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In the Hamiltonian formulation of predictive relativistic systems, the canonical coordinates
cannot be the physical positions. The relation between them is given by the individuality
differential equations. However, due to the arbitrariness in the choice of Cauchy data, there is a
wide family of solutions for these equations. In general, those solutions do not satisfy the
condition of constancy of velocities’ moduli, and therefore we have to reparametrize the world
lines into the proper time. We derive here a condition on the Cauchy data for the individuality
equations which ensures the constancy of the velocities’ moduli and makes the reparametrization

unnecessary.

PACS numbers: 11.80. — m, 02.30.Jr, 11.30.Cp

I. INTRODUCTION

The description of the relativistic interaction at a dis-
tance between particles has been a difficult task both from
the mathematical and the conceptual viewpoints. There are
some different ways to face these problems in the litera-
ture.'™*

In this paper we consider two versions of an action-at-a-
distance theory called predictive relativistic mechanics
(PRM). The main hypothesis of this theory are: (i) Poincaré
invariance and (i1) the dynamics of the interacting particles is
given by a second-order differential system and, therefore,
the motion is completely determined by the initial positions
and velocities. The versions of the PRM which we consider
here are the so called “multitime formalism° and “a priori
Hamiltonian formulation,”® respectively.

In the multitime formalism, Hamiltonian descriptions
have been derived by Bel and co-workers’ for the electro-
magnetic interaction and for the scalar and vector short
range ones. However, this method leads inevitably from the
beginning to power expansions in some constant and, al-
though there are iterative algorithms to obtain all interesting
functions order by order, their convergence has not been
proved yet. Also, it is hard to go beyond order two.

In the a priori Hamiltonian framework® it is possible to
consider a wide class of models which do not need perturba-
tive methods, at least in the first steps. However, this formal-
ism is objected to in that it does not allow us to describe
physical interactions like those mentioned above. Anyhow,
the a priori Hamiltonian formalism will provide exact simple
models of interacting relativistic particles whose study will
permit us a better understanding of quantization.

Both frameworks can be related to one another by inte-
grating the so-called position equations—see Sec. II. As we
shall see later, a Poincaré-invariant predictive system (multi-
time formalism) can be associated with each *“a priori”’ Ha-
miltonian one plus a good set of Cauchy data for the position
equations. However, this correspondence usually implies re-
parametrization of the world lines of each particle into its
individual proper time. This is studied in detail in Secs. IT
and III.

Because of the necessity of reparametrizing the world
lines, the associated Poincaré-invariant predictive system
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does not coincide with the starting Hamiltonian one, but
they are proportional, as we shall see in Sec. III. Therefore,
the former does not leave the symplectic form invariant
whereas the Hamiltonian system does.

As we have mentioned above, an “a priori” Hamilton-
ian system is in correspondence with a wide class of Poin-
caré-invariant predictive ones, depending on the prescribed
Cauchy data. In Secs. IV and V we study how the Cauchy
data can be restricted in order to ensure the coincidence
between the “a priori”” Hamiltonian system and the associat-
ed Poincaré-invariant predictive one.

Il. PREDICTIVE HAMILTONIAN SYSTEMS

In predictive relativistic mechanics the basic equations
of motion consist of N coupled second-order differential sys-
tems®

e S, DT 5,0k

do, o,

a, b, c,=1,..,N, uwv-=0,123. (2.1)
Each one defines a vector field on the phase space TM *¥

d

H, =7 -2+ 0iem) -2 a=1., N (22)
The integrability conditions of (2.1) read

[H,H,]=0, ¥d#a, 2.3)

meaning that if, starting from a point P in the phase space,
some among the particles are transported along their respec-
tive world lines to a new point Q € TM *", the same integral
of (2.1) is obtained irrespectively that you take either P or Q
as initial conditions.

It is easy to proof the following®'°:

Theorem 2.1: Let H,,...,.H,, be vector fields of the type
(2.2)such that [H,,H, ] = 0, V @’ #a. Then, there exists an
open neighborhood % of {0} X TM *¥ C RY X TM *" and a
continuously differentiable mapping

q):@/ — TMAN,
(@ 1esons P} — (@ o0, x5,72), ¢’ log.xy,me)), (2.4)
P = (x;,7%),

such that:
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(i) @OP)=P, YPeTM*™, 0=/(0,.,0)eR",

(i) (c*P)e %, (o'@pl(o*P)eX, (0 +0*P)e%

=g¢lc\pld®P)=¢(d' +0*P) (2.5)

(iii) for any function fon TM *,

bamwwmﬂ) — (H, /), 2.6)
g, 0,=0

(this means that H, is the tangent vector to the trajectory of
the particle a in the phase space);

(iv) uniqueness.

A very important feature due to the Kronecker & ’s ap-
pearingin (2.1)is that ¢ # depends only on the parameter o, .
This property is called the “individuality condition.”

Theorem 2.2: Let % be a neighborhood of
{0} X TM *" C R™ x TM *¥ and let ¢ be a continuously dif-
ferentiable mapping:

@ U — TM™

(@1er0ns P) = (@a(0, Ppalo,, P))
with the properties (i) and (ii).

Then the vector fields {H, }, _ .y defined by (2.6) are
of the type (2.2) and fulfill the conditions (2.3).

The Poincaré invariance of the differential system (2.1)
is assured iff 6% are translation-invariant 4-vectors. Then

(P..H,]=0 [J,H]=0, (2.7)

where P, and J,,, are the generators of the Poincaré group.

Equations (2.3) and (2.7) exhibit that P,,, J ,, and H,
span a realization of an abelian extension of the Poincaré
algebra.” The associated transformation group 7 ® o/ is
the direct product of the Poincaré group and the abelian one
o y~=RY,

Hereafter will be called a Poincaré-invariant abelian
system (PIAS} any family of differential systems {H,_,
a = 1,..., N} of the type (2.2) fulfilling (2.3) and (2.7).

In predictive relativistic mechanics it is also required
that 772 be an integral of motion for any system
{H,, b =1,..., N}. This means that the parameter o, is the
proper time of particle a, apart from a multiplicative con-
stant. This implies the following relation:

Ty » 04 (x,m) = 0. (2.8)

A PIAS satisfying the conditions (2.8) will be called hereafter
a Poincaré-invariant predictive system {PIPS).

A Hamiltonian formalism for the system (2.1) will be
determined by picking up a simplectic £2 form on TM *¥
invariant under & ® &/ .

As is well known, a function fcan be associated to each
field A, which leaves f2 invariant. This function is defined in
TM*Y, at least locally, by

df=i, 12,

and it is unique, apart from an arbitrary additive constant [in
Eq. (2.8) { means the interior product®].

In particular, the functions associated with P, J ,,,
and H, are, respectively, the linear momentum, the angular
momentum, and the Hamiltonians.

It is important to realize that in all cases of interest:

2 #dx; A\ dmf, in order to circumvent the no-interaction
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theorem.’

The preceding are the main features of the natural ap-
proach to obtain a Hamiltonian description [as a first step to
quantization of a classical system like (2.1)]. A very impor-
tant fact of this approach is that it usually involves perturba-
tive methods, as it can be seen in the cases of electromagnetic
and of short range scalar and vector interactions.”"

Another approach to predictive relativistic mechanics
is given by the so-called “a priori Hamiltonian predictive
systems.” It consists in giving NV scalar functions H, (g,p) on
the phase space TM *" endowed with a symplectic form:

2 =dg4 A dp (2.9)

where, in order to assure the Poincaré invariance, the ca-
nonical coordinates ¢% behave like x* under Poincaré trans-
formations and the momenta p;; are translation invariant 4-
vectors. This implies

P, =¢, J
g,
(2.10)
d %) d d
J":q(lt.————‘_ av'_+ a . — ‘:’.
o g e g TP g TP g

and the corresponding functions:

Po=¢€.p,, Ji=4o Dy —qu Py (2.10')
The simplectic form (2.9) defines the Poisson bracket:

(g0 00} =8 -n, gy} =(p0 Pt} =0, (2.11)

in terms of which the Hamilton equations read

g, Ip;,
= { Hb ?qf; } ’ —£
ar, ar,

= {(H,,p%}, ab=12,.,N,2.12)

and their integrability conditions:

{H,,H,} =0, VYda+#a. (2.13)
Assuming that the conditions (2.13) are fulfilled by the Ham-
iltonians, the Hamilton equations (2.12) are integrable, i.e.,
there exist functions f%(7,,...,7y;q3, p;,) and
8 (T15--Tn345, Pp,) Which are solutions of (2.12) and

S400,...0,95, pp) = 44, £.(0,....0:q3, py) = pi;

However, there is still one important difference
between these solutions and the integral (2.4). In general, f*
and g;, do not accomplish the individuality condition and
depend essentially on more than one of the parameters
(715...,7n ). Furthermore, if we require /% and g;, to depend
only on 7,(V g = 1,..., N}, then it turns out—no-interaction
theorem’—that only free particle Hamiltonian systems are
allowed.

It is for this reason that the a priori canonical coordi-
nates (¢,p), have no physical meaning; therefore, we cannot
identify ¢% with the physical position x% and, henceforth
0 #dxl; A dp,.

In order to give some physical content to these “a priori
Hamiltonian predictive systems,” we must introduce the
physical positions x*(g,p), which we define by the individua-
lity condition:

{H,,xt} =0, Va+#a, (2.14)
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which are N — 1 partial differential equations on x¥.

A system of N scalar functions H, (g,p) fulfilling the
integrability conditions (2.13) and the individuality condi-
tion (2.14) will be called hereafter an “a priori Hamiltonian
predictive system.”

As far as we have assumed that (2.13) is fulfilled, the
partial differential system (2.14) is integrable. Therefore, a
good set of Cauchy data determines a unique solution of
(2.14): x5 (g,p).

We can then define the velocities

(2.15)

From (2.13) and the Jacobi identity for Poisson brackets it is
obvious that

(H,, %} =0, Vd+#a. (2.16)

If the Jacobian |d(x#, x})/d(g", p%)| does not vanish, the
functions x%(g,p) and x; (¢,p) define a change of variables.
Then, the vector field H,, associated with H,(g,p) by {2 can
be written as

X (gp)={H,, x;}.

(2.17)

H; =5cf,‘—&.——+§‘;(x,5c)~ J , a=1,..,N,
IxH axe
where £ 4( x(g,p), X(g.p))={H.(g.p), X.(3.P)}

These systems are of the same type as (2.2) and, as a
consequence of (2.13), they obviously satisfy the conditions
(2.3)°:

[H;,H,]=0.

Since H, (g,p) are scalar functions, X% and £ 4(x,x) are
translation-invariant 4-vectors.

What has been achieved is that any “a priori Hamilton-
ian predictive system’’ (HPS) with a good set of Cauchy data
for (2.14) determines a unique PIAS, provided that the posi-
tions and velocities (x4, X} ) are a complete set of coordinates
on phase space.

We have to realize that the PIAS associated with the
HPS depends crucially on the Cauchy data for the position
equations. In general, two different sets of Cauchy data for
(2.14) associate to the same HPS two different PIAS.

In general, the PIAS (2.17) is not affine parametrized,
i.e., it is not a PIPS, because the condition (2.8)

X, - &4 (x,x) = 0 need not be fulfilled.

One question now arises: Is it possible to obtain a PIPS

equivalent to (2.17) via a reparametrization?

lll. REPARAMETRIZATION OF A PIAS

Let us start from a PIAS:

. en
H, = x4 -

a=1,.,N.

+ l;xyx * y
IxH §ale%) axH

We introduce now the following change of variables in
TM*: (x,, x.) — (x,,,7,) defined by

ﬂt;Eﬁu(xb’xc)'xt;’ (31)
where B, (x,, x.) are N given scalar functions.

This transformation leaves the position invariant and

only modifies the velocities’ moduli. The inverse transfor-
mation is given by
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X, =a,(x,,m.) - 7y, (3-2)
where the N functions a, (x,,7.) can be obtained from
a=1,.,N, (3.3)

provided that the conditions of the implicit function
theorem!? are fulfilled. Moreover, it is obvious that this oc-

aa 'Ba(xbracﬁc) = 1)

,,,,,

ly independent.
We then define the following second-order differential
systems:

H, = -2y orem -2, a=1..N,
ax* g
with
0% (x,m=(H. B, \x.am) - % + B {x.cm) - € x.cem).

(3.4)

The following two theorems are referred to the relations
between PIAS and PIPS defined by reparametrizations.

Theorem 3.1: If the functions 53, (x,x) introduced in (3.1)
satisfy

H.B, =0, Ya'#a, (3.5)

then:

(1) The family of second-order differential systems
{H,},_,. n definedin (3.4) is a PIAS.

(ii) Any integral of {H;},_, 5 canbe reparametrized
into an integral of {H_},_,  ».

Theorem 3.2:

Let
{H, =X . 3/0x%* + £4(x,x) - 3/9x™*;a = 1,..., N} bea
PIAS and
{H, = o -3/3x* + 0%(x,m) - 3/0m™*;a=1,..,N} bea
PIPS.

Assume that any integral ¢ 4 (o, x,7) of the second can
be reparametrized into an integral ¥/;(7,, x, x) of the first. In
other words, there exist 2/ functionsf, (7,,, x, xjand 53, (x, X}
as much differenciable as necessary, such that

W:(Ta’ Xps xc) = ¢7¢zl(f:z(7-a’ X, X), xl‘;’ Bc(x’ x) ‘ x‘c’) (36)
Then:
3 -1
B) £,00,% %) =0, ﬁ,,(x,x)=( f") L)
ar, (, x, X)
) (afa o TN
(1) o )‘ o B ({7, x, x),¢(7, x, x)); (3.8)
(i) H, B, =0, VYa'#a (3.9)
(iv) &4(x, x) =8, %x, x)- 0%(x, Bx)
+ ((_92/‘; ) B, - X (3.10)
‘B, X, .
3T§ (0, x,%)

We have to realize that the reparametrization functions
/. depend not only on 7, but also on x4 and x_'. This is due to
the fact that each integral of the PIAS must be reparame-
trized independently of the others. This makes the problem
much more involved than it seems at first sight. The forego-
ing two theorems establish which conditions must be im-
posed on the functions £, (r,, x%, x) in order to preserve the
predictive abelian character of the system after reparametri-
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zation. This complication has not been noticed in the least in
previous works.® It turns out, however, that all reparametri-
zations of PIAS existing in the literature happen to fulfill

Egs. (3.5) and hence keep the abelian character of the system.

IV. ANATURAL RESTRICTION ON THE CAUCHY DATA

We have concluded in Sec. II that the PIAS associated
with a given HPS depends very strongly on the Cauchy data
taken to solve the position equations (2.14).

The big variety of Cauchy data for Eq. (2.14) lies in two
facts:

(i) The Cauchy surface X' is any (7N + 1) submanifold of
the phase space, with the only restrictions of being Poincaré
invariant and of not being a characteristic of (2.14). (ii) The
prescription

[x5 —Sfilgp)]s =0 (4.1)
is only restricted by good behavior under the Poincaré
group.

In order to reduce somehow the wide variety of solu-
tions of the position equations, we can furthermore intro-
duce the orthogonality conditions (2.8}, which in Hamilton-
ian formalism are written as

{Ha’xa/t} -{Ha,[Ha,x’;}}=0. (4.2)

A first integration of this equation can be worked out
immediately and leads to

{Ha’xall} : {Ha’xf;} = _mi(q’p)’ (43)
where m2(q,p) is a positive integral of motion which is usual-
ly taken to be 2H,, (g,p).®* We shall also do it hereafter.

Although (4.3) is apparently a new differential equation
toadd to Eq. (2.14), we shall see in the following that it can be
reduced to a condition on the Cauchy prescription (4.1).

Let us first consider a Cauchy surface satisfying the
above conditions (i). It will be defined by ¥ — 1 scalar func-
tions:

bglgp) =0, B=2,.,N,

and no linear combination of the vectors H,, b #a, can be
tangent to 2. That is to say:

S b%gp) {Hots)| =0, ¥V B=2,.,N

c#Fa =z
=[bgp)]s =0, V c#a,
which is satisfied if and only if
det({d.H.},5)#0, B=2,.,N, c#a. 4.4)
If we want 3 to be a good Cauchy surface for the posi-
tion equations of any particle, Eq. (4.4) need to be true for

anya=1,., N.
Let us now consider a vector field of the form

D, —H, + 5 ¢ H. (4.5)
c#a
The functions 3, can always be chosen in such a way
that D, ; is tangent to 3, that is to say,

[D.#s]> =0, V B=2,., N, (4.6)

which can also be written as
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[[¢B,Ha} + Z ¢fa){¢B’Hc} =0. (4.7)

c#a P
But from (4.4) the linear system (4.7) is Cramer’s and the
restriction to 2 of ¥, (¢,p) is uniquely determined. Substitut-
ing then these suitable values of ¢, into (4.5), we have for

any g(g,p)

[D, g]s =D, s(83) (4.8)

Therefore, taking (2.14) and (4.1) into account and using
(4.8), we can write

[H)x]s = [D*xt]s = Dy /4 (4.9)

Theorem 4.1: The solution of Eq. (2.14) with the set of
Cauchy data [x; — f4(q,p)] > = Osatisfy also the condition
(4.3) if and only if

(Days fo Dy s f4) = — mi{gp). (4.10)

Proof: (a) (if) Let x%(q,p) be the solution of (2.14) with
these Cauchy data, and let us define g, (g.p)={H,,, x}
-{H,,x,,} From (4.9) and (4.10) it follows that

gus = (4.11)
Then, using {2.13), (2.16}, and the Jacobi identity for Poisson
brackets, we have

{H,,g,} =0, d'#a (4.12)

Therefore, g, is a solution of (4.12) with the Cauchy data
(4.11). But the uniqueness of solutions implies

2
- ma\Z'

g.lq.p) = —mlgp),

and the first part of the proof (if) is finished.
{b) The second part of the proof (only if) is immediate.

V. APPLICATION

We shall here apply the results obtained in the last sec-
tion to the family of models presented in Ref. 13 and given by
the Hamiltonian functions:

H, =a(P-y,)— P’ —y|e'yi + 2 Wa-var)

A<A’
+ V(ygi2c) (5.1)
where
Pr=epl, yy=(l/N)P"—pl, z!=q.—q),(52a)
yhi=—eyh, (5.2b)
d'=mr".a", mwh=y"— P"P /P, {5.2¢c)

et =1,abc=12,.,N, A,BC=223,.,N,and a8,y are
arbitrary real constants.
In these models, the integration of the position equa-
tions (2.14) has been worked out taking the Cauchy data:
[t —gi]s =0, Z=llgp) e TM*¥|(P-z,)=0}.
(5.3)
However, since the 4-velocities { H,,, x} have not con-
stant moduli the parameters 7,,a = 1,..., IV, along the world
lines of the particles, are not the proper times.
We shall here relax the prescription (5.3) and take

[xi — @5 + halgp) - PH)]s =0, (5.4)
where A, (g,p) is an arbitrary scalar function which will be
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fixed by requiring (4.10).

Since we are only interested in the values of 4, (g,p) on
S ={{P-zp) =0}, it will only depend on the variables
PLP.X,P-yy, X", 2%, y*. Also, since 2 is translation-in-
variant and x% and ¢* change like
Xt xt e, g — ¢ + € under atranslation €/, we have
that A, (g,p) must change like

h, —h, +e-P/P2
Hence, we can write

h,=P-X/P*+k,, (5.5)
where «, is translation-invariant and, therefore, it only de-
pendson P P-yy, 7, jy.

We shall here study the case @ = 1. Then we can obtain
the others x%(g,p), a5 1, by a simple permutation of indices.

The vector field D, introduced in (4.5) is given in this
particular case by

1

aP?+ Ny(P-y))

., 9 &
X |aP?-—+ % NyP(y, —ys):
A B=2

| =

dA B ’ ’
where use has been made of the new parameters

(5.7a)

(5.7b)
E 1 9 3

A, N IL  dr,

= —a[(PyB)v—_}

Then, the condition (4.10) on the Cauchy data (5.4) im-
plies that, on X,
he={(1/ = P (mi +41)]'"%, (5.8)

where the dot means derivation by D,. The sign + have
been chosen in order to ensure the future orientation of xj.
Working out the necessary derivatives, we obtain

éﬂ= _ JV-‘}’-CI'P’2
‘ a-PX+N-y-(Py)
X4 +(PY - e%Py,) - 4], (5.9)

where, as was pointed out in the detailed study of these mod-
els,’”> P? and (P - y,) are integrals of motion and the § # only
depend on A. Therefore, the right-hand side of {(5.9) can be
expressed as

pr=at.jH, (5.9')
where a*(P?, Pyy) are integrals of motion.
The evolution of j # is described by"*
dy
= V,iki,
ai V.ol
(5.10)
dz 4 . . B
=N (V. 2L} +N-y-(J% +£T%5).
dA
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Finally, substituting the solution of (5.10) in (5.9) and intro-
ducing it in (5.8), we obtain 4 ,(g,p), > by a simple integration.

In the following we shall study in detail the particular
case of an oscillatorlike potential:

V= —1kS (G, —d)

= —%k[(N—l)-e"Ei -2. 3 (ZB~ZB.)].(5,11)
B<B'
Equation (5.10) becomes
dyt . dr~ .
d; = N2ki4, ; = —N-.y-p4 (5.12)
with
Fe=z4 _(1/N)’2%, AB=2,.,N,
{5.13)
Fh=—(1/N)E®24.
If we now define @ “=a”F %, we can write
G o " :
—~— =N*.k.p¥, T—= —_N.y-9*, 5.14
Qi ¢ vy (5.14)
whose general solution is
#*A)=R#-sinwd + §* . coswd, w=(N *ky)'?
{5.15)
QA = Ng)-k [R* coswAd — §* sinwA 1,

where R # and $* depend on the initial conditions.
Substituting (5.15) into (5.8) and (5.9), it yields

by =1/ =P?[m? + R? sin’wd + 57 cos’wA

+ 2(R - §)coswA - sinwA . (5.16)

Since P2 and (P - y,) do not depend either on A nor on
Ag and 34 only depends on A, we can write, taking (5.9') into
account,

YA ) = ¢ #(bo), (5.17)
where b is a constant of motion which we derive in Appendix
A and o is the parameter along the integral curves of D,:

p,- -2
do
Hence, introducing this in (5.16) yields
dh, 1

= - [m? 4+ R? . sin*(wbo) + §2

do J_p2

- cos’(wba) + 2(R - S)sin(wbo) - cos(wba)],  (5.18)
which, after some manipulations, leads to
£1’—}ﬂz\/AZ—Iﬂsinf(aTba—G), (5.19)
do
with

AP =(1/ = PY)[m? + {R?+ 53] + 1 B2>0, (5.20a)

2 = = ~
Bi= j\/(RS)z +4(R? - §2)>0, (5.20b)

tan20 = 2(R - §)/(8*— R?). {5.20¢)

Since B?<4 , the solution of (5.19) can be expressed in
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terms of an elliptic integral of the first kind'*:

A B
h,(a')= E’E(;, (ObU—0> +F,

(5.21)
where I satisfies D, " = 0.

We now have to explain what does this result mean. We
are looking for a function (P2, PX, Py,, X*, 3, )on 3
satisfying the ordinary differential equation (5.19). A unique
solution of it is determined giving a suitable set of initial
conditions, i.e., a 7N-submanifold 2™ of 3 such that it is not
a characteristic of D, and the prescribed value of #, on 3~
The situation is visualized in Fig. 1.

Equation (5.21) gives us 4,(Q ) in terms of Q, and o [as is
obviousA %, B?, faregivenintermsofthe variablesin Q,, the
initial point for the trajectory of (5.14)]. However, we want
our final result in terms of the coordinates of Q.

In Appendix B the expressions of 4 2 and B % in terms of
constants of motion are given (B4). We also give there an
expression (B7) for the phase @ in terms of Q. Substituting
(B7) into (5.21), it yields

A B
h = ——E(—, — )+F, 5.22
(@) 5\ P (5.22)
with
p=} arctan —2~— w (B7)
¥~ Nyg
where
~ NyaP? [~ 1 - ]
= — Y+ —€(Py, )Pl |, (5.23a
¢ P Lt ] (523
- NyaP? . 1 .
'ﬁ":—h[ i+ —£ . "}. 5.23b
aP2+N'}/(})y]) Vi PZE (@a) Ya ( )

The integral of motion I" is determined by fixing the initial
conditions. If, for instance, we take

(5.24)

I'={P-X=0}, k. =0,

we have, taking (5.22) into account, that

Q= (¥ Py P XM FE,R)
Q= (p?.' ?‘653”0 ‘ Eo"l";:é/%:)

FIG. 1. o = variation of the parameter between g, and Q.
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-4 g8 _,_

= — E(A, P a)i) (5.25)
and

~Alg(B _V_g(B _,_
Q)= wb[E(A' p) E(A’ P w'{)]’
(5.26)

where A is obtained from (A2):

A= [2NBP? — (1/P*)Nye“(Py, ] ~"' - (P- X). (5.27)

Vi. CONCLUSIONS

This paper is a study of the equivalence between two
different versions of predictive relativistic mechanics.

An N-particle system is described in the “a priori”” Ha-
miltonian formalism® by N Poincaré-invariant functions A,
such that their mutual Poisson brackets vanish. The physical
position are related to the canonical variables through the
individuality conditions (2.14), which admit a wide class of
solutions depending on the prescribed Cauchy data. This is
the worst feature of this formalism because fixing only the
Hamiltonian has not any physical meaning.

Hence, in this framework the physical model must be
established in two steps: (i) the Hamiltonian functions and (ii)
the Cauchy data for the position equations. Then, integrat-
ing these equations we can associate a Poincaré-invariant
abelian system {PIAS) to the given Hamiltonian model
(HPS).

In general, the PIAS obtained in this way does not fulfill
the condition of constancy of the velocities’ moduli, and
therefore it is not a Poincaré-invariant predictive system
(PIPS). We have shown in Sec. III that by means of a repara-
metrization a PIPS can be associated with a given PIAS.
This reparametrization is not unique. It involves a change of
coordinates of the form:

i y) o (68, ), T =Byl X) - %

We have seen in Sec. III what conditions must be fulfilled by
the proportionality factors 3, (x, x) in order to preserve the
commutativity conditions (2.3).

If a given reparametrization transforms a PIAS into a
PIPS, the new variables (x, 7} ) must verify:

ThT, = —ml, a=1,., N, where {m}, a=1--N| are
N arbitrary functionally independent constants of motion.
Therefore, a given PIAS is reparametrized into a PIPS by as
much reparametrizations as possible choices of the set

m?, a=1-- N }. The most natural choice of these con-
stants are the N Hamiltonians.

However, the Lie derivatives of the symplectic form (2
with respect to the proper time along the individual world
lines (i.e., the derivatives .#"(H, )42 being H,, the tangent
vector fields of the PIPS,a = 1 -.. N )donot vanish and hence
the PIPS is not Hamiltonian, with respect to the symplectic
form £2.

In Sec. IV we have considered the special situation in
which the Cauchy data for the position equations lead di-
rectly to a PIPS and no reparametrization is necessary. In
this case the PIPS is Hamiltonian. In Sec. V we have applied
these results to the family of models presented in Ref. 6.
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APPENDIX A

The evolution of the functions (PX), (Pz,), A =2,.., N
is given by'?
(PX)=(PX)0—+—2N-ﬁ—P2/1 +05A(P)’A)”1A’

(A1)
(Pzy) = (Pz)o+ N -v[(Pyg) + £%(Pyp)] - A + aP 4.
If we constrain the evolution to remain on
3>={Pz, =0,4=2,.,N}, wehave
N
Ap = — =L [(Pys)+ Py - 4,
aP
(A2)

1 a
(PX); = (PX)y+ 4+ |2N-B-P? = — Ny ey,
Therefore, we can write
PX)s — (PX
L ()= PKly A3)
2N-B-P*—(1/P%)-N-y-&Fy,)
We can also relate the parameters A and o

d(PX)s L .
s INBP — — Ny Py,
— BP?— — Ney-eBy,)
(A4
PX 2
AL Y p—
do aP*+ N-y-(Py)
x|anp? — o Ny etpy P
P
hence
2
b= dA aP (AS)

do aP?+N-y-(Py)

APPENDIX B

We shall here derive the expressions of 4 2, B?, 6 in
terms of integrals of motion.

As is well known,'® the system (5.14) has the tensor
integral of motion:

H*=N?k-@*-@"+N-y ¢ ¢ (B1)
Substituting (5.15) into (B1), it yields
H*=N.y-(R*-R*+8".5"). (B2)
We then define
Mﬂ"ELf]#va_'l"u.(;)v+,}t.&v, (B3)
Ny 4

which is also a tensor integral of motion.
Using (B3), we can write

B =[2/(—PY] [ — UML) + i MM, 1"

= [2/(— P4k /)@ * — 717 + (NK /y)(énz)Z}(ll;z)
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A*=[1/(— Py (m} +yM") +1B?
= [1/(=P][m} + Nk /2y)p* + 3 ¥°] +1B?,
where é) # and ¢ ¥ are given in terms of 7 and 7}, by (5.9),
(5.9), and (5.13).
From (5.15) we have

R*=4¢* . sinod + Ny -¢* - cosol,
(B3)
St =1¢*#.coswl — Ny - p* - sinwA,
and, substituting this in (5.20c), it yields

(¥ — Ny@?) - sin(2wd ) + 2VNy (@ - ¢) - cos2wA )

20 = — )
o (@ — Nyg?) - cos(204 ) — 2VNy (@¥) - sin20A )

(B6)

or, equivalently,

0=l +p, p=larctan[2/Ny(@d)/(#’ — Ny-¢?)].
(B7)
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