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INTRODUCTORY.

All knowledge - beyond that of bare isolated occurrence-
deals with uniformities. 0Of the latter, some few have a olaim
to .be considered absolute, sich as mathematioal implications -
and mechanical laws. But the vast majority are only partial;
medicine doee not teach that smaellpox is inevitably escaped by
vaccination, but that it is so generally; biology has not shown
that all animals require organic food, but that neerly all do so;
in daily life, a dark eky is no proof that it will rain, dut merely
a werning; even in morality, the sol¥meategorical imperative
alleged by Kant wae the sinfulness of telling a lie, and few
thinkers since have admitted sc much as this to be valid uni-~
versally.- In psychology, more perhaps than in any other
science, it is hard to find absolutely inflexihle coincidences;
occasionally, indeed, there appear uniformities sufficiently reg-
uler to be’ praetioally treated gs laws, but infinitely the grester
part of the observations hitherto neoorded concern only more
or less pronounced tendencies of one event or attribute to accom-
vany snother. -

Under these circumstances, one might well have expected
that the evidential evaluation and precise mensuration of tend-
encies had long been the subjeot of exhsustive investigation
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2.

and now formed one of the earliest sections in a beginner's psy-
chological course. Instead, we find only a general naive igno-
rance that there is anything about it requiring to be learnt. One
after another, laborious series of experiments are executed and
published with the purpose of demonstrating some connection be-
tween two events, wherein the otherwise learned psychologist
reveals that his art of proving and measuring eorrespondence

has not advanceé& beyond that of lay persons. The eonse-

quence has been that the significance of the experiments is not
at 81l rightly understood, nor have any definite factse been
elicited that may be either confismed or refuted.

The present artdcle is & commencement at attempting to
remedy this deficienoy of scientifie correlation. With this view,
it will be strictly confined to the needs of practioal workers, and
all theoretical mathematical demonstratione will be ommitted;
it may, however, be said that the relations stated have already
received a larga amount of empirical verification. Great thanks
are due from me to Professor Haussdorff and to Dr. G. Lipps,
each of whom have supplied a mmeful theorem in polynomial
probability; the former has also very kindly given valuable
advice concerning the proof of the important formulae for elimi-
nation of "systematioc deviatioms.”

At the same time, and for the ssme reason, the meaning and
working of the various formulae have been explained suffi-
ciently, it is hoped, to render them readily usable even by
those whose knowledge of mathematics is elementary. The
fundamental procedure is accompanied by simple imaginary
examples, while the more advanced parts are illustrated by
cases that have actually occurred in my personal experience.

For more abundant and positive exemplifioation,lthe ‘reader is
requested to refer to the under cited research,™ whioh is entirely
built upon the principles and methematical relations here laid
down.

In conclusion, the general value of the methodics recom-
mended is emphasized by a brief critecism of the best correla-
tional work hitherto made public, and also the important wuest-
ion is discussed as to the number of"'cases"'required for an
experimental series.

Part 1.
ELEMEHTARY CORRELATION AND "ACCIDENTAL DEVIATIOH."

1. Requirements of a Good Method of Correlation.

(a) Quantitative expression. ‘
The most fundamental requisite is to be able to measure our

observed correspondence by a plain numerical symbol. There

1. "General Intelligence" determined and measured, to appear in
a subsequent number of this Journal.
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is no reason whatever to be satisfied either with vague general-
ities such as "large,""medium,""small," or, on the other
hand, with complicated tables and compiletions.

.The first person to see the posaibility of this immense ad-
vanceé seems to have been Galton, who, in 1886, writes: "the
length- of the‘arm is said to be correlated with that of the leg,
because n;peison with a long arm has usually a long leg and
conversely."+ He then proceeds to devise the required symbol
in such-'a way that it conveniently ranges from 1, for perfect
correspondence, to O for entire independence, and on sgain to
-1 for:.perfect correspondence inversely. By this means, cor-
relations became comparable with other ones found either in
different objects or by different observers; they were at last
capable of leading to further conclusions, speculative and prac-
tiocal; in.a word, they now assumed a scientific character. .
.- Mathematically, it 1s clear that innumerahble other systems
of values are equally concievable, similarly ranging from 1 Jyo O.
One such, for instance, has been worked out and extensively
used by myself (sell.-bls ££). It therefore becomes necessary
to discuss their relative merits. A

. (b) The significsance of the quantity.

Galton's particular syetem is defined end most advantageously
distinguished from all the others by the important property,
that if any number of srms,” for instance, be collected which
are all any amount, )( 6o &bove the mean, then the corresponding
legs will aversge rxgs, above the mean (with a middle or -
"quartile" deviation(t‘) of 5"4(1:“2, ;where ¢, = the quartile
variation of the arms, 57 -~ tha o¥ e legs, and r is the meas-
ure of the correlation. . et

. .But another- theoretically far more valuabdble - property may
conceivable attach to one smong the possible systems of values
expressing tHe correlation; this is, that s measure might be
afforded of the hidden underlying cause of the variations. Sup-
pose, for example, that A and B both detive their money from -
variable dividends and each gets 1/x th. of his total from some
source common to both of them. Then evidently their respec-
tive incomes will have a certain tendency to rise and. fall simul-~
taneously; this correspondence will in eny of the possible sys-
tems of values always be some function 1/x, but in only one of
them will it actually be itself 6 1/x; in such a favored case, if
A and B get, say,20% of their respsective incomes from the
common source, the correlation between these two imcomes
will also show itself as 0.20; and conversely, if A's income
happens. to be found correlated with that of B by 0.20, them

1."Proceedings Royal Society of London", Vols XL and XLV.
2. Commonly, but misleadingly, termed the "probable error."”
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there is a likelihocd that 0.20 of A's income coincides with 0.20
of B, leaving to either 0.80 disposable independently. The ob-
sorved correlation thus becomes the diredt expression of the rel-
ative amount of underlying influenoces tending for and against

the eorrespondence. -

In the above imaegined instance, this desirable expressimeness
belongs to the same above system of values proposed by Galton
( and elabotsted by Pearson). But this instance is exoep-
tional and- fundamentally different from the normal type. Rvi-
dently, A and B need not necessarily derive exactly the ssme.
proportion of their incomes from the common sourse; A might
get his 0.20 while B got some tolally different share; in whioch
case, it will be found that the correlation is always the geomet-
rical mean between the two shares. Let B be Induced to put
all income into the common fund, then A need cnly put in
0.2 ==0.04, to maintain the same correlation ag before; since
the goometrical mean between 0.04 and 1 is equal to 0.20. .

't 'Now, in psychological, as in most other sctual correspond-
ejces, A and B are nct to be regarded as in the. fixed bisection
of our first case, but rather 28 in the labile inter-accommoda-
tion of our second cese. Hence A, in order to be correlated
with B by 1/x, must be considered to have only devoted 1/x2
(instead of l/x) of his arrangement to this purpose and there-
fore still have for further arrangement lc-'1/x¥*whigh:will .°
engble an independent correlation to srise of{’I:I7§§T‘ In
short, not Galton's measure of correlation, but the square thereof
indicates the relative influence of the factors in A tending
towards any observed correspondonoe as compared with the o
remaining components of A tending in other directions.

(o) Accurady. ’

Prom this plurality of possible systems of values for the
measure of the correlation must be carefully distinguished the
variety of ways of caloulating sny one of them. . These latter
aguin, have various advantages and disadvantages, ofwthiwh
the principal is their respective degrees of liability to "acci—
dental deviation."

Por, though the correlation between two eeriee of data is an
absolute mathematiosl fact, yet its whole real value lies in our
being able to assume a likelihood of futbher cases taking a simi-
lar direction; we wamt bp: cpneider our results as a truly repre-
sentative sample. Any one ‘at all sccustomed to original inves-
tigation must be aware how frequently phenomena will group
themselves in such a manner as to convincingly suggwst the
existence of some law - when still more prolonged experiment
reveals that the observed uniformity was due to pure hazard and
has no tendency whatever to further repeat itself.

Luckily, this one great source of fellacy cah be sdequately

?
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eliminaeted, owing to the fact that such accidental deviations
are different in everv imdividual cese (hence are often called
the "variable errors ) and occur quite impartially in every
direotion according to the known laws of probability. The
consequence is that they .eventually more or less completely
ccmpensate one another, and thus finally present an approxi-
mately true result. Such eliminetion, however, must slways
remain theoretically 1mcomp1ete.'since no amount of chance
coincidence is absolutely impossible; but beyond ocertain limits
it becomes so extremely unlikely that for practical purposes we
can afford to neglecet it. When & person loses 14 times run-
ning at pitch-and-toss, he oun reckon that such & series would
not occur by mere accident one in 9,999 times, and oonse-
quently he will feel justified in attributing the coincidence to
gome constant disturbing influence. Similarly, to estimate the
evidential value of any other observed uniformity, we only re-
quire to know how nearly the odds against chance coincidence.
have approached to some such standard meximum as 9,999 to L;Q
But, as eny standard must always be more or less arbitrary-
aome .thinking it too lenient and others unnecessarily severe-
it is usual to. employ & formula giving no}{ the meximum but

the middle devistion or "probable error"”. Ve may then easily
f£ind the probability of mere hazard from the following compara-
tive table. . .

If the observed correlation
divided by the pbobeble o
error be. ~Lis 8 8 4 O 5 6
then the frequenoy of ocour- - -
ence by mere hazard ~% 1/8,%.1/83 1/143 1/1250 1/19000
Now , the smellness of thie probable error depends principaslly
upon the number of cases observed, but also largely upon the
mathematical method of correlation. Though a faultiness in
the .latter respect can thepretioslly be made good by increasing
the range of the observations, yet such increase is not always
possible, and, besides, has other grave disadvantages which will
be disoussed 1ater on. Other things being equal, therefnre, .
the best method is that one which gives the least probable error
For the benefit of the reader, this probable error should always
be plaeinly stated; nothing more is required than &.rough ap-
prozimation; for while it 18 highly important to distinguish .
between 2 deduction worth, say, 0.9999 of perfect certainty
and one worth only 0.75, 1t would be & mere splitting of straws
to care whether & pasrticular experiment works out to a validity
of 0.84 or to one of 0.85.
(d) Ease of spplication.

l. In the proper use of this expression.
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The most acourate ways of calculation are generally some-
what difficult and slow to spply; often, toc there ccour cir-
cumstances under whicn they cennot be used at all. ience
in addition to & standard method, which must be used for finsally
establishing the principal results, there i1s urgent need, also of
auxiliary methodés capable of being employed under the most
varied conditione snd with the utmost facility.

.- But here .a word of warning sppears not out of place. For
such auxiliary methodas are very numerous and their results,
owing to accidnets, will diverge to some extent from one
another; so that the unwary,"self-suggested” experimenter
may often be led unoonsciously - but none the less unfairly - to
pick out the one most favorable for his particular point, and
thereby confer upon his work an unequivocality to which it is
by no means entitled. Any departure from the rcecognized
standard methods are only legitimate, either when absolutely
necessary, or for mere preliminary work, or for indicating
comperatively unimportant relations.

2. Standard lMethods Explained.

(a) -Correlations-between varisbles that can be measured
quantitagively. - s
This may be regarded as the normal type of correlation. its
standard method of calculation is thatzdiscoverad by Braveis,
in 1846, and shown by Pearson in 1896,  to be the best poscible.
Pearson terms thisg method that of "Product moments.’
The formula appears most conveniently expressed as follows:

where x and y aere the deviutions of sny pair of characterietics
. from their respective medians, "
xy ‘18 the product of the above two values for any single in-
A dividual,
Sxy is the sum of such products for all the individusals,
Sx% is the sum of the sguares of all the various values of x,
Sy* is similarly for y
and r is the required correlation.
A simple example may make this method clearer. OSuppose
that it was desired to correlate acuteness of sight with that of
hearing, and thet for this puppose five persons were tested as to
the greateet dostance at which they could read and hear a stand-
ard alphabet and sound respectively. Suppose the results to-be;

1. "Memoires par divers sgvants" T, IX, Paris, pp255-332
2, "Phil. Trans., R.S., London" Vol.CLXXXVII, A, p.164.
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Person Sight Hearing
AT ‘ Gft. 6ft.
B : (/ 2 T R
e 9 (median) 18
D 13 10 (median)
E TR o o 8 5
' x y xy x2 y
then, we get A - 3 - ¢ + 12 9 16
K¢ Bhwe 24 2 - 2 4 1
C O + 2 - 0 0 4
D -+ 2 @ | 0 4 0
e Bi- 2 - 10 25 4
(TeE2  wEr "%
Sxy = ( =-12 8x° = 42 -8y .= 25
+ 12 - 12 - N Ty ‘
so that T = pe=me——e~~—- = 0, and there, thus, is no cor-
"\[421X b - regpondence, dlreot or inverse.

The "probable error” between any obtained correlation and
the really existing correspondence has heen determined by .
Pearson, as being "with suffieient accuracy’ When a fairly
large number of .cages have been  taken, .

= 0.674506 e
i FT

For dieou881on of correlation between characteristlcs whose
distribution differs conslderably from the -normsal probability
curve as regards either "range".or "shewness," reference -
may be- made to the works below.1 It may be remarked that
the method -of "produot moments” is valid, whether or not
the -distribution follow the hormel law of frequency, so long as
the "regression" is linear.

(b) Correlation between characteristics that can not be mess-
ured gquantitavely.

In the .example quoted by Gelton, of correspondence betwseen
the length of arm and that of leg, it may be noted that the cor-
respondencs -ie proportional quantitatively; & long arm has a
tendenoy to be accompanied by s leg not only long, but long
to the same degree. Ilow, in many cases, such proportionality
is by the nature of things excluded; a printed work is possibly
remembered -better than one heard; but, hevertheless, we cannot
in aceordanoe with the preceding formula sscertain whether
degrees of visualitv are correlated to retentiveness of memory,
seéing that in the former case there 40 not exist any degrees,

a word being simply either seen or not seen. DPerhaps even

1. Udny Yule: '"Proc. R.S. London,” Vol. LX, p477
. Pearson:,"Phil. Trans. R.S. London." Vol CLXXXV, 1A,p71;
Vol CLZXXVI, 1 A, p343, and Vol. CXCI A, p.229.

G. Lippe: "Die Theorie der Collectivgegensténde T Wundt's
Phil. Stud., Vol. XViI.
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more numerous are those cases where proportionality does in-
deed exist, but practically will not admit of being meagured;
for 1nstanoe, it is probvable that conscientiousness is to some
extent a hereditary quality, yet we cannot well directly deter-
mine whether brothers tend to possess precisely the same

g:ount of it owing to the fact that we cennot exuctly measure

In 81l such cases we mtst confine ourselves to counting the
frequencies of coexistence. Ve can easily find out how often
seen and spoken words are respectively remembered and for-
gotten. It has proved quite feasible to divide the children of a
school generally into "conscientious” and"non-conscientious,"
andi then. to measure how much brothers tend to be in the same
division; When we have proved this simple association, we
may provisionally sessume correlation of quantity also; that is
to say, if the "conscientious,” generally speaking, have a par-
ticular degreo of tendency to peesess brothers-kikewise "con
scientious," then boye with excessively tender scruples will
have the same degree of tendenoy to possees brothers with sim-
ilarly exoessive tenderness, while those with only a moderate
amount of virtue will be thus correlated with brothers &lso of
only moderate virtue; further, the ethiocsl resemblance may be
expected to repeat itsel; in coueins. ete. only reduced in prOp-
ortion as the kinship is diminished.

For measurement of this non-proportional association. -
standard method, which may be termed tha{ of "ecross mul-
tiples,™ has been elabor&ded by Sheppard®, Bramley-lloore,
Filon, Lee, and Pearson. The formula is, unfortunately, too
long and complicated to be usefully gquoted in this place. It
will be found in the under cited work® together with its prob-
able error as determined by Pearson.® In practice, it will
generally have to be replaced by one of the more convenient
methods to be next desoribed.

3. Comparison by Rank.

" This method of "oross multiples" is not only difficult and
tedious of application, but aliso it gives a probable error nearly
double that of "Produot moments.”

How, it can often he altogether escaped in the case of guan-
titiosnnot admitted absolute measurement, by substituting in-
stead ocomparison. This other way will be discussed at some
length, as it has been largely used by myself and is believed
chiefly responsible for some sugcessful experimenta. All charac-
teristiocs may be collated from two gquite distinct aspects: either
(as in example of visual and auditory acuteness) by aotuel

1."Phil. Trans.” Vol. CXCII, A, p.l41l.
2. "Philo Trans.l' VO].. CXCV A' pp.2-7
3. Phil. Trans.” Vol. CXCV A, 10-14.
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mensuzation, or else by order of merit: we wmight say that a
student, A, obtained 8,000 marks in an examination, while 3

only got 6,000; or instead, we might say that A was third out

of 100. candidates,while B was only 20th. “recisely the seme -
method of calculation may be sgain used in the latter case,
8imply substituting the inverse ranks, 97, 80, etc., for the per -
formances, 8,000, 6,000, etec. .

(a) Disadvantages of the"Rank" method.

In the first place, it msy be objected that the observed cor-
relation would then only hold good for psrsons of the ssme
average differences from one another. Mor assuming, sey, acute
gight to-be correlated with acute hearing; then the order of
merit of A, B and C, es regards sight, is more likely to remain
unaltered as tregards hearing also, when the difference in their
respeotive powers of vision is extremely marked, than when ‘
they are prastically equal on the latter head. 3ut the more
numerous- the persons exverimented on, the less will be the
average difference of faculty; it might, thereforas, be supposed
that the correletisn would become continually less perfect as
the experiments were made more extensive. This, however,
would be a fallacy: 100 experimental subjects compared to-
gether by "Rank" would on the whole adtually show appre-
ciably the same sverage coffelation as 1,000, vrovided, that in
either case the subjects are selected by chanca; the amount of
the correlation is not really dependent upon the difference be-
tween the grades, but upon the relation of this differense to
the mean diviation: and noth of these increase together with
the number of subjects; On the other hand, the correlation
will undoudbtedly diminish if the subjects be all chosen form a
more homogeneous class; in a seleet training school for teachess,
fpr example, general intelligence will throughout show smaller
correlation with other gualities, than would be the case in a
college for quite average young men of the ssme sge; but this
fact applies Just as much to comparison by "Measurement.'

The next possinle objection is that compsrison by rank
bases itself upon an assumption that 211 the subjects differ form
one another by the same emount, wherwas A amy differ form
B five times as rmuch as B differe from C. But such an assump-
tion would only take place, if correspondence by rank were
conaideraed to be wholly souivelent to that by measurement:
no such assumption is made; the two aspeote sre recognized to
be theoretically distinct. but advantage is taken of the fsot that
they give correlastional vslues sencibly ecuivalent in amount.
Hven against the small existing discrepancy umy be set off a
deviation of the same order of magnitude which is incurred
when using meusurement itself, owing to the practicual necess-
ity of throwing the cases into a number of groups.
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10.

The thied and only solid objection ies that rank affords a
theoretically somewhat less full eitterion of correspondence than
does measurement; and the forcé, even of this argument, disap-
peurs on considering that the two methods give apprecibaly
the same correlational values.

(b)  Advantages of the "Renk" method.

The chief of these is the large reduction of the "accidental
error." In normal fregquency curve, the ovtlying exceptional
cages are much more spaced apert than are those nesrer to the
average; hence, any accident disturbing the position of these
exceptional cases will have unduly great effect on the general
result of the correlstion; and owing to this inequality in the
influence of the errors, the lstter will not compensate one
ganother with the sume readiness as ususl. Moreover, it is just
these hyper-influential extreme cases where there is most like-
1lihood of accidental errors and where there very frequently
prevails a lew quite different from thst governing the great
bulk of the cases. As regards the gmantity of this gain by
using renk (shstrecting from the last mentioned point, which
cannot well be estimated in any genersl msnner) there should
be no difficulty in ealculating it methematicslly. From & con-
gideradble amount of empirical evidence, the probable error when
using the method of "product mements” with rank appears
to hecome less than two-thirde of that given by the same method
with measurement, and therefore only about one-third of that
given by the method of "cross multiples.”

The next advantage is thet rank eliminates any disparity
between the two characteristice compared, as regards their
generel system of distribution; such a digparity is often not in-
trinsic or in any way relevent, but merely an effect of the par-
ticuler manner of guining the messurement. By means of
rank, & series presenting the normal frequency curve can te
compared on even terms with another series whose curve is
entirely different. This cannot well be cdone when usihg
megsurements. (See p.7).

Renk has aleo the useful property of allewing any two series
to be eseily snd fairly combined into a third composiie one.

{e) Conclusion.

Prom the practical point of view, it 18 so urgently desirable
to ohtain the smallest probuble error with & xiven number of
subjects, that the method of runit must often huve tho profer-
ence aven when we are dealing with two series of measure-
ments proverly comparable with one sanother.

Theoretically, rank is at any rate praferable to such & hybrid
and unmeaning correlstion as that between essential measure-
ments on the one eide snd mere grbitrary clussificantion on the
other. As the lstter oczur in most psychological corroiations,
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k.

the only other resource would be to avoid measurements alto-
gether by using the method of "ecross multiple.” But this
trebles the size of the probable error, eand therefore renders it
necessary that the subjects should be no lees than nine, times as
numerous; such an enormous increase, even if possible, would
generally be accompanied by disadvahtages infinitely outweigh-
ing the supponsed theoreticsl superiority of method.

The above advantsges sre still further enhanced whonever
desaling with one-cided freguency curves, such as gre furnished
by most mental teste. For in these cases the great bulk of
influence upon. the resulting correlation is derived exclusively
from the very worst performances and is conrnseguently of a
specially doubtful validity.

4 short correlation by rank, in most cases a desirable pro-
cedure, is. for ghort series guite indispensdle, rendering them
of equsl evidential value t:o wuch longer onee treated by other
waye. Luckilly, it is precicely in short series that gradation
by rank is praCulcally attainsble.

(4) Aukiliarv Hethods.

These, a8 hss been ssid, #re only for use when there is ade- -
quate reason for not employ:ng the ahove "standard" methods.
Any number are devisable. Their resulting correlational velues
do not quite coincide with those Tound by the stendard ssys,
but nearly enough so for most practical purposes.

(a) Auxilisry methods of Pearson

Sgveral very ingonious and convenient ones are furnished by
him, 1 but all of similsr tyve and raquiring the scme dats as
that of "cross-multiple.” 2’ They sre therefore for use when
the compared events do not aﬂuit of direct quantitative corre-
lation. The following appears to combine facility send precision
to. the greutest degree:

- ul 1l Aad - \[ be
r ~ 8in 2 B8 § 4TC

where the two compared series of characteristies, say P and Q
are each divided into two (preferably ahout euual) classes; if
the oase is one where guantity exists hut cannot be absolatnly
measured, P II will comprise the instances in which P is in
nanifest deficisncy;. hut if the compared characteristics essen-
tially exclude quantity, 7 If becomes the instannes where P is

1. "Phif.Trans. R.S.T.," Vol. CXCV, A, pp 1 and 79.
] i 0
2. They are all refinements of the originsl formula, r - ad bo
published by Yule, Proc. R.3.T.," Vol.LXVI, p0.23.
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12.

absent; similazly 4. Then,

2 = the namber of times that P I is accompanied by @ I

b T 1 48 " " P II 1] " QT
e'n ) " " " P T " I | Q .iI
an " J n n P II " " 0 Y%

If a4 b is not very uneyual to e 4 4, the probable error

may be taken at about 1.1/4%, wherg n — the number of in-

stunces in the whole of P or of Q.l ’
Returning to our previous illustration, suppose that it was

desired positively to ascertain the merite cf instruotion by writ-

ing and by word of mouth respectively. Ten series, each con-

gisting of ten printed words, have been successively shown to a

olass of twenty children, who each time.had to write down by

memory as many as they could. The experiment was next

repeated, but reading the woeds aloud instead of showing them.

0f the 2,000 visual impressions 900 were corectly rememhered,

while of the same number of auditory ones only 700 wers re-

tained.

* Call the visusal impressiong T I

y T guditory » A |
¥ " remembered A QI
b " forgotten g .Q II

then & - 900, b - 700, ¢ - 1,100, 4 - 1,300, &nd

the probable error then comes to 1.1/ 4 oog -~ nearly 0.02,
or about 1/8 of the above correlation; so that The latter would
not occur by mere chance once in 100,00 times.

We thus see that there is at any rate good prime facie evi-
dence  of some superiority on the part of the visual sense. Also,
if the experiment has been feirly executed and adequately de-
scribed, any subsequent verification under sufficiently similar
oonditions, by other experimentere, should resiilt in a concordant
correlation, probadly between 0.04 and 0.28.

Moreover, we have obtained a direct estimate of the impor-
tance of this appurent superiority of the visual sense; for the
sguare of the correlation smounts to 0.025; so that of the vari-
ous causes here tending to make the.children remember some
words better than others, the difference of sense impressed
comee to about one fortieth part (see p. 4).

1
e

5 2
. O haed 1
1. More aocurately, sin 0.1686 47 (1 - r )W/’%‘+ %_r + 5
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13.

{b)  Hethod of proportionsl changes.

This is very often convenient, being especislly spplicable to
& large number of psychological experiments, and so easy that
the *esu’t can be anproximately scan on 1nspnction. Here,

I‘:S&“bl
2 a-2bt

where a - the number of casesg that have changed in =ecord-
ance with the supnosed corresponience, snd b - the number
that have. changad in contradiction of it. The probable error
again cones to 1.1

Suprnose, for oxample, we were damonstreting that intellect-
dal fatigue _may be satisfactorily inveestigated by the method of
Griessbhach.® With this view, we have apnlied his test to 100
hoys beforas and after their lessons. -In the latter case 68 of
them have vresented the exvected duller sensitivity, but 32, on
the contrary, have shown a finor diserimination than before
work.

. Yow, olsarly, hsd the cnrreagondenoe hean nerfeot all the
hundred would hve becoms worse. ”huq

swle ail.mul 568 2138 1 0.54.

e > 277 109
As tne probable error comes to 0.11, our imaginary correls-

tion is five times greater, and therefore would not have occurred
by mere accident more than once in 1,250 times; so that we .
become practically certain that the sensitivity of the skin really
doee measure fatigue.

- It now hecomes ecasy to compare the quantity of this fatigue
at different stages of work. Let us say that further experi-
ments, after lescons lesting one hour longer than before, showed
the correlation had risen to 0.77. _Thereby ws see that the in-
fluence of fatigue swells from O. 54? to 0.77,~ that is, from being
1/56 to being 3/5 of 8ll the sources of veriation in cuteneous
geensitivity.” Such e ‘result has & very different scientific sig-
nificance from, ssy, any conclueion that the average sensory
threshold hsd- enlarged by so meny more millimetres.

1. Hence, when the correlstion is very complete, say over 0.75
the above formule gives spprecisbly too large values; as the
amount reaches 0.90 and 1, the first factor must be reduced from

3/2 to 5/4 and 1 respectively.

2. This,as is well knowgp, consists in determining the least
distance apart at which two pointe of contsct cen be distinguis-
hed as being double and not single.

Z. Aaoaocrimmd o dVmndt 4o 4+$A caay had 797 o tmce hamama Patdionnalrd he
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i 14.

Horeover, our test can be eusily snd precisely compered with
of the various other recommended procedures, being more
reliable than all Whlch progent smaeller correlations end vice
versa.’ :
(¢) Method of class averages.
It often happens that measurements ( or ranks) are known
but not in such & way as to be eble to use either the method of

"product moments” or even any of the methods of Pearson.

Under such circumstances, I have found it very useful to be
able to apply the following relation:

r ~ da
where. a ie the observed difference between the average neas-
urement ( or renk) of the P's accompanied by Q I and that of
those sccompenied by Q II, and D is the greatest differemce
thet was possible (such as would have ooccurred, hué the cor-
regpondence been perfect). If Q haes been div1ded into two
about eguel portions, D will be ecual to twice the middle
or "quartile" deviation from the average in the whole series P;
while 'if Q has been divided after the usual fashion into three
such portions, only the two outer ones can be used and then
D -.2.87 times the sabove middle deviation (again taken in
the whole series P)

- Suppose, for example, that we wish to aswertain whether the
welllknown"test of "reaction-time" gives any indication as to
the rerson's general speed of movement. Ve try a hundred
persons both in resction-time and in spped of running 50 yards.
Then we divide the reaction-time records 'into two clssses, I .
oonteining 811 the ouickest performers and II al the slowest.

We now see how long these two classes of reacters took respec-
tively to run the fifty yards, and what was the middle deviation
from the everage smong all the runners taken together. Let

ue put the average of cluss I at 6 sesonds, that of cluss II at
6.5 eseconds, and the genersl middle deviation at 1.1 seconds.
Then

605 = 6
pL - EX L. L ‘= 0.23

The evidentisl value of the resudt is given approximately,
even for small values of n, by the following reletion:

"Probeble error - 1.17 - AR 1
TTIE EEE

where n is the total number of cases considered. In the three-
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fold instead of twofold division, the probable error becomes

nearly
1.4 Vn -1
=g

In the above instance, we find that the observed correlation
is 1little over double the probable error; as so much would turn
up about once in six times by mere accident, the evidence is
not at 211 conclusive. Therefore we must either observe many
more cases - 600 would be necessary to reduce the probable
error to 1/6th of the correlation - or else we must f£éRd s better
method of calemlation. If renk had been employed inatead of
measurement, the evidence would already have been fairly
good, and oould have been put beyond all reproach by the
addition of another 150 observations. If rank had been em-
ployed in conjunction with the methof of "product mements"
or that of "rank differences," the required smallness of proba-
ble error could have heen obtained by as few as 36 cases in a8l1l!

The method of "class averages" is especislly valuable in
deciphering the results of other investigators, where the average
performances and the middle deviastions are usually given (in
good work), but not the data required for any of the other methods.

(d) Methg%}of rank differences.

This method e¥pears to deserve mention also, seeing that it
seems to unite the facility of the auxilisry methods with a
maximum accuracy like that given by "peoduct moments”.

It depends upon noting how much eaoh individual's rank in -

the one faculty differs from his rank in the other one; evdédently
this will be nil when the corrilation is perfect, and will incresse
as the correlation diminishes.

1. This general idea seems to have been first due to Binet &hd
Henri ("Ls fatigue intellectuelle” p.252-261), who, however
do not work it out far enough to obtain any definite measure
‘0f correlation. Accordingly, Binet mskes little further
attempt in later research (L'annee psychologique,Vol.IV)
to render it of service, and soon appears to have altogether
‘dropped it (L'annee psychologique,Vol. VI.).

The seme isea oocurred to myself and was developed as
above, without being at the time acquainted with the prev-
ious work in this direction by Binet and Henri. In obtaining
the above formulae I was greatly assisted by Dr. G. Lipps'
showing generally that when an urn contains n balls numbered
1,2,3,..n, respectively; and when they are all drgwn
in turn (without being replaced); and when the difference
is each time noted between the number on the ball shd the
order of its drawing; then the most probable ( or middle)
total sum of such differences, added together without
regard to sign, will be

- n® -1

- T

Previously I had only celculated this value for each parti-

cular size of n required by myself. Prof.Hausdorff further

showed, generally, that such sum of differences will present
a8 mesn square deviation (from t?ﬂmggpve most probable value)
ol n+1 2n
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16.

'Phe relation is as follows:

e 1 - 354

o §
Mwhere Sd is the sum of the . differences of renk for &ll the indi-
vkduals, :
.. nis the total number of individuals
and R is the required correlation.
The probable error will then be approximately, even for

smell values of n, - 0.4/Jn.;
To take agein the example: from p.9, we number the five
persons aocording to their order of merit in hearing and seeing

respectively.

h

peraon seeing hearing difference
. - rank rank .
A 1 ] 1 0]
B 2 4 2
c 3 3 -
D 4. 3 -1
E b 2 -1
/ S& - .8
80 /that :
A -1 -3 S "
26 - 1

and again we find that there is no correlation, direet or inverse.

This method, though very accurate and pre- eminently quick
in application, hes8 unfortunately four serious disadvantages.

It can be only used for ranks, and not immediately for meas-
urements.

The probable. error given is only that showing how gresat
correlations may be expeoted from pure accident when there is
no really existing oorreeponuence between the two characteris-
tics. - It does not (like Pearson's probable error for the method
of "produot moments"”) directly show how much the observed
correlation mey be expected to differ by accident from any cor-
respondence.that does exist.

The various possible values of 8d are found to fall into a
frequency ourwe of marked asymmetry; so that we cannot (as
in all the other methods here given) take the minus values
of R as representing eo much inverse correlation. ' This defect
could be remedied nathnmatioally. but there are also other
respects in which this side of the frequency ocurwe appesrs un-
suitable for our purpose, so that it is better to treat every ocor-

1. This formule becomes slightly incorrect, whenever two or more
individuals are bracketed as having precisely the same rank; but the
consequent error is usually to be worth considering.
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relation as positive (which can always be done by, if necessary,
‘inverténg the order of one of the series). ' ™ o

" 'Finally, this value R 18 nbdt numerically equivalent to the

"r" found by all the, other methods, but for chance distribu-
tions appears - r., So far, the proof of this relation ic only
empirical, but 1Y resfis on a large number of cases taken, how-
ever, only between 0.20 and 0.60. If it be accepted r can at
once be found from the following table;

R 0.05 0.10 0.20 0.20 0.40 0,50 0,60 0.70 0.80 0.90 1
k| g,1§19.22 0,34 0.44 0.54 0,63 0,71 0.79 0,86 0.93 1 H

: Part II.

Correction of "Systematic Deviations."

1l.Systematic Deviations Generally.

In the first part, we have seen that any correlational experi-
ments however extensive, can only be regarded as a"sample"

- out of the immense reality, and will consequently present a
certain amount of accidental deviation from the real general
tendency; we have further seen that thls accldental deviation
i1s measurable by the "probable error" whose determination,
thepefore becomes an indispensabj;e requisite to all serious

research, :

But now we are #n danger of falling from Scmlla into Charyb-
dis.” Tor after laboriously compliling sufficient cases and
conscientiously determining the probale error, there exists a
very human tendency to cease from labor and inwardly rejolce
at having thus risen from common fallacious argument tothe
serene certainty of mathematics. But whether or not such
complacency may be justifiable in pure statistical inquiry, it is
at any rate altogether premature in the kind of research that
ve are at present contemplating; we are not dealing with sta-
tistics, but with a line of vork so fundamentally different that
it may be aptly distinguished by the term of "statisticolds."
Here the accidental deviation is not the sole one, nor even the
most momentous; there are many other enemies who are un-
moved by the most formidable arram of figures. These consist
in such deviations as, instead of merely being balanced imper-
perfectly, lie wholly pm tlje one side or the other. As 'in ordin-
ary measurements, so too ln correlation, we may speak, not only
of "accidental” " varlable" or "compensating" inaccuracies,
but also of "systematic,? "constant,” or "non-compensating” ones.,

These systematic deviations are of very varied nature, the
vost ineidious being as @sual self suggestion. To teke, for
instance, one of our recent examples, suppose that we have
applied the Griessbach test to a number of children before and
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after their lessons, and have found the desired correlation be-
tveen fatigue and cutanuous insensitivity it still remains ex-
ceedingly difficult to convince ‘ocurselves that we executed our
tests entirely without favor or affection; for it is.almost im-
' possible to determine a serles of sensory thresholds without
some general tendency, either to bring them towards the:
desired shape, or else - endeavoring %o\encape such btias- to
force them in, the opposite direction. To convince others of
our: impartiallty may be harder still. Even this sort of devia-
tion is to be remedied by our proposed exact method of pro@:
cedure for by 1t we obtain perfectly definite results'wgich“'.p
any. impartial experimenters may positively corroborate or refute.
.2+ "Attenuation" by Errors. e
From page 3 1t will be obvious that a correlation does not
simply depend on the amount of concording factors in\hh& two
compared series, but solely .on the propertion between these |
g@oncording elements on the .one hand and the discording ones j
on the other. In our examplem it did not matter whether A
and B each had one pumnd or a thousand pounds in the com-
mon funds': but. only whether the amount was a small or large
fraction of thelr whole ‘ncomes. If the discordance,l1-x, be
nil, then the concordance x is thereby perfect, that is, - 1;
and if. the influence of the discordant elements he sufficiently
increased, then any concordance will ewentually become infi-
nitely snmall, . IR s L
* To consicder a still more concrete example supplise three
balls to be rolled along & well-kept lawn; then thie varlous dis-
tances they go will be almost perfectly correlated to the various
forces with which they were impelled. But let the#e balls be
cast with the same inequalities of force down a rough moun-
tain side; then the respective distances eventually attained
will haeve but faint correspondence to the respective origineal
momenta. - u;@f
.7 - Thus it wlll be clear that here the avcidental deviations have
g g oneda e fhaueodhe e BoE Bere AL TTRIeTo Ly
gﬁg%eg%ggugggddiginigheg the cgrreiation, tending in.a.pro-
longed series to always nmore and more perfectly counterbalance
one another; and in ordinary measurements, this is their sole
result. But here in correlations, they also have this new effect
which is always in the direction of "attenuating" the appapent
correspondence and whose amount, depending solely on the
size of the middle error, cannot be in the least eliminated by

I. This fact has already been mathematically expressed in the
last chapter,?v the value of correlation between two serles being
proportional (inversely) to the value of the middle deviation

inside the series (see p. 15).
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... any. prolongation of the series. The dovlation ga° thus become

_general or "aystenatic.”

Now suposse that we wish to -ascertain the conrerondence
between a series of values, P, and another series, ¢. By prac-
tigal observation we evidently do not obtain the true objectlve
values, p and q, hut only approximations which we will call p'
and q « " Obviously, p' ia: lass closely connected with a' then is

with-q. for ithe first palr only carespond at all by the inter-
ation of the socond patr, thé roal cgrxeupondOnce between

and q short-y rpg,has been "attenuated " into Potys

To aacertaln the amount of this esttenuation and theroby dis-

cover the true corralation it appear:z negessary to make two or_
moré fndependent certeq of observationg of tota [ and G. then

. O
I;‘ : ] { plql
e 8 ,,i ..........
o T
3 AV n' a'q’
where p'g’' — the mean of the correlatfons between sach series
* of .values obtsired for p with emch series obtained
: for q. .
S AP
P'P° _ the average correlaitlion between and ahokher
: of thare several independently obtained series of
I _vyalues for p.- . °
r , , “the gane ar regards Q.
46 = :
and " rpg’ 20 the renuircd resl corralation between the true

objective values of p and q.

Thus, if for egéh characteristic two such independent series
of obaervat;o@a be made, =ay Dip.q; and 4o then tne true

r : N ) - Sy r
Ppa = ooplal o pigZ . TpRql L pegr

," ‘Ppipe X Taige )

Should ciroumntancas happen! to render say pl mueh more .
accurate than pZ. then the corrclatlons 1nvo1v5wg Pl will be
considerably ;raater than those Lnvolving p2. In such caso,

the numerntor -0f the ahove fractlior must bhe formed by the
seometri-al tnstead of by the arlthmetical mean; her. by the
accidental errors of Lhe respective observations cease to elin-
inate one another and therefore double thelr fInal !aflucnce; they
also Introduce an undue dimninusion of the fracticn.

In some exception&l and principally very theoretical casce, 1t
may happen tiat eltiier of the cetunl memcurementes, oy p'l ig

1l By an inversion of the above formuls, the corrclation be-
tween two serles of oteravations wi1ll be found a usesful
maasure of the accuracv of the nbservation.
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ifn;ected with, q (or qa)- quite independently of p or any other
nk:cemmon. . to p'y, - Then;, the .correlation r
P'q' will nre to that

extent increased without any proportional increase in rp'p' ;
hencerz:e:E::epiggzzézlv;}%ffali:ciouslv ﬁresent too large a value.
sufficiently/ independent of ogguangtigrtha;ogfmgg§ag¥ig§stno series
are likely.to repeat. themselves; even 'two separate observers
are . generally, to some extent: warped by the: same: influences;
wg aze all 1Tpo;ed on"by, not onlj the "Idola Specus,é but .
%hgoaggveIggrgulgiygsstigg dfdgniy€°f%8 co?rgggyon aoee not go
quite far enough, -a fallacv at any rate on the right side.

An actual instance will best show the urgent necessity ‘of
correcting this attanuation. ‘Tn a correlatioch between two
events; say P and Q, T obtained three independent ob“ervations
both+of P and._of Q. ‘The average correlation for those of P
gith:those for Q was 0.38 (=T q-); the - averabe correlation
of .those for P with one ‘another was 0,58.(- . the same

for Q wae O 22 (- rq Q') Therefore, the corrgsgondence
between the real evente, P and Q, comes bv rechoning to
.38 .
"""""""" Z approximately l; se: that the correrpondenqv

6.58 )( 0. 22

'n‘eing merelj Q. 38, appeared to be abqolute and com-

plete. ‘
Attenuation by errors can alsobe corrected in another man-

ner, which has-the. great advantage or an'independent empirical
bésis, ‘and therefore of not- belrng: subject to either of the two
above ‘mentioned fallacies besetting the ‘other method." Hence,-
when the results- coincide both. ways, . the fallacies in. question ..
may thereby be considered as dieproved for it is very unlikely
that they should.noth .be present and in such- proportions as to -
exactly gameel ene another. In this ‘nethod, Instead of directly

employing theivalues Pip,ps  oo0 "we amalgamate them tnto

a £ingle list; by this: “edngwe toldanlly wielimindte some portion
of the .individual observational errors,-and. thereby we cause
any really existing correspondence .to re¥eal itself in. greater

completeness, “Now, thls increase: in: correlation from this par-

tial elimination ‘of errors will furniah a.measure of the increase
to be expected from an entire elimination of errors. Aseuning

the mean error to be inversely proportional both to this in="
crease in the correlation and to the gqquare root of the number

of lists amalgamated, the relation will be:
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connected with gt (or q) quite independently of p or any other
link common to p3 'Then, the correlation rp'y,' will be to that
extent incrcasod without any proportional gnoreaae in d'p's

hence our above formnlu will fallqciouily present too large a

value.
-A greater faotioal difficulty. is that of obtaining two series

sufficiently independent: of one another. For many errors

are likely to repeat themselves; even two separate observers
are generally, to some extent,. waxped b¥ the same influences;
we are all imposed on by, not only the "Id0la Specus,” but
also:the "Idola Tribus” andthe "Idola Fori." In ash cases,
the abobe formmla is still valid, only ite caerection does not
quite: far enough,» a fallacy at any rate on the right side.

.. An actual instance will best show the urgent necessity of
correcting this attenuation. - In a correlation between two
events, say P and Q, I obtaird three independent observations
both of P and of Q. _The average correlation for those of P
with those for | was 0.38 (= T 3')s the average correlation
of those: for P.with one anethcg ‘was 058 (=2 Tp p'). the same:

for Q was 0,22 (- & JLE Tfherefore, the correspondence
betw!gn the rcal evgn%s, P and Q comes by reckoning to

T 0438 ‘approximately 1"so the the corresponden-e

,xo--
tead of being nzrol; 0.385 appearcd to bc dllolutcramd

.jﬁyw“ .
“‘x%tenuifion by errers can also be. arrected in another nan-
ner, whish has the great advantage of an independent empirioal
basis, and therefore of not being subject to either of the two

above mentioned fallacies besetting the other meéthod." chce.
when the results coincide both ways, the fallacies in gquestion
muy thereby be considered as disproved, for it is very unlikedy
that they should both be present and in such proportions as to
exactly cancel ond another.  In this method, insteddof directly
empléying . the values pj p2 p3 , etc. we amslsamate them into ©
& sirgle 1i8t; by §His means we clearly eliminate some portion
of the 1ndividua1 observational errors, and thereby we cause
any really éxintinc eorrespondence to reveal itself in greater
completeness. . Now, this increase in correlation from this parp
tial elimination or errors will furnish a measure of the incregse
to be expected from an entire elimination of errors. Assuming
the mean error to be inversely proportional both to this in-
crease-in the correlation and to the syuare root of the number
of lists amalgamated _the relation will" be. : . A

/\/';nnor ' q" ' ‘b];p'q'

Tpq 2
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where m and n - the number of independent gradings for p
and q respectively,

“Tprg? =- the mean correlation between the various

et W gradings for p and thoese for q, ‘

and Tpngw = the correlation of the amalgamated series
sk =y " for p with the amalgamated series for q.

In the above quoted instance, the three observations for
series P were amalgamated into a singlé list, and similarly
those for series Q. Upon this being done, the two amalgama-
ted -1iste now presented a correlation with one another of no
less th5§.9f66,= o '). Thus by this mode  of reckoning,
the”reql'correspondeﬂce be came

- 31X 0.66 ‘,0'38 = once more approximately 1,

so that this way also the cerrespondence advanced fvom 0.38 to
absolute completeness. d ; j -

~ If more than two independent series of observations are
available, we may acquire additional evilence by trying the
effect of partial amalgamtion. Instead of throwing all our
obtained values together, we may form a set of smaller combi-
hations for each of the two ocompared characteristics, and then
see -the mean correlation between one set and the ‘other. In

our ebove . instance instead of summarily considering p'i p's p'3,
we can have p} pé p! pé and p! pé and find out their

mean correlation“with 1m11ar2va ues for q. “This works out
actually to 0.55. Hence o e ' -~

nrvs . ‘4}2)(2)(0.55'“‘-,'0‘.38; '
. | - . - y. approximately 1.

g B ey | 3 b |
Thus agtéin , by this third may, where both terms are the mean
of 9 observed correlational .values, the correspondence once
more rises. from the apparent 0.38 to the real 1. (1)
. 3. Limits of Associative Problems.
We have seen that "the length of the arm is said to be cor-
related with that of the leg, because a person with a long arm
has usually a lonz leg and conversely;" alseo that this corre-
lation is defined mathematically by any constant which.deter-

(1) The exactnes: of the cokmcidence between the two methods of cor=-
rection is in the above instance ncither greater nor less than gener-
lly coours in practice. It was singled out, in order to show that
the forrmlae 8till hold .perfectly good even for such an enormous
rise -as from 0.38 to 1. The posdibility of such a rise is due to the
unusual conditions of the experiment in gquestion, whereby the three
observations of the same objective series presented the extra-
ordinarily small intercorrelation of 0.22. A
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Minees the function of any definite size of arm to the mean c¢f tne sizes of the
corresponding lege. These terms, tcken literally, are very vide reaching and
express what we will call the "universal"™ correlation betwesn the two orgauns.

But 2vidently mot the most painstaking investigation can
possibly ~~cure any adequately regrcosentativs sample for such universal correlations,
even in the simple case of arms and legs. To begin with, they would have to0 be
equally derived from cvery stage of growth, ineluding th? prenatal periody since
thia ts the most influencial of all censes of variation in size. In the next
place, they would have io come from every historieal eroch, containing their fair
propertion o big Cro-Magnons, little Fukfcozers, ete. Fu-ther, they must impart-
ially include every living race,from the great Patagonians to the diminutive
M'Kabbas; alsc every social class, from the tall aristocrats to the undorszized
slurmarsg,

Practically,then, the universal correlation, even if desirable,
is quite inaccessible. We are forced to successively introduce a lsrge number
of restrictions: the sample is confined to adults, to ncderns, to some particular
country, cte., etes In a word, we are ohliged to deal with a special correlation.

When we procead {0 more narrowly corsidermi these restrictions, it soon becames.
elear that they are ar irau teing recally detrinental. Fo- every serious investi-
gation will be found to He directed, however vagusly &nd unconsciously, by some
hypothesis as to the causcs both of the correepondence and of the dlgression there-
from. (see page 74). This hypothesis will detormine a particular system of
restrietion, such as to sst tha correcporndence in th: most signifieant relief.

But from these restrietions will at the seme {ime proceed
several kinds of grave errcrs. In the first place, since the restrictions are not
explicitly recognized, they often are not cerried out in a msaner scientifically
profitab.e; tkay then, the result, however true, may nevertheless be trivial and
unsuzgestive. ¥Fotr instunce, a vc“ic,d of expe rlmentb rzs recently executed by one
of our best lnowa psyehologists and ended - to his apparent satisfaction = in showing
that sone children's scheool-crcer was largely, correlated with their height, weight
and strength. As, however, no step had bean taken to exclude the variations due
to difference of ege, the only reasonable conclusion eeered to he that os children
grow oli igr they turned out in faet to probably be the true and sufficient one.

The nex%i fault to be feared is equivocelity. TFor even if the eontrolling under-
thought be good, yet its indistipctuens im the mind of the experimenter esused the
restrietion to be carried cut so unsystematically, thet the results inevitable
¥m¥®m become ambiguous and fruitless.

The last is that, even with the célearest purpose, this
epecialization of the correlation is an exceedingly difficult matter to executs
succosefully/ Only by a profound knowledge of the many factors involved, can we
at all adequately exclude theose irrelevant to out main intentione

Now, all suck elements in & correlation as are foreigh to the
irvestigator’s oxplicit or implicit purpese will, like the attuvating srrors,
constitute imputities in it and will quantitatively falsify its appraent amount.
This will chiefly hapren in two ways.
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4o "ConstriztionTand"Dilation.”

Any correlation of either of the consideroed eharacteoristics will have
been admitted irrelevautly, if it has supervened irrsspectively of the original
definition of tho correspondence to be investigated. The variaticns are thereby
illegitimately congtrained to follow some irrelevant cdirection so that(as in the
ezge of Attenuation} they no longer posuess tull amplityde of possible correlation
in the inwvestignted direction; tlc maximm insteed of beine 1 will be only a fraction,
and ail the leescr degrees of correspondence will be similarly affocted; such a
falsirication may be called "comnsirietione® Much more rarely, the converse or
*dilation® will occur, by correlations being irrelevantly excluded. The disturbance i
neasureaeble by the followinz relition:

13 e e
’\fl --I‘ e

where T 79 = the apparent correlation of p and qe the two varisbles to be

cocmpared,
Tw = the correlation of one of tha above variebles with a third and
irrelevantly rdnitted variartle v.
e = the resl correlation between p znd ¢ after corpensating fer the
ligitirate influence of v.
ghould any further irrslevant correlation, say rpw, be admitted, then
. 4
rm -~ - 119

{1 -7 . -

in tho reverse case of "dilation,”

tog = rlpg  JI=F w

these formulae will be easily senn to bs at once derivable from the rslations
stated on pages 74 snd 75. Small, irrelevant variations evideatly do not affect .
the result in any sensibvle degree, while large ones are capable of revolutionizing it.

Tho following is an actual 1llustratioan of this constrictions I was
investizating the corresponfience between on the one hand intelligonce of schocl lesson
and on the other the faeulty of discrimination of rmusical pitche The corrclatica
proved to be 0.4Y, But, upon inguiry, it turned out that more ¥han half of the
children took lessons in rmsic and there fore onjoyed artificisal training as regards
pitch; here, then, was a powerful cause of variation additional and quite irrelevant t
the research, which dealt with the correspondence between the two natural faculties.
When this uiaburvact hed onece boen ditected, there was no difficulty in elimirating it
influenee by the above formula; the correspondence between piteh mmit discrimination an
meic lessors was necsured at 0.61; so that the true required torreletion hecame

0449
+ 0.62.

T == 0.6 2
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In this particular case, the more desirsble course was open of climination %l
constriction, praetically, by confining the experiment to thosc crildren who were
lemrning musie and terefore were on a sufficient equality as rerazrds the training
The correlation then guined in this purcly empirical way exactly coineidcd with the
former resulte, being again 0.62.

S5e¢ "Distortion."

Whereas Attention and Constrietion have wholly tended to reducec the
apperent corralation, and Dilation to enlargo it, we now ecome to a third kind of
impurily that may equully well reduce or enlarge. Its effects is thus analogous to
the first ccnsequence of accidental errors cGiscuszed in the first part of this
article, but unlike tha latter, this Diestortion does not in the least terd to
eliminate iteelf in the longest series of observations.

Distortion occurs whenever the two sories mf to be compared together both
correepond t0 any appreciable degres with the same third irrevant variant. In this
case, the relation is given by S . .

r = Pa o
P! . >~—2~ e 3 ;‘.‘;g
, q] laalm™ ) (3 ~=1gv
where rl pqa = the apparont corrslation betwaen ﬁ'and qQ, theAﬁwo cheracte istiecs to
' be cormared, r
. and r = the corrclations of pand q with some third and perturbing

Qv .
w variarle v. -

and r. = ths requiraé real correlation between p and q efter ccmpensating for the
P 11ligitiriate influence of v y:

Should the common correspondence with v have been irrelsvantly excluded
instead of admitted, the relation becores

2] v x

Tog STy ( 1o ) (Lemr ) ¥ orpye T
In th- eourse of the cane investigation above alludad toy; dbut in another

echool, the correlation between schodl intelllgence und diserimination of piteh turned

out to Yve ~ C.25, so thul apparently not the cleverer but $he stupider childiren

could discriminate best! Lut no= it was cobgo-ved that a superiopity in discrimination

had been shown by the olde  children, amounting to a correlaticn of 0.55; while, for

a then wioiown reason, the schcolmaster's estimate of intelligence hud shoen a very

marked (thougk unconscious) pertiality for the ycunper onec, anonnting o a corvelation

of 0.65. ience the true correlation reckoned cut to

= 0,25 = 0.55 X (= 0465)
N (1-055° ) (L= = 065 =)

= + 0.,17. This letter low but direct correlation was =~ under the particular

1. This came formlar hus already been srrived at, ek
different route, by Yule. See Iroec. R.S.L. Vole IX.

though along a very
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5.

eirecumstences of the expuriment - unquoestionadbly ahout correet; so that the cne
originally observed of = =0.25 would have been entirely mislecding.

6e Critieizm o Prevelent Working lMethods.

So far, cur illustration of systematic deviation has been confined to instancee
teken fpom personal experience. I3ut it nmizht perhaps be theught that other workers
avcid such perversions of faet by the simpler nethed of cormon senses Unforutmately,
such does not seam to have veen at all the case; not cnece, to the hes$ of ny
knowledge, has uny vpartial association between two psychologiedl svents been
determinod in such a way ae to present any geod evidential value - thise are
strong terms, but I think, hardly exagzorstede

Psychologiste, with scarcely en excevtion, never seem to have beconme
acquainted with the brilliamt work beirs carried on since 1885 by the Galton-
Pearson school., The censequence hes been that they do not even attain to the
first fundamental requisite of correlation, nemely, & mesise quertitative
expression. Many have, indeed, taken great pains in the matter and have construet-
ed arrays of complicated rumerical tables; but when we succeed in orienting ours-
selves in the somewhat bewilderirg essemblage of figures, we generally find that
they have omitted precisely th few facts which are essential, sc that we cannot
even worx out the correlation for ourselves.

This lsck of quantiteive expression entails fat more than merely diminished
exgetitudes For in consequence, the expreimeniers have hesn unable to estimste
their own reosults at all carreetly, same have believed themselves to demonstrate
an entire ahsence of corresyondence, when the datter has really been quite con=
sldwrable; whereas otkers heave presented $o the publie as e high correlation what
has really bheen very small and often well within the limits of mere asceidental
ceincidensze; these linits they heve had no me ns of detsrmining, cnd mnorebver
their data were usually chtained in auch a way as to mzkec it unrecessarily large.

Seeing, tkus, that even the elomentary requirsments of good ccrrelation
wdrk deseribed in the first pert of this asrticle have been 50 pencraliy deficient
we eannot be surprised to find that iie ricrcadvlneced refinements of precedure
discussed in the second part have bheen almost wholly urrecarded; so that the
final results are saturated and falsified with every description of impuritye.

In this respeet, unfortunately, it is no longer possible 4o hold up even the
Galton-Perrson school as a nodel to he imitateds The latter must nog perform the
very diffémedit office of saving us from detailed criticism of infarier work, by
enabling us to form an opinion as tc how Tmtfar the ®efect permeates and vitiates
even the best existent correlational ressarch.

As example, we will take Pearson's chief line of investipetion, Collateral
He edity, at that point where it comes into closest cortuet with our cvm topie,
Psychology. 3inee 1989 ke has, with goverament sanetion and assistance, beoen
collecting a vast nurber of data as to the amount of correspondence existing between
hrothers. A perliminary calculation, hesad in esch case upon €00 to 1,000 pairs,
led, in 1910 to the publication of the following momentous results:
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Coefficienis of Co teral toreditye
Gollclaticn ¢f Pairs of

Y ’-;0& a ors 2
Fhysieal Charcactelrze lental Charudterss
(Tamily Mocsurerente) {(school Obseavuiions)
Stature 05107 Intelligouce 044559
Toresm 04015 Tivucelity 00,4702
Snan Co 3404 Conscientiousness 05329
Eye-colour 05169 Populerity 045044
Lenper 05068
{Sehool (bsesrvatio:n) Sell-congelousness 0.5915
Cephnlie indexX 04861 Shyuoss 0.5081
Hair Colour 0.5452
Aealth 05508
Lecn 0e5171 Moan . 0.5214

Dealing with the maars for physical end mental cheracters, we ore foreed
$9,1391 P30T IR Mhod e 20241 £1038 KR 1 0hnor A b EES BAREILAANTCRER 1) WR
moral

nature 15, quite cs muck a2 out Thysicel noture, the oateane of heredity
faotore,

Yow let us oonsider how these eedfTiciente of
correletion will ve affected hy our "systenatic deviations." To begin with
there iz the "ttenuaticn® by errors; mince it evidertly cannot he cssumed
that the schooleasters' judgmonts os to ccnseientiousness, temper, otce are
absclutely {rfellible. Om »ege 90, 1t Los btoen shewn that deviation from
this source mey be estimated vy the follewing do milas

Forge

m = o T

To ccertein * prp? and » bt I am eware of no preeise date weiwsam beycnd
s

that found iv some axporimuiuts of iy ovm, vhere the indageadont intelleetual

gradings for the aame soricn of ewbjcetc correloted with one ancther on an

average to the amcunt of -.04e /Ao en otler occasions very competent persons

have ostimated this to be as imich «3 ahould bo oxpected, =5 us intellégence is

gbout the most eesily gradsble of all cheé mental quslitivs ivuticned by Poarson, ¢

thexo is sc L2y no ranaon 40 auprene that his "great nwber of masters and

miutresses™ d14 on the wiiclo any hetter. Ivace, even if we co.ld essume that

the mistaxes in eatimatbng one hrother were independent of tls mistakes in

estimating tic other, then the true correlation would he ahouf, not 045172,

out 045172 m 0,81, an oxtant of difTeronce that seriously
N GeO4 X 0Ould

rodifies our inpression of exvetitude T{raam all these coefficients to four

places of doeimels., Thon we furvher comsicder that eaech of theso physical and
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morital heredity can hardly bde nocre than mere accidental ctincidernces

Iet us next proceed to irrelevant correlation, and take for our

theme postnatal accidents connected on the one side with brotherhood and on the
otker with the mentel qualitiés, Pearson?!s primery intention secms {92 have been

to make his correiastions as "universal™ es possible and in one plece he expressly
mentions that education is smcng the causes countrivutory to vuriatier. Hence, he is
more than consistent, in that he forms his correlation without regerd te the fact
that the mmrrriatiwx corresrondence between the brothers' “conscientiousness,™
"popularity,” etec., must be in greet measure due %o their coming under the same

hame influenees. Rut sush a correlation can scsrcely be accoypted as scientifieally
valuable, Ic we do not really know anything precise abcut the assimilating effects
of heredity, when our otserved correspondence is perhaps chiefly due to the brothers
having the same emovnt of hempers and pocket-rioney. S5till less can we, then,
fairly compure such results with that ohtained from physical mezsurements, where
common home life has little or nec effect. The factor of rost-ratal accidents,
therefore, cannot but be regarded as irrelevant, and consequently the ceefficients

of correlation rmist be taken as hopeiossly *distorted.™

But even ronsistence canrot be upheld throughout the matter. -For
thouzh the é€ffect of poctnatal life has thus been admitted with regard to education
et home, it has perforce veom excluded as rogerds publie cducatione For only those
brothers have been compared together who are at the same school; the coefficiaats
of correletion would certainly diminlsh if those alsc could be ineluded who are
livirg in & totally different manner, hebe gone to see, ete., The correlations are
therefore also illegitirately "diletedl.”

If this work of Pearson has thus been singled ocut for criticism,
it is certainly from no desire Lo undervalue it. The above angd any othker systematic
errors ere cuentually capable of udequate elimination, and this srticle has itsslf,
it is hoped been of some use towiards that purpose. Such corrsction will no doubt
necessitate ar irmense ecmowat of further investigation an@ labour, but it the end
his results will acquire all their proper validiiy. My present cobject is only to
gu rd against premature conclusions and to point out the urgernt need os still
further improving the existing methedics of correlation work, a mbkhod ¢f investig-
etion which he mimgelf hes s0 largely helped to create and by meens of which be is
carrying light into immense resions hitherto buired inthe obseurity c¢f irresponsible
speeulation. 7The fundamental difference hehtween Lis prodedure and that here rs-
cormendod, is that he seeks large natursl semples of any existing ceries sufficient=-
ly homogeneous to be treated mathematically; whereas here spcller sarmples ere
deemed suffiecient, but they are required to be arvificially seclected, or&&eﬁé, and

corrected into full scientifie signrificance. Iiis methods aro these of pure statistics

these inculeated here may he more aptly termed "statisticoids.™
7. DMNumber of Cases Desirable for‘an IExperimont.

Tnis leads us to the important guestiom, vs to how nmany cases it
it advisahle to collect for a single sories of experiments. In actual practics,
the zreatest diversity has been eappareont in this respect; nany have thought to
sufficiently e¢stcblesh importent corrslations ‘with less than ten experimental
subjects while others have thought it necessary to gather together at least over
& thousand.



- .
v ¢,
B At (OB AT™- 55

G O oD o iwild
Sl v - 1000

——  © DY ' AR g o ) RER A o e ] : 20 0,?
) o SR = ' ‘ S £ £E]
demt o0 Cmuven Lam -
1 e e TR AT R R £

o . 7 asol

5 N Fige Teoan il ald2iley
- 8 L2 N L.t . . . N L . - "y - FTIR 1Y . Pywte 4 ‘}

LI L XTI oL : BRGNS S ~e NI T AL SR SR e lod, 1o

40 6 o 3%, 2F B Sl ‘ - aivad

[¢] : IO adiied o if ’ ',‘1:. B '.'.\";.; y ‘1333.&

e 3 MO SR 7 e T v, . LD TUI00

i SAET LI IR S P U I S A . /ORI % (g
R O I R S - R BT L B (o

-
e
4
&

3
B I VI Sl K S UT R T
thoep el e e T G0N0 Y
U ; A SR
- U VA ()
: _— R i AR T

SR o M npdbe,

" L o Al

Sibac ‘sz) LR Y 7 RV AU S AU S A SR P s PR e %5 f IRV

‘ .
£ LeLmI0

P . e L) . » . .o ' . . ' ol v
PR E R ] ORI S A CLUE AR NN VoL . PRI IR K Lot . Bl owlioe
4 P at vt 008 10C 3 . r i
‘ . : S TG e e 00 o oz 38 Che el it L wEoel s
0 - ] -
: .
& !
) o 56 AT . - e O vetee g o
. & “ ' { od € \ Cdeod v lens Sl O
.
£ 8¢ At ) g
[ N . b 5 4 .
‘991\"1: 5 . o SO 5
: O ¥ it b S
‘-, o R
Ladn o ) o LS
B o L . N
v s . 4
.
\
. P
;




28

Now, a scries of experinents is a vesy linited oxtruet, whose
dispesition is, nocvertheless, to vo accepbed 28 a Tier swaple of <the whole irmsne
renmainder. Other things egual, then, tha 1l rger the sample the grocter its
evidential valuec and the less chance of . rwere occussional coinecidence heing
mistaken Tor thz pa-manent universal temdency.

This danger of accidantal deviation has been discus.ed in the
first sart and thero chown to he strictly meanurable by the "probvuble orror.™
We there saw, cloo, that this dospger cuwl hever be entirely eliniinated by any sample
however large, so that it ic necesary to accspt some standurd leas rigorous than
absolute certainty as sufficient fer o1l practical purpozcs; usually, the danger
of nera chneuez coinciderce is conclidered to bs inapprocizble when e corrclation
ic abserved es rmeh asg five times grecter than the prohable srror, ssaiang that
mere chence would not prcduce this onse in n thouscrd times. Yenge, evidently,
the accidental devietion denends, ret only on The muber of ecses, but also on the
largoress of ikhe really existing correcpendence; tle mere perfset the latter, the
fewer th: cases that will te required vo demonsirete it conclusively; and this
tendency is auguented by the faet tiet the -robaoble error, vesides varying inversely
with "a", does so to a Turther oxient with "»" (ses lormwla)e Jt was shown in
the sa® pert that the size of the probable crror also varies sccordingly to the
mothod o caleuvletion- an? to asuch an .<sent thut twenty casoes trezted in one
of the weys Geseribed furnisres as nuch certitude as 180 in another ricre usual
wey. 1I¢ the comuon tri?old clussifiectlion te adonted, an evon groater number
is required to efect the same purposc; und if the correlation be not calculated
quantitatively al all, but instead be presented in the customary fashion to the
reader's general impressica, tlLen no nrber cf cases whatever apprear sufticient
%0 give roeasoansble guarantce cf preof.

=3

hile this the muther of suhjests ie nct by any means the sole
faeter in aiminisuing even the zccildeatazl dsvistion it has no cffeet whatever
upon tihe far more formiduble systematic de iation sxeept that it indireetly
laads 4o an sroimoeus amgasniaticn Lhemxof . Whep we z2re tekirg great pains to
be abla to show upon paper i imposing number of cases =2nd a dirdnutive probable
er>cr, we are in the self eame provess most lilely introdueinz a2 systematie
deviation twenty tines pgreater.

.’.).

From this we may szather that ke nuber of cases should be |
determined by the simple principle, that the measurerwnis to »eo ugprogated to-
gother should heve theitr error brought to the same general ordar ol magnitude.
An astromomiccl chronomster, with spring-dctont excapement, iz not “he best
travelling clock; nor is there any »eoal advanteze In sroeing wpon & milostone
(as has actuslly been dome by an irfabtuate? mathoncticien?!) the distance to the
nearest village in metres So thrze ddeimal ploaces, Yow, the nresent stugo of
Corrolational Psychology is one of pioneering; and, insteazd of e few unwieldy
sxperinante, we re-uire a lurse number of susll cnes carefully carried out under
varied and well comsidered conditions. At the sunme time, however, the probable error |
st Bo kxept dovm to liaite et any rote gmull enwough for the perticular objeet of
investizatica o be proved. TFor such a purpose a probabls error may at present be
adniitted without rmush hasitation up to aboud 39.08; so thet, vy ndopting the msethod

of celecudation recommonded, two to three dozcn subjeets should bz sufficiont fer

mo<t purposcs. The precision can always be augmented subsuguently, Ly earrying

our similar experiments under similar conditvions ahd then taking averages. Only

after a long reliminary explorstion of this rougher sort, shall we hy in a

position to effectually utilize wxpariments dcsigned and éxocuted fram the very

beginning on a vast scale.
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