The Primary Exclusive Region in Cognitive
Networks

Mai Vu, Natasha Devroye, and Vahid Tarokh
Harvard University, e-mail: maivu, ndevroye, vahid @skasvard.edu

(Invited Paper)

A Cognitive transmitters
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Abstract—In this paper, we consider a cognitive network in
which a single primary transmitter communicates with primary o .

. S . . . rimary transmitter!
receivers within an area of radius Ry, called theprimary exclusive O Primary receiver
region (PER). Inside this region, no cognitive users may transmit.
Outside the PER, provided that the cognitive transmitters are at
a minimal distancee, from a primary receiver, they may transmit
concurrently with the primary user. We determine bounds on the
primary exclusive radius R, and the guard bande, to guarantee
an outage performance for the primary user. Specifically, for a
desired rate Cy and an outage probability 3, the probability
that the primary users rate falls below Cy is less than 3.
This performance guarantee holds even with an arbitrarily large
number of cognitive users uniformly distributed with constant
density outside the primary exclusive region.

|. INTRODUCTION Fig. 1. A cognitive network consists of a single primary traitter at the
center of aprimary exclusive regiofPER) with radiusRo, which contains
Cognitive networks are becoming a reality_ Such networlis intended receiver. Surrounding the PER is a protected b&widthe, >
; ; ; PR Outside the PER and the protected bangscognitive transmitters are
consist of primary riqdes, which have priority access to trg Ltributed randomly and uniformly with densify
spectrum, and cognitive (secondary) nodes, which access th
spectrum according to some definsdcondary spectrum li-

censingrules [1]. For example, consider a TV station which N . . ]
broadcasts in a currently licensed and exclusive band.ies9iven band. The cognitive users use “smart” wireless device

the high prices paid for these exclusive bands in spectial alP OPPortunistically access the spectrum of the primarysyse
tions [2], measurements show thahite spaceor temporar- while guaran_teelng the primary users a certa_un performance
ily unused time or frequency slots, are alarmingly commanyr fqrmglatlon also applies to other scenarios, such as the
[3]. Notably, TV bands are wasted in geographic locatiorffoWnlink in a cellular network.
barely covered by the TV signal. This has prompted various\We model the network as shown in Figure 1. A single
regulatory and legislative bodies to put forth proceduds [Primary transmitter (Tx) wishes to communicate with one or
which would open up TV channels 2-51 (54 MHZ - 698 MHz)more primary receivers (Rx) within a circle of radiug,
for use by secondary devices. These devices, often cognitivhich we call theprimary exclusive regionThis region is
radios [5], [6], would be able to dynamically access theoid of cognitive users. Furthermore, any cognitive traitigmn
spectrum provided any degradation they cause to the primamyst be at least an, radius away from a primary receiver.
license holders’ transmissions is within an acceptablellevAssuming the location of the primary receiver is unknown
While the definition of what is acceptable is a still topic ofo the cognitive users, we place a guard band of wigth
much debate [7], its model is of great interest. This typaround the PER, in which no cognitive transmitters may be
of re-licensing of exclusive bands is often termsgtondary operate. We then place a constraint that, in the presence of
spectrum licensingl] or dynamic spectrum acce$8]-[10]. the interference from the cognitive users, the primary user
For practical feasibility studies of such TV-band netwoese must be guaranteed an outage capacity, a minimum rate for
[11] and references therein. a certain portion of time. Based on this constraint, we @eriv
In this paper, we focus on a theoretical formulation of theounds on the PER radiu, and the guard band,, which
secondary-spectrum problem. We consider a network withage also functions of other network parameters, including
single primary transmitter, with possibly multiple prirgare-  the primary and cognitive transmit power, the cognitiveruse
ceivers, and multiple cognitiveusers. The primary transmitterdensity, and the overall network radiéis Our results hold for
may be thought of as the TV broadcaster, and the primadfye ‘worst case’ scenario for the primary users, in which an

receivers as TV subscribers, which have priority acceskeo tinfinite network, randomly distributed with constant deysi
A of cognitive users lies outside the PER angdband. This

1Wwe use the terms cognitive and secondary interchangeably limit is achieved by letting the network radiug — oo as the



number of cognitive users increases, equivalent to an é&ten Il. PROBLEM FORMULATION

network. Our analyses assume very simple receivers in whichye consider a cognitive network with two types of users:
all undesired sign_als_ are treated as noise. This assumiptiorbrimary and cognitive users. The goal is to provide a refatio

somewhat pessimistic, and our results thus form a consegvagetyween the design parameters of the network. In this sectio
lower bound. In practice, some form of multi-user detectiofe first outline the geometric network model, then describe

allowing for interference suppression or mitigation may bge assumptions made about the wireless communication, and
used to enhance the rates achieved. finally formulate the problem.

A. Network model

We consider an extended network with transmitters and
In this paper, we are interested in the design of the primargceivers located on a planar circle of radiiis as shown
exclusive region radius and the guard bandto meet the in Figure 1. We assume that the single primary transmitter is
desired primary outage constraint. We formulate this bl located at the center of this network, a model corresponds to
using tools from information theory, which allows us to anaa broadcast scenario. Also centered at primary transnigter
lyze the underlying and fundamental limits of communicatio a primary exclusive region (PER) of radiug. All primary
Existing works on cognitive networks vary in a wide rangegceivers are located in this region. Each primary receiver
from regulatory issues [6], [12] to game-theoretic analysis surrounded by a guard band of radigs in which no
[13], from white space sensing [14], [15], to MAC-layer andognitive transmitters may lie. In the most general scenari
PHY-layer protocols [16], [17], from theoretical interégrce the exact locations of the primary receivers are unknown to
analyses [18], [19] to actual testbeds and experiments tbe cognitive transmitters (as in a TV broadcast scenatio fo
cognitive networks [20]-[22]. example). Thus for the cognitive transmitters to meet this
Due to space constraint, we only mention two of the mosenstraint, they must lie outside the circle of radig+ ¢,.
closely related papers on cognitive networks. The netwo¥ie assume that the cognitive transmitters know this radills.
model considered here is that of [23], where the sum-ragegnitive transmitters are randomly and uniformly disitél
scaling law is analyzed. Specifically, in [23], we show thawith density X in the cognitive band between radi, + ¢,
the single-hop cognitive network with bounded transmissicnd R, the outer radius of the network.
distances may achieve a total throughput which scalesrlinea
in the number of cognitive nodes. In [23], we also introduced, Channel and signal models
the problem considered here and obtained some preliminar)(Ne consider a path-loss only model for the wireless channel
results. In this paper, we extend the model and provi%e P y

” ) o . ) etween a cognitive transmitter and a primary receiverefba
;g?;':gfel é)ounds, with graphical interpretations of tiesign distancel between the transmitter and the receiver, the channel

. . is
Another related work is [18], of which we were unaware o]? - A 1
until a late stage of the current paper’s research. In [18], t T de/2 (1)

authors study the question of how cogpnitive radios mustescg{nere 4 is a frequency-dependent constant anig the power
their power to meet a desired maximal interference comﬂtra’bath loss. In subsequent analysis, we normalize be 1 for

at a primary receiver, first for a single cognitive transenjtt simplicity. We considera > 2 which is typical in practical
then for a large network of cognitive transmitters. By siody scenarios. We assume that the channels between different
the aggregated secondary interference power, the auttior§;Qnsmitters and receivers are independent. Furtherrttug,

[18] provide bounds on the allowable cognitive transmit BOW 4| undergo independent zero-mean additive white Gaussian
Our focus here is on the radius of the primary exclusiVgyise of powers?.

region, subject to a primary outage constraint rather than|y an additive white Gaussian noise channel, transmitting
a maximal interference constraint. Furthermore, we obtainusing a Gaussian codebook is known to be optimal for
exa(;t expressions for some cases, in addition to the bou“dscapacity achieving [24]. Thus, we assume all transmissioes
the interference at the primary receiver. Gaussian. Furthermore, we assume that the receivers, rgrima
and cognitive, have no knowledge of other users’ signals and
treat their interference as noise. Again, this is a pessitnis
B. Paper outline assumption, but will provide a conservative lower bound on
. . what may be achieved if multi-user detection is employed.
In Section I, we introduce our network model and formulatgve assume that the primary user's signal is constrained by a

the problem. In Section IIl, we f.irst derive lower boun_ds, @PP onstant poweF,, and each cognitive user . Furthermore,
bounds, and an exact expression for the expecteq mteckereﬂ.le signals of different users are statistically indepande
seen at the primary receiver. Using these expressions, eve th

examine the outage constraint on the primary user and derive ) . )

the relations among the radius of thémary exclusive region C- The primary exclusive region

Ry, the guard band,, and all the other network parameters. We now mathematically model the condition that guarantees
In Section V, we make our conclusions and final remarks. a certain performance for the primary user in the presence

A. Previous work on cognitive networks



of the cognitive users. Specifically, our problem considts o
determining the radiu, of the primary exclusive region, in
which no cognitive transmitters may transmit, as well as the
guard band size, such that, for the primary receivers in the
PER, the following outage constraint holds

Cognitive band,
density A

gp-band

Pr[primary user’s rate< Cy| < @ ... . ... — (REEEE >
Primary Tx

where Cy and ¢ are pre-chosen constants. This constraint
guarantees the primary user a rate of at I&€asfor all but 3
fraction of the time.

Denotehy as the channel between the primary transmitter
and the primary user of interest, ang as the channel
from cognitive transmitter; to this primary receiver. The
interference power from the cognitive users to the coneidler
primary user is

Primary
exclusive region

Cognitive transmitter

" Fig. 2. Worst-case interference to a primary receiver: tloeiver is on the
9 boundary of the primary exclusive region of radiRg. We seek to findRg
Iy = Z P|gi| (3) to satisfy the outage constraint on the primary user.
=1

This interference power is random because of the ranerrH ted interf . d by th .
placement of the cognitive users. With Gaussian signatime, € expected Interierengeower experienced Dy the primary

rate of this primary user may be expressed as receiver from alln = Am(R* — (Ro + ¢,)?) cognitive users is
then given as
Polho? )

R 27
ArP dr db
I 2 FEll)] = . 5
oto [fo] /ROJrGP /0 (r?2 + RZ — 2Ryr cos )/? ©®)

Cp = log <1+

This rate is random because of random interfereRcelhe

outage constraint can now be written as For_a 2k with integer k, we can callculateE [£o]
analytically. As an example, fat = 4, we obtain the values
Py|hol? of E[I,] as
Pr {1og <1+ d 0|2) < Co} <p. (4) o]
Iy+o R? (Ro +¢,)?
) Ellpla=a = AP | =0 75 T P 51 - (6)
Since our channels depend only on the path loss, the outages (R? — Rj) €2(2Ro + €p)

that occur here are not because of fading as in traditiongl, qerivation may be found in [25]. Letting — oo, this
schemes, but because of the random placement of Cognité‘(ﬁerage interference becomes ’

users.

R, 2
Ello)oZy = AnP [%} (7)

[1l. BOUNDS ON THEINTERFERENCE AT THEPRIMARY pletto T ep

RECEIVER Next, we derive bounds on this expected interference power

We now study the relation between the primary exclusi\@cglo] at the primary receiver for general. We use these

region radiusR, and the primary receiver guard band Widtqh unds to analyze the interference versus the raffusind

€,. We consider the worst case scenario in which a prima{l){e path lossa. We then relate the outage probability to
- . . .
receiver is at the edge of the PER, on the circle of radiys e average interference through the Markov inequality and

as shown in Figure 2. The outage constraint must also h(ﬁatab“Sh an explicit dependencefdf on ¢, and other design

in this (worst) case, and we find a relation betwedepn and parameters.

¢, that ensures this. Furthermore, we determine bounds, and )

in some cases exact values, of the expected interferenbe at?- UPPer and lower bounds on the average interference

primary receiver from the network of cognitive users. In this subsection we obtain two lower bounds and an upper
Consider interference at the primary receiver on the bourfgeund onE[l;]. Because of space constraints, we defer all

ary of the PER from a cognitive transmitter at radiusind proofs and derivations of these bounds to [25].

angled. The distancel(r, #) (the distance depends erand®d) 1) A first lower bound onE[ly]: A first lower bound on

between this interfering transmitter and the primary nesei E[lo] can be established by re-centering the network at the

satisfies primary receiver We then make a new exclusive region of
d(r,0)? = r? + R — 2Ryr cos 0 . radius2 Ry, and a new outer radius @&— Ry, both centered at

the primary receiver, as shown in Figure 3. The set of cogmiti
For uniformly distributed cognitive users, is uniform in users included in the new ring will be a subset of the original

[0, 27], andr has the density making the interference a lower bound, given by
2r 2T AP 1 1
r(r)=—————. E[I = — . (8
) = o= (Ro + €)? Holer = =5 <(230 te)? (R— Ro)a—Z) ®



No Cognitive
users

No Cognitive

Fig. 3. A lower bound on the expected interference at the pyimeceiver is Fig. 5. An upper bound on the expected interference at thegpyi receiver
obtained by forming a cognitive-free circle of radi2i&o around the primary is obtained by forming a cognitive-free circle of radiysaround the primary
receiver and reducing the network radius, now centeredegiriimary receiver, receiver and enlarging the network radius, centered at timeapy receiver,
to R— Ryp. All cognitive transmitters now lie within these two new balanies. to R + Rp. All cognitive transmitters now lie within these new bouridar

- Pa oo, this lower bound approaches
Cognitive Cognitive
users b users PAA(O[) 1 1
bd/\ BT = o <€a_2 + Ry T c )a_2> . (12
............. T e A ? g
Primary T} }{. Since this bound takes into account the interfering tratismi
ters close to the primary receiver, for a smgllor large Ry,
tg‘;gs’,’,’;’;:r this lower bound is tighter than the previous one in (9).
3) An upper bound oi[I,]: For the upper bound, similar
to the first lower bound, we re-center the network at the

primary receiver. We now reduce the exclusive region radius
Fig. 4. Another lower bound on the expected interferencenatprimary centered at j[he primary receiver, ‘t9 and e.Xtend the QUter
receiver is obtained by approximating the interferenceorediy two half- network radius, also centered at the primary receiver, to
planesP, and Pp. The region between these planes is free from cognitivi? + R, as in Figure 5. The set of cognitive transmitters
transmitters. contained within these two new circles is a superset of the
original, creating an upper bound on the interference as

As R — oo, this bound approaches the limit: 271 P 1 1
Elllus = = — - — ). (13)
L]y, = 21 P\ 1 © a—2\e (R+ Ro)~
LB1 — a_2"
a—2 (2R + )" As R — oo, this upper bound becomes

2) A second lower bound oBR[/y]: Another lower bound 2PN 1
on the interference can be derived by approximating the By = p e (14)

4

interference region by two half-planes, similar to [18]. As
illustrated in Figure 4, consider only interference frone th 4) Numerical examplesin Figure 6, we compare the upper
cognitive users in the two half-plané%, and Pz which touch bound in (14), the lower bounds in (9) and (12), and the
the circle of radiusky +¢,. Consider a line irP, that makes an exact expression of the expected interference of (7) fapuar
angle¢ at the primary receiver, the distanddrom any point values of By and A = 1,P = 1, @ = 4 ande¢, = 2

on this line to the primary receiver satisfiegz~ < d < co. and assuming an infinite networki(— oc). We see that
Since the cognitive users are distributed uniformlyRas> oo, lower bound 2 is asymptotically tight, and that the expected
the distribution ofd becomes similar to the distribution ofinterference approaches a finite limit &5 — oo.

r given in (lll), and ¢ will be uniform in [-7, ]. Similar

analyses hold forPgz. Hence the average total interference IV. THE PRIMARY EXCLUSIVE REGION RADIUS

from the cognitive users iy and P to the primary receiver A Bounds on the primary exclusive radius

IS The established bounds on the expected interference can be

Ello)ies = PA (A(_Oé) n Aa) . ) . (10) used to bound the radiu#, of the primary exclusive region. In
a—2\e?  (2Ro+e)*2  Ro2 particular, for a given outage capacity, the primary outage
where . constraint (4) can be written as
Ala) = / cos2(9) do. (11) Po— pr [1% (1 . Po/Bg ) . CO}
-z Io + O'2
For an integery, we can computed(a) in closed form. For ~ prln > P/RE
othera, numerical evaluation ofi(«) is possible. WherR — - 0= (20 — 1)



Lower and upper bounds on the expected interference power versus R R, versus epsilon
0.8¢

o Lower bound 1
0-73 ==:Lower bound 2
=== Upper bound

= = =Exact for alpha=4

0.6F

0.5r°

Ell)dB)

0.4¢ - .
L
0.3fF -

0.2} R e .

0.1r

Oo é “1 é é 16 sl " . " . : . . . . J
Primary exclusive radius R Epsilon

Fig. 6. Upper (14), lower bound 1 (9), lower bound 2 (12)doe= 4, A = 1, Fig. 7. The relation between the exclusive region radigsand the guard
P =1, ¢, = 2. In this case we have the exact expressiondoe 4, which bande, according to (17) forx = 1, P = 1, Py = 100,02 = 1,3 = 0.1
we compare to the other bounds to give an indication of thghtriess. anda = 4.

We note that even if there are no cognitive users, the ralius Cy (the outage capacity); (the outage probability)A (the
will be finite for a finite powerP,. This is because once thecognitive user density};? (the noise power)R, (the exclusive
primary receiver is too far away, the receiver signal to eoisegion radius) and, (the guard band around each primary
ratio is below what is needed to ensure a rat€gef Thus, an receiver). These equations may be of particular intereginwh
upper bound orzy to achieve a given rat€), in the presence designing the primary system to guarantee the primary eutag

of Gaussian noise of power® alone is given by constrain®r[primary user’s rate< Cy] < 3. By fixing several
1a of the parameters, we can obtain relations among the others.
Ry < < . 50 ) 2 RY. (15) The IargestRo is obtained by setting the inequality in (17) to
02(2¢% —1) be an equality.

Assuming thatR, satisfies (15), we can apply Markov’'s

inequality to bound the outage probability in the presenice o ) )

an infinite network of cognitive users as B. Numerical examples with = 4

Ell] As an example, we plot in Figure 7 the relation between the

P exclusive region radiug?, and the guard-band width, for

Po/RE

(2% —1) — o various values of the outage capadity, while fixing all other
Assuming an infinite network ¥ — oo), using the upper parameters _according (17) for= 4. The pIot_shows thak,
bound onE[l,] in (14), we can further boun®, as increases with,, and the two are of approximately the same
order. This is intuitively appealing since at the primargaieer
p 2nPXA 1 < Py/R§ 02>_1 there is a trade-off between the interference seen from the
¢ a—2ey 2\ (200 —1) ' secondary users, which is of a minimum distaagaway, and

the desired signal strength from the primary BS, which is of
the distanceR?, away. The larger the,, the less interference,
P, 2rP)N 1 9 -1 and thus the further away the primary receiver may lie from
(200 —1) \ Bl — 2) a2 to (16)  the base station. We also notice that @g increases,R,

. . ? , decreases for the samag. This is again intuitively appealing:
This bound is always smaller than the bound in (15). Thugs \ve require a higher capacity, the relative interferetwehe

as expected, the maximum distance that we can guarantegyatired signal) must be reduced, which is achieved by raduci
outage probability for_ a primary receiver will be reduced iz, for afixede,. Finally, asc, — oo, Ry approaches the limit
the presence of cognitive users. of the interference-free bound in (15) for= 4.

Whgna is an even mtegelr, we can use the exact value OfAIternativer, we can fix the guard bang, and the sec-
Ello] in the Markov inequality to obtain a tighter bound on,,qar yser powerP and seek the relation between the
Ro. Using the example for = 4 in (7), we obtain an implicit 3ar howerp, and the exclusive radiug, that can support
equation for all exclusive region radi, such that (4) holds the outage capacity’y. In Figure 8, we plot this relation
as . o i . .

(Ro + €)? 3 Po/RY e accordlng to (;7) fora = 4._The fourth. or.de( increase in
2Ry T ) = ArP \ 200 — 1 (17) power (in relation to the radiu®,) here is in line with the
pAETO TP path lossa = 4. Interestingly, a small increase in the gap

Equations (16), for general > 2, and (17), foro. = 4, bande, can lead to a large reduction in the required primary
provide a relation among the system parametdig: (the transmit powerP, to reach a receiver at a given radif
primary transmit power),P (the cognitive users’ power), while satisfying the given outage constraint.

Bounding this probability by the outage constraihtwe get

Ry <




F>O versus RD for various values of epsilon

[12]
- 113]
[14]
a- 15
i [15]
epsilon=3

05 [16]

5 i s R s ; s
[17]

Fig. 8. The relation between the BS powEs and the exclusive region
radius Rg according to (17) fo\ = 1,P = 1,02 = 1,8 =0.1,Co = 3  [18]
anda = 4.

[19]

V. CONCLUSION

As cognitive networks are rapidly becoming a reality, ii20]
is of crucial importance to properly design the the network
parameters to guarantee primary users a certain level of
performance. In this paper, we model this guarantee as [aH
outage condition: for any primary receiver in the PER of uadi
R, and guard band,, the probability that its rate falls below
Cy is less tharg fraction of time. By determining the expected
interference at the worst-case primary receiver, we obthin23!
bounds relating the design paramet&gsande, to the desired o4
parameter&’y and 5. These bounds can help in the design of
cognitive networks with PERs. (25]

(22]
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