole, i.e. the left-hand side of (5.1). This is a nontrivial task since the
Poincaré charges depend upon the choice of supertranslation and Lorentz frames.
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The (infinite set of) proper BMS global conservation laws have the qualitatively dis-
tinct form

Qlus — Qlu;, — Fluxes = Memory (5.2)

where u; and wo are the initial and final non-radiative final states, the charges ) are
the proper BMS charges (3.1a)—(3.1b)—(3.1c), whose fluxes are all terms in eqgs. (3.15a)—
(3.15b)—(3.15¢) either proportional to the matter stress-tensor or quadratic in the news
Cup or shear Cyp and the memory term are all terms in egs. (3.15a)(3.15b)(3.15c¢)
linear in the news or shear. More precisely, we define the displacement memory Mp, the
spin memory M [27, 58, 60] and the center-of-mass memory My [28] as

ug 3
__< +__¢ +]u=u2
Mp = 4GA(A+2) /u1 du 9,C 4GA(A+2) [CH ] (5.3a)
u2
Mg = ——AQ(A + 2)/ du u0,C™, (5.3b)
8G w
MK—+8GA2A+2 / du u0,C™. (5.3¢)

The transformation law of C™ under supertranslations and Lorentz transformations can
be found in eq. (3.22) of [20], 7,y CT = T+YADACt —3CTDAY#, while C~ is invariant
under supertranslations. By construction, the memories are supertranslation-invariant
observables since such transformations equally shift the initial and final C". The operators
A(A+2) and A%(A+2) admit as a kernel the lowest 4 spherical harmonics. These operators
discard the arbitrary lowest 4 harmonics of C* that do not appear in the metric. For all
higher harmonics these operators are invertible.

The left-hand side of eq. (5.2) is therefore uniquely determined by the physical pa-
rameters of the initial binary system and the final stationary state. However, the charge
difference Q|y, — Q|v, and the fluxes also individually dependent upon the choice of super-
translation and Lorentz frames. The transformation laws of the charges and fluxes can be
found, e.g., in [10, 18, 28, 113]. The proper BMS global conservation laws can therefore be
used to provide the values of the memory fields as a function of the proper BMS charges
of the initial and final states in a given supertranslation and Lorentz frame, and as a func-
tion of the radiation fluxes in the same frame. We will provide in the following the initial
and final BMS charges for binary black hole mergers in an arbitrary supertranslation and
Lorentz frame.

5.2 The final boosted and supertranslated Kerr metric

The final state of collapse in General Relativity is described by the Kerr metric, up to a
diffeomorphism. In Bondi gauge, the residual diffeomorphisms form the extended BMS
group and are associated with nontrivial surface charges, as we reviewed in section 2.2.
While all supertranslations preserve asymptotic flatness, only the Lorentz subgroup of the
super-Lorentz group preserve asymptotic flatness. In this paper, we will only consider
physical processes that preserve asymptotic flatness and we therefore discard “cosmic”
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transitions that induce super-Lorentz transformations [19, 20]. The question that we need
to answer is: what is the value of the Bondi mass aspect m and angular momentum
aspect N4 for the Kerr metric in Bondi gauge in an arbitrary supertranslation frame and
Lorentz frame?

It is well known that the Bondi mass aspect m, whose definition is universally accepted,
is invariant under supertranslations and rotations. In any given boosted frame determined
by the velocity 7, it is given by [1]

1
Mrest YO) = e, A =1 (5.4)

7 3 1)2’
C C

where 77 = (sin 6 cos ¢, sin 0 sin ¢, cos 0) is the unit vector and myes is the rest mass of the

m =

system. We will rederive this expression in appendix A. The zeroth moment of the Bondi
mass aspect is the energy.!! The boosted energy fs m = YMyest agrees with the standard
special relativistic expression. The dipole moment is the momentum and the expression
again agrees with the relativistic expression, 555 mn; = YMyestV;. LThe higher moments
(i.e., the supermomenta) are specific to General Relativity. For instance, the quadrupole

reads as
1 362 M yest v 741) 5 v2 viv; 1
dMmypest ((VVf v? _5
_ dm <@_%ﬁj+mcy (5.5)

The angular momentum aspect N4 in such an arbitrary frame has not yet been derived
in closed form, though it is implicit in the literature (see in particular [18, 34]). The angular
momentum aspect N4 can be identified directly from the 1/7 term of g, 4 in the Bondi met-
ric expansion (2.2). This is the quantity that we need to compute. This quantity depends
upon the supertranslation frame, the Kerr energy Mc? and angular momentum J = Mac
(where a has dimension of length), the angles 6, ¢ and the Lorentz boost parameter .

In an arbitrary supertranslation frame at rest, the Bondi shear is given in terms of the
supertranslation field C'(6, ¢) as [1, 25]

Cap = —2DADpC + ~vap AC. (5.6)

In other words, in the decomposition (3.10), Ct = C(6,¢) while C~ = 0 (it cannot be
generated by a diffeomorphism). A related statement is that, out of the two polarizations of
the graviton, only one combination of the polarizations exists in the soft limit [26]. For the
Schwarzschild black hole equipped with the supertranslation field and at rest, the angular
momentum aspect N4 is [4, 6]

Ny =3McosC. (5.7)

For the Kerr black hole, we have Ny = —3Ma csin? #04¢ and the total angular momen-
tum associated with —0y is indeed J = Mac. For a Kerr black hole equipped with the

"' Remember that the Bondi “mass” m has dimension of energy.
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supertranslation field and at rest, the angular momentum aspect is [3] (see their eq. (3.17)),
Ny =3McdsC — 3Macsin® 004¢. (5.8)

We now need to consider a finite boost of velocity v;. As shown in [20], the Bondi shear is
now given by

C
Cap = (u + c> N5 —2DADpC + yap AC (5.9)

where N} = [%DAQDDBQD — D4Dp®]"F. Here TF denotes the trace-free part and
® = —n;v;. The final result for Ny, obtained after a quite long computation outlined
in appendix A, reads as

3J

c2~2 (1 _Y ﬁ)
c

Here, the Bondi mass aspect m is defined in eq. (5.4), where my.s; = Mc? is the energy of

_ 2
Ny = 29,0+ 0 [m <u n f)] -  sin? 004 (5.10)

Kerr at rest and J is the angular momentum at rest or intrinsic spin. The angles in the
Lorentz-transformed frame are denoted as (6, ¢); see eq. (A.10). The Kerr metric in an
arbitrary Lorentz and supertranslation frame labelled by ' and C(, ¢), and an arbitrary
rotation is finally given by eq. (2.2) with m, N4 and Cap defined as in eqgs. (5.4), (5.10)
and (5.9). Note that the final expression does not contain terms quadratic in the shear.
This property is not obeyed by alternative definitions of Bondi angular momentum aspect,
including eq. (3.2), which differ by quadratic terms in the shear Cyp. Explicitly,

3Jsin20'04¢'  3mosC  COam o BC
Ny=— = 2+ p -+ p _@CABDCC —@aA(CBCC )
c2v2 (1— . ﬁ)
c
(5.11)

In the last stage of this work, we noticed [32] where a related expression is derived in
another formalism, which remains to be compared with eq. (5.11).

Let us comment on some physics that can be deduced from the expression (5.10).
First remember that under a supertranslation 7'(6, ¢), the supertranslation field changes
as C'— C + T while for non-radiative configurations the Bondi angular momentum aspect

changes as
_ _ m T
Npoar— Ng+3—DpT + —0am, (5.12)
c c

as can be deduced from eq. (5.10) or, e.g., eq. (2.24) of [20]. The first £ = 0,1 harmonics
of C' do not contribute to the shear C'4p and can be interpreted as reference spacetime
position X*; see eq. (4.8). The ¢ > 2 multipoles are specific to General Relativity. The
expression (5.10) suggests to define the intrinsic angular momentum aspect as

intrinsic) ; - 2m C
N (X) ENA—TaAC‘Z22_aA [m (u+‘(iz2)} (5.13)
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and the intrinsic angular momentum and center-of-mass as

Jimtrinsic) — 7{ %GABchbNS“m“iC), (5.14a)
S
(intrinsic) __ 1 AB (intrinsic)
Gy = 57 OBYN , . (5.14b)
S
For the Kerr black hole,
X0 3J

Ssin®004¢'.  (5.15)

Nj(qintrinsic) _ 3EDA(XZ7”LZ) + =9 m — —
c Cc
0272 <1 _v . ﬁ)
C

The intrinsic angular momentum is free from supertranslation ambiguities for non-
radiative configurations and it only transforms under the Poincaré group. In particular
the global angular momentum 7, is equal to J where n, = 0y. The intrinsic angular
momentum aspect is defined as a non-local functional of the metric fields in Bondi gauge,
since C'is non-local. It provides an explicit expression of the supertranslation-free definition
of angular momentum obtained from other methods in [86]. It would be interesting to
generalize our definition for radiating configurations.

5.3 The initial binary system of Kerr black holes

We consider as initial system at ©« — —oo two Kerr black holes of respective rest mass,
rest spin, position and velocity with respect to the frame given by (ml,jl,x_i,v_i) and
(ma, fg,:ﬁ'g,@). At u — —oo, we take a spatial distance L = |25 — 21| — oo. Since the
binding energy decreases as O(1/L), the total Bondi mass aspect of the system is given by
the sum of the two individual Bondi mass aspects. Using eq. (5.4), we have

mi ma

o7 e T \°
'ﬁ’(l— > 75’(1— >
C C

where v; = v(v;). We will fix the initial supertranslation frame by setting C' = C|init (6, ¢)

(5.16)

m\init =

arbitrary and we define CAB‘init = —2DADBC'}init + ’yABAC‘init. As a consistency check,
we can compare the expression for the Bondi supermomentum quadrupole P;;, as obtained
from eq. (5.16), which is the sum of two terms of the form (5.5), and the expression (4.52)

. (2) ma 1
evaluated at u — —oo. After using M;;= 2—5v;v
c

1
]
lowest PN order.

We now note that the angular momentum aspect N4 as defined in eq. (2.2) leads to

mo .
+ 2—21)1-22}]2-, the expressions match at
c

an expression for a single black hole (5.10) which contains two parts: a quadratic part of
the form m C and a part linear in m or J. By linearity, the binary system will have the
part of the angular momentum aspect linear in m or J given by the linear sum of the
two individual bodies up to O(L™!) corrections that vanish in the limit u — —oo. The
quadratic part in m C will be given by the total Bondi mass and supertranslation frame,
consistently with the transformation law (5.12). Therefore, the total angular momentum
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aspect for the initial binary is

S 2m|ini Clini
Nal, ., = m| 04C |init + 04 | mimic (u+ Clinit
init c C
3J1 sin? 01041 3J5 sin? 020409

B _ (5.17)

- 2 - 2
(1) (1 _u ﬁ) 2(72)? <1 _b ﬁ)
C (&

where the angles 01 2, ¢1 2 are obtained from (6, ¢) by a rotation and boost (A.10) adjusted
to each intrinsic spin direction jLQ and velocity v; 2. The spin magnitudes are denoted as

Ji =1/ jl . fl, Jo =/ jQ . fg The initial Bondi angular momentum aspect (3.2) is finally
given by

3 3
Nalinit = Na| iCABDCCBC| S (CpcCPO) |, .. (5.18)

— ud T L
u Amlmlt 4G nit 16G

init init”

6 Conclusion

We obtained a simplified form for all BMS (supermomentum, super-angular momentum
and super-center-of-mass) flux-balance laws that are obtained from Einstein’s constraint
equations. While the asymptotic symmetry group of standard asymptotically flat space-
times is the BMS group, consisting of Lorentz transformations and supertranslations, the
BMS flux-balance laws are associated with the extended BMS group, consisting of both the
asymptotic symmetries and the outer symmetries, i.e., the superrotations and superboosts.
We derived the global constraints on black hole binary mergers that result from these flux-
balance laws by providing the initial and final BMS charges in an arbitrary Lorentz and
supertranslation frame. These global constraints can be used by numerical relativists or
gravitational wave data analysts as tools to determine the Poincaré charge balance as well as
the total displacement, spin and center-of-mass memories. We also derived the explicit and
exact expansion of all BMS flux-balance laws in terms of the two sets of radiative STF mul-
tipoles, which provides consistency constraints on the post-Newtonian/post-Minkowskian
formalism and on the radiation-reaction forces of compact binaries.

Partial radiation gauges are often used to infer the shear resulting from compact binary
sources and thereby obtaining the gravitational waveforms. Bondi gauge (or alternatively
Newman-Unti gauge) further allows to infer the Bondi mass and Bondi angular momentum
aspects which obey evolution laws. In this paper, we fully exploited these evolution laws to
derive the exact form of the Poincaré flux-balance laws in the radiation zone, independently
of the properties of the sources, and independently of the formalism used to study them.
Furthermore, we treated comprehensively both the Poincaré flux-balance laws and the
proper BMS flux-balance laws. We noted in particular that the octupole super-angular
momentum flux-balance law arises at the same 2.5PN order as the energy and angular
momentum flux-balance laws.

We discussed a two-parameter family of covariant prescriptions for the BMS charges
and, in particular, a one-parameter family of covariant prescriptions for the angular mo-
mentum, which all lead to vanishing BMS fluxes for non-radiative configurations. We
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obtained that the prescriptions used in [9, 10, 20, 30, 33-36] all agree. We showed that it
is the unique prescription within our class that leads to an angular momentum flux that
does not admit quadratic terms involving both the parity-odd and parity-even radiative
moments. The prescription used in [5, 58] instead provides the unique prescription such
that the transformation rule of the BMS charges under supertranslations does not involve
the shear for non-radiative configurations. We showed that the prescription used to de-
fine the center-of-mass in [69] is not covariant with respect to the metric on the celestial
sphere, which implies that this prescribed center-of-mass does not transform covariantly
under Lorentz asymptotic symmetries. Instead, we proposed a two-parameter prescription
for covariantly defining the center-of-mass, which leads to a new expression for the flux of
the center-of-mass to all orders in the radiative multipole expansion. Furthermore, we pro-
posed the supertranslation-invariant definition of Lorentz charges — the intrinsic Lorentz
charges — for non-radiative configurations, which provides an explicit realization of the
dressing procedure described in [86] (see also [87, 88]).

Let us conclude with some future directions. Favata [50] and Nichols [27, 28] derived the
BMS flux-balance laws using a spherical harmonic basis while we used a basis of symmetric
tracefree tensors. The complete comparison of our respective expressions remains to be
performed, though for the center-of-mass fluxes they were demonstrated to exactly match.
We derived the explicit expressions for the BMS charges for the initial and final states
u — Foo of black hole mergers in terms of Bondi quantities. A comparison with the
geometric expressions derived in [32] remains to be performed. We derived the BMS flux-
balance laws in terms of radiative multipole moments. The perturbative dictionary between
de Donder gauge and Bondi gauge is required in order to rewrite these radiative multipoles
in terms of canonical multipoles. The post-Newtonian/post-Minkowskian formalism or,
alternatively, the effective field theory approach could then be used to express the canonical
multipoles in terms of source parameters and rewrite the BMS flux-balance laws as integro-
differential constraints on source parameters. This would allow to fully exploit the infinite-
dimensional BMS group to constrain the dynamics of binary systems.

The consequences of the global super-Lorentz flux balance laws and their related spin
and center-of-mass memory effects remain to be exploited for numerical simulations of
compact binary mergers (see the latest SXS catalog [114] which can be analysed using
tools defined in Bondi gauge [115]). The Poincaré flux-balance laws allow to deduce the
final recoil and angular momentum [116] or allow to establish the balance of the center-of-
mass [117]. The detectability of displacement, spin and center-of-mass memory effects has
been partly analyzed but certainly deserves more attention, in particular for space-based
gravitational wave observatories. Finally, while there are only three types of memory effects
that are relevant for the BMS flux-balance laws, many more persistent gravitational wave
observables exist and remain to be classified and analysed for detectability [59, 118].
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A Construction of boosted supertranslated Kerr

We will explain here how to arrive to eq. (5.10). We proceed in three steps. First, we first
set the Kerr metric in Bondi gauge up to high enough order in the radial expansion:
gs? — < 2m ma®(1 + 3 cos 26)) N m?2a?sin? 0 N O(rﬁ)) du?

14
+ r 2r3 rd

2 o3 92
—2 (14 0()) dudr + <W + O(r_6)> dudf

2 2 3 2
B (4masm 0 L e (17 4 23 cos 20) sin” 0 +O(r_5)> duddd

r 274
2 q; 29 2.3 0 si 39
+ (r2 _me ey O(r4)> 6% + <18m AL O(r4)) d0d
T r
.9, o  ma’sin*f 4 9
+ ( sin“ 07" + — +O(r %) | do”. (A.1)

One can convert spherical coordinates (6, ¢) to stereographic coordinates (z, z) using ¢ =

2V zZ
1+z22°

Second, we acted on this metric with a Lorentz transformation combined with a su-

i Z oainf —
5log %, sinf =

pertranslation while remaining in Bondi gauge. In order to describe the Lorentz transfor-
mation, we denote as n;, 1 = 1, 2,3, the unit Cartesian vector normal to the sphere,

sin 6 cos ¢ 1 z+Zz
n; = | sinfsing | = = i(z— z2) (A.2)
cos 6 zz—1

and v; an arbitrary boost vector

(. v Zs + Zg
- — (5. _ . A3
v; Uy e Z(ZS, Zs) (A.3)
Uy ZsZs — 1
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In asymptotically flat spacetimes, a Lorentz transformation acts at leading order in
the radial expansion as in Minkowski spacetime. Under a proper Lorentz transformation,
the unit normal to the sphere transforms as

—

n; + <—’y+07y—}117-n

I

The action on the stereographic coordinates is exactly a SL(2,C) transformation,

) ‘ + 0@ h. (A.4)

/

ol

,_az—l—b —1y — -1 b —
2= 2 = cz+cil+0(r )=G(z)+0(r ), ad —bc=1, (A.5)
o7 =T e =G +or (A.6)
cz+d

where ~ denotes the complex conjugate. Explicitly,

D) -T2 - 1)

V27 = 1(1 + 25%s) ’ (A7)
g Y(E 1)+ 1+ 22 (=1 + (¢ +1)). (A.9)

V27 = T(1 + 25%)

More generally, a rotation and boost is isomorphic to an arbitrary SL(2,C) transforma-
tion (A.5). The resulting angles on the sphere (#',¢’) are defined as

Gz L, 2/GRIGE) A10)

S1n

G(2)’ 1+G(2)G(2)

Note the important relationship valid for an arbitrary SL(2,C) transformation (rotations

¢ = %bg

do not contribute):

1+GG ( 7 ﬂ>
—=~v(1——--7|. A1l
(1+22)V/0.GO:G c ( )

The leading order Lorentz transformation combined with a supertranslation can then be
extended to a 4-dimensional diffeomorphism defined in the radial expansion that enforce
Bondi gauge. The subleading components of the diffeomorphism are obtained by solving
algebraic constraints that are equivalent to enforcing Bondi gauge. The computation is
long but straightforward.

As a third and final step, we finally read off the resulting Bondi mass and angular
momentum aspects and simplify using eq. (A.11). The final result is exactly eq. (5.4) and
eq. (5.10).

B Multipole decomposition of the BMS fluxes

To compute the right-hand side of eq. (3.15), one can use two strategies. The first approach
is to rewrite the integrands by expanding the shear tensor Cyp according to eq. (3.10) in
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terms of the two polarizations C*. Using the identities on the unit sphere of metric y4p,
[Da, Dp]VE = R, ,gVP, Rapcp = vacvBD —vADYBC and eape®P = 6965 — 056F, we
find

iCABC'AB = <DADBC+DADBC+ - ;Acmcﬁ) —2D4DpCreADPDCC
+ (DADBC—DADBC— - ;AC_AC_). (B.1)

Note that the terms quadratic in either C~ or Ot follow the same pattern. The super-
angular momentum and super-center-of-mass flux-balance laws (3.15b) and (3.15¢) can be
expanded similarly. We can then embed the sphere into R? and expand the two functions
C¥ in terms of radiative multipoles according to eq. (4.8).

The second equivalent approach is to embed the sphere into R? from the beginning
and to perform the multipolar expansion of the shear tensor (4.5) in terms of the radiative
multipole moments (4.6). Both computations are straightforward but lengthy. To write
down the result, it is convenient to first define the following three scalar quadratic operators

Q" (AL,Br) =Np_oNp—2Aijr—2Bijr—o — 2N 1Np 1A _1Bip 4

1
+ 5]\[[/]\7L/44[JBL/7 (B2a)
Q (AL, Bp) =€pni (Np—oNp—9Aji 2By o — No-1Np—1A;1Brr—1), (B.2b)
. 1
Q (AL, BL’) = NL—INL’—IAiL—lBiL’—l — §A7\[L]\/YL/14LBL/7 (BQC)

the two vector quadratic operators

Qf (AL, Br/) = Np_oNp_3 Ajjr—2 Bijrr—3 — 2N_1Np—o A1 Bigr—2

+ %NLNL/,l AL B i, (B.3a)
QZ(AL; Bp/) = N oNp 1 Agin—2Bi -1 — N1 Np A 1By

v %NLNL/_lALBkL/_l, (B.3b)

and the two tensor quadratic operators

Qk(AL, Bry) = NLoNp 3 Ainp—2Bjkmi—3 — No-1Np 2 Air-1Bjrrr—2,  (B.4da)
Qiji(AL, Br) = €ipgnpNL 2N -1 Ajgr—2Bpr—1. (B.4b)
They obey the following properties
~+ A+ i~
nsz_ = Q+7 nka = Q s TLZQijk =0. (B5)

The quadratic expression appearing in the hard contribution to the supermomentum
flux-balance equation reads as

s . bob . 2y
CiC; = 3 awap <Q+(UL,UL,)+i;Q+(VL,VL,)+CfQ (UL,VL/)>. (B.6)
L0 =2
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The first quadratic operator can then be written as

CijOnCij = Py Z agap <Ql U, Uy )+@Ql VL, Vi)
0=
+ QMW Vi) + W, VL/>> (B.7)
where
. ”(UL, Up) = (¢ = 2)Qi (Ur, Up) — 205 (U1, Up), (B.8a)
QP (UL, Vi) = €ipg | Qo (UL, Vi )iim —n, Qi (UL, VL/)ni”j]
+ (6/ - 2)€pijanz‘jk(ULa Vi) - Qi_ki(UL’ Vi), (B.8b)
QL (UL, Vi) = expgny Qi (U, Vi nin,
— (- 2)epijan;;k(VL/, Up) + Qy, (Vi Up). (B.8c)
The second quadratic operator reads as
Ci;0iCjy, = Z agap Py (Ql (ULaUL’) b[l;[, (2 1)(VL7VL’)
0=
+ QP Vi) + L QP W, VL/)> (B.9)
where
QYU UL) = (¢ - 2)Qf 0. U) + 5 Q0 (0. U), (B.10)

. 1 . 1 1 .
Q;(f’z)(UL, Vi) = §ijj(VL/, Ur) - §Qiki(UL7 Vi) — §€kqupqi(UL7 Vi )n,

02 : v —2 ~
———erpgpQq (UL, Vir) + ——6ijnp Q) (U, Vi), (B.11)

2 2
ey, Vi) = L2 (UL, (-2 + (VU
Qk ( L, L/):— 4 EkpanQiqj( L L/)ninj—( — )Epijanijk( L’ L)
(-2 .
—— Qui(V, UL). (B.12)

Note that Q;(Ur, Vi )ning = Qf; (Vi Ur)nin;.

The right-hand sides of eq. (3.15) are combinations of these expressions smeared with
BMS symmetry parameters. To perform the integrals of these quantities over the unit
sphere, we will use the integrals introduced in appendix C.

C Integration of tensors on the sphere
We consider the integral

I = }éNL (C.1)

over the unit sphere S, which is fundamental in order to integrate combinations of sym-
metric trace-free (STF) tensors on the sphere. It can be most easily computed using the
generating function §g e~ = S1E We deduce

0 sin k
I F -
Ip = Jig i (ak>L< K ) (©2)
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where (8%) . = akiléifakie’ Some algebra and combinatorics then gives I, = 0 for odd

¢ =|L|, while for even ¢ (see eq. (2.4) of [33])

1
f;NL = m 6(i1i25’i3i4 U 51(,17:4) (03)
1
= m(5i1i25,~3i4 -++8;, i, + all ordered permutations), (C4)
where an ordered permutation {1,---,¢} — {o1,---,00} is defined as o1 = 1, 09 €

{2,...4}, o3 smallest integer # {1,092}, o4 € {2,...0}\{o2,03}, 05 smallest integer
# {1,02,03,04}, etc. As an example, ¢ Nijmn = 1—15(5ij6mn + 8im0jn + Gindjm). Using
this fundamental equality, we obtain the following useful formulae. For any given pair of
STF tensors Ay, B/, we have

14
L L}é LNL ey ALBp, my 20+ 1)1 ¢ (C.5)
The formula (C.5) was given in [33]. We also have
Air 1B 1 j[ Np 1Ny =0ppme1ALBL. (C.6)
S

Here, we introduced the discrete step function ©, defined as 1 if £ > 0 and 0 if £ < 0. It
implements the requirement that the right-hand side of eq. (C.5) is defined only for ¢ > 0
and that of eq. (C.6) is defined only for ¢ > 1.

For any given triplet of STF tensors Ay, By and Cp», we have

ALBL/CL// f NLNL/NL// = 5578/76//’,”@,@/72”14-[/2[13BL1L3CL1L2‘ (C.7)
S

Here, the STF indices are split as L = LoLs, L' = L1 L3, L” = L; Ly where L 2 3 are chains
of indices with the following ranks

—€—|—f,—|—€” €—€,+€,/ £+€/_£//
h=— fo= ———— l3= ———. C.8
1 5 ; 2 5 ) 3 5 (C.8)
The symbol dg ¢ ¢ is to ensure that these are integers, i.e., it is defined as
1, l,05,03 € 7
Op0r g1 = ‘ (C.9)
0, otherwise
The integral then amounts to the normalization factor
00nem
Mo g = 10¢,0¢,0¢, (C.10)

T 0 (O O 0 4 1)

where (1, {5, (3 are functions of ¢,¢ (", as defined in eq. (C.8). The normalization factor
is totally symmetric in its three indices. The step functions O, ensure that ¢, {5, ¢35 are
non-negative.'? This formula was derived in a related form in eq. (C2) of [119]. A closely

20ne could include these positivity conditions in the definition (C.9), but we need this separation for a
nice presentation of our results in section 4.
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related quantity Cy(0,¢',m’,0,¢”, m") appears in [27], itself based on eq. (2.20) of [120]; see
also [50]. Note that

O, om0 = O prmy, (C.11a)
e e 1 = Myl 1+ Mpdpr gy (C.11Db)

Another closely related type of integral that appears for parity odd expressions is the
following

€ijk / NN N Ap 1B Crpr =0 00 o0 My o o €35k AiLoLs Bijrins Cerin,  (C.12)

where &g ¢ v determines ¢y, fo, ¢3 according to eq. (C.8). The combinatoric function m is
defined as

A +1
m£7£/’gll = mm&gl’gn . (013)

The underlined argument determines the numerator of the coefficient on the right-hand
side. Note that due to the presence of ¢;; in eq. (C.12), n; can only contract with Nz
and thereby leads to eq. (C.13). The following relation exists between m and m

mf,f’,f" = ﬁl£7€l7£// + ’I’/T\L&g,gu —+ T?’Lg7g/7ﬁ. (014)
One can also check that
~ ~ my
My_1,00—1,0 Oper = My Gppr, Me_1,0-1,0 Or0r = VA Sor. (C.15)
Setting ¢” =1 and C; =1 in (C.7), we obtain

ArByp jé NLNpm; = my10041,0 ApBip + mp 100041 Ai Bl (C.16)
s

Using eq. (C.5) and eq. (C.16), the integrals over the sphere of the zeroth and first moment
of the two scalar quadratic patterns Q* and Q™ defined in eq. (B.2) are given by

?{ Q" (AL, Br) = dom; AL Br, (C.17a)

s
f @ (4B -0 (C.17h)

s
inJr(AL, Byri)n; = 0p pramf ALBir + 0 pp1my, A B, (C.17c)

_ my— m
fSQ (AL, Br)n; = 0gp (€ f i - ;) €ijkAjL-1Brr—1 (C.17d)
where we defined
mf = mes— 2me + im (C.18)
¢ =Mp2 -1+ 5me. .
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Using eq. (C.16), we also obtain the integrals required to compute the angular momentum
flux-balance law

7{ eikmnmQy (UL, Upy) = —7{ ekmMmQy (U, Ur) = 8o myf €55 Ujr—1Ugr—1, (C.19a)
s s

/\+ . /\J,- .
fgﬁikmank (UL, Up) = _jieikmank (Ur,Ur)

3 )
= —0pp (me1 - Qme) €ijk Ujn—1Ukr—1 (C.19b)
where it is useful to note
3 (-1
my_1 — gmg = mmz . (020)

We also obtain the integrals required to compute the centre-of-mass flux-balance law
jliPikQZ(Ub Up) =10 (mf —mf ) ULUiL — Sppamf Ui 1Up 1, (C.21a)
%gpikQ;(ULa Up)= —%5e+1,z' (me — mes1)ULUsz + Sppsymf Ui, 1Up—1.  (C.21b)
For ¢ > 2, the delta function and measure are explicitly given by

Op0r 2y 02 = My pr 42 + mmé+15e,ef + Mg, (C.22a)
30— 1) 30— 1)

0,0 3meer 3 = Mybp i3 + ﬁmuﬁwﬂ + Wmf’—&-léé-i—l,é’ + mp g3,

o o1
15 ) [

Sor oo = > Mg o pspr—okOu_g+ Y My O g —2kO_. (C.22b)
k=0 k=0
Though the factor of ©p_j (respectively ©,_j) is redundant with the term mug e o
Se,0 40 —2 (TeSp. My g ¢r0p o4ev—2k), Wwe want to emphasize that the term is vanishing if
0" < k (resp. ¢ < k) as a result of the constraint £3 > 0. This expression will be used within
a double sum ZZ}/:Q in the main text. The presence of this discrete theta function will
reduce the range of the final sum Y 77, (resp. > 27%5) t0 D20 o (resp. D202 o p)-
The supermomentum flux-balance law requires the following integrals of Q* (B.2):

f Q+(AL, BL')NL“CL” = 65,5/75”7”2:@’,Z”AL2L3BL1L3CLlLQ’ (C23a)
S

y{ Q (AL, Br)NpiCrir =61 0—1,0—1 (Mu—ap—2p1—1 — My—1,0-1,07—1)
5 — —

X €ijk AjLsLy BrrL;CiLy Ly (C.23Db)
where we find it useful to define
1
ng,’g,, =My p—20 — 2mg,1’g/,17£// —+ §mg7e/’g//’ (C24a)
_ 3
My g1 g = MU—1,0/—1,0" — YRGS (C.24b)

From these results, one can recover eqs. (C.17a)—(C.17b)—(C.17¢)—(C.17d) for ¢’ =0, 1.
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The superboosts and superrotations flux-balance laws require the following integrals:

% Qz(AL, BL/)NL//CL// = 55,@’—l,f”mZE/fl,Z”ALZLBBkLlLBCLlLQ’ (0253)
S

~t
7{ Qi (AL, Br)NpiCrv = 0p—107 | (mu—se—1,00 — me—1,007) AkLy1sBr,1,CL, L
s

+ %mé,é’—l,f”ALngBkLngCLng . (C.25b)

In parallel with eq. (C.24a), we also define m* through the function m
M g gr = T, — 21,0 1,07 + %m@w,eﬂ, (C.26)
Mg g g = Mg—1,00—1,07 — %ﬁtw,eﬂ- (C.27)

D Relating STF tensors to spherical harmonics

We denote as o™ as defined in [90] or Y™ as defined in [33] the STF tensors that relate
the standard orthonormal basis of spherical harmonics'® Y™ to the set of STF tensors
N =Ny, ... N

i

y (where brackets indicate the STF projection)

L ¢
NL(B,¢) = D af"Y'™(0,¢) =4mme Y Vi™Y™(0, ), (D.1)
m=—/ m=—/

. 1 N
Yﬁm — ZmN _ *ZmN ) D.2
(07¢) yL L(97¢) 47ngaL L(07¢)) ( )
We have a}"™ = (=1)™a’™™. Orthonormality of the spherical harmonics and eq. (C.5)

gives

™ = Axmy Sy (D.3)

We define the three vectors transforming under the representation 3 of SO(3)

O =e, £t (ex * iey). (D.4)

1
We denote as (¢"¢'m”m'|[fm) the Clebsch-Gordan coefficients branching the irreducible
representations (20 + 1) ® (20" + 1) — (2¢+ 1). We have (see (2.26b) of [33])

1 +1
pemy = \/ 10 pmll+1 f D.5
yL yzL 47ng+1 20 + 3< K m‘ +1m+ ”)51 ( )

for © = 41,0 and 0 otherwise with

(100 me+1m)= \/(f _(lef))((;;ffﬁ D) (D.6a)
(10 +1mll+1mEl)= \/“ iﬁﬂ;gfﬁ; 2) (D.6b)

3They are normalized as § Yo Y5, = (47)"'. They do include the (—1)" Condon-Shortley phase

(e.g. Y = —(/Ze"sin6) which matches with Arfken [121], Thorne [33] and Wolfram Mathematica’s
SphericalHarmonicY.
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The triple integral of spherical harmonics is

%Y£1m1Y£2m2Ye3m3 _ \/251 +1200+1203+1 [ ¥4 by U3 b by A3 (D.7)
47 4 4 000 mi1 mo M3

where (,fbll Tf% ,ﬁfg) is the Wigner 3j-symbol. It is the equivalent for spherical harmonics of

the triple integral of STF tensors (C.7).
The radiative mass and current moments in the spherical harmonic basis U™, V™
are related to the STF moments Uyr, V1, as [90]

4 e+ 1)(e+2)

Im Im —
v e U =\ 22— (D-8a)
V@m = —byAy algn Vi, (D8b)
or, conversely, U; = (Ag)*lyfmem, Vi, = —(Agbg)*ly{mvfm. In the spin weighted
decomposition with the conventions of [90],
hy —ihy = > ™ LY ——— A )
+ X —21L¢m, \/§C£+27’ c . .

lm

The relationship with the Bondi shear is given by [27] (since h in [27] is minus A in [90])
1
hy —ihy = —;CABmAmB +0(r™?) (D.10)

where mA94 = 8y — icsc 00y .
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