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In this paper, we generalize some of the results already presented in [33, 35],
where supermechanics (that is, variational problems defined for supercurves
o:RUT — R x (M, A) with (M, A) a supermanifold and R!!! the parameter super-
space), is considered from the viewpoint of Poincaré—Cartan theory. Now, we intend
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to deal with superfield theory; that is, with first order variational problems defined
for superfields o : (M, A) — (N, B) (here (M, A), (N, B) are supermanifolds).

The basic object in our study is the Poincaré—Cartan form, for which we present
an intrinsic construction in the context of Berezinian variational problems (intrinsic
up to a volume form on the base manifold, as we will see).

Let us recall that there are two kind of integration theories defined on super-
manifolds: the one associated to the Berezin integral and the other associated to
what is called the graded integral. The first one is more suitable to state physical
problems in the supermanifold setting, but it lacks from an associated theory of
Berezinian superdifferential forms. So, it is not possible to work directly with a
Poincaré—Cartan form and to develop a Hamilton—Cartan formalism from it.

The second theory of integration does not have a good physical interpretation
but, conversely, a consistent theory of differential forms is available and therefore,
it is possible to define a Poincaré-Cartan form and to develop the corresponding
Hamilton—Cartan formalism.

According to these two possibilities, variational problems can be stated using
either the Berezin integral or the graded integral; we call them Berezinian or graded
variational problems, respectively. However, there is a deep connection between
both problems. In brief, the relationship is based on the fact that to each first-order
Berezinian variational problem over a graded submersion p : (N,B) — (M, A) we
can associate a graded variational problem of order n + 1 over p, where (mn) is
the dimension of (M, A) (see Sec. 4.4 below); we refer the reader to Theorem 4.1
for formal definitions and statement of this result, known as the Comparison The-
orem.

With the help of the Comparison Theorem, the way to build a Poincaré—Cartan
form and to develop a Hamilton—Cartan formalism for a first-order Berezinian
variational problem is clear: Firstly, we define the graded Poincaré—Cartan form for
the associated graded variational problem, now of order n 4+ 1, and secondly we
translate, with the hint offered by the Comparison Theorem, this form to an object
which will play the role of Berezinian Poincaré—Cartan form for the Berezinian
variational problem. From this object, it is possible to obtain the Euler—Lagrange
superequations and a Noether Theorem.

A question arises at this point. In the classical case, it is well known that a canon-
ical Poincaré—Cartan form of higher order does not exist. Of course, objects which
can be called higher-order Poincaré—Cartan forms can be defined, but the prob-
lem is that they depend on some additional parameters (such as a connection, see
[12,15]). Nevertheless, here we give a canonical formulation of the graded Poincaré—
Cartan form for higher-order graded variational problems; the key to understand
how this is achieved is to note that we deal with a special subclass of these problems:
those coming from first-order Berezinian variational ones through the Comparison
Theorem. Actually, our purpose is to solve these first order Berezinian problems,
so we could consider this feature as a byproduct.

Another very important consequence of this formalism in the classical case,
is the existence of a Noether Theorem, which is a basic tool in the study of the



778 J. Monterde, J. M. Masqué € J. A. Vallejo

symmetries of a variational problem. We present here a generalization to the graded
setting.

In order to make the paper relatively self-contained, the first Sections contains
a review of previous results on jet bundles and calculus of variations on superman-
ifolds.

Finally, there are some worked out examples (the (m|2) field theory) and we
analyze a particular case of interest in Physics (supermechanics) showing the coin-
cidence with the results obtained by other methods [33, 35].

2. Basics of Supermanifold Theory
2.1. General definitions

For general references, we refer the reader to [43], [10, Chaps. 2 and 3], [27], [28],
[3] [29] and [45]. The basic idea underlying the definition of a graded manifold is
the substitution of the commutative sheaf of algebras of differentiable functions on
a smooth manifold by another sheaf in which we can accommodate some objects
with a Zs-grading (in what follows, all the gradings considered are assumed to be
Zs-gradings, unless otherwise explicitly stated.)

A graded manifold (or a supermanifold) of dimension (m|n) on a C'°°-manifold
M of dimension m, is a sheaf A on M of graded R-commutative algebras — the
structure sheaf — such that,

1. There exists an exact sequence of sheaves,
0—-N—-A>C®M)— 0, (2.1)

where NV is the sheaf of nilpotents in A4 and ~ is a surjective morphism of graded
R-commutative algebras.

2. NJN? is a locally free module of rank n over C*°(M) = A/N, and A is locally
isomorphic, as a sheaf of graded R-commutative algebras, to the exterior bundle

Nese any N JN?).

For any open subset U C M, from the exact sequence (2.1) we obtain the exact
sequence of graded algebras,

0—NU)— AU) = C>U) — 0.

A section f of A is called a graded function (or a superfunction). The image of such
a graded function f € A(U) by the structure morphism ~ is denoted by f.

The fact that A is a sheaf of graded R-commutative algebras induces a grading
on its sections, and we denote the degree of such an f by |f|.

From the very definition of a supermanifold the structure sheaf of (M, A) is
locally isomorphic to Agee (1) (N/N?). An important theorem (known as Batchelor
Theorem [4,5], but also see [16]), guarantees that in the C°° category this holds
not only locally, but also globally, although this is no longer true in the complex
analytic category. Thus, for any smooth supermanifold (M, A) there exists a vector
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bundle E — M which is isomorphic to N'/N? and such that A = Ncean(E), but
this isomorphism is not canonical.
A splitting neighborhood of a supermanifold (M, .A) is an open subset U in M
such that the bundle E = A//N? is trivial over U and
.A|U = /\ (E‘U)

C=(U)

If U is a splitting neighborhood, there exists a basis of sections for E|y, denoted

by (x71,...,2™™), along with an isomorphism
A(U) = C>=(U) @& )\ En, (2.2)
where F,, denotes the vector R-space generated by (z~!,...,2~"). Therefore, the

natural projection A(U) — C®(U), f — f, admits a global section of R-algebras,
o:C®U) — A(U). If U is a splitting neighborhood, a family of superfunctions
(28, 279),1<i<m,1<j<mn, |z =0, |z =1, is called a graded coordinate
system (or a supercoordinate system) if,

1. 2 = o(3%), 1 < i < m, where (Z',...,3™) is an ordinary coordinate system
on U,
2. {z71,...,27"} is a basis of sections of E|y; ie., 27 % ...,a7" € AE, and
[T, 0 #0
Jj=1 )

A morphism of graded manifolds ¢ : (M, A) — (N, B) is a pair of mappings (¢, ¢*)
where (5 : M — N is a differentiable mapping of smooth manifolds and for every
open subset U C N, ¢* : B({U) — (¢ A)(U) = A(¢~1(U)) is an even morphism of
graded algebras compatible with the restrictions, and all such that the diagram

BU) -5 A ()

l l

C=(U) — C=(371(U))
(z)*
commutes.
Throughout this paper, we assume that M is connected and oriented by a volume
form n. We confine ourselves to consider coordinate systems adapted to this volume
form; i.e.,

n=dzt N AdT™.

We refer all our constructions to this volume, but we simply call “intrinsic con-
structions” those results which are independent of 7, in order to avoid continuous
mention to 7. Note that, by Batchelor’s Theorem (see [4]), the natural projection
A(M) — C*(M) admits a global section o : C*°(M) — A(M). Thus, once a sec-
tion ¢ has been fixed, every ordinary volume form 7 on M induces a graded volume
n% on (M, A).
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Let F, G be sheaves on a topological space X. For any open subset U subset M,
Hom(F|v, G|u) denotes the space of morphisms between the sheaves F|y and G|y;
this is an abelian group in a natural way. The sheaf of homomorphisms is the sheaf
Hom(F,G) given by Hom(F,G)(U) = Hom(F|y, G|v) with the natural restriction
morphisms.

The sheaf of left A-modules of derivations of a graded manifold (M, .A) is the
subsheaf of Endg(A) whose sections on an open subset U C M are R-linear graded
derivations D : Aly — A|y. This sheaf is denoted by Derg(A) or simply Der(A),
and its elements are called graded vector fields (or supervector fields) on the graded
manifold (M, A). The notation X (M) is also often used.

Let U be a coordinate neighborhood for a graded manifold (M, A) with graded
coordinates (J:i, x_j), 1 <i < m,1 < j < n. There exist even derivations
d/0xt,...,0/0x™ and odd derivations 9/9z~*,...,0/0z~™ of A(U) uniquely char-
acterized by the conditions

oz o Ox I ox) dz=7

oxt % oxt 0 dx—t 0 dx—i %
(negative indices running from —n to —1, positive ones from 1 to m) and such that
every derivation D € Der A(U) can be written as

L - AN |
D:ZD(:C)W +Y D(x s
i=1 j=1

In particular, Der(A(U)) is a free right A(U)-module with basis
0 g 0 0
Ozl Gz fx— 1T o

If U C M is an open subset, the algebraic dual of the graded .A-module Der(A(U))
is (DerA(U))* = Hom 4 (Der(A(U)), A(U)), which has itself a natural structure of
graded A-module and it defines a sheaf U +— (Der A(U))*.

The sheaves of right A-modules of graded differential forms on (M, A) are the
sheaves

P

OF(M) = \(Der A)*.

We also set Qq(M) = 3y QG (M), with Q2 (M) = A.

The graded differential forms on (M, A) are simply called graded forms. The
three usual operators: insertion of a graded vector field, graded Lie derivative with
respect to a graded vector field and the graded exterior differential, are defined in
a similar way to the classical case (e.g., see [27]), and denoted by tx, L, and d“,
respectively.

2.2. Supervector bundles

Let GL(V) be the general linear supergroup of a supervector space V =V @ V.
We set GL(p|q) = GL(R?!9). For the definition of the graded structure of GL(p|q)
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as a super Lie group, we refer the reader to [3, I, Sec. 3], [7, Chap. 2, Sec. 1],
[8, Sec. 1.5], [10, Sec. 2.11], [11], [29, Chap. 4, Sec. 10], [38, Sec. 2.14], [39, Sec. 2], [42,
Sec. 4.19], and [44, Sec. 2.2.1].

Let (M, A) be an (m|n)-dimensional supermanifold. As is well known (e.g.,
see [10, Sec. 3.2], [42, 7.10]), a supervector bundle of rank (p|g) over (M, A) can
be described either (i) as a fiber bundle V over M with typical fiber RPI9 and
structure group GL(p|q), or (ii) as a locally free sheaf of A-modules V of rank (pl|q).
The description in (ii) means that every point € M admits an open neighborhood
U C M such that V|y is isomorphic — as a sheaf of A|y-modules — to AP9|; =
AP|y @ TLAY|y (direct sum of p copies of A and ¢ copies of TLA), where II denotes
the functor of change of parity; precisely, for every open subset O C U we have
V(0) = AP(O) @ TLAY(O).

More formally, we can state (see [37, 2.11 Theorem]): There is a one-to-one
(functorial) correspondence between the set of isomorphism classes of locally free
sheaves of (left) graded A-modules of rank (p|q) over M and the set of isomorphisms
classes of supervector bundles of rank (p|q) over the graded manifold (M, A). Also
see [42, Theorem 7.10.] for a slightly different approach.

We remark that the tangent and cotangent “supervector bundles” introduced
in [27] are not supervector bundles in the previous sense, as they are not locally
trivial. Because of this, we prefer to work with the supertangent bundle ST (M, .A)
of (M, A) introduced by Sdnchez-Valenzuela, which corresponds to the locally free
sheaf of A-modules of derivations, Der.A. For our purposes, another important rea-
son to do this, is that the graded manifold of 1-jets of graded curves from R to a
graded manifold (M, A) is isomorphic to ST (M, A); i.e., J&(p) ~ ST (M, A), where
JL(p) is the graded manifold of graded 1-jets of sections of the natural projection
onto the first factor, p : R x (M, A) — R,

Let 7 : (E, &) — (M, A) be a supervector bundle. For any © € M, we denote by
7~ 1(z) the superfiber over z, i.e., the supermanifold whose underlying topological
space is 71 (x) and whose structure sheaf is

-Aaf = (5/’Cx)‘7~r—1(x),

where K, is the subsheaf of & whose sections vanish when restricted to 7~ 1(z).
For any z € M, 7~ 1(z) is isomorphic with the standard fiber of 7.
A supervector bundle morphism from the vector bundle 7 : (E, &) — (M, A)
to the vector bundle 7p : (F,F) — (M, A) is a supermanifold morphism

H:(EE)— (F,F)

such that 7r o H = mg the restriction of which to each superfiber ﬂgl(x) is super-
linear. The following consequence can be proved:

Proposition 2.1 [Proposition 3.3 in [37]]. Let (M,.A) be a graded manifold,
let IC, L be two locally free sheaves of graded A-modules of ranks (plq) and (r|s),
respectively, and let g : (E,€) — (M, A), 7p : (F,F) — (M, A) be the supervector
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bundles that IC and L give rise to, respectively. Each morphism ¢ : K — L of
sheaves of graded A-modules over M defines a morphism

Hy : (E,€) — (F,F)
such that mp o Hy = mg and it restricts to a superlinear morphism over each fiber.

Another construction which we will use is the pull-back (or inverse image) of
a supervector bundle along a graded submersion, which is a particular case of the
pull-back of modules over ringed spaces. For our purposes, it suffices the following
description.

Let p : (N,B) — (M, A) be a graded submersion, and let £ be a sheaf of
graded A-modules over M with projection m. The pull-back p*/C is the sheaf of
p* A-modules over N where to each open V' C N, it corresponds

P R(V) = {(k,y) € KBV)) xV : w(k) = py)}-

It is customary to write p*KC = KCx(a7,4)(V, B). Note that if we consider the super-
vector bundle on (M, A) given by K, then p*IC gives a supervector bundle on (N, B).

3. Graded Jet Bundles
3.1. Notations and definitions

For the details of the construction of graded jet bundles associated to a graded
submersion p : (N, B) — (M, A), we refer the reader to [21,22, 26,30, 31]. We also
note that other approaches to superjet bundles of interest in Physics are possible,
see [19].
We denote by
pr: (J6D), At ) — (M, A)

the graded k-jet bundle of local sections of p, with natural projections
k(G Ak ) — (Ja) Agg), k=1

Remark 3.1. Sometimes we will write p;; in order to avoid confusions, as in the
case of the projection py x—1 (of J&(p) onto Jgil(p)) and even we will employ pF
indistinctly.

Each section o : (M, A) — (N, B) of the graded submersion p induces a closed
embedding of graded manifolds

j*o (M, A) — (Jé”(p)aAJé(p))’

which is called the graded k-jet extension of o.
We set (m|n) = dim(M, A), (m + r|n + s) = dim(N, B), and let

(z*), a=-n,...,—1,1,....,m,
("), pw=-=s,....,—1,1,...,m
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be a fibered coordinate system for the submersion p : (N,B) — (M, A), defined
over an open domain V' C N. This means that the graded functions (z¢),

i=—n, —1,1,...,m, belong to p* A(U), where U = p(V).

System (31) mduces a coordinate system for J&(p) on (Pro)~*(V), denoted
by yifs, where p = —s,...,—1,1,....r, I = (z’l,...,im) € N™ and A =
(—a1,...,—a) € (Z7), for | =0,...,n, is a strictly decreasing multi-index, such

that |I| + [A] < k, with the assumption yf, = y*. This system of coordinates is
determined by the following equations:

o din 9 0
LRSI . 5. M
(4%0) Yra = B o o @zm)im o pre=y o o g (c*y"),

for every smooth section o : (U, Aly) — (V,B|y) of the given graded submersion.
Sometimes we will write expressions such as y’; 4 instead of y4,. This will be

done in order to avoid confusions involving positive and negative multiindices.
The parity of yt , is the sum modulo 2 of the parity of y* and |A|. In particular,

the parity of the coordinate system induced by (3.1) on J}(p) is explicitly given by

lyf| =0, i=-n,....,—1, p=-s...,—-1
=1, 2=1,....m =—5,...,—1

|y‘ 9 9 ) ) 1% ) )

vl =1, i=-n,...,—1, p=1,....r

v =0, i=1,...,m, pw=1...,r
and we accordingly have,
dim (J& (p), AJé(p)) = (m+r+mr+nsjn+ s+ ms+nr).
We also work with the inverse limit
(Jg:o(p) = lgn Jg(p),AJg’(p) = hinAJg(p))
of the system (J&(p), At )i Pt k2 1), with natural projections

Doo (Jé"(p),AJgo(p)) — (M, A),
Dok + (JE D), Aszs ) = (JED), Ass )

Given the submersion p : (N,B) — (M, A), we denote by V(p) the vertical sub-
space of ST (N, B). In particular, this applies to the various py and py; submersions
derived from p, so we will write V(px), V(pr1), etc.

In the following, we will work with differential operators acting on the spaces
JE(p), and in order to deal with the multi-index notation (especially for negative
multi-indices) it will be useful to establish the following conventions.

1. We will denote positive multi-indices by the capital letters I,J, K, ... and the
negative ones by A, B, C, . ... An arbitrary multi-index (containing both positive
and negative indices) will be denoted P, @, R, . ... By I,, we will understand the
set I, = {1,2,...,n}.
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2. The multi-index () amounts to take 0 within any expression in which it appears,
that is:

a@
da0

The multi-index (0) amounts to take the identity:

Fra=0, Gy =0.

0
wFIA =Fra, Gjp=0G.

3. A negative multi-index A with length [ in J£(p) has the structure
A= (_(Xl,. . 'a_al)

with I < k, where a; € I,, dim(M, A) = (m|n),1 < i <. Each —q; gives the odd
coordinate of (M, A) with respect to which we are computing the derivative; that
is, the place occupied by —q; in the multi-index only expresses the order in which
the corresponding derivative appears from left to right. Thus, if dim(M,A) =
(3]6), we could consider J&(p) and A = (-3, -5, —2), then % would represent
oAl 0 0 0
= o) o .
oxA  Ox=3 Oxr° Oxr2
4. If we are dealing with Jg(p), a negative multi-index A always has length [ < k.
By convention, if the length of A is I > k, then A = (). Note that if [ > n, auto-
matically A = (. Generally, if a negative multi-index A contains two repeated
indices, A = ().
5. In principle, a negative multi-index does not need to be ordered, but nothing
prevents from having such ordered indices as the length 5 multi-index

B=(-9,-7,-4,-2,—1)

in J&(p), with dim(M, A) = (2/9).
6. For negative multi-indices, we define the operation of (non-ordered) juztaposi-
tion. If A has length [ and B has length ¢,

A= (-ay,...,—q) with a; €T,
B = (—ﬂl,...,—ﬂq) with ﬁj G]In,
then their juxtaposition is given by:
(—at,...,—ay,—f1,...,—0y) ifl4+q¢g<k and —¢§ #—¢
AxB = being & € {aa,..., 00, 01,-.., 04}
0 other case.
Note that Ax B # B x A. In particular, if A = (—j) and B = (=f1,...,—054),

then

A*B = (_], _ﬁla-“v_ﬁq)
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and that means

oatt 0 0 0
= - 0 O+ Q0 ———
OxA*B  9x=i  Qx—M Qx—Fa’
provided 1+ q < k and there are no repeated indices.
7. If we take a positive multiindex I and a negative one A (or a pair of positive

multiindices) their juxtaposition is analogously defined, but in this case it is a
commutative operation. To stress this fact we then write I + A, I + J, etc.

3.2. Graded contact forms

Let p : (M,A) — (N,B) be a graded submersion with (m|n) = dim(M,.A),
(m + rn + s) = dim(N,B). The graded manifold (Jé(p),AJé(p)) is endowed
with a differential system, which characterizes the holonomy of the sections of
ko (Jé(p),AJé(p)) — (M, A). Precisely, a graded 1-form w on (Jé(p),AJé(p)) is
said to be a contact form if (j¥o)*w = 0, for every local section o of p. With the
same assumptions and notations as in Subsec. 3.1, the set of contact forms is a
sheaf of A Tk (py-modules locally generated by the forms

m n
074 = de/ILA - Z dz" - y/{Lh}*I,A - Zf(ja A)dGlﬁj : yi{_j}*Aa (3.2)
h=1 j=1
where a = —s,...,—1,1,...,r, |I| +|A| < k- 1.

These forms fit together in order to define a global (pg k—1)*V(pk)-valued 1-form
on (J&(p), Ak (p)), called the structure form on the graded k-jet bundle, given by

_9_
s’
which characterizes graded k-jet extensions of sections of p, as follows: a section
g:(M,A) — (Jé(p),fljg(p)) of py coincides with the k-jet extension of a certain

k=0, ® (3.3)

section of p if and only if, 6% = 0.

3.3. Graded lifts of vector fields

Consider a graded submersion p : (N, B) — (M, A). We will define liftings of graded
vector fields to superjet bundles JE(p), 1 < k < oo.

3.3.1. Horizontal lifts

Let X be a vector field on (M, A). The horizontal or total graded lift X of X is the

vector field on (Jg;o (p), A Je (p)) uniquely determined by the following equations:
J* @) (X)) = X(*(0)" (), YkeEN,

for all open subsets V C N, W C p;;ol (V), every f € AJé (» (W), and every smooth
section o : (U, A(U)) — (V,B(V)) of p, with U = p(V). A vector field X on
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J&° (p) is said to be horizontal if vector fields X1,..., X, on (M,.A) and functions
froo L fre Ajee (p) exist, such that X = FiXHHE.

If (z,y*) is a fibered coordinate system for the submersion p, then the expres-
sion for the horizontal lift of the basic vector field 9/0x® in the induced coordinate
system, is

0 0

K —. 3.4
O + y{a}*Q ayg ( )

The map X +— X is an A-linear injection of Lie algebras (cf. [30,31]). Note that
X is p-projectable onto X. Moreover, we can consider Ajg+1(p) as a sheaf of
A Tk (p)-2lgebras via the natural injection

pZJrl,k : AJg(p) - A]g+1(p)7
and, for every k € N, X induces a derivation of .Ajg(p)—modules,

H |
X .AJ(k;,(p) — AJé+1(p)'

Let QL (J&(p)) be the space of graded differential k-forms on J& (p). We denote
by HZ(J&(p)) the module of (r + s)-forms on J&(p) that are r-times horizontal
and s-times vertical; that is, such that they vanish when acting on more than s
Poo-vertical vector fields or more than r p..-horizontal vector fields.

Let d“ be the exterior differential, and let

D:H(JZ(p) — H\ 1 (Jg ()
0 H(J& (p)) — HM (I (p))

be the horizontal and vertical differentials, respectively. We have

d =D+ 9,
D? =0,
9% =0,

Dod+0o0D =0.

We can make a local refinement of the bigrading above, which depends on the chart
chosen, but we will make use of it only when computing in local coordinates. Let
(W, Aje ()(W)) be an open coordinate domain in J& (p). Since

(ﬁ_JL>
02’ 0279 ) | cicmi<j<n

is a basis of vector fields for (M, A), we can define H? , (W) to be the submodule

71,72

of differential forms in HZ . (W) such that they vanish when acting on more than

r1+r2
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r1 vector fields among the 9/02%, or when acting on more than ro vector fields
among the 9/0x~J. Therefore,

H:(W) = @ H:h’l‘z (W)7
r1+ro=r

with projections 7y, », : HZ(W) — HZ . (W). Considering the action of D on a

T 71,72

fixed HZ . (W), we define

1,72
Dy = Tri+1,rp © D,
D1 =D — D,.

3.3.2. Infinitesimal contact transformations

Let p: (M, A) — (N, B) be a graded submersion. A homogeneous vector field Y on
(JE(p), A Tk (p)) 18 said to be a k-order graded infinitesimal contact transformation if
an endomorphism h of .AJg(p) ®@pDer 4(B) — considered as a left AJé (py~module —
exists such that,

LG8 = hoo*,
where 0% is the structure form (recall (3.3)).
Theorem 3.2 [26]. Let p: (N,B) — (M, A) be a graded submersion. For every

graded vector field X on (N, B), there exists a unique k-order graded infinitesimal
contact transformation X on (Jé(p),AJé(p)) projecting onto X .

Moreover, for every k > [, the vector field X ;) projects onto X(;) via the natural
map i : (JED), Ak ) — (J6(0) A, (0))-

4. Berezinian Sheaves
4.1. The Berezinian sheaf of a supermanifold

The Berezinian sheaf is a geometrical object designed to make possible an integra-
tion theory in supermanifolds, tailored to the needs coming from Physics. A global
description of it can be given as follows (see [25,30], cf. [29]).

Let (M, A) be a graded manifold, of dimension (m|n), and let P*(A) be the
sheaf of graded differential operators of A of order k. This is the submodule of
End(A) whose elements P satisfy the following conditions:

[...[[P,agl,a1],...,ax] =0, Vao,...,ar € A.

Here the element a € A is identified with the endomorphism b +— ab. The sheaf
P*(A) has two essentially different structures of A-module: For every P € P*(A)
and every a,b € A,

1. the left structure is given by (a - P)(b) = a - P(b); and
2. the right structure is given by (P - a)(b) = P(a - b).
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This is important as the Berezinian sheaf is considered with its structure of right
A-module.

One has that if (xi,x’j), 1 <j <n,1 <i<m,are supercoordinates for a
splitting neighborhood U C M, P*(A(U)) is a free module (for both structures,
left and right) with basis

) ay o Qo 9 B 9 Bn

- O-+-0 _ e} P —— o--+0 B

ox! oxm Ox—1 Ox—"
g+t am+ Pt 4 B <k

Let us consider the sheaf P*(A, Q%) = Q2 (M) ® 4 P*(A), of m-form valued dif-
ferential operators on A of order k, and for every open subset U C M, let K™(U)
be the set of operators P € P™*(A(U), Q% (U)) such that, for every a € A(U) with
compact support, there exists an ordinary (m — 1)-form of compact support, w,
satisfying

Zf;(a/) = dw.
The idea is to take the quotient of P™(A, Q%) by K"; in this way, when we later
define the integral operator, two sections differing in a total differential will be
regarded as equivalent (Stokes Theorem). Having this in mind, we observe that K"
is a submodule of P"(A, QF) for its right structure, so we can take quotients and
obtain the following description of the Berezinian sheaf, Ber(.A):

Ber(A) ~ P"(A, Q&) /K"

We write this as an equivalence because there are other definitions of the Berezinian
sheaf. For us, however, this is the definition.

According to this description, a local basis of Ber(.A) can be given explicitly: If
(xt,277),1 < j <n,1<i<m, are supercoordinates for a splitting neighborhood
U C M, the local sections of the Berezinian sheaf are written in the form

0 0
O-+-0
Ox—1 Ox—n

where [-] stands for the equivalence class modulo K.

(U, Ber(A)) = |dCz' A---AdS2™ ® AU, (4.1)

4.2. Higher order Berezinian sheaf
Let p: (N,B) — (M, A) be a graded submersion. Given P € P!(A, Q%), let
P Ay — HY,(J&(p))
be the first-order operator defined by the condition,
7o) P f = Pj*(o)"f,
for every f € Ajé(p) and every local section o of p. We call P the total or

horizontal lift of P. Let us denote by PH'(Ay, HY) (resp. KH;(Ay)) the sheaf of
those operators in
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that are horizontal lifts of operators of P!(A, Q) (resp. K;(A)). Then, the k-order

Berezinian sheaf is defined as

PH™(Ax, HY)
KH, (-Ak)

According to this description, a local basis for Ber” (Ay) can be given explicitly: If
(x',277),1 <i<m,1<j<n, are the graded A-coordinates for the coordinate
open domain (U, A(U)) and (V, B(V)) is a B-coordinate open domain with a suitable
V C 5 1(U), then, if W is an open subset in J&(p) such that W C 5, ' (U) we have

d

0o | A (W)

Berk (Ak) = ® AJé (p) .

(W, Ber® (Ay)) = [del A ANdS™ ®

4.3. The Berezin integral

Given a supermanifold (M, A), the Berezin integral can be defined over the sections
of the Berezinian sheaf with compact support, by means of the formula

/B T (Ber(A)) — R
[p]H/Uﬁ(T).

In this expression, M is assumed to be oriented, and the right integral is taken with
respect to that orientation. In this sense, having a fixed volume form on M is not
a loss of generality.

(4.2)

4.3.1. An example

Let (M, A) = (R™,C>*(R™) @ Q(R™)) be the standard graded manifold. A section
of A is just a differential form p = fr(z!,...,2™)z=1, 0 < |I| < n, where (z?),
1 < i < m, are the coordinates of R™ and we write =7 = dz? for the odd
coordinates; thus

p=fo+fiz 7+ frazt T
and we recover the formula for Berezin’s expression common in Physics textbooks
(except for a global sign); i.e., “to integrate the component of highest odd degree”
(see [6]):
0 0
o1 oz P

/ [d%l A AdCE™ ®
Ber

- (_1)(3)/ fi.ondat - da™.

4.3.2. Lie derivative on the Berezinian sheaf

If X is a graded vector field, it is possible to define the notion of graded Lie derivative
of sections of the Berezinian sheaf with respect to X. This is the mapping

LS :T(Ber(A)) — P" (A, Q%) /K" = T'(Ber(A)),
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given by
LG 1% @ P = ()X I"ePH G @ Po X, (43)

for homogeneous X and 7% ® P.
This Lie derivative has the properties that one could expect:

1. For homogeneous X € Der(A), £ € I'(Ber(A)) and a € A,
£5(6-a) = £5(&) -a+ (-1)¥ g - X (a).
2. For homogeneous X € Der(A), £ € I'(Ber(A)) and a € A,
£8 (€)= (-1 XD (€ - a).
3. Given a system of supercoordinates (xi,x’j), 1<j<n, 1<i<m.1If

0 0

O-++-0
Ox—1 Ox—"n

£$i7x—j = |d%% A ANdC™ ®

is the local generator of the Berezinian sheaf, then

4.3.3. Berezinian divergence

We can now introduce the notion of Berezinian divergence. Let (M, .A) be a graded
manifold whose Berezinian sheaf is generated by a section £. The graded function
div%(X ) given — for homogeneous X — by the formula

L5(€) = (—1)XIEle - div, (X)

(and extended by A-linearity) is called the Berezinian divergence of X with respect
to £&. When there is no risk of confusion, we simply write divg(X).

For example, if we consider the standard graded manifold of Example 4.3.1;
ie, (M, A) =(R™, C®R™)®QR")), then Ber(A) is trivial and generated by

a 0-+-0 a
Ox—1! Ox—n|’

€= [d%lw-wd%m@

and the Berezinian divergence of a graded vector field X = f;0/0z' + ¢;0/0x~7
with respect to ¢ is given by

divp(X) = D +Z(—1) et (4.4)
i=1 Jj=1
Having in mind the previous section, these notions can be carried over to higher

orders with the appropriate modifications.
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4.4. Graded and Berezinian Lagrangian densities

Let us introduce the notion of variational problems in terms of the Berezinian sheaf.
A Berezinian Lagrangian density of order k for a graded submersion p : (N, B) —
(M, A), is a section

[PH]. L e T(Ber*(A)).

In particular, a first-order Berezinian Lagrangian density can locally be written as
& - L, where

d d

— G .1 G
E=|d7z N--- Nd xm@dxflo”.odx*"

and L € A 5 (p) is an element of the ring of graded functions on the graded bun-
dle of 1-jets (J4(p), Aji(p))- In this paper, we only consider first-order Berezinian
Lagrangian densities and assume that M is oriented by an ordinary volume form 7.

The variation of the Berezinian functional associated to £ - L, along a section s
of p: (N,B) — (M, .A), is the mapping

dsIBer(L): V¢(N) =R

Y= [ (GRS, (e 1)),
Ber
where V¢(N) denotes the space of graded vector fields on (N, B), which are verti-
cal over (M, A) and whose support has compact image on M; Y(yy is the graded
infinitesimal contact transformation associated to Y, and ESG/@) (- L) is defined by
means of (4.3), which makes sense as Y is p-projectable. A section s is called a
Berezinian extremal if §41ger = 0.

Finally, we turn our attention to the relation between Berezinian and graded
variational problems. As we will see shortly, even restricting ourselves to first-
order Berezinian Lagrangian densities we must consider higher-order graded
Lagrangian ones.

A graded Lagrangian density of order k for a graded submersion p : (N, B) —
(M, A) is a section

0O - L e QM) ©u A ),

where (m|n) = dim(M, A), n¢ is a graded m-form on (M, A), and L is an element
of the graded ring A TE () of graded functions on the graded k-jet bundle Jg(p).
The variation of the functional associated to a graded k-order Lagrangian den-
sity n - L along a section s of p : (N, B) — (M, A), is the mapping
SsIk J(L): V&E(N)—R

grad

/\/
Ve [ s, 00 1)
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where V¢(N) is as before and Yy, is the k-graded infinitesimal contact transforma-
tion prolongation of Y.

Berezinian and graded variational problems are related through the following
result (usually known as the Comparison Theorem):

Theorem 4.1 [26,30]. Let p : (N,B) — (M, A) be a graded submersion, with
(m|n) = dim(M, A). Every first-order Berezinian Lagrangian density & - L for p is
equivalent to a graded Lagrangian density of order n+1 in the following sense: There
exists an element L' in the graded ring AJg+1(p) of the graded (n + 1)-jet bundle
Jg;'H(p) such that the Berezinian variation of the functional associated to &L equals
the graded variation of the functional associated to n® - L' = dSx' A---ANdCa™ - L';
that is,

(5s]Ber (L))(Y) = (5sln+1 (L/)) (Y)7

grad

for every section s of p, and every graded p-vertical Y € V¢(N, B).

5. The Jr Operators

As stated in the Introduction, our intention is to study the Cartan formalism for
variational problems and in this formalism a central object is the so-called Cartan
form for field theory, denoted ©F and locally given by
m T .
OF =Y Y (—1)™Hdat A AdGat AN d9a™

i=1 p=-—s

/\dG“—ideo‘~“ oL . e.L (5.1)

a=—n

We will provide an intrinsic construction of ©f and we will develop from it a
consistent theory of the first-order calculus of variations on supermanifolds. The
idea is the same as those used in the formulation of mechanics (see [20,41]), but
with some new details that arise because this time we deal with fields (for an
interesting discussion of the classical formalism in this case see also [17] and [18]);
let us describe it very briefly.

The graded generalization of the vertical endomorphism of the tangent bundle
used in classical mechanics would be (unlike the case of mechanics, note that J is
not an endomorphism here):

~ m r 4 — P
= — FigGpl AL, Gopi A ... G G
J—ZE:“FE_S( ™At A ANdGTEA - ANdT 2™ N yu@@yf'
Also, for each @ € {—n,...,—1,1,...,m}, i € {1,...,m}, the graded analogue of

the Liouville vector field would be

- m+i, [ a
Nai = Y (-1) +’y&@,

p=-s
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and finally (by using Einstein’s convention, from now on we omit the summation
symbols),

T=F—dCz' A AdCZ A - N dCa™ A dCa® © A

Let us evaluate Eg (L). Tt will be useful to bear in mind the developed expression

for J:

J = (=1)™dCgt A AdCa A AdCa™ A (dCy" — dOa® - yt) @ o (5.2)
Note that
dL oL oL
G _ G, .o G, v . G, v .
Laf,);‘ (d“L) = 1,835’ (d o +d%y oy +dyy 8yg)
0L
oy

We then have
LY(L) =17(d°L)
= (=1)™+dCgl A NG A -+ A dC2™
A (de“ —d%z® Yk - 1o (d°L)
Byr

= (=1)™+dCgl A NG A - - A dCT™
oL
Ay’
=0k —a%t A NdCa™ - L,

A (de" —d%z> . yg) .

so that
0F = £5(L)+n% - L.

Thus, to have ©f intrinsically defined, there remains to prove that this is the case
for J. Notice that J is the graded analogue of the (1,m)-tensor field S, that
appears in [41] (for arbitrary m, see pp. 156-158). We will now study the intrinsic
construction of these objects in the graded context, but the generalization is not
straightforward, as the classical point constructions are not applicable now.

5.1. Algebraic preliminaries

Let p : (N,B) — (M, A) be a graded submersion. Consider the cotangent super-
vector bundle ST*(M, A) — (M, A), and its pull-back p*ST* (M, A) to (N, B).
Furthermore, let V(p) C ST (N, B) be the vertical sub-bundle of p. This is the
supervector bundle on (N, B) defined by the short exact sequence

0— V(p) = ST(N,B) 2% p*ST(M, A) — 0. (5.3)

We can thus construct the tensor product supervector bundle

w1 p ST (M, A) @ V(p) — J&(p) = (N, B).
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From a homological point of view, we have a natural identification
p*ST" (M, A) ® V(p) ~ Hom (p*ST (M, A),V(p)),

and within this algebraic setting, we can obtain a representation for JL(p) by
considering the short exact sequence (5.3) and thinking of J (p) as being the space
of its splittings.

Proposition 5.1. Letp: (N,B) — (M, A) be a graded submersion with dimensions
(m|n) = dim(M, A), (m +r|n + s) = dim(N, B). A unique isomorphism

Pro(p"ST (M, A) @ V(p)) = V(p1o), (5.4)
exists, which is given by

0
o B o

d%z' @
on every fibered coordinate system (3.1).

Proof. As the formula (5.5) completely determines isomorphism (5.4), we need
only to prove that the isomorphism is independent of the fibered coordinate system
chosen. This reduces to compute how the tensor fields in formula (5.5) transform
under a change of fibered coordinates, from

(z%), a=-n,...,—1,1,....,m, (5.6)

("), p=—s,...,—1,1,...r '
to

(%), a=-n,...,—1,1,....m, 5.7)

("), v=—s,...,—1,1,...,m '

and the corresponding change in Jé (p). From the very definition of Y as a coordi-
nate in J%(p) (e.g. see [24, Section 1]), we can compute

Ay’ ® iﬁ = (d%aai + dcyﬂai) ® 0w 0

oz oz oy 078 0x°
oy” 0x° )

— (_ alat+v+o+p3) L 4G« Y

(=1) 9ca 98" & © g

oy¥ dz° 0
_)ulptvrotp) 22 2 G p )
+(=1) ayr 08" YV gpe
By passing to coordinates in J&(p) this tells us the following:

oYY 0x® oy¥ 0x°
v 1)a(v+B) _1\ulptr+o+p) %
gy = (-0 L () Ty (53)
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With this expression in mind, we are going to compute the graded 1-form ngg.
Initially, we should have

% 46 uagﬁ +d%y uagg

ox7 6y“ Ya oYk’

so that we should consider each term separately, but, in fact, as we will compute
0/ 9yg by applying duality, we need only to compute the coefficient of d%y#, which
is given by (5.8):

6195 0 {( )plpttetd) ) 0y” 0x° p}

A%y = d%z"

oyl ok Oyr 0zP Yo
= (- )ﬂ(ﬂ+v+o+ﬁ)+(u+a)(p+u+a+,@ 31/ dz? o
Ayr 978

= (=1)utrtats) 9y" 9z )
oyr OzP
We can then write
oy¥ dx®

A5 = O A+ 0O B+ (<10 D EE ()

where Agv, Bg# are coeflicients whose explicit expression is not needed.
We also remark
299" ay”
G v G G, pn2d
dy" =dx e +d~y By’

0z
dw’
Next, we consider the expression for 9/0y¥ as a tangent vector on J&(p). Initially,
we should have

(5.10)
d9%% = d%z*

% _x 0 0 pr 0 ,
04 ox° oyn T oy7,
and we can compute the action of the basic differentials (5.9) and (5.10) on it. This

gives
0
0= (g%

, 0z
0xo’

3 7
ay
— I
oyn

0
i = ()

8y Bx
— (_1\e(ptv+atp)

)
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and from these equations, we obtain
K7 =0,
L* =0,
Pp = (c1)ervrats) 92 O
oz JyP

Hence, the law of transformation for 0/07? is

i - (_1)(J¢(u+p-&-a-&-<7)aiaaiH 0 .
95 Oz 0yF Iy

This coincides with the law of transformation for d®z% ® 9/9y”. Indeed,

Y "
d93" @ — = d%z® oz ai,i
oyP oz — OyP Oyt
= (_1)a(a+0+ﬂ+#) 89%”% G 9 )
ox® JyP oy
Thus, the isomorphism in the statement of the proposition is well defined. O

5.2. Intrinsic construction of J

Let p : (N,B) — (M, .A) be a graded submersion. On the module of the graded
vector fields on the graded 1-jet bundle (Jé(p),AJé (») & V(p1o)-valued mapping
acting upon m arguments, is defined as follows:

J(Dy,...,Dp) = (=1 "™up (pi(d®2 A+ Ad2™)) @ 6(D;), (5.11)
where tp, = tp, ©---0ip, 0---0ip, and
0
_ G, G o v
0= (d"y" —d"z% y") ® oy (5.12)

is intrinsically defined in [22, Theorem 1.7], and d%z* A --- A d%2™ comes from a
volume form n on M, n = dax' A--- Adz™, so that J is an intrinsic object.

Proposition 5.2. The operator J defined by (5.11) is a graded m-form.

Proof. First, multilinearity is a consequence of that of § and the properties of the
insertion operator,

ta-DN = a N ipA,
LD1+D2A = LDlA + LDQA,

for all D € Xg(JkL(p)), a € Ajipy, A€ QL (JL(p))- Second, we have skew symme-
try, which is rather obvious in view that ¢p,tp, = —tp,tp, . O

Now, we must check if the local expression for J obtained from (5.11) gives the
expression we want (5.2). Because of the term pj(d€z! A--- A d%2™), we just need
to evaluate

) B B IE o 0
j(@""’axm) j(%""’%""’axm’ax—j)’
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and
B R
Oxt’ T 9zt Qam T Oy )’
where i € {1,...,m}, v e {-s,...,—1,1,...,r}. Now, we have
0 0

= (-1)'"h g 0 oiaooua pi(dfat A AdC2™) @0 (%)

, N 2
:(_1)1—1L 5 O.“OLfa'O.HOLailpT(dG‘rl/\“./\dGmm)(@<_y;@>

_ (—1)de.’Ej . y;" ®
0

~ (_1)m ;LWv
J

oyH

where the last identification comes from (5.5). Also,

a?iaa)

9zl 9xi T 9 dad

o (

o P Ox—J

=(-1)™"Y% s 0--v0is 0010 p{(del/\-n/\dGmm)@G( 0 )
ozl
T L ey ) g
Ox—J
o 9
i 3G i
— —(—1) dz' ® <_yﬂj8—yﬂ>

= (-1)'d%" ", @ 9

oyt
1\, G i v
=(-1) yfjd ' ® ayh
; 0
~ (=1)'yt . —.
( )yfjayé,b

Moreover, by noting that each term L%pi‘(dgml A -+~ Ad%x™) vanishes, we obtain
Y

9 3 o 0
_1\ym—1 v = -
(=1) j(@xl"”’ﬁx“”"ﬁxm’8yl’)

GELy a7 5aT

:(—1)m_1LLo---of;o--~oz,ip*f(dGJ:1/\~-~/\de7")®9(8§1/)
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_(_1)i—1 4G 0 v
= (=1)"d% ® 557
., 0
~ (=) .
=1 dy;

Thus, we conclude that the local expression for J is

9
(—1)™ T = (=1)"d% A A dC™ @yt 97

, — ~ 0
+(=1)%dC A AdGTE A AdC ™ AN dC I @yl
Yi

, — 0
+ (=) % A AdGTE A AdC 2™ A dCY @ v
Yi
= (_1)2'de1A~-~A@A-~-AdemAdei-yf@a—yu
i

+(—1)ide1A~-~A@A~-~Ad%mAdGm*j~yﬁj®W
Yi

, — d
+ (=)t A A G A AdCe™ A dC Y ® a7
i

= (=1)'dSz A+ AdCTE A A dCa™ A (d%”yg—dc’y“)@vw.

Hence,

0
_ m—1 G “w
J=(-1) Lo N ®3—yﬁ“
where 9# = dSy" —d%z* - y* is the horizontal differential of y#, and this is precisely
(5.2) written in a more compact form.

In this way, we have constructed a canonical V(p1g)-valued m-form J for any
graded submersion p : (N, B) — (M, .A). This is appropriate for the case of graded
mechanics, but if we want to study graded fields, we must go on to higher-order jet
bundles; let us see how to extend the previous construction to J&((N, B), (M, A)) =

(J&(D)s Ak () for any k.

5.3. Intrinsic construction of Ji

Consider the following submersion playing the role of p in previous sections: py_1 :
Jéfl(p) — (M, A). Then, the preceding construction tells us that we have defined
a J on the graded bundle Jé((Jéﬁl(p),AJéfl(p)), (M, A)) = J&(pr—1), which is a
graded m-form with values on V((p¥~1)10) that will be denoted J; (here, pF~! is
defined by p¥=' : JL(px_1) — (M, A), and (p¥~1)1o : JL(PF™Y) — Jh(pe_1) the
target projection).

If (x%,y", 2), 1 < |Q] < k — 1, is a system of coordinates for JEX(p), then
(¥, 25, wh) (with 1 < |R| < k, 1 < |Q| < k — 1, recall that Q, R denote
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arbitrary multi-indices) is a system for J} (pg—1), and we have the local expression
(with 1 < ¢ <'m a positive index)

0 0 0
_ (_1\ym—1 G Y z w
Te = (1) [ (6 ® P + 6% a ﬁ@ + 6%k awz+R> (5.13)

(it must be noted that we are using the canonical identification (5.5) in writing
% also, note that the sum ¢ 2. 77 AOVR @ e ,1 only runs up to |R| =k —1),
Fr o0
where 6% = dCz “ —d%z~ S*Q and so on. Now, we observe that there exists a
o
canonical graded immersion J§(p) — J&(pr—1), which expressed through its action
on coordinates, reads (here, (z,y",vg)), 1 < |Q| < k, is a system of coordinates

for JE(p)):

U*(z*) =x

U (y") =y (5.14)
U*(2g) = vg

W (ufy) = ol

Of course, when acting upon jet extensions of sections o, this action reads

(5 (0) = (o).

Now, it is clear that (as U* commutes with d%),

U (10 %) = (=1) 10 (dC A AdCa A~ A dCa™)
oz

a‘zinG’
W) = U (@ — da -yl
— dG dG a _yg
= 6",

U*(072) = \I/*(dng —d%> . Zh)

_ 4G G

=dyy —d7z% Yyl

_ ok

= 9Q7
and so on. We can apply ¥* to (5.13) to obtain a graded m-form on J&(p); according
to the preceding observations, the only terms that represent some problem are those
duplicated in 9/9z}', , and 9/9w}',  (see (5.14)). But these terms are precisely the

ones coming from a single supervector on J&(p) through (5.14); to be more precise,
let us study W.(9/0v}, ). We would like to see that

\I}< 9 )_ 0, 0
Wig) Ozhg Owly

as an extreme case we have || = k, but then this reduces to

0 1o}
v(a;) - g
Mg Owyq
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and as we have the canonical identification (5.5), what we really want is to prove

v < 0 ) 0 n 0
*\ o | T g T g
dvg 0z Owyg
for an arbitrary multiindex Q.
Thus, consider the action of

0
61}5

0 vy 0 * (U
. (o ) G40 = g (¥ R0
_ 9
_avng
it
9 Nt — o
(g ) 00 = g (¥ 0

9 .,
= m ’UR
6UQ

vsR
== 5H5Q’

We have

and this is precisely the action of 9/02¢, + 9/9wy,, as wanted.
As a consequence, we have the following result (see [1,2] for a classical
version):

Theorem 5.3. On JE(p) (for any k) there is defined a canonical graded m-form
with values on V((pr)10) € V(0¥ 1) 10), which we denote by Ji, and whose local
expression s

Te=(=1)""1_o n A 95 ®

dx?

(1<i<m=dimM),
Witg

being 0 < |Q| < k — 1, with the usual convention 96 = 0" when |Q| = 0.
Remark 5.4. In the statement of the theorem, we are writing collectively 95

instead of 6@ and ™% (it is a shorthand for (5.13)).

Generalizing the classical expression (see, for instance [41, Theorem 5.5.2]), for

any L € A T (p)> Ve define the graded m-form (the so called Poincaré—Cartan form
of order k)

OF =5 (L)+n° - L.

Let us make a remark. Let A = C°°(M) be the structural morphism and
C>(M) % A a global section of it. Then, to every volume form 1 on M we can
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associate a graded volume form ¢ = o(n) on (M, A). On the other hand, note
that a graded Lagrangian density is an m-form of the type

G
n 'L,LEAJé(p).

Thus, if we change the volume form n on M to a form pu = n - f where f is a
differentiable function on M, f € C°°(M), we will have a induced change in the
Lagrangian:

n%-f-L.

Moreover, recall that from the local expression of the [, morphism (5.13) it is clear
that replacing 7 for g amounts to passing from J to f - Jx. Putting these observa-
tions together we get (introducing temporarily an obvious notation to distinguish
which graded volume form is in use):

oL G G
= LG (L) 0% f-L
= LG (f- L) +n°(f - 1),

where in the last step use has been made of the fact that f € C°°(M) is not

affected by the derivative on the fiber coordinates, carried on by Egu. If we denote
k

f-Le Ajg(p) by Ly, what we have obtained is

AL _ ALy
0, =06y,

so the graded Poincaré—Cartan form OF is well behaved under the decomposition
“graded Lie derivative plus graded Lagrangian density”.

6. Equivalence between Graded and Berezinian Variational
Problems

Let us make some remarks about the correspondence between Berezinian and
graded variational problems. It is well known how to obtain the equations of the
solutions to a graded variational problem (see [22]); on the contrary, for Berezinian
problems an intrinsic formulation in Cartan’s spirit has been not available up until
now. What does exist, is a way (based on the Comparison Theorem) to associate to
each graded problem a Berezinian one and to establish a correspondence between
their solutions. The basic idea is as follows: given a Lagrangian L € A JL(p)s let &,
be the first-order Berezinian density that it determines, which is given by

d d
O-+++-0

dGxt A A dC ™ .
x v ®daj—1 dx—n ’

and let
d"L

_ 4G, .1 G
)\gL—d T Ao ANd xnl'm
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be the corresponding graded Lagrangian density. In [22], to each first order
graded Lagrangian density A a canonical graded m-form is associated, the graded
Poincaré-Cartan form for the Lagrangian density )¢, . Here, we denote by ©f the
graded Poincaré—Cartan form corresponding to — Ay ; in local coordinates, it is given
by expression (5.1) and, as we have proved, it can be constructed as an intrinsic
object. Now, as

N, =LY o0--0L%, (A% A---ANdC2™ - L),

de—1 doe—"n

it is natural to consider the graded m-form

ol =%, o---0L%, 6} (6.1)

de—1 doe—"n

as the graded Poincaré—Cartan form for the Berezinian density £;,. But we could

as well follow other way to define ©F: Instead of taking the first-order Lagrangian

density dz' A--- AdCa™ - L, construct ©f = LG (L) +n“ - L and then apply
LG, o-.. 0L, ,

de—1 dox—"

d"L

,mand

we could have considered the Lagrangian density, of order (n + 1)
apply E%LH to obtain

~ dnL dnL
L _ pG G, =
O =L7 (dx1~-~dx”) tn de=1...dg—n"

The first procedure is designed to take benefit of the graded variational calculus,
but has the handicap of presenting an expression like (6.1), with the factors

LG, o--.0LC,

de—1 doe—"n

destroying, at a first glance, covariance. On the other hand, once a volume form
n = dx' A---Adz™ has been fixed on the base, the second one proceeds intrinsically
to obtain
d"L
dx=1.--doz—n

from the Berezinian density &7, and then ©%, thus developing a Cartan formalism
in an analogous manner to the classical tangent bundle formulation. Nevertheless,
it would be desirable the convergence of the two ways, in the sense that ©F = L
for any L € .AJé(p); indeed, this is the case as we will see in Theorem 6.5.

We will need some notations and technical lemmas that also will be useful later.

6.1. Preliminaries

Let B € (Z7)* be a strictly decreasing multi-index. For every b € B, we define p(b),
q(b) as follows:

p(b) = ((position of b in B) — 1) mod 2,
q(b) = (position of b in B) mod 2.
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For example, if B = (—1,—5,-7,—8), then p(—7) = 0, ¢(—7) = 1. The symbol
B—{b} denotes the (| B] —1)-multi-index obtained by removing b from B; e.g., in the
previous example we have B — {—5} = (—1, =7, —8). We also set |Z|s = |Z|mod 2,
for every multi-index Z. For any pair of multi-indices
Q= (i1,....ijg) € ZI9I, B =(b1,...,bjp) € (z7)7,
such that |B| > |Q|, we define p(Q, B) as follows:
7]

(@, B) = Zik@k(bk)a
=1

where

p(b), if k=1 mod2
or(b) = e
q(b), if k=0 mod2
and (@, B) =0, if |Q| = 0.
Finally, as usual, the symbol %, applied to a pair of multi-indices, means
juxtaposition.
In what follows, we denote by d% the graded horizontal lift of 0/9z to J& (p),
whose local expression is given in formula (3.4).

k

Lemma 6.1. For any strictly decreasing multi-index B € (Z~)", we have

o dBl
{Wd—} =0

Lemma 6.2. Let k be a positive integer. Givenig € Z and j € {1,...,n}, for every
Q € ZF, we have

when acting on Ajr. ().

_ 90 A |0
MWiioyeg dr™ S oyl
both sides acting on Az, (p).

Note 0/ 8y{“i0}*Q vanishes on Az, (p) whenever |Q| > r. In particular, for every
Le Ajé(p) we have

i d_L _5—ja_L L d_L _5—1'6_1’
Aya \dz=7 ) " Qyr’  Ayhy \dx=i) " Oy’

0 dL

but

Lemma 6.3. For any strictly decreasing multi-index B € (Z7)F, we have

B B|-1
i ﬂ _ Z(_l)#(\3|2+1)+a~p(b)5aLi
Oyl daB beB b dyB—{b} oyr’
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when acting on AJa (p)> where it is assumed

d°F
W:F, VFGAJZ;(I?)
In particular, we have
o dPFIF

1)#IBl2 d®l 9

@dl‘—B_(_ ) de ayéu Vi>0.

Proposition 6.4. For every L € .AJé(p), every strictly decreasing B € (Z7)¥, and
every Q € Z" such that k > 2,1 <r < k, we have

o dBIL

Wiiyeg d”

. B|—
- T (C1HIBR @B . ghal dEel oL

be B—{bcy,...,b 1 e
€1 Q| (SRR a A
by >e>—b dx 17 9Y;

bey s

°|Q|
e €8

The proof of these results is a lengthy induction, but only involving standard
computations.

6.2. The main theorem

In this subsection, as announced in the Introduction, we study the equivalence
between first-order Berezinian variational problems and higher-order graded varia-
tional problems. As the computations are rather cumbersome, we will illustrate the
general situation by considering the case n = 2 (that is, a base manifold of graded
dimension (m|2)).

Theorem 6.5. Let £, be a first-order Berezinian density,

d d

= dGzt A AdC ™ P
S * . ®daj—1o ® da—n

-L, Le AJé(p)7 (6.2)

and let
d"L
de=1- . dz—
Let ©F be the graded Poincaré-Cartan form corresponding to —A¢r, and let us set

ol =%, o...0£%, ©F

de—1 doz—"n

Ae, =da' Ao Nd9a™

and

~ dnL dnL

oL = rG - - - G, -
Tn+1 (dx1~-~dx”) tn de=1...dox—n

Then, we have
el =ek

Proof. Let T be the totally odd multi-index T' = (—1,...,—n), so that |T| = n.
We also write ¢ = (—1)#(IBl2HIQ12)+¢(@.B) By applying the preceding proposition,
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we obtain
L G By Ye
© —n dr—T - ’C.Yn+1 <de>
0 d"L
= (=)™ Y o S NOY . ————
0§|%T‘§n o @ Oyl g daT
= > U e agg
0<|Q|<n o
> s ...l an 1l oL
S bey beg def{bcl,...,bc‘Q‘} ayéi
bClv--vbleIEgl
dn—1RI oL
= -1 e Gpage %+ = 9
_O<|ZQ|:< (-1 €t /\9“~~~z|Q| dzT—lin—iial} OyF
oL
=L% 0oL, (c-nm%e»nGA9#® u)
dot demm o’ y;
d"L
_ oL G
=07 dzT" O

6.3. (m|2)-superfield theory

As the use and notations for multi-indices are rather cumbersome, let us analyze a
specific case in detail, that of supermanifold with m even and 2 odd coordinates.
We start with a Berezinian density

d d

o——=| L,

dz=t  dx—2
where L € Aj,); ie, L = L(z*, y*,y~). The associated graded Lagrangian
density is

¢ = [Pzt A AdC2™ @

d’L
G, .1 G,..m

Next, from L we can obtain, by applying

Ji= (=)™ o g A0t ® 88“ (1<i<m=dimM),
ozt yz
the graded form
d’L
L _ .G _ G G G
© 1 'dxfld.rfz N Edzdfl OEdzdf2 leL

oL

_ rG G _1\ym—1 G w2

_Edﬁloﬁdﬁz <( 1) Lo N 3yf)
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oL d OL
_ m—1 G 1
= (—1) Lﬁ’l] A <0N1’2 . Byf + (_1)#+ 052 . d.]j_l ay,’f
d OL d d OL
77 e ) R N St B .
+ (=D dz—2 oyl + de—1 dx—2 6yf) (6.3)

Moreover, we can apply the V((ps)ig)-valued m-form J3 on JZ(p) to the
superfunction

d’L

do—Ldz—2 € AJ?;(?)’
the result being
~ d’L d’>L
@L N € _ EG -
T drdz—2 s dx—1dx—2

0 d’>L
_ (_1ym—1 G "o,
== bazl 4 (0 Oyt dz—tdzr—2

0 d’L 0 d’L
gr. OO g 905 ) (64
+a oyt dx*ldx*2+ afB Yt g dxldx2> (64)
The factor
d2L
doe—ldz—2

can be evaluated in two different ways:

2L d [ dL
de=ldr=2  da—! (dx—2>
d oL , OL , OL
= ( + V=25, + y—2,a@)

©de—l \ 92
_ 4oL, 0L, d oL
de—1og—2 Y12 oyY Y-2gp—1 oyY
oL d 0L
v et -1 v4+a+l, v - .
+y71,72,aayg +(=1) ~2,0 71 oyr (6.5)
or else,
d*L B d dL
de=ldz=2  dx=2 \dz—!
B d oL Ly oL Ly oL
- de2 \ 9z ! y_lﬁy” y_l’aﬁyg
_d oL, 0L . d 0L
T dx—29z! yfz’flay” Y142 oy¥
v aL 1 v+a+1l, v d aL (66)

_y72,71,a@ - (=1 y71,ama—yy~
« [e3
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In any case, neither the factors of L/dy*, OL/0z~" nor d/dz~*(0L/dy") contain
3-derivatives of the kind y”; _, ,. Thus, by using (6.5), we have

0 d*L 0 < oL )

8y’ij7ki dz—ldz—2 8y’ij7ki Y-1, 72“6;9(1

o OL
= 6—116—136 H

Also, there are no terms like y;; in L € A1 (), neither in d*L/dx='dz=2 (as d/dx 1,
d/dz~? just introduce derivatives with respect to odd indices), so that
0 d’L 0 d*L
oyt de—ldz=2 6y‘iji dx—ldz=2"

Now, comparing (6.3) and (6.4), we see that proving ©F = OF reduces to see
whether

L A O* 9 L
el dy" ,; dr—lda2
d 0L d OL
= 1)~e" — 1)AFigr, .
9 (( VIO dz=2 dyl' =D 2 da—l oyl
or, developing the left-hand side,
0 0 d’L
AO",  —— + 06",
Yo " < ! ayﬁu o ay“Z,i) de~ldz~?

:(_1)“&”%(9&1 d oL . d 6L>

LT T

What we are going to see is

o L _ (_1)/LL8_L
oyt ; de—tdr=2 dz—2 oyl

0 &L __ g d 0L o
oYty ; de—ldx2 dz=1 oyl

To prove the first formula in (6.7), we use (6.5). It is clear that the only terms
containing factors like y*, ;, y", ; are those indicated:

oL 0 &L
oy, oyt dalda?
) 0°L vy e L
= . (y 1, QW - (=1) y72y—1,aw
_ 1 vt+a, v “ )
(1) ot Lryrw fa
0L 9L

0%L
-1 pn(v+1), v 1 ptp(v+a), v v e
GO g gy T (Y 2yl oy

- oyt ox—2 +



808 J. Monterde, J. M. Masqué € J. A. Vallejo

o (v )
Ox—2 “2oyr U0y ) oyl
d 0L
dz=2 oy
To prove the second formula in (6.7), one has just to repeat the preceding compu-
tations but using (6.6).

Remark 6.6. The proof of the lemmas and the proposition in Subsec. 6.1 is just a
generalization (by induction) of the computations leading to equations (6.5), (6.6)
and (6.7).

Thus, once a volume form has been chosen on the base manifold M, we have
constructed a Poincaré—Cartan form,

d"L d"L
L _ pG G, 2~
O =L7n (dx—l e dx‘") i de=t-.-dz—n

out of intrinsically defined objects. Moreover, we have proved the equivalence with
the alternative expression

=%, o--0r%, OF

de—1 doe—"n

which, as it does not involve higher-order operators, could be more appropriate for
explicit computations.

7. Deduction of the Euler—Lagrange Equations from
the Poincaré—Cartan Form

7.1. The exterior derivative of the Poincaré—Cartan form

According to the previous section, we have a well-defined procedure to obtain the
Euler-Lagrange superequations for a superfield theory described by a first-order
Berezinian density

d d
g iRl e - L, LEAJ(l;(p),

in a similar way to that of the classical case: First, we must consider the Poincaré-
Cartan form ©%, then its differential d“©% and finally study the insertion of vertical
superfields. The idea is to obtain a decomposition of d“©F as the product of the

§L: dG.IZlA"'/\dGJ}m®

Euler-Lagrange operator by the graded contact 1-forms and/or their derivatives
plus other terms, as expressed in the following proposition.
We make use of the decomposition d¢ = D + 9, where
D = Dy + D,
=d% o L%
dz ™
is the graded horizontal differential (given as a sum of the horizontal differential
with respect to even and odd coordinates on the base manifold) and 0 = d“ — D
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is the graded vertical differential, which differentiates with respect to the fiber
coordinates (recall Subsec. 3.3).

Proposition 7.1. For every L € AJé(p), we have

d“el =%, o 0L%, (ap+wp+Di(OF —n% L) +00OL —n%.-L)),

de—1 dz—"

where wy, and oy, are the (m + 1)-forms on JZ(p), defined by

oL d 0L oL
—(_1\m G w (| 2= = w2
=L =" A<0 <3y“ dxi3y5>+0"3y“i>
dL oL

Proof. From the preceding section, recalling that the operators Eg/ dp—1 and ¢
commute, we obtain

del =%, o...oL%, d9ek

do—T doz—"n

=L%y o-0L%y (Do(©F =1 L)

de—1 dox—"n
+D1(0F —n“-L)+09(0F —n“ - L)
+ (—1)mnG A dGL).

Let us concentrate in the terms Do(©F —n“ - L) 4+ (=1)™n% A d“L. On the one
hand, we have

Do(0g —n - L) = d%" A LS (85 —n - L)

oL d 8L
_ m—1 G’ 12 w_
(0t (o g+ dxiay;‘>

and, on the other,

dL oL oL

G A 4G G G, .« G G
ANd"L=n"AN|d . d=yt - d’y .
K K ( TG TV oyr 7y 8y5>
Thus, substituting,

Do(0F =0 - L)+ (-1)"n% Ad°L
oL d oL
_ (_1\m,,G I _ K
= 1)77/\<913 edxiayf

dL oL oL
dG a dG I dG po 2
+ dr + 8y# +a”yq D"

oL d OL dL
— (_1\YmnCG 14 _pm = G, o
(=)0~ A ( 0; 3y # 0 i Dyl +d”x e

L L
+ (9“ +d%z> y{i)g—yu + (9“ + d%aP y,@a) gy )
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oL oL d OL
= (=1)™% A (0", " -
= A(‘Zay“iJr <8y“ da’ 8yf)
dL oL oL
G, .« G, .« G,.B
+d xr (i.’t—a+d €T yga—y#—i—d x 'ygaa—yg)

oL oL d oL
— (_1\myG M w = = Z=
= A(azayﬁﬁe (3@/# da’ 3@/#)

dL 0L
G, .o, o= Y
rdr <2dxa 6ma>)

=wr, + Q.

O

We should also remark that for every vector field X on J&(p) vertical over
(M, A), we have txar = 0.

Now, we would like to extract the Euler-Lagrange superequations of field
theory from the decomposition of the previous proposition. To this end, we
first need the following technical lemma, whose proof reduces to a simple
computation:

Lemma 7.2. Let ¥_,, denote the group of permutations of {—1,...,—n}. For any
A, B € Qa(J5(p)), we have

£, o---0L%, (AAB)

de—1 doz—"n

Ly (e eor )
dzo1(=1) dz1(=lo1)

o=01U02EX_,,

0<oj<n
A, o---0L% , BJ,
dwo2(—lo1+1) dwo2(—m)
where T is the number of transpositions needed to reorder (o1(—1),...,02(—n)).

Proposition 7.3. With the preceding notations, we have

ﬁcd 0"‘O£G¢(WL)

de—1 dox—"

do2lE(L)
_ _1\|o2|lpt+74+m G "
- Z (=) U /\001(—1)“'01(—|<71|)dxaz(—lml—l) oo dyoz2(=n)’
o=01Uo€X_,,
0%|<722\§n
|o2|p+T

where € is the Euler—Lagrange operator,
oL d oL d 0L
- T (M — 2

Proof. Let us write

m oL
wr = (—1) nG A\ <0#wu + 9’12@) s
where

o 0L d oL
L 8y“ dzt ayéi'
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Then, we have

L8, o--0L%, (wp)

de—1 dez—"n
oL
_ m, G G G
- (_1) n /\ﬁdwd*I O...o£dw(i" <GMW#+0uiayHi> 7

and by applying Lemma 7.2, we obtain

LEy o-0L%, (Q“wu+9“i o )

da—1 dz—"n 6y" ;

—1

B (P
dzo1(=1) dzo1(=lo1])

o=01Uo2E€X_,,

0<|o2|<n
. EG d O A O ﬁG d wu
deo2(—lo1]+1) dzc2(—7)
+ (=D)leeltDtr (26 60 G, 0",
dzo1(—1) dzo1(=lo1l)

N us B o0 LG , 6_L
FRCTICEINESY) o2 Oyt
dloz!

- _1)lo2lutTgn
- Z (( 1) : 90’1(—1)"'51(_‘01‘) dxaz(—|01\—1) . dx<72(—") “n

o=(01Uo2)EX_,,
0<|oz|<n

4 (_1)|02\(/L+1)+79g dlo2l oL )

1(=D)-o1(=lo1]), =i gpoz(—lo1|-1) ... gpo2(—n) ayﬁl

dloz!
_ _1\lo2|p+T g1t
- Z (=1 901(*1)“'01(*|01|) (dxaz(lml) ...dxoz(fn)w“

o=(01Uo2)EX_,,
0<|o2|<n

1) dloz| d oL
— (_ ) droz(=loi|=1) ... drpo2(—n) dp—i ay/iz
dloz2!

_ _1\lo2|p+T g1
- Z ( 1) . 00'1(71)~~~01(7|o‘1|) dxo2(=loi|=1) ... dpo2(—n) (g(L))

o=01U02EX_,,
0<|o2|<n

7.2. An example

a

Again, let us clarify the notation by working out the example of (m|2)-superfield

theory. Here we have

oL d 0L oL oL
G G n _ = 7 M H
)dedfl ﬁdw%z <0 (ay“ dx? 8yf) N 071 ay/_L1 * 072 8y/i2>

oL d oL d oL d OL
= L%, H - 2 7= _1\HpH - _ - =
ﬁdm'—l (92 <8yu da’ 8yf) + (=" dz—2 <8yu dx? 8yf)

oL d 0L d 0L
0", = — (—1)HO" —— = — (—1)"0" —
+ —2,—1 8yﬁ ( ) -1 dr—2 3yﬁ1 ( ) -2 dr—2 ayu2>
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g (2 ALY (g, (0L d 0L
b2\ oyr dat oyt TPda—t \Ooyr da’ Oy

1y 9 (aL da_L)Jrg# d d (aL d aL)

12 @ B @ny dx—1 dx—=2 @ - %@
d 0L d d 0L
—1)HH "
+(=1)r0", da—1 oy”, +02, dr=1 dz=2 oy",
iy d_ 9L, d d oL

“L2d-2 oyt T TP detda—2 Oy,

Next, grouping common factors of the contact 1-forms,
oL d OL oL oL
G G Iz Iz
o - - — -0, —
ﬁdw(il ﬁdw(iz < (8y“ dat 6yf) oyt TP 8y/i2)
" < oL d 0L 1 d 0L d OL )

=02 ol omam D g D) S a
oyt dx* Oy, dz—1 oy, dz=2 oy"”,

o (aped (P A oLy @ o
-1 dz=2 \oyr  da’ Oyl dr—'dz=2 oy,
d oL d OL d? oL
_or [ (—1 oL @ 98 e 94
b= (( b dx—1 (8y“ dat 6yf) + dr—tdx—2 8y’i2>
g (9L d oL
de=tdz=2 \Oy* dax* 0yl ) )’

and an algebraic rearrangement finally gives,

oL  d oL oL oL
G el w92 @ O i
R (9 (3@/# dz 3@/!;‘) o 9‘231/"2)

oL oL . o
Ayt dat Oyl drz=3 9y" ;

d oL d OL d d 0L
1 \HpH o _ (1M
+ (=" (dx2 (83/# dz’ 8yf) (=1) dr=2 dx—J 8yﬁ,>
d oL d OL d d 0L
—(=1)~p* - —(=1\*
( 1) 9_2 <d$_1 (8y“ dzt ayiL) ( 1) dr—1Y dx—J ayﬂj>

d? OL d 0L d 0L
p(_ 4 (9% @ 9% w2
o (dmldacz (8y# dz* oyl (=1) dx=7 3yfj>)

= (0%, 5+ (1), — (110", + 0M)E(L).

7.3. The Euler—Lagrange equations

In view of Proposition 7.3, the term w, alone already gives us the Euler—Lagrange
equations, so we must study the vanishing of the terms

D1(0f —n°-L)+0(0f —n-L).
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Lemma 7.4. With the preceding notations, we have

6—9“/\£G + 0" AL, —dGG“/\La} —dGH“/\z,a.

ayky oyH Oyﬂ

Proof. From the very definition we have

d% =d%2P A LGy +dCyHt A LG +d%y* A LC, |
oz dyH oyh
and also from the definition, 0 = d© — D, where D is the horizontal differential.
Therefore,

0=d"-D
=d% —d%z7 A LC,

dz 7
=d%2P A LC, +dG”ALG +d%yP A LG —d%a A LG

L ayh dz

Furthermore, as

d 0 0 0

e 9 w9 o 9
dzv  dx7 +y 78y“ + Ve oYk’

taking the properties of the graded Lie derivative into account, we obtain

0 =d% “/\CG +dOYE N LG —dCe AL, o —dCe NLS
DyF oyl aay “53!/;;
= " A L, +de“/\£G —dcxa/\<dGbyuL—|—b .o dG)
Ema S e Ya gym
—d%x> A (d +1n dG)
yab‘ay yaﬂay,
= dSY" NLS, +dCYa AL —dCa Y AL, —d¥a® yl g AL
ayr B dyk ayj3
_ 4G, .« G, @ _ G o G, 1
d7x* Nd ya/\Lﬁ d7x% Nd yaﬁ/\bi.

Finally, by grouping the correct terms and by noting that
d96f = d%z* Ad%y,, o,
we arrive at the statement of the lemma. O

Lemma 7.5. For every vector field X on J'(p), vertical over (M, A), and for
any local section s of p, we have

(jnHLs)* (LX (ﬁcl o---0L%, (Di(©F —1-L)+d(O0F —n°- L))» =0

de—1 dx—"m
Proof. As
Dy =d% ALY, |

dx—1

it is clear that

LG, o--0L%, oD;=0

de—1 do—"n
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(one of the # factors appears twice). Now, let us see that

(" s)" (1 (L9, 00 £%4_(@(OF =1 - 1)) = 0.

de—1 dz—"m

The bidegree of 0 is (1,0), so we have

205 —n% . L)y=0((-D)™ Y o n®A O“a—L
0

EXyi ayu

oL oL
— G I _pr
Lo 1] A <8€ " 0 Aa(@y“))

J J

From Lemma 7.4, we know the explicit expression for 9. Making use of it, along
with the formulas

L% 0 =0,

oy

G v o__ L+ G v
Eajﬁie _—(—1)0‘(/ *d xaéu’

L_a B ="

Iy wr

L_o 9”20,

ayh

we obtain

d(O5 —n“-L)

= L%ﬁG A <dG$a A 95% - ngu% B 5ya’;Ly; o egay%;y;)’
and remarking that
d%z® A1 — dO9r = —dCa N d%aP -y
we deduce

8(@0L — nG . L)

0" A Q"
oyroyy - “ Oya 0y

%L %L
:—Linc/\(dea/\deﬁyga—I—H”/\O“ )
oxJ
Here, the first term in the right-hand side vanishes when a vertical vector field is
inserted. The other two, when the pull-back (j7*1s)* is taken, as a contact form

0" remains even after the insertion of the vertical field. O

As a consequence of these results, we can see that the Euler—Lagrange equations
for a superfield are those expected.

Theorem 7.6. A local section s of p is a critical section for the Berezinian density
L =%t A ANd92™ @ dzd_l 0---0 #}L with L € A1), if and only if the
following equations holds:

(j" )" (1xd“Or) =0, (7.1)
for every vector field X on J&T'(p) vertical over (M, A).
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Proof. As we have seen, Eq. (7.1) is equivalent to the Euler-Lagrange equations

oL d OL d OL
n41 ) * o (=W e | =
(") <6y“ dz' oyl (=1) dx—3 6y“j) 0

and these are the well-known conditions on s to be a critical section (see [30,
Theorem 6.3]). O

8. Some Applications
8.1. Noether theorem

Next, we consider the infinitesimal symmetries of Berezinian densities. The basic
idea is to study under which conditions we can interchange ¢ty with d“ in (7.1) to
obtain the equation

dG(j7l+1s)*(LX(__)L) _ 07

giving us an invariant, :x©%. In classical mechanics, this is the case when the
Lagrangian is invariant under the action of some group whose infinitesimal generator
is precisely X; this observation motivates the following definitions.

A p-projectable vector field X on (N, B) is said to be an infinitesimal supersym-
metry of the Berezinian density

m d
§L = A%z AN dCx ®dx_1o-~-odx_n - L, LEAJé(p),
if
G —
’CX(n-H)gL =0,

where X(,,;1) is the (n + 1)-jet extension of X by graded contact infinitesimal
transformations.

Now, the desired interchange amounts to have £§(<n+1>®L = 0. A basic result
in this direction is the infinitesimal functoriality of the Poincaré—Cartan form, a
concept which requires a previous definition.

A graded vector field X’ on (M, A) is said to have a graded divergence with
respect to a graded volume m-form n“ on (M, A) if there exists a function f € A
such that,

LG =n°f.

In this case, we put f = divg(X’). A graded vector field X on (N, B) is said to
have graded divergence if it is p-projectable and if its projection X’ has graded
divergence.

Theorem 8.1 [Infinitesimal functoriality of ©L, [23]]. Let n“ - L be a graded
Lagrangian density on p : (N,B) — (M, A) (L € A) and ©F the corresponding
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graded Poincaré—Cartan form. For every vector field X on (N, B) with divergence,
we have

o =o', (8.1)
where L' = X(;,41)(L) + divg(X') - L.

According to this result, what we want (ﬁ%ﬁ(n“)@L = 0) is equivalent to
oL = 0, that is, to L' = 0. Let us see under which conditions this is true for an

infinitesimal supersymmetry. Let us write the Berezinian density as £;, = [¢]L and
assume that X is such a supersymmetry. Then

0=LF . &= (LS, )L+ (—)Fe e X, (L), (82)

As the Berezinian module plays a role akin to that of the volume forms (at least
with respect to integration), we can use the concept of Berezinian divergence (see
Sec. 4.3.3). We recall that if X’ is a graded vector field on (M, A) and & is a
Berezinian density on (M, .A), we have £, [€] = (=1)IX'II€l[¢] - divp(X).

Note that the graded divergence of a given graded vector field on (M, A),

9 9
X =X+ (X)) —
(XY 4+ (X) T
does not necessarily exist. Indeed, the existence of the graded divergence requires,
a(X/)z
ox—i 7

for any i, —j. On the other hand, the Berezinian divergence always exists.

If X on (N, B) is p-projectable, we write

£5 €] = (-1)* g - divp (X).
This makes sense as long as X is projectable (with projection X'); then, if the
Berezinian is given by [£] = [n ® P] for some graded form n € Qg((M,.A)) and
some differential operator P € D(A), we extend the previous definition to
£81€] = (-1 o P o X

In other words, the graded Lie derivative of [{] with respect to X is that respect
to its projection. The same observation (and definition) applies to a graded vector
field on (Jé(p),AJé(p)) projectable onto (M, A).

Thus, Eq. (8.2) can be rewritten as

(—1)|X<”+1>Hg‘diVB(X(7l+1)) L+ (—1)‘X<"+1)H§‘X(n+1)(L)
= divB(X(nJrl)) - L+ X(n+1)(L)

and this is the expression of L' = 0 except for the fact that we have two different
divergences. In this way, we are led to the following result.
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Theorem 8.2 [Noether|. Assume X is an infinitesimal supersymmetry of the
Berezinian density

d

= dGzt A ANdC ™
s * e do—1 0 g

L, LeAng,
such that,
(1) The projection X' of X onto (M, A) has a divergence with respect to
Azt A AdCa™,
(2) divg(X’) = divg(X).
Then, for every critical section s of &1, we have
d[(j"ts)” (LX<¢L+1>@L)] =0.
Proof. If X is an infinitesimal supersymmetry of £;,, by (8.2) we have
dive(X(n41)) - L+ X1y (L) =0

and by (1), (2), L' = divg(X(n41)) - L + X(n41)(L) = 0. Moreover, from (8.1), we
have

L' __ pG L
0" =0= £X<n+l)6 .
Thus,
. el L n * GolL
(.7n+15) (d ”X<n+1)@ )+(.7n+15) (”X<n+1)d 0%) =0,
and since s is a critical section,
. * G L
(.]n+13) ([’X(n+1)d S} ):O
The statement now follows from the fact that d* commutes with pullbacks. O
The superfunctions tx, +1)@L appearing in the statement, are called Noether
supercurrents. Analogously, the graded vector fields X satisfying the condi-
tions of the theorem (and, in general, those leading to Noether supercurrents;

note that these conditions are sufficient, but not necessary) are called Noether
supersymmetries.

Corollary 8.3. Assume X is a p-vertical graded vector field which also is an
infinitesimal supersymmetry of the Berezinian density (6.2). Then, for every critical
section s of &1, we have

dG[(j7l+1S)*(LX(¢L+1)@L)] =0.
Proof. If X is vertical, its projection is 0 and so divg(X’) = divg(X') = 0. O
8.2. The case of supermechanics

Consider the supermanifold R = (R, Q(R)) and the graded submersion
p: (N,B) =R, (N,B) =R x R,
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defined by the projection onto the first factor, which determines the graded bundle
of 1-jets (J&(p), Aji(py)- This is the situation that would correspond to superme-
chanics (see [13,14,33,35]). If (¢, s) and (t,s,y, z) are supercoordinates for R!I' and
(N, B), respectively (even y and odd z), we have a system (s, t,y, 2, Yt, Ys, 2t, 2s) for
(J&(p), A (p))- These coordinates are defined through

(jlo)y't=o"(t) =t

(jlo)'s =0"(s) = s

(G'o)'y = o (y) = ¢(t)
(jlo)'z = 0" (2) = ¢(t)s
Glo)y = 2 (o) y = (1)

for a section ¢ : R — (N, B) of p. Here, ¢ and v are just real functions. Note
the particularity of the coordinate y4, which evaluated on sections vanishes; this is
a special feature of the (1]1)-dimension.

The traditional (physics oriented) notation would write dy/0t instead of
¢'(t) and so on. In this way, the preceding observation about ys is masked, so
we prefer ours.

A graded Lagrangian is an element L € Ajé(p) (i.e., a “superfunction of
(8,t,y, 2, Yt, Ys, 2t, 2s)” ). We are interested in determining the class of Lagrangians
which admit a p-projectable graded vector field on (N, B), of the particular form

0 0
D=fZ 142
f@t + Tos
as a Noether supersymmetry.
A priori, we should have f = f(¢,s) and g = g(¢, s), but the fact that D must

be a supersymmetry imposes some restrictions which we now analyze. First of all,
divg (D) must exist, and this forces f = f(¢); hence

of _

5s =0 (8.3)

Moreover, it is immediate from the definition of graded divergence that

of

dng(D) = ot .

(8.4)
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Secondly, divp (D) must coincide with divg(D); from expression (4.4) in Sec. 4.3.3,
we find that, necessarily,
99
ds
With restrictions (8.3), and (8.5), the computation of the extension Dy is
relatively easy, and the result is

D) = f 0 (df +dg )i_<ﬁt+d_gzs>i

~0. (8.5)

83 dt dt Oyt dt dt 0z
df 0 d’f d*g df dg 0
s 10 s 2— 2 s
pTL Dy <dt2yt+dt2y + i Yet + Y EI
df 0 d’f d?g df dg 0
— 22, s +2— 2 .
T (dt2 gt eg T 9o 89

Finally, the remaining condition for D to be a Noether supersymmetry is £ D2y &L =
0; that is,

diVB(D) - L+ D(Q)L =0,

or, in view of (8.4),

aa—{L + D)L = 0. (8.7)
As L € Ajy(p), we have
8_L _ oL —0
Oyt OYst
and
B_L oL 0
0zt 0zst ’

so the insertion of (8.6) into (8.7) gives

O, (9L 0L _(df  dg \OL _(df g \OL _
T IS (dtyt+dt )8yt (dtt+dt S)@zt_

Now, evaluating on a section o we obtain

Storr sy (5) +attor (5) - (Fe0) o (52)

- (Lvws+ Low) o'y () =0 (539)

Any L € A JL(p) solution to this equation, is a superlagrangian admitting D as a
Noether supersymmetry. Conversely, if we take a fixed L € A JL(p)> ANY pair of real
functions, f = f(t,s) and g = g(t, s), satisfying (8.8) determines a graded vector
field D = f0/0t + g0/0s, which is a Noether supersymmetry for L.
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A trivial case is that of f = g = 1. Then, Eq. (8.8) reduces to

oL OL

S+ 5. = D) =0,

that is: if L does not depend explicitly on (t,s), then the “supertime translation”

D:

0/0t + 0/0s is a Noether supersymmetry, as in the classical setting (see [35]).
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