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The Preparation Theorem on Banach Spaces (*).

FERRANTE BALBONI

A mia madre, Tirana Zepponi, 10-10-40, 8-4-96

Abstract. - We give a generalization, for smooth Fredholm maps between Banach spaces, of the
Preparation Theorem known in finite dimension. As an application we oblain the Prepared
Form Theorem which is a basic tool in singularity theory.

Introduction.

In this paper we generalize, for smooth Fredholm maps between Banach spaces, the
well-known Preparation Theorem (see e.g. [G-G], Chap. 4, Thm. 3.6) and a related im-
portant result, i.e. the Prepared Form Theorem. 1t is maybe worthwhile to emphasize
the significance of the finite-dimensional Preparation Theorem (FPT in short) in order
to understand the motivations behind our study of the Banach Space version (BPT in
short). In fact the FPT has been successfully used in differential topology: just to give
two examples we recall the Mather stability theory for smooth maps and the Morin sin-
gularities classification in singularity theory. In the last case the FPT is the basic tool
for the proof of the Normal Form Theorems which show the equivalence of a suitable
class of smooth maps, near a singular point, to a more simple canonical form up to local
changes of coordinates (see e.g. [G-G]). In analogy with the finite-dimensional case the
BPT or better the Prepared Form Theorem, as we call one of its remarkable conse-
quences, is essential for the proof of the Normal Form Theorem for k-singularities.
These are direct generalizations of the Morin singularities, for smooth maps between
Banach spaces, which occur in a natural way in the study of some non-linear boundary
value problems. The theory of k-singularities and some concrete and significant exam-
ples will be presented in the forthcoming paper [Ba-D].

We recall that an infinite-dimensional statement of the Preparation Theorem has
already been formulated, with only a sketch of proof, in [B-C-T]. As we point out below

(*) Entrata in Redazione il 20 maggio 1996 e, in versione riveduta, il 27 agosto 1997.
Indirizzo dell’A.: Dipartimento di Matematica, Universitd di Roma «Tor Vergata», Via della
Ricerca Scientifica, 00133 Roma, Italy.
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in Remark 2.5, that version is less general than ours which closely follows the finite-di-
mensional statement (see again [G-G], loc. cit.). Moreover to the author’s knowledge no
complete proof of the BPT has been given up to now and so we believe useful to fill the
gap. We refer to Section 2 for a brief historical outline of the preparation mathematics
(see also [W]). As an application of the BPT and since we are mostly interested in the
singularities classification we also chose to prove the Prepared Form Theorem. Our
proof of this important result was in part suggested by that given in [B-C-T] and it
seems to be simpler. In a Remark at the end of Section 4 we point out the
differences.

This paper, which improves the Appendix in the author thesis [Ba], is organized as
follows. In Section 1 we describe the algebraic machinery which is needed for the state-
ment and the proof of the Preparation Theorem. This section being very technical, at a
first reading one can just retain the definitions and statements, omitting the proofs.
Some of these follow in part similar ones presented in [G-G]. In Section 2 we recall the
Division Theorem due to P. MIcHOR [Mi] which is the direct infinite-dimensional ver-
sion of the well-known result of B. MALGRANGE [Ma]; this theorem is fundamental in
the proof of the BPT. Since in the sequel we also need the Local Representation Theo-
rem we state it in a suitable form after a brief recall about double-splitting operators.
Then we introduce some algebraic-geometric notions and finally we can state the BPT.
The whole Section 3 is devoted to the proof of the BPT. In Section 4 we state and prove
the Prepared Form Theorem which, as we already said, gives the concrete way to use
the BPT for the singularities classification considered in [Ba-D].

I wish to thank my adviser Prof. F. DonaT1 for his valuable help and constant en-
couragement in writing this paper.

1 - Algebraic and analytical preliminaries.

We shall suppose as known the notions of ring (always commutative and with unit
1), ideal of a ring, quotient ring (of the initial ring by one of its ideals) and homomor-
phism, or morphism, of rings.

If B is a ring we recall that r € R is invertible if there exists v’ e R such that »' v =1
(so rr' =1 too); when ' does exist it is unique and it will be denoted by » !, the in-
verse of r. A field is a ring where each element different from zero has an inverse (as a
particular case the null ring {0} is a field).

For every ring R there exist the ideals {0} and R: it may happen that {0} and R
are the only ideals of E. In fact we note that when R is a ring and 3 # R is an ideal,
then J ¢ {not invertible elements of R}. This is because if g € J is invertible, then 1 =
=g 'qeJandsor=7rl e3J,VreR,thatis I = R, a contradiction. As an immediate con-
sequence a ring R which is a field has only ideals {0} and R (the reverse statement is
also true).

An ideal I of a ring R is called maximal if I = R and for every ideal ' of R such
that SCI'¢cR then I=3" or ' =R.

If 3 is an ideal of R, I # R, then there exists a maximal ideal of R containing 3.
This can be proved by a standard application of Zorn’s lemma to the family {J': J' ide-
al of R, 3¢ 3’ # R}, partially ordered by inclusion. The required ideal is a maximal ele-
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ment of such a family. In particular we have that every ring R, R # {0}, has at least a
maximal ideal.

A ring R is a local ring when it only contains one maximal ideal J,(R) = ;. There-
fore, by definition, a local ring is always not trivial, that is R # {0}; moreover for any
proper ideal <, i.e. I # R, we have I J,. In fact this is the unique maximal ideal con-
taining I by Zorn’s Lemma. A field R different from zero is an obvious example of local
ring, and in this case Sy = {0}, as we saw before. In the sequel we shall show a more
significant example of local ring.

If R is a ring and < is a maximal ideal of R, it is easy to verify that the quotient ring
R/3 is a field. In particular, when R is a local ring with (unique) maximal ideal 3 (R) =
=y, we shall call R/, the residual field of R.

Finally, when R and R’ are local rings with maximal ideals J, and 3 respectively, a
morphism ¢: R'—R is called local if ¢(3§)cS,.

1.1. REMARK. — If R is a local ring then
Sp = {not invertible elements of R}.

In fact, since I, # R, the inclusion ¢ follows as seen before. Vice versa if g € R is not in-
vertible, we consider the set of R defined by (g):= {r¢q: re R}, which is an ideal. Then
() # R, otherwise 1 € (g) = R, and this implies that it should exist r € R such that 1 =
= 7q or equivalently » = ¢ ~'. Hence (g) is a proper ideal and so {(g) ¢ Sy ; since ¢ = 1 ¢  (¢)
it follows qe 3. '

A module A over a ring R, or in short an R-module, is an abelian group A with a
product, or (left) action of R on A, defined as a map

RxA—A,
(r,a)»ra=ra,

which is compatible with the operations of R and A: that is, V», r' €R and Va, a' e A
we have

(rr'Ya=r(r'a), (@r+rha=ra+r'ea, r@a+a’)=ra+ra’.

Moreover we will require the module has to be unital ie. la=a, VacA.

Given a subset B of A, we say that B is a submodule of A if it is a subgroup and it is
closed under the product on A, that is rbe B, VreR and VbeB.

In a similar way we can define the quotient module A/B. It has a natural structure
as a group and the action of R on A/B is defined by rt1[a]:= [r-a] =[ral, re R, acA.
Here [a] denotes the equivalence class of a € A with respect to the quotient relation
and -1 denotes the new product. This product is well-posed and it makes A/B an R-mod-
ule: for the sake of simplicity, since there is not fear of confusion, we shall denote it by
the notation r{a] = ri1{a] = [ral.

Finally, we say that an R-module is finitely generated (f.g. in short) over R if there

P

exist ey, ..., ¢,€4 such that a € A may be written in the form a= 2, 756, ER.
i=1
Let ¢: R’ — R be a morphism between the rings R’ and R and let A be an R-mod-
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ule with product »a =ra, re R, aeA. An action of B’ on A is defined in the following
way:

R'XA—A,
(r,a)—e(rHa.

This action is compatible with the operations of R’ and A. Since in this paper we shall
suppose that every ring homomorphism is unitary, that is ¢(1’) =1 where 1, 1’ are the
units of £, RB', the above defined action is actually a product on A. Thus A becomes an
R’-module according to the definition.

We shall denote this new product on A with the notation ; in order to remember

that it follows from the old product - by means of the morphism ¢. Hence, by definition,
r'sa:=gr)a=e(r)a,Vr'eR’, VaecA. As a matter of notations we shall write A4,

if we consider A with the new module structure induced by ¢, i.e. if A is considered as
an R ’-module. Instead we shall continue to write A when we consider A as a set without
additional structure (for example in the notation ¢ € A), or when it has the primitive
structure as R-module.

1.2. REMARK. — Let B, R', R" be rings, ¢: R'—R, ¢': R"— R’ ring morphisms
and let A be an R-module with product e =va,reR,aeA. Then . . = (4 holds. For

op
¢
the meaning of this identity let us consider the product ., on A related to the initial
product - on A by ¢o@': R"—R and then the product (; on A, derived, by means of
o
the morphism ¢ ', from the product ; (in its turn related, by means of ¢, to the product -

on A). Then these products on A are equal: indeed, Vr" e R” and Vae A, we have

o,

r ,
eo@

a=(pop)r")a=glp' (r)a=¢ (rsa=r(a.
p

This can be summarized by writing 4,, 4 = (4,), . In fact A, is the set A with the
R"-module structure deriving from the primitive structure of A as an B-module by the
morphism @ o ¢'. Analogously, A, is the set A with the B ’-module structure induced by
@ from the R-module structure of A. Finally consider (4,),, i.e. the R"-module struc-
ture of A, derived by ¢’ from the structure of A, as an R’'-module. Then these struc-
tures on A, as an R’-module, are equal.

We recall that if A is an R-module and B is a subset of A4, (B) denotes the R-module
generated by B that is (B):= Bﬂ$ B', where & = {submodules B’ of A: BcB'}. (B)is
a non-empty submodule of A (note that A € 8) and it is the smallest submodule of A
containing B. It is easy to see that (B) = {finite sums 2. 7;b;: ;e R, b;e B}.

7

In particular we note that a ring R is a module over itself and a submodule of R is
just an ideal and vice versa. Then if S is a subset of R and (S) is defined as above we
have that (S)= an 3 = {finite sums > 7;s;: ;e R, s;e S}, where = {ideals I of

PR i
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R: Sc3}. Therefore (S) is the smallest ideal of R which contains S and it is named the
ideal generated by S.

Now we state Nakayama’s Lemma in one of the several known versions for this fa-
mous algebraic result.

1.3. ProposITION (Nakayama’s Lemma). — Let R be a local ring and S, its maximal
ideal, let A be o f.g. R-module and let us suppose A = Sy A, where 3y A denotes the sub-
module of A generated by {qa: qe 3y, aeA}. Then A= {0}.

ProoF. — According to the above characterization of a submodule generated by a
set, it is easy to see that J,A = {finite sums E 9;0;: €, a;€A}. Let ey, ..., ¢, be

generators for A: by hypothesis A = JyA and S0 e, = Z g,a;, ;€ o, a]eA On the
other hand there exist r;;eR, i=1,...,p,j=1, ..., k, such that a; = E 7;;€; and so
i=

k Y4 P k k
e, = -21 qj(_El 7ij€;) = '21('21 q;7i;) - Setting ¢/ := '21 q;Ti; We obtain e, = E g/ e;
i= i= i= = =
p-1
and thus (1-gy)e= E gi ¢; holds. We claim that (1 — ¢, ) is invertible. Were it not

so then we should have (1 - @qy) €3y, by Remark 1.1. Note that ¢/ €3, i=1, ..., p,
and thus (1 — ¢,) + g, = 1 € Jo; therefore, always by 1.1, it would follow that 1 is not in-
vertible, a contradiction.

p-1
Hence e,= (1—-¢,)™" 2 gi' ¢; so that e, ..., e,_ generate A. By arguing in the

same way for ey, ..., ¢,_; we obtain that (1 —q) ¢, =0, ge 3y, e; generator of A. Like
above (1—gq) is invertible and so e=(1-¢@)'(1-q@e=(1-¢)"10=0, that is
A={0}. =

We already observed that when A is an B-module and B is a submodule then A/B is
an R-module equipped with the product r[a] = [ra], where [a] denotes the equivalence
class of a in A with respect to the quotient relation by B. As seen before, when J is an
ideal of R then it is defined the submodule of A, JA = ({ga: geJ, acA}). In such a
way A/JA becomes an R-module. Really we have also that A/3A is a module over R/,
where R/J has the natural quotient ring structure. The new product is defined by
{r}wtla]:=[r-a] = [ra], with {-}, [-] corresponding to the equivalence classes in R
and A respectively. It is easily seen that this action of R/J on A/JA is well defined and
it is a product. Since the contest will make our meaning clear, this rigorous but cumber-
some product notation will be replaced by {r}[a]= {r}in[a] = [ral.

In particular, we obtain that if J is a maximal ideal of R then A/JA is a vector space
over the field R/J.

1.4. COROLLARY. — Let R be a local ring, S, the maximal ideal and A a f.g. R-mod-
ule. Let ey, ..., e, A: then ey, ..., e, generate A over R if and only if [e,], ...,[e,] gen-
erate A/SgA over R/S,.



344 FERRANTE BALBONI: The preparation theorem, eic.

ProoF. — The «only if» part is immediate: indeed if a €A one has
P P p
a= 2 rie;, 1,€R, thus [a] = [Elrjej] = _21 [r;e;]1 = _21 {r;}e;].
Jj=1 J= 7= J=

We will now prove the «if» part. Let B be the submodule of A generated by ¢, ..., ¢,,
that is B:= (e, ..., ¢,): then we have to prove that A = B. Let us denote by [-]' the
equivalence classes in A with respect to the quotient by B, so that A/B is an R-module
with the product {al =[ral’, reR, acA.

Firstly we note that A = B + J,A4. In fact, since [¢], .. ,[e,,] generate A/J,A over

R/3y, Yae A we have [a] = E {7 }[e]], r;e R. Hence [a] = [Z 7;¢;] and from this it
follows that o = Z e+ Where 2 r;e;je B and ce JpA.
j=1 i=1

We claim that A/B = J,(A/B). Since the inclusion J;(A/B) c A/B is obvious we only
need to verify that A/BC 3y(A/B). If ae A we canwrite a =b + cwith be B, ce 3,4, as

seen above. Since ¢ = 2, ¢;a;, ¢;€ 3o, a;€ A and in A/B one has [a]' = [c]’, we can con-
i=1

k k k
clude that [a]'=[2 qia;)' = 2 (g0, = 2 qile;] €Sp(A/B) and hence A/B=
i=1 i=1 i=1

= J,(A/B). Since A/B is f.g., we can use Nakayama’s LLemma and conclude that A/B =0,
that is A=B. =

1.5. PROPOSITION. — Let R, R’ be local rings with maximal ideals 3y and I respect-
ively and let ¢: R'—> R be a local morphism. Let A be a f.g. R-module and let us sup-
pose there exist e, ..., e, A such that [e;]', ...,[e,]) generate A, /3i;A, over R' /3,

[-1 denoting the equwalence classes of the R'-module A, with respect to the quotient by

the submodule 3;;A,. Then each element a of A has the form a = Z (@) +q;)e,
where r{ e R’ and q; € (¢(3)), the ideal ofR generated by ¢(Jy), J ‘— 1, .evy p- Im other

words, fo'r a suitable integer k, q;= 2 a;o(q), a;eR, ¢/ e, j=1,...,p,
i=1, ...,k

PROOF - Since [e;]', ...,[e,]’ generate A,/3;;A, over R'/J;, then YaecA [a] =

Z {r/}[g),r/eR’, { }" denoting the equivalence classes in R’ with respect to the
quotlent relation by J{. Hence, by definition, [a] = 2 (7} p;) = [E #¢;1" and
S0 @ = Zp‘,l 7/ 5€; + b with be Jg34,. Again by definition b = E qi 5, q1 e 3, i, EA,
that is ;)~= 'i @(g!) a;. But (g ) e p(J)) cJpyand so b e JOA. Now, denoting by [-] and
{} the eq;;valence classes in A/3A and R/S, respectively, it will follow that [a] =

P P P 14
= [,21 v 6] = [Z1 (1) €] = ]_21 [@(r)) e]= jEl {@(r/)}e;]. Hence[e), ..., [e,]gen-
i= j= = , =
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erate A/Jy A over R/S, and, by the previous corollary, we have that e, ..., ¢, are gener-
ators of A over B. We are now able to conclude. Indeed, as already seen, if a € A then

o =j§1 7/ o0+ b= }p: p(ri) e;+b With r/eR' and b= i§1 (p(zi’) a;, qi’pe J¢. But
for every i=1, lc we have a; = E a” ,a;;€R,and so b= i§1 olg/ )(JZ‘,1 aije) =

E (Z a ;i e(g ))e] If we set qj 2:1 a;¢(g;) then, by construction, we have
thét g€ <§0( ). =

We give the following:

1.6. DEFINITION. — Let ¢: R’ — R an homomorphism between the rings R’, B. We
shall say that ¢ is a Malgrange-Mather or M-M morphism, in short ¢ is M-M, if the
following properties hold:

- R, R’ are local rings and ¢ is a local morphism,

— let J; be the maximal ideal of R’. Then, for every f.g. R-module A, we have
that

if A,/SpsA, is afg. vector space over the residual field R’ /3=

=4, is afg. module over R’.

The vice versa of the above implication is trivially true. We introduced this defini-
tion for pure convenience, in order to simplify the next sections. In this way we may
easily state the following two results, which are the basic algebraic tools for the proof of
the Preparation and Prepared Form Theorems.

1.7. PROPOSITION. — Let ¢: R'— R be an M-M morphism, A a f.g. R-module and let
us suppose that the vector space A,/Syy A, is £.g. over the residual field R'/3;: then
A, is a f.g. R'-module. Moreover if ey, ..., e,e A and [e,], ...,[e,] generate A, [Sy34,
over R'/3 then ey, ..., e, generate A, over R'.

PROOF. - If A, /35,4, is £.g. it follows, by the very definition of M-M morphism, that
A, is a f.g. R'-module. Thus, if [e,], ...,[¢,] generate A,/J;;,A,, we can apply Corollary
1.4 and conclude that ey, ..., e, generate A, over R’.

1.8. PROPOSITION. — Suppose there exists a commulative diagram

R
(p’ \L \‘\V
R' =5 R
¢
of local morphisms @, @,y between the local rings R, R', R" and let ¢' be an M-M
morphism. Finally suppose either
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(1) @ is surjective
or
2) ¢ is an M-M morphism.

Then v is also an M-M morphism.

PrOOF. — Let A be a f.g. R-module, Jj the maximal ideal of R" and suppose that
A, /35,4, is f.g. over R"/3;. We have to verify that A, is f.g. over R".

Note that this is true when A, is f.g. over R’. In fact by Remark 1.2, and since
Yy=@op', we have

/%sz,v Apog /%thO(p vog = (Agg! /Sg(tp)(Atp)w‘ .
@’

By hypothesis ¢’ is an M-M morphism and since (4,), /Sﬁ(q))(A ) is £.g. over R"/3g, if

A, is f.g. over R’ then, by definition of M-M morphism, we shall have that (4,),-
is f g. over R".

Hence it suffices to show that 4, is f.g. over R’. We prove this by considering sepa-
rately the hypotheses (1) and (2):

(1) Let ey, ..., e,e A be generators of A over R: thus, VaeA, we have a=

_]z r;e;, r;€R. Since ¢ is surjective we get 7,=¢(r/), v/ eR', and thus o=

= 2 (1) e;= E 7 y¢;. Therefore ey, ..., e, generate A, as an R'-module , i.e. 4, is
j=1 j=1
fg. over R'.

(2) Let now ¢ be an M-M morphism. Denoting by J; the maximal ideal of R’,
it will be enough to check that A,/J5,4, is f.g. over R'/3;. Indeed if this is true,

and since A is f.g. over R, we may invoke Proposition 1.7 to conclude that A, is f.g.
over R'.
Hence it remains to verify that 4,/3;,4, is f.g.. For this it is convenient to denote

by [V, {-}', [T, {-}" the elements of A,/3);4,, R' /35, A, /5,4, R"/S;, respect-
ively.
Since, by hypothesis, A /Jow v is f.g. over R"/3Jj there exist ey, ..., e,€ A such

that [e.]", ...,[e,]" generate A /Ss()’wA over R"/34. Then, VaecA, one has [a] =

= Z {r/}'e;7, 7/ eR",sothata = 2 17 6+ b, bei‘szwA .Hence b = 2 9 50i,q{ €

j=

h
ei‘s{;,aleA thatish = Z 0 g6 g0 = Z 9!y = E @' (g!) p;. Moreover ' (34) ¢ 35
B @’
since ¢’ is a local morphlsm
Therefore ¢'(q!") emso i=1, ..., k, and thus beJj;A,. Since a = Z v/ e+ b it

follows that [a] = [2 . Finally, as seen above for b, we may wrlte la]l =
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D 14
= [;fp’(’ry”)gﬂej]’ Z lp' () e]’ El{fp’(?“j”)}’[ej]’ and thus [e,], ...,[e,] are

J
generators for A,/3; A over R'/3;. Hence A,/3)54, is £.g. over R’ /3y, as it was to
be shown. =

We conclude the algebraic part of the section with another notion which will be use-
ful in the next section.

Let R be a commutative ring (with unit 1): we denote the set of all » X m matrices,
whose entries are elements of B, by M(n, m, R). We also indicate the matrix Ae
eM(n, m, R) by the set of its values, i.e. A = (A”)2 1, ___,n,A”eR IfAeM(n, m, R)

= 1,

and B e M(m, p, R) we can associate with them the product matrie AB e M(n, p, R):
it is given by the usual rows by columns multiplication. In particular when A, Be
eM(n, R):=M(n, n, R) then ABe M(n, R). It is easily seen that M(n, R) is a ring
(which is non-commutative in general) with unit equal to the matrix 1, defined as (1);; =
=04,1,J=1, ..., n. Note that, Vre R, VA = (4;;); j_1, ..., n € M(n, R) it is defined the
matrix rA e M(n, R) by (rA);;=rA;;, 1,j=1, ..., n. Hence M(n, R) becomes an alge-
bra over R, i.e. a ring which is also an R-module and such that the ring and R-module
operations are compatible, that is r(AB) = (rA) B=A(rB), Vre R, VA, Be M(n, R).
Let us denote by R” the set of all ordered n-tuples of elements of R: it is an abelian
group in a obvious way. Moreover, it is an M(n, R)-module with the action of M(n, R)
on R” defined as follows. Consider R" = M(n, 1, R), the set of «column» vectors with »
components: then, as seen above, VA € M(n, R), Vr e R" the rows by columns product
AreR" is defined.

For AeM(n, R) we define the determinant of A, det Ae R, to be the element
detA = 2 £(0) Ayg1y° " Ayomy- Here S, is the group of permutations on % elements,

say {1, ..., n} Moreover, Yo e S, () is the s1gn of permutation ¢ which is either +1
or —1 accordlng to it is even or odd (i.e. if it is obtained by produect of an even or odd
number of transpositions, which are permutations that interchange two only elements
and leave fixed the remaining).

If AeM(n, R) and ¢,je {1, ..., n} we define the matrix A(i,j)eM(n—1, R)
as the (r —1) X (n — 1) matrix which is obtained from A by omitting the i-th row
and the j-th column of A. We introduce the (i, j)-cofactor of A, A(i,j)eR, by
A, §)i= (- 1)+ det A, §). Lastly, we define the adjoint of A, adjAeM(n, R),
by (adjA);; :=A4(f, 9), 1, j=1, ..., n. We have:

1.9. ProposiTION (Cramer’s Rule). — For every A e M(n, R) it results

A(adjA) = (adjA) A= (det4d) 1.

We do not give here the proof of this known result. For a thorough treatment of the
whole subject we refer to [S], Chap. 7, § 7.

We close this section by introducing an elementary but useful analytical tool. For
this we recall that a multi-index a with n components is an ordered n-tuple of
integers a;, ie. a = (ay, ..., a,), such that a;=0,j=1, ..., n. We shall indicate by
|a| the length of a defined as |a|:=a;+ ...+ a, and denote the factorial of a by
al'=a;!-...-a,!.
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If R"= {&= (2, ..., &) r;eR,j=1,...,n} and a is a multi-index we call a-th
power of x € R* the number % := xf!-...-x . Let Y be a B-space, £ an open subset of
R*x Y and f: 2 —R a smooth function: we set, V(x, y) € 2,

olat
DEf(, y) = ————f @, y).
8961 1‘...

1.10. ProprosiTiON (Remainder Formula). — Let U be an open convex subset of R™, V
an open subset in the B-space Y and f: UX VCR" x Y—R o smooth function. Then,
for any integer k=0 and xye U, V(x, y) e U XV we have the formula

[, y) = <2| kqa(y)(x—aco)“rl i;ﬁlQa(%, Y@ — @)
where ¢, €C*(V,R) Va: 0 < |a| <k, Q,eC"(UXV,R), Va: |a| =k +1.
Moreover q,(y) = (1/al) DEf (%, 4), YyeV.

Proor. — It suffices to consider 2, = 0 € U and proceed by induction on k. For every
x e U the set {sx: se[0, 11} is contained in U for convexity. Hence, Yy € V, we can de-
fine h, e C* ([0, 1], R) as h,(s):=f(sx, y), se[0, 1].

Therefore

1

| dh, !
f(x7 y) _f(O, y)zhy(1)°'hy(0)= J "“_ds (s)ds= j fo(sx,y)-xds=
0 0

1
=fz—i(sx y)xzds— J—(sx y) ds | ;.

i=1 o
0

Given the multi-indice§'with = components ag=(0,...,0),0;,=(0,...,0,1,0,...,0),

with 1 at the i-th place, i=1, ..., n, we define the functions Qa,(¥) :=f(0,9), yeV,
1

and Q,,(x, )= J af/dx; (sx, y) ds, (x, y) e U X V. It can be readily verified they are

0
smooth functions (see, for example, [A-M-R], 2.4.16). It follows that, for k¥ =0, the re-
sult is true. Let us suppose it holds for k¥ = 0 and prove it for k£ + 1.
Since it is true for k, then

*) flz,y) = §3<kqa(y)ac”‘+I I§+1Qa(x,y)x“,

0<|al=

where (x, y) e U XV, q, and @, being suitable smooth functions. Again by the formula
for k=0 we obtain, Vo such that |a|=k+1, that Q,(x,y)=Q, () +

i
+ 2 Qu i, y) @, (@, y) e UX V,withQ, o(y), Q. :(, %) smooth functions which we do
i=1
not need to specify. Let q,(y) :=Q,,0(%), yeV, {a| =k + 1: by construction q,, |a| =
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=k+1, is smooth and we may write

fla, = > qa(y)x+ > (ZQ“(x y)xl) xe, (x,y)eUxV.

0 |a|<k+1 al=k+1\i=1

For every multi-index 8= (B4, ..., B.), |8| =k +2, and for every i=1, ..., n, we de-
fine, for §;= 1, the smooth functlons Qp = Qq, i, Where a = (/31, o Bi—=1, o B
Notice that |[a| =k + 1 and we have

| 2 (2 Qa z(x y)wz)x - 2 Q,s(x,?/)%'ﬂ,
la| =k+1 1Bl =k+2

i=1

thus the Remainder Formula for 4 + 1 holds.
Finally, remark that

0 ifa#ﬂ,

D7xf(0) =
? {al!-...-an! if a=4,

Va, 8 multi-indices. Apply now D;, |a| <k, to both sides of the Remainder Formula
() for the integer k and evaluate in 0. We obtain D2f(0, ) =a!-...-a,lq,(y) =
= alq,(y), as it was to be proved.

2. — The division and preparation theorems on Banach spaces.

There are deep mathematical results which are called division theorems. This is be-
cause they remember us the division algorithm with remainder for polynomials. These
results and some of their corollaries are also named preparation theorems since they
are often formulated in an algebraic version which is more suitable for the study of
other fundamental problems. We followed this usage and called our Theorem 2.4 the
Preparation Theorem.

For an interesting critical and historical review on preparation mathematics we
refer to [W]. Here we only recall that the first result in this direction was the Weier-
strass Preparation Theorem for holomorphic maps which in fact «prepared» the study
of the zeroes’ set of holomorphic functions. It was then extended by H. SPATH to the
more general Division Theorem for holomorphic maps. The question arised whether a
similar statement held for smooth maps (on euclidean spaces). Such a (local) theorem
was proved by B. MALGRANGE in 1962, [Ma]. A global version of the Division Theorem
for smooth maps was then given by J. MATHER in 1968, [M1]. Finally in 1980 P. MICHOR,
[Mi], generalized the Malgrange Theorem to smooth maps on Banach spaces.

Now we state, without proof, the Malgrange-Michor Division Theorem.

2.1. TEEOREM (Division Theorem). — Let X, Y be real Banach spaces and let d: ]R X
x X—>R be a smooth functwn, defined near 0 = (0, 0) such that d(t, 0) = d(t) t* for
some k=0, where d: R—R is smooth, defined near 0 and such that d(0) = 0. Then
gtven any smooth function f: R X X—Y defined near 0, there are smooth functions,
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defined mear 0, q: RxX—Y, r: X—Y, i=0, 1,...,k—1, such that f(t, )=
k-1
=q(t, x) d(t, ) + ,ZO r(2) tt.

The complete and detailed proof of this deep theorem can be found in [Mi].

In the sequel we also need the Local Representation Theorem. For this purpose we
recall that when X, Y are Banach spaces and A e L(X, Y), then A is a double-splitting
operator if N(A) splits in X and R(A) splits in Y, i.e. they are closed subspaces and have
closed complements in X and Y respectively. In such a case we shall write Ae
eDS(X,Y). For AeL(X,Y) we set nul(4):=dimN(A), def(A):=codimR(4) =
= dim Y/R(A) and we say A is a DSF operator (or A is DSF) if A € DS(X, Y) and either
nul(A) < + = or def(4) < + «. In this case we write A e DSF(X, Y) and define the
index of A by ind(A):=nul(A) — def(A). This is a generalization of Fredholm opera-
tors and so when AeDSF(X,Y) and ind(A) =ieZU {x®} we will say that
AeDSF;(X, 7).

For a local commutative diagram (Lc.d. in short)

velUcX  —— Vey
g )
wel'cX' ——> Vv,

we mean that:

— open subsets U, U’, V, V' are assigned in the B-spaces X, X', Y, Y’ respect-
ively;

— smooth mappings F', @ are defined on some neighbourhood of xy, %y in U, U’
respectively. Moreover F', & map these neighbourhoods into V, V' respectively;

— there exist (smooth) diffeomorphisms a, 8 defined on some neighbourhoods of
%o, F(1y) respectively such that a(x,) = «y and the above diagram locaily commutes, i. e.
near x, one has SF = da.

2.2, THEOREM (Local Representation Theorem). — Let F: Uc X —V Y be a smooth
map between open subsets U, V of the B-spaces X, Y and let F' be double-splitting in
xoc U, that is F'(x,) e DS(X,Y). Let X,, Y, be closed complements of N(F'(x,)),
R(F'(xy)) in X, Y vespectively and let p, m be the projections of X = N(F'(x,)) ® X, on
N(F '(x0)) and Y =Y, B R(F '(x,)) on R(F'(x,)) respectively. Then there exists a local
commutative diagram

xpelUcX —_— VcY

| I

(pxo, WF(9)) € N(F'2)) X R(F'(w0))  ——= Yo X R(F'(x)),
with a, B, ®@ depending on X, Yy and such that @ has the form d(n, r) = (f(n, r), ),
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for (n, r) near (pxy, nF(xy)) = alxy), where f: N(F'(xy)) X R(F'(x4)) =Y, is a suit-
able smooth map defined near a(xy) and such that f'(a(x)) =0.

For a proof of this standard result we refer to [B-Z-S], Thm. 1.1.

Let X be a Banach space (or more generally a smooth Banach manifold) and let x €
e X. Let us consider the set I of all smooth functions defined on some neighbourhood of
in X, that is I:= { fe C" (U, R): xe U open subset of X}. The functions f, gel are
equivalent if they coincide on a suitable neighbourhood of x. Indeed this is an equiva-
lence relation and the corresponding quotient set will be indicated with C;* (X). It can
be made a ring in the following way. Let us denote by [-] the equivalence classes in
C;(X) and let f, g e I be defined on open subsets U, V respectively. Then on U NV we
define the functions f+g, fg by (f+ g)¥) =)+ 9(y), (fo)y) :=f(y) 9(y), yeUN
N Vit is not hard to see they are smooth, i.e. f+g,fgel. InC,”(X) weset [ f]1+ [g]:=
=[f+9¢], [fllg]l:=[fg]. These operations are well defined, because they do not de-
pend on the choice of the representatives in [ f], [g]. The above operations make C,” (X)
a commutative ring with unit [1], where 1 is the function on X which is identically equal
to 1 e R. Since the ring structure does not depend on the representatives in 7, in the se-
quel we simply indicate the elements of C,”(X) by f, g, ... where f, g, ...€l.

We consider now the set Iy = Jy(C.° (X)):= { fe C,° (X): f(x) =0}. As it is easily
seen this is an ideal of C,” (X) and, obviously, 3, # C,” (X). Let J be another ideal, J #
# C,” (X), and let us show that I ¢ 3. Suppose on the contrary that IJ\J, = fandlet g e
e 3\S. Then g(x) = 0 and near z the smooth function g ! is defined, i.e. there exists
g 1eCr(X). Let he C;> (X): by definition of ideal, it follows that = (hg ") ge I and
hence J = C,” (X), a contradiction. Therefore J\J, = @, that is J¢ Jy. This shows two
facts:

- S, is a maximal ideal;
— there are not other maximal ideals.

Thus 3, is the only maximal ideal and we have shown that C.;°(X) is a local ring
(see §1). Consider the residual field C,”(X)/Sp: we have a natural isomorphism
C.;> (X) /So=R. In fact note that the ring homomorphism

C°(X)—R,

f=fp),
is surjective and its kernel is ;. Hence it remains defined the isomorphism

Co(X)/S—R,
{f}~f),

where fe C;” (X) and {-} denotes the equivalence classes in C,* (X) /S,. The inverse one
is given by re R {r} € C,;* (X) /S, r being the function on X which is identically equal
to r e R. From now on, we shall write 7 instead of r for such a constant function, without
fear of confusion.
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2.3. REMARK. — Let F': UcX—VcY be a smooth map between open subsets U, V of
the Banach spaces X, Y. Let xe U, y eV such that F(x) =y: then the map

F*:. Cr(Y)—Cr(X),
g—=>F*(g):=goF,

is a ring homomorphism and it is called the induced morphism by F (or pull-back mor-
phism via F). It is evident that = is «functorial» (in a controvariant way), that is if
H:VcY—-WcZ is a smooth map between open subsets V, W of the Banach spaces
Y, Z and H(y) =ze W then

HF)*=F*H*: C7(Z2)—>C;(X).

Moreover F'* (3 (C,>(¥)) ¢ (C2(X)): in fact if g€, (C2(Y)), ie. g(y) =0, then
F*(g)x) = (g F)z) =g(F(x)) = g(y) =0, that is F*(g) € I (C,;”(X)). Thus we have
shown that F* is a local morphism (see §1).

When F: UcX—VcY is a smooth map such that F(x) =y then, as seen above,
F*: C2(Y)—C,;”(X) is a local morphism between local rings. These features of the
pull-back morphism lead in a natural way to the following formulation of the Prepara-
tion Theorem.

2.4. THEOREM (Preparation Theorem). ~ Let X, Y be B-spaces, U and V open subsets
of X and Y respectively, xye U and F: UcX—V Y a smooth map such that F'(x,) €
eDSFi(X,Y),ieZU {— =}, ie. F'(x) is double-splitting and dim N(F' (x,)) < + .
Then F*: Cpp)(Y) = Cp (X) s an M-M morphism.

As we said in the introduction this theorem extends the finite-dimensional Prepara-
tion Theorem which holds for smooth maps between euclidean finite-dimensional
spaces X, Y. Indeed any linear map T: X—Y is a Fredholm operator since Te
eDSF;(X, Y),i=dimX — dim Y. We refer to [G-G], Chap. IV, Thm. 3.6, for the finite-di-
mensional case. Note that there the thesis is differently, but equivalently, for-
mulated.

We recall that, in the finite-dimensional case, the Preparation Theorem was stated
by MALGRANGE [Ma] for a particular class of C, (X)-modules, that is quotients of
Cyy (X). Later it was generalized by MATHER [M2] for every C,; (X)-module, see also
[W]. For this reason we introduced the Malgrange-Mather morphisms (some authors
say these morphisms have the Weierstrass property, see [P]).

2.5. REMARK. — The Preparation Theorem amounts to say that, by taking R:=
= Cpy (X), R' := Cp,(Y) and @:=F*, then for every f.g. R-module A we have that
A, /A, £.8. over R' /Iy~ R implies that A, is f.g. over R', where 3 is the maximal
ideal of R’. One can state an apparently more general version of the Preparation Theo-
rem 2.4 in the following way:

(GPT) in the same hypotheses of 2.4, if there exists an ideal I'CR', ' #R’, such
that A,/ ;A is f.g. over R'/J' then A, is f.g. over R'.
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This can be proved as in the classical case, where I’ = Jj, adapting some of our re-
sults in a simple and direct way. However, we explicitly note that such a version can
also be deduced from the classical one. In fact suppose 4,/3';A, f.g. over R'/J’ and

let e, .. epeA such that [el], ...,[e,] generate A,/3';A,. Hence, for all ac A, we
14

have [a] = Z {r{ el = Z [r/ 6], 1/ €R’, i.e. a= 2 1{,6;+b, where beJ';A,.
j=1

Thus b has the form b= 2 g/ 50i, ¢/ €', a;€A, and since R’ = Cr,,)(Y) is a local
i=1

ring, that is J' ¢ ), we obtain that b e Jj4,. Hence, denoting by [[-]] the equivalence

classes in A;/Sg3A,, we have shown that [[a]] = E {r{ }lle1], that is [[e;1], -..,[[e,]]

generate A,/Jg,A,. Since A,/J 4,4, is £.g. then, from the Preparation Theorem 2.4, we
can conclude that A, is f.g. over R'.

It is maybe Worthwhile to point out that (GPT) allows us to prove the statement of
Preparation Theorem given in Lemma 2.6 of [B-C-T] where a suitable ideal J' is con-
sidered. Such a statement is given in a form which is comparable to ours by means of
the Local Representation Theorem (as it is shown by the diagram (D) considered in
PART 2 of the next section). However in [B-C-T] it is assumed, as an extra-hypothesis,
that £(0, z) =0 for each z near 0, where f'is given in (D) below. It would be interesting
to know whether the result in [B-C-T] could be used to prove (GPT) or Theorem 24,
with or without the mentioned additional hypothesis.

3. — Proof of the preparation theorem.

The proof of the Preparation Theorem on Banach spaces is divided in two parts: in
the first one we show the theorem in a particular and very simple case by using the Di-
vision Theorem 2.1. Here our method of proof is inspired by that one of the finite-di-
mensional case, (e.g. see [G-G], Chap. IV, Thm. 8.6). In the second part we achieve the
proof thanks to the Local Representation Theorem 2.2. In fact the more important dif*
ference with respect to the finite-dimensional case, but natural in the context of Fred-
holm maps, is the use of the diagram (D) there introduced. This will allows us to deal
with the involved maps like finite-dimensional maps.

ParT 1. - We shall prove the following weak form of the theorem: let Z be a B-space,
let the map

n.RxZ—7,
(t,2)—>z,

be the natural projection where we denote by 0 the origin of R, by 0 the origin of Z and
with 0 = (0, 0) the origin of R X Z. Then =*:Cy° (Z)—>CO (RxXZ) is an M-M
morphlsm

By definition we have to prove the following assertion:

let A be a f.g. Cg* (R X Z)-module, Jo = Iy (Cy” (Z)) the maximal ideal of C;° (Z) and
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suppose A, /g Az is £.g. over the field Cy* (Z)/J, =R, where
a*: Cy (Z)—=>Cy R x 2),

gr>m*(g) =gom,
is the ring morphism induced by 7 and A,- denotes A as a module over Cy°(Z) via 7 *.
Then it is true that A,- is f.g., that is A is f.g. as a module over Cy”(Z).
To this end let ey, ..., e,€ A be such that [e], ...,[e,], the equivalence classes of
€15 -y € N A /Iy 2 Age, generate A /Sy Ay« over Cop” (Z)/Sy=R.

From Remark 2.3 the map 7* is a local morphism. Therefore, by Proposition 1.5, it
p
follows that every acA has the form a= 2 (w*(g;) +f)e; where, ¥j=1, ..., p,
j=1 k k

gieCy’(Z) and fjeCy" (RxZ) has the form fi= .2 hij*(q;) = ‘E hij(g; o), Ryje
€CP(RX2), ieSo, j=1,.sp,i=1, .. k. =

On the other hand 7*(g;) = 7* (g;(0)) + 7* (g, ~ 9;(0)), where g;(0) is the function
which is identically equal to g,(0) near 0 e Z, that is g;(0) e Cy” (Z). By abuse of lan-
guage, let us denote again by g;(0) the constant function g;(0) near (0, 0) e R X Z, ie.
9;(0) e Cg* (R X Z). 1t is evident that z* (g;(0)) = g;(0) € Cg* (R X Z): in fact, by defini-

tion, — a*(g;(0))t, 2) = (g;(0) o ME, 2) = g;(0)((t, 2)) = g;(0)(2) = g;(0).  Hence
7*(g;) = g;(0) + m*(g; — 9;(0)) holds.
From this we obtain that every aeA can be written as

P
a= El [g;(0) + (* (g; — 9;(0)) + ;)] ¢; .

Since g;€ Iy we have ¢;(0) =0 and thus

k
(*(g; — g;(0) + £, )&, 0) = | x* (g; — g;(0)) + i§1 hij*(g;) (¢, 0) =
k
= ((g; — 9;(0)) o m)(2, 0) + igl hi(t, 0X(g; o )(E, 0) =
%
= (g;— 9;(0))(n(t, 0)) + igl hii(t, 0) g;(7(t, 0)) =

k
= (g; — 9;(0))(0) + El hij(¢, 0) g;(0) = g;(0) —g;(0) = 0.

P
Therefore we have proved that each a in A has the form a = > (y it ¢;) e, wherey e
i=1

eCy” (R X Z) are suitable constant funetions and ¢ ;e C;” (R X Z) are such that, near 0,

$;¢,0=0,j=1,..,p.
In particular, denoting by pe Cy" (R X Z) the projection

p: RxZ—>R,

(t,2)—t.
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we have that the products pe;e A, j=1, ..., p, can be written as
P
(=) pe; = 21(}’1']' +fij) e,

where y;;€Cy” (R X Z) are constant functions and f;;e Cy°(R X Z) are such that
fii¢,0)=0for i,j=1, .

This suggest to cons1der the commutative ring R:=M(p, Cy" (R X Z)) of the p X p
square matrices with elements in Cg” (R X Z). As we have seen in Section 1, for all H =
= (hij)i,j=l, ., pE %, hrL] € ng (R X Z), l,] = 1, ey Py itis defined det H ng (R X Z), the
determinant of H. For any (¢, z) near 0 we introduce the p X p real matrix H(t, z) de-
fined by (H(t, 2));;:= hi;(t, 2), 4, j=1, ..., p. Hence there exists detH(t, z) e R: by
definition of determinant, it is evident that (det H)(¢, z) = det H(t, 2) for all (¢, z).

Let now G be the constant matrix with elements G;;:=y;; and F the matrix with
elements F;;:=f;;. Let us consider the «column» vectors over A with p compo-
nents

=(ei)i=1,..,,p’ 9 (0);- 1 .,pe

As we saw in Section 1, e, 0 e M(n, 1, ®) = A" which is an ®-module with the action of

& on A™ given by the usual rows by ecolumns product. Thus we may write ( # ) in the ma-
tricial form (plg; — G — F') e = 0, where 1 is the identity matrix. Taking into aceount
that the action of & on A" is associative and Cramer’s Rule we have

0=(adj (plz — G — F)) 0 = (adj (ply - G — F))(pla — G — F) €] =
= [(adj (ply — G — F))(ply — G —F)l e = [(det (plg — G — F))13] e =
= (det(ply, — G — F))[15€] = (det(plp — G~ F))e,
that is the identity (det(plg — G —F))e;=0,j7=1, ..., p, holds in A.
For the sake of brevity let d:=det(plg — G — F) e Cg” (R x Z) so that in A we have
the identity de;=0, j=1, ..., p.
As seen above f;;(f, 0) =0,1%,7=1, ..., p, hence the p X p real matrix F(¢, 0) is the
null matrix. Thus, indicating by 1, the p X p real identity matrix, we get
d(t, 0) = (det (plg — G — F))t, 0) = det (plg — G — F)(¢, 0)) =
= det ((plg(t, 0) — G) = det (£1, - @)

where we have used the definition of p and that the matrix G is constant. Therefore, by
construction,

d(t, 0)=det(tlp—G)=t”+ap_1tp—1+... +a1t+a0, (leR, _7=O, ey P 1 y
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is the characteristic polynomial of G. Then there exists an integer k, p = k = 0, such that

dd okd
— (0,0)= i=1,...,k—1, and 0,0)=0.
= j —F 0,0
By the remainder formula, Proposition 1.10, it follows that in some neighbourhood of 0
we can write d(t, 0) = d(t) t*, where d is a smooth function such that d(0) = 0.
We may now conclude the proof. If a €A then, as seen, it has the form

P
= 21 @*(g)+f)e, ¢;€CP(Z) and feCPRXZ), j=1,..,p.
= k=1
The Division Theorem 2.1, for Y =R, yields f; = g;d + 2 7;t’, ¢;e C* (R X Z), 15
i=0
eCy(Z),i=0,1,...,k—1,5=1, ..., p, where, with abuse of notation, we denote by
t'e Gy’ (R X Z) the functions (¢,2)eRxZ—t"eR, i=0,1, ..., k— 1. By definition
a*(ri)(t, 2) =r;;(#(t, 2)) =r;(z) and we may deduce the identity fi=g;d+
f—1
+ 2 @*(ry;)t". Since de;=0, j=1, ..., p, it follows that
i=0

k=1

fiei=(g;d) ej+(2 *(Tu)t) = g;(de;) + E (¥ (r) ") e =

k-1 . k=1 .
= EO ¥ (r)tle) = igo Tij ' 6;) .
Hence
a= 2 (*(g;) ¢; + fi¢;) = _Z (gm*e + E Tiias(t'e)].
Since t%¢; = le¢; = ¢; we can write
P P k-1 .
a= 2 (gi+ry) e+ 2 2 1yatie),
j=1 j=1i=1

thatis e;, ..., €, ter, ..., te,, ..., t* ey, ..., t* " 1e, are generators of A over Cy*(Z) so
that A+ is f.g., as we had to show. =

PARrT 2. - Let us now suppose that the hyphoteses in 2.4 are verified: for X, Y B-
spaces and U, V open subsets of X, Y, let xye U and F: UcX—V ¢ Y be a smooth map
such that F'(xg) e DSF;(X, Y), ie Z U { — « }. We have to prove that F'*: Cg,,(Y) —
—C,7 (X) is an M-M morphism. Since ind (F' (2y)) =¢< + 0 ,ie.n:=nul (F'(x,)) <+,
the Local Representation Theorem 2.2 allows us to say there exists a l.e.d.

velUcX  ——= Vey

| |7

0eR*"*xXZ —_— YoxZ,
F

where Z, Y, are B-spaces, F is a smooth map defined near the origin 0=1(0, 0) of R" X
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x Z having the form F(t, z) = (f(t, 2), 2) for (t,2)eR"x Z, with f: R"xXZ—Y, a
smooth map defined near 0 and such that f(0, 0) = 0 the origin of Y,, i.e. F(0, 0) =
= (0, 0). This diagram is easily obtained from that given in the statement of Theorem 2.2:
it suffices to put Z = R(F'' (x,)), to translate a(u,), f(,) in the respective origins, to fix
an isomorphism R(F'(x,) = R" and hence to consider @, v, F which are trivially deter-
minated by a, 3, @. For a reason which will soon be evident it is also convenient to de-
fine the isomorphism

0: YZWXZ—ZxY,,

(%o, 2) = (2, Yo),

and to consider the. Led.

xroeUcX $ VcY
(D) al l,,@
0eR"xZ — ZxY,,

F

where F has now the form F(t, z) = (z, f(¢, 2)) for (¢,2)eR"xZ and F(0,0)=
= (0, 0).

By functoriality of =, Remark 2.3, it is an easy matter to show that the local rings
and the induced morphisms are invariant, up to isomorphisms, under changes of coor-
dinates, i.e. local diffeomorphisms. Thus, by the above diagram, it is sufficient to prove
the Preparation Theorem for F ie. it will be enough to show that

F*: C(Zx Yy) = C(R* x Z) is an M-M morphism .
In the sequel, for the sake of simplicity, we shall denote by 0 the origin of all prod-
uct spaces which will be considered. Moreover we shall always write R" /=

={tjs1, b teR,i=j+1,...,n}, forj=1, .., n.
We define the (smooth) projections

T RPXZXYy >R IxZxY,,
(try ooy by 2, Yo) >ty ooy Ey 2, Wo),s
Hu-1: R"IXZXYy >R 2xZxY,,

(tZ, rey tn; Z, ?/o) '_)(t37 seey t'ru Z, ?/0),

nl:RxeYO—>ZxY0,'

(tn; Z, ?/o) H(z7 yO)y
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and the smooth maps
1 R*"XZ—>R"XZXY,,
(Byy ooy buy 2) > by oy by 2, [y, ooey By 2)),
o1 R"XZ->R" 'xZxY,,

(tl, ceey tn, Z) ﬁ(tz, ceey tn, z,f(tl, ceey tn, Z)),

1:R*" X Z—-RXxZxY,,

(ry ooy by 2) >y, 2, f(by,y ey by 2)) .

It is obvious that for all k=1, ..., » we have 7 ;(0) =0 and ¢,(0) = 0. Moreover, as
we said in Remark 2.3, the indueced homomorphisms 7z} and i;* are local morphism. Now
we show that, by the controvariant functoriality of = , the injectivity of the map i, im-
plies that the morphism ,*: Cy* (R" X Z X Yy) = Cy” (R™ X Z) is surjective. Indeed let
geCr(R"x2Z) and define heCy(R*"XZXxY,) via h(ty, ..., t, 2, y):=

=g(t1, ..., tu, 2). Then (k) = g because i*(h)t, ..., t,, 2) = (hoi, ), ..
=htyy coey by 2y by, oony By 2)) =91y onny by, 2).
It is also easy to verify that the following diagram is commutative:

ZxY,

R"XZ X Y, «— in R"xZ
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By functoriality, or as a direct verification, the following diagram is also commuta-
tive:

Co(Z x Yo)
n
CS(RXZ X Yo)

Co(R™XZ x Y,)
ol
Co(R™' xZ xYy)

m 4

Co(R"XZ X Yo) In 3 Co(R"x2)

We are now able to show that F'*: C¢" (Z x Y,) — Cy* (R* x Z) is an M-M morphism,
and thus to prove the Preparation Theorem. Firstly remark that from PART 1 of the
proof it follows that %: Cy* (R" ™! X Z x Yy) = Cy (R" X Z x Y,) is an M-M morphism.
Next, since ¢ is surjective then, by Proposition 1.8, hypothesis 1), also
WGP R IXZ X Y) > Cy(R* X Z) is M-M. Lastly, always by PART 1, we know
that 7% _1: CP(R" " 2X Z X Yy) > Cy (R*~1 X Z X Y,) is M-M. Then, sinee 4% ;, #*_;
are M-M, by Proposition 1.8, hypothesis 2), one obtains that 7* ,: C;° (R*"2Xx Z x
x ¥y) = Cy” (R* X Z) is an M-M morphism. By eontinuing as in this last step we ean con-
clude that F'*: Cy°(Z x Yy) = Cy°(R" X Z) is an M-M morphism. =

4. — The prepared form theorem.

We are now able to state and prove the Prepared Form Theorem. This means the
possibility to formulate a characteristic polynomial identity for a particular class of
smooth maps on B-spaces. Such an identity is called the prepared form of the
considered map. As wsual this name indicates that the map is «prepared» for future
developments, for instance connected to the study of the singularities of maps (see
e.g. [B-C-T], [Ba-D]).

4.1. THEOREM (Prepared form). — Let Z be a B-space, R"= {x = (2, ..., &,):
z,eR,i=1,...,n} and let f: R*"XZ—>R be a smooth function defined near
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0=1(0,...,0,0), the origin of R" X Z. Let k=0 be an integer such that

3

—f. 0,..,0,2)=0, forzmearO0eZandi=0,...,k,
!

ak+1f

Exlm—l (O, ey O, 0)#0,

If we consider the smooth map
F:R"xXZ—-R"xZ,
(@1y oeny Xy 2) > (f (@1, ...y By 2), Toy oeny Ty 2)

defined near the origin 0 of R" x Z and such that F(0) = 0 (since f(0) = 0), then there
exist smooth maps a;: R* X Z—R,1=0, ..., k, defined near 0 and such that the pre-
pared form for F holds, i.e. the identily

(FP) af*'=a,(Fx, 2))of + ... + a1 (F(x, 2)) m, + ao (Flx, 2))
18 valid for (x, 2) = (x4, ..., 2, 2) near 0.

Proor. — For the sake of more clarity it is convenient to indicate the local ring
Cy” (R* x Z) with the index ' or ". This indexes are used when we consider 0 either in
the domain or in the range of F respectively, which is R” X Z in both cases. We empha-
size that it is not an algebraic distinction, but it is only done for the reader’s
convenience.

Thus we may define the rings homomorphism (see the previous section)

F*: Cy(R*x ZY' —Cy (R"x Z)',
g F*(g)i=goF;

moreover it is easy to show that F' is a Fredholm map of index zero. We sketch the
proof: write F' (xy, ..., x,, 2): R" X Z—R" X Z in a matricial form. By definition of F' it
is readily seen that F'' (%4, ..., &,, ) is an isomorphism for every (x, ..., &,, 2) e R" X
X Z, unless (3f/3xi) @, ..., %, 2) =0. In the last case N(F'(xy, ..., %, 2)) =
={(t, 0, ..., 0, 0): t; e R}, which has dimension 1, and

3
RWF ' (xy, ..., %y, z))=[(t2 —ji @1y ooy Ty 2) + .+
8902
3 3
+1t, —L (@1, «ooy @y, &)+ —J: @1y ooy @y, DV, gy oy by, Vi by o, t,eR,veZS,
ox,, oz
which has codimension 1, since {(%;,0,...,0,0):t;,eR} is a complementary sub-
space.

Since F is Fredholm it follows, by the Preparation Theorem, that F* is an M-M
morphism.
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Note that the set, or better the abelian group, 4:= C;*(R" X Z) has a natural struc-
ture of f.g. Cy* (R"” X Z)'-module: for g e Cy° (R" X Z)', ke A, the product is defined by
g-h:= gh the pointwise produet function, and moreover the function 1 is the generator.
Thus it is defined in the usual way the Cy* (R"” X Z)"-module Ay, i.e. the set A consid-
ered as a module over Cy”(R"” x Z)" via F *: here the product is defined by g .h:=

=F*(9)h, geCy*(R* X Z)', heAps.

We shall indicate by [-], {-} the elements in the quotient module (real vector space)
AF*/,\SO #+Ap+ and in the residual field Co* (R" X Z)" /3y = R respectively. As usual I, =
=3, (C (R* X Z)")c Cy* (R* X Z)" is the maximal ideal.

Now suppose we have already shown the following statement:

denote, with abuse of notations, by #{, ¢ =0, ..., k+ 1, the functions
(@1, .oy Ty 2) eR* X Z>2feR, so that xfedp«: then

a) [1]7 [#:], ...,[xf] generate Ape/Sop Aps over Ci" (R" X Z)"/Jg=R.

If this happens the Theorem is proved because by Proposition 1.7 it will follow that 1,
x, ..., xf generate AF* over Cy” (R™ x Z)". In particular, since xF e A, there exist
aleCo (R*x Z)', i=0, ..., k, such that

aftl E i paif = Z F*(a;) of = Z(aloF)wl-

In pointwise notation this means, for (x, z) near 0,

2 (a; o F)(x, 2) i = Z a; (F(x, 2))xf

that is the prepared form for F.
Hence we have only to prove statement a). Let ge Cy* (R" X Z): by the remainder
formula 1.10 the identity

gz, 2)= 2 gRa+ 3 Gy(w,2)x°
la] =k+2

0<|a|€k+1

holds near 0 with g,, G, suitable smooth functions. Since a = (a4, ..., a,), we can
write
g, 2)= 2 g@r+ 2 g+
0<|a|<k+1 0<|a|slk|+1
ai=|al a1<|a

+ ¥ G(wz)x+ E G(xz)m

la]l =k+2
ay = |al a1<]a|
By defining, for i=0, ..., k+1, g,:=9q,,...,0) and Go:=Gy 2,0, . o) We obtain
k+1 )
gD = 2 g:;(2) 2!, Z , Ga®, 2) 2% = Gy (x, 2) af*?
0<|a[sk+1 i=0

ay=|al ‘11—|a|
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and thus we get
k .
g(x, 2) = _20 9i(2) @f + 2 1 (g1 (2) + Gol, 2) @) +
=

+ 2 g@rt+ Y G, z)xc.
0<|a|<k+1 o] Sk+2
a<|a a1< |af

For the given function f a similar expression is also true:
k .
flw, 2) = Zofi(z) af +af T (for1(2) + Folw, 2) ) +

+ 2 fi@xt+ X Fulx, )z,
0<|a|sk+1 la| =k+2
a;<|a| a;<lal

withf;, =0, ..., k+1, Fy, f,, F, smooth functions. Moreover, by the remainder formu-
la and the hypotheses on f, we have

zf

[i®@) =fu0, . 0@ =0G)"1 pwr ,0,2)=0, forznear 0eZ, i=0,...,k,

k+l
Foer® =furr,0, 0 (®) = (G + 1D wk+{<o,...,o,0>¢0.

Note that the function f; . 1(2) + Fy(x, 2) ; at the point 0 = (0, ..., 0, 0) takes on the
value ((k+1)!)71 f;,+1(0) # 0. Then, by continuity, we can write

P =(fi11(2) + Fol, 2) @) 7| fl, 2)— <1|2< L Ja@ee + 2  Fal@, )"
a; < |a| a1<|a[

for (x, z) near 0.

Let us now define, in some nelghbourhood of 0, the smooth function %, as
hi(x, 2): —(fkﬂ(z)+F0(m 2) %) 1 (gr+1(2) + Go(, 2) ;). Replacing the above
expression of #f*?! in the remainder formula for ¢ we deduce

k
g(x, z) = 20 9:(2) i + Iy (x, 2) f(z, 2) +0<] |2<k 1[ga(z) - (x, 2) f(D)]x*+
ay < |af

+ z 2[Ga(x’ z)*hl(xv z)Fa(xy z)]xa-

For each multi-index a = (a4, ..., a;, ..., a,) such that 0 < Ja| <k + 2 and a, < |a|,
there exists a;, j > 1, such that a;> 0 and thus in the monomial x* we can isolate the
variable x; for some j>1. Hence it is clear that we may define smooth functions
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hi(z, 2), j=2, ..., n, such that
k ) n
g(x, 2) = _20 9:(2) xi + hi(x, 2) f (2, 2) + .22 Ri(, 2) ;.
i= j=

Let §; be the trivial extensions of the functions g; to R" x Z, i.e. g;(x, 2) := g;(z), for
(x,2)= (21, ..., 2,,2) near 0, t=0, ..., k, and let &;, j=1, ..., n, be the projec-
tions

wii R*x Z—>R"
(@1 oony Xy, 2) 05

By construction

If
=
=

gi(F(x’ Z)) =gi(f(xa Z), Loy «ovy Ty, Z) =gi(z)’ i
nl(F(my Z))=.77,'1(f(%',Z), Lz, ...,.’,L‘n,Z):f(x,Z'),
7 (F(, 2)) =m;(f (2, 2), %2y oo\ @y 2) =5, i=2,..,m.

Thus we can write
k ) n
g(z, 2) = _20 §;(F(x, 2))af + ,El hi(x, z) m;(Fx, ),
i= ji=
that is, in functional notation,

k . 7 k . ) 7
g= .20(5i°F) wf + .El(njOF) hj= ,EOF*(gi)xH Z',IF'*(ﬂj)hj=
i= Jj= i= ji=

k . n
= 251 '*xf"rEﬂ"h/j.
i=0” F i=1

We note that, for j=1, ..., %, hje Ap+ and ;€ IJycCy” (R” X Z)", being 7;(0) =0.
0 k T

Then 2 x; : hieSy : Ap+ and therefore [g] = [ §; ;. ®i] in Ap«/So -, Aps, Le. [g] =
g j=1 °F KT ) i=0” F F

= > [giﬁ;*xf] = 2 {gi}=xi], §ie Cy*(R™ X Z)". Since this is true for every g e Ap- we
i=0 i=0 =

have thus showed that [1], [x],...,[2f] generate AF*/SOF'*AF* over Gy’ (R*xZ)"/

/SO =R. n

4.2, REMARK. — The statement of Theorem 4.1 was in part suggested by Lemma 2.7
in [B-C-T1. Part (2) of this lemma states, under the same hypotheses for the function f,
that 1, @y, ..., xf generate Ay« over Cy°(R" X Z)'. We proved this by means of the
assertion )

a) [1),[%]), ...,[2f] generate Ap«/IoysAp+ oOver Cy (R*" X Z)' /=R

and then by using Proposition 1.7.
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The idea at the beginning of the proof of a), that is the development of g and f ac-
cording to the remainder formula, is in the proof of Part (1) of Lemma 2.7 in [B-C-T],
whose statement is analogous to a). In [B-C-T] Nakayama’s Lemma and a result
similar to Proposition 1.7 are then used to prove that 1, x;, ..., f generate Ap-
over Cy*(R" x Z)" while, by a further direct computation, we can easily proceed to
show a).

The use of Nakayama’s Lemma, as in [B-C-T}], is inspired by what happens in finite
dimension. We recall that the finite dimensional prepared form theorem is true under
weaker assumptions on f. It is in fact sufficient to require that the function f satisfies
8'f/oxi (0, ..., 0,0)=0,i=0, ..., k, with Z=R™, m = 0, to obtain the same conclu-
sions as in 4.1 (see e.g. [G-G], Cap. V, Corol. 3.11, and Cap. VI §2). This is precisely
what we obtain from Theorem 4.1 by considering R**™ and Z = {0}; hence our ap-
proach can also be used to prove the finite dimensional case.

We do not know whether these weaker conditions could be used for any B-space Z,
too. This would be an advantage in the proof of the normal form theorem for higher or-
der singularities (see e.g. [Ba-D]) though this procedure seems intimately related to
the existence of a finite number of variables.
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