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THE POWER OF TWO MATRICES IN SPECTRAL ALGORITHMS

SOUVIK DHARA*, JULIA GAUDIO', ELCHANAN MOSSEL*, COLIN SANDON!

ABSTRACT. Spectral algorithms are some of the main tools in optimization and inference problems
on graphs. Typically, the graph is encoded as a matrix and eigenvectors and eigenvalues of the
matrix are then used to solve the given graph problem. Spectral algorithms have been successfully
used for graph partitioning, hidden clique recovery and graph coloring. In this paper, we study
the power of spectral algorithms using two matrices in a graph partitioning problem. We use two
different matrices resulting from two different encodings of the same graph and then combine the
spectral information coming from these two matrices.

We analyze a two-matrix spectral algorithm for the problem of identifying latent community
structure in large random graphs. In particular, we consider the problem of recovering community
assignments exactly in the censored stochastic block model, where each edge status is revealed
independently with some probability. We show that spectral algorithms based on two matrices are
optimal and succeed in recovering communities up to the information theoretic threshold. On the
other hand, we show that for most choices of the parameters, any spectral algorithm based on one
matrix is suboptimal. This is in contrast to our prior works (2022a, 2022b) which showed that
for the symmetric Stochastic Block Model and the Planted Dense Subgraph problem, a spectral
algorithm based on one matrix achieves the information theoretic threshold. We additionally provide
more general geometric conditions for the (sub)-optimality of spectral algorithms.

1. INTRODUCTION

Spectral algorithms are some of the main tools in graph algorithms and combinatorial optimization.
Some famous and classical examples include spectral algorithms for the hidden clique problem [4],
graph bisection [6], and graph coloring [3, 5]. These algorithms encode the graph into a matrix by
recording the status of each present/absent edge of the graph as an entry of the matrix. The most
natural encoding is the adjacency matrix representation, where edges are encoded by the value 1 and
non-edges are encoded by the value 0. Given the encoding matrix, a small number of eigenvectors
for this matrix are used to solve the given graph problem.

Our interest in this work lies in graph problems for which using multiple matrix
representations gives an advantage over using a single matrix.

In particular, we are interested in the power of spectral algorithms in such a scenario in the context
of finding clusters in a planted partition model called the Censored Stochastic Block Model (CSBM).
In this model, there are two clusters of approximate sizes np and n(1 — p), and the edges inside
each of the clusters appear independently with probabilities p1, ps respectively, while edges between

the two clusters appear with probability ¢. Moreover, each edge status is revealed with probability
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2 THE POWER OF TWO MATRICES IN SPECTRAL ALGORITHMS

tlogn/n for some fixed ¢ > 0. Thus the statuses of most edges are unknown. The censored model
was introduced to model the fact that in many social networks, not all of the connections between
individual nodes are known.

Given an instance of a censored graph with no vertex labels, the problem is to recover the partitions
exactly with high probability. This is often referred to as the exact recovery problem. We note that
some applications of spectral algorithms to the exact recovery problem use an additional combinatorial
clean-up stage (see e.g. |7, 16, 17]), but we follow [1, 8, 9] in studying spectral algorithms that do
not look at the graph after the top eigenvectors have been found. This is partially motivated by the
fact that most real applications of spectral algorithms do not include a combinatorial clean-up stage.

The classical case in the literature considers exact recovery in the Stochastic Block Model where
there is no censoring and p1,p2,q = O(logn/n). In order to achieve exact recovery up to the
information theoretic boundary, prior works used some trimming and post-processing steps together
with the spectral algorithm |7, 16, 17]. However, the question of whether a direct spectral algorithm
based on the top two eigenvectors of the of the adjacency matrix would be optimal remained open
until the recent resolution by Abbe, Fan, Wang, and Zhong [1] for p; = ps. In the censored SBM,
there are three possible observations (present, absent, or censored), so spectral recovery using a
binary-valued adjacency matrix is suboptimal. Instead, one can use a ternary-valued encoding
matrix. It was recently shown in [8, 9] that, for some special cases of the planted partition model
such as the planted dense subgraph problem (p2 = ¢) and the symmetric stochastic block model
(p1 = p2,p = 1/2), a spectral algorithm based on the top two eigenvectors of a signed adjacency
matrix is optimal. This raises the question:

Are spectral algorithms based on the top eigenvectors of a signed adjacency matric
optimal for all censored stochastic block models?

The main contributions of this article are as follows:

(1) In contrast with the success stories in [8, 9], whenever pi,p2,q are distinct, a spectral
algorithm based on the top two eigenvectors of a signed adjacency matrix is always suboptimal
(Theorem 1.7 Part (2)).

(2) We propose spectral algorithms with two encoding matrices, where we take an appropriate
linear combination of the corresponding top eigenvectors. We show that these algorithms are
always optimal (Theorem 1.10). The optimality of spectral algorithms with two matrices is
also shown in the more general setting & > 2 communities (Theorem 1.12).

Thus, these results exhibit a strict separation between spectral algorithm classes with one versus
multiple encoding matrices, and this separation can be realized for even elementary planted partition
models. To our knowledge, this general phenomena was not observed in the substantial prior
literature for recovery problems in the planted partition problems.

1.1. Model and Objective. We start by defining the Censored Stochastic Block Model.

Definition 1.1 (Censored Stochastic Block Model (CSBM)). Let p € (0,1)* be such that Zle pi=1
and let P € (0,1)*** be a symmetric matrix. Suppose we have n vertices and each vertex v € [n]
is assigned a community assignment og(v) € [k] according to the distribution p independently, i.e.,
P(og(v) = 1) = p; for i € [k].
> For w,v € [n] and u # v, the edge {u,v} exists independently with probability P,
Self-loops do not occur.
> For every pair of vertices {u,v}, its connectivity status is revealed independently with
probability o8

n

ao(v)-

, and is censored otherwise for some fixed ¢ > 0.

The output is a random graph with edge statuses given by {present, absent, censored}. The
distribution of this random graph is called the Censored Stochastic Block Model. We write G ~
CSBMEL(p, P, t) to denote a graph generated from the above model, with vertex labels removed (i.e.,
oo unknown).
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Definition 1.2 (Exact recovery). Consider the n x k membership matrix Sy, where (Sp)u; =
1{oo(u) = i}, i.e., the u-th row indicates the community membership of u. Given an estimator &,

construct S similarly as S,; = 1{6(u) = i}. We say that an estimator achieves ezact recovery if
there exists a k x k permutation matrix J such that SJ = .Sj.

1.2. Information theoretic boundary. We start by discussing the information theoretic threshold.
The result will be stated in terms of a Chernoff-Hellinger divergence, introduced by Abbe and
Sandon [2].

Definition 1.3 (Chernoff-Hellinger divergence). Given two vectors u,v € (Ry \ {0})!, define
CHe(p,v) =Y [Gpi+ (1= &vi — pr; ~¢] for £ €[0,1].
i€(l]

The Chernoff-Hellinger divergence of p and v is defined as

Ay (p,v) = Jnax CHe(p,v). (1.1)
Define
-1
te = (Hin A+(91-,0j)) , where 0; = (prPri, pr(1 = Pri))rep) € RZ, (1.2)
i#]

Theorem 1.4 (Information theoretic threshold). Let G ~ CSBME (p, P,t). Ift < t., then for any
estimator &,

lim P(6 achieves exact recovery) = 0.
n—oo

1.3. Spectral algorithms. For comparing the performance of spectral algorithms with one ma-
trix versus spectral algorithms with more than one matrix, we first specialize to the case of two
communities.

To define spectral algorithms formally, we first define the threshold procedures we allow to apply
on vectors. These are the procedures that will be applied to the leading eigenvectors of the encoding
matrices.

Algorithm 1 CLASSIFY

Input: Censored graph G on n vertices, vectors (u;)"; C R", and scalars, v1,...,7vm,T € R.
Output: Community classification.

1: Compute possible score vectors U = {d " s;viu; for all s; € {£1}}.
2: Compute possible assignments S(U) = {6 = sign(u — T'1) : u € U} and output a community
assignment 1 + (1 4 &)/2 that maximizes the posterior probability P(G | 6) over ¢ € S(U).

Since eigenvectors are determined up to a sign flip, Step 2 above is required in order to resolve
this sign ambiguity. This will be explained in more detail in Remark 1.13.

Definition 1.5 (Signed adjacency matrix). Given y > 0 and a graph G with edge statuses
{present, absent, censored}, define the signed adjacency matrix A(G,y) as the n x n matrix
with
1 if {4,7} is present
Aijj = —y if {i,7} is absent
0 if {4,5} is censored.

Let us define the class of algorithms SPECTRAL-ONE that use a single encoding matrix.
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Definition 1.6 (SPECTRAL-ONE). An algorithm A(G,y,a1,a2,T) in the SPECTRAL-ONE class
takes a censored graph G as input, an encoding parameter y € R, and scalars a1, a3,7 € R. The
algorithm then computes the top two eigenvectors uj, us of A = A(G,y), and gives the output of
CLASSIFY ((u;)?_, (a;)?_, T). We denote the output of algorithm A in this class as 4.

=1

For the two community case, we will always consider the parameters:

P = <pq1 pq2> ﬁ:(pvl—p) and PyP1,P2,q € (071) (13)
Theorem 1.7 (Failure of SPECTRAL-ONE in most cases). Let G ~ CSBM?2(p, P,t) with p, P given
by (1.3).

(1) Suppose that py,pa,q are not distinct. If py = ps = p, then assume p+q # 1. 1 There
ezist explicitly computable constants y € Ry and 1,72 € R such that the algorithm A =
A(G,y,7v1,72,0) from the class SPECTRAL-ONE satisfies

lim P(64 achieves exact recovery) =1,  for any t > t..
n—oo

In particular, Algorithm 3 produces such an estimator.
(2) Suppose that p1,pe,q are distinct. There exists 09 > 0 such that, if t < t. + dg, then for any
A € SPECTRAL-ONE,

lim P(6.4 achieves exact recovery) = 0.
n—oo

For the case p1 = pa, Theorem 1.7 Part (1) generalizes the result of |9, Theorem 2.2| to the
case p # 1/2. Part (2) of the result is in sharp contrast with the results in [8, 9]; together, these
results essentially say that the censored planted dense subgraph problem (p2 = ¢) and the symmetric
censored stochastic block models (p; = p2) are remarkably the only cases where an algorithm from
SPECTRAL-ONE is successful?>. The possible limitation of SPECTRAL-ONE was shown in [8, Theorem
2.6] for the special case of ¢ =1/2, p1 =1 —p9 and p = 1/2.

Remark 1.8. It is worthwhile to note that the choice of encoding parameters {1, —y, 0} is completely
general and one does not get a more powerful class of algorithms by allowing an arbitrary ternary
encoding. In fact, as our proof shows, if p1,po,q are distinct, then even if one allows arbitrary
encodings, the SPECTRAL-ONE algorithms still fail sufficiently near the threshold (see Remark 5.2).

Next, we will show that spectral algorithms with two matrices are always optimal for the recovery
of two communities. Let us define the class of algorithms SPECTRAL-TWO that uses two encoding
matrices instead of one.

Definition 1.9 (SPECTRAL-TWO). An algorithm A(G, y1,v2, (a;)i_;,T) in the SPECTRAL-TWO class
takes as input a censored graph G, two encoding parameter yi,y2 € R4 with y1 # y2 and
(a;); C R, T € R. The algorithm considers two signed adjacency matrices 4; = A(G,y1)
and Az = A(G, y2), and computes their top two eigenvectors uf, uj, for r = 1,2. Then the algorithm
outputs CLASSIFY ((u}); r=12, (a;)}_1, T). As before, we denote the output of algorithm A from this
class as 6 4.

Theorem 1.10 (SPECTRAL-TWO always succeeds in recovering two communities). Let G ~
CSBM?(p, P,t) with p, P given by (1.3). There exists a set Y C Ry with |Y| < 3 such that for any

IThe case p1 = p2 = p, p = :
succeed for t > t..
2For the edge-case p1 = p2 = p and p + g = 1, the rank of E[A] is 1 for the value of y that we would want to use.

This is why it is ruled out in Theorem 1.7 Part (1).

is covered in [9] without the assumption p + ¢ # 1. In this case, spectral algorithms
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y1 # y2 and y1,y2 & Y, there exist explicit (a;)}, C R* such that the algorithm A(G,y1, y2, (a;)iq,0)
from the class SPECTRAL-TWO satisfies

lim P(64 achieves exact recovery) =1,  for any t > t..
n—oo

In particular, Algorithm 5 produces such an estimator.

Theorem 1.10 not only shows that SPECTRAL-TWO algorithms are always successful, but also
shows that the choice of the encoding parameters y1, y2 does not matter too much as long as y; # yo
and they both lie outside a finite exception set. For example, we can choose y1, y2 ~ Uniform]0, 1]
independently. Avoiding the finite exception set helps us ensure that A; and A both have two
eigenvectors with large, distinct eigenvalues. On the other hand, in Theorem 1.7 (1) for SPECTRAL-
ONE algorithms, the choice of the encoding is quite important. In fact, for p; = ps = p or
p1 = p and ps = g, the only choice of y that yields an optimal algorithm is log(i%g)/ log g. Thus,
SPECTRAL-TWO algorithms leads to a much broader and flexible class of algorithms as compared to
SPECTRAL-ONE.

Finally, we show that SPECTRAL-TWO succeeds for the recovery of k > 3 communities, as long
as the parameters P, p satisfies certain conditions. To this end, let us define SPECTRAL-TWO for
general k.

Algorithm 2 CLASSIFY-MULTIPLE

Input: Censored graph G on n vertices, vectors (u;)!"; C R", and scalars, v1,...,vm,T € R.
Output: Community classification.
1: Compute possible assignments S consisting of 6(-; s) with s € {£1}2F such that
m
6(j;s) = argmax Z SiYillj.
(S 1] I——

2: Output &(-; s) that maximizes the posterior probability over P(G | &) over 6 € S.

Definition 1.11 (SPECTRAL-TWO for k > 3 communities). An algorithm A(G, y1, yo, (a;)?,,T) in
this class takes as input a censored graph G, two encoding parameter y1,y2 € Ry with y; # yo and
(ai)?, C R*, T € R. The algorithm considers two signed adjacency matrices A; = A(G,y;) and
Ag = A(G,y2), and computes their top k eigenvectors (u})ie[k], (u?)ie[k]. Then the algorithm outputs
CLASSIFY-MULTIPLE((uf ) jg [k r=1,25 (ai)?:,,T). As before, we denote the output of algorithm A
from this class as 6 4.

Theorem 1.12 (Success of SPECTRAL-TWO for k > 3 communities). Let G ~ CSBME (p, P, t)
where p € (0,1) is such that >, pi = 1, and P € (0,1)**% is a symmetric matriz. Further, suppose
that P - diag(p) has exactly k distinct non-zero eigenvalues. There exists a finite set ) C Ry such that
for any y1 # y2 and y1,y2 ¢ Y, there exist explicit constants (ai)%ﬁl C R* such that the algorithm
A(G,y1,y2, (ai)fﬁl, 0) from the class SPECTRAL-TWO satisfies

lim P(64 achieves exact recovery) =1,  for any t > t..
n—oo

In particular, Algorithm 7 produces such an estimator.

Remark 1.13. The fact that the encoding parameters yi,y» lie outside a finite set in Theo-
rems 1.10 and 1.12 is required to ensure that E[A(G,y1)], E[A(G, y2)] have k distinct and non-zero
eigenvalues. The requirement of having k& non-zero eigenvalues is intuitive as we seek to recover an
underlying rank £ structure. On the other hand, the eigenvectors of A(G,y) can only be approxi-
mated up to an unknown orthogonal transformation. This causes an ambiguity for defining the final
estimator. When the eigenvalues are distinct, this ambiguity can be resolved by going over all possible
sign flips s and choosing the best among them, as in Algorithm 1 Step 2, or Algorithm 2 Step 2.
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Optimally separating hyperplane

DRs(1) |\ DRs(2)

Figure 1. Visualizing dissonance ranges of two communities near t..

Remark 1.14. The condition in Theorem 1.12 that P - diag(p) has distinct and non-zero values can
be relaxed. In fact, if P® is the matrix such that Pi(;.’) = pj(P;; —y(1 — Pyj)), then by Lemma 6.1,
the same conclusions as Theorem 1.12 hold as long as there exists a y such that P® has k distinct
and non-zero eigenvalues. In fact, we can simply choose y ~ Uniform((0, 1)).

1.4. Proof ideas. We now give a brief outline of the proofs. For a vertex v, we call d(v) =
(dyj,d—;) ;e € Z3F to be the degree profile of a vertex, where dyj = dy;(v),d_; = d_;(v) respec-
tively denote the number of present and absent edges from v to community j for j € [k]. Let us

re-scale d(v) = d(v)/tlogn. The proof consists mainly of two steps:

Step 1: Characterization of spectral algorithms using degree profiles. Given any signed
adjacency matrix A = A(G,y), the starting point of our analysis is to find a good ¢.-approximation
for the eigenvectors. Using a recent general framework by Abbe, Fan, Wang and Zhong [1]|, we can
show that the two leading eigenvalues g, ug of A satisfy (see Corollary 4.2):

*
Au; OO:0<\/1ﬁ>, for i € [k],

Af
with probability 1 — o(1), where (A\f,u}) is the i-th largest eigenvalue/eigenvector pair of E[A].
Note that E[A] is a rank-two matrix with «}’s taking the same constant value corresponding to
all vertices in the same community. The low rank of E[A] allows us to express Au} as a linear
combination of the degree profiles and thus drastically reduce the dimension of the problem. Using
this representation, any linear combination of the u}s is also an expressible linear combination of
degree profiles. Hence, we show that spectral algorithms essentially are asymptotically equivalent to

classifying vertices depending on whether (wgyee, d(v)) > (T 4 0(1)) or (Wspee, d(v)) < (T — 0(1)) for
Some Wspee € R2 T € R.

min

SU; —
se{x1}

Step 2: Geometry of degree profiles. At this point, the problem reduces to understanding
whether, for a given vector w, a hyperplane orthogonal to w can separate re-scaled degree profiles.
To this end, for each community i, we define a measure of dissonance 7; for rescaled degree profiles,
and define the §-dissonance range as DRs(i) := {d : n;(d) < d}. We show that DRs(i)’s are closed
and convex sets. Moreover, (1) if 1/t < §, then all the re-scaled degree profiles from community ¢ lie
in DRs(7) and (2) if § < 1/¢, then the re-scaled degree profiles from community ¢ are asymptotically
dense in DR4(i) (see Lemma 2.4). In a sense, one can think of DRy /(i) as the cloud of re-scaled
degree profiles arising from community .

Next, consider the “hardest” scenario when t = t.. In that case, we show that the clouds
DR/ (i) and DRy /¢, (j) corresponding to communities i and j intersect only at a single point 2* (see
Lemma 2.9), and as t increases away from t., the two clouds gradually separate. Due to convexity,
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DR,/ (i) and DRy, (j) lie on two opposite sides of the tangent hyperplane at z*. Let w* be such
that this tangent hyperplane is given by H* = {z : (w*,x—z*) = 0}. Then H* is the only hyperplane
that separates the clouds of degree profiles near t.; see Figure 1. Thus, as long as we are trying to
separate clouds of degree profiles using this H*, we will succeed for any ¢t > t.. However, if we try to
separate the clouds with a different hyperplane {x : (w,z — z*) = 0} for some w ¢ Span(w*), then
we will fail sufficiently close to ..

Combining this with the asymptotic characterization of spectral algorithms, it thus remains
to be seen whether we can choose the parameters of the spectral algorithm in such a way that
Wspee € Span(w*). For SPECTRAL-ONE algorithms in the two community case, we show that wgp.

takes values in a restricted set {w € R* : ¥ = %3 — 41 1o matter the choice of the param-

wo wy
eters. Thus, for SPECTRAL-ONE algorithms, generally ws,.. ¢ Span(w*) except for the specific
cases in Theorem 1.7 (1). However, for SPECTRAL-TWO algorithms, there always exists a way

to choose the linear combinations in such a way that wg,.. € Span(w*), which ensures their optimality.

Information Theoretic Threshold. There is an alternate way of characterizing the information
theoretic boundary by observing that even the “best” estimator will separate communities using
the hyperplane H* above. Consider the problem of classifying a single vertex v given G and
(00())uein)\{v}- The MAP estimator for the community assignment of v is called the genie-based
estimator. This is an optimal estimator (even though it is not computable given G). Now, a direct
computation shows that genie-based estimator classifies a vertex in one of the two communities based
on whether (w*,d(v)) > 0 or (w*,d(v)) < 0, with the same w* as above (see [9, Proposition 6.1]).
Thus, in a sense, separating degree profiles based on hyperplanes orthogonal to w* is the optimal
decision rule. When t < t., the degree profile clouds of the two communities overlap significantly,
and therefore even the optimal estimator misclassifies a growing number of vertices. This gives rise
to the information theoretic impossibility region for exact recovery when ¢ < ..

1.5. Discussion. Theorems 1.10 and 1.12 prove optimality of spectral algorithms using two matrices.
The use of two matrices hinges on the fact that there are three types of edge-information present,
absent, and censored, and the information about a vertex’s community coming from present and
absent edges are of the same order. We believe that our results generalize in a straightforward
manner to the scenario of labelled edges, where the possible edge statuses {present,absent} are
replaced by D different types. The case with D labels has been studied in [14] when there are two
balanced communities, and symmetric intra-community edge probabilities for each of the D types.
In this case, [14] identified the information-theoretic threshold. However, no efficient algorithms
were provided. We believe that optimal spectral algorithms in the general D-labeled edge scenario
must use D different encoding matrices.

We also believe that the framework of this paper can be extended beyond graphs to other important
machine learning problems with censoring on top of an underlying low-rank structure. This may
include non-square matrices (e.g. items vs features matrix in recommender systems). We leave these
as interesting future research questions.

1.6. Notation. Let [n] = {1,,2,...,n}. We often use the Bachmann?Landau asymptotic notation
0(1),0(1) etc. For two sequences (an)n>1 and (by)n>1, we write a, < b, as a shorthand for
limy, o0 ‘g—: = 1. Given a sequence of probability measures (P,),>1, a sequence of events (&,)p>1 18
said to hold with high probability if lim,,_. P, (E,) = 1

For a vector = € R%, we define ||z[j2 = (3°;2?)/? and ||z|| = max; |z;]. For z € R? and r > 0,
we denote the open fo-ball of radius 7 around = by Ba(x,r). Similarly, for X ¢ R? and r > 0, we
denote the open fa-ball of radius  around X by Ba(X, 7). For a collection of vectors (z;); C RY, we
denote their linear span by Span((z;);). Also, given a subspace Z C R?, the projection of 2 onto Z
will be denoted by Proj(z).
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For a matrix M € R™*? we use M;. to refer to its i-th row, represented as a row vector. Given a
matrix M, [|M |2 = max,,—; |[|[Mz]2 is the spectral norm, || M |20 = max; ||M;.||2 is the matrix
2 — oo norm, and ||M|[r = (3, ij)l/ 2 is the Frobenius norm. Whenever we apply a real-value
function to a vector, it should be interpreted as a coordinatewise operation.

Throughout, we condition on the event that the random community assignments given by g
are close to their expected sizes. Specifically, note that, since n; := {v : 09(v) = j} are marginally
distributed as Bin (n, p;), and therefore, for all € € (0, 1),

[nj —npj| <en (1.4)

with probability at least 1 — 2 exp(—e2n/2) by applying the McDiarmid inequality. Throughout, the
notation P(-), E[-] conditions on a fixed value of oq satisfying (1.4) with & = n~1/3,

1.7. Organization. We start analyzing the geometric properties of the degree profile clouds in
Section 2, which lies in the heart of all the proofs. Subsequently, in Section 3, we prove the
impossibility result and also prove that the Maximum a Posteriori (MAP) Estimator always succeeds
up to the information theoretic threshold. The entrywise bounds for the top eigenvectors are provided
in Section 4. Finally, we complete the proofs of Theorems 1.7, 1.10 in Section 5.

2. GEOMETRY OF DEGREE PROFILES

In this section, we develop the technical tools for Step 2 in Section 1.4. We will develop these
tools for general k-community CSBMs. Throughout, we fix p € (0,1)* such that Zle pi; = 1 and let
P € (0,1)*** be a symmetric matrix. Let us define degree profiles, which will be the main object of
analysis in this section.

Definition 2.1 (Degree profile). Suppose that G ~ CSBME (P, p,t). For a vertex v, we define
d(v) = (dyr,d—r)re € Z3 to be the degree profile of v, where dy, = di,(v) and d_, = d_.(v)
respectively denote the number of present and absent edges from v to community r for r € [k].

In Section 2.1, we start by defining dissonance ranges for degree profiles in each community, and
prove their desirable analytic properties. In Section 2.2, we use dissonance ranges to characterize
the clouds of degree profiles. Next, in Section 2.3, we provide a general criterion describing when
degree profiles cannot be separated by hyperplanes. Section 2.4 focuses on analyzing the degree
profiles in the “hardest” case when dissonance ranges barely overlap. Finally, in Section 2.5, all the
above analysis leads to a tractable criterion for when we can separate clouds of degree profiles using
hyperplanes.

2.1. Dissonance range and its properties. Let us start by defining the dissonance range and
obtaining some basic analytic properties.

Definition 2.2 (Dissonance range). Given i € [k] and # € R?*, the dissonance of z relative to
community ¢ is given by

k
T1, X2y
() = plog [ == ) 4y, log | —21o— )| +1, =
ni() rz:; [:m, og (eper) + T2, log <epr(1—PTi))] - 2

where we regard the terms in these expressions as being 0 if the corresponding entry of x is 0. We
also define the 0-dissonance range relative to community i by DRs(7) := {z : n;(x) < d}.

Lemma 2.3. Fiz i € [k] and § > 0. Then DR;(i) is a bounded, closed and convex subset of R,
Then, for any 6’ > ¢, there exist € > 0 such that

By(DRs(4),e) NR3F € DRy (i).
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Proof. We first show that DRs(4) is bounded. Note that zlog(z) — oo if and only if 2 — co. Thus, if
DR (i) were unbounded, then we could find a subsequence (xy);>1 C DR;(4) such that n;(x) — oo.
However, n;(z;) < ¢ by definition of DRs(z). This leads to a contradiction and hence DR(i) is
bounded.

Next, since 7; is continuous, we have that DRs(7) is closed. Further, 7; is a sum of convex function
and hence it is convex. Therefore, its sublevel set DRs(7) is convex.

To show the last claim, note that 7; is uniformly continuous on [0, b]?* for any b > 0. Thus, there
exists € > 0 such that for any z,2’ € [0,b]%* with ||z — 2'[|2 < &, we have |n;(z) — ni(2')| < & — 0.
This proves Ba(DRs(i),e) NR%* C DRy (i), and completes the proof of the lemma. O

2.2. Relating dissonance range with degree profiles of CSBMs. Our next goal will be to
identify which degree profiles are likely to occur in CSBMs.

Lemma 2.4. Fiz 0 <6 < &. Lett € (1/8,1/8) and G ~ CSBME(P, p,t). The following holds with
probability 1 — o(1):
(1) There exists ¢ > 0 such that for every i € [k] and d € Z2F such that d/(tlog(n)) € DRs(i),
there are at least n® vertices in community 1 with degree profile d.
(2) For each i € [k] and for every vertex v € G in community i, the degree profile of v is of the
form xtlog(n) for some x € DRy (i).

In order to prove this lemma, we need the Poisson approximation result stated below. The proof
of this follows from a straightforward application of Stirling’s approximation and will therefore be
provided in Appendix A.

Lemma 2.5. Let (S;),¢x be a partition of [n] such that [Sy| = np.(1 + O(log™2n)) for all r € [K],
where p € (0,1)*. Suppose that {W,}"_, is i.i.d. from a distribution taking values in {a,b,c} and, if
veS, PW, =a) =ay,, PW, =b) =a(l =), and P(W, =c¢) =1—«. Fizic [k]. Also, let
V C S; be such that |V| = O(n/log®n).

Forxz =a,b, let Dy, == #{v € S, : W, =z} forr ¢ [k]\{i} and D, ; := #{v € S;NV: W, = x}.
Let D = (Day, Dy )repr) and also let d = (d1r, day)reir) € 7%k be such that ||d||; = o(log®?n) and
a =tlogn/n. Then

k
P (D = d) = H P (prwrt log n; dl,r) P (pr(l - ¢r)tlog n; d?,r) >

r=1
where P(X\;m) is the probability that a Poisson(\) random variable takes value m.

Proof of Lemma 2.4. To prove the first part, fix i € [k] and let d € Z2* be such that d/(tlog(n)) €
DR;(7). Recall that n; is the number of vertices in community j for every j € [k]. By (1.4),
In; —np;| < ns for all j € [k], with probability 1 — o(1). In the subsequent proof, we always
condition on this event, even if it is not mentioned explicitly.

Let S; be a random set of 2n/log?(n) vertices in community i. Next, let S/ be the subset of S;
consisting of all vertices v such that all the connections between v and .S; are censored. To lower-
bound the size of S}, let X be the number of revealed connections among vertices in S. By a counting
argument, |S/| > |S;| — 2X. Observe that E[X] = (2”/ l;’gZ ")“O% = O(n/log3(n)). The Markov
inequality then implies that X = o(|;|) with high probability, which implies |S]| > 3|5;| = m.

Let .7’ denote the sigma-algebra with respect to which S; and (n;) ;e[ are measurable, and let

y::ff’m{\nj—npjygni,we[k]}m{|s;yz > }
log™(n)
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Fix v € [n]. Since DR(4) is bounded, we have that ||d|[; = O(logn). Thus, by Lemma 2.5,
P(d(v) =d| Z Nn{ve S}

k dy; d_;
~ ot I [p; Pi jtlog(n)] ™ [p;(1 — P j)tlog(n)]"
- dy ;! d_;!

7=1
k . .
_i11 (piPijtlog(n))™i (p;(1— P;;)tlog(n))?-

jHl V2mdyj(dsj/e) \/2rnd_j(d_;/e) (2.2)

k P »
e <epjpi,jtlog<n>>dﬂ (epju - B,j>tlog<n>)d :
2m dj d;

k
_ (H ! >n—tm<d/tlogn)7
j=1 27['\ / dJrjdfj

where in the final step, we have used the definition of n; from (2.1). Next, since d/(tlog(n)) € DRs(i),
we have that 7;(d/tlog(n)) < J, and thus (2.2) yields, for all sufficiently large n,
n—t5

logh n

pn=Pdv)=d| Fn{ve S} >C +o(n™t) > pt00+e() (2.3)

for some C' > 0. Next, if d’(v) denotes the degree profile of vertex v discarding all the present and
absent edges in S;, then d(v) = d'(v) for all v € 5. Moreover, conditionally on .#', {d'(v)},es
are independent. Thus, conditionally on .#, [{v € S! : d(v) = d}| is distributed as a Bin(|S}|, pn)
random variable. Note also that, conditionally on .#, |S/|p, > 2n® for some ¢ > 0. Thus, using
concentration of binomial random variables, we conclude that

{ve S dw) = d}| > 3 |5 po > n'

with probability at least 1 — exp(—c'n¢) for some ¢’ > 0. Observing that |{d € Z2* : d/(logn) €
DR;(7)}| = O (polylog(n)) = o(exp(¢'n®)), the claim follows by a union bound.

In order to prove the second part, we again use (2.2). By the union bound and [12, Corollary 2.4],
there exists a sufficiently large constant C' > 0 such that

P(Jv € [n] : ||d(v)||1 > Clogn) = o(n™"). (2.4)
Now, for any d such that d/(tlogn) ¢ DRy (i) and ||d||; < C'logn, we can use (2.2) to show that,
for all sufficiently large n, and fixed v € [n]

k

1 /
P(d(v) =d) < (1+ 0(1))< >n_t’7i(d/“°g”) <n7¥, (2.5)
jr:[l N
Now,

P(Jv with og(v) =i : d(v)/(tlogn) ¢ DRy (7))
< nP(d(v) = d for some d/(tlogn) ¢ DRs (i) and ||d||; < Clogn) + o(1)
< n(Clogn)®*n="" + o(1) = o(1),

where in the last step we have used that 6’ > 1. Hence the proof is complete. O
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2.3. Separating degree profiles using hyperplanes. As discussed in Section 1.4, the /., approx-
imation guarantee for the eigenvectors gives us an alternative characterization of spectral algorithms
in terms of separating degree profiles of different communities using certain hyperplanes. The next
proposition allows us to determine when separation using hyperplanes is impossible. Before the
statement we need a couple of definitions. Let V; denote the vertices in community .

Definition 2.6 (Separates communities). We say that w € R?* separates communities (i,7) with
margin 5 > 0 if
. T T
minw” d(v) > /2 and maxw”’d(v) < —3/2.
minw”d(v) > 5/ mwTd(v) < 5/

If w separates communities (7, j) with margin 5 > 0, then computing the weighted degree profile
w’'d(v) for each v € V; U V; allows us to distinguish these two communities. Note that if w separates
communities (7, j) with margin §, then —w also separates communities (i, ) with margin 5. Next
we define the scenario where a finite number of hyperplanes cannot separate the two communities.

Definition 2.7 (Confuses communities). Let (w,)™; C R?* and let (7)™ ; C R. We say that
[((wr)7ey, ()] confuses communities (i, j) at level (3 if there exist u € Vi, v € Vj, and s € {—1,1}"
such that s,.(wld(u) — ) > 8 and s,.(wld(v) —7.) > B forall 1 <r < m.

In other words, there are representatives from communities ¢ and j, such that both of their degree
profiles appear on the same sides of all the hyperplanes {z : w!z = ~,}. A larger value of 3 means
that the pair of degree profiles is farther from the hyperplanes. Note that the notion of confusion
also rules out the possibility of separation with multiple hyperplanes. We now prove the following

proposition:

Proposition 2.8. Let G ~ CSBMﬁ(p, P,t), Z C R? be a linear subspace, and let § > 0 be such
that td < 1. Suppose further that there are communities i and j such that the projections of DRs(1)
and DRs(j) onto Z overlap. Then, for any m € N, there exists ¢ > 0 such that for any unit
VECtOTs W, .oy Wy, € Z and Y1, ..., Ym € R, with probability 1 — o(1), [(w,)I"q, (7 logn)™ ] confuses
communities i and j at level €log(n).

Proof. Let zy € Projz(DRs(7)) N Projz(DRs(j)). There must exist z; € DRs(i) and z; € DRs(j)
such that Projz(z;) = Projz(z;) = zo. Now, let & = 3 (6 + 1), so that § < & < 1. By Lemma 2.3,
there exists ¢ > 0 such that By(DRs(4), )QR% C DR5/( ) and Ba(DRs(j), )QR% C DRy/(j). So,
if we let o = p/3k and z;, = 29 + Projz (1o, po, -, po) then

Ba (20, o) N 2 = Projz(Ba(z + (Ko, ---s Ho): Ho))
C Projz(Ba(zi, 1) N Rzk)
C Projz(DRs (i)
By the same logic, Ba(%(, o) N Z C Projz(DRy (5)).

Fix m € N, unit vectors wy, ..., w, € R¥, and vi,...,%m. Then there exist ¢ > 0, an open ball

B C Bs(z{), o) N Z, and s € {—1,1}" such that for all z € B,
Sy (w?m — &) > =
t t

for all 1 < r < m. In other words, the open ball B is separated from all hyperplanes defined by
(wr, )7Ly

Now, observe that for all sufficiently large n there exist xz; € DRy (i) N Proj;(B) and z; €
DR (j) N Projz'(B) such that z;tlog(n),z;tlog(n) C 22*. Since t0’ < 1, by Lemma 2.4, with
probability 1 — o(1), there exist vertices u € V; and v € V; such that d(u)/(tlog(n)) = x; and
d(v)/(tlog(n)) = x;. By the above, we have

d
Sp | wy (w) N Sp | wy d(v) L
tlogn t tlogn t t
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for all 1 <7 <m. Multiplying through by ¢logn, we conclude that [(w;)",, (v, logn)™ ] confuses
communities ¢ and j at level ¢logn. O

2.4. When dissonance ranges barely overlap. At this point, the key question is what hyper-
planes can separate the rescaled degree profiles from different communities. In order to answer that,
we consider the “hardest” case where t = tg = 1/A4(6;,0;), with 6; defined by (1.2). Define the

2k-dimensional vector w* as
w* = <log Bri - Pri) (2.6)
Py " 1=Prj/) ey ‘

Below, we show that the hyperplane orthogonal to w* almost separates the dissonance ranges even for
t = tg. We also set up additional properties that will help us to show that a hyperplane orthogonal to
w # w* cannot separate the dissonance ranges just above ty, and also to establish the impossibility
of exact recovery (Theorem 1.4) below tg.

Lemma 2.9. Suppose that 1 <i < j <k and let to = 1/A4(0;,0;), where 6; is defined by (1.2).
Then DRy, (i) and DRy sy, (j) intersect at a single point. Let x* be this intersection point of DRy, (7)
and DRy 4 (7). Let H := {x : (w*,x —x*) > 0} be the half-space created by the hyperplane through x*
perpendicular to w*. Then DRy 4 (1) VH = DRy 4, (i) and DRy 4 (j) N H = {z*}, i.e., the hyperplane
{z : (w*,z — 2¥) = 0} separates DRy 4, (1) \ {x*} and DRy, (§) \ {z*}. Also, there exists r > 0
such that Ba(z* 4+ rw*, r|[w*|l2) C DRy, (i) and Ba(z* —rw*,r||[w*|l2) C DRy, (). Fort <to, the
intersection DRy /4(i) N DRy /¢(j) has a non-empty interior.

Proof. Recall the definition of Ay and CH¢ from Definition 1.3. Let £* be the maximizer of (1.1).
We claim that 0 < £* < 1. Indeed,

AL (0;,0,) =1— mi PEPY (11— P)S(1—P) ) =1 — mi .
+( ’ ]) ﬁg(l]%] frrd ( LT Tj +( ) ( ]) ) g&(l)fll]f(g)

Now, f(0) = f(1) =1, and f(1/2) < 1 by the AM-GM inequality. Therefore, the minimum of f is
not attained at {0, 1}, which proves 0 < £* < 1.
Next, define the 2k-dimensional vector

v (’)’“P5 P o (1= Pr)t (1 - Pm')lfg*)

refk]
Setting d{CHE 0;,0; ‘5 e = = 0 yields
Pl P . e 1-DPy L,
> [ e P, +pr(1 = Pr)* (1= Ppy)'™* 10g177pw = (w*,27) = 0. (2.7)

relk]
Also recall n; from (2.1). Then,

k * *
1,r Lo
i E log (| ————F—~
(@) [:Elr < per> +$2T o8 (epr(lPM)>}

r=1

k
— Z x3, log it + 25, log _ Ty
r=1 " epTP’I‘] " epr(l - Prj)
k
P 1-PFP;
=> {wirlog <P ) + 3, log (1 _P”,)] = (w*,2") = 0.
ri rj

r=1

Therefore,

mi(x) = n;(a”) = &mia”) + (1 = &)n; (")
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[a:* log (Tr) + x5, log ( o )} +1
[T e PEPE ) T Nep (1= P (1= Pyt €

rJ

I
M)~

r

Mw

(27, log(1/e) + a3, log(1/e)] +
1
k

1_ * * __C*
= 1= [al,+a5,] =3 [ = PSP = o1 = P)E (1= Py) | = A4(60,,6)).
r=1 r= 1

Therefore, * € DRy /4, (i) N DRy, (j). Next, observe that

* zk
’ | Lr Llog [ — 2" ) 11
Vm(x ) ( 08 (eper> thiog (epr(l - Pm')) * >r€[k]

Pri &t 1_Pm' & * *
(e () e ()Y i

Similarly, we also have that
njlx”) = | log 108\ ————F—~
! epr Prj epr(1 — P?“j) relk]

P\ 1- P\
= ( log ( ”> ,log ( ”) > = &w*.
( Prj 1-F; relk]

By convexity of n; and 7;, for any z € [0,00)*, we have that

ni(x) = ni(z") + (z — 2*, Vni(z")) = tlo +(z — 2", (& = Dw”) (2.8)

ﬁ
Il

and
ni(@) > mi(@*) + (@ — 2, V() = tlo ) (2.9)

The above equalities can hold only at = z* since n; and n; are strictly convex. Now, for any
x € DRy, (i), we have n;(z) < 1/tg. Thus, (2.8) implies that (£* — 1){z — z*,w*) < 0, in which
case, we must have (z — z*,w*) > 0 for all x € DR, (i), and therefore DR, /(i) C H. On the
other hand, (2 9) implies that £*(x — x*,w*) < 0, and since 0 < £* < 1, the equality holds if and
only if z = x*. Therefore, DRy 4, (j) N H {z*}, which proves the first part of the claim.

Next, observe that by continuity of the second derivatives of 7; and n;, there must exist ro,c > 0
such that for all z with ||z — 2*|]2 < ro,

ni(x) < mi(a”) + (x — 2*, Vii(a*)) + cllz — 2*13
1
= — 4 (@ = (€ = D) +elle — 273
0

1 1
= —telle ="+ (€ = Dt 2]3 — 1€~ Dwr[3/4e < -,
0 0
for ||z —z* + (§* — D)w*/2c||2 < |[(€* — 1)w*]|2/2¢, and
nj(x) < mj(e*) + (z — %, V() + clle — 2*|[3
1
= 4 (w2t gw) + |z — 23
0

1 1
= el = 2"+ Cwt /23 — [[€w3/4e <
0 0
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for || — z* + &w*/2c|ls < ||€*w*[]2/2¢c. In order to ensure that n;(x),n;(z) < 1/to, set r =
min(ro/||w*||2,£* /¢, (1 — £*)/c)/2. The ball of radius r||w*||2 centered on z* — rw* is completely
contained in DR, (j) and the ball of radius 7|[w*||2 centered on * + rw* is completely contained
in DRy /4, (i), as desired.

Finally, for ¢ < to, observe that Ba(DRy,(i),€) C DRy/(i) for some & > 0, and thus z* is in
the interior of DRy /(7). Similarly, * is in the interior of DR,/ (j). Therefore, the intersection

DRy /(i) N DRy /4(j) has a non-empty interior. O

2.5. A necessary and sufficient condition for optimal recovery. Finally, we combine the
results of the above sections to give a condition for when it is possible or impossible to separate
degree profiles using hyperplanes. Recall the notions of separating communities and confusing
communities from Definitions 2.6, 2.7.

Proposition 2.10. Let G ~ CSBME(p, P,t), 1 <i < j < k, and w* be as in (2.6).
(1) If t > 1/A(6;,05), then there exists € > 0 such that w* separates communities i and j with
margin €log(n) with probability 1 — o(1).
(2) Let Z C R?* be a linear subspace and w* ¢ Z. There exists p > 0 such that if tA4(6;,0;) <
14+ u, then for every m > 0 there exists € > 0 such that the following holds with probability
1 —o(1): For every z1,...,2m € Z and Y1, ...,vm € R, [(zr)1, (7)1%1] confuses communities
i and j at level €log(n).

Proof. To prove the first part, define tg = 1/A,(6;,0;), so that tg < t. By Lemma 2.9, there
exists 2* such that DRy 4, (1) "\DR 4, (j) = {#*}. Additionally, the hyperplane {x : (w*,z —2*) = 0}
separates DR /(i) and DRy, (7). Note that by (2.7), the hyperplane is equivalently written as
{z : (w*,r) = 0}. Thus, for all x € DR, /4, (7), we have (w*,z) > 0, while for all z € DR ;,(j), we
have (w*,z) < 0.

Since DRy, (i) and DRy, (j) are both closed, convex sets, x* is neither in the interior of
DR, /4, (7) nor in the interior of DRy /4, (j). Fix some ¢ € (1, %) By Lemma 2.3, there exists &’ > 0
such that By(DRgs(i),e’) C DRy (i). Therefore, we can conclude that z* ¢ DRg(i). Similarly
x* ¢ DRs(j). Hence, DRs(i) N DRs(j) = @. Also, since DRy sy, (i)\{2*} C {x : (w*,z) > 0}, and
DRy /4, ()\{2*} C {z : (w*, ) < 0}, we can conclude that the hyperplane {x : (w*,r) = 0} separates
DRs(i) and DRy(7). Since dissonance ranges are closed by Lemma 2.3, there exists ¢ > 0 such that
for any ) € DRy(7) and 2 € DRg(j), we have

(w*, z) > 2% and (w*, V) < —2%.
By Lemma 2.4, d(u)/(tlog(n)) € DRs(i) for every u € V; with probability 1 — o(1). Similarly,
d(v)/(tlog(n)) € DRs(j) for every v € V; with probability 1 — o(1). Therefore, with probability
1 —o(1), we have that for all u € V; and v € V},

(w*, d(u)) >%log(n) and  (w*,d(v)) <—%10g(n).

We conclude that w* separates communities ¢ and j with margin €logn with high probability.
Next, suppose that w* ¢ Z. By Lemma 2.9, there exists r > 0 such that Ba(z* + rw*, r||w*||2) C
DR, ¢, (i) and Ba(x* — rw*, r||w*|[2) C DRy, (j). Next, let w’ be the projection of w* onto Z. The
fact that w* ¢ Z implies that w* —w' # 0 and |Jw'[]2 < [|[w*[]2. Let 2 = 2* + r(w* — w’) and
2 = 2* — r(w* —w'). We claim that there exists a sufficiently small 7' > 0 such that
By(z™,r") C DRy, (i) and  Ba(z',r") C DRy 4, (). (2.10)
Indeed, take y € Ba(x,7’). Then,

ly = (@ + rw*)[l2 < '+ rfw[l2.
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Since ||w'||2 < ||w*||2, we can pick r’ such that ||y—(z*+rw*)|2 < r||w*||2, and therefore By (z™®, ') C
Ba(x* + rw*, r|[w*|l2) C DRy, (7). The second conclusion of (2.10) follows similarly.

By (2.10), since 2 and () lie in interiors of DR 4, (i) and DR 4, (j) respectively, there exists
p > 0 such that, for any t < to + p, ¥ and 2 also lie in interiors of DRy (i) and DRy /(3)
respectively. Note that Projz(z'”) = Projz(z"?), therefore the projections DRy /(i) and DRy ,(3)
onto Z overlap. The desired conclusion follows by Proposition 2.8. ]

The above result yields a corollary which is useful in designing our classification algorithm for
k > 3 communities (Algorithm 7).

Corollary 2.11. Ift > 1/A,(0;,0;), then there exists € > 0 such that with probability 1 — o(1)
(log(Pi),log(1 — P”))re[k] ~d(v) > r?zx (log(Pr;),log(1 — Prj))re[k] -d(v) + £log(n)
for alli € [k] and v € V.
Proof. Proposition 2.10 implies that with probability 1 — o(1),
(log(Pri),1og(1 = Pri)), ¢y - d(v) > (log(Prj),log(1 = Pry)) oy - d(v) + € log(n)

for every i,j € [k],i # j and v € V; . The claim follows. O

3. ACHIEVABILITY AND IMPOSSIBILITY

Let us define the Maximum A Posteriori (MAP) estimator, which is the optimal estimator of oy.
Given a realization G of the censored graph, the MAP estimator outputs dyap € argmax, P(og =
o | G), choosing uniformly at random from the argmax set. In this section, we start by proving
Theorem 1.4, which is essentially equivalent to showing that 6y,p does not succeed in exact recovery
for t < t.. Next we prove that, in the two community case, the estimator o,,p always succeeds for
t > t.. This shows the statistical achievability for the exact recovery problem.

3.1. Impossibility.

Proof of Theorem 1.4. Recall that we have t < t. in this case where t. is given by (1.2). Fix
i < j such that t < tg = 1/A,(6;,6;). Using the final conclusion of Lemma 2.9, we have that
DR, /(i) N DR/ (j) contains an open ball. By Lemma 2.4 (1), there exists d € Z%F such that
d/(tlogn) € DRy /(i) N DRy (j) and there are L, pairs of vertices {(u;,v;) : | € [Ly]} with w’s
from community 1, v;’s from community 2, and L,, — oo such that d(v;) = d(v;) = d for all [ € [L,].
Let ¥ := argmax, P(cg = 0 | G). The above shows that |X| > L,, with probability 1 — o(1), since
swapping the labels of u; and v; leads to an equiprobable assignment as they have the same degree
profile. Now, &y;,p makes a uniform selection from ¥. Thus, conditionally on |X| > L, dyap fails to
recover community labels of all the vertices in {(u;,v;) : I € [Ly]} with probability at least 1 —1/L,,.
Since L,, — oo and |X| > L,, with probability 1 — o(1), we have shown that oyap fails to achieve
exact recovery with probability 1 — o(1). Since Gyap fails, any other estimator also fails in exact
recovery, completing the proof. O

3.2. Statistical Achievability.
Theorem 3.1. Let G ~ CSBME (p, P,t). Ift > t., then

lim P(6yap achieves exact recovery) = 1.
n—oo

In order to prove Theorem 3.1, we require two concentration results. Given a graph G = (V, E)
and W C V| let (W) be the number of edges with both endpoints in .
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Lemma 3.2 ([13, Corollary 2.3]). Let 0 < p, < 0.99 and let G be a sample from an Erdds-Rényi
random graph on vertex set [n] and with edge probability py,. Then, with probability 1 — o(1),

- ()

Lemma 3.3. Let X1, Xs,..., X, be a sequence of independent discrete random variables, whose
support is a finite set S. Let X =Y 1" | X; and Y =>"" | |X;|. Let L = max{|z|:z € S}. Then
for any 0 € (0,1),

< O(y/npn)|W|  for all W C [n].

2
P(|X —E[X]| > §|E[X]]) < exp <2 — C5? (i[;[i]/)] )

where C' > 0 is a universal constant.

The proof of Lemma 3.3 follows directly from [15, Theorem 1.3]. See Appendix B for details. We
will also need the following definitions in the proof of Theorem 3.1.

Definition 3.4 (Permissible relabeling). A permutation 7 : [k] — [k] is called a permissible relabeling
if p(i) = p(n(i)) for all i € [k] and Pjj = Prp)x(;) for all 4,5 € [k]. Let P(p, P) denote the set of
permissible relabelings.

Definition 3.5 (Discrepancy). Given two assignments o, 0’ : [n] — [k], their discrepancy Disc(c,o”)
is defined as

. d /
2B, (dulroo). N}

where d(+,-) denotes the Hamming distance.

Note that, if an estimator ¢ satisfies D1SC(d, 0¢) = 0 with high probability, then ¢ achieves exact
recovery. Next, let £, and E_ respectively denote the sets of present and absent edges of G. For a
community assignment o, communities i, € [k] and O € {+, —}, define

S9(G,0) ={e={u,v} € By : {o(u),c(w)} = {i,j}} and s2(G,0)=|SY(G,0).

For example, s'1(G, o) is the number of absent edges with both endpoints in community 1 according
to 0. Define

2Go)=2 > [§{(G,0)log P, + s7(G,0)log(1 — Py)]. (3.1)
i,j€[k]:j>i

The idea is to show that the maximizer of z(G, o) yields a configuration o with zero discrepancy.
We state this in the following two lemmas which deal with low and high values of discrepancies
separately.

Lemma 3.6. There exists ¢ € (0,1) such that with high probability

2(G,0) < z(G,00) for all o such that 0 < Disc(o,0¢) < cn. (3.2)

For the high discrepancy case, we need to restrict the range of . To that end, for any n > 0,
define

So(n) :==A{o = [n] = [k] : {v: o(v) =i} € ((o: = m)n, (pi +m)n), Vi € [k]}. (3.3)
Lemma 3.7. Fiz any c € (0,1]. There exists an n > 0 such that with high probability
2(G,0) < z2(G,00) for all o € Lo(n) such that Disc(o, og) > cn. (3.4)
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Proof of Theorem 3.1. Fix ¢ such that both the conclusions of Lemmas 3.6 and 3.7 hold. Let n be
picked according to Lemma 3.7. Rather than analyzing the MAP estimator, we will analyze the
estimator
o = argmax{z(G,0)}.
o€%0(n)

Lemmas 3.6 and 3.7 yield Disc(7,09) = 0, and therefore & succeeds in exact recovery, with high
probability. Since the MAP estimator is optimal, this also implies that the MAP estimator succeeds
in exact recovery with high probability. O

Proof of Lemma 3.6. Let D1SC(o, 0¢) = dn for some § > 0 (to be chosen later). Let m € P(p, P) be
such that dy (o o m,00) = dn. However, since z(G,0) = z2(G,0 o7) for any © € P(p, P), we can
without loss of generality assume that dy (0, 00) = dn. Let us fix O € {+, —}. To prove (3.2), we
start by analyzing si7 (G, o) — s/ (G, 09) with r,j € [k]. Fix r # j. We decompose

s5 (G, 0) = s5 (G, 00)

= Y Loem=irit oo oomi={ritiz} + P Lfo)o@={ri}{oo(w).oo@)={ii}izr}
{’U,,U}EED {U,U}EED

+ Z L{{o(w).o(0)}={rj}.{o(w).0(v)}n{o0(w).00 (v)} =2} ~ Z L{o(w).o(0)y={ri} i {oo(u)00(w)}={ri}}
{u,v}eEp {u,v}€En

- Z L{{o(u).o(0)}={i.i}izr {oo(w)00(®)}={ri}} ~ Z L{{o0(w),00(®)}={r.d}{o ()0 () }n{o0()00(v)}=2} -
{u,v}€EQ {uv}eEp
(3.5)
To analyze (3.5), denote the six terms above by (I), (II), ..., (VI) respectively.
Let Hn(o) be the graph on {v : 0(v) # oo(v)} where {u,v} is an edge of Hn(o) if and only if
{u,v} € Eq. Let e(Hp(0)) denote the number of edges in Hy(o). We will show that

m- > Y. du(v)

i€[k\{j} vie(v)=j,00(v)=i

To compute (I), fix i,7,7, r # j i # j, and consider two cases:

< 3k - e(Ho(0)). (3.6)

Case I: i, j,r are distinct. Denote this contribution as (Ia). There are two subcases. Suppose that
the r-labeled vertex under o, 0q is the same vertex. Think of u being such that o(u) = o¢(u) = 7.
The number of such edges is >, ;)= 00 (v)=i dor (V) — Erry, where Errg is the number of {u,v} €
Eq such that o(u) # r,o9(u) = r,o(v) = j,o0(v) = i. To see this, note that the summation
2 w0 (v)=j,o0(v)=i dor(v) counts all edges (present or absent depending on O = + or O = —) from
{v:o) =j,00(v) =i} to {u:op(u) =r}. However, this causes an over-counting because these
edges may be incident to u’s with o(u) # r, resulting in the substraction of Err,. Note that Err,
is at most e(Hp(o)). Next, consider the second subcase, where the r-labeled vertex under o, oy
are different. Since 4, j,r are distinct, such edges will have both endpoints in {v : o(v) # oo(v)}.
Therefore,

(YD SR

vio(v)=j,00(v)=t

< 2e(Hn(0))- (3.7)

Case II: i = r. Denote this contribution as (Ib). Since r # j, we only need to consider the case
where one of the endpoints is labeled r by both o,0¢. An argument identical to the first part of
Case I shows

’(Ia) - > doe(v)

v:o(v)=74,00(v)=t

< e(Ho(0)). (3.8)
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Combining (3.7) and (3.8), (3.6) follows immediately. Bounds similar to (3.6) also hold for Terms
(IT), (IV), and (V). Term (III) is easily bounded by e(Hp(o)). Finally, we simply drop Term (VI) for
upper bounding (3.6).

For r = j, we get a similar decomposition as (3.5), except that the second and fifth terms would
be omitted. For each of the terms, we can also prove (3.6). In particular,

> > dor(v)| < (k=1) - e(Hg(0)) < 3k - e(Hp(0)).
i€[k\{j} vio(v)=j,00(v)=i
Next, we need to bound e(Hp(0)). Note that the number of vertices in Hy(o) is dy (o, 09), where
dy(-,-) denotes the Hamming distance. Letting 7 = max, pe) max{Pup, 1 — Pap}, we see that there
is a coupling such that, with probability 1, Hy(o) is a subgraph of an Erdés-Rényi random graph on

vertex set [n] and edge probability = log" Applying Lemma 3.2, we obtain that with probability
1—o(1)
tl
e(Ho(o)) < Z228 (0, 00)2 + O(y/log n)dy (0, 09)  for all o € [k]". (3.9)

Combining (3.6) and (3.9), we get an estimate for (I) in (3.5). Similar estimates for (II), (IV), (V)
can be deduced using an identical argument. The term (III) can be directly bounded by e(Hp(o))
as well and (VI) can be dropped. Therefore, (3.5) yields that with probability 1 — o(1)

st (G, o) — s (G,o0) < ) > dor(v) + > > dpj(u)

i:i7#j vio(v)=j,00(v)=t 5#Er wio(u)=r,00(u)=1t
- > dor(v) = ) > doj(u) (3.10)
1:17#] vio(v)=t,00(v)=J 1T wio(u)=i,00(u)=r
8kttlogn 9
+ ———dy(0,00)* + O(y/log n)dy (o, 09).

For r = j, a bound identical to (3.10) holds after omitting the second and the fourth terms. Next,
by Proposition 2.10 (1), there exists € > 0 such that for all 4, j € [k] and ¢ > j, with high probability,

P 1— P > elogn, Yv:og(v) =3
(wljrd()) = 3 dip(v) log 12 + d+(v) g { o)

1-F; | < —clogn, Yo :og(v) =1 (3.11)

Let L =3, icm 2orelk] ‘log on L]+ {log = , (3.10) yields

z2(G,0) — z(G, 00)

4> YT e T ) sy

ije[kl:i>jrelk] - " vio(v)=j00(v)=i vio(v)=i,00(v)=j
4 Y dLw - Y ()] log
— — 1- P,
v:o(v)=7,00(v)=1 vio(v)=t,00(v)=j

8k3LTt]
+ =52, (0,00)” + O(+/log n)du (7, o0)

4y [ Y - Y )]

i,j€lk]:i>5 ~vio(v)=j,00(v)=t v:o(v)=i,00(v)=j

8k3LTt]
+ 7—702271@[(0, 00)2 + O(\/logn)dy (o, 00)

k3Lttl
< —4dy(o,00)elogn + M%db((a, 00)? + O(y/logn)dy (o, 00).
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Thus, for any 6 < we can ensure that z(G,o0) — 2(G,0¢) < 0 for all o with dy(c,00) = dn

3k3L7’t ’

with high probability. Thus the proof follows by taking ¢ = 57— O
Proof of Lemma 3.7. Fix ¢ € (0, 1]. Define,
1, . . ) . c
n= g (minflps — pi|  pi # pyis € W) Aminpy i € B} A £ (3.12)

Throughout, we condition on the event that oy € Xo(n), where Xo(n) is defined in (3.3). Due

o (1.4), this conditioning event holds with high probablity. Fix an assignment o € ¥(n) satisfying
Disc(o,00) > cn. The idea is to show that E[z(G,0) — 2(G,00)] < —Cnlogn, and use the
concentration bound in Lemma 3.3 to conclude that (3.2) holds.

We first compute the expected difference E[2(G, o) — 2(G, 09)]. Let Vij := {v : 0o(v) =4,0(v) = j}
and v;; = |Vij|. Fix i, j, a,bsuch that a > 4, j > b and we also have ¢ # j or a # b. Thus, V;;NVq, =
The expected number of present edges between Vj; and Vg is v4jvqp X aPiq, where o = tlog" The
contribution of these edges to E[z(G,0) — 2(G, 00)] is
20iVap X P x (log(Pjp) — log(Pia)) = 2V4jVqp X e X Piglog ?b

ia

Similarly, the contribution from absent edges is

1 - Py

1-— P'L'a '

Summing over all contributions, and noting that the contribution for the terms with ¢ = j and a = b
is zero due to the presence of log terms, we obtain

Py, — P
E [Z(G, 0) - Z(Ga 00)] =2« Z VijVab Py log + (1 - za) log i
i,j,a,b€[k]:a>1,b>7

20Uy X a X (1 — Py,) log

=-20 Y vijvaD (P Pp),
i,5,a,b€[k]:a>%,b>7

where Dy (-, -) denotes the Kullback?Leibler divergence. Our goal is to upper-bound the expectation.
Note that all terms are nonpositive, so it suffices to bound a subset of the terms. We treat two
disjoint cases separately.

Case 1: For all i, there is at most one j € [k] such that v;; > . Fixing i, the pigeonhole principle
then implies that there is exactly one such j. But since ), v > (p; — n)n, we know that

n
viy > pin — (k= 1)7= —nn > (pi = 2n)n

Next we claim that we cannot have v;; > (p; — 2n)n and vy; > (p; — 2n)n with ¢ # ', Supposing
otherwise, we would have
2(pt — 2m)n < Z v < (p1+m)n,
i
which implies p; < 57. However, n < £ by definition (3.12), and we have arrived at a contradiction.
Hence, there exists a unique permutation 7 : [k] — [k] such that v; ~; > (p; — 2n)n for all 7 € [k].
Next, we argue that 7 is not permissible. Indeed, if 7 were permissible, then

Disc(o,09) < dy(moo,00) Z Z I/Z]Z<ZVU Zﬂl))gkx3nn<cn,

i gim(f)Ai

where the second-to-last step uses >, vi; < (pi +n)n and v; -;) > (pi — 2n) n and the last step
follows from (3.12). This leads to a contradiction and thus 7 is not permissible.
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Next, observe that
> " Vin(iyVar(@ Dxr (Pias Pr(iyn(a)) = 1 Z(Pw(i) —20)(Pr(a) — 21) Dxr. (Pia; Pr(i) n(a))

=n2Y (pi — 20)(pa — 20) Dict. (Pr(im(ays Pia)
i,
> §’I’L Zpipa - Dyy, (Pw(i)ﬂr(a)a P; ) .

Since 7(+) is not permissible, there must exist (i,a) for which Piy # Pr(;) r(a), and thus the above
term is at most C'n? for some constant C’ > 0. Hence, E [2(G, o) — 2(G, 00)] < —W.

Case 2: There exist i,j,j" with j # j' such that vij, vy > 5. Let b € [k] be such that Pj, # Pjr,.
If no such b exists, then communities j and j’ are indistinguishable. In that case, t. = co and exact
recovery will be impossible for any fixed ¢. Let a € [k] be such that v4, > 7, which is guaranteed to
exist by the pigeonhole principle. Then either

Pio # Pjy or Pyy # Pjny,.

Therefore,
—E[2(G,0) = 2(G,00)] = 2 > VijVab D (Pia; Pjp)
i.J,a,b€[k]:a2i,b>j
> al" . 2 (D, (Piay Pit) + Dyt (Piay Py3)) > aC'n?
_04?'%( xL (Pia; jb)“‘ KL( 1as j’b)) zabn.
Summarizing both cases, we have shown that there exists a constant C” > 0 such that
E[2(G,0) — 2(G,00)] < —aC"n* = —tC"nlogn. (3.13)

We next apply Lemma 3.3 to establish concentration of the difference z(G, o) — 2(G, 0¢). Letting
P, o/ denote the set of present and absent edges respectively, note that

X = %E[z(G, o) — 2(G, 00)]

P, 1-P

= > [h{u,v}eﬁ} log 5™ 4110, ey log 1P0(u)0()]
1<u<v<n o0(u),00(v) — Log(u),00(v)

Denote each term in the summation by X,,. Then X =3, <u<v<n Xuv 18 @ sum of independent

random variables conditionally on o, for any o € [k]". Let Y =3 ., _, <, [Xuv|- Then for any

5 €(0,1),

2
P(2(G,0) — (G, 00) > (1 - O) [:(G, ) — 2(G, 00)]) < exp (2 - %’fﬁ] )

where C' is the universal constant from Lemma 3.3, and L > 0 is a constant depending on P,t. To
upper-bound E[Y], note that for any 1 <u <v <n

Pow),o) 1=Po(w),o(v)
E[[ Xuwl Poou.oo |08 70 0 |+ (L = Poouy. o) ‘bg T=Py (w),00(v)
E[X B Po(w),0(v) 1=Pouw),o) |
‘ [ uv] ‘ Pao(u)po(v) log Pa’g(u),o’o(v) + (1 - Pao(u),ao(v)) log 1_P00(u)700(v)

Taking a maximum on the right hand side over o € [k]", there exists a constant C' (1) > 0 depending
on P such that E[|Xy,|] < CW|E [Xy,]| for all u,v. It follows that

EY]<c® 3 [E[Xu]| < CPnlogn,

1<u<v<n
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for some constant C® > 0. Also, by (3.13), |[E[X]| > %Hnlog n. Therefore there exists a constant
C > 0 such that

P(2(G,0) — 2(G,00) > (1 = §)E [2(G,0) — 2(G, 00)]) < exp (2 — C’éznlogn).

Taking 6 = 4 and using (3.13), we conclude that 2(G, o) — 2(G,00) < 0 with probability at least
1 —exp(2 — %nlog n). Finally, we take a union bound over the set {o : Disc(o,09) > cn}, whose

cardinality is at most k". Since exp(2 — $nlogn)k™ = o(1), we conclude that (3.4) holds with high
probability.
O

4. ENTRYWISE EIGENVECTOR BOUNDS

Our analysis of spectral algorithms relies on precise entrywise control of eigenvectors of adjacency
matrices, which is guaranteed by the following result. As before, on a fixed value of o satisfying (1.4)
with & = n~1/3,

Theorem 4.1. Fiz k € N, p € (0,1)* such that Zle pi = 1, a symmetric matriz P € (0,1)**% and
let G ~ CSBMF (p, P,t). Define A= A(G,y) for some constanty > 0, and let A* = E[A]. Let (A, ;)
and (Af,ur) denote the i-th largest eigenpair of A and A* respectively. Let r,s be integers satisfying

7 K3
1<r<kand0<s<k-—r. LetU= (usi1,...,uUsq,) € R™", U* = (u} q,...,u}y,) € R™, and
A" = diag(Ny, 1, ..., Nsy) € R™T. Suppose that
A = ()‘2 - §+1) A (/\§+r - :—i—r—i—l) A ?gﬁ ‘/\:—H" > 0, (4.1)
where \j = oo and A, = —oc. Then, with probability at least 1 — O(n=3),

inf
OcOr*r

UO — AU* (A*)™) H (4.2)

[ —
200 ~ loglog(n)y/n’
for some C = C(p, P,t,y) > 0, where O™" denotes the set of r x r orthogonal matrices.

Corollary 4.2. Recall the notation from Theorem 4.1. If all eigenvalues of A* are distinct and
nonzero, then with probability 1 — O(n=3), for all i € [k],
Au?

)

AY

min
se{£1}

for some C = C(p, P,t,y) > 0.

SU; —

< )
~  loglog(n)y/n

The proof of Theorem 4.1 relies on an entrywise eigenvector perturbation bound derived in [1].
We provide the statement for a general random matrix A here for completeness, and will verify
these general conditions subsequently for G ~ CSBM'Z (p, P,t). Also, we reuse the notation from
Theorem 4.1. Let H = UTU*, with singular value decomposition given by H = WEV”. Let
sgn(H) = WVT € R™" which is an orthonormal matrix, called the matriz sign function [10]. Given
this setup, [1, Theorem 2.1 Part (2)]| gives the following result.

Theorem 4.3 (Theorem 2.1 Part (2), [1]). Let A be a random matriz as described above. Suppose
that the following assumptions are satisfied, for some v > 0 and p(x) : Ry — R4

(z)

(1) (Properties of ¢) p(x) is continuous and non-decreasing in Ry, ¢(0) = 0, and is
non-increasing i R .

(2) (Incoherence) ||A*||2—o0 < YA*, where A* is defined in (4.1).

(8) (Row- and column-wise independence) For any m € [n], the entries in the mth row and

column are independent with others, i.e. {A;; : i = m orj = m} are independent of

{4ij i #m,j #m}.
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(4) (Spectral norm concentration) Define k = x= max;e|,) | N5y, |, and suppose 32k max{y, p(7)} <
1. Then, for some gy € (0,1),

P(IA - A" < 7A) 2 1 5.
(5) (Row concentration) There exists 61 € (0,1) such that for any m € [n] and W € R™*",
Wir o1
P (1A = 4 Wy < AW L () ) 2 1= 2 13
(14 = 2 Wy < AW o (b)) 212 (4.3
Then, with probability at least 1 — 69 — 201,

_ Y
[Usen(H) = AU (A7), < Co(s0s + ()0 + SONIT2s00 + 25 14700 ).
where Cy > 0 is an absolute constant.

Remark 4.4. Theorem 4.3 can be applied to the recovery of a single eigenvector u; by setting r = 1
and s = — 1. In that case, the requirement (4.3) simplifies to

N N w 0
P (104 4 0l < Al (A )) 212

for each w € R™. The conclusion becomes

*
Uy,

A

min

Sup —
se{£1}

gl
< Co (s + () (7 + ) llkloo + 5511 4% 200 )
o0
In order to prove Theorem 4.1, we verify the five conditions of Theorem 4.3. The following lemma
states properties of the eigenspace of A*.

Lemma 4.5. Let G ~ CSBME (p, P, t) where p € (0,1)% is such that ", pi = 1, and P € (0,1)*** is
a symmetric matrir. Define A= A(G,y) as in Definition 1.5. Denote A* = E[A] and let (A}, u])ie[x]
be the top k eigenpairs. Then there exists constants (v))iepy depending on P, p, t, and y such that

A= (1+0(1))v1log(n) for alll € [k (4.4)

Moreover, if y is such that v;’s are distinct, then there exist constants (Clj)l,je[k] depending on P, p,
t, and y such that

&
vn
Proof. Since A}; = @(k’i”) for ¢ # j, the proof of (4.4) follows by a straightforward adaptation
of the proof of [8, Lemma 3.2]. Next, consider the matrix B* = A* + D, where D is a diagonal
matrix whose (u,u)-th entry is Pj; — y(1 — Pj;) if u € {v : 0g(v) = j}. Then B* has rank k with
distinct eigenvalues, and the corresponding eigenvectors will have the form in (4.5). The 1+ o(1)
corrections account for the diagonal perturbation, which can be dealt with using identical arguments
as [9, Lemma 5.3]. O

up, = (14 0(1)) for allu € {v:op(v) =j} (4.5)

Among the conditions in Theorem 4.3, only the fourth and the fifth are substantial. We verify
them in the two lemmas below.

Lemma 4.6. Let A be a symmetric and zero-diagonal random matriz. Suppose that the entries
{Ai;j i < j} are independent, A;; € [a,b] for two constants a < b, and E[|A;;]] < p for all i,j, where
cologn — <1 — ¢y for constants cy,c1 > 0. Then, for any ¢ > 0, there exists ¢ > 0 such that

e S
P(||[A-E[A4]||s < d/np) >1—2n"°
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Proof. Let A= At — A~ where A;; = max{A4;;,0} and A;; = —min{A;;, 0} for all i,j. Then
1A —E[A][l2 < [|AT — E[AT]ll2 + [|A” — E[A_]||2. (4.6)

Note that AT and A~ are symmetric and zero-diagonal matrices with independent upper-triangular
entries. Also, note that for all i # j,

max {E[AF], E[A7]} < E[| A4 <p.
If b <0, then ||[AT —E[AT]||2 = 0. Otherwise, suppose b > 0. By [11, Theorem 5|, for any ¢ > 0,

there exists ¢y > 0 such that
P (HA+ E[AT]||s > ey v/b- ,ﬁ (H At - bE[Aﬂ > cpy /”bp) <n7 (47)
2

Similarly, if a > 0, then [|A™ — E[A7]||2 = 0. Otherwise, suppose a < 0. By [11, Theorem 5], for any
¢ > 0, there exists ¢_ > 0 such that

1
P (HA* —E[A7]|2 > c_\/ﬁ,ﬁ <H| AT - BT > e ﬁ) <nc  (4.8)
2
Stated above in terms of upper bound on probabilities. Take ¢ = ¢4 /max{b,0} + c_+/| min{a, 0}|.
Combining (4.6), (4.7), and (4.8) along with a union bound, the proof is complete. O

Lemma 4.7. Let r € N be a constant, and W € R"*" be a fized matriz. Let {Z;}7_, be independent
random variables where P(Z; = 1) = p;, P(Z; = —y) = i, and P(Z; =0) =1 — p; — q;. Finally, let
Z € R", where Z; = Z; — E[Z;] fori € [n]. Then for any B8 >0,
. 1 2
P(HZTWHQ > max{1l,y}(2 + B)n

1Vlog (7‘/5“5“/,“2"“)

Proof. Let w; = W.; denote the jth column of W, for j € [r]. We will show that

W 200 max{pi + Qi}> <2rexp(—pn max{p; + ai}).

T

VilWll2ooey — Vl[w;lleo '
LViog (=) 511V log (™)
Given (4.9), we then obtain
max{Ly}2 + A o
(HZ Wl 2 (Ll W23 mac{p; + i}
W[ oo
<P( [ Wz = max(toe - mmastp+a) S — L= ) o)
=1 i=1 1 1V log (Vi)
J j= lTw;ll2
' n 1 2 .
J 1V log (Yllwjllso i
i=1 i=1 V log (W)
< 2rexp ( — pnmax{p; + ql}) (4.12)

Here (4.10) follows from (4.9) and the fact that ||z||2 < ||z||; for any finite dimensional vector.
Next, (4.11) follows by the union bound, and (4.12) is an application of 9, Lemma 5.2].
It remains to prove (4.9). Since |wj|l2 < ||[W||F for all j € [r], we obtain

> R S 2 (Qﬁwjuoo) ‘

=1 LV log (=) 521 1V log (M
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L Jé) _ Jé) _ log(cz)—1
Let g(c,x) := TViog(e) for ¢ > 0. Then 5:9(c,r) =1 for x < e/c, and z-g(c,z) = % > 0 for
x > e/c. Therefore, g(c,-) is increasing for any ¢ > 0. Since ||[wj||cc < [|[W]|2—00 for all j, we obtain

r

[[w;lloo : Vn Vv r|Wll2—00
== o0 < 9 W o0 - 9
2. Vil = 29 e 1illee ) < ro{ g Wl fnwugm>

n
j=1 1v log (W) 7=1 1v log (W

which completes the proof of (4.9). O

Proof of Theorem 4.1. We now verify the conditions of Theorem 4.3 for the signed adjacency matrix
A = A(G,y) when G ~ CSBMF (p, P, t). Set

o(r) = 210Ag( n) max{1,y}(t+2) <1 V log (31))_1

Note that lim,_,q+ ©(0) = 0 and @ is non-increasing on Ry . Thus the first condition holds.

To verify the second condition, we find that ||A*||2—00 = 9(1(\’%”) Applying Lemma 4.6 with
¢ = 3, and using the fact that [Af;| < tlog(n) max; ;e Pij, there exists ¢/ > 0 such that

i (||A ~E[A]] < ¢ 1og(n)) >1-n3. (4.13)

By assumption, we have A* > 0. Moreover, by Lemma 4.5, we have A* = ©O(log(n)). Let
v = \/log(n)/A*. Therefore, ||A*|l2—00 < YA* is satisfied for n large enough.

The third condition is immediate.

The second part of the fourth condition holds with dy = n~3 due to (4.13). To verify the first
part, note that x = ©(1) by Lemma 4.5 and v = o(1). Then 32k max{~, p(y)} < 1 for all sufficiently
large n.

To verify the fifth condition, fix W € R™" and m € [n]. By Lemma 4.7 with p; € {tlo%Pab

a,b e [k}, pi+q = U™ and = 4, we obtain

n

IP’<H((A — AV W, > 7nmaX{Ly}(Q—i-4/lf) ||W||2—>oo“(;;gn> < orexp (_4n " tlogn) ’

W 200 :
1Vlog ( Wi > "

which can be re-written as

* * ||[[ ||F >) —4
(A— A Wi, > A*|[|W oo —_— <2 .
(H( ) H2 H H2_> v (\/ﬁH” ||2%oo "

Therefore, the fifth condition is satisfied with §; = 2rn=3
Applying Theorem 4.3, we conclude that with probability at least 1 — (1 + 4r)n=3 > 1 — 5rn =3,

inf ||vo — av* (an) H
OcOrxr 200
gl C(P,p,t,y)
<G ( 1 tlloo + 2 4% 120 ) < ol
< ot + )0 + el + Fo 147 I2s) < bt
O
5. PERFORMANCE OF SPECTRAL ALGORITHMS
Throughout this section, we use the notation
log i%g
y(p.q) = for p # q. (5.1)

P
log 7
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This will be the choice of y value for which SPECTRAL-ONE algorithms are optimal in the cases
stated in Theorem 1.7 (1). Also, as before, we condition on a fixed value of o satisfying (1.4) with
e=n"1/5

Recall that our spectral algorithms use the top two eigenvectors of the signed adjacency ma-
trix/matrices. In general, the signed adjacency matrix should have two main eigenvectors which
correspond (up to a potential sign flip) to the main eigenvectors of the expected adjacency matrix.
However, this could run into complications if both eigenvalues are the same or one of the eigenvalues
is 0. In order to address this, we have the following eigenvalue characterization. The proof is provided
in Appendix C.

Lemma 5.1. Let 0 < p1,pa,q < 1 be not all the same, p € (0,1) and define
—y(l—=p1) q-y(l—q) \(p 0
A= Ay) = (P v —p 5.2
@) (q—y(l—Q) p2—y(l—p2) ) \O 1—p (5:2)
for each y > 0. Then all of the following hold.

(1) For any fized p1,p2,q,p € (0,1), there exists a set Y with |Y| < 3 such that the eigenvalues
of A’ are distinct and nonzero for ally ¢ ).
(2) If p1 =p, p2 =q, p# q, and y = y(p, q) then the eigenvalues of A" are distinct and nonzero.

(3) If p1 =p2=p, p#q, and y = y(p, q) then the eigenvalues of A" are distinct and nonzero if
and only if p+ q # 1.

5.1. One matrix. In order to prove Theorem 1.7 (1), we provide an algorithm which is an instance
of SPECTRAL-ONE, that will succeed up to the information theoretic threshold when

either py =po =p,p#qandp+q#1 or py=pandps=q#p. (5.3)

Algorithm 3 One-matrix community detection

Input: Parameters t > 0, p € (0,1), p1,pa, ¢ € (0,1) satisfying (5.3) and G ~ CSBM?2(p, P, t).

Output: Community classification ¢ € {1,2}".

Construct an n x n matrix A = A(G,y) as defined in Definition 1.5.

Find the top two eigenpairs (A1, u1) and (A2, u2) of A.

Compute (a1, az), the weights produced by Algorithm 4.

Let U = {s1a1u1 + saagus : s1,s2 € {£1}}. For each u € U, let (-;u) = 1+ (1 + sign(u))/2.
Return ¢ = argmax, .y P(G | 6(-;u)).

Algorithm 4 Find weights (one matrix)

Input: Parameters t > 0, p € (0,1), p1,p2,q € (0,1) satisfying (5.3).
Output: Weights (a1, a2)

1: Let V; :={i :i < pn} and define B to be the symmetric block matrix where Bj; is “O%[pl -

y(p1,q)(L —p1)] if 4,5 € Vi, B2 [py — y(p2, q)(1 — pa)] if 4,5 ¢ V1, and Y% [g — y(p1,q)(1 — q)]

ifieV,j¢Viorié¢V,j€ V. Let the eigenpairs of B be denoted (7y1,v1), (72, v2).

2: Set a1 = log %. If p1 = p2 = p, set ag = —aq. Otherwise (p2 = q), set ap = 0. Let z be a block
vector with z; = a; if i € V; and z; = ao if i € V.

3: Return (aq,a9) satisfying

Vnlogn <a1U1 - CLQU2) =z. (5.4)

il 2

It is worthwhile to note that finding weights in Algorithm 4 does not require any information
about oy.
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Proof of Theorem 1.7. Let n; be the number of vertices in community 4 for ¢ = 1,2. Throughout
the proof, we will condition on og satisfying |n; — p;n| < n?/3. This event has probability 1 — o(1)
as shown earlier in (1.4).

First, suppose that (5.3) holds. We will first prove Theorem 1.7 (1) by showing Algorithm 3
succeeds up to the information theoretic limit. Let A = A(G,y) with y = y(p1,q), and define
A* =E[A]. Let (A, u;) and (A7, u)) denote the i-th largest eigenpair of A and A* respectively. We
claim that

A= 0Q+o01))rilogn, X5=(14+0(1))ralogn with vy # vo, 11,19 # 0. (5.5)

Indeed, consider the matrix B defined in Step 1 of Algorithm 4, whose eigenvalues are tlogn times
the corresponding eigenvalues the matrix A’ defined in (5.2). Under the conditions of Theorem 1.7 (1),
Lemma 5.1 (Parts 2 and 3), shows that the non-zero eigenvalues of B are v logn and vs logn with
V1 # vy. Next, suppose O is the permutation matrix such that, in OA*O”, the rows and columns
corresponding to vertices in community 1 appear before those in community 2. By Weyl’s theorem,
the top two eigenvalues of OA*OT are within 1+ o(1) multiplicative factor of those of B. Since O is
an orthogonal matrix, (5.5) follows immediately.
Using (5.5), we can apply Corollary 4.2 and conclude that, with probability 1 — O(n~3),

Auy Aus C
Al ~ Vnloglogn s |l ~ V/nloglogn’

for some s1,s0 € {—1,1} and some constant C' > 0. Consequently, for any aj,as € R, with
probability 1 — o(1),

and

S1U1 — Sa2U2 —

(5.6)

a . C(la1] + Jaz])
uy + = (0 :
A} )\* floglogn

In Step 3 of Algorithm 3, we pick (a1, az) according to Algorlthm 4. Let V] :={i:i <ny(op)} and
define B', v}, v} similarly as B, vy, ve in Algorithm 4 by replacing V; by V;. For | = 1,2, note that v,

takes some value % on Vi and % on V§ for constants (j1, (2. Using identical steps as [9, Lemma

5.3], we can argue that v} also takes value (1 + 0(1))<ZT1 on V] and (14 o(1)) \C/ZZ on (V;)¢. Therefore,

/
flogn(al +agv>:§,
71

V2

s1aiul + ssasus — A <

where Z is a block vector taking values (1 + o(1))a; on V] and (1 4 o(1))ag on (Vf)°. Next, note
that the matrix A* can be obtained from B’ by jointly permuting the row and column labels and
then setting the diagonal entries to be zero. Also, noting that A\ = (1 + o(1))~;, we can ensure that

Vrlog(n) ( Ai +as ;‘) =2, (5.7)

where z* is a block vector taking value (1 + o(1))a; on Vi := {v : og(v) = +1} and (1 + o(1))ae

on Vo :={v:o09(v) = —1}. Let
Y u
T:A< )\*+a2/\3>.

Then, /nlog(n)T = (14 o(1))Az*. By (5.7), with probability 1 — o(1), for each v € [n],
Vvnlog(n)m, = andi1(v) — yard—1(v) + asd42(v) — yasd_s(v) + o(logn), (5.8)

where (d41(v),d_1(v),dy2(v),d_2(v)) denotes the degree profile of v. Also, in this case, note that
*in (2.6) simplifies to

1-— 1-—
w* = (logpl, log pl,log i,log 4 ) (5.9)
q l—gq P2 1

— D2
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In order to apply Proposition 2.10, we need to ensure that the coefficients of (5.8) coincide with w*
up to a scalar factor. There are two cases to consider. First, suppose p; = p2 = p, and p # ¢ (where
we rule out the case {p + ¢ =1,p # 1/2}). Recalling that y = y(p, q), we obtain

=(1,~y,—1,y)log (Z) : (5.10)

Comparing (5.8) and (5.10), we see that the choice a; = logg and ap = —aq equates the coefficients
of the leading terms of (5.8) with the entries of (5.10). These are the values of (a1, az) chosen in
Algorithm 4 Step 2.

Next, suppose pa = ¢ and recall that p; # ¢q. By our choice of y = y(p1, q), we have that

w* = (1,-y,0,0)log (p> .
q

In this case, we need o = log and ag = 0, which is also the case by our choice in Algorithm 4 Step 2.
(Note that any choice of the form (a1,a2) = ¢(1,—1) would lead to y/nlog(n)r, — o(log(n))
(w*, d(v)).)

Thus, in both cases, our choices of (ay, ag) yield that, with probability 1 — o(1), v/nlog(n)7m, =
(w*,d(v)) + o(logn) for each v € [n]. By Proposition 2.10, we conclude that for some ¢ > 0,

1 1
Vnlog(n )mln Ty > §elogn and +/nlog(n)maxt, < —islogn

veVL

with probability 1 — o(1), and consequently

. €
mint, > ——= and max7, <

g
veEV] - 2\/?; vEV, - 72\/’5'

Finally, since = o(ﬁ), we conclude with probability 1 — o(1),

c
v/nloglog(n)

1r}r611‘2 (s1a1ur + s2asug), > % and ggz{ (s1a1u1 + s2agug), < —F

Therefore, thresholding the vector sjai1u; 4+ seasus at zero correctly identifies the communities
with high probability. In other words, sign(sjaju; + s2asusz) coincides with the MAP estimator.
While s1, so are unknown, the final step of Algorithm 1 chooses the best one among the four candidate
community partitions arising from the four possible sign combinations. By Theorem 3.1, we know
that the MAP estimator is the unique maximizer of the posterior probability. Therefore, the spectral
algorithm will identify the correct candidate. This completes the proof of Theorem 1.7 (1).

To prove Theorem 1.7 (2), let p1, p2, ¢ be distinct. Notice that (5.8) would hold for any aq, as
and the corresponding choices of a1, as. The particular choice of ay, ay was only needed after (5.8)
to compare it with w*. By Proposition 2.10 and (5.8), in order for SPECTRAL-ONE algorithms to
be successful, we must have w* = (a1, —yaq, ag, —yae). Suppose for the sake of contradiction that
w* = (a1, —yaq, ag, —yas) for some ai, as. Since all the entries of w* are nonzero, we know that
a1, ag # 0. By taking coordinate ratios, we have that

1—
log 1—pqz
log %2

log 11—_p1

— . 11
fog 2 y(p2, q) (5.11)

Y= =y(p1,q) and y=

Now, we claim that for any fixed ¢ € (0, 1), the function y(p, q) is strictly increasing. Indeed,

B log X — logl—[q) X % 1 D
2 = - . 5.12
00 = o (e (1) (5.12)
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Using the fact that 1 — % <logx <z —1 for any x > 0,

logg =2L-1 P

1—
forany p>q: y(p,q) = o Bp < 1p_ T =1 (5.13)
gy » p
logi= logif 1-15  p
forany p<q: y(p,q) = ;p = 7 7 i . (5.14)
loga logg i 1 1—p

Therefore, %y(p, q) > 0 for any p € (0, 1), which proves that y(p, q) is strictly increasing. However,
p1 # p2 and therefore y(p1,q) # y(p2,q). Thus, (5.11) leads to a contradiction. In other words, it is
not possible to choose ay, g so that w* = (a1, —yay, ag, —yas). The proof then follows by applying
Proposition 2.10 (2). O

Remark 5.2. Instead of using the encoding {1, —y, 0} for present, absent and censored edges, we could
have instead used a more general encoding of the form {c1, —yca,c3}. In that case, the entrywise
approximation would still hold. One could go though the same steps to show that the decision
rule for the spectral algorithm would again be asymptotically based on determining whether some
linear expression such as (5.8) is above or below a certain threshold 7. Thus, for p1, p2, g which are
distinct, an identical argument shows that spectral algorithms with more general encoding also do
not succeed sufficiently close to ..

5.2. Two matrices. In this section, we will prove Theorem 1.10. Let us start by describing the
algorithm that always succeeds up to the information theoretic threshold in the two community case.

Algorithm 5 Two-matrix community detection for two communities

Input: Parameters ¢ > 0, p, p1,pa,q € (0,1) such that |{p1,p2,q}| > 2, and G ~ CSBM2(p, P, t).

Output: Community classification 6 € {1,2}".

1: Fixy,§ ¢ Y where Y is given by Lemma 5.1 Part (1). Construct two n x n matrices A = A(G,y),
A = A(G,y) as defined in Definition 1.5. .
2: Find the top two eigenpairs of A and A, respectively denoting them ((\;, w;));=1,2 and ((\;, @) )1=1,2-

3: Use Algorithm 6 on input (t, 0, (]9(’11 pq> y Yy g) to compute the weights (c1, c2, ¢1, é2).
2

4: Let U = {sjciuy + sacoug + §1¢101 + Soéoliz @ s1, 82,851,852 € {£1}}. For each u € U, let
G(;u) =1+ (1 +sign(u))/2.
5: Return 6 = argmax,c; P(G | 6(-;u)).

Algorithm 6 Find weights (two matrices, two communities)

Input: Parameters t > 0, p, p1,p2,q € (0,1) such that |{p1,p2,q}| > 2, and y, g ¢ V, y # y where
Y is given by Lemma 5.1 Part (1).
Output: Weights (c1, co, ¢1, é2)

1: Let V; :={i :i < pn} and define B to be the symmetric block matrix where B;; is “O%[pl -
y(p1,q)(1 —p1)] if 4,5 € Vi, B [py — y(p2,0)(1 —p2)] if 4,5 ¢ V1, and togn iy —y(p1,q)(1 — q)]
ifieVy,jgViorigV,je€ V. Define B similarly by replacing y by 7. Let the eigenpairs of
B and B be ((y,v))i=1,1 and ((7,7;))1=1,2, respectively.

2: Solve the following system for ay, as, &1, Go:

1—m
1—-¢q’

- . 1-—
Ozg—i-ozzzlogi —ya — yag = log ¢
P2 1—p2

a) +ap = log&, —yay — yag = log
q (5.15)




THE POWER OF TWO MATRICES IN SPECTRAL ALGORITHMS 29

Let z be a block vector with z; = ay for ¢ € Vi and z; = ay for i € V. Define Z similarly by
replacing (o, az) by (a1, &).
3: Return (cq, ¢2, €1, C2) satisfying
V2 V2

\/ﬁlogn<cl+02) =2z and flogn(cl—ch) =z (5.16)
Y 72 4! V2

Proof of Theorem 1.10. As in the proof of Theorem 1.7, we condition on oq satisfying |n; — p;n| <
n?/3. Fix y,§ ¢ Y, y # 9 where Y is given by Lemma 5.1 Part (1). Recall all the notation in
Algorithms 5, 6. Let A* := E[A] and A* := E[A], and let (A, u}))i=1.1, and (X}, @}));=1.2 be the
top eigenpairs of the corresponding matrices. Applying Corollary 4.2, we have that with probability
1—o0(1)

)

C(ler] + leo| + |ea] +[é2])
- V/nloglogn ’

IR o~ A uj A~ﬂf | uj
s1c1U1 + S2C2U2 + S1C1U1 + S2C2U2 — )\* + C2v5 v - 015\7{ + 62;

for some s1, s9, 51,52 € {£1}. Let
uy us P 0
r=Ale—L+4c 2) +A<c — 4+ ¢ ~2)
( YREY: 1% % e

Using (5.16), we can repeat the arguments above (5.8), to show that /nlog(n)r = (1 + o(1))z*,
where 27 is oy + a1 on Vi := {u : op(u) = +1} and ag + &2 on Vs := {u : 0g(u) = —1}. Consequently,
with probability 1 — o(1), for each v € [n],

Vnlog(n),

=dy1(v) (1 + a1) — d-1(v) (yar + gar) + dia(v) (2 + @2) — d—2(v) (yaz + yas) + o(log n).
By Proposition 2.10 and (5.15), there exists some € > 0 such that with probability 1 — o(1)

1
v/nlog(n )mln Ty > 5logn and v/nlog(n )mz%/xrv < —§€logn
veEV2

with probability 1 — o(1). The rest of the proof is identical to the final part of the argument in the
proof of Theorem 1.7 (1). O

6. MORE THAN TWO COMMUNITIES

In this section, we will prove Theorem 1.12. Similar to Lemma 5.1, we need the following, whose
proof is provided in Appendix C.

Lemma 6.1. Let p € (0,1)%, and P € (0,1)*** be a symmetric matriz. For anyy > 0, let P®
be the matrix such that P;jy) = pj(Pyj — y(1 — By)) for all i,j. Then, either (1) PY has a zero
eigenvalue for all y or (2) P™ has repeated eigenvalues for all y or (3) there is a finite set ) such
that P™ has distinct nonzero eigenvalues for all y € Y.

Consequently, if P9 := P - diag(p) has k distinct, non-zero eigenvalues, then (3) holds.

Let us describe the algorithm that always succeeds up to the information theoretic threshold in
the k-community case.

Algorithm 7 Two-matrix community detection for general £ > 3 communities

Input: Parameters t > 0, p € (0,1)* such that Y, p; = 1, a symmetric matrix P € (0,1)*** and
also G ~ CSBME (p, P, ).
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Output: Community classification ¢ € [k]™.
1: Fix y,§ ¢ Y where } is given by Lemma 6.1. Construct two n x n matrices A = A(G,y),
A = A(G,7) as defined in Definition 1.5. )
2: Find the top k eigenpairs of A and A, respectively denoting them ((A;, u1))iepr) and ((Ar; @))iejr)-
Let U (respectively U) be the n x k matrix whose i-th column is u; (respectively ;).
3: Use Algorithm 8 on input (¢, p, P,y,y) to compute the weight vectors (c¢;, 6i)i€[k]'
4: For s € {£1}*, let D := diag(s). For any s,35 € {£1}*, construct the estimator

d(v;s,8) = argmax{(UD(s)ci)v + (ﬁD(g)Ei)v} for each v € [n]. (6.1)
1€[k]

5: Return ¢ = argmax, s 1yx P(G | 6(+5 s, 5)).

Algorithm 8 Find weights (Two matrices, £ > 3 communities)

Input: Parameters t > 0, p € (0, 1) such that Y, p; = 1, a symmetric matrix P € (0,1)*** and
Y,y ¢ Y where ) is given by Lemma 6.1.

Output: Weight vectors (ci,éi)le C R*.

1. For k> 1, let Vg :={i: nZ;?;é pj <1< ”Z?ﬂ pj} with pg = 0. Define B to be the symmetric
block matrix where B, = “07;5” [Pj —y(1 — P;j)] if u € V; and v € V;. Define B similarly by
replacing y by §. Let the top k eigenpairs of B and B be (i, vi) )ielr)> and ((Fi, 02))igir)- Let V
(respectively V') be the n x k matrix whose ith column is vi/y; (respectively 9:/3,).

2: Solve the following system for {}, ;e {Qritric:

Qi + dri = log (Pm) ) —YQr; — g&ri = log (1 - Prz) ) VT,’i € [k] (62)
For i € [k], let z (respectively Z;) be the block vector with z, = ay; (respectively Z;, = &y;)
when v € V,.

3: Return (¢, éi)le solving

Vnlog(n)Ve; =z and  /nlog(n)Vé =z for all i € [k]. (6.3)

Proof of Theorem 1.12. The argument is identical to the proof of Theorem 1.10. We skip redoing
all the details for general k > 3 and instead give an overview of the steps.

Indeed, since P - diag(p) has k distinct, non-zero eigenvalues by our assumption, Lemma 6.1
implies that the eigenvalues of E[A(G,y)] are also distinct for sufficiently large n. Applying the
entrywise bounds for the eigenvectors in Corollary 4.2 holds for general k. The parameters (6.2) and
(6.3) are chosen in such a way that the approximating vector 7 satisfies, with probability 1 — o(1),
for all v € [n],

7o = (log(P),log(1 — P”))re[lc] -~d(v) + o(logn).
The estimator described by (6.1) is constructed so that for some s, 5 € {£1}*, we have

6(v;s,8) = argmax 7.
i€[k]

Corollary 2.11 implies that for this pair (s, §), we have 6(v;s,5) = op(v) for all v with high
probability. Finally, the correct pair s,§ is chosen in Step 5, by again appealing to statistical
achievability (Theorem 3.1). O
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Remark 6.2. We can simplify the algorithms by taking A and A without any ternary encoding if
both P - diag(p) and (J — P) - diag(p) have k distinct, non-zero eigenvalues. Indeed, define A, A

A 1 if {i,j} is present 4 A 1 if {i,7} is absent
- an -
Y 0 if {4,7} is absent or censored Y 0 if {4, 7} is present or censored.

We can simply set a,; = log(Py;) and &,; = log(1 — P,;), and choose ¢;, ¢ according to (6.3). With
this choice, the estimator in (6.1) (optimized over the signs as in Algorithm 7 Step 5) achieves exact
recovery up to the information theoretic threshold.

Of course, such a simplification might not be possible for many possible choices of parameters.
For example, in the two community case, we can take p = 1/2, and py, p2, g such that p1ps —¢? # 0
but (1 —p1)(1 — p2) — (1 — ¢)? = 0. One such choice is p; = %,pg = é—g,q = %

REFERENCES

[1] E. Abbe, J. Fan, K. Wang, and Y. Zhong. Entrywise eigenvector analysis of random matrices
with low expected rank. Annals of Statistics, 48(3):1452-1474, 2020.

[2] E. Abbe and C. Sandon. Community detection in general stochastic block models: Fundamental
limits and efficient algorithms for recovery. In 2015 IEEE 56th Annual Symposium on Foundations
of Computer Science, pages 670-688. IEEE, 2015.

[3] N. Alon and N. Kahale. A spectral technique for coloring random 3-colorable graphs. STAM
Journal on Computing, 26(6):1733-1748, 1997.

[4] N. Alon, M. Krivelevich, and B. Sudakov. Finding a large hidden clique in a random graph. In
Proceedings of the Ninth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 98,
page 5947598, USA, 1998. Society for Industrial and Applied Mathematics.

[5] A. Blum and J. Spencer. Coloring random and semi-random k-colorable graphs. Journal of
Algorithms, 19(2):204-234, 1995.

[6] R. B. Boppana. Eigenvalues and graph bisection: An average-case analysis. In 28th Annual
Symposium on Foundations of Computer Science (SFCS 1987), pages 280-285, 1987.

[7] A. Coja-Oghlan. A spectral heuristic for bisecting random graphs. Random Structures &
Algorithms, 29(3):351-398, 2006.

[8] S. Dhara, J. Gaudio, E. Mossel, and C. Sandon. Spectral algorithms optimally recover (censored)
planted dense subgraphs. arXiv preprint arXiv:2203.11847, 2022.

[9] S. Dhara, J. Gaudio, E. Mossel, and C. Sandon. Spectral recovery of binary censored block
models. Proceedings of the 2022 Annual ACM-SIAM Symposium on Discrete Algorithms (SODA),
2022.

[10] D. Gross. Recovering low-rank matrices from few coefficients in any basis. IEEE Transactions
on Information Theory, 57(3):1548-1566, 2011.

[11] B. Hajek, Y. Wu, and J. Xu. Achieving exact cluster recovery threshold via semidefinite
programming. [EEE Transactions on Information Theory, 62(5):2788-2797, 2016.

[12] S. Janson, T. Luczak, and A. Rucinski. Random Graphs. Wiley, New York, 2000.

[13] M. Krivelevich and B. Sudakov. Pseudo-random graphs. In More sets, graphs and numbers,
pages 199-262. Springer, 2006.

[14] N. Ryu and S.-Y. Chung. Community detection with colored edges. In 2016 IEEE International
Symposium on Information Theory (ISIT), pages 1899-1903. IEEE, 2016.

[15] W. Schudy and M. Sviridenko. Concentration and moment inequalities for polynomials of
independent random variables. In Proceedings of the twenty-third annual ACM-SIAM symposium
on Discrete Algorithms, pages 437-446. STAM, 2012.

[16] V. Vu. A simple SVD algorithm for finding hidden partitions. Combinatorics, Probability and
Computing, 27(1):1247140, 2018.



32 THE POWER OF TWO MATRICES IN SPECTRAL ALGORITHMS

[17] S. Yun and A. Proutiére. Accurate community detection in the stochastic block model via
spectral algorithms. arXiv, abs/1412.7335, 2014.

APPENDIX A. PROOF OF POISSON APPROXIMATION

Proof. (Proof of Lemma 2.5). Observe that (Dg,, Dy ,) are independent over r as they depend on
disjoint sets of independent random variables. Thus,

P(D = d)
= 1l 74 |(\S‘fﬂ!d1 —ap (@) (@l = )y (1= o) B
reful\(iy S Bl T Gl T @) (A1)
(ISl = VD!

\d1,i — b )92, (1 _ A\ Sil=IVI=d1i—da
X o) )" (a1 1)) (1 — « . it
1S — V] - dvs _d2,i)!( i)™ (a1 — 1)) ™2 ( )

We use Stirling’s approximation and the fact that 1 —e™ < x as x — 0. Thus, using the assumptions
on d, for each r # i, we have

15,! 1518, 1501 +2
(1Se] = diyr = dog)! ™ o ISeltduntdan (|S,] — dyp — da, )57 I=Br—derts

(‘S’I" _ dl,r _ d277‘)d1,r+d2,'r

dl,r+d2,r Sr —i—l
(1= Pge) i

(1S,] = dy — dop)drrtdr
(1 Sgpe)s

r

— e*dl,r*dlr

= (npr(1+ O(log™n))) ™77 = (np, )t
where in the last step we have used dj ,,da, = o(log?’/2 n). Also,
(1— a)lsrlfdl,r-*dz,r — o~ a(lSr|—dir—d2r) _ o—tprlog(n)/2
Thus, the r-th product term in (A.1) is asymptotically equal to

—tp, logn (priprtlog n)dl,r (pr(1 =ty )tlog n)dZT
e .
dy ,!da !

The identical approximation holds for 7 = i as well using the fact that [S; \ V| = np;(1+O(log™2n)).
Thus the proof follows from (A.1). O

APPENDIX B. PROOF OF LEMMA 3.3
We first state a special case of [15, Theorem 1.3|.

Lemma B.1. Let Xi,..., X, be independent random variables, and let X = >""" | X;. Let L > 0.
Suppose that for each i € [n] and k € N,

E [|Xi|k] <k L-E DX@-VH} . (B.1)
Let po =Y ;- E[|X;|]. Then, for any X > 0,

P(|X —E[X]| > )\) < ¢? max {exp <_M£R) , exp <—LAR> } , (B.2)

where R is an absolute constant.
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Proof of Lemma 3.3. We first verify (B.1), for L = max{|z|: x € S}. For k € N,
E|IX"| = 3 [2l"P(X; = 2)

TES
<L) |af*'P(X; = )
z€S

— LE {\Xivf—l]
< kLE [yXZ-|’H} .

We apply Lemma B.1, noting that o = E[Y]. Set A = §|E[X]|. Then A < po, so that the first bound
in (B.2) applies, giving the claim. O

APPENDIX C. PROOF OF EIGENVALUE PROPERTIES

Proof of Lemma 5.1. The only 2 x 2 matrices whose eigenvalues are not distinct are the multiples of
the identity matrix. Indeed,

det (Z l;) =0 = M —(a+c)\+ac—b*=0,

which has same roots in \ if and only if (a — ¢)? + b? = 0. Therefore, A" in (5.2) has identical
eigenvalues if and only if y = ¢/(1 — q).

Next, note that det(A’(y)) is a quadratic function in y, which has at most two roots unless
det(A’(y)) is the zero polynomial. To rule out the latter possibility, note that

det (A’(lq_q)> =p(1—p) (pl - %q(l —p1)> (pz - %_q(l —pQ)),

which is nonzero if p; and ps are both different from q. When ps = ¢, then det(A’(0)) = p(1 —
p)(p1q — %), which cannot be zero due to our assumption that 0 < p;.ps2, ¢ < 1 cannot be all be
the same. Hence, det(A’(y)) cannot be a zero polynomial, and thus there are at most two values of
y such that det(A’(y)) = 0. Combined with the condition for having distinct roots, there is a set
Y with |Y| < 3 such that, for y ¢ ), A’(y) has two distinct and nonzero eigenvalues. This proves
Lemma 5.1 Part (1).

To prove Lemma 5.1 Parts (2),(3), consider the case where (5.3) holds. Also, take y = y(p,q) =
log (%)/ log (g). Due to symmetry of y(p, ¢), (5.13) and (5.14) imply

q . q .
y(p,q) > - ifp>q and y(p,q) < 4 ifp<gq
Also, y(p,q) > 0 for all 0 < p,q < 1. Thus, if (5.3), then y(p,q) # 1—Zq. Hence, the off diagonal
entries of A'(y(p,q)) are nonzero and the eigenvalues of A’(y(p,q)) are distinct. If py = ¢ then
det(A'(y(p,q))) = p(1—p)(p—q)(1+y)(¢ —y(1 —q)) # 0, so its eigenvalues are both nonzero. This
proves Part (2).
To prove Part (3), take p; = pa = p. Note that det(A’(y)) = 0is 0 if and only if [p — y(1 — p)| =

lg — y(1 — ¢q)|. Since p # ¢, the latter holds if and only if y = Zf;gﬁq orp+qg=1. Let x =(p+4q)/2

and € = (p — ¢)/2, and observe that

) 1o (2) =tor (155 /108 (555
_ log(1+¢€¢/(1—2)) —log(l—¢/(1—x))
log(1+€¢/z) —log(1 — €/x)

q
,q) =1o <
y(p,q) = log =
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220 2(e/(1 = x))* /(20 + 1)
XS0 2(e/x)r /(2 + 1)
L Yo/l —@)*/(2i 4+ 1)
L—z  YZ(e/x)*/(2i+1)
The ratio of infinite sums is greater than 1 if z < 1/2 and less than 1 if z > 1/2, so y = 254 «—

2—p—q
2x = p+ q = 1. This proves Part (3). O

Proof of Lemma 6.1. First, observe that P® has a zero eigenvalue if and only if its determinant is
zero. Since det(P®) is a polynomial in y of degree at most k, either it is identically zero (i.e., (1)
holds) or there exists a subset J; C R with || < k such that det(P®) # 0 for all y ¢ ).

Next, observe that for any given y, the eigenvalues of P® are the roots of the characteristic
polynomial x® () := det(P®) — XI). Let f®(\) be the polynomial with leading coefficient 1 in
that is the greatest common divisor of x® () and (x)'(A) = Zx®(X). Then x® ()) has repeated
roots in A if and only if f®()) is not a constant function in X. Now, consider x(X) and £5x® ()\)
as elements of R®[A], the ring of polynomials in A with coefficients that are rational functions of y.
Then, there exist f*“”,giy), géy), h(ly), h(Qy) € RW[\] such that the leading coefficient of f*® is 1, and

fr@ = Qiy)x(y) + géy)(x(”)', Y@ = h(f”f*@), () = h<2y>f*(y>'

Thus, for any y, f*® will evaluate to f®, unless the denominator of at least one coefficient of f*®),
giy), g§y>7 h(f’), or h;y) evaluates to 0. Since the coeflicients are rational functions in y, this can only
happen for y € Vs, where )» is a finite set. Therefore, if f**)()\) is a constant in A, then for all
y & Yo, the eigenvalues of P are all distinct. Taking Y = Y1 U )s, we have shown the (3) holds in
this case.

Next, suppose that f**(\) is not constant in A. Then, P® must have a repeated eigenvalue for
all y ¢ )s. The eigenvalues of P™ change continuously as functions of y. Thus, if there was any y
for which its eigenvalues were all distinct they would have to be distinct for all values of y sufficiently
close to that one. Therefore, P’ must have repeated eigenvalues for all values of y and (2) holds in

this case. This completes the proof of Lemma 6.1. ]



	1. Introduction
	1.1. Model and Objective.
	1.2. Information theoretic boundary.
	1.3. Spectral algorithms.
	1.4. Proof ideas
	1.5. Discussion
	1.6. Notation.
	1.7. Organization

	2. Geometry of Degree Profiles
	2.1. Dissonance range and its properties.
	2.2. Relating dissonance range with degree profiles of CSBMs
	2.3. Separating degree profiles using hyperplanes
	2.4. When dissonance ranges barely overlap.
	2.5. A necessary and sufficient condition for optimal recovery.

	3. Achievability and Impossibility
	3.1. Impossibility
	3.2. Statistical Achievability

	4. Entrywise eigenvector bounds
	5. Performance of Spectral Algorithms
	5.1. One matrix
	5.2. Two matrices

	6. More than two communities
	References
	Appendix A. Proof of Poisson approximation
	Appendix B. Proof of Lemma 3.3
	Appendix C. Proof of eigenvalue properties

