
The probability of generating the symmetric
group with a commutator condition

David Zmiaikou1

Department of Mathematics, University Paris-Sud, 91400 Orsay, France

August 31, 2012

1Research partially supported by the Balzan Research Project of J. Palis

ar
X

iv
:1

20
5.

67
18

v2
  [

m
at

h.
G

R
] 

 8
 D

ec
 2

01
3



Abstract

Let B(n) be the set of pairs of permutations from the symmetric group of degree n with a 3-cycle
commutator, and let A(n) be the set of those pairs which generate the symmetric or the alternating
group of degree n. We find effective formulas for calculating the cardinalities of both sets. More
precisely, we show that #B(n)/n! is a discrete convolution of the partition function and a linear
combination of divisor functions, while #A(n)/n! is the product of a polynomial and Jordan’s
totient function. In particular, it follows that the probability that a pair of random permutations
with a 3-cycle commutator generates the symmetric or the alternating group of degree n tends to
zero as n tends to infinity, which makes a contrast with Dixon’s classical result.

Key elements of our proofs are Jordan’s theorem from the 19th century, a formula by Ramanujan
from the 20th century and a technique of square-tiled surfaces developed by French mathematicians
Lelièvre and Royer [11] in the beginning of the 21st century. This paper uses and highlights elegant
connections between algebra, geometry, and number theory.
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Notation
N = {1,2,3,⋯} set of natural numbers (positive integers)
N∞ = N ∪ {∞} extended set of positive integers
Z, Q sets of integer and rational numbers
R, R2 real line and real plane[a, b[ , ]a, b] semi-open intervals of real numbers from a to b

Ck
n =

n!
k!(n−k)! binomial coefficient

a ∧ b greatest common divisor of a and b
a mod b remainder (residue) after the division of a by b⟦a, b⟧ set of integers in an interval [a, b]
lim inf an, lim supan lower and upper limits of a sequence (an)
tr(A), det(A) trace and determinant of a matrix A
SL2(Z) group of integer 2 × 2 matrices with determinant 1
GLd(C) group of complex d × d matrices with nonzero determinant
χρ character of a representation ρ
f ⋅ g product of two functions, (f ⋅ g)(n) = f(n)g(n)
f △ g discrete convolution of two functions, (f △ g)(n) = ∑n−1

k=1 f(k)g(n − k)
f ∗ g Dirichlet convolution of two functions, (f ∗ g)(n) = ∑d∣n f(d)g(n/d)
F set of all arithmetic functions
F∗ set of arithmetic functions different from zero at 1
Fmult set of multiplicative arithmetic functions
ε(n) trivial function, ε(1) = 1 and ε(n) = 0 for n > 1
✶(n) constant function, ✶(n) ≡ 1
id(n) identical function, id(n) = n
idk(n) power function of order k, idk(n) = nk
µ(n) Möbius function
τ(n) number of divisors of n
σ(n) sum of divisors of n

σk(n) sigma-function of order k (sum of kth powers of the divisors of n)
φ(n) Euler’s totient function (number of integers from 1 to n coprime with n)
Jk(n) Jordan’s totient function of order k > 0
P (n) number of partitions of a positive integer n (partition function)
P(n) set of partitions of n
#M or ∣M ∣ cardinality of a set M
M ↪ L injection from a set M to a set L
M ↠ L surjection from a set M to a set L
M ×L Cartesian product of sets M and L
s−1 inverse permutation to s
s ○ t or st composition of two permutations s and t[s, t] = sts−1t−1 commutator of two permutations s and t
Alt(M), Sym(M) alternating and symmetric groups of a set M
An, Sn alternating and symmetric groups of the set {1,2, . . . , n}⟨s, t⟩ group generated by s and t
Gx stabilizer of a point x for an action of a group G
supp(s), fix(s) support of a permutation s and set of points fixed by s
Graph(s1, . . . , sg) graph of permutations s1, . . . , sg
type(s) cycle type of a permutation s
flag(s) flag of a permutation s
❞s ∶ ⟦1, n⟧2 → N∞ s-distance on the set ⟦1, n⟧ , where s ∈ Sn
Os,t square-tiled surface corresponding to a pair of permutations (s, t)
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Introduction

In 1892, Netto conjectured that almost all pairs of permutations will generate the symmetric or the
alternating group. 76 years passed before the theorem was finally proved by Dixon. This paper
investigates a refinement of Netto’s conjecture.

Denote by B(n) the set of pairs of permutations from Sn with a 3-cycle commutator, and let A(n)
be the set of those pairs which generate the symmetric or the alternating group of degree n:

B(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle} ,
A(n) = {(s, t) ∈ B(n) ∣ ⟨s, t⟩ = An or Sn } .

We find the cardinalities of these sets, and show that the probability that a pair of permutations with
a 3-cycle commutator generates An or Sn tends to zero as n→∞.

Theorem A. (cf. Theorems 1, 2 and Corollary 7)
The following relations hold for any n > 2:

#B(n) = 3

8
( n

∑
k=1

σ3(k)P (n − k) − 2 n

∑
k=1

kσ1(k)P (n − k) + nP (n))n! ,
#A(n) = 3

8
(n − 2)J2(n)n! ,

where σℓ(n) is the sum of the ℓth powers of the positive divisors of n, Jℓ(n) is Jordan’s totient

function of order ℓ, and P (n) is the partition function.

In particular, the probability #A(n)/#B(n) tends to zero as n tends to infinity.

We also consider intermediate sets

B1(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = n-cycle} ,
A1(n) = {(s, t) ∈ B1(n) ∣ ⟨s, t⟩ = An or Sn } ,

B2(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = arbitrary cycle} ,
A2(n) = {(s, t) ∈ B2(n) ∣ ⟨s, t⟩ = An or Sn }

and prove the following theorem:

Theorem B. (cf. Propositions 1, 2, 3, 4 and Corollaries 2, 3)
For any natural n > 2, one has the formulas:

#B1(n) = C3
n n! , #B2(n) = 1

24
(n − 1)(n − 2)(n2 + 5n + 12)n! ,

#A1(n) = n
6
(J2(n) − 3J1(n))n! , #A2(n) = n

6
(J2(n) − 3J1(n))n! + (n + 1)(n − 2)

2
n! .

In particular, for the probabilities p1(n) = #A1(n)/#B1(n) and p2(n) = #A2(n)/#B2(n) we obtain

the lower and the upper limits:

lim inf p1(n) = 6/π2, lim inf n ⋅ p2(n) = 24/π2,

lim sup p1(n) = 1 lim sup n ⋅ p2(n) = 4.
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1 GENERAL REMARKS

1 General remarks

Denote by ⟦a, b⟧ the set of integer from a to b. Introduce the extended set of positive integers
N∞ = N ∪ {∞}. Recall that any permutation set ⟦1, n⟧ decomposes into a product of disjoint cycles
(cf. Lemma A.1).

Definition. Let s ∈ Sn be a permutation. The s-distance on the set ⟦1, n⟧ is defined to be the
function ❞s ∶ ⟦1, n⟧2 → N∞ such that

❞s(x, y) = ⎧⎪⎪⎨⎪⎪⎩
min{d ∈ N ∣ sd(x) = y} , if x and y lie in the same cycle of s ;

∞, otherwise.
(1)

In particular, the s-distance ❞s(x,x) is equal to the length of the cycle containing x.

For instance, for the permutation s = (1 2 3 4)(7 8 9) we have

❞s(1,4) = 3, ❞s(1,5) = ❞s(1,8) =∞, ❞s(6,6) = 1, ❞s(7,8) = 1, ❞s(9,9) = 3.
Note that the function ❞s is not symmetric. In the example above, ❞s(1,4) = 3 but ❞s(4,1) = 1.
Evidently, two integers x and y lie in the same cycle of s if and only if

❞s(x, y) +❞s(y, x) = ❞s(x,x).
Lemma 1. Suppose that the commutator of two permutations s and t from Sn is a 3-cycle, [s, t] =(z y x). Then one of the following holds:

(a) all three numbers x, y, z lie in the same cycle of s in the given order, that is

❞s(x, y) +❞s(y, z) +❞s(z, x) = ❞s(x,x);
(b) two numbers (say x and y) lie in the same cycle of s, and the third one (z) lies in another

cycle such that ❞s(z, z) = ❞s(y, x).
Proof. The equality sts−1t−1 = (z y x) can be re-written as

(x y z)s = tst−1 (2)

when one multiplies the former equality by the permutation (ts−1t−1)−1 = tst−1 from the right and by(z y x)−1 = (x y z) from the left. From this relation follows that the permutations (x y z)s and s are
conjugate – they have the same cycle type (cf. the section A.3 of Appendix).

Suppose that the numbers x = x1, y = y1, z = z1 lie in distinct cycles of s, that is that s is the
following product of permutation with disjoint supports:

s = (x1 . . . xa)(y1 . . . yb)(z1 . . . zc)u ,
Then the permutation (x1 y1 z1)s = (x1 . . . xa y1 . . . yb z1 . . . zc)u
is not conjugate to s, which contradicts the condition (2). Thus, either all three numbers x, y, z lie in
the same cycle of s, or two of them lie in one cycle of the permutation s and the third number – in
another cycle.

Consider the case (a). Up to a cyclic permutation, the set of three elements can be ordered in two
ways: x, y, z or z, y, x. If the numbers x, y, z lie in some cycle s in the inverse order, that is if

s = (z1 . . . zc y1 . . . yb x1 . . . xa)u ,
4



then the permutation (x1 y1 z1)s = (x1 . . . xa)(y1 . . . yb)(z1 . . . zc)u
is not conjugate to s, which is false. Therefore, the numbers x, y, z must be in the given order.

Consider the case (b), where s can be presented as the following product of permutations with
disjoint supports:

s = (z1 . . . zc)(y1 . . . yb x1 . . . xa)u .
Then, since the permutation

(x1 y1 z1)s = (y1 . . . yb)(z1 . . . zc x1 . . . xa)u
must be conjugate to s, we obtain c = b, that is ❞s(z, z) = ❞s(y, x).

Consider a pair of permutations (s, t) ∈ Sn × Sn such that [s, t] = (z1 y1 x1). Suppose that
the permutation group G = ⟨s, t⟩ is transitive. Then by means of Lemma 1, one can get a simple
description of the connected square-tiled surface O(s, t) defined in the section A.5 of Appendix. It
was first obtained by Zorich (cf. the monograph [19]). More precisely, there can be only two following
situations:

(a) The permutation s is a product of k disjoint cycles of length n/k,

s = u1u2⋯uk ,

moreover, one of the cycles, say u1, is presentable as u1 = (x1 . . . xa y1 . . . yb z1 . . . zc) so that

(x1 y1 z1)s = (x1 . . . xa z1 . . . zc y1 . . . yb)u2⋯uk.
The permutation t is such that, when conjugating s, it sends the cycle ui to the cycle ui+1 for
any i ∈ ⟦1, k − 1⟧, and the cycle uk is sent to (x1 . . . xa z1 . . . zc y1 . . . yb).

x1 . . . xa y1 . . . yb z1 . . . zc

s

t

k

Figure 1: One-cylinder origami with parameters (k, a, b, c).
The square-tiled surface O(s, t) is illustrated in Figure 1, where any two unmarked opposite
sides are identified. It is called the one-cylinder origami with parameters (k, a, b, c).

(b) The permutation s is a product of a cycles of length k and b cycles of length ℓ,

s = u1⋯ua v1⋯vb , where k < ℓ and ak + bℓ = n.

The cycle u1 contains the point z1, and the cycle v1 contains the points y1 and x1. Moreover,
the s-distance from y1 to x1 is equal to the length of the cycle u1:

u1 = (z1 . . . zk) v1 = (y1 . . . yk x1 . . . xk−ℓ),
so that (x1 y1 z1)s = (y1 . . . yk)u2⋯ua (z1 . . . zk x1 . . . xk−ℓ) v2⋯vb .
The permutation t conjugates s in the following way:

5



2 THE CASE OF A CYCLE OF MAXIMAL LENGTH

● the cycle ui is sent to the cycle ui+1 for any i ∈ ⟦1, a − 1⟧,
● the cycle vj is sent to the cycle vj+1 for any j ∈ ⟦1, b − 1⟧,
● the cycle ua is sent to the cycle (y1 . . . yk),
● the cycle vb is sent to the cycle (z1 . . . zk x1 . . . xk−ℓ).

y1 . . . yk x1 . . . . . . xℓ−k

z1 . . . zk

α k −α

β ℓ −β

b

a

Figure 2: Two-cylinder origami with parameters (a, b, k, ℓ,α,β).
The square-tiled surface O(s, t) is illustrated in Figure 2, where any two unmarked opposite
sides are identified. It has six parameters:

heights a, b ∈ N, lengths k < ℓ ∈ N, twists α ∈ ⟦0, k − 1⟧ and β ∈ ⟦0, ℓ − 1⟧.
Such a surface is called two-cylinder with parameters (a, b, k, ℓ,α,β).

2 The case of a cycle of maximal length

In this section, we will be interested in the following set:

A1(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle, s is an n-cycle, ⟨s, t⟩ = An or Sn } ,
B1(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle, s is an n-cycle} .

6



2.1 A formula for #B1(n)
2.1 A formula for #B1(n)

Proposition 1. The number of pairs of permutations (s, t) ∈ Sn × Sn such that the commutator[s, t] is a 3-cycle and the permutation s is a cycle of length n, is equal to

#B1(n) = C3
n n! (3)

Proof. It follows from to Lemma 1, that for an n-cycle s, there exists a permutation t ∈ Sn with
condition [s, t] = (z y x) if and only if the points x, y, z lie in the same cycle of s in the given order.
Such a permutation t will be called an allowed permutation for s, and such a triple (x, y, z) ∈ ⟦1, n⟧3
will be said to be an allowed triple for s. Herewith, we assume that the number x is less than y and
z. It is clear that for any n-cycle s, the number of allowed triples is equal to the binomial coefficient
C3
n =

1
6
n(n − 1)(n − 2).

Remark that in order to find the cardinality of the set B1(n), it is sufficient to calculate the number
of allowed permutations t for some n-cycle s, say for s0 = (1 2 . . . n), and then multiply that number
by the number of all n-cycles in Sn.

Further, for a fixed n-cycle s0 and a fixed allowed triple (x, y, z), the number of all t such that

[s0, t] = (z y x), that is ts0t
−1
= (x y z)s0,

is equal to the order of the centralizer CSn(s0) of the permutation s0 in Sn. Indeed, the group Sn acts
on its element via conjugation. As the permutations (x y z)s0 and s0 lie in the same orbit (they are
both n-cycles), then the number of distinct t sending s0 to (x y z)s0 is equal to the number of distinct
t which stabilize the cycle s0 , that is ∣CSn(s0)∣.

We obtain

#B1(n) = #{(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = n-cycle}
= #{s ∈ Sn ∣ s = n-cycle} × #{t ∈ Sn ∣ t allowed for s0 = (1 2 . . . n)}
= #{s ∈ Sn ∣ s = n-cycle} × ∣CSn(s0)∣

×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 }
= n! ×C3

n.

Here we used the fact that the set {s ∈ Sn ∣ s = n-cycle} is the orbit of the permutation s0 for the
action of Sn via conjugation, and the centralizer CSn(s0) is the stabilizer of the permutation s0. In
particular, we have #{s ∈ Sn ∣ s = n-cycle} × ∣CSn(s0)∣ = ∣Sn∣ = n!.

2.2 A formula for #A1(n)

Let us now find the cardinality of the set A1(n).
Lemma 2. A one-cylinder square-tiled surface with parameters (k, a, b, c) is primitive if and only

if k = 1 and a ∧ b ∧ c = 1.

Proof. Ô⇒ Let O(s, t) be a primitive one-cylinder origami with parameters (k, a, b, c) as in Figure
1. By definition, its monodromy group G = ⟨s, t⟩ ⊆ Sn is primitive. The permutation s is a product of
k disjoint cycles of length n/k,

s = u1u2⋯uk .

Consider the set of points ∆ which are moved by the cycle u1 :

∆ = supp u1 .

7



2 THE CASE OF A CYCLE OF MAXIMAL LENGTH

Let us prove that it is a block for the group G. Indeed, any permutation w ∈ G can be presented as a
word in the alphabet {s, t, s−1, t−1} :

w = sε1tε2 . . . sεℓ−1tεℓ , where εi ∈ ⟦−1,1⟧,
since the group G is generated by the pair of permutations s and t. As

s(supp uj) = supp uj and t(supp uj) = supp uj+1 mod k

for each j ∈ ⟦1, k⟧, then the image of the set ∆ under the action of w is equal to the support of one of
the permutations u1, . . . , uk . In particular,

w(∆) = ∆ or w(∆) ∩∆ = ∅ ,
from where ∆ is a block for the group G. In view of the primitivity of G , we get that ∆ = ⟦1, n⟧, that
is k = 1 and the permutation s is an n-cycle (cf. Figure 3):

s = (x1 . . . xa y1 . . . yb z1 . . . zc) .
Let us now show that the greatest common divisor d = a ∧ b ∧ c equals 1. Consider the set

∆ = {xd, x2d, . . . , xa, yd, y2d, . . . , yb, zd, z2d, . . . , zc} ,
which is subsequence of numbers in the cycle s with step d. Denote by

∆j = {xd+j , x2d+j , . . . , xa+j = xj , yd+j , y2d+j , . . . , yb+j = yj , zd+j , z2d+j , . . . , zc+j = zj}
the jth shift of the set ∆ , where j ∈ ⟦1, d⟧. Then

s(∆j) = ∆j+1 mod d and t(∆j) = ∆j .

Hence, the image of the set ∆ for the action of any permutation w ∈ G (which can be expressed as
a word on s and t) coincides with one of the shifts of ∆. In particular, w(∆) = ∆ or w(∆) ∩ ∆ = ∅ ,
that is ∆ is a block for the group G. Since G is primitive and ∆ contains more than one element, then
∆ = ⟦1, n⟧, from where d = 1.

x1 . . . xd . . . x2d . . . xa y1 . . . yd . . . y2d . . . yb z1 . . . zc

Figure 3: One-cylinder origami with parameters (1, a, b, c).

⇐Ô Conversely, consider a one-cylinder origami O(s, t) with parameters (1, a, b, c), where
s = (x1 . . . xa y1 . . . yb z1 . . . zc), [s, t] = (z1 y1 x1) and a ∧ b ∧ c = 1.

Without loss of generality, we can assume that s = (1 2 . . . n), x1 = 1, y1 = a + 1 and z1 = a + b + 1.
Let us show that the permutation group G = ⟨s, t⟩ is primitive. For this, consider an arbitrary block
∆ ⊆ ⟦1, n⟧ of the group G containing the point 1 and another point. Denote by d the least s-distance
between the pairs of points from the block ∆. Choose a pair of points i and i+ d (mod n) from ∆, for
which such distance is reached. Since i+d ∈ ∆∩sd(∆), then by definition of a block we have ∆ = sd(∆),
and so the point i+2d also lies in ∆. By induction, we conclude that the block ∆ contains the number

8



2.2 A formula for #A1(n)

● ● ● ●

a b c

d d d

Figure 4: The marked points belong to the block ∆.

i + ℓd (mod n) for any integer ℓ. As d is the least s-distance between points of the block and 1 ∈ ∆,
then d divides n and

∆ = {1 + ℓd mod n ∣ ℓ ∈ Z} .
Let us also prove that d divides the numbers a, b and c. Indeed, divide a and a + b by d :

a = ℓ1d + r1 and a + b = ℓ2d + r2

with remainders r1, r2 ∈ ⟦1, d⟧. Investigate the image t(∆), cf. Figure 5. Since 1 ∈ ∆ ∩ t(∆), then from
the definition of a block follows that t(∆) = ∆. Taking into account how the permutation t acts on

● ● ● ●

a c b

d−r2 d−r1

Figure 5: The marked points belong to the block t(∆).
the set ⟦1, n⟧ and that d divides a + b + c, we obtain

d − r1 = 0,

d − r2 = d − r1 .

Hence, r1 = r2 = d, from where d divides number a, a + b, a + b + c, and so the integers a, b, c as well.
The last three numbers are coprime, implying that d = 1.

Lemma 3. Let d be a natural divisor of n. The number of triples (x, y, z) in the set ⟦1, n⟧3 such

that

x < y < z, d ∣ y − x and d ∣ z − y ,
is equal to d ⋅C3

n/d .

Proof. Since the differences y −x and z − y are divisible by d, the numbers x, y, z are equal modulo d :

x = αd + r, y = βd + r, z = γd + r,

where α < β < γ ∈ ⟦0, n/d − 1⟧ and r ∈ ⟦1, d⟧. There are exactly C3
n/d ways to choose a triple of

coefficients (α,β,γ) and exactly d ways to choose a remainder r, which proves the statement.

Lemma 4. For any positive integer n > 2, the number of triples x, y, z in the set ⟦1, n⟧ such that

x < y < z and (y − x) ∧ (z − y) ∧ n = 1 ,
equals n

6
J2(n) − n

2
J1(n) , where Jk(n) is Jordan’s totient function of order k .

9



2 THE CASE OF A CYCLE OF MAXIMAL LENGTH

Proof. We shall proceed by the inclusion-exclusion principle. There are C3
n triples x < y < z in the

interval ⟦1, n⟧. From this number one must subtract the number of triples such that y − x and z − y
are simultaneously divisible by some prime divisor of n. After that, one must add the number of those
triples, for which y −x and z − y are simultaneously divisible by some two distinct prime divisors of n,
and so on. In the end, we will get

#{(x, y, z) ∈ ⟦1, n⟧3 ∣ x < y < z, (y − x) ∧ (z − y) ∧ n = 1}
= C3

n − ∑
p∣n

p prime

{(x, y, z) ∈ ⟦1, n⟧3 ∣ x < y < z, p divides y − x and z − y}
+ ∑

p1p2∣n
p1≠p2 prime

{(x, y, z) ∈ ⟦1, n⟧3 ∣ x < y < z, p1p2 divides y − x and z − y}

− ∑
p1p2p3∣n

p1≠p2≠p3 prime

{(x, y, z) ∈ ⟦1, n⟧3 ∣ x < y < z, p1p2p3 divides y − x and z − y}
+ . . .

= ∑
d∣n

µ(d) {(x, y, z) ∈ ⟦1, n⟧3 ∣ x < y < z, d divides y − x and z − y} .
Due to Lemma 3, the last sum is equal to

∑
d∣n

µ(d)dC3
n/d =

1

6
∑
d∣n

µ(d)n(n
d
− 1)(n

d
− 2) = n3

6
∑
d∣n

µ(d)
d2

−
n2

2
∑
d∣n

µ(d)
d
+
n

3
∑
d∣n

µ(d) ,
and using the equality (A.16) for k = 0,1,2, we obtain the expression

n3

6
∏
p∣n

p prime

(1 − 1

p2
) − n2

2
∏
p∣n

p prime

(1 − 1

p
) + n

3
× 0 =

n

6
J2(n) − n

2
J1(n) ,

which completes the proof.

Proposition 2. The number of pairs of permutations (s, t) ∈ Sn × Sn with a 3-cycle commutator,

the permutation s being an n-cycle and which generate An or Sn , is equal to

#A1(n) = n
6
(J2(n) − 3J1(n))n! (4)

Proof. We shall apply Jordan’s theorem (Proposition A.7), Lemma 2, Lemma 1 and Lemma 4.

By Jordan’s theorem, a pair of permutations (s, t) ∈ Sn × Sn with a 3-cycle commutator

[s, t] = (z y x), that is tst−1 = (x y z)s, (5)

generates the alternating or the symmetric group of degree n if and only if the square-tiled surface
O(s, t) is primitive. If the permutation s is an n-cycle, then the surface O(s, t) is one-cylinder. We
conclude that according Lemma 2, the pair (s, t) belongs to the set A1(n) if and only if the origami
O(s, t) is one-cylinder with parameters (1, a, b, c), where a ∧ b ∧ c = 1.

A permutation t ∈ Sn will be called allowed for s if (s, t) ∈ A1(n). A triple of integers (x, y, z)
from the set ⟦1, n⟧3 will be said to be allowed for s if the relation (5) holds for some t ∈ Sn and the
pair (s, t) generates An or Sn. Herewith, we assume the the number x is less than y and z. From what

10



2.2 A formula for #A1(n)

x y z

a b c

a c b

Figure 6: A primitive one-cylinder origami with parameters (1, a, b, c).
was explained above and from Lemma 1 follows that a triple (x, y, z) is allowed for the permutation
s0 = (1 2 . . . n) if and only if

1 ≤ x < y < z ≤ n and (y − x) ∧ (z − y) ∧ (n − z + x) = 1, (6)

since {y − x, z − y, n − z + x} = {a, b, c}. In Figure 6 we illustrated the case that y − x = a, z − y = b and
n − z + x = c. Since n − z + x = n − (z − y) − (y − x), then any common divisor of the numbers y − x,
z − y, n− z + x divides also n, and conversely – any common divisor of y − x, z − y, n divides n− z + x.
Therefore, the condition (6) can be re-written as

1 ≤ x < y < z ≤ n and (y − x) ∧ (z − y) ∧ n = 1.
The number of such triples has been found in Lemma 4.

Analogically to the proof of Proposition 1, we obtain

#A1(n) = #{(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = n-cycle, ⟨s, t⟩ = An or Sn }
= #{s ∈ Sn ∣ s = n-cycle} × #{t ∈ Sn ∣ t is allowed for s0 = (1 2 . . . n)}
= #{s ∈ Sn ∣ s = n-cycle} × ∣CSn(s0)∣

×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 }
= n! × (n

6
J2(n) − n

2
J1(n)),

as required.

Corollary 1. Let p be a prime number. For any p-cycle s ∈ Sp and any permutation t ∈ Sp such

that the commutator [s, t] is 3-cycle, the pair (s, t) must generate Ap or Sp.

Proof. Indeed, according to Proposition 1 and 2

#B(p)
p!

=
p(p − 1)(p − 2)

6
,

#A(p)
p!

=
p

6
(J2(p) − 3J1(p)) = p

6
(p2 − 1 − 3(p − 1)) = p(p − 1)(p − 2)

6
,

that is the cardinalities of the sets A(p) and B(p) are equal. Since A(p) ⊆ B(p), these sets coincide,
as required.

Corollary 2. Consider the pairs of permutations from Sn with a 3-cycle commutator and the first

permutation being a cycle of length n. Denote by p1(n) the probability that such a pair generates

An or Sn , that is p1(n) =#A1(n)/#B1(n). Then the lower and the upper limits of this probability

as n→∞ are equal to

lim inf p1(n) = 6

π2
and lim sup p1(n) = 1. (7)

11



3 THE CASE OF AN ARBITRARY CYCLE

Proof. Due to Corollary 1, we know that #A1(p)/#B1(p) = 1 for any prime p. Hence, lim supp1(n) = 1.
From Propositions 1 and 2 follows that

#A1(n)
#B1(n) =

n

6
(J2(n) − 3J1(n))n!

C3
n n!

=
J2(n) − 3J1(n)(n − 1)(n − 2) ∼n→∞ J2(n)

n2
−
3J1(n)
n2

.

Jordan’s totient function J1(n) = φ(n) is defined as the number of positive integers not greater than
n and coprime with n. Thus, the inequality 1 ≤ J1(n) ≤ n holds, from where

lim
n→∞

3J1(n)
n2

= 0 and lim inf p1(n) = lim inf
J2(n)
n2

.

According to the formula (A.14)

J2(n)
n2

= ∏
p∣n

p prime

(1 − 1

p2
) , from where

J2(n)
n2

≥ ∏
over all
prime p

(1 − 1

p2
) .

We conclude that

lim inf
J2(n)
n2

≥ ∏
over all
prime p

(1 − 1

p2
) .

Let us now show that the equality is achieved for some subsequence of the sequence 1,2,3, . . . of
positive integers. Let pk denote the kth prime number (p1 = 2, p2 = 3, p3 = 5 and so on) and take
ak = p1p2⋯pk. Then

lim
k→∞

J2(ak)
a2
k

= lim
k→∞

k

∏
i=1

(1 − 1

p2i
) = ∞∏

i=1

(1 − 1

p2i
) .

The infinite product that we got here is equal to 6/π2 by the formula (A.41). Therefore,

lim inf p1(n) = lim inf
J2(n)
n2

=
6

π2
,

as required.

3 The case of an arbitrary cycle

Introduce the notation:

A2(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle, s is an arbitrary cycle, ⟨s, t⟩ = An or Sn } ,
B2(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle, s is an arbitrary cycle} .

3.1 A formula for #B2(n)

Proposition 3. The number of pairs of permutations (s, t) ∈ Sn × Sn with a 3-cycle commutator

and s being an arbitrary cycle, is equal to

#B2(n) = 1

24
(n − 1)(n − 2)(n2 + 5n + 12)n! (8)

for any natural n > 2.

12



3.1 A formula for #B2(n)
Proof. We will need Lemma 1 and the formulas (A.38) and (A.39).

Consider an arbitrary k-cycle s ∈ Sn , where k ∈ ⟦2, n⟧. A permutation t ∈ Sn will be called allowed
for s if [s, t] = (z y x), that is tst−1 = (x y z)s. (9)

A triple (x, y, z) of integers from the set ⟦1, n⟧3 will be called allowed for s if the relation (9) holds
for some t ∈ Sn. Herewith, we assume that the number z is greater than y and x. From Lemma 1
follows that a triple (x, y, z) is allowed for the permutation s0 = (1 2 . . . k) if and only if one of the
next situations occurs:

(a) The three numbers x, y, z lie in the cycle (1 2 . . . k) in the given order, that is 1 ≤ x < y < z ≤ k
(cf. Figure 7). There are exactly C3

k such triples.

x y z

k

Figure 7: An allowed triple of integers 1 ≤ x < y < z ≤ k.

(b) Two numbers x, y lie in the cycle (1 2 . . . k) and z ∈ ⟦k + 1, n⟧. Moreover, x = y + 1 mod k (cf.
Figure 8). There are exactly k(n− k) such triples, since y can be chosen in k ways and z can be
chosen in n − k ways.

y x

z

k

≤ n − k

Figure 8: An allowed triple of integers x, y ∈ ⟦1, k⟧ and z ∈ ⟦k + 1, n⟧, where x = y + 1 mod k.

We conclude that there are C3
k + k(n − k) allowed triples for the k-cycle s0 = (1 2 . . . k).

By analogy with the proof of Proposition 1, we get

#B2(n) = n

∑
k=2

#{(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = k-cycle}
=

n

∑
k=2

#{s ∈ Sn ∣ s = k-cycle} × #{t ∈ Sn ∣ t is allowed for s0 = (1 2 . . . k)}

=

n

∑
k=2

#{s ∈ Sn ∣ s = k-cycle} × ∣CSn(s0)∣
×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 }

=

n

∑
k=2

n! × (C3
k + k(n − k)) = n!6

n

∑
k=2

k(k − 1)(k − 2) + n! n

∑
k=2

k(n − k).
13



3 THE CASE OF AN ARBITRARY CYCLE

Finally, we apply the formula (A.39) with r = 2 and the formula (A.38):

#B2(n) = n!

6
⋅
(n + 1)n(n − 1)(n − 2)

4
+ n! ⋅

(n + 3)(n − 1)(n − 2)
6

=
n!

24
(n − 1)(n − 2)((n + 1)n + 4(n + 3))

=
1

24
(n − 1)(n − 2)(n2 + 5n + 12)n! ,

as required.

3.2 A formula for #A2(n)

Proposition 4. The number of pairs of permutations (s, t) ∈ Sn × Sn with a 3-cycle commutator,

the permutation s being an arbitrary cycle and which generate An or Sn , is equal to

#A2(n) = n
6
(J2(n) − 3J1(n))n! + (n + 1)(n − 2)

2
n! (10)

for any natural n > 2.

Proof. We will use Proposition 2, Jordan’s theorem (Proposition A.7), Lemma 1 and Proposition A.8.
From Proposition 2 we know that, in the case where s is an n-cycle, the number of required pairs

is equal to

#A1(n) = n
6
(J2(n) − 3J1(n))n! .

Consider now an arbitrary ℓ-cycle s ∈ Sn with 2 ≤ ℓ < n. A permutation t ∈ Sn will be called
allowed for s if the pair (s, t) generates the group An or Sn and the commutator [s, t] is a 3-cycle.

A triple of integers (x, y, z) from the set ⟦1, n⟧3 will be called allowed for s if there exists an
allowed permutation t ∈ Sn for which [s, t] = (z y x). Herewith, we assume that the number z is
greater than y and x.

From Lemma 1 follows that a triple (x, y, z) is allowed for the permutation s0 = (1 2 . . . ℓ) if and
only if x and y lie in the cycle (1 2 . . . ℓ) and z ∈ ⟦ℓ + 1, n⟧ with condition that x = y + 1 mod ℓ (cf.
Figure 9). There are exactly ℓ(n− ℓ) such triples, since y can be chosen in ℓ ways and z can be chosen
in n − ℓ ways.

y x

z

ℓ

n − ℓ

y x

z

β ℓ −β

ℓ −β β

Figure 9: An allowed triple of integers x, y ∈ ⟦1, ℓ⟧ and z ∈ ⟦ℓ + 1, n⟧, where x = y + 1 mod ℓ.

For a fixed ℓ-cycle s0 ∈ Sn and a fixed triple (x, y, z) ∈ ⟦1, n⟧3, let us find the number of allowed
permutations t ∈ Sn such that

[s0, t] = (z y x), that is ts0t
−1
= (x y z)s0 . (11)

14



3.2 A formula for #A2(n)
Any such permutation t can be expressed as

t = (y z) ⋅ u ⋅ sβ0 , (12)

where u is some (n−ℓ)-cycle containing all integers from ℓ + 1 to n, and the parameter β ∈ ⟦0, ℓ − 1⟧ is
a twist (cf. also Figure. 2). Indeed, since the group ⟨s, t⟩ is transitive, then the two-cylinder origami
O(s, t) given in Figure 9 consists of n squares, and so t = (y z)usβ0 . Conversely: if t = (y z)usβ0 then
the pair (s0, t) generates the group An or Sn . This follows from Proposition A.8, since

s0 = (y + 1 . . . ℓ 1 . . . y) and s0ts
−β
0 = s0(y z z2 . . . zn−ℓ) = (y + 1 . . . ℓ 1 . . . y z z2 . . . zn−ℓ),

where u = (z z2 . . . zn−ℓ). In other words, after renumbering the points from 1 to n, we will get
s0 = (1 2 . . . ℓ) and t = (1 2 . . . n).

The number of permutations t of form (12) is equal to

(n − ℓ)!
n − ℓ

⋅ ℓ ,

since there are 1
n−ℓ
(n−ℓ)! ways to choose an (n−ℓ)-cycle u and ℓ ways to choose β.

We conclude that

#A2(n) = #A1(n) + n−1

∑
ℓ=2

#{(s, t) ∈ Sn × Sn ∣ [s, t] = 3-cycle, s = ℓ-cycle, ⟨s, t⟩ = An or Sn }
= #A1(n) + n−1

∑
ℓ=2

#{s ∈ Sn ∣ s = ℓ-cycle} × #{t ∈ Sn ∣ t is allowed for s0 = (1 2 . . . ℓ)}

= #A1(n) + n−1

∑
ℓ=2

#{s ∈ Sn ∣ s = ℓ-cycle} ×
×
(n − ℓ)!
n − ℓ

⋅ ℓ × #{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 }
= #A1(n) + n−1

∑
ℓ=2

1

ℓ
⋅

n!(n − ℓ)! × (n − ℓ)!n − ℓ
⋅ ℓ × ℓ(n − ℓ) = #A1(n) + n−1

∑
ℓ=2

ℓn!

=
n

6
(J2(n) − 3J1(n))n! + (n + 1)(n − 2)

2
n! ,

as required.

Corollary 3. Consider the pairs of permutations from Sn with a 3-cycle commutator and the first

permutation being an arbitrary cycle. Denote by p2(n) the probability that such a pair generates

An or Sn , that is p2(n) =#A2(n)/#B2(n). Then one has the following lower and upper limits as

n→∞

lim inf n ⋅ p2(n) = 24

π2
and lim sup n ⋅ p2(n) = 4. (13)

Proof. From Propositions 3 and 4 follows that

n ⋅
#A2(n)
#B2(n) = n ⋅

n

6
(J2(n) − 3J1(n))n! + (n + 1)(n − 2)

2
n!

1

24
(n − 1)(n − 2)(n2 + 5n + 12)n!

=
4n2J2(n) − 12n2J1(n) + 12n(n + 1)(n − 2)(n − 1)(n − 2)(n2 + 5n + 12)
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4 THE CASE OF AN ARBITRARY PERMUTATION

∼

n→∞

4J2(n)
n2

−
12J1(n)
n2

+
12

n
.

Since
12J1(n)
n2

→ 0 and
12

n
→ 0 as n→∞, then similarly to the proof of Corollary 2 we obtain

lim inf n ⋅ p2(n) = lim inf
4J2(n)
n2

=
24

π2
and lim sup n ⋅ p2(n) = lim sup

4J2(n)
n2

= 4,

as required.

4 The case of an arbitrary permutation

Introduce the following notation:

A(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle, ⟨s, t⟩ = An or Sn } ,
B(n) = {(s, t) ∈ Sn × Sn ∣ [s, t] is a 3-cycle} .

4.1 The number of all pairs: a formula for #B(n)

Theorem 1. The number of pairs of permutations from Sn with a 3-cycle commutator, is equal to

#B(n) = 3

8
( n

∑
k=1

σ3(k)P (n − k) − 2 n

∑
k=1

kσ1(k)P (n − k) + nP (n)) ⋅ n! (14)

for any natural n > 2.

Proof. We are going to apply Lemma 1, Ramanujan’s formula (Proposition A.5) and Proposition A.6.
Denote by P(n) the set of partitions of a positive integer n:

P(n) = {(a1, . . . , ar) ∈ Nr ∣ r ∈ N, a1 ≤ . . . ≤ ar ∈ N, a1 + ⋅ ⋅ ⋅ + ar = n} . (15)

Consider an arbitrary permutation s ∈ Sn with flag a1 ≤ . . . ≤ ar , where

a1 + ⋅ ⋅ ⋅ + ar = n (16)

(cf. the section A.3 of Appendix). A permutation t ∈ Sn will be called allowed for s if

[s, t] = (z y x), that is tst−1 = (x y z)s. (17)

A triple (x, y, z) from the set ⟦1, n⟧3 will be said to be allowed for s, if the relation (17) holds for
some allowed t ∈ Sn. Herewith, we assume that the integer z is greater than y and x. According to
Lemma 1, one of the two following situations occurs:

(a) All three integers x, y, z lie in the same cycle of the permutation s in the given order. There are
exactly C3

a1
+ ⋅ ⋅ ⋅ +C3

ar such triples, where C3
1 = C

3
2 = 0. In this case, the triple (x, y, z) ∈ ⟦1, n⟧3

and the permutation t ∈ Sn with condition (17) will be called allowed for s of first kind. Let
us find the number of pairs (s, t) ∈ Sn × Sn when t is allowed of first kind:

f(n) ∶= ∑
(a1,...,ar)∈P(n)

#{(s, t) ∈ Sn × Sn ∣ flag(s) = a1, . . . , ar , t is allowed for s of first kind}
= ∑
(a1,...,ar)∈P(n)

#{s ∈ Sn ∣ flag(s) = a1, . . . , ar }
×#{t ∈ Sn ∣ t is allowed for s0 of first kind} ,

16



4.1 The number of all pairs: a formula for #B(n)
where s0 = (1 2 . . . a1)(a1+1 a1+2 . . . a1+a2)⋯(a1+⋯+ar−1+1 a1+⋯+ar−1+2 . . . a1+⋯+ar),
and flag(s) denotes the flag of the permutation (cf. Appendix A.3).

f(n) = ∑
(a1,...,ar)∈P(n)

#{s ∈ Sn ∣ flag(s) = a1, . . . , ar } × ∣CSn(s0)∣
×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 of first kind}

= ∑
(a1,...,ar)∈P(n)

n! × (C3
a1
+ ⋅ ⋅ ⋅ +C3

ar
) = n! ∑

(a1,...,ar)∈P(n)

(C3
a1
+ ⋅ ⋅ ⋅ +C3

ar
).

In order to simplify the last sum, we will proceed as follows. If we run over all partitions (16) of
the positive integer n and count the number of ones, then we will get

P (n − 1) + P (n − 2) + ⋅ ⋅ ⋅ + P (1) + P (0),
where P (n) is the partition function (cf. the section A.2). Indeed, there are P (n− 1) partitions
with at least one ‘1’ (that is a1 = 1), exactly P (n − 2) partitions with at least two ‘1’s (that is
a1 = 1 and a2 = 1), and so on, exactly P (0) = 1 partitions with n ones. Analogically, the general
statement is true: the number of parts of length d in the partitions of the integer n, is equal to

P (n − d) + P (n − 2d) + ⋅ ⋅ ⋅ + P (n −md), where m = [n
d
] .

Thus,

f(n) = n! ∑
(a1,...,ar)∈P(n)

(C3
a1
+ ⋅ ⋅ ⋅ +C3

ar
) = n! n

∑
d=1

(P (n − d) + P (n − 2d) + ⋅ ⋅ ⋅ + P (n − [n/d]d)) ⋅C3
d .

Let us regroup the summands in the last sum, by gathering the coefficients of P (n − k) for
k ∈ ⟦1, n⟧. For instance, the term P (n− 6) occurs 4 times in the sum: as a multiplier of C3

1 , C
3
2 ,

C3
3 and C3

6 . We obtain that

f(n)
n!

=

n

∑
k=1

(∑
d∣k

C3
d)P (n − k) = 1

6

n

∑
k=1

(∑
d∣k

d(d − 1)(d − 2))P (n − k)
=

1

6

n

∑
k=1

(∑
d∣k

d3 − 3d2 + 2d)P (n − k)
=

n

∑
k=1

(1
6
σ3(k) − 1

2
σ2(k) + 1

3
σ1(k))P (n − k) ,

(18)

where σi(n) is the sum of ith powers of the divisors of n, cf. the formula (A.12).

(b) Two integers x and y lie in the same cycle of the permutation s, and the number z is in another
cycle. Moreover, the length of the latter cycle equals the s-distance from y to x. In this case,
the triple (x, y, z) ∈ ⟦1, n⟧3 and the corresponding permutations t ∈ Sn with condition (17) will
be called allowed for s of second kind. It is clear that if x and y lie in a cycle of length aj
and if z lies in a cycle of length ai with ai < aj , then such a triple (x, y, z) can be chosen in ai ⋅aj
ways. Hence, the number of all allowed triples for s of second kind is equal to

∑
1≤i<j≤r
ai<aj

aiaj .

Let us find the number of pairs (s, t) ∈ Sn × Sn when t is allowed of second kind:

g(n) ∶= ∑
(a1,...,ar)∈P(n)

#{(s, t) ∈ Sn × Sn ∣ flag(s) = a1, . . . , ar , t is allowed for s of second kind}
= ∑
(a1,...,ar)∈P(n)

#{s ∈ Sn ∣ flag(s) = a1, . . . , ar }
×#{t ∈ Sn ∣ t is allowed for s0 of second kind} ,

17



4 THE CASE OF AN ARBITRARY PERMUTATION

where s0 is a fixed permutation with flag (a1, . . . , ar),
g(n) = ∑

(a1,...,ar)∈P(n)

#{s ∈ Sn ∣ flag(s) = a1, . . . , ar } × ∣CSn(s0)∣
×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 of second kind}

= ∑
(a1,...,ar)∈P(n)

n! × ( ∑
1≤i<j≤r
ai<aj

aiaj) = n! ∑
(a1,...,ar)∈P(n)

ai<aj

aiaj .

Let us simplify the last sum. If there are exactly a parts of length k = ai and exactly b parts of
length ℓ = aj in a partition (a1, . . . , ar), then gather them in the sum as ab ⋅ kℓ. Running over
all distinct partitions, such a term will occur

P(n−ak−bℓ) − P(n−(a+1)k−bℓ) − P(n−ak−(b+1)ℓ) + P(n−(a+1)k−(b+1)ℓ) (19)

times, according to the inclusion-exclusion principle. The expression (19) counts the number
of partitions of n, which contain exactly a parts of length k and exactly b parts of length ℓ.
Therefore,

g(n)
n!
= ∑

a,b,k,ℓ∈N
k<ℓ

ak+bℓ≤n

abkℓ(P(n−ak−bℓ) − P(n−(a+1)k−bℓ) − P(n−ak−(b+1)ℓ) + P(n−(a+1)k−(b+1)ℓ)) ,

from where, gathering the coefficients of P (n − c) for c ∈ ⟦1, n⟧, we obtain

g(n)
n!
=

n

∑
c=1

∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=c

(abkℓ − (a − 1)bkℓ − a(b − 1)kℓ + (a − 1)(b − 1)kℓ) P (n − c)

=

n

∑
c=1

∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=c

kℓP (n − c) = n

∑
c=1

⎛⎝ ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=c

kℓ
⎞⎠P (n − c) .

Now, let us evaluate the following sum

∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=c

kℓ =
1

2

⎛⎝ ∑
a,b,k,ℓ∈N
ak+bℓ=c

kℓ − ∑
a,b,k∈N
(a+b)k=c

k2
⎞⎠ (20)

From the equality (a + b)k = c follows that k divides c. Moreover, for fixed k and c, exactly
c/k − 1 pairs of positive integers (a, b) satisfy this equality (since a can take values from 1 to
c/k − 1). We have

∑
a,b,k∈N
(a+b)k=c

k2 = ∑
k∣c

( c
k
− 1) k2 = c∑

k∣c

k −∑
k∣c

k2 = cσ1(c) − σ2(c) . (21)

Further, with notation α = ak and β = bℓ one has

∑
a,b,k,ℓ∈N
ak+bℓ=c

kℓ = ∑
α,β∈N
α+β=c

(∑
k∣α

k)(∑
ℓ∣β

ℓ) = ∑
α,β∈N
α+β=c

σ1(α)σ1(β) .
The last sum appears in one of Ramanujan’s formula (cf. Proposition A.5), due to which

∑
a,b,k,ℓ∈N
ak+bℓ=c

kℓ = ∑
α,β∈N
α+β=c

σ1(α)σ1(β) = 5

12
σ3(c) + 1

12
σ1(c) − 1

2
cσ1(c) . (22)
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4.1 The number of all pairs: a formula for #B(n)
The relations (20), (21) and (22) give

∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=c

kℓ =
1

2

⎛⎝ 5

12
σ3(c)+ 1

12
σ1(c)−1

2
cσ1(c)−cσ1(c)+σ2(c)⎞⎠ = 5

24
σ3(c)+1

2
σ2(c)+( 1

24
−
3c

4
)σ1(c)

(23)
and so

g(n)
n!

=

n

∑
c=1

⎛⎝ ∑a,b,k,ℓ∈N
k<ℓ

ak+bℓ=c

kℓ
⎞⎠P (n − c) =

n

∑
c=1

⎛⎝ 5

24
σ3(c) + 1

2
σ2(c) + ( 1

24
−
3c

4
)σ1(c)⎞⎠P (n − c) . (24)

Finally, summing the formulas (18) and (24), we obtain

#B(n) = ∑
(a1,...,ar)∈P(n)

#{(s, t) ∈ Sn × Sn ∣ flag(s) = a1, . . . , ar , t allowed for s} = f(n) + g(n)

= n!
n

∑
k=1

⎛⎝16σ3(k) − 1

2
σ2(k) + 1

3
σ1(k) + 5

24
σ3(k) + 1

2
σ2(k) + ( 1

24
−
3k

4
)σ1(k)⎞⎠P (n − k)

= n!
n

∑
k=1

⎛⎝38σ3(k) − 3k

4
σ1(k) + 3

8
σ1(k)⎞⎠P (n − k) .

According to Proposition A.6, the equality
n

∑
k=1

σ1(k)P (n − k) = nP (n) holds for n ∈ N , from where

#B(n) = 3

8
n!

n

∑
k=1

(σ3(k) − 2σ1(k))P (n − k) + 3n

8
P (n)n! ,

as required.

In order to estimate the cardinality of the set B(n), let us show the next lemma.

Lemma 5. For any natural n > 1, the following inequality holds

σ3(n) < n2σ1(n).
For any δ > 0, there exists a positive integer K =K(δ) such thata

σ3(n) > n2−δσ1(n)
for all natural n ≥K.

aThe notation K =K(δ) means that a number K depends only on δ.

Proof. The first inequality follows from the definition of σ3(n) and σ1(n):
σ3(n) = ∑

d∣n

d3 < ∑
d∣n

n2d = n2σ1(n).
Consider now the arithmetic function

g(n) = σ3(n)
nσ1(n) .
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4 THE CASE OF AN ARBITRARY PERMUTATION

Notice that it is multiplicative as a ratio of two multiplicative functions. For a power of a prime pα,
according to the formula (A.12) we have

g(pα) = σ3(pα)
pασ1(pα) =

(p3(α+1) − 1)/(p3 − 1)
pα (pα+1 − 1)/(p − 1) =

(pα+1 − 1)(p2(α+1) + pα+1 + 1)
pα(pα+1 − 1)(p2 + p + 1)

=
p2α+2(1 + 1/pα+1 + 1/p2α+2)

pα+2(1 + 1/p + 1/p2) = pα ⋅
1 + 1/pα+1 + 1/p2α+2

1 + 1/p + 1/p2

> pα ⋅
1

1 + 1
p
+

1
p2
+

1
p3
+⋯

= pα ⋅
1

1/(1 − 1

p
) = pα (1 −

1

p
) .

Thus, for any positive integer n = pα1

1 ⋯p
αr
r > 1, the following inequality holds

g(n) = g(pα1

1 )⋯ g(pαr
r ) > pα1

1 (1 − 1

p1
)⋯pαr

r (1 − 1

pr
) = n∏

p∣n
p prime

(1 − 1

p
) = φ(n),

that is σ3(n) > nφ(n)σ1(n), (25)

where φ(n) is Euler’s totient function, cf. (A.13).
Let us show that for any δ > 0, there exists a natural K =K(δ) such that

φ(n) > n1−δ (26)

for all natural n ≥K. Consider the function

f(n) = n1−δ
φ(n) .

It is multiplicative and when n = pα it takes the value

f(pα) = pα(1−δ)

pα (1 − 1/p) =
1

pαδ
⋅
p

p − 1
,

which tends to zero as pα → +∞. According to Proposition A.3, we conclude that f(n)→ 0 as n→ +∞.
In particular, there exists K ∈ N such that

f(n) < 1 for all n ≥K.

This proves the inequality (26), from where taking into account the inequality (25) we obtain that

σ3(n) > nφ(n)σ1(n) > n2−δσ1(n) for all n ≥K,

as required.

For a real number a, consider the following arithmetic function:

ψa(n) = n

∑
k=1

kaσ1(k)P (n − k). (27)

In Proposition A.6 it is shown that ψ0(n) = nP (n). If a ≥ b then for any n ∈ N, the inequality
ψa(n) ≥ ψb(n) holds. We have the following simple bounds of the function ψa(n) when a ≥ 0:

nP (n) = n

∑
k=1

σ1(k)P (n − k) ≤ ψa(n) ≤ na n

∑
k=1

σ1(k)P (n − k) = na+1P (n). (28)

In particular, nP (n) ≤ ψ2(n) ≤ n3P (n).
Let us now estimate the cardinality of the set B(n).
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4.1 The number of all pairs: a formula for #B(n)

Corollary 4. For any ǫ > 0, there exists a positive integer N = N(ǫ) such that

ψ2−ǫ(n) ⋅ n! < #B(n) < 3

8
ψ2(n) ⋅ n!

for all natural n ≥ N .

Proof. From Theorem 1, the relation ψ0(n) = nP (n), the inequality ψ1(n) ≥ ψ0(n) and the inequality
σ3(k) ≤ k2σ(k) in Lemma 5 follows that

8

3
⋅
#B(n)
n!

=

n

∑
k=1

σ3(k)P (n − k) − 2ψ1(n) + ψ0(n)
≤

n

∑
k=1

k2σ1(k)P (n − k) − 2ψ0(n) + ψ0(n) = ψ2(n) − ψ0(n)
< ψ2(n),

which proves the upper bound of the cardinality of B(n) for all n ∈ N.
Let ǫ be an arbitrary positive real number. Choose any number δ > 0 with conditions δ < 1 and

δ < ǫ. According to Lemma 5, there exists a positive integer K such that σ3(k) > k2−δσ1(k) for all
natural k ≥K. Then

n

∑
k=1

σ3(k)P (n − k) = n

∑
k=K

σ3(k)P (n − k) +K−1

∑
k=1

σ3(k)P (n − k)
>

n

∑
k=K

k2−δσ1(k)P (n − k) +K−1

∑
k=1

σ3(k)P (n − k)
>

n

∑
k=K

k2−δσ1(k)P (n − k).

In the right side of this inequality, let us add and subtract the expression
K−1

∑
k=1

k2−δσ1(k)P (n − k),
getting

n

∑
k=1

σ3(k)P (n − k) > n

∑
k=1

k2−δσ1(k)P (n − k) − K−1

∑
k=1

k2−δσ1(k)P (n − k)
> ψ2−δ(n) − K5P (n) , (29)

since k2−δ <K2, σ1(k) ≤ k2 <K2 and P (n − k) < P (n) for 1 ≤ k <K.

From the conditions δ < 1 and δ < ǫ follows that

2k + 8
3
k2−ǫ

k2−δ
=

2

k1−δ
+

8/3
kǫ−δ

Ð→

k→+∞
0.

Hence, there is a natural L = L(ǫ) such that

2k + 8
3
k2−ǫ

k2−δ
< 1, that is k2−δ − 2k >

8

3
k2−ǫ for k ≥ L .

When 1 ≤ k < L, one has the inequalities k2−δ − 2k − 8
3
k2−ǫ > k − 2k − 3k2 ≥ −L − 3L2

≥ −4L2, that is
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4 THE CASE OF AN ARBITRARY PERMUTATION

k2−δ − 2k > 8
3
k2−ǫ − 4L2. Therefore, we obtain

ψ2−δ(n) − 2ψ1(n) = n

∑
k=1

(k2−δ − 2k) ⋅ σ1(k)P (n − k)
=

n

∑
k=L

(k2−δ − 2k) ⋅ σ1(k)P (n − k) + L−1

∑
k=1

(k2−δ − 2k) ⋅ σ1(k)P (n − k)
>

n

∑
k=L

8

3
k2−ǫσ1(k)P (n − k) + L−1

∑
k=1

(8
3
k2−ǫ − 4L2) ⋅ σ1(k)P (n − k)

>
8

3

n

∑
k=1

k2−ǫσ1(k)P (n − k) − L ⋅ 4L2
⋅L2P (n) = 8

3
ψ2−ǫ(n) − 4L5P (n),

since σ1(k) ≤ k2 < L2 and P (n − k) < P (n), when 1 ≤ k < L.

By applying this inequality and the inequality (29), we get the following bound

8

3
⋅
#B(n)
n!

=

n

∑
k=1

σ3(k)P (n − k) − 2ψ1(n) + nP (n)
> ψ2−δ(n) − 2ψ1(n) − K5P (n) + nP (n)
>

8

3
ψ2−ǫ(n) + (n −K5

− 4L5) ⋅ P (n)
>

8

3
ψ2−ǫ(n) for n ≥ N,

where a constant N = K5
+ 4L5 depends on δ and ǫ. In its turn, the choice of δ was based on the

number ǫ. Therefore, N depends only on ǫ.

We conclude that for any ǫ > 0, there exists a natural N = N(ǫ) such that #B(n) > ψ2−ǫ(n) ⋅ n!
for all n ≥ N . This completes the proof of Corollary.

The next statement is an application of Theorem 1 to the theory of representations of the symmetric
group (several main definitions are given in Appendix A.4).

Corollary 5. Let c ∈ Sn be any 3-cycle. For all natural n > 2 the following relation holds

8

9
n(n − 1)(n − 2)∑

ρ

χρ(c)
dimρ

= nP (n) + n

∑
k=1

(σ3(k) − 2kσ1(k))P (n − k) ,
where the sum is over all (pairwise nonequivalent) irreducible representations ρ of Sn , and χρ
denotes the character of ρ.

In particular, one has the bounds

3

n2
P (n) < ∑

ρ

χρ(c)
dimρ

<
5

4
P (n)

for any sufficiently large n.

Proof. According to Frobenius’s formula for u = c (cf. Proposition A.9), we have

#B(n) = n! ⋅ n(n − 1)(n − 2)
3

⋅∑
ρ

χρ(c)
dimρ

.

Comparing with Theorem 1, we get the required relation.
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4.2 The number of primitive pairs: a formula for #A(n)
We know from Corollary 4 with ǫ = 2 that, for sufficiently large n, the following inequalities hold

ψ0(n) < #B(n)
n!

<
3

8
ψ2(n) , and so nP (n) < #B(n)

n!
<

3

8
n3P (n) ,

since ψ0(n) = nP (n) and ψ2(n) ≤ n3P (n). Therefore,

3(n − 1)(n − 2)P (n) < ∑ρ
χρ(c)
dimρ

<
9

8
⋅

n2(n − 1)(n − 2)P (n) .
But 3

n2 <
3

(n−1)(n−2) and for sufficiently large n one has

9

8
⋅

n2(n − 1)(n − 2) = 9

8
⋅

1(1 − 1
n
)(1 − 2

n
) < 10

8
=
5

4
.

This proves the required bounds.

4.2 The number of primitive pairs: a formula for #A(n)

Lemma 6. Vectors
#         »(α, a), #         »(β, b), #         »(k,0) and #        »(ℓ,0) generate the lattice Z2 if and only if the following

two conditions are stisfied:

a ∧ b = 1 and k ∧ ℓ ∧ (aβ − bα) = 1.
Proof. Ô⇒ The condition a ∧ b = 1 is necessary, since the ordinate of any linear combination with
integer coefficients of the four given vectors is obviously divisible by the greatest common divisor of a
and b. Suppose that the vectors

#         »(α, a), #         »(β, b), #         »(k,0), #        »(ℓ,0) generate Z2 and that a∧ b = 1. Let us find
all integers p, for which the system of equations⎧⎪⎪⎨⎪⎪⎩

αX +βY = p,

aX + bY = 0

has a solution in integers X and Y . We get aX = −bY , which is equivalent to equalities X = −mb and
Y =ma for some m ∈ Z, since a and b are coprime. From this we obtain

p = αX +βY =m(aβ − bα),
which is a multiple of aβ − bα.

By assumption, the vector
#        »(1,0) is a linear combination

X
#         »(α, a) + Y #         »(β, b) +Z #         »(k,0) +W #        »(ℓ,0)

with integer coefficients X, Y , Z and W . This is possible only if

m(aβ − bα) +Zk +Wℓ = 1 for some integers m,Z and W, (30)

that is if the numbers aβ − bα, k and ℓ are coprime.

⇐Ô Conversely, suppose that the conditions a ∧ b = 1 and k ∧ ℓ ∧ (aβ − bα) = 1 are satisfied. From
the second condition follows that the equality (30) holds, and so

−mb
#         »(α, a) +ma#         »(β, b) +Z #         »(k,0) +W #        »(ℓ,0) = #                                                                                              »(m(aβ − bα) +Zk +Wℓ, −mba +mab) = #        »(1,0).

The first condition implies the existence of integers X and Y such that Xa + Y b = 1, from where

X
#         »(α, a) + Y #         »(β, b) = #                               »(Xα + Y β, 1).

Since linear combinations of the vector
#        »(1,0) and #                              »(Xα + Y β, 1) with integer coefficients cover all Z2,

then the given four vectors generate Z2.
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4 THE CASE OF AN ARBITRARY PERMUTATION

Lemma 7. A two-cylinder origami with parameters (a, b, k, ℓ,α,β) is primitive if and only if the

following two conditions are satisfied:

a ∧ b = 1 and k ∧ ℓ ∧ (aβ − bα) = 1.
Proof. A two-cylinder origami with parameters (a, b, k, ℓ,α,β) consists of n = ak+bℓ squares. Number
its squares by the integers from 1 to n. Then we will get two permutations s and t from Sn that
indicate how the squares are glued in the horizontal and the vertical directions respectively. Denote
by G the monodromy group origami, that is the permutation group generatd by the pair (s, t).
Ô⇒ Suppose that the conditions a ∧ b = 1 and k ∧ ℓ ∧ (aβ − bα) = 1 are not satisfied. By Lemma

6, this means that the vectors
#         »(α, a), #         »(β, b), #         »(k,0) and #        »(ℓ,0) generate a lattice L not coinciding with

the entire Z2. Let us show then that the square-tiled surface is not primitive, that is the permutation
group G = ⟨s, t⟩ has a nontrivial block ∆ ⊂ ⟦1, n⟧.

a

b

β ℓ −β

ℓ −β β

α k −α

k −α α

=

β k l − k

k α

l − k
a

b

Figure 10: An unfolding of the two-cylinder square-tiled surface.

In the real plane, mark the points of the lattice L. A two-cylinder square-tiled surface can be
unfolded in the plane as two glued parallelograms: the first one is constructed on the vectors

#         »(α, a)
and

#         »(k,0), and the second one is constructed on the vectors
#         »(β, b) and #        »(ℓ,0), see Figure 10. Place

such an unfolding as shown in Figure 11. Color those squares of the surface, the lower left vertex of
which is a point of the lattice L. Let us prove that the set ∆ of numbers of the colored squares is a
block for the group G.

Indeed, consider an arbitrary square of the surface, and let (p, q) be the coordinates of its lower
left vertex. Then, when acting by the permutations s or t, this square will be sent to the square of
the surface with the following coordinates of its lower left vertex:

(p + 1, q) + ε1 #         »(k,0) + ε2 #        »(ℓ,0) or (p, q + 1) − ε3 #                            »(α +β, a + b) − ε4 #         »(β, b)
respectively, where ε1, ε2, ε3, ε4 ∈ {0,1}. Hence, under the action of any permutation g ∈ G (which
is of course a word on the letters s and t), the coordinates of the lower left vertices of the colored
squares of the surface will be translated by the same vector #»v ∈ Z2 up to linear combinations of type
ε1

#         »(k,0) + ε2 #        »(ℓ,0) and −ε3
#                            »(α +β, a + b) − ε4 #         »(β, b). By definition, the lattice L consists of all linear

combinations

m1 ⋅
#         »(α, a) +m2 ⋅

#         »(β, b) +m3 ⋅
#         »(k,0) +m4 ⋅

#        »(ℓ,0) .
Therefore, under the action of a permutation g, either the set of all marked squares will not change,
or it will be sent to a set of squares not intersecting with it, that is

g(∆) =∆ or g(∆) ∩∆ = ∅
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4.2 The number of primitive pairs: a formula for #A(n)

(0,0) #         »

(k,0)

#         »

(α, a)

#         »

(β, b)

#        »

(ℓ,0)

Figure 11: The marked points belong to the lattice L generated by the vectors with
coordinates (α, a), (β, b), (k,0) and (ℓ,0). The colored squares of the surface form
a nontrivial block for the group G.

depending on whether the vector #»v belongs to the lattice L or not. We conclude that ∆ is a block for
the group G. Since the lattice L is distinct from Z2, the block ∆ is nontrivial and the group G is not
primitive.

⇐Ô Suppose now that the conditions a∧ b = 1 and k∧ ℓ∧ (aβ− bα) = 1 are satisfied, and let us prove
that the square-tiled surface is primitive. Unwrap the surface in the real plane as shown in Figure 12.
Consider the set P of points of the plane with integer coordinates, which are situated strictly inside
the unfolded surface of on its left and lower borders, excluding the points with coordinates (k,0),(α + ℓ, a) and (α + β, a + b). This set consists of n vertices of squares of the surface. Certainly, the
action of the permutation group G = ⟨s, t⟩ on the set ⟦1, n⟧, on the set of squares of the surface and
on the set of points P are equivalent.

(0,0)
1 2 3 4

5 6 7 8

9 10 11 12 13 14 15

16 17 18 19 20 21 22

23 24 25 26 27 28 29

#         »

(k,0)

#         »

(α, a)

#         »

(β, b)

#        »

(ℓ,0)

Figure 12: An unfolding of the square-tiled surface and the set P of marked points.

Let ∆1 be an arbitrary block for G containing at least two points. Since G acts on the set P
transitively (the square-tiled surface is connected), then P decomposes into several disjoint blocks of
the same length:

P =∆1 ⊔ . . . ⊔∆m , where m ∈ N .

Let us tile the plane with copies of the unfolded surface as shown in Figure 13. An infinite number of
equal parallelograms, however, will stay uncovered, we will call them teleports. In each copy of the
surface we shall mark the same integer points as in the initial one. We conclude that the following
points of the plane will be marked:
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4 THE CASE OF AN ARBITRARY PERMUTATION

Figure 13: A tiling of the plane with copies of the unfolded square-tiled surface. An
infinite number of equal parallelograms will be uncovered (teleports). The marked
points form the set P̂ .

– all integer points outside the teleports,

– all integer points on the upper and right sides of the teleports.

Consider the set P̂ of marked points. Denote by ŝ and t̂ the elements of the symmetric group Sym(P̂ )
which permute the points (p, q) ∈ P̂ in the following way:

ŝ(p, q) = ⎧⎪⎪⎨⎪⎪⎩
(p + 1, q), if (p + 1, q) is marked;(p + 1, q) + (ℓ − k,0), otherwise,

t̂(p, q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(p, q + 1), if (p, q + 1) is marked;(p, q + 1) + (α, a), if (p, q + 1) lies on the lower side of a teleport

and doesn’t coincides with the right end of the side,

and (p, q) is situated under the teleport;(p, q + 1) − (ℓ − k,0), if (p, q + 1) lies strictly inside a teleport,

and (p, q) is situated to the right of the teleport,

including its right side.

Let Ĝ be the permutation group generatd by the pair ŝ and t̂. For all i ∈ ⟦1,m⟧, denote by ∆̂i the
subset P̂ consisting of the block ∆i and all its duplicates in the copies of the unfolded surface. Then
we have a decomposition of the set P̂ into disjoint parts:

P̂ = ∆̂1 ⊔ . . . ⊔ ∆̂m ,

which is Ĝ-invariant, that is under the action of any permutation from Ĝ, each part ∆̂i is sent to some
∆̂j . (It suffices to check this for the permutations ŝ and t̂, since they generate the group Ĝ.) Hence,
all subsets ∆̂1, . . . , ∆̂m ⊆ P̂ are blocks for the group Ĝ. We are going to show that ∆̂1 = P̂ , that is
m = 1.

Connect two marked points x and y by a segment if they lie in the same block ∆̂i for some
i ∈ ⟦1,m⟧. Denote by seg(P̂ ) the set of obtained segments in the plane. To each segment xy, where
x ≠ y, corresponds two vectors # »xy and # »yx with integer coordinates, and to the segments xx corresponds
the zero-vector

#»

0 . Let V be the set of the vectors corresponding to the segments from seg(P̂ ). The
set V has the following properties:

1. If # »xy ∈ V , then also # »xy ±
#        »(ℓ,0) ∈ V .
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x

y

z

ŝ(x)

ŝ(y)

ŝ(z)

x

y

z

t̂(x)

t̂(y)

t̂(z)

Figure 14: Actions of the permutations ŝ and t̂ on the set P̂ .

Indeed, by construction of the blocks ∆̂i , together with each point y a block also contains the
points y ±

#        »(ℓ,0).
2. If # »xy ∈ V , then also # »xy ±

#                            »(α +β, a + b) ∈ V .

Indeed, by construction of the blocks ∆̂i , together with each point y a block also contains the
points y ±

#                            »(α +β, a + b).
3. If # »xy ∈ V and the vector # »xy cannot be be presented as a linear combination

c ⋅
#        »(ℓ,0) + d ⋅ #                            »(α +β, a + b)

with integer coefficients c and d, then the vectors # »xy ±
#                 »(ℓ − k,0) also belong to V .

We can assume that the coordinates of the vector # »xy =
#        »(p, q) satisfy the inequalities

∣p∣ < l and ∣q∣ < a + b
in view of already proven properties 1 and 2. Besides, the vector # »xy is nonzero, since it is not a
linear combination of the vectors

#                            »(α +β, a + b) and #        »(ℓ,0). Let us, moreover, suppose that p ≥ 0
and q ≥ 0 (other cases can be treated similarly). The vector # »xy corresponds to a segment xy
from the set seg(P̂ ). Consider the following two situations:

a) Suppose that the vector # »xy is not horizontal (its ordinate is nonzero). Then we can apply the
permutation ŝ and t̂ to the points x and y simultaneously, so that

– the image x1 of the point x lies on a horizontal line intersecting the interior of teleports or
their lower sides;

– the image y1 of the point y lies on a horizontal line not containing teleports or intersecting
teleports by upper sides;

– moreover, #      »x1y1 =
# »xy.

Such a segment x1y1 will belong to the set seg(P̂ ), since if x and y are in the same block ∆̂i ,
then the images of these points for the action of an arbitrary permutation ŵ ∈ Ĝ also belong to
the same block, namely ∆̂j = ŵ(∆̂i). Let us now apply the permutation ŝor ŝ −1 several times
to the points x1 and y1 , so that the point x1 pass through the teleport situated respectively to
the right or to the left of it (cf. Figure 15). A new segment x2y2 will be an element of the set
seg(P̂ ), and

#      »x2y2 =
# »xy −

#                 »(ℓ − k,0) or #      »x2y2 =
# »xy +

#                 »(ℓ − k,0)
respectively, as required.

b) Suppose that the vector # »xy is horizontal. If # »xy +
#                 »(ℓ − k,0) = #»

0 then we are done, since

by definition
#»

0 ∈ V . Let now # »xy +
#                 »(ℓ − k,0) be different from

#»

0 . Since the vector # »xy is not

collinear to the vector
#         »(α, a), then according to the propert 4.a) below, there exists a segment

x1y1 ∈ seg(P̂ ) such that
#      »x1y1 =

# »xy +
#         »(α, a) .
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#                 »

(ℓ − k,0)
#                 »

(ℓ − k,0)

y1y2 y2

x2 x2x1

Figure 15: Vectors x1y1 and x2y2 = x1y1 ± (ℓ − k,0) belong to the set V .

The vector #      »x1y1 is no more horizontal, and so by already proven property 3.a) we get a segment
x2y2 ∈ seg(P̂ ), for wich

#      »x2y2 =
#      »x1y1 +

#                 »(ℓ − k,0) = # »xy +
#                 »(ℓ − k,0) + #         »(α, a) .

The vector # »xy+
#                 »(ℓ − k,0) is not horizontal and not equal to

#»

0 , from where follows that #      »x2y2 and
#         »(α, a) are not collinear. From the property 4.a) for the vector #      »x2y2 follows that the vector

#      »x3y3 =
#      »x2y2 −

#         »(α, a) = # »xy +
#                 »(ℓ − k,0)

also belongs to the set V .

To construct the vector # »xy −
#                 »(ℓ − k,0), one proceeds by analogy.

4. If # »xy ∈ V and the vector # »xy cannot be presented as a linear combination

c ⋅
#        »(ℓ,0) + d ⋅ #                            »(α +β, a + b)

with integer coefficients c and d, then the vectors # »xy ±
#         »(α, a) also belong to V .

As for the property 3, we consider two situations:

a) The vector # »xy is not collinear to the vector
#         »(α, a). One can show this by analogy with the

property 3.a).

b) The vector # »xy is collinear to the vector
#         »(α, a). A proof uses the properties 3.a) and 4.a).

Let us show now that V = Z2. By the initial assumption, the block ∆1 for G contains at least two
points x, y ∈ P . These points also lie in the block ∆̂1 for the group Ĝ. Hence, in the set V there is
at least one vector which cannot be presented as a linear combination c ⋅

#        »(ℓ,0) + d ⋅ #                            »(α +β, a + b) with
integer coefficients c and d, namely the vector # »xy.

Let #»v ∈ Z2 be an arbitrary vector with integer coordinates. According to Lemma 6, the vectors

#        »(ℓ,0), #                            »(α +β, a + b) = #         »(α, a) + #         »(β, b), #                 »(ℓ − k,0) = #        »(ℓ,0) − #         »(k,0) and
#         »(α, a)

generate the lattice Z2. Therefore, the vector #»v − # »xy ∈ Z2 is of the form

#»v − # »xy = m1 ⋅
#        »(ℓ,0) +m2 ⋅

#                            »(α +β, a + b) +m3 ⋅
#                 »(ℓ − k,0) +m4 ⋅

#         »(α, a)
for some integers m1, m2, m3 and m4. Among all such presentations, we shall choose that, in which
the sum ∣m3∣ + ∣m4∣ is minimal. From the properties 3 and 4 follows that the vector

#»w = # »xy +m1 ⋅
#        »(ℓ,0) +m2 ⋅

#                            »(α +β, a + b)
belongs to the set V . Since the vector # »xy is not a linear combination c ⋅

#        »(ℓ,0) + d ⋅ #                            »(α +β, a + b) with
integer c and d, then this is also true for the vector #»w. We may apply the property 3 for ∣m3∣ times,
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4.2 The number of primitive pairs: a formula for #A(n)
and after that the property 4 for ∣m4∣ times, in order to show that together with the vector #»w the set
V also contains the vector

#»v = #»w +m3 ⋅
#                 »(ℓ − k,0) +m4 ⋅

#         »(α, a).
Indeed, in view of the minimality of the expression ∣m3∣ + ∣m4∣ , each of the ∣m3∣ + ∣m4∣ − 1 times that
we will apply the properties 3 and 4, only those vectors will occur which are not linear combinations
c ⋅

#        »(ℓ,0) + d ⋅ #                            »(α +β, a + b) for any integers c and d.

We conclude that the set V contains all vector with integer coordinates, and in particular, the
vectors

#        »(1,0) and #        »(0,1). This means that any two adjacent (vertically or horizontally) marked points
lie in the same block, that is all marked points lie in the same block: ∆̂1 = P̂ . Hence, the block ∆1

for G is trivial (coincides with the set P ), from where follows the primitivity of the group G.

Lemma 8. Let a, b, k, ℓ be positive integers with a and b being coprime. The number of distinct

pairs (α,β) of integers such that

0 ≤ α < k, 0 ≤ β < ℓ and k ∧ ℓ ∧ (aβ − bα) = 1, (31)

is equal to kℓ
φ(k∧ℓ)
k∧ℓ

.

Proof. Let k = k′d and ℓ = ℓ′d, where d = k ∧ l is the greatest common divisor. Denote by f(k, l) the
number of pairs (α,β) of integers satisfying the conditions (31). Notice that if for some α′,β′ ∈ Z the
differences α −α′ and β −β′ are divisible by d , then

d ∧ (aβ − bα) = d ∧ (a(β −β′) − b(α −α′) + aβ′ − bα′) = d ∧ (aβ′ − bα′) = 1.
Thus, in order to count the number of integer points (α,β) in the semi-open rectangle [0, k[×[0, ℓ[

0

5

10

5 10 15

Figure 16: Integer points (α,β) ∈ [0,15[×[0,10[ such that 15 ∧ 10 ∧ (3β − 2α) = 1.
with condition d∧ (aβ− bα), it suffices to found the number of such points in the square [0, d[×[0, d[.
More precisely, by proving the equality f(d, d) = d ⋅ φ(d), we will get the required:

f(k, l) = k′ℓ′f(d, d) = k′ℓ′dφ(d) = (k′d)(ℓ′d)φ(d)
d
= kℓ

φ(k ∧ ℓ)
k ∧ ℓ

.

See an example in Figure 16 for a = 3, b = 2, k = 15, ℓ = 10, d = 5.

So, let us show that the number of pairs (α,β) ∈ Z2 with conditions

0 ≤ α < d, 0 ≤ β < d and d ∧ (aβ − bα) = 1
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0

5

5

A = (−2 3
1 −2

) 0
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−10 −5

5 15

−5

−10

Figure 17: Integer 5-prime points in the parallelogram A([0,5[×[0,5[).

is equal to dφ(d) for any natural d. The fact that a and b are coprime guarantees the existence of
integers a′ and b′ such that a′a − b′b = 1, that is the determinant of the integer matrix

A = ( −b a

−a′ b′
)

equals 1. An integer point (x, y) will be called d-prime if its first coordinate x is coprime with d. We
want to find the number of integer points (α,β) in the semi-open square K = [0, d[×[0, d[, for which
the image

A ⋅ (α
β
) = ( aβ − bα

b′β − a′α
)

is a d-prime point: d∧(aβ−bα) = 1. In other words, we are interested in the number of d-prime points
in the parallelogram A(K), cf. Figure 17. Remark at once that the number of d-prime integer points(x, y) in the square K is obviously equal to φ(d) ⋅ d , since the first coordinate x ∈ [0, d[ can take φ(d)
values for each of the d values of the second coordinate y ∈ [0, d[.

Let us show now that under the action of any integer matrix2 A ∈ SL2(Z) on K, the number of

d-prime integer points doesn’t change. This is true for the matrices T = (1 1
0 1
) and U = (1 0

1 1
) as

shown in Figure 18. Indeed, the parallelograms T (K) and U(K) are obtained from the square K via
translation of one of its parts by the vector (d,0) and (0, d) respectively, the coordinates of which are
divisible by d (this does not change the number of d-prime integer points).

Recall that the group SL2(Z) is generated by the pair of element T and U , that is the matrix A
is a word in the alphabet {T,U}:

A = T ε1U ε2 . . . T εm−1U εm , where εi ∈ ⟦−1,1⟧.
Hence, the set of integer points in the semi-open parallelogram A(K) consists of integer points in the
square K, that are translated by vectors with coordinates divisible by d. We conclude that in the
parallelogram A(K) and in the square K, there is the same number of d-prime points, namely d ⋅φ(d).
This completes the proof of the equality f(d, d) = d ⋅ φ(d), from where follows the required equality

f(k, l) = kℓ φ(k∧ℓ)
k∧ℓ

.

2One denotes by SL2(Z) the special linear group over Z, that is the group of integer matrices 2×2 with determinant 1.

30
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Figure 18: The number of d-prime points in the parallelograms T (K) and U(K)
and in the square K is the same.

Theorem 2. The number of pairs of permutations from Sn with a 3-cycle commutator and which

generate An or Sn , is equal to

#A(n) = 3

8
(n − 2)J2(n)n! (32)

for any natural n > 2.

Proof. We are going to use Jordan’s theorem (Proposition A.7), Lemma 1, Lemma 2, Proposition 2,
Lemma 7, Lemma 8, the Möbius inversion formula (Proposition A.1), Dirichlet convolutions, Propo-
sition A.4 and Ramanujan’s formula (Proposition A.5).

Consider the pair of permutations (s, t) ∈ Sn × Sn generating the symmetric or the alternating
group of degree n with condition that the commutator [s, t] is a 3-cycle:

[s, t] = (z y x), that is tst−1 = (x y z)s. (33)

Such a permutation t ∈ Sn and such a triple (x, y, z) ∈ ⟦1, n⟧3 will be called allowed for s. We shall
always assume that z = max{x, y, z}. Since the group G = ⟨s, t⟩ contains a 3-cycle, then by Jordan’s
theorem this group coincides with Sn or An if and only if it is primitive, that is the square-tiled surface

O(s, t) is primitive.

According to Lemma 1, one of the following two situations occurs:

(a) All three integers x, y, z lie in same cycle s and the square-tiled surface O(s, t) is one-cylinder
with some parameters (k, a, b, c), as shown in Figure 1. By Lemma 2, the surface O(s, t) is
primitive if and only if k = 1 and a∧ b∧ c = 1. In particular, then the permutation s is a cycle of
maximal length, and so we find the number of required pairs (s, t) via Proposition 2:

F (n) ∶= n

6
(J2(n) − 3J1(n))n! . (34)

(b) Two integers x and y lie in the same cycle of the permutation s, and z lies in another cycle.
Moreover, the length of the latter cycle is equal to the s-distance from y to x. In this case, the
square-tiled surface O(s, t) is two-cylinder with parameters (a, b, k, ℓ,α,β), as shown in Figure
19. According to Lemma 7, the surface O(s, t) is primitive if and only if

a ∧ b = 1 and k ∧ ℓ ∧ (aβ − bα) = 1.
Such a permutation t ∈ Sn and such a triple (x, y, z) ∈ ⟦1, n⟧3 will be called allowed for s of
second kind. Let us find the number of pairs (s, t) ∈ Sn × Sn , where s decomposes into a
disjoint product of a cycles of length k and b cycles of length ℓ, and the permutation t is allowed
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y x
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ℓ −β β
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Figure 19: A two-cylinder square-tiled surface with parameters (a, b, k, ℓ,α,β).
for s of second kind:

G(n) ∶= ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
a∧b=1

#{(s, t) ∈ Sn × Sn ∣ type(s) = kaℓb, t is allowed for s of second kind}

= ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
a∧b=1

#{s ∈ Sn ∣ type(s) = kaℓb } × #{t ∈ Sn ∣ t is allowed for s0 of second kind} ,

where s0 is a fixed permutation of cycle type kaℓb. If a triple (x, y, z) is also fixed, then the
number of allowed t for s0 of second kind with condition (33) is equal to

(a − 1)! (b − 1)!kaℓb φ(d)
d

, where d = k ∧ ℓ .

Indeed, the square-tiled surface O(s0, t) in Figure 19 consists of a rows of length k and b rows
of length ℓ, which correspond to the cycles of s0. The permutation t indicates how these rows
are glued:

● the row with the number z must by at the bottom, and z is in its left corner;

● the remaining a − 1 rows of length k are glued from above in an arbitrary order, whilst
a cyclic permutation of the numbers is permitted in any row – this makes (a − 1)!ka−1
variants;

● on top of an obtained rectangle the row with the numbers y and x is glued as shown in
Figure, and a twist of length α is applied;

● the remaining b − 1 rows of length ℓ are glued from above in an arbitrary order, whilst a
cyclic permutation of the numbers is permitted in any row – this makes (b−1)! ℓb−1 variants;
● finally, the top of the construction is glued to the bottom via a twist of length β.

The obtained surface must be primitive. Then by Lemma 8, there are kℓ
φ(d)
d

choices for the

twists α and β, where d = k∧ℓ. Hence, the permutation t can be chosen in (a−1)! (b−1)!kaℓb φ(d)
d
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ways. So,

G(n) = ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
a∧b=1

#{s ∈ Sn ∣ type(s) = kaℓb } × (a − 1)! (b − 1)!kaℓb φ(k ∧ l)
k ∧ l

×#{(x, y, z) ∈ ⟦1, n⟧3 ∣ the triple (x, y, z) is allowed for s0 of second kind}

It is easy to check that the group Sn has

n!

a! b!kaℓb

permutations of cycle type kaℓb. Finally, the number of allowed triples (x, y, z) of second kind
for a fixed permutation s0 of cycle type kaℓb is equal to

abkℓ .

Indeed, the integer z belongs to one of the a cycles of length k (there are a ⋅ k variants) and the
integer y belongs to one of the b cycles of length ℓ (there are b ⋅ ℓ variants). Therefore, we obtain
the relation

G(n) = ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
a∧b=1

n!

a! b!kaℓb
× (a − 1)! (b − 1)!kaℓb φ(k ∧ l)

k ∧ l
× abkℓ

= n! ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
a∧b=1

φ(k ∧ l)
k ∧ l

× kℓ .

Denote g(n) = G(n)/n! and consider the following function

g̃(n) ∶= ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n

φ(k ∧ l)
k ∧ l

× kℓ ,

where integers a, b are not necessarily coprime. Denote c = a ∧ b and notice that the equality
ak + bℓ = n is equivalent to the equality a′k + b′ℓ = n/c , where the integers a′ = a/c and b′ = b/c
are coprime. Thus,

g̃(n) =∑
c∣n

g(n/c) =∑
c∣n

g(c) ,
and by the Möbius inversion formula (Proposition A.1), we get

g(n) =∑
c∣n

µ(c)g̃(n/c), that is g = µ ∗ g̃ . (35)

Further, the greatest common divisor d = k ∧ l also divides the integer n = ak + bℓ, from where

g̃(n) = ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n

φ(k ∧ l)
k ∧ l

kℓ =∑
d∣n

φ(d)
d

⎛⎝ ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
k∧l=d

kℓ
⎞⎠ .
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4 THE CASE OF AN ARBITRARY PERMUTATION

In the last sum, let us replace the pair (k, ℓ) by the pair (d ⋅ k′, d ⋅ ℓ′), where the integers k′ and
ℓ′ are coprime

g̃(n) =∑
d∣n

φ(d)
d

⎛⎝ ∑
a,b,k,ℓ∈N

k<ℓ
ak+bℓ=n
k∧l=d

kℓ
⎞⎠ =∑d∣n

φ(d)
d

⎛⎝ ∑
a,b,k′,ℓ′∈N

k′<ℓ′

ak′+bℓ′=n
k′∧l′=1

d2k′ℓ′
⎞⎠ =∑d∣n dφ(d)

⎛⎝ ∑
a,b,k′,ℓ′∈N

k′<ℓ′

ak′+bℓ′=n/d
k′∧l′=1

k′ℓ′
⎞⎠ ,

or in terms of the Dirichlet convolution:

g̃ = (id ⋅ φ) ∗ h, where h(n) = ∑
a,b,k′,ℓ′∈N

k′<ℓ′

ak′+bℓ′=n
k′∧l′=1

k′ℓ′ . (36)

Consider also the function
h̃(n) = ∑

a,b,k,ℓ∈N
k<ℓ

ak+bℓ=n

kℓ .

Since the equality ak + bℓ = n is equivalent to the equality ak′ + bℓ′ = n/d with kℓ = d2k′ℓ′, then

h̃(n) =∑
d∣n

d2h(n/d), that is h̃ = id2 ∗ h .

Taking into account Proposition A.4, we have

h̃ = id2 ⋅ (✶ ∗ h

id2
), that is

h̃

id2
= ✶ ∗

h

id2
,

and so by the Möbius inversion formula, we get

h

id2
= µ ∗

h̃

id2
, from where h = (id2 ⋅ µ) ∗ h̃ . (37)

We conclude that the relations (35), (36) and (37) give

g = µ ∗ g̃ = µ ∗ (id ⋅ φ) ∗ h = µ ∗ (id ⋅ φ) ∗ (id2 ⋅ µ) ∗ h̃ .
By Proposition A.4 and the equality (A.27), one has

(id ⋅ φ) ∗ (id2 ⋅ µ) = id ⋅ (φ ∗ (id ⋅ µ)) and φ ∗ (id ⋅ µ) = µ ,
from where

g = µ ∗ (id ⋅ µ) ∗ h̃ . (38)

We already know from the proof of Theorem 1 that

h̃ =
5

24
σ3 +

1

2
σ2 +

1

24
σ1 −

3

4
id ⋅ σ1 , (39)

due to the relation (23). The equalities µ ∗ σi = idi and µ ∗ idi = Ji (see (A.24) and (A.23) in
Appendix) imply that

(id ⋅ µ) ∗ µ ∗ σi = (id ⋅ µ) ∗ idi = id ⋅ (µ ∗ idi−1) = ⎧⎪⎪⎨⎪⎪⎩
id ⋅ (µ ∗ ✶) = id ⋅ ε = ε, if i = 1;

id ⋅ Ji−1, if i > 1,

where, by definition, ε(n) = 0 for n > 1. Further,

µ ∗ (id ⋅ µ) ∗ (id ⋅ σ1) = µ ∗ id ⋅ (µ ∗ σ1) = µ ∗ id ⋅ id = µ ∗ id2 = J2 .
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4.2 The number of primitive pairs: a formula for #A(n)
Put the formula (39) for h̃ into the relation (38):

g =
5

24
id ⋅ J2 +

1

2
id ⋅ J1 +

1

24
ε −

3

4
J2 ,

that is

G(n) = g(n)n! = ⎛⎝ 5

24
nJ2(n) + 1

2
nJ1(n) − 3

4
J2(n)⎞⎠n! , (40)

for any natural n > 2.

By summing the formulas (34) and (40), we obtain

#A(n) = F (n) +G(n) = ⎛⎝n6J2(n) − n2J1(n) + 5n

24
J2(n) + n

2
J1(n) − 3

4
J2(n)⎞⎠n! = 3

8
(n − 2)J2(n)n! ,

as required.

Corollary 6. For any ǫ > 0, there exists a positive integer N = N(ǫ) such that

n3−ǫ ⋅ n! < #A(n) < 3

8
n3 ⋅ n!

for all natural n ≥ N .

Proof. From Theorem 2 and the definition of Jordan’s totient function follows that

8

3
⋅
#A(n)
n!

= (n − 2)J2(n) < n ⋅ n2 = n3
for all natural n. Let us now prove the lower bound for the cardinality of the set A(n). For any δ > 0,
there exists a number K =K(δ) such that

n2−δ < J2(n) for n ≥K. (41)

Indeed, the function

f(n) = n2−δ

J2(n)
is multiplicative. For a power of a prime pα, its value

f(pα) = (pα)2−δ
(pα)2 (1 − 1/p2) =

1

pαδ
⋅
p2

p2 − 1

tends to zero as pα → +∞. According to Proposition A.3, we have f(n)→ 0 as n→ +∞. In particular,
there exists a number K such that

f(n) < 1 for all n ≥K.

We conclude that if n ≥K and n ≥ 4, then

#A(n)
n!

=
3

8
(n − 2)J2(n) > 3

8
⋅
n

2
⋅ n2−δ =

3

16
n3−δ.

For an arbitrary ǫ > 0, take δ = ǫ/2. Then
#A(n)
n!

>
3

16
n3−δ =

3

16
n3−ǫ+ǫ/2 =

3nǫ/2

16
⋅ n3−ǫ

> n3−ǫ for n ≥ N,

where N = N(ǫ) is a positive integer such that N ≥ K, N ≥ 4 and Nǫ/2
> 16/3. This completes the

proof.
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4 THE CASE OF AN ARBITRARY PERMUTATION

Corollary 7. The probability that a pair of permutations from Sn with a 3-cycle commutator

generates An or Sn , tends to zero as n→ +∞.

Proof. According to Corollary 6, the upper bound #A(n) < 3
8
n3 ⋅ n! holds for any n. On the other

hand, due to Corollary 4 with ǫ = 2, there exists an N such that

#B(n) > ψ0(n) ⋅ n! = nP (n) ⋅ n!
for all n ≥ N . Therefore,

0 <
#A(n)
#B(n) <

3
8
n2

P (n) Ð→

n→+∞
0, from where

#A(n)
#B(n) Ð→

n→+∞
0,

which proves the required statement.
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Appendix A Background in number theory and permutation
groups

A.1 Arithmetic functions

The majority of facts about arithmetic functions, which are given in this section, can be found in the
classical textbook by Apostol [1].

Definition. Any function f ∶ N → C defined on the set of positive integers and taking its values in
the set of complex numbers is called arithmetic.

Denote by F the set of all arithmetic functions, and by F∗ the subset functions different from zero at
the point 1:

F
∗
= {f ∈ F ∣ f(1) ≠ 0} . (A.1)

For any two arithmetic functions f and g one defines their product f ⋅ g:

(f ⋅ g)(n) = f(n)g(n), (A.2)

their discrete convolution f △ g:

(f △ g)(1) = 0 and (f △ g)(n) = n−1

∑
k=1

f(k)g(n − k) for n > 1, (A.3)

and also the Dirichlet convolution f ∗ g:

(f ∗ g)(n) =∑
d∣n

f(d)g(n/d). (A.4)

The latter operation provides the structure of an abelian group on the set F∗, since it possesses the
following properties:

(identity element) f ∗ ε = ε ∗ f = f for any function f ∈ F , where

ε(n) = ⎧⎪⎪⎨⎪⎪⎩
1, if n = 1

0, if n > 1
(A.5)

(inverse element) for any f ∈ F∗ there exists a unique function f̃ ∈ F∗ such that f ∗ f̃ =

f̃ ∗ f = ε, such a function satisfies the recurrent relation

f̃(1) = 1

f(1) and f̃(n) = −1
f(1) ∑

d∣n, d<n

f̃(d)f(n/d) for n > 1; (A.6)

(associativity) f ∗ (g ∗ h) = (f ∗ g) ∗ h for any f, g, h ∈ F ;

(commutativity) f ∗ g = g ∗ f for any f, g ∈ F .

Definition. An arithmetic function f is multiplicative, if f(1) = 1 and the equality

f(mn) = f(m)f(n) holds for any coprime m,n ∈ N. (A.7)

By Fmult we denote the set of all multiplicative arithmetic functions. It is a subgroup of the group
F∗, since

( multiplicativity

of the convolution
) the Dirichlet convolution of two multiplicative functions is multiplica-

tive;

37



A BACKGROUND IN NUMBER THEORY AND PERMUTATION GROUPS

( multiplicativity

of the inverse element
) the function f̃ is multiplicative for any function f ∈ Fmult.

It is easy to show that the following arithmetic functions are multiplicative:

✶(n) constant function, ✶(n) = 1
id(n) identical function, id(n) = n
idk(n) power function of order k,

idk(n) = nk, (A.8)

in particular, id0 = ✶ and id1 = id

µ(n) Möbius function defined as

µ(n) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, if n = 1(−1)r, if α1 = . . . = αr = 1

0,

(A.9)

where n = pα1

1 ⋯p
αr
r is the prime factorization of n

τ(n) number of divisors of n,

τ(n) = r

∏
i=1

(αi + 1), (A.10)

where n = pα1

1 ⋯p
αr
r is the prime factorization of n

σ(n) sum of divisors of n,

σ(n) = r

∏
i=1

pαi+1
i − 1

pi − 1
, (A.11)

where n = pα1

1 ⋯p
αr
r is the prime factorization of n

σk(n) sigma-function of order k is the sum of kth powers of the divisors
of n,

σk(n) =∑
d∣n

dk =
r

∏
i=1

p
k(αi+1)
i − 1

pki − 1
, (A.12)

in particular, σ0 = τ and σ1 = σ

φ(n) Euler’s totient function is the number of positive integers from 1 to
n which are coprime with n,

φ(n) = n∏
p∣n

p prime

(1 − 1

p
) (A.13)

Jk(n) Jordan’s totient function of order k > 0 is the number of tuples(a1, . . . , ak) of k positive integers from 1 to n, the greatest common
divisor of which is coprime with n,

Jk(n) = nk ∏
p∣n

p prime

(1 − 1

pk
) , (A.14)

in particular, J1 = φ.
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A.1 Arithmetic functions

For a proof of the formulas (A.10) – (A.14), it is sufficient to check them for the case that n is a power
of a prime, and to use the multiplicativity property.

Proposition A.1 (Möbius inversion formula). Let f and g be arbitrary arithmetic functions.
The equality

f(n) =∑
d∣n

g(d)
holds for any n ∈ N if and only if one has

g(n) =∑
d∣n

µ(d)f(n/d)
for any n ∈ N. In other words, the equalities f = g ∗ ✶ and g = f ∗ µ are equivalent.

Proposition A.2. Let f be a multiplicative arithmetic function. Then the equality

∑
d∣n

µ(d)f(d) = ∏
p∣n

p prime

(1 − f(p)) (A.15)

holds for any n ∈ N.

Proof. Consider the function g(n) = ∑d∣n µ(d)f(d) = (µ ⋅ f) ∗ ✶. It is multiplicative as the Dirichlet
convolution of two multiplicative functions µ ⋅ f and ✶. Further,

g(pα) = µ(1)f(1) + µ(p)f(p) + ⋅ ⋅ ⋅ + µ(pα)f(pα) = 1 ⋅ 1 + (−1) ⋅ f(p) = 1 − f(p)
for each power of a prime p. Therefore,

g(n) = g(pα1

1 )⋯g(pαr
r ) = (1 − f(p1))⋯(1 − f(pr))

for any natural n with prime factorization pα1

1 ⋯p
αr
r .

From this proposition for f(n) = 1/nk we obtain the equality

∑
d∣n

µ(d)
dk

= ∏
p∣n

p prime

(1 − 1

pk
) . (A.16)

The following relations can be proved directly by definition of the Dirichlet convolution or by using
the multiplicativity property:

✶ ∗ ✶ = τ (A.17)

✶ ∗ idk = σk (A.18)

✶ ∗ µ = ε (A.19)

✶ ∗ φ = id (A.20)

✶ ∗ Jk = idk (A.21)

idk ∗ idℓ = σk−ℓ ⋅ idℓ (A.22)

idk ∗ µ = Jk (A.23)

µ ∗ σk = idk (A.24)

τ ∗ φ = σ (A.25)

(id ⋅ µ) ∗ σ = ✶ (A.26)

(id ⋅ µ) ∗ φ = µ. (A.27)
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For instance, to show the equality (A.26) one considers the function f = (id ⋅ µ) ∗ σ, which is multi-
plicative as well as the functions id ⋅ µ and σ. If p is a prime number, then

f(pα) = ∑
d∣pα

dµ(d)σ(pα/d) = α

∑
k=0

pkµ(pk)σ(pα−k) = 1 ⋅ µ(1)σ(pα) + p ⋅ µ(p)σ(pα−1)
= (1 + p + ⋅ ⋅ ⋅ + pα) − p(1 + p + ⋅ ⋅ ⋅ + pα−1) = 1,

from where f(n) = f(pα1

1 )⋯f(pαr
r ) = 1 for any n = pα1

1 ⋯p
αr
r .

The following statement is given in the textbook of Hardy and Wright [6, 316].

Proposition A.3. If an arithmetic function f(n) is multiplicative and f(pα) → 0 as pα → +∞,
where pα is a power of a prime, then f(n)→ 0 as n→ +∞.

An arithmetic function f is completely multiplicative, if f(mn) = f(m)f(n) for any positive
integers m and n (not just coprime).

Proposition A.4. If a function f is completely multiplicative, then

f ⋅ (g ∗ h) = (f ⋅ g) ∗ (f ⋅ h)
for any functions g, h ∈ F .

Proof. Since f is completely multiplicative, then f(n) = f(d)f(n/d) for any positive integer n and
any of its divisor d. Therefore,

f ⋅ (g ∗ h)(n) = f(n)∑
d∣n

g(d)h(n/d) =∑
d∣n

f(d)g(d)f(n/d)h(n/d) = (f ⋅ g) ∗ (f ⋅ h)(n),
as required.

The function id is multiplicative, so the equality (A.26) can be established, by Proposition A.4
and the Möbius inversion formula:

(id ⋅µ)∗σ = ✶ ⇐⇒ id ⋅(µ ∗ σ

id
) = ✶ ⇐⇒

σ

id
∗µ =

✶

id
⇐⇒

✶

id
∗✶ =

σ

id
⇐⇒ ✶∗id = σ.

The last equality is obviously true.

In 1916, Srinivasa Ramanujan expressed discrete convolutions of sigma-functions of odd order via
linear combinations of functions σk and id ⋅ σk with rational coefficients. For instance, he proved the
proposition bellow (cf. collected papers [13]).

Proposition A.5 (Ramanujan’s formulas, 1916). The following equalities

(σ△ σ)(n) = 5

12
σ3(n) + 1

12
σ(n) − 1

2
nσ(n),

(σ△ σ3)(n) = 7

80
σ5(n) + 1

24
σ3(n) − 1

240
σ(n) − 1

8
nσ3(n)

hold for any natural n.
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A.2 Partitions of a positive integer

A.2 Partitions of a positive integer

A partition of a number n ∈ N is its presentation as a sum

n = a1 + ⋅ ⋅ ⋅ + ar (A.28)

of positive integers a1, . . . , ar ∈ N. Two sums that differ only in the order of their summands are
considered to be the same partition.

Definition. The function P (n) equal to the number of distinct partitions of n is called the partition
function.

The values of P (n) for the first 18 positive integers are given in Table A.1.

Table A.1: P (n) for n ∈ ⟦1,18⟧.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

P (n) 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176 231 297 385

The generating function of the sequence {P (n)}∞n=0 , where P (0) = 1, is the following infinite
product:

F (x) = ∞∏
k=1

1

1 − xk
. (A.29)

Indeed, the equality (A.28) can be re-written as n = α1k1 + ⋅ ⋅ ⋅ +αsks , meaning that among a1, . . . , ar
there are exactly α1 numbers k1, α2 numbers k2, etc., exactly αs numbers ks with condition k1 < . . . <
ks. Therefore,

F (x) = ∞

∏
k=1

1

1 − xk
=

∞

∏
k=1

(1 + xk + x2k + ⋅ ⋅ ⋅ + xαk + . . . ) = 1 + ∑
s∈N

α1,...,αs∈N
k1<...<ks∈N

xα1k1+⋅⋅⋅+αsks

=

∞

∑
n=0

P (n)xn.
In their famous paper [5, 1918] the mathematicians Hardy and Ramanujan obtained the asymptotic

estimate of the partition function:

P (n) ∼ 1

4n
√
3
exp
⎛⎝π
√

2n

3

⎞⎠ as n→∞. (A.30)

Proposition A.6. The discrete convolution of the functions σ and P satisfies the equality

(σ△ P )(n) = nP (n) − σ(n)
for any positive integer n.

Proof. Take the natural logarithm of both sides of the equality (A.29)

log (F (x)) = ∞∑
k=1

log ( 1

1 − xk
)

and differentiate the new equality:

F ′(x)
F (x) =

∞

∑
k=1

kxk−1(1 − xk)2 , from where xF ′(x) = F (x) ∞∑
k=1

kxk

1 − xk
. (A.31)
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An infinite formal series of the form
∞

∑
k=1

ak
xk

1 − xk
is called the Lambert series with coefficients

a1, a2, . . . (cf. the classical textbook by Knopp [10, §58]). As well known, the following relations hold
for sigma-functions:

∞

∑
k=1

km
xk

1 − xk
=

∞

∑
n=1

σm(n)xn (A.32)

for any nonnegative integer m. In particular, when m = 1 we get

∞

∑
k=1

kxk

1 − xk
=

∞

∑
n=1

σ(n)xn.
Because F (x) = ∑∞n=0 P (n)xn, then xF ′(x) = ∑∞n=1 nP (n)xn and we can write the equality (A.31) as

∞

∑
n=1

nP (n)xn = ( ∞∑
n=0

P (n)xn)( ∞∑
n=1

σ(n)xn) = ∞∑
n=1

(n−1∑
k=0

P (k)σ(n − k))xn

=

∞

∑
n=1

(σ(n) + (σ△ P )(n))xn.
Comparing the coefficients of xn leads to the relation (σ△ P )(n) = nP (n) − σ(n).

A.3 Permutation groups

Let M and L be some sets (finite or infinite). The elements of a set will be also called points.

Injection from the set M to the set L is a map f ∶ M ↪ L with the property: f(x) ≠ f(y) for any
x ≠ y from M . In other words, an injection sends distinct elements of M to distinct elements
of L.

Surjection from the set M to the set L is a map f ∶M ↠ L with the property: for any z ∈ L there
exists at least one x ∈M such that z = f(x). In other words, under surjection the image of the
set M is the whole set L.

Bijection from the set M to the set L is a map f ∶M → L, which is injective and surjective at the
same time. If a map f is a bijection, then the inverse map f−1 ∶ L→M is defined, namely

for any z ∈ L we define f−1(z) = x, where x ∈M such that z = f(x).
The existence of such an element x ∈ M follows from the surjectivity of f , and its uniqueness
follows from the injectivity f .

Permutation of the set M is any bijection of the set M with itself.

For an explicit definition of a permutation s ∶M →M , it is presented as a matrix 2× ∣M ∣, where
the first row consists of all elements of the set M in some order, and under each element there
is its image for the action of s in the second row:

s = ( x1 . . . xn
s(x1) . . . s(xn)) .

For instance, the record s = (1 2 3
3 1 2

) means that M = {1,2,3} and s ∶ 1↦ 3, 2↦ 1, 3↦ 2.

Product of two permutations s ∶ M → M and t ∶ M → M , denoted by s ○ t, is defined to be the
composition of the maps:

(s ○ t)(x) = s(t(x)) for any element x ∈M.

The symbol of composition is often omitted, and one writes shortly st.

The product of permutations has group features:
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A.3 Permutation groups

(identity element) s○ id = id○s = s for any permutation s ∶M →M , where id is identity
permutation defined as

id(x) = x for all x ∈M ;

(inverse element) s ○ s−1 = s−1 ○ s = id for any permutation s ∶M →M , where s−1 is the
inverse map (cf. above):

if s = (x1 . . . xn
y1 . . . yn

) , then s−1 = (y1 . . . yn
x1 . . . xn

) ;
(associativity) s ○ (t ○ u) = (s ○ t) ○ u for any three permutations s, t, u ∶M →M .

Symmetric group of the set M is the group of all permutations of M . It is denoted by Sym(M).
If M = {1,2, . . . , n}, then one uses the shortened designation Sn , its order of this group is n!.

Permutation group on the set M is an arbitrary subgroup of the symmetric group Sym(M).
Degree of a permutation group on M is defined to be the cardinality of the set M .

For instance, the degree of the group Sn equals n.

Support of a permutation s ∈ Sym(M) is the set of those elements of M , which move under the
action of s. The support is denoted by

supp s ∶= {x ∈M ∣ s(x) ≠ x} .
The set of all points, which are stabilized, is denoted by

fix s ∶= {x ∈M ∣ s(x) = x}
=M ∖ supp s.

Graph of permutations s1, . . . , sg of the set M is the following g-colored directed graph (possibly
with loops):

● its vertices are the elements of the set M ,

● two vertices x and y of the graph are connected by a directed edge with the ith color and the
starting vertex at x if and only if si(x) = y.
The graph of permutations s1, . . . , sg will be denoted by Graph(s1, . . . , sg). In Figure 20, one can

see the graph of the permutations s = (1 2 3 4 5 6 7
2 3 4 1 6 5 7

) and t = (1 2 3 4 5 6 7
1 5 3 2 7 4 6

).

1

2

3

4

5

6

7

= s

= t

Figure 20: Graph(s, t)
Cycle (k-cycle) on the set M is a permutation s that rearrange some k elements x1, . . . , xk from M

by the rule
s(x1) = x2, s(x2) = x3, . . . , s(xk) = x1,

and the other elements don’t move. In this case, one writes s = (x1 . . . xk). The number k is
called the length of the cycle.
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Lemma A.1. Each permutation s of M is a product of disjoint cycles.

Proof. It suffices to consider the graph Graph(s) of the given permutation, and notice that distinct
cycles of this graph correspond to disjoint cycles of the permutation s. For instance, from Figure 20
it follows that s = (1 2 3 4)(5 6) and t = (2 5 7 6 4).
When presenting a permutation as a product of disjoint cycles, the cycles of length one are normally
omitted (they correspond to the points which are stabilized by the permutation).

Cycle type of a permutation s ∈ Sn is the formal expression 1l12l2 . . . klk meaning that in the de-
composition of s into disjoint cycles, there are exactly l1 cycles of length 1, exactly l2 cycles of
length 2, and so on, exactly lk cycles of length k. In particular, the following equality holds

l1 + 2l2 + ⋅ ⋅ ⋅ + klk = n.

The cycle type of a permutation s will be denoted by type(s). For instance, if s =(2 3)(4 5 6 7 8)(10 11) ∈ S15 , then type(s) = 162251.
Two permutations has the same cycle type if and only if they are conjugate. This follows from
the fact that when conjugating a cycle (a1 a2 . . . ak) of an arbitrary permutation s, one replaces
the points ai in the cycle by their images for the action of s :

s (a1 a2 . . . ak) s−1 = (s(a1) s(a2) . . . s(ak)).
Thus, any two cycles (a1 a2 . . . ak) and (b1 b2 . . . bk) of the same length are conjugate:

(b1 b2 . . . bk) = (a1 a2 . . . ak
b1 b2 . . . bk

)(a1 a2 . . . ak)(a1 a2 . . . ak
b1 b2 . . . bk

)−1 .
All permutations from Sn with the same cycle type form a conjugacy class of the group Sn.

Lemma A.2. The number of element in the conjugacy class ∣C ∣ of the group Sn corresponding to
a cycle type 1l12l2 . . . klk can be calculated via the formula

∣C ∣ = n!

1l1 l1! 2l2 l2! ⋯ klk lk!
. (A.33)

Flag of a permutation s ∈ Sn is a nondecreasing sequence a1 ≤ . . . ≤ ar of positive integers, which are
the lengths of the disjoint cycles in the decomposition of s (including the cycles of length 1).
The next equality holds

a1 + ⋅ ⋅ ⋅ + ar = n ,

that is one gets a partition of n. The flag of the permutation s is denoted by flag(s). For
instance, if s = (2 3)(4 5 6 7 8)(10 11) ∈ S15 , then flag(s) = 1,1,1,1,1,1,2,2,5.
As well as for the cycle types, two permutations have the same flag if and only if they are

conjugate. We conclude with the following statement:

Lemma A.3. The number of conjugacy classes in Sn is equal to P (n).
Transposition is a cycle of length two. According to the relation (A.33), in the group Sn there are

exactly n!
1n−2(n−2)! 211!

=
n(n−1)

2
transpositions.

Lemma A.4. Each permutation in Sn is a product of transposition (possibly intersecting).
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Proof. Due to Lemma A.1, it suffices to prove the statement for an arbitrary cycle. But for cycles it
is true, since (x1 . . . xk) = (x1 x2)(x2 x3) . . . (xk−1 xk) when k > 1.
Even permutation is a permutation which is a product even number of transpositions. The other

permutations are called odd. For instance, all cycles of odd length are even permutations, and
cycles of even length are odd.

Signature of a permutation is defined to be 1 or −1 depending on whether the permutation is even
or odd respectively. The signature of a permutations s ∈ Sym(M) is denoted by sign(s):

sign(s) = ⎧⎪⎪⎨⎪⎪⎩
1, if s is even;

−1, if s is odd.

For instance, sign(id) = sign(1 2 3) = 1 and sign(1 2) = −1. For any permutations s and t the
following relation holds:

sign(s ○ t) = sign(s) ⋅ sign(t).
Alternating group of the set M is the subgroup ofthose permutations from Sym(M), which are

products of even number of transpositions (that is the subgroup of all even permutations). It

is denoted by Alt(M), or shortly An for M = {1,2, . . . , n}. The order of An equals n!/2 when
n > 1.

Transitive permutation group on the sets M is a subgroup G ⊆ Sym(M) such that, for any points
x, y ∈M , there exists at least one permutation s ∈ G sending x to y.

It easy to show that the group generated by permutation s1, . . . , sg is transitive if and only if
the graph Graph(s1, . . . , sg) is connected.

Block for a permutation group G ⊆ Sym(M) is a nonempty subset ∆ ⊆M such that

s(∆) = ∆ or s(∆) ∩∆ = ∅ for any permutation s ∈ G.

Evidently, the subsets {x} consisting of one element (singletons) and the whole setM are blocks
for G. They are called trivial.

For example, for the Klein four-group K4 = {id, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} ⊂ S4 there are
exactly 11 blocks:

{1} , {2} , {3} , {4} , {1,2,3,4} , {1,2} , {1,3} , {1,4} , {2,3} , {2,4} , {3,4} ,
the first five of which are trivial.

Remark that if ∆ is a block for a group G, then its image s(∆) for the action of any permutation
s ∈ G is also a block for G.

Definition. A permutation group on M is said to be primitive if all blocks for it are trivial.

Let us show that for ∣M ∣ > 2 any primitive group G ⊆ Sym(M) is automatically transitive. Indeed,
consider the orbit ∆ of an arbitrary point x ∈M for the action of G, that is

∆ = {s(x) ∣ s ∈ G} .
Since s(∆) = ∆ for any permutation s ∈ G, then ∆ is a block, and so it is either a singleton or the
whole set M . In the first case, we obtain s(x) = x for all s ∈ G and x ∈M , that is the group G consists
of the only permutation id. So, it cannot be primitive when ∣M ∣ > 2. In the second case, the group G
is transitive.

The converse is false: a transitive group is not always primitive. Remark, however, that for a finite

set M and a transitive group G ⊆ Sym(M), the cardinality of any block ∆ divides the cardinality of all

set M . Indeed, any two images s1(∆) and s2(∆) of the block for the action of permutations s1, s2 ∈ G
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either coincide or don’t intersect, by definition of a block. Besides, all images together cover the whole
set M , since the group G is transitive. Hence, we get a partition of M ,

M = s1(∆) ⊔ . . . ⊔ sk(∆)
into several disjoint subsets, the cardinalities of which are equal to the cardinality of the block ∆.
Thus ∣∆∣ divides ∣M ∣. Moreover, each of these subset is also a block for G, from where follows the
lemma below.

Lemma A.5. Consider a transitive permutation group G ⊆ Sym(M) and some point x ∈M . The
group G is primitive if and only if the only blocks containing the point x are {x} and M .

It is easy to check that for ∣M ∣ > 2 the symmetric and the alternating groups of the set M are
primitive. In 1873, the French mathematician Jordan [9] found a simple criterion whether a given
primitive group coincides with Alt(M) or Sym(M).
Proposition A.7 (Jordan’s theorem, 1873). Let G be a primitive subgroup of Sn.

1. If G contains a transposition, then G = Sn.

2. If G contains a 3-cycle then, either G = Sn or An.

3. In general, if G contains a cycle of prime order p ⩽ n − 3, then either G = An or G = Sn.

A proof of this theorem can be found in the textbook of Wielandt [16, Theorem 13.9].

By means of Jordan’s theorem, it is not difficult to obtain the following statement (see for example
the paper by Isaacs and Zieschang [7]):

Proposition A.8. Let m and n be positive integers, 1 < m < n. Two cycles (1 2 . . . m) and(1 2 . . . n) generate the group An if m and n are both odd, and the whole group Sn otherwise.
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A.4 Representations of the symmetric group

Vector space over C is an additive group V together with a rule of multiplication λ ⋅ #»v of elements
#»v ∈ V by numbers λ ∈ C. Moreover, the following axioms must be satisfied for any #»u , #»v ∈ V

and λ, µ ∈ C :

1) 1 ⋅ #»v = #»v ,

2) λ ⋅ (#»u + #»v ) = λ ⋅ #»u + λ ⋅ #»v ,

3) (λ + µ) ⋅ #»v = λ ⋅ #»v + µ ⋅ #»v ,

4) (λµ) ⋅ #»v = λ ⋅ (µ ⋅ #»v ).
Elements of the space V are called vectors, and the numbers from C are called scalars.

An example of a vector space over C is the set Cd of d-tuples of complex numbers, where d ∈ N.
Addition vector and multiplication by scalars are defined as

(x1, x2, . . . , xd) + (y1, y2, . . . , yd) = (x1 + y1, x2 + y2, . . . , xd + yd) ,
λ ⋅ (x1, x2, . . . , xd) = (λx1,λx2, . . . ,λxd) .

Subspace of a vector space V is any subset U ⊆ V which is itself a vector space with rules of addition
of vector and multiplication by scalars, inherited from V .

For a subset U ⊆ V to be a subspace, it is necessary and sufficient that the following properties
hold:

1)
#»

0 ∈ U ,

2) if #»u and #»v lie in U , then their sum #»u + #»v also lies in U ,

3) if #»v ∈ U , then also λ ⋅ #»v ∈ U for any scalar λ ∈ C.

The set {#»

0 } and the entire V are obviously subspaces in V , they are called the trivial sub-
spaces. All other subspaces are called proper.

An example of a proper subspace in Cd for d > 1 is the set of d-tuples of complex numbers(x1, x2, . . . , xd) with the condition x1 = 0.

Matrix of size d × d is a square table having d rows and d columns and filled with numbers:

A =

⎛⎜⎜⎜⎝
a11 a12 ⋯ a1d
a21 a22 a2d
⋮ ⋱ ⋮

ad1 ad2 ⋯ add

⎞⎟⎟⎟⎠
One writes shortly A = (aij)d×d or A = (aij), where aij is the element of the matrix at the
intersection of the ith row and the jth column. A matrix is said to be complex if all its elements
are complex (that is of the form a + b

√
−1 for some real numbers a and b).

The complex d × d matrices act on the vectors from the space Cd in the following way:

A ⋅ #»v =

⎛⎜⎜⎜⎝
a11 a12 ⋯ a1d
a21 a22 a2d
⋮ ⋱ ⋮

ad1 ad2 ⋯ add

⎞⎟⎟⎟⎠
⋅

⎛⎜⎜⎜⎝
x1
x2
⋮

xd

⎞⎟⎟⎟⎠
=

⎛⎜⎜⎜⎝
a11x1 + a12x2 +⋯+ a1dxd
a21x1 + a22x2 +⋯+ a2dxd

⋮

ad1x1 + ad2x2 +⋯+ addxd

⎞⎟⎟⎟⎠
,

where a vector #»v ∈ Cd is written as a column with d complex numbers. For instance,

(a b

c d
) ⋅ (x

y
) = (ax + by

cx + dy
) .

It is easy to check that for any vectors #»u , #»v ∈ Cd and scalars λ, µ ∈ C the following equality
holds:

A ⋅ (λ#»u + µ#»v ) = λ ⋅ (A ⋅ #»u ) + µ ⋅ (A ⋅ #»v ).
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Identity matrix is a matrix with ones on the main diagonal (from the upper left corner to the lower
right corner) and zeros everywhere else. The identity d × d matrix is denoted by Id :

Id =

⎛⎜⎜⎜⎝
1 0 ⋯ 0
0 1 0
⋮ ⋱ ⋮

0 0 ⋯ 1

⎞⎟⎟⎟⎠
.

Trace of a matrix is defined as the sum of the numbers on the main diagonal. The trace of a matrix
A is denoted by tr(A) :

tr(A) = a11 + a22 +⋯+ add .
For instance, tr(Id) = d.

Determinant of a d × d matrix is given by the following formula:

det(A) = ∑
s∈Sd

sign(s) ⋅ a1,s(1) a2,s(2) . . . ad,s(d) , (A.34)

where one sums all products of d elements of the matrix, no two of which are in the same row
or the same column. In a product a1,s(1)a2,s(2)⋯ad,s(d) the first multiplier lies in the column
s(1), the second multiplier lies in the column s(2) and so on, where s is some permutation of
the numbers from 1 to d. In the sum, such a product is counted with a coefficient +1 or −1
depending on the parity of s (recall that sign(s) denotes the signature of the permutation).

For instance, for the 2 × 2 matrices one has

tr(a b

c d
) = a + d and det(a b

c d
) = ad − bc .

Product of matrices A = (aij)d×d and B = (aij)d×d is the d × d matrix with the element
d

∑
k=1

aikbkj

at the intersection of the ith row and the jth column:

A ⋅B =

⎛⎜⎜⎜⎝
a11b11 + a12b21 +⋯a1dbd1 a11b12 + a12b22 +⋯a1dbd2 ⋯ a11b1d + a12b2d +⋯a1dbdd
a21b11 + a22b21 +⋯a2dbd1 a21b12 + a22b22 +⋯a2dbd2 a21b1d + a22b2d +⋯a2dbdd

⋮ ⋱ ⋮

ad1b11 + ad2b21 +⋯addbd1 ad1b12 + ad2b22 +⋯addbd2 ⋯ ad1b1d + ad2b2d +⋯addbdd

⎞⎟⎟⎟⎠
.

In some sense, when multiplying two matrices “the rows of the first matrix are multiplied by the
columns of the second matrix”. The product of two matrices is not always commutative. For
instance,

(1 1
0 1
)(1 0

1 1
) = (2 1

1 1
) , but (1 0

1 1
)(1 1

0 1
) = (1 1

1 2
) .

The product of matrices has the following properties:

a. For any d × d matrix A one has the equality

A ⋅ Id = Id ⋅A = A

b. If det(A) ≠ 0, then there exists a (unique) matrix denoted by A−1 such that

A ⋅A−1 = A−1 ⋅A = Id

Such a matrix is called the inverse of A.

c. For any three d × d matrices A, B and C, one has the equality

A ⋅ (B ⋅C) = (A ⋅B) ⋅C
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d. The determinant of a product equals a product of the determinants,

det(A ⋅B) = det(A) ⋅ det(B)
In view of these properties, all complex d × d matrices with nonzero determinant form a group,
which is called the general linear group and denoted by GLd(C).

GLd(C) ∶= {A = (aij)d×d ∣ aij ∈ C and det(A) ≠ 0} .
Homomorphism from a group G to a group K is a map f ∶ G→K such that

f(g1g2) = f(g1) ⋅ f(g2) for any g1, g2 ∈ G.

In other words, under homomorphisms the image of a product (of two elements from G) is a
product of their images (in K).

If a homomorphism f is moreover a bijection, then it is called an isomorphism. Isomorphism
is a bijective homomorphism.

Representation of a group Sn is any homomorphism ρ ∶ Sn → GLd(C), where d ∈ N.
The natural number d is called the dimension of the representation ρ and denoted dimρ.

Given a representation ρ ∶ Sn → GLd(C), to each permutation s ∈ Sn corresponds a d×d complex
matrix ρ(s), so that the matrix of a product of two permutations ρ(st) is equal to the product
of matrices ρ(s) ⋅ ρ(t) for any s, t ∈ Sn.
Two representations ρ ∶ Sn → GLd(C) and η ∶ Sn → GLk(C) are said to be equivalent and one
writes ρ ∼ η, if d = k and there exists a matrix A ∈ GLd(C) such that

ρ(s) = A ⋅ η(s) ⋅A−1 for any permutation s ∈ Sn .

Irreducible representation of the group Sn is such representation ρ ∶ Sn → GLd(C) , for which
there is no proper subspace V of the vector space Cd with the property:

ρ(s) ⋅ #»v ∈ V for any permutation s ∈ Sn and any vector #»v ∈ V.

In other words, only the subspace {#»

0 } and the entire space Cd are invariant under the action
of all matrices ρ(s).

Lemma A.6. The number of pairwise nonequivalent irreducible representations of the group Sn
is equal to the number of conjugacy classes in Sn , that is to the number of partitions of n.

Character of a representation ρ of Sn is the function χρ ∶ Sn → C such that

χρ(s) = tr(ρ(s)) for any permutation s ∈ Sn.

This means that a character χρ is given by a tuple of n! complex numbers (possibly equal),
which are the traces of the matrices ρ(s) for s ∈ Sn. Here are some properties of the characters:

a. For any representation ρ ∶ Sn → GLd(C), one has

χρ(id) = dimρ .

Indeed, the homomorphism ρ sends the identity permutation id to the identity matrix Id ,
that is χρ(id) = tr(ρ(id)) = tr(Id) = d = dimρ.
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b. If permutations s and t are conjugate, then

χρ(s) = χρ(t).
This means that any character χρ of the group Sn can take at most P (n) distinct values,
because at elements of each conjugacy class the same value (cf. Lemma A.3).

c. If representations ρ and η of the group Sn are equivalent, then their characters are equal:

χρ(s) = χη(s) for any permutation s ∈ Sn .

d. For any representation ρ ∶ Sn → GLd(C) and any permutations s ∈ Sn the value of the
character χρ(s) is integer. This can be proved by means of Galois theory.

According to Lemma A.6 the groups S2, S3 and S4 have respectively P (2) = 2, P (3) = 3 and
P (4) = 5 pairwise nonequivalent irreducible representations. In the tables below, one finds
the characters of those representations, where in the first row we indicated permutations from
distinct conjugacy classes of Sn , in the second row – the number of permutations in those classes,
and in the other rows – the values of the characters at those permutations.

Table A.2: The characters of the irreducible representations of S2 and S3.

C id (1 2)∣C ∣ 1 1

χ1 1 1
χ2 1 −1

C id (1 2) (1 2 3)∣C ∣ 1 3 2

χ1 1 1 1
χ2 1 −1 1
χ3 2 0 −1

Table A.3: The characters of the irreducible representations of the group S4.

C id (1 2) (1 2 3) (1 2)(3 4) (1 2 3 4)∣C ∣ 1 6 8 3 6

χ1 1 1 1 1 1
χ2 1 −1 1 1 −1
χ3 2 0 −1 2 0
χ4 3 1 0 −1 −1
χ5 3 −1 0 −1 1

Proposition A.9 (Frobenius’s formula). Consider an arbitrary permutation w ∈ Sn and its
conjugacy class C. The number of pairs of permutations s and t from Sn such that type([s, t]) =
type(w) is equal to

n! ⋅ ∣C ∣ ⋅∑
ρ

χρ(w)
dimρ

,

where the sum is over all (pairwise nonequivalent) irreducible representations ρ of Sn.

For instance, if w = (1 2 3) then according to the relation (A.33) the number of permutations conjugate

to w is equal to ∣C ∣ = n!
1n−3(n−3)! 311!

=
n(n−1)(n−2)

3
. Therefore, the number of pairs (s, t) ∈ Sn × Sn with

a 3-cycle commutator is equal to the expression

n! ⋅
n(n − 1)(n − 2)

3
⋅∑

ρ

χρ((1 2 3))
dimρ

.

A proof of the generalized Frobenius’s formula can be found in the work [8] and in the survey [17].
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A.5 Square-tiled surfaces

Definition. A square-tiled surface, or shortly an origami, is a finite collection of copies of the
unitary Euclidian square together with a gluing of the edges:

• the right edge of each square is identified to the left edge of some square,

i − j− or i− −

• the top edge of each square is identified to the bottom edge of some square.

i

−

k

−

or i

−
−

The notion of square-tiled surfaces came into sight in 1970s through the works of William P.
Thurston [14] and William A. Veech [15]. Nowadays, these objects are being actively studied.

Consider an arbitrary origami O with n squares. Number its squares by the integers from 1 to n.
Then we will obtain a pair of permutations (s, t) ∈ Sn × Sn that indicates how the squares are glued
in the horizontal and the vertical directions:

s(i) = j, if the right edge of the ith square is glued to the left edge of the jth one,

t(i) = k, if the top edge of the ith square is glued to the bottom edge of the kth one.

Note that by definition, a square-tiled surface doesn’t depend on the numbering of its squares. If
we number them otherwise, then we will get another pair of permutations (s′, t′), which is conjugate
to (s, t):

s′ = usu−1 and t′ = utu−1 for some u ∈ Sn.

The origami corresponding to a given pair of permutations (s, t) ∈ Sn × Sn will be denoted by
O(s, t). The permutation group G = ⟨s, t⟩ generated by the pair (s, t) is called the monodromy
group of the surface O = O(s, t). One says that an origami is connected if its monodromy group
is transitive. An origami is primitive if its monodromy group is primitive. The reader can find
more information on origamis and their monodromy groups in the Ph.D. thesis of David Zmiaikou
[18, 2011].

A.6 Lattices in R2

Basis of the space R2 is a pair of its vectors #»v 1 and #»v 2 such that any vector #»w ∈ R2 can be presented
as a linear combination

#»w = r1
#»v 1 + r2

#»v 2

with real coefficients r1 and r2.

For instance, the vectors
#        »(1,0) and #        »(0,1) form a basis for the space R2, which is called canonical.

It is easy to show that a pair of vectors
#              »(x1, y1) and #              »(x2, y2) is a basis for R2 if and only if the

following determinant of the matrix of these vectors

det(x1 y1
x2 y2

) = x1y2 − x2y1
differs from zero.
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Lattice generated by a basis (#»v 1,
#»v 2) is the set of linear combinations

a1
#»v 1 + a2

#»v 2

with integer coefficients a1 and a2.

We conclude that a lattice is an additive subgroup of R2 with two generators. As a simple
example of a lattice, one has Z2. Note that two distinct bases can generate the same lattice. For
instance,

Z2
= {a1 #        »(1,0) + a2 #        »(0,1) ∣ a1, a2 ∈ Z} = {a1 #        »(3,2) + a2 #        »(7,5) ∣ a1, a2 ∈ Z} .

By the way, a pair of vectors
#              »(x1, y1) and #              »(x2, y2) with integer coordinates generate the lattice

Z2 if and only if the determinant of the matrix for these vectors equals 1 or −1:

det(x1 y1
x2 y2

) = ±1.
All integer 2×2 matrices with determinant 1 or −1 form the group, which is denoted by GL2(Z).

O A

B

#»u

#»v

Figure 21: R2.

An arbitrary lattice L ⊂ R2 is usually illustrated in the real plane as a set of points: for each
vector

#         »(x, y) ∈ L one draws the point with coordinates (x, y). Let us find a basis (#»u , #»v ) for a
lattice L as follows (cf. Figure 21):

• Let A be the closest lattice point to the origin of the plane O lying on the horizontal axis
and having a positive first coordinate. Take #»u =

#    »

OA.

• Let B be the lattice point such that the largest of the distances from it to the points O and
A is the least (among all lattice points). Take #»v =

#    »

OB.

It is not difficult to show that the basis (#»u , #»v ) of R2, indeed, generates the lattice L. The
parallelogram constructed on the vectors #»u and #»v is called the fundamental parallelogram
of the lattice L.
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A.7 Several useful sums

For any positive integer n, the following relations hold:

12 + 22 + ⋅ ⋅ ⋅ + n2 =
n(n + 1)(2n + 1)

6
=
2n3 + 3n2 + n

6
, (A.35)

13 + 23 + ⋅ ⋅ ⋅ + n3 =
n2(n + 1)2

4
=
n4 + 2n3 + n2

4
, (A.36)

14 + 24 + ⋅ ⋅ ⋅ + n4 =
n(n + 1)(2n + 1)(3n2 + 3n − 1)

30
=
6n5 + 15n4 + 10n3 − n

30
. (A.37)

In 1631, the German mathematician Faulhaber obtained a general formula for the sum of powers of
the first n positive integers.

Using the formula (A.35), or else by induction, one can express the sum

n

∑
k=2

k(n − k) = (n + 3)(n − 1)(n − 2)
6

. (A.38)

Let r be an arbitrary positive integer. The foolowing equality

n

∑
k=1

k(k − 1)⋯(k − r) = (n + 1)n(n − 1) . . . (n − r)
r + 2

(A.39)

can be proved by induction on n. For n = 1, it is trivially true. Suppose that it is true for n and show
it for n + 1:

n+1

∑
k=1

k(k − 1)⋯(k − r) = (n + 1)n⋯(n − r + 1) + n

∑
k=1

k(k − 1)⋯(k − r)
= (n + 1)n⋯(n − r + 1) + (n + 1)n⋯(n − r)

r + 2

= (n + 1)n⋯(n − r + 1) (1 + n − r
r + 2

)
=
(n + 2)(n + 1)n⋯(n + 1 − r)

r + 2
.

Thus, the equality (A.39) holds for any natural n.

The following infinite series is well-known:

1 +
1

22
+

1

32
+ ⋅ ⋅ ⋅ +

1

n2
+ ⋅ ⋅ ⋅ =

π2

6
. (A.40)

Let pk denote the kth prime number (p1 = 2, p2 = 3, p3 = 5 and so on). Then by the formula for the
sum of an infinite geometric progression,

1
∞

∏
k=1
(1 − 1

p2
k

) = (1 + 1

p21
+ ⋅ ⋅ ⋅ +

1

p2m1
+⋯)(1 + 1

p22
+ ⋅ ⋅ ⋅ +

1

p2m2
+⋯)⋯(1 + 1

p2
k

+ ⋅ ⋅ ⋅ +
1

p2m
k

+⋯)⋯

= 1 +
1

22
+

1

32
+ ⋅ ⋅ ⋅ +

1

n2
+ . . .

from where we get
∞

∏
k=1

(1 − 1

p2
k

) = 6

π2
. (A.41)

53



B PROGRAMS (SAGE)

Appendix B Programs (Sage)

B.1 Calculating #A(n) and #B(n) by Theorem A

# Ca l cu l a t i n g the c a r d i n a l i t i e s o f A(n) and B(n) d i v i d ed by n !
# and the p r o b a b i l i t y #A(n)/#B(n) mu l t i p l i e d by P(n)/n ,
# where P(n) i s the p a r t i t i o n func t i on

def A(n ) : # the c a r d i n a l i t y o f A(n) d i v i d ed by n !
A = 3∗(n−2)∗n∗n∗prod ( [1 −1/(p∗p) for p in p r ime d i v i s o r s (n ) ] ) / 8
return A

def B(n ) : # the c a r d i n a l i t y o f B(n) d i v i d ed by n !
B = 0
for k in range (1 , n+1):

B = B + ( sigma (k , 3 ) − 2∗k∗ sigma (k , 1 ) + sigma (k , 1 ) ) \
∗ Pa r t i t i o n s (n−k ) . c a r d i n a l i t y ( )

return 3∗B/8

for n in range ( 3 , 2 5 6 ) :
a = A(n)
b = B(n)
proba = numerica l approx ( Pa r t i t i o n s (n ) . c a r d i n a l i t y ( )∗ a /(n∗b ) , d i g i t s =6)
print n , a , b , proba

B.2 Calculating #A1(n), #B1(n), #A2(n) and #B2(n) by Theorem B

# Ca l cu l a t i n g the c a r d i n a l i t i e s o f A1(n ) , B1(n ) , A2(n) and B2(n) d i v i d ed by n !
# and the f r a c t i o n s #A1(n)/#B1(n) and n #A1(n)/#B1(n)

def A1(n ) : # the c a r d i n a l i t y o f A1(n) d i v i d ed by n !
A1 = n∗n∗prod ( [1 −1/(p∗p) for p in p r ime d i v i s o r s (n ) ] ) − 3∗ e u l e r ph i (n)
return n∗A1/6

def B1(n ) : # the c a r d i n a l i t y o f B1(n) d i v i d ed by n !
B1 = n∗(n−1)∗(n−2)/6
return B1

def A2(n ) : # the c a r d i n a l i t y o f A2(n) d i v i d ed by n !
A2 = A1(n) + (n+1)∗(n−2)/2
return A2

def B2(n ) : # the c a r d i n a l i t y o f B2(n) d i v i d ed by n !
B2 = (n−1)∗(n−2)∗(nˆ2+5∗n+12)/24
return B2

for n in range ( 3 , 2 5 6 ) :
a1 = A1(n ) ; a2 = A2(n)
b1 = B1(n ) ; b2 = B2(n)
proba1 = numerica l approx ( a1/b1 , d i g i t s =6)
proba2 = numerica l approx (n∗a2/b2 , d i g i t s =6)
print n , a1 , b1 , proba1 , a2 , b2 , proba2
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B.3 The table for the first program

n
#A(n)

n!

#B(n)

n!

P (n)

n
⋅

#A(n)

#B(n)

n = 3 3 3 1.00000
n = 4 9 12 0.937500
n = 5 27 42 0.900000
n = 6 36 99 0.666667
n = 7 90 231 0.834879
n = 8 108 462 0.642857
n = 9 189 882 0.714286
n = 10 216 1596 0.568421
n = 11 405 2772 0.743802
n = 12 360 4620 0.500000
n = 13 693 7524 0.715587
n = 14 648 11949 0.522937
n = 15 936 18480 0.594286
n = 16 1008 28182 0.516393
n = 17 1620 42108 0.672137
n = 18 1296 62139 0.446097
n = 19 2295 90216 0.656057
n = 20 1944 129690 0.469924
n = 21 2736 183876 0.561173
n = 22 2700 258720 0.475312
n = 23 4158 359667 0.630812
n = 24 3168 496650 0.418605
n = 25 5175 678942 0.596967
n = 26 4536 922824 0.460530
n = 27 6075 1243284 0.544727
n = 28 5616 1666434 0.447497
n = 29 8505 2216676 0.603969
n = 30 6048 2934960 0.384934
n = 31 10440 3860076 0.596934
n = 32 8640 5055468 0.445899
n = 33 11160 6582114 0.521136
n = 34 10368 8536704 0.439728
n = 35 14256 11013387 0.550426
n = 36 11016 14158620 0.388524
n = 37 17955 18115944 0.579588
n = 38 14580 23103531 0.432035
n = 39 18648 29339079 0.508238
n = 40 16416 37143414 0.412550
n = 41 24570 46842642 0.570360
n = 42 17280 58906848 0.371388
n = 43 28413 73816743 0.566278
n = 44 22680 92254470 0.420026
n = 45 27864 114926262 0.480236
n = 46 26136 142810932 0.419963
n = 47 37260 176935080 0.558966
n = 48 26496 218698536 0.371720
n = 49 41454 269577000 0.544565
n = 50 32400 331556148 0.399143
n = 51 42336 406749651 0.489689
n = 52 37800 497949144 0.411073
n = 53 53703 608155506 0.549707
n = 54 37908 741282927 0.365691
n = 55 57240 901553268 0.520940
n = 56 46656 1094417478 0.401052
n = 57 59400 1325794470 0.482739
n = 58 52920 1603220388 0.407041
n = 59 74385 1934935068 0.541996
n = 60 50112 2331328074 0.346238
n = 61 82305 2803785600 0.539700
n = 62 64800 3366550440 0.403639
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n = 63 79056 4035301935 0.468165
n = 64 71424 4829450472 0.402460
n = 65 95256 5770461060 0.511113
n = 66 69120 6884707896 0.353444
n = 67 109395 8201402319 0.533481
n = 68 85536 9756209694 0.398106
n = 69 106128 11588746128 0.471741
n = 70 88128 13747002864 0.374382
n = 71 130410 16284447375 0.529809
n = 72 90720 19265466990 0.352699
n = 73 141858 22761858636 0.528094
n = 74 110808 26859653700 0.395234
n = 75 131400 31654953792 0.449320
n = 76 119880 37262223054 0.393222
n = 77 162000 43809552402 0.510005
n = 78 114912 51448804176 0.347403
n = 79 180180 60349988160 0.523371
n = 80 134784 70713852366 0.376361
n = 81 172773 82765353858 0.464001
n = 82 151200 96768892143 0.390741
n = 83 209223 113021049603 0.520528
n = 84 141696 131869111374 0.339544
n = 85 215136 153702652488 0.496764
n = 86 174636 178976363832 0.388745
n = 87 214200 208200528591 0.459865
n = 88 185760 241968535644 0.384795
n = 89 258390 280946616720 0.516650
n = 90 171072 325907179719 0.330309
n = 91 269136 377717284035 0.502002
n = 92 213840 437379463038 0.385463
n = 93 262080 506019158148 0.456722
n = 94 228528 584933843868 0.385161
n = 95 301320 675580163907 0.491329
n = 96 216576 779633241618 0.341784
n = 97 335160 898973004888 0.512081
n = 98 254016 1035756508248 0.375874
n = 99 314280 1192404057075 0.450542
n = 100 264600 1371686078070 0.367611
n = 101 378675 1576710505656 0.510014
n = 102 259200 1811027505411 0.338536
n = 103 401778 2078617830114 0.509029
n = 104 308448 2384020004256 0.379189
n = 105 355968 2732321142936 0.424746
n = 106 328536 3129309626520 0.380603
n = 107 450765 3581471185215 0.507146
n = 108 309096 4096172615898 0.337824
n = 109 476685 4681663620546 0.506245
n = 110 349920 5347299365100 0.361200
n = 111 447336 6103551249411 0.448927
n = 112 380160 6962273875326 0.371008
n = 113 531468 7936730093922 0.504520
n = 114 362880 9041912000331 0.335164
n = 115 536976 10294582596087 0.482668
n = 116 430920 11713663668234 0.377046
n = 117 521640 13320300598374 0.444400
n = 118 454140 15138327574623 0.376790
n = 119 606528 17194365434631 0.490192
n = 120 407808 19518380501214 0.321125
n = 121 647955 22143821814114 0.497235
n = 122 502200 25108295294676 0.375652
n = 123 609840 28453753086099 0.444743
n = 124 527040 32227301758050 0.374812
n = 125 691875 36481462023930 0.479913
n = 126 482112 41275139033940 0.326239
n = 127 756000 46673966702055 0.499171
n = 128 580608 52751476182174 0.374141
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n = 129 704088 59589548978388 0.442882
n = 130 580608 67279817460768 0.356562
n = 131 830115 75924259717614 0.497810
n = 132 561600 85636879631886 0.328931
n = 133 848880 96544472830806 0.485686
n = 134 666468 108788647157883 0.372561
n = 135 775656 122526804400938 0.423714
n = 136 694656 137934560548434 0.370880
n = 137 950130 155207002394706 0.495886
n = 138 646272 174561588816615 0.329778
n = 139 992565 196239739104123 0.495274
n = 140 715392 220510316860680 0.349126
n = 141 920736 247671631144434 0.439535
n = 142 793800 278055607314156 0.370731
n = 143 1065960 312030305244999 0.487132
n = 144 736128 350004914182638 0.329218
n = 145 1081080 392432894620998 0.473237
n = 146 863136 439817967777015 0.369875
n = 147 1023120 492718025456790 0.429262
n = 148 898776 551752293927450 0.369259
n = 149 1223775 617606194024050 0.492409
n = 150 799200 691039911568743 0.314983
n = 151 1273950 772894401091422 0.491872
n = 152 972000 864101647122714 0.367701
n = 153 1174176 965692065073758 0.435260
n = 154 984960 1078806762045012 0.357832
n = 155 1321920 1204706649809355 0.470727
n = 156 931392 1344787094124012 0.325130
n = 157 1432665 1500589083803934 0.490326
n = 158 1095120 1673816743061772 0.367514
n = 159 1322568 1866350995369287 0.435268
n = 160 1092096 2080270461947106 0.352517
n = 161 1511136 2317868159571888 0.478471
n = 162 1049760 2581676436549903 0.326084
n = 163 1604043 2874487304423154 0.488870
n = 164 1224720 3199382197526328 0.366272
n = 165 1408320 3559756690115340 0.413341
n = 166 1270836 3959355961257543 0.366090
n = 167 1725570 4402304811032634 0.487945
n = 168 1147392 4893149912268492 0.318521
n = 169 1778049 5436896157324996 0.484627
n = 170 1306368 6039056997339408 0.349635
n = 171 1642680 6705698391579594 0.431752
n = 172 1413720 7443498705358386 0.364942
n = 173 1919133 8259801797584260 0.486620
n = 174 1300320 9162688266939000 0.323896
n = 175 1868400 10161039427496706 0.457236
n = 176 1503360 11264622040335510 0.361488
n = 177 1827000 12484165311019248 0.431691
n = 178 1568160 13831461547260159 0.364143
n = 179 2126655 15319458735881658 0.485365
n = 180 1384128 16962380066992416 0.310514
n = 181 2199015 18775835026110534 0.484961
n = 182 1632960 20776961284889271 0.354055
n = 183 2019960 22984557853851825 0.430621
n = 184 1729728 25419253353884082 0.362600
n = 185 2253096 28103665458294714 0.464481
n = 186 1589760 31062600353936955 0.322328
n = 187 2397600 34323243346612374 0.478146
n = 188 1848096 37915395208033464 0.362547
n = 189 2181168 41871699788260650 0.420943
n = 190 1827360 46227923813707419 0.346969
n = 191 2585520 51023228442343290 0.483042
n = 192 1751040 56300500326000918 0.321915
n = 193 2667888 62106675129029124 0.482677
n = 194 2032128 68493129084028803 0.361844
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n = 195 2334528 75516064029414129 0.409153
n = 196 2053296 83236970116449534 0.354235
n = 197 2837835 91723083663501654 0.481965
n = 198 1905120 101047933645862742 0.318547
n = 199 2925450 111291885452415525 0.481617
n = 200 2138400 122542786024724076 0.346649
n = 201 2679336 134896609028552784 0.427714
n = 202 2295000 148458215846526687 0.360802
n = 203 3039120 163342120438969941 0.470573
n = 204 2094336 179673386486211618 0.319412
n = 205 3069360 197588533129562652 0.461117
n = 206 2434536 217236592093804140 0.360305
n = 207 2922480 238780179315327894 0.426116
n = 208 2491776 262396739637218088 0.357964
n = 209 3353400 288279813695479650 0.474681
n = 210 2156544 316640502633826371 0.300809
n = 211 3489255 347708964313511493 0.479637
n = 212 2653560 381736136035547706 0.359490
n = 213 3190320 418995500128643802 0.425991
n = 214 2730348 459785108688456483 0.359354
n = 215 3542616 504429665453630301 0.459617
n = 216 2496096 553282904139290952 0.319249
n = 217 3715200 606730041005201778 0.468465
n = 218 2886840 665190567041523327 0.358899
n = 219 3468528 729121134982345413 0.425185
n = 220 2825280 799018835131758714 0.341512
n = 221 3973536 875424591304180236 0.473653
n = 222 2708640 958927001865843087 0.318421
n = 223 4121208 1050166330936025529 0.477826
n = 224 3068928 1149839009723107200 0.350957
n = 225 3612600 1258702323871495356 0.407508
n = 226 3217536 1377579685178100327 0.358027
n = 227 4347675 1507366132665974724 0.477256
n = 228 2928960 1649034503019098316 0.317202
n = 229 4463955 1803641881580649222 0.476976
n = 230 3250368 1972336820806911186 0.342681
n = 231 3957120 2156366899923527676 0.411664
n = 232 3477600 2357087164124558250 0.357005
n = 233 4702698 2575968977502449760 0.476429
n = 234 3157056 2814609883916021835 0.315656
n = 235 4630176 3074743966840613277 0.456915
n = 236 3664440 3358253365177864734 0.356925
n = 237 4399200 3667180388444863818 0.422958
n = 238 3670272 4003740957196110207 0.348338
n = 239 5076540 4370338761889150869 0.475634
n = 240 3290112 4769580940928898822 0.304328
n = 241 5205420 5204294616553387620 0.475376
n = 242 3920400 5677545173275598931 0.353497
n = 243 4743603 6192655557546174948 0.422337
n = 244 4051080 6753227575531262298 0.356157
n = 245 5143824 7363164404629280352 0.446579
n = 246 3689280 8026695395935559994 0.316314
n = 247 5556600 8748402315038539272 0.470514
n = 248 4250880 9533248210691409798 0.355509
n = 249 5104008 10386607984040095500 0.421614
n = 250 4185000 11314301971302511335 0.341469
n = 251 5882625 12322631534338835217 0.474134
n = 252 3888000 13418418106425455256 0.309565
n = 253 5963760 14609044603394782002 0.469097
n = 254 4572288 15902500797767970771 0.355316
n = 255 5246208 17307431474208903984 0.402796
n = 256 4681728 18833189129072476098 0.355162
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B.4 The table for the second program

n
#A1(n)

n!

#B1(n)

n!

#A1(n)

#B1(n)

#A2(n)

n!

#B2(n)

n!
n ⋅

#A2(n)

#B2(n)
n

n = 3 1 1 1.00000 3 3 3.00000 n = 3
n = 4 4 4 1.00000 9 12 3.00000 n = 4
n = 5 10 10 1.00000 19 31 3.06452 n = 5
n = 6 18 20 0.900000 32 65 2.95385 n = 6
n = 7 35 35 1.00000 55 120 3.20833 n = 7
n = 8 48 56 0.857143 75 203 2.95567 n = 8
n = 9 81 84 0.964286 116 322 3.24224 n = 9
n = 10 100 120 0.833333 144 486 2.96296 n = 10
n = 11 165 165 1.00000 219 705 3.41702 n = 11
n = 12 168 220 0.763636 233 990 2.82424 n = 12
n = 13 286 286 1.00000 363 1353 3.48780 n = 13
n = 14 294 364 0.807692 384 1807 2.97510 n = 14
n = 15 420 455 0.923077 524 2366 3.32206 n = 15
n = 16 448 560 0.800000 567 3045 2.97931 n = 16
n = 17 680 680 1.00000 815 3860 3.58938 n = 17
n = 18 594 816 0.727941 746 4828 2.78128 n = 18
n = 19 969 969 1.00000 1139 5967 3.62678 n = 19
n = 20 880 1140 0.771930 1069 7296 2.93037 n = 20
n = 21 1218 1330 0.915789 1427 8835 3.39185 n = 21
n = 22 1210 1540 0.785714 1440 10605 2.98727 n = 22
n = 23 1771 1771 1.00000 2023 12628 3.68459 n = 23
n = 24 1440 2024 0.711462 1715 14927 2.75742 n = 24
n = 25 2250 2300 0.978261 2549 17526 3.63603 n = 25
n = 26 2028 2600 0.780000 2352 20450 2.99032 n = 26
n = 27 2673 2925 0.913846 3023 23725 3.44029 n = 27
n = 28 2520 3276 0.769231 2897 27378 2.96282 n = 28
n = 29 3654 3654 1.00000 4059 31437 3.74435 n = 29
n = 30 2760 4060 0.679803 3194 35931 2.66678 n = 30
n = 31 4495 4495 1.00000 4959 40890 3.75957 n = 31
n = 32 3840 4960 0.774194 4335 46345 2.99320 n = 32
n = 33 4950 5456 0.907258 5477 52328 3.45400 n = 33
n = 34 4624 5984 0.772727 5184 58872 2.99389 n = 34
n = 35 6300 6545 0.962567 6894 66011 3.65530 n = 35
n = 36 4968 7140 0.695798 5597 73780 2.73098 n = 36
n = 37 7770 7770 1.00000 8435 82215 3.79608 n = 37
n = 38 6498 8436 0.770270 7200 91353 2.99498 n = 38
n = 39 8268 9139 0.904694 9008 101232 3.47037 n = 39
n = 40 7360 9880 0.744939 8139 111891 2.90962 n = 40
n = 41 10660 10660 1.00000 11479 123370 3.81486 n = 41
n = 42 7812 11480 0.680488 8672 135710 2.68384 n = 42
n = 43 12341 12341 1.00000 13243 148953 3.82301 n = 43
n = 44 10120 13244 0.764120 11065 163142 2.98427 n = 44
n = 45 12420 14190 0.875264 13409 178321 3.38381 n = 45
n = 46 11638 15180 0.766667 12672 194535 2.99644 n = 46
n = 47 16215 16215 1.00000 17295 211830 3.83735 n = 47
n = 48 11904 17296 0.688252 13031 230253 2.71652 n = 48
n = 49 18179 18424 0.986702 19354 249852 3.79563 n = 49
n = 50 14500 19600 0.739796 15724 270676 2.90458 n = 50
n = 51 18768 20825 0.901224 20042 292775 3.49122 n = 51
n = 52 16848 22100 0.762353 18173 316200 2.98860 n = 52
n = 53 23426 23426 1.00000 24803 341003 3.85498 n = 53
n = 54 17010 24804 0.685776 18440 367237 2.71149 n = 54
n = 55 25300 26235 0.964361 26784 394956 3.72983 n = 55
n = 56 20832 27720 0.751515 22371 424215 2.95316 n = 56
n = 57 26334 29260 0.900000 27929 455070 3.49826 n = 57
n = 58 23548 30856 0.763158 25200 487578 2.99767 n = 58
n = 59 32509 32509 1.00000 34219 521797 3.86917 n = 59
n = 60 22560 34220 0.659264 24329 557786 2.61703 n = 60
n = 61 35990 35990 1.00000 37819 595605 3.87330 n = 61
n = 62 28830 37820 0.762295 30720 635315 2.99795 n = 62
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n = 63 35154 39711 0.885246 37106 676978 3.45311 n = 63
n = 64 31744 41664 0.761905 33759 720657 2.99806 n = 64
n = 65 42120 43680 0.964286 44199 766416 3.74853 n = 65
n = 66 31020 45760 0.677885 33164 814320 2.68792 n = 66
n = 67 47905 47905 1.00000 50115 864435 3.88428 n = 67
n = 68 38080 50116 0.759837 40357 916828 2.99323 n = 68
n = 69 47058 52394 0.898156 49403 971567 3.50857 n = 69
n = 70 39480 54740 0.721228 41894 1028721 2.85070 n = 70
n = 71 57155 57155 1.00000 59639 1088360 3.89060 n = 71
n = 72 40608 59640 0.680885 43163 1150555 2.70108 n = 72
n = 73 62196 62196 1.00000 64823 1215378 3.89350 n = 73
n = 74 49284 64824 0.760274 51984 1282902 2.99853 n = 74
n = 75 58500 67525 0.866346 61274 1353201 3.39606 n = 75
n = 76 53352 70300 0.758919 56201 1426350 2.99455 n = 76
n = 77 71610 73150 0.978947 74535 1502425 3.81995 n = 77
n = 78 51480 76076 0.676692 54482 1581503 2.68706 n = 78
n = 79 79079 79079 1.00000 82159 1663662 3.90137 n = 79
n = 80 60160 82160 0.732230 63319 1748981 2.89627 n = 80
n = 81 76545 85320 0.897152 79784 1837540 3.51693 n = 81
n = 82 67240 88560 0.759259 70560 1929420 2.99879 n = 82
n = 83 91881 91881 1.00000 95283 2024703 3.90600 n = 83
n = 84 63504 95284 0.666471 66989 2123472 2.64994 n = 84
n = 85 95200 98770 0.963855 98769 2225811 3.77182 n = 85
n = 86 77658 102340 0.758824 81312 2331805 2.99889 n = 86
n = 87 95004 105995 0.896306 98744 2441540 3.51857 n = 87
n = 88 82720 109736 0.753809 86547 2555103 2.98076 n = 88
n = 89 113564 113564 1.00000 117479 2672582 3.91218 n = 89
n = 90 76680 117480 0.652707 80684 2794066 2.59892 n = 90
n = 91 119028 121485 0.979775 123122 2919645 3.83749 n = 91
n = 92 95128 125580 0.757509 99313 3049410 2.99625 n = 92
n = 93 116250 129766 0.895843 120527 3183453 3.52102 n = 93
n = 94 101614 134044 0.758065 105984 3321867 2.99907 n = 94
n = 95 133380 138415 0.963624 137844 3464746 3.77955 n = 95
n = 96 96768 142880 0.677268 101327 3612185 2.69294 n = 96
n = 97 147440 147440 1.00000 152095 3764280 3.91927 n = 97
n = 98 113190 152096 0.744201 117942 3921128 2.94770 n = 98
n = 99 139590 156849 0.889964 144440 4082827 3.50237 n = 99
n = 100 118000 161700 0.729746 122949 4249476 2.89327 n = 100
n = 101 166650 166650 1.00000 171699 4421175 3.92240 n = 101
n = 102 115872 171700 0.674851 121022 4598025 2.68468 n = 102
n = 103 176851 176851 1.00000 182103 4780128 3.92387 n = 103
n = 104 137280 182104 0.753855 142635 4967587 2.98617 n = 104
n = 105 158760 187460 0.846901 164219 5160506 3.34134 n = 105
n = 106 146068 192920 0.757143 151632 5358990 2.99926 n = 106
n = 107 198485 198485 1.00000 204155 5563145 3.92666 n = 107
n = 108 138024 204156 0.676071 143801 5773078 2.69016 n = 108
n = 109 209934 209934 1.00000 215819 5988897 3.92798 n = 109
n = 110 156200 215820 0.723751 162194 6210711 2.87267 n = 110
n = 111 198468 221815 0.894746 204572 6438630 3.52676 n = 111
n = 112 169344 227920 0.742998 175559 6672765 2.94670 n = 112
n = 113 234136 234136 1.00000 240463 6913228 3.93048 n = 113
n = 114 162108 240464 0.674147 168548 7160132 2.68354 n = 114
n = 115 237820 246905 0.963204 244374 7413591 3.79074 n = 115
n = 116 191632 253460 0.756064 198301 7673720 2.99762 n = 116
n = 117 231660 260130 0.890555 238445 7940635 3.51333 n = 117
n = 118 201898 266916 0.756410 208800 8214453 2.99940 n = 118
n = 119 268464 273819 0.980443 275484 8495292 3.85891 n = 119
n = 120 182400 280840 0.649480 189539 8783271 2.58955 n = 120
n = 121 286165 287980 0.993697 293424 9078510 3.91081 n = 121
n = 122 223260 295240 0.756198 230640 9381130 2.99943 n = 122
n = 123 270600 302621 0.894188 278102 9691253 3.52963 n = 123
n = 124 234360 310124 0.755698 241985 10009002 2.99792 n = 124
n = 125 306250 317750 0.963808 313999 10334501 3.79795 n = 125
n = 126 215460 325500 0.661936 223334 10667875 2.63783 n = 126
n = 127 333375 333375 1.00000 341375 11009250 3.93802 n = 127
n = 128 258048 341376 0.755906 266175 11358753 2.99948 n = 128
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n = 129 312438 349504 0.893947 320693 11716512 3.53086 n = 129
n = 130 258960 357760 0.723837 267344 12082656 2.87641 n = 130
n = 131 366145 366145 1.00000 374659 12457315 3.93988 n = 131
n = 132 250800 374660 0.669407 259445 12840620 2.66706 n = 132
n = 133 375858 383306 0.980569 384635 13232703 3.86591 n = 133
n = 134 296274 392084 0.755639 305184 13633697 2.99953 n = 134
n = 135 345060 400995 0.860509 354104 14043736 3.40394 n = 135
n = 136 308992 410040 0.753565 318171 14462955 2.99187 n = 136
n = 137 419220 419220 1.00000 428535 14891490 3.94247 n = 137
n = 138 288420 428536 0.673036 297872 15329478 2.68152 n = 138
n = 139 437989 437989 1.00000 447579 15777057 3.94329 n = 139
n = 140 319200 447580 0.713169 328929 16234366 2.83658 n = 140
n = 141 408618 457310 0.893525 418487 16701545 3.53301 n = 141
n = 142 352870 467180 0.755319 362880 17178735 2.99958 n = 142
n = 143 471900 477191 0.988912 482052 17666078 3.90202 n = 143
n = 144 328320 487344 0.673693 338615 18163717 2.68450 n = 144
n = 145 479080 497640 0.962704 489519 18671796 3.80147 n = 145
n = 146 383688 508080 0.755172 394272 19190460 2.99960 n = 146
n = 147 454818 518665 0.876901 465548 19719855 3.47039 n = 147
n = 148 399600 529396 0.754822 410477 20260128 2.99853 n = 148
n = 149 540274 540274 1.00000 551299 20811427 3.94704 n = 149
n = 150 357000 551300 0.647560 368174 21373901 2.58381 n = 150
n = 151 562475 562475 1.00000 573799 21947700 3.94773 n = 151
n = 152 432288 573800 0.753377 443763 22532975 2.99348 n = 152
n = 153 521424 585276 0.890903 533051 23129878 3.52604 n = 153
n = 154 438900 596904 0.735294 450680 23738562 2.92371 n = 154
n = 155 585900 608685 0.962567 597834 24359181 3.80408 n = 155
n = 156 415584 620620 0.669627 427673 24991890 2.66955 n = 156
n = 157 632710 632710 1.00000 644955 25636845 3.94970 n = 157
n = 158 486798 644956 0.754777 499200 26294203 2.99966 n = 158
n = 159 587028 657359 0.893010 599588 26964122 3.53561 n = 159
n = 160 486400 669920 0.726057 499119 27646761 2.88855 n = 160
n = 161 669438 682640 0.980660 682317 28342280 3.87594 n = 161
n = 162 468018 695520 0.672904 481058 29050840 2.68259 n = 162
n = 163 708561 708561 1.00000 721763 29772603 3.95153 n = 163
n = 164 544480 721764 0.754374 557845 30507732 2.99880 n = 164
n = 165 627000 735130 0.852910 640529 31256391 3.38130 n = 165
n = 166 564898 748660 0.754545 578592 32018745 2.99969 n = 166
n = 167 762355 762355 1.00000 776215 32794960 3.95268 n = 167
n = 168 512064 776216 0.659693 526091 33585203 2.63161 n = 168
n = 169 786526 790244 0.995295 800721 34389642 3.93496 n = 169
n = 170 582080 804440 0.723584 596444 35208446 2.87986 n = 170
n = 171 729486 818805 0.890915 744020 36041785 3.53000 n = 171
n = 172 628488 833340 0.754180 643193 36889830 2.99891 n = 172
n = 173 848046 848046 1.00000 862923 37752753 3.95430 n = 173
n = 174 579768 862924 0.671865 594818 38630727 2.67917 n = 174
n = 175 829500 877975 0.944788 844724 39523926 3.74018 n = 175
n = 176 668800 893200 0.748768 684199 40432525 2.97827 n = 176
n = 177 811014 908600 0.892597 826589 41356700 3.53767 n = 177
n = 178 697048 924176 0.754237 712800 42296628 2.99973 n = 178
n = 179 939929 939929 1.00000 955859 43252487 3.95581 n = 179
n = 180 617760 955860 0.646287 633869 44224456 2.57994 n = 180
n = 181 971970 971970 1.00000 988259 45212715 3.95630 n = 181
n = 182 727272 988260 0.735912 743742 46217445 2.92879 n = 182
n = 183 896700 1004731 0.892478 913352 47238828 3.53826 n = 183
n = 184 769120 1021384 0.753017 785955 48277047 2.99554 n = 184
n = 185 999000 1038220 0.962224 1016019 49332286 3.81015 n = 185
n = 186 708660 1055240 0.671563 725864 50404730 2.67853 n = 186
n = 187 1062160 1072445 0.990410 1079550 51494565 3.92033 n = 187
n = 188 821560 1089836 0.753838 839137 52601978 2.99908 n = 188
n = 189 969570 1107414 0.875526 987335 53727157 3.47322 n = 189
n = 190 813960 1125180 0.723404 831914 54870291 2.88068 n = 190
n = 191 1143135 1143135 1.00000 1161279 56031570 3.95856 n = 191
n = 192 780288 1161280 0.671921 798623 57211185 2.68017 n = 192
n = 193 1179616 1179616 1.00000 1198143 58409328 3.95898 n = 193
n = 194 903264 1198144 0.753886 921984 59626192 2.99977 n = 194
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n = 195 1038960 1216865 0.853801 1057874 60861971 3.38940 n = 195
n = 196 913752 1235780 0.739413 932861 62116860 2.94350 n = 196
n = 197 1254890 1254890 1.00000 1274195 63391055 3.95981 n = 197
n = 198 849420 1274196 0.666632 868922 64684753 2.65977 n = 198
n = 199 1293699 1293699 1.00000 1313399 65998152 3.96021 n = 199
n = 200 952000 1313400 0.724836 971899 67331451 2.88691 n = 200
n = 201 1189518 1333300 0.892161 1209617 68684850 3.53983 n = 201
n = 202 1020100 1353400 0.753731 1040400 70058550 2.99979 n = 202
n = 203 1347108 1373701 0.980641 1367610 71452753 3.88543 n = 203
n = 204 933504 1394204 0.669561 954209 72867662 2.67140 n = 204
n = 205 1361200 1414910 0.962040 1382109 74303481 3.81318 n = 205
n = 206 1082118 1435820 0.753659 1103232 75760415 2.99980 n = 206
n = 207 1297890 1456935 0.890836 1319210 77238670 3.53549 n = 207
n = 208 1108224 1478256 0.749683 1129751 78738453 2.98441 n = 208
n = 209 1485990 1499784 0.990803 1507725 80259972 3.92617 n = 209
n = 210 962640 1521520 0.632683 984584 81803436 2.52755 n = 210
n = 211 1543465 1543465 1.00000 1565619 83369055 3.96245 n = 211
n = 212 1179568 1565620 0.753419 1201933 84957040 2.99928 n = 212
n = 213 1416450 1587986 0.891979 1439027 86567603 3.54073 n = 213
n = 214 1213594 1610564 0.753521 1236384 88200957 2.99981 n = 214
n = 215 1571220 1633355 0.961959 1594224 89857316 3.81447 n = 215
n = 216 1111968 1656360 0.671332 1135187 91536895 2.67871 n = 216
n = 217 1647030 1679580 0.980620 1670465 93239910 3.88772 n = 217
n = 218 1283148 1703016 0.753456 1306800 94966578 2.99982 n = 218
n = 219 1540008 1726669 0.891895 1563878 96717117 3.54114 n = 219
n = 220 1258400 1750540 0.718864 1282489 98491746 2.86468 n = 220
n = 221 1760928 1774630 0.992279 1785237 100290685 3.93394 n = 221
n = 222 1206792 1798940 0.670835 1231322 102114155 2.67694 n = 222
n = 223 1823471 1823471 1.00000 1848223 103962378 3.96445 n = 223
n = 224 1365504 1848224 0.738820 1390479 105835577 2.94294 n = 224
n = 225 1606500 1873200 0.857623 1631699 107733976 3.40777 n = 225
n = 226 1430128 1898400 0.753333 1455552 109657800 2.99983 n = 226
n = 227 1923825 1923825 1.00000 1949475 111607275 3.96507 n = 227
n = 228 1305072 1949476 0.669448 1330949 113582628 2.67168 n = 228
n = 229 1975354 1975354 1.00000 2001459 115584087 3.96537 n = 229
n = 230 1447160 2001460 0.723052 1473494 117611881 2.88154 n = 230
n = 231 1760220 2027795 0.868046 1786784 119666240 3.44915 n = 231
n = 232 1546048 2054360 0.752569 1572843 121747395 2.99719 n = 232
n = 233 2081156 2081156 1.00000 2108183 123855578 3.96596 n = 233
n = 234 1406808 2108184 0.667308 1434068 125991022 2.66346 n = 234
n = 235 2053900 2135445 0.961814 2081394 128153961 3.81672 n = 235
n = 236 1628872 2162940 0.753082 1656601 130344630 2.99942 n = 236
n = 237 1953354 2190670 0.891670 1981319 132563265 3.54225 n = 237
n = 238 1633632 2218636 0.736323 1661834 134810103 2.93388 n = 238
n = 239 2246839 2246839 1.00000 2275279 137085382 3.96681 n = 239
n = 240 1466880 2275280 0.644703 1495559 139389341 2.57505 n = 240
n = 241 2303960 2303960 1.00000 2332879 141722220 3.96708 n = 241
n = 242 1743610 2332880 0.747407 1772770 144084260 2.97750 n = 242
n = 243 2106081 2362041 0.891636 2135483 146475703 3.54272 n = 243
n = 244 1800720 2391444 0.752984 1830365 148896792 2.99945 n = 244
n = 245 2284380 2421090 0.943534 2314269 151347771 3.74631 n = 245
n = 246 1643280 2450980 0.670458 1673414 153828885 2.67609 n = 246
n = 247 2463084 2481115 0.992733 2493464 156340380 3.93939 n = 247
n = 248 1889760 2511496 0.752444 1920387 158882503 2.99754 n = 248
n = 249 2266398 2542124 0.891537 2297273 161455502 3.54290 n = 249
n = 250 1862500 2573000 0.723863 1893624 164059626 2.88557 n = 250
n = 251 2604125 2604125 1.00000 2635499 166695125 3.96838 n = 251
n = 252 1732752 2635500 0.657466 1764377 169362250 2.62528 n = 252
n = 253 2643850 2667126 0.991273 2675727 172061253 3.93441 n = 253
n = 254 2032254 2699004 0.752964 2064384 174792387 2.99986 n = 254
n = 255 2333760 2731135 0.854502 2366144 177555906 3.39818 n = 255
n = 256 2080768 2763520 0.752941 2113407 180352065 2.99987 n = 256
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