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We use lubrication theory and matched asymptotic expansions to model the quasi-
steady propagation of a liquid plug or bolus through an elastic tube. In the limit
of small capillary number, asymptotic expressions are found for the pressure drop
across the bolus and the thickness of the liquid film left behind, as functions of the
capillary number, the thickness of the liquid lining ahead of the bolus and the elastic
characteristics of the tube wall. These results generalize the well-known theory for
the low capillary number motion of a bubble through a rigid tube (Bretherton 1961).
As in that theory, both the pressure drop across the bolus and the thickness of the
film it leaves behind vary like the two-thirds power of the capillary number. In our
generalized theory, the coefficients in the power laws depend on the elastic properties
of the tube.

For a given thickness of the liquid lining ahead of the bolus, we identify a critical
imposed pressure drop above which the bolus will eventually rupture, and hence
the tube will reopen. We find that generically a tube with smaller hoop tension or
smaller longitudinal tension is easier to reopen. This flow regime is fundamental to
reopening of pulmonary airways, which may become plugged through disease or by
instilled/aspirated fluids.

1. Introduction

A pulmonary airway may be described as a compliant tube with a liquid lining. It is
well known that this lining is susceptible to a Rayleigh instability driven by capillarity
at its free surface. If the volume of liquid present is sufficiently large, the instability
culminates in the formation of a liquid bridge or plug that blocks the flow of air along
the airway (Hughes, Rosenzweig & Kivitz 1970; Macklem, Proctor & Hogg 1970;
Kamm & Schroter 1989; Halpern & Grotberg 1992, 1993; Otis et al. 1993). This
phenomenon, known as airway closure, occurs naturally in healthy adults towards
the end of expiration. However, respiratory problems may ensue if the airways remain
closed for a significant proportion of the breathing cycle. Mechanisms which can
increase the likelihood and/or duration of airway closure include increased liquid
content in the lung, increased airway compliance and increased surface tension at the
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‡ Present address: Department of Applied Mathematics and Theoretical Physics, University of
Cambridge, Silver Street, Cambridge, CB3 9EW, UK.



310 P. D. Howell, S. L. Waters and J. B. Grotberg

air–liquid interface. For example, premature infants frequently suffer from Respiratory
Distress Syndrome, caused by the increased surface tension resulting from a deficiency
in pulmonary surfactant, while emphysema and asthma can both adversely affect both
airway wall compliance and airway lining thickness. Also, airway closure tends to
occur in the lower regions of the lung due to gravitational effects which compress
the lung there. In microgravity environments, airway closure has been shown to exist
(Prisk et al. 1995) but is likely to be more homogeneously distributed, leaving fewer
lung segments available for gas exchange during a portion of the respiratory cycle.

Once a liquid bolus forms, it propagates along the airway under the pressure drops
imposed across it during respiration. Reopening of the airway occurs if and when
the bolus volume decreases to the point that it ruptures. In this paper we model the
low capillary number propagation of a liquid bridge along an elastic tube under an
imposed pressure drop. Our aim is to determine criteria for airway reopening and
to ascertain how these depend on such physiological parameters as surface tension,
airway lining thickness and airway wall elastic properties.

The capillary instability of a cylinder of viscous liquid was first identified by
Rayleigh (1879, 1892). The corresponding result for a liquid annulus was derived
by Goren (1962), and a weakly nonlinear analysis was carried out by Hammond
(1983). With the aim of modelling airway closure, fully nonlinear numerical analyses
were performed by Johnson et al. (1991) and Otis et al. (1993), the latter including
insoluble surfactant, and flexibility of the tube walls was incorporated by Halpern &
Grotberg (1992, 1993).

Pioneering analysis of the low capillary number propagation of a bubble along a
capillary tube was performed by Bretherton (1961), and recast in the terminology of
matched asymptotic expansions by Park & Homsy (1984), see also Schwartz, Princen
& Kiss (1986), Wong, Radke & Morris (1995a, b). Their results may equally well be
applied to the propagation of a bolus as to that of a bubble. Analogous techniques
have been widely applied, for example, to coating flows and gravity draining (Landau
& Levich 1942; Ruschak & Scriven 1977; Wilson 1982).

The propagation of a semi-infinite bubble into a liquid-filled elastic channel was
considered by Gaver et al. (1996), as a simple model of airway reopening. By em-
ploying boundary integral methods in a region near the bubble nose and patching
to lubrication solutions ahead of and behind the nose, they extended their theory to
higher capillary numbers than those admitted by the theory of Bretherton (1961). In
the low capillary number limit, their theory agrees with that of § 3 in this paper.

The model we use for the elastic response of the wall was originally derived by
Atabek & Lew (1966) and used by Halpern & Grotberg (1992) in modelling airway
closure. The tube wall is characterized by a constant longitudinal tension Tl and
a circumferential tension that is constituted in terms of its Young’s modulus, E,
thickness, d, and Poisson’s ratio, ν. The following dimensionless parameters then
define the tube’s elastic properties:

Γ =
σ(1 − ν2)

Ed
, T =

Tl

σ
, (1.1)

which are the dimensionless compliance and tension respectively. In this paper, we
shall consider the circumferential stress to be much greater than the constant fluid
surface tension σ. Hence the dimensionless wall compliance is small and the wall
is relatively stiff. We shall consider the longitudinal wall tension to be much less
than the circumferential stress, corresponding to Tl ≪ Ed, so that TΓ ≪ 1. We
consider two limiting cases for the relative sizes of Tl and σ, i.e. for the size of T : (i)
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Figure 1. Definition sketch of a propagating liquid bolus.

longitudinal tension, T , much less than 1 – referred to as the weak tension case; and
(ii) longitudinal tension significantly larger than the wall compliance – referred to as
the tension dominated case.

In § 2 we formulate the problem and give the dimensionless governing equations
and boundary conditions. In § 3 we derive a simple model for the propagation of a
liquid bolus along a flexible tube for the weak tension case. The dimensionless wall
compliance is assumed to be sufficiently small that the wall displacements are of the
same order as the thickness of the liquid lining. In this limit we deduce a critical
pressure drop which must be imposed across the bolus if the thickness of the film
it leaves behind is to exceed that of the film ahead of it. This gives a minimum
criterion for eventual rupture of the bolus and reopening of the tube. In § 4 we relax
the restrictions on the wall compliance imposed in § 3, and derive a theory for bolus
propagation through a relatively compliant tube in the tension dominated case. Again,
minimum criteria for tube reopening are identified. In § 5, we draw conclusions and
discuss the physiological significance of our results.

2. Formulation

2.1. Model description

Figure 1 gives a schematic description of the bolus model. The bolus propagates in
the laboratory frame at constant speed U under the pressure drop imposed across
it. The equilibrium radius of the tube, corresponding to a (dimensionless) transmural
pressure difference of 1, is a. The length of the liquid bolus is Lb which we assume
to be O(a). Inertia is neglected throughout the paper, so the only relevant fluid
parameters are its viscosity µ and density ρ. The fluid has constant surface tension σ.

Throughout this paper we shall use superscript ∗ to denote dimensional variables.
We use cylindrical polar coordinates (r∗, θ, z∗) fixed to the bolus, with the z∗-coordinate
the direction of the bolus motion in the laboratory frame. The velocity components
in this frame are u

∗ = (u∗
r , 0, u

∗
z) and P ∗ is the fluid pressure. The air pressures behind

and ahead of the bolus are P ∗
1 , P ∗

2 respectively. We seek steady-state solutions in the
frame travelling with the bolus.

The inward tube displacement is denoted by w∗(z∗, t∗) and the thickness of the
liquid film by h∗(z∗, t∗). It is also useful to define the free-surface displacement
η∗ = w∗ + h∗. Thus the positions of the liquid–wall and the air–liquid interfaces are
given in cylindrical polar coordinates by r∗ = a − w∗(z∗, t∗) and r∗ = a − η∗(z∗, t∗)
respectively. Ahead of the bolus, the tube has a ‘precursor’ liquid lining thickness h∗

2.
The bolus leaves behind a ‘trailing film’ of thickness h∗

1.
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2.2. Dimensionless governing equations and parameters

In order to determine the dimensionless parameters that describe the relative impor-
tance of the various features of the problem, we non-dimensionalize as follows:

(r∗, z∗, h∗, w∗) = a(r, z, h, w), u
∗ = Uu, P ∗ =

σ

a
P . (2.1)

We assume slow viscous flow (ρUa/µ ≪ 1), so that the governing equations are Stokes
equations and continuity. Non-dimensionalizing according to (2.1) the dimensionless
equations are

∇P = 1
3
Ca∇2

u, ∇ · u = 0, (2.2)

where Ca = 3µU/σ is the capillary number, and is the ratio of viscous to capillary
effects (the factor 3 is included in this definition to simplify future expressions).

The air–liquid and liquid–wall interfaces are free surfaces whose shape is determined
by the balance of viscous stress, fluid pressure and wall stress. At the air–liquid
interface, the following stress balance holds:

τ · n̂I = (K − P1)n̂I at r = 1 − η, (2.3)

where n̂I = (nr , 0, nz) is the unit outward normal to the interface and τ = −P I +
Ca(∇u + ∇u

T ) is the fluid stress tensor. K = ∇s · n̂I is the interfacial curvature, where
∇s = (I − n̂I n̂I ) · ∇ is the surface divergence operator.

The dimensionless form of the wall law (Atabek & Lew 1966) is

− 1

Γ

w

(1 − w)2
√

1 + w2
z

+ T
wzz

(1 + w2
z )

3/2
= P − Pext at r = 1 − w, (2.4)

where Pext is the pressure outside the tube, chosen to make w → 0 far behind the
bolus at equilibrium. Far upstream, P1 − P = 1 and so we set Pext = P1 − 1. If we
now let P = P1 + P ′, the wall equation is (dropping primes)

− w

(1 − w)2
√

1 + w2
z

+ ΓT
wzz

(1 + w2
z )

3/2
= Γ (1 + P ) at r = 1 − w. (2.5)

The remaining boundary conditions are that

u · n̂I = 0 at r = (1 − η), (2.6a)

u · n̂w = 0 at r = (1 − w), (2.6b)

(u + ẑ) · t̂w = 0 at r = (1 − w), (2.6c)

where n̂w and t̂w are the unit normal and unit tangent at the liquid–wall interface
respectively. Equation (2.6a) corresponds to the kinematic condition that fluid in the
interface remains in the interface and (2.6b) refers to no fluid penetration at the wall.
Equation (2.6c) is the no-slip condition at the wall.

We assume that in the laboratory frame, no flow exists at z = ±∞. In the bolus
frame of reference, the dimensionless upstream and downstream conditions are thus

u→ − ẑ as z → ±∞. (2.7)

From (2.5) we deduce that in general w scales with Γ . Since Γ ≪ 1, the wall
displacement is relatively small. If we let w = Γw

′
, then neglecting terms of O(Γ 2) in

(2.5) we obtain the following linear wall law (dropping primes):

−w + ΓTwzz = 1 + P . (2.8)
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In § 3 we consider the propagation of a liquid bolus along a compliant tube in the
weak tension limit, corresponding to T ≪ 1. We also assume that wall compliance,
Γ , is of order Ca2/3. The leading-order expression for the pressure drop across the
bolus is independent of the longitudinal wall tension. In § 4 we consider the tension
dominated limit corresponding to Γ ≪ T ≪ Γ−1.

As shown by Bretherton (1961), the dimensionless trailing film thickness h1 scales
with Ca2/3 . In § 3 we consider the simple case where the scalings for w and h are the
same, i.e. Γ ∼ O(Ca2/3). We find that the length scale over which the wall adjusts to
the different pressures exerted on it is O(

√
Γ ) ∼ O(Ca1/3), the same length scale over

which the free-surface curvature adjusts. In § 4 this restriction on the wall compliance
is lifted. In this tension dominated case, we find now that the length scale over which
the wall adjusts is O(

√
ΓT ) which is uncoupled from the O(Ca1/3) length scale over

which the fluid surface curvature adjusts.

3. Weak tension case

In this section we consider a simple model for the propagation of a liquid bolus
along a flexible tube in the weak tension limit T ≪ 1. We also assume that Γ ∼
O(Ca2/3). We derive a generalized version of the well-known Landau–Levich equation
that includes elastic deflections of the tube wall. The generalized equation admits
solutions whose behaviour differs markedly from that of solutions of the Landau–
Levich equation, though unfortunately detailed analysis of it is beyond the scope of
this paper.

3.1. Quasi-steady solution for the rear meniscus

Consider a liquid bolus as shown in figure 1. The dimensionless Stokes equations
reveal that

∇Pb = 1
3
Ca∇2

u, (3.1)

where Pb is the (dimensionless) pressure in the bolus. Our analysis is based upon
the assumption that the capillary number is small, i.e. that the bolus propagates at
relatively low speed. From (3.1),

Pb ∼ const. + O(Ca), (3.2)

which implies that, up to O(Ca), the two menisci on either side of the bolus must
be surfaces of constant mean curvature, that curvature (dimensionless) being P1 − Pb

and P2 − Pb respectively. We define here the dimensionless pressure drops across the
rear and front menisci and across the bolus as

∆P1 = P1 − Pb, ∆P2 = P2 − Pb, ∆P = P1 − P2 = ∆P1 − ∆P2, (3.3)

respectively.
Imposing that the surfaces be axisymmetric and analytic, the only admissible

constant mean curvature surfaces are spherical caps. The equation of such a cap is

r∗2 = R∗(z∗)2 ≡ R∗2
c sec2θc − (z∗ + R∗

c tan θc)
2, (3.4)

where the cap makes a constant angle θc with a tube of radius R∗
c at z∗ = 0. For

convenience we assume that r∗, R∗, R∗
c and z∗ are all non-dimensionalized with a, and

hence

∆P1 =
cos θc
Rc

(1 + O(Ca)). (3.5)
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3.2. Lubrication analysis of the rear transition region

A spherical cap as described above cannot be joined analytically to the uniform
thickness film ahead of or behind the bolus. Instead there are transition regions
(marked ‘Tran 1’ and ‘Tran 2’ in figure 1) between the uniform films and the menisci,
in which the assumption of constant pressure fails and viscous dissipation becomes
important. However, asymptotic simplification can still be achieved since in the
transition regions the liquid layer is thin, with a slowly varying free surface, so we
employ lubrication theory.

Consider first the rear transition region. We look for a steady state in a frame
travelling with the bolus. We assume the transition region to be of length L̂ and
define a new variable ζ via

ζ = z/L̂, (3.6)

where L̂ will determined subsequently. The film thickness h and the free-surface
displacement η are scaled with the dimensionless trailing film thickness h1. We define
ε such that h1 = εL̂ and a new variable y such that

r = 1 − εL̂y. (3.7)

Thus y = η corresponds to the air–liquid interface and y = w corresponds to the
liquid–wall interface. Note also that h = η − w.

The fluid pressure at the wall is given by

P ∼ −K − ε

L̂

hRζKζ

1 + R2
ζ

, (3.8)

where R = 1 − w. The leading-order momentum equations in the film are

∂P

∂ζ
=

1

3

Ca

L̂ε2

∂2uz

∂y2
+ O

(

Ca

ε
, CaL̂,

Ca

L̂

)

, (3.9a)

∂P

∂y
= O

(

Ca

L̂
, CaεL̂

)

. (3.9b)

Note that (3.9) implies that we need to take L̂ε2 = O(Ca) and hence, given the already
made assumption that εL̂ ≪ 1, the terms O(Ca/ε, CaL̂, Ca/L̂) are much less than 1.

The boundary conditions at the liquid–wall interface are (to leading order)

uz = −1, ur =
∂w

∂ζ
at y = w, (3.10)

and the normal and tangential stress conditions at the air–liquid interface reduce to

−hζ +
∂

∂ζ

(

L̂ε2

Ca

(

εL̂ηζ +
ε

L̂
ηζζζ

)

h3

)

= 0. (3.11)

We find that ε ∼ Ca1/3, L̂ ∼ Ca1/3 and, applying the upstream boundary condition,
the governing equation for the film thickness is

h3ηζζζ = h − 1 + O(Ca2/3). (3.12)

Rescaling the wall law (2.8) appropriately we obtain the leading-order dimensionless
wall law

w = G1ηζζ + O(Ca2/3), (3.13)
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where

G1 = Γ
(

1/h1

)2
Ca2/3 ∼ O(ΓCa−2/3) (3.14)

is our dimensionless flexibility coefficient, which we assume to be an order-one
constant throughout this section. More compliant walls, for which G1 ≫ 1 are
considered in § 4.

Equations (3.12) and (3.13) combine to a single ordinary differential equation for
η, valid up to O(Ca2/3), namely

ηζζζ =
η − G1ηζζ − 1

(η − G1ηζζ)3
. (3.15)

This equation clearly reduces to the Landau–Levich equation as G1 → 0, that is as
the tube becomes increasingly rigid.

An initial condition for (3.15) is that the film becomes uniform far away from the
bolus. We linearize equation (3.15) by substituting

η ∼ 1 + ε1e
lζ as ζ → −∞, (3.16)

where ε1 ≪ 1. The eigenvalue l(G1) satisfies the cubic polynomial

l3 + G1l
2 − 1 = 0, (3.17)

which has one positive real root and two complex roots with negative real part.
To ensure that we approach the uniform film as ζ → −∞, we choose as our initial
condition the exponentially decaying eigenfunction. This one initial condition specifies
the problem up to an arbitrary translation in ζ.

The solution is found to behave quadratically for large, positive ζ:

η ∼ 1
2
A1ζ

2 + B1ζ + C1 as ζ → ∞, (3.18)

where A1, B1 and C1 are numerically determined constants for each given value of G1.
Notice that these constants are not all uniquely determined because the origin for ζ
may be chosen arbitrarily. However A1 and the combination F1 = A1C1 − 1

2
B2

1 are
independent of the origin chosen for ζ and so are determined uniquely for any fixed G1.

3.3. Matching

The final step is to match the transition region with the outer, capillary static solution
of § 3.1. Formally, we apply Van Dyke’s matching rule (Van Dyke 1964) to the
three-term outer solution (in which the free surface is given up to O(Ca) by (3.4))
and the one-term inner solution found above. The matching can only be achieved if
h1 = βCa2/3 where β is an order-one constant. Then expanding the equation of the
spherical cap, (3.4), about z = 0 in inner variables (R ∼ R(0) + Ca1/3R(1) + · · ·) we
obtain

R(βCa1/3ζ) ∼ R(0)(0) + Ca1/3
(

R(1)(0) + βζR(0)
z (0)

)

+Ca2/3
(

R(2)(0) + βζR(1)
z (0) + 1

2
β2ζ2R(0)

zz (0)
)

+ · · · . (3.19)

Recall that in the transition region, R = 1 −Ca2/3βη, where η is given asymptotically
by (3.18). Hence, matching (3.19) with (3.18) gives

R(0)(0) = 1, R(1)(0) = 0, R(0)
z (0) = 0,

R(2)(0) = −βC1, R(1)
z (0) = −B1, βR(0)

zz (0) = −A1,

}

(3.20)
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Figure 2. Dimensionless trailing film thickness, A1 = Ca−2/3h1, and dimensionless pressure drop
across the rear meniscus, F1 = Ca−2/3(∆P1 − 1), versus the flexibility parameter, G1.

so that

R(0) = Rc ∼ 1 − Ca2/3βC1 + O(Ca),

Rz(0) = −tan θc ∼ −Ca1/3B1 + O(Ca),

}

(3.21)

i.e. to leading order Rc ∼ 1 and θc ∼ 0. Then from (2.4) we deduce that R(0)
zz (0) = −1,

which in (3.20) give β = A1, or equivalently,

h1 ∼ A1(G1)Ca
2/3. (3.22)

Moreover, substituting for tan θc and Rc in (3.5) gives the first two terms in an
expansion for the pressure difference across the rear meniscus:

∆P1 = 1 + F1(G1)Ca
2/3. (3.23)

Figure 2 shows plots of the dimensionless trailing film thickness, A1 = h1/(Ca
2/3),

and the dimensionless pressure drop across the rear bolus, F1 = (∆P1 − 1)Ca−2/3, as
functions of the flexibility parameter G1. It is seen that, for fixed Ca, both the trailing
film thickness and the pressure drop across the rear meniscus increase as the wall
flexibility increases. We note also that the dependence of the trailing film thickness
on G1 is approximately linear for the range of G1 that we have considered.

This completes the analysis for the propagation of a single meniscus into a flexible
tube: the propagation speed is related to the pressure difference across the meniscus
by (3.23), and the thickness of the film it leaves behind is then given by (3.22). The
equations of Bretherton (1961) are reproduced by (3.22) and (3.23) in the limit as G1

tends to zero. Similarly, the lubrication analysis of Gaver et al. (1996) reduces to the
present theory if wall tension is eliminated.

3.4. The front meniscus

Now we apply the same asymptotic arguments to the front meniscus. The same
differential equation (3.15) is found for η (here non-dimensionalized with the precursor
film thickness h∗

2), with G1 replaced by G2 ≡ G1(h1/h2)
2 and the initial condition

of uniform η now imposed for large positive ζ. Since (3.17) possesses two roots
with negative real part, this problem admits a one-parameter family of solutions, in
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contrast with the rear meniscus. The difference in structure between the front and rear
meniscus is familiar from the Landau–Levich equation (Bretherton 1961) but here the
qualitative behaviour of the free surface depends on the size of G2. For G2 < ( 3

4
)1/3,

the solution for η oscillates and decays as ζ → ∞, as for the Landau–Levich equation:

η ∼ 1 + αe−ζ/2̃l2cos

(

ζ
√

4̃l3 − 1

2̃l2

)

as ζ → ∞, l̃ > 4−1/3. (3.24)

(̃l is the real positive solution of (3.17) with G1 replaced by G2.) When G2 > ( 3
4
)1/3

the free-surface profile decays monotonically at infinity:

η ∼ 1 + αe−ζ/2̃l2cosh

(

ζ
√

1 − 4̃l3

2̃l2

)

as ζ → ∞, l̃ < 4−1/3. (3.25)

In (3.24) and (3.25) α is an arbitrary constant which parameterizes the solution space.
Once again we expect the transition film to behave quadratically as it approaches the
meniscus:

η ∼ 1
2
A2ζ

2 + B2ζ + C2 as ζ → −∞. (3.26)

Matching this parabola with the front meniscus as before gives

h2 ∼ A2Ca
2/3, (3.27)

and by analogy with (3.23) the pressure difference across the front meniscus is given by

∆P2 ∼ 1 + F2Ca
2/3, (3.28)

where F2 = A2C2 − ( 1
2
)B2

2 .
Recall that h∗

2, unlike h∗
1, is a physically specified quantity. Once h2 and Ca are

specified, (3.27) is an equation for A2. One can envisage the following solution
procedure, which is that traditionally applied to the Landau–Levich equation. For
each value of G2, solve (3.15) as an initial-value problem using either (3.24) or (3.25)
as the initial condition. By varying the free parameter α generate a family of such
solutions. For each, read off the behaviour as ζ → −∞ and thus find A2 and F2.
Hence plot F2 versus A2 for each fixed G2, using α to parameterize the curve.

Unfortunately, while this procedure is straightforward for the Landau–Levich prob-
lem (i.e. with G2 = 0), it becomes increasingly problematic as G2 is increased towards
its critical value of ( 3

4
)1/3. An increasingly large portion of the solution space cor-

responds to solutions in which the film thickness reaches zero at a finite value of
ζ, so that the behaviour (3.28) is never realized. For G2 > ( 3

4
)1/3 we have failed to

obtain any solutions of the initial value problem (3.15), (3.25) in which h is uniformly
non-zero by this method.

Therefore, we are forced to shoot the other way, starting at large negative ζ.
For each value of A2 we vary F2 as a shooting parameter until the desired constant
behaviour of η as ζ → ∞ is obtained. This procedure for constructing F2 as a function
of A2 is rather more laborious than that described above, but does not suffer from
the same difficulties as G2 is increased.

In figure 3(a) we plot F2 versus A2 for several different values of G2. The graph
with G2 = 0 is the classical Landau–Levich curve which can be found for example in
Wong et al. (1995a). It shows that the pressure drop across the front meniscus is an
increasing function of the precursor thickness. As the flexibility is increased, we see
that the pressure jump is increased.
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Figure 3. Dimensionless pressure drop versus dimensionless precursor thickness, A2 = Ca−2/3h2, for
various values of the flexibility parameter, G2 = 0, 0.5, 1.0, 1.5, 2.0, 2.5: (a) across the front meniscus,
F2 = Ca−2/3 (∆P2 − 1); (b) across the bolus, F1 − F2 = Ca−2/3∆P .

3.5. Governing equations for the bolus

From (3.23) and (3.28), the total pressure drop driving the bolus is related to its
propagation speed by

∆P ∼ [F1(G1) − F2(G2;A2)]Ca
2/3. (3.29)

For a rigid tube, when G1 ≡ G2 ≡ 0, this means that, given the precursor layer
thickness h2 and the imposed pressure drop ∆P , the propagation speed of the bolus
is given by (3.29). Then the trailing film thickness h1 can be found from (3.22). In
general the situation is complicated by the fact that (3.29) and (3.22) are coupled
through the appearance of h1 in the definition of G1. However, notice that G1 and G2

are related via
A2

1(G1)G1 ≡ A2
2G2. (3.30)

Given A2 and G2, G1 is found by solving the implicit equation (3.30) numerically.
Then F1(G1), and hence from (3.29) the total pressure drop across the bolus, can
be found as a function of A2 and G2. The dimensionless pressure drop is plotted
against A2 in figure 3(b) for several values of G2. The figure shows that for fixed
capillary number and precursor thickness, the pressure difference decreases as the
wall flexibility increases. In other words, increasing wall flexibility makes the bolus
easier to force along the tube. For fixed values of G2 and capillary number the
pressure difference decreases as the precursor film thickness, A2, increases. Hence the
thicker the precursor film the easier it is to force the bolus along the tube.

This result could not have been predicted trivially. The pressure drop across either
of the two menisci is increased with increasing wall flexibility. We have found that
the drop across the front meniscus is increased more. The effect is slight compared
to the effect of precursor thickness; however, recall that the current analysis is only
valid for slightly flexible tubes, Γ ∼ O(Ca2/3).

3.6. Criterion for eventual rupture

The rate at which the volume of the bolus, V ∗, changes is given to leading order by

dV ∗

dt∗
∼ 2πaU(h∗

2 − h∗
1), (3.31)

which non-dimensionalized gives the dimensionless flow rate, Q, as

Q =
3µ

2πa2σ

dV

dt
∼ Ca(h2 − A1Ca

2/3). (3.32)
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Figure 5. (a) Critical capillary number and (b) critical dimensionless pressure drop versus
compliance parameter, Γ , for various values of the dimensionless precursor thickness, h2.

The dimensionless rate of change of bolus volume is plotted against capillary
number for different values of the precursor thickness, h2, and compliance, Γ , in
figure 4. In each case, there is a critical capillary number above which h1 > h2, so that
the bolus volume decreases as the bolus propagates. This gives a minimum criterion
for eventual tube reopening. The critical capillary number can be written in the form

Cac = h
3/2
2 f

(

1

h2

Γ

)

, (3.33)

where f satisfies

f(ξ)2/3A1(ξf(ξ)2/3) ≡ 1. (3.34)

The critical capillary number is plotted against Γ for various precursor thicknesses
in figure 5(a); it is seen to decrease with increasing wall flexibility. The effect is very
slight compared to the effect of precursor thickness.

From (3.29), we can deduce a critical pressure drop which must be exceeded for
Ca to exceed Cac so that the airway will ultimately reopen. The critical pressure drop
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Figure 6. Solution for the film height and wall displacement ahead of and behind the bolus.
(a) Γ = 0.1, Ca = 0.1, h2 = 0.2; (b) Γ = 0.1, Ca = 0.1, h2 = 0.1.

takes the form

∆Pc = h2g

(

1

h2

Γ

)

, (3.35)

where g is given by

g(ξ) ≡ f(ξ)2/3
[

F1(ξf(ξ)2/3) − F2

(

ξf(ξ)2/3;A1(ξf(ξ)2/3)
)]

. (3.36)

The critical reopening pressure drop is plotted against Γ for various precursor thick-
nesses in figure 5(b). There is a decrease in the reopening pressure drop as the wall
flexibility increases. In other words a more flexible airway is easier to reopen. For a
fixed value of Γ the critical reopening pressure drop increases as the precursor film
thickness increases. This is an interesting contrast to the dependence of the pressure
drop across the bolus on the precursor film thickness (figure 3b). We also consider the
capillary number as a function of the pressure drop across the bolus. As expected, the
speed of the bolus increases as the pressure drop across it increases. Moreover, for a
given pressure drop, we find that the capillary number, and hence the bolus propaga-
tion speed, is slightly greater in a more compliant tube (for example, when Γ = 0 we
find that Ca ≈ 0.03 + 0.24∆P and when Γ = 0.4 we have that Ca ≈ 0.04 + 0.24∆P ).

Finally, in figure 6 we plot the air–liquid and liquid–wall interfaces for different
values of the wall compliance and the capillary number. In both cases the compliance
parameter and capillary number are the same: Γ = 0.1, Ca = 0.1. In figure 6(a),
we have a relatively thick precursor with h2 = 0.2. The corresponding value of G2

is G2 ≈ 0.5386 < ( 3
4
)1/3, and so we observe that the wall and free surface exhibit

oscillations ahead of the bolus. The trailing film thickness here is h1 ≈ 0.1398 < h2,
so this bolus will grow as it propagates. In figure 6(b) we decrease the precursor
thickness to h2 = 0.1. Since the values of Γ and Ca are unchanged, the rear mensicus
is identical to that in figure 6(a). In particular we still have that h1 ≈ 0.1398 > h2

so that this bolus will shrink as it propagates. Here G2 ≈ 2.154 > ( 3
4
)1/3 so the film

profile η decays monotonically ahead of the bolus. However we observe that the
wall displacement still has a maximum. Note that, in both cases, there is a region of
relatively rapid change in the wall displacement ahead of the bolus. In the following
section we shall show that longitudinal wall tension smooths out this region.

4. Tension dominated case

In § 3 we considered the longitudinal wall tension, T , to be much less than 1. Here
we consider the limiting case in which the longitudinal wall tension is much greater
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than the wall compliance. Unlike § 3, we do not assume that the wall compliance is
of order Ca2/3, but only that it is small.

Since we retain the longitudinal curvature term, of order T̂ = ΓT , in the wall law
(2.8) but neglect nonlinear terms of O(Γ 2) we must have that T̂ = ΓT ≫ Γ 2. We
treat T̂ as a small parameter, such that Ca2/3 ≪ T̂ ≪ 1, and hence our analysis is for
Γ ≪ T ≪ Γ−1. The solution is expressed as a double asymptotic expansion and, in
this limit, the leading-order solutions for the trailing film thickness and the pressure
drop across the bolus depend only on Ca and T .

4.1. Quasi-steady problem for a meniscus

We employ the dimensionless linear wall law, (2.8), relating the wall displacement,
w(z), to the pressure, P , repeated here for convenience:

−w + T̂wzz = 1 + P , (4.1)

where T̂ = ΓT . The internal pressure, P , and wall displacement, w, are scaled as in
§ 2. Since we have assumed that the meniscus meets the wall at z = 0, immediately
to the right of z = 0 the wall therefore sees a uniform internal pressure Pb, while
immediately to the left the effective internal pressure is aP1/σ − κ, where κ is the
wall curvature. The second term of the effective internal pressure is due to the liquid
film left behind by the meniscus, which to leading order in Ca has zero thickness but
nevertheless a finite surface tension. The film thickness, h, is scaled with the trailing
film thickness h1 and we anticipate the scaling

h1 = β1Ca
2/3, (4.2)

where β1 is an order-one constant to be determined. The problem for the wall
displacement w is thus

−(1 − Γ )w + (T̂ + Γ )wzz = −β1Ca
2/3h − β1Ca

2/3hzz

+β1Ca
2/3hΓwz(Γwz + β1Ca

2/3hz + Γwzzz + β1Ca
2/3hzzz ), z < 0, (4.3a)

−w + T̂wzz = 1 − ∆P1, z > 0, (4.3b)

where, as before, ∆P1 = P1 − Pb. The boundary conditions for (4.3) are that w be
finite as |z| → ∞ and that w and wz be continuous at z = 0.

4.2. Outer region

Since Ca is the smallest parameter of the problem, we consider first a regular
perturbation expansion for w in powers of Ca1/3. The terms of this expansion are
then themselves expanded regularly in powers of T̂ and Γ . Substitution of these
expansions into (4.3a, b) gives that to leading order w = const. in z < 0, and likewise
in z > 0 (i.e. in the bolus), with these constants being

w = β1Ca
2/3 + O(ΓCa2/3, Ca), z < 0, (4.4a)

w = wb(∆P1) = ∆P1 − 1, z > 0. (4.4b)

These outer solutions do not satisfy the conditions that both w and wz be continuous
at z = 0. Instead we must investigate two transition regions: an intermediate region,

of length a
√

T̂ (found by performing a leading-order balance in (4.3)), which is
the elastic transition region over which the wall deflection adjusts to the different
pressures exerted on it; and an inner region, of length aCa1/3 (as in § 3), which is
the fluid transition region over which the fluid surface curvature adjusts. In this
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tension dominated limit, the length scales of the two regions are partially decoupled.
Moreover, the length scales of the regions force the expansions for the dependent

variables in the regions to be in powers of Ca1/3/
√

T̂ .

4.3. Intermediate region

There is a boundary layer near z = 0 in which the two constants, given in (4.4), are
smoothly joined. To examine this region, we rescale as follows:

z =
√

T̂ ξ, w(z) ≡ w̃(ξ), h(z) ≡ h̃(ξ), (4.5)

so that (4.3) becomes

−(1 − Γ )w̃ + (1 + ᾱ)w̃ξξ = −β1Ca
2/3h̃ − β1Ca

2/3

T̂
h̃ξξ

+
β1Ca

2/3

T̂
h̃Γ w̃ξ

(

Γw̃ξ + β1Ca
2/3h̃ξ + ᾱw̃ξξξ +

β1Ca
2/3

T̂
h̃ξξξ

)

, ξ < 0, (4.6a)

−w̃ + w̃ξξ = 1 − ∆P1, ξ > 0, (4.6b)

where ᾱ = Γ/T̂ = 1/T . We can derive an equation relating the film thickness and
wall displacement:

(1 − Γw̃)

(

Γw̃ξ + β1Ca
2/3h̃ξ + ᾱw̃ξξξ +

β1Ca
2/3

T̂
h̃ξξξ

)

h̃3 −
√

T̂

β2
1Ca

1/3
h̃(1 − Γw̃) = const.

(4.7)

We assume an expansion for the wall displacement, film thickness and pressure drop,
in this intermediate region, of the general form

(w̃(ξ), h̃(ξ),∆P1) ∼ (w̃(0), h̃(0),∆P (0)
1 ) +

αβ1Ca
1/3

√

T̂
(w̃(1), h̃(1),∆P (1)

1 )

+
α2β2

1Ca
2/3

T̂
(w̃(2), h̃(2),∆P (2)

1 ) + · · · , (4.8)

where α is a second order-one constant to be determined later.
The leading-order equations for the wall displacement are thus

−(1 − Γ )w̃(0) + (1 + ᾱ)w̃(0)
ξξ = 0, ξ < 0, (4.9a)

−w̃ + w̃
(0)
ξξ = 1 − ∆P (0)

1 , ξ > 0, (4.9b)

and for the film thickness

(1 − Γw̃(0))h̃(0) = const. (4.10)

The leading-order boundary conditions are

|w̃(0)| < ∞ as |ξ| → ∞, (4.11a)

w̃(0), w̃
(0)
ξ continuous at ξ = 0, (4.11b)

h(0) → 1 as ξ → −∞. (4.11c)

Equations (4.9) together with the boundary conditions given by (4.11a, b) may be
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Figure 7. Definition sketch of the intermediate- and inner-region length scales in the tension
dominated case.

solved to give

w̃(0) ∼ (∆P (0)
1 − 1)

√
1 + ᾱ

1 +
√

1 + ᾱ
exp

(

ξ√
1 + ᾱ

)

+ O(Γ ), ξ < 0, (4.12a)

w̃(0) ∼ (∆P (0)
1 − 1)

(

1 − 1

1 +
√

1 + ᾱ
e−ξ

)

+ O(Γ ), ξ > 0. (4.12b)

In terms of this solution, we define the constants:

W0 := w̃(0)(0) ∼ (∆P (0)
1 − 1)

√
1 + ᾱ

1 +
√

1 + ᾱ
+ O(Γ ), (4.13a)

W1 := w̃
(0)
ξ (0) ∼ (∆P (0)

1 − 1)
1

1 +
√

1 + ᾱ
+ O(Γ ), (4.13b)

as functions of ∆P (0)
1 .

Since h̃(0) → 1, w̃(0) → 0 as ξ → −∞, from (4.10) the leading-order trailing film
thickness is

h̃(0)(ξ) =
1

1 − Γw̃(0)(ξ)
. (4.14)

Thus, unlike § 3, because of the non-trivial deflection of the tube walls, the leading-
order film thickness is non-uniform in this region and simply adjusts so as to conserve
mass.

The spherical cap cannot be joined analytically to the thin film behind the bolus
(4.14) and so, as in § 3.2, we now consider the transition region between the meniscus
and the trailing film. This is referred to as the inner region and in this region viscous
forces are important. The relationship between the inner and intermediate regions is
shown in figure 7 where we see that the wall deformation occurs over a larger length
scale than the fluid-surface deformation.

4.4. The inner region

In this region, following (3.6) we rescale z via

z = αh1Ca
−1/3ζ. (4.15)
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We also rescale w via w ≡ W (ζ). From (4.14) the film thickness to which the inner
region must match as ζ → −∞ is h∗

1/(1 −ΓW0), so this is used to non-dimensionalize
the film thickness in this inner region: h ≡ H(ζ)/(1 − ΓW0).

The governing film and wall equations are

(1 − ΓW )KζH
3 − α

β1

(1 − ΓW0)
2(1 − ΓW )H = const., (4.16a)

−W +
T̂

α2β2
1Ca

2/3
Wζζ = 1 − K + ΓδHWζKζ , (4.16b)

respectively, where for simplicity we introduce the shorthand δ = (α2β1(1 − ΓW0))
−1.

Our expansions for the wall displacement and the film thickness in this inner region
take the general form

(w, (1 − ΓW0)h) = (W (ζ), H(ζ)) ∼ (W (0), H (0)) +
αβ1Ca

1/3

√

T̂
(W (1), H (1))

+
α2β2

1Ca
2/3

T̂
(W (2), H (2)) +

α3β3
1Ca

T̂ 3/2
(W (3), H (3)) + · · · . (4.17)

Substituting (4.17) into (4.16), we obtain the leading-order equations

W
(0)
ζζ = 0, W

(1)
ζζ = 0. (4.18)

Hence, W (0) and W (1) are linear in ζ. In order to determine their exact form we must
match this inner solution to the intermediate solution found in the previous section.

4.5. Matching

We now match the expression for w in the inner region (4.17) with the expression in
the intermediate region (4.8). We find that W (0) = W0 and W (1) = λ+W1ζ where W0

and W1 are defined by (4.13) and λ is an as yet unknown constant.
Finally, we have that the free-surface displacement in the inner region, 1 − ΓW −

β1Ca
2/3H , must match, as ζ → ∞, to the outer, capillary static solution. We expand the

equation of the spherical cap, R, about z = 0 as in § 3.3: β in (3.19) is replaced here by
αβ1. In order to determine the leading-order (in Ca) effective contact radius and con-
tact angle we do not need to determine the leading-order expression for the film thick-
ness in the inner region, H (0), at this stage. Matching the outer, capillary static solution
with the expressions for W (0) and W (1), Rc and tan θc are given asymptotically by

Rc = R(0)(0) + · · · = 1 − ΓW0 + · · · ,
tan θc = −R(0)

z (0) + · · · =
√
ᾱΓW1 + · · · .

}

(4.19)

Using (3.5), the leading-order (in Ca) pressure jump across the meniscus is

∆P (0)
1 =

2

(1 − ΓW0)
√

1 + ᾱΓW 2
1

, (4.20)

which is valid up to O(Γ 2). Substituting from (4.13) the leading-order (in Γ ) expres-
sions for W0 and W1 gives

∆P (0)
1 ∼ 2 + Γ + O(Γ 2). (4.21)

We shall show (§ 4.8) that the expression for the leading-order pressure drop across
the front meniscus is identical to (4.21). Thus in order to determine the total pressure
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drop across the bolus we must determine the higher-order pressure corrections. This
we do in the following subsections.

4.6. First-order correction

Intermediate region

First we obtain higher-order solutions to the governing equations in the intermediate
region (equations (4.6) and (4.7)). To determine the first perturbation to the pressure
drop it is unnecessary to compute the first perturbation to the film thickness, h̃(1), at
this stage. The equations for w̃(1) are obtained by plugging the expansion (4.8) into
(4.6) and considering terms of O(Ca1/3). The result is two second-order o.d.e.s for
w̃(1)(ξ): one in ξ < 0, and one in ξ > 0 that also involves the unknown ∆P (1)

1 . In
either case, one constant of integration is set by the condition that w̃(1)(ξ) be finite
as ξ → ±∞, and the other is determined once w̃(1)(0±) is specified. Hence, given
∆P (1)

1 , we can deduce a relation between w̃
(1)
ξ (0−) and w̃(1)(0−), and a second relation

between w̃
(1)
ξ (0+) and w̃(1)(0+). These relationships are

(1 − Γ )W0w̃
(1)(0−)

1

1 + ᾱ
= W1w̃

(1)
ξ (0−), (4.22a)

w̃(1)(0+)[W0 + 1 − ∆P (0)
1 ] = W1w̃

(1)
ξ (0+) + ∆P (1)

1 Φ1, (4.22b)

where

Φ1 = (1 − ∆P (0)
1 )

dwb

d∆P1

+ (W0 − wb) + wb

dwb

d∆P1

(∆P (0)
1 ). (4.23)

As before, we now investigate the inner fluid transition region.

Inner region

Proceeding to the next order in the governing equations (4.16), at O(1) we obtain
the equations

(1 − ΓW0)(ᾱW
(2)
ζζζ + δH

(0)
ζζζ)H

(0)3 − α

β1

(1 − ΓW0)
3H (0) = const., (4.24a)

−(1 − Γ )W (0) + (1 + ᾱ)W (2)
ζζ = −δH

(0)
ζζ . (4.24b)

From (4.24b), using the fact that W0 is constant, we get

W
(2)
ζζζ = − δ

(1 + ᾱ)
H

(0)
ζζζ . (4.25)

Combining (4.25) with (4.24a), we get a single third-order o.d.e. for H (0). By choosing

α =

(

1

(1 + ᾱ)1/3(1 − ΓW0)

)

, (4.26)

this is reduced to the Landau–Levich equation, i.e.

H (0)3H
(0)
ζζζ = H (0) − 1, H (0) → 1 as ζ → −∞. (4.27)

This problem is solved numerically as described in § 3, and yields

H (0) ∼ 1
2
A1ζ

2 + B1ζ + C1 as ζ → ∞, (4.28)



326 P. D. Howell, S. L. Waters and J. B. Grotberg

where A1, B1 and C1 are numerically determined constants: exactly the same constants
as those for the classical stiff tube analysis of Bretherton (1961), equivalent to setting
G1 = 0 in § 3. From equation (4.24b), we see that the asymptotic behaviour of the
inner solution for the wall displacement is of the form

W (2) ∼ 1
2
ã1ζ

2 + b̃1ζ + c̃1 as ζ → −∞, (4.29a)

W (2) ∼ 1
2
a1ζ

2 + b1ζ + c1 as ζ → +∞, (4.29b)

Matching

As in § 4.5 we match the intermediate and inner expansions for the wall displace-
ment, w̃ and W respectively, and hence we deduce the following relationships between
the constants:

λ = w̃(1)(0−), ã1 = w̃
(0)
ξξ (0−), b̃1 = w̃

(1)
ξ (0−), c̃1 = w̃(2)(0−),

λ = w̃(1)(0+), a1 = w̃
(0)
ξξ (0+), b1 = w̃

(1)
ξ (0+), c1 = w̃(2)(0+).

}

(4.30)

Furthermore, by integrating (4.24b) twice with respect to ζ and using the expressions
for W (2) and H (0) at ±∞ (equations (4.27), (4.28) and (4.29)) we also get

A1 =
1

δ
(−(1 + ᾱ)w̃(0)

ξξ (0+) + W0(1 − Γ )), (4.31a)

B1 = (1 + ᾱ)(b̃1 − b1)α
2β1(1 − ΓW0), (4.31b)

C1 = 1 + (1 + ᾱ)(c̃1 − c1)α
2β1(1 − ΓW0). (4.31c)

From (4.9b)

w̃
(0)
ξξ (0+) = 1 − ∆P (0)

1 + w̃(0)(0+). (4.32)

Thus, substituting the above into (4.31a) we obtain the following expression for β1

and hence for the trailing film thickness:

h1

Ca2/3
= β1 ∼ A1

α2(1 − ΓW0)[−(1 + ᾱ)(1 − ∆P (0)
1 + W0) + W0(1 − Γ )]

. (4.33)

The final step is to match the inner solution as ζ → ∞ to the outer, capillary static
solution. The effective contact radius and contact angle for the meniscus are then
given asymptotically by

Rc ∼ 1 − ΓW0 − αβ1Ca
1/3

√
ᾱΓλ − α2β2

1Ca
2/3(ᾱc1 + δC1) + · · · , (4.34a)

tan θc ∼
√
ᾱΓW1 + αβ1Ca

1/3(ᾱb1 + δB1) + · · · , (4.34b)

and hence, from (3.5), the first perturbation to the pressure drop across the meniscus is

∆P (1)
1 =

2Γ

(1 − ΓW0)2
√

1 + ᾱΓW 2
1

(

λ − W1B1 + α2β1W1b1ᾱ(1 − ΓW0)

α2β1(1 + ᾱΓW 2
1 )

)

. (4.35)

From (4.22) and (4.31b) (using (4.30)) we thus determine b1, b̃1, λ in terms of B1 and
∆P (1)

1 . When these expressions are substituted into equation (4.35) for the pressure

drop, ∆P (1)
1 , we get

(1 − 2Γ + O(Γ 2))∆P (1)
1 = 0, (4.36)

and since the term in brackets is non-zero we conclude that ∆P (1)
1 = 0. Note that our
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linear theory is only valid up to O(Γ 2) and thus we have shown that ∆P (1)
1 = 0 up to

O(Γ 2). By analogy with the analysis of § 3 we might conjecture that ∆P (1)
1 is identically

zero to all order in Γ for two reasons. Firstly, the first perturbation to the pressure
difference across the meniscus was found in § 3 to be O(Ca2/3) rather than O(Ca1/3).
Secondly, of all the numerical constants in (4.28) the right-hand side of (4.35) depends
only on B1, which is not invariant under translation in ζ. When the full nonlinear wall
law (2.5) is used, it can be shown that ∆P (1)

1 is indeed identically zero at all orders in
Γ . We do not include the lengthy details here since we only consider terms up to O(Γ ).

Having established that ∆P (1)
1 ≡ 0, we are still unable to determine the first non-

zero perturbation to the pressure drop, i.e. ∆P (2)
1 , from the information obtained thus

far. The reason for this is that the contact angle for the meniscus is not, in contrast
with § 3, zero to leading order. This means that the O(Ca2/3) coefficient in tan θc is
required to determine ∆P (2)

1 .† Thus we must go up to next order.

4.7. Second-order correction

Intermediate region

Substituting (4.8) into equations (4.6) and considering terms of O(Ca2/3) we obtain
two second-order o.d.e.s for w̃(2)(ξ): one in ξ < 0, and in ξ > 0 that also involves the
unknown ∆P (2)

1 . As detailed in § 4.6, given ∆P (2)
1 we can deduce a relation between

w̃
(2)
ξ (0−) and w̃(2)(0−), and a second relation between w̃

(2)
ξ (0+) and w̃(2)(0+). These

relationships are

− 1
2
(2W0c̃1 + λ2) + 1

2
(1 + ᾱ)(2W1w̃

(2)
ξ (0−) + b2

1) = O(Γ ), (4.37a)

c1[W0 + 1 − ∆P (0)
1 ] + 1

2
λ2 − W1w̃

(2)
ξ (0+) − 1

2
b2

1 = ∆P (2)
1 Φ1. (4.37b)

(Note that in order to compute the leading-order solutions for the pressure drop
across the bolus it is unnecessary to determine exactly the O(Γ ) correction in (4.37a).

Inner region

In order to smooth out discontinuities in the free-surface curvature, we must again
consider the expansions for w and h in the inner region between the meniscus and
the trailing film. Proceeding to higher order in the expansion we obtain equations for
W (3) and H (1):

(1 − ΓW0)K
(0)
ζ 3H (0)2H (1) + (1 − ΓW0)K

(1)
ζ H (0)3 − ΓW (1)K(0)

ζ H (0)3

− α

β1

(1 − ΓW0)
3H (1) +

α

β1

Γ (1 − ΓW0)
2W (1)H (0) = const., (4.38a)

−(1 − Γ )(λ + W1ζ) + (1 + ᾱ)W (3)
ζζ = −δH

(1)
ζζ + δΓW1H

(0)[ᾱδW (2)
ζζζ + δH

(0)
ζζζ], (4.38b)

where K(0)
ζ = ᾱW

(2)
ζζζ + δH

(0)
ζζζ and K(1)

ζ = ᾱW
(3)
ζζζ + δH

(1)
ζζζ . As before (§ 4.3), these can

be combined into a single o.d.e. for H (1) whose solution can, in principle, be found
numerically, although this turns out to be unnecessary.

† For a simple minded explanation, consider the expansion

cos (θ0 + εθ1 + ε2θ2 + · · ·) ∼ cos θ0 − εθ1sin θ0 − ε2(θ2sin θ0 + 1
2
θ2

1cos θ0).

Notice that for θ0 ≡ 0, the first perturbation is O(ε2) and does not depend on θ2. For θ0 6= 0, the
first perturbation is O(ε), and to find the coefficient of ε2, we need to know θ2.



328 P. D. Howell, S. L. Waters and J. B. Grotberg

Matching

By matching the expression for the wall displacement, W , in the inner region with
the intermediate solution, w̃, in and behind the bolus it is seen that in general W (3)

behaves asymptotically as a cubic function of ζ as ζ → ±∞. Matching the film
thickness, H , as ζ → −∞ with the intermediate solution, we find that H (1) is linear at
ζ = −∞. Finally, matching the free-surface position in the inner region as ζ → +∞
with the outer capillary static solution we see that H (1) is cubic at +∞. For the
purpose of finding ∆P (2)

1 we need only consider the linear term in each case:

H (1) ∼ ·ζ3 + ·ζ2 + D1ζ + · · · , W (3) ∼ ·ζ3 + ·ζ2 + d1ζ + · · · as ζ → +∞,

H (1) ∼ D̃1ζ + · · · , W (3) ∼ ·ζ3 + ·ζ2 + d̃1ζ + · · · as → −∞,

}

(4.39)

where the expression for D̃1 is

D̃1 = (1 − ΓW0)h̃
(0)
ξ (0−) =

ΓW1

1 − ΓW0

, (4.40)

and the expressions for d1 and d̃1 are

d1 = w̃
(2)
ξ (0+), d̃1 = w̃

(2)
ξ (0−), (4.41)

respectively. We can determine D1 by numerically integrating the o.d.e. for H1,
although for the purpose of finding the leading-order correction to the pressure drop
across the bolus this is not necessary.

Furthermore, by integrating (4.38b) with respect to ζ and using the expressions for
W (3) and H (1) at ±∞ (4.39) we can deduce the following condition:

(1 + ᾱ)(d1 − d̃1) + δ(D1 − D̃1) − δ2W1

Γ

1 + ᾱ
F1 = 0. (4.42)

Finally, matching the outer capillary static solution to the inner solution, as in § 4.5
gives

R(2)
z (0) = −α2β2

1
√

T̂
(ᾱd1 + δD1), (4.43)

and, from (3.5), the first non-zero perturbation to the pressure is given by

∆P (2)
1 =

2Γ

(1 − ΓW0)
√

1 + ᾱΓW 2
1

×
(

ᾱc1 + δc1

ᾱ(1 − ΓW0)
− (1 − 2ᾱΓW 2

1 )(ᾱb1 + δB1)
2

2ᾱ(1 + ᾱΓW 2
1 )2

− W1(ᾱd1 + δD1)

(1 + ᾱΓW 2
1 )

)

. (4.44)

From (4.31c), (4.37) and (4.42) we can determine the constants c1, c̃1, d1, d̃1 in (4.44) in
terms of ∆P (2)

1 and D1. When these expressions are substituted into (4.44) we get

∆P (2)
1 =

1

ᾱα2β2
1

Γ [A1Φ3 + F1Φ4] + O(Γ 2), (4.45)

where F1 = A1C1 − 1
2
B2

1 and

Φ3 = 2
1

(1 + ᾱ)1/3

(

ᾱW0

1 + ᾱ − ᾱW0

+ O(Γ )

)

= 2
1

(1 + ᾱ)1/3
((

√
1 + ᾱ − 1) + O(Γ )),

Φ4 = 2
1

(1 + ᾱ)1/3
(1 + O(Γ )).











(4.46)
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(Note that the leading-order (in Γ ) expression for the pressure drop across the rear
meniscus is independent of D1, so that we did not need to determine this constant
numerically).

The pressure drop across the rear meniscus, ∆P1, is given by

∆P1 ∼ ∆P (0)
1 + Ca2/3[A1Φ3 + F1Φ4] + · · · , (4.47)

where ∆P (0)
1 is given in (4.20).

This completes the analysis for the propagation of a semi-infinite bubble into a
liquid-filled tube: the configuration analysed numerically by Gaver et al. (1996). The
pressure drop across the meniscus is related to the propagation speed by (4.47), and
the trailing film thickness is given by (4.33). The first perturbation to the pressure
drop across the meniscus takes the form of a linear combination of the two invariants
of (4.28). This contrasts with § 3, where only the invariant F1 was found to affect the
pressure drop. A second contrast is that here we need only integrate the o.d.e. (4.27)
once to determine A1 and F1; in the previous section the constants were found to
depend on the elastic properties of the tube wall, so that the o.d.e. (3.15) had to be
integrated anew for each value of the flexibility parameter G1.

4.8. The front meniscus

Now the preceeding analysis is repeated for the front meniscus. Most of the results
derived thus far apply to the front meniscus with minor modifications, so we omit
many of the details.

The leading-order problem, and hence the definitions of w̃(0), W (0) and W (1) are
identical to those in § 4.2. Hence the solution for the leading-order pressure drop
across the front meniscus, ∆P (0)

2 , is equal to ∆P (0)
1 . Likewise, the analysis determining

the first- and second-order corrections to the pressure drop across the rear meniscus,
detailed in § 4.6 and 4.7, is followed closely, here setting

h2 = β2Ca
2/3, (4.48)

and expanding in the form

w̃ = w̃(0) +
αβ2Ca

1/3

√

T̂
w̃(1) + · · · , etc. (4.49)

Of course, in the inner region, we now have to solve the ‘forward’ Landau–Levich
problem

(H (0))3H (0)
ζζζ = H (0) − 1, H (0) → 1 as ζ → +∞. (4.50)

which, as noted in § 3, has a one-parameter family of solutions, whose general
asymptotic behaviour is

H (0) ∼ 1
2
A2ζ

2 + B2ζ + C2 as ζ → −∞. (4.51)

The function relationship between the invariants F2 = A2C2 − 1
2
B2

2 and A2 is the
same as for the classical stiff tube problem (Wong et al. 1995a, b) and is shown in the
G2 = 0 curve in figure 3(a). Also the precursor thickness h2 is related to A2 just as h1

is to A1 in (4.33).
The only difference between the front and rear menisci is that the gas pressure is

P2, not P1 (they differ by ∆P ∼ O(Ca2/3)). This causes the wall displacement ahead
of the bolus to be different from that behind:

w̃ → β2Ca
2/3 + ∆P

1 − Γ
as ζ → ∞. (4.52)
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Figure 8. Dimensionless pressure drop across the bolus versus dimensionless precursor thickness
for various values of the dimensionless longitudinal wall tension, T = Tl/σ.

The equation for ∆P2 is

∆P2 ∼ ∆P (0)
2 + Ca2/3[A2Φ3 + F2Φ4] + · · · , (4.53)

where Φ3 and Φ4 are given in (4.46). Given the precursor film thickness h2, the
constant A2 is given by

A2 =
h2

Ca2/3
α2(1 − ΓW0)[−(1 + ᾱ)(1 − ∆P (0)

1 + W0) + W0(1 − Γ )]. (4.54)

From (4.47) and (4.53), the total pressure drop across the bolus is related to its
propagation speed by

∆P = ∆P1 − ∆P2 = Ca2/3(Φ3(A1 − A2) + Φ4(F1 − F2)), (4.55)

and, at leading order, the expression for the pressure drop across the bolus is

∆P = Ca2/3 2

(1 + ᾱ)1/3

{

(
√

1 + ᾱ − 1)(A1 − A2) + (F1 − F2)
}

= Ca2/3 2T 1/3

(1 + T )1/3

{(
√

1 + T√
T

− 1

)

(A1 − A2) + (F1 − F2)

}

. (4.56)

For fixed h2 and Ca, the pressure drop across the bolus increases as T increases.
However, for fixed Ca and T the pressure drop across the bolus decreases as the
precursor film thickness increases. This can be clearly seen in figure 8 where ∆PCa−2/3

is plotted against h2/Ca
2/3 for various values of T .

The leading-order trailing film thickness is given by

h1 = β1Ca
2/3 = A1Ca

2/3(1 + ᾱ)1/6 = A1Ca
2/3 (1 + T )1/6

T 1/6
, (4.57)

so that increasing the wall tension T results in a decrease in the trailing film thickness
h1/(Ca

2/3), as seen in figure 9.
We can identify the critical capillary number and corresponding pressure drop for

the trailing film thickness to exceed the precursor film thickness, so that the tube



Propagation of a liquid bolus along a liquid-lined tube 331

2.0

1 2 3 4

2.5

3.0

T
5

h1

Ca–2/3

Figure 9. Dimensionless trailing film thickness versus the longitudinal wall tension.
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Figure 10. (a) Critical capillary number and (b) critical dimensionless pressure drop versus
dimensionless precursor film thickness for various values of the longitudinal wall tension.

must eventually reopen. These take the forms

Cac = 1.94 h
3/2
2

1

(1 + ᾱ)1/4
= 1.94 h

3/2
2

T 1/4

(1 + T )1/4
, (4.58)

∆Pc = 3.63 h2

1√
1 + ᾱ

= 3.63 h2

√
T√

1 + T
. (4.59)

For fixed precursor film thickness, h2, the reopening capillary number and pressure
drop both increase as T increases (see figure 10). For fixed tension, both the reopening
capillary number and the pressure drop increase as the precursor film thickness
increases.

In figure 11, we plot capillary number versus pressure drop across the bolus for
a range of values of the wall tension. As the wall tension increases, the speed of
the bolus, for a given pressure drop, decreases. Hence the bolus propagation speed
decreases as the wall tension increases.

Finally, in figure 12 we plot the air–liquid and liquid–wall positions for various val-
ues of the wall compliance and capillary number. In figure 12(a) the wall compliance
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Figure 11. Capillary number versus dimensionless pressure drop for various values of the
longitudinal wall tension (h2 = 0.1).
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Figure 12. Solution for the film height and wall displacement ahead of and behind the bolus.
(a) Ca = 0.02, h2 = 0.1, Γ = 0.1, T = 4; (b) Ca = 0.1, h2 = 0.1, Γ = 0.03, T = 4.

Γ = 0.1 and capillary number Ca = 0.02. The value of the precursor film thickness
is h2 = 0.1 and we choose a value for the longitudinal wall tension of T = 4. The
trailing film thickness is less than the precursor film thickness so that the tube will
not reopen. Note that, due to the presence of longitudinal wall tension, there is no
longer a region of rapid change in the wall displacement ahead of the bolus (compare
with figure 6). In figure 12(b) the wall compliance Γ = 0.03 and capillary number
Ca = 0.1. In this case the trailing film thickness exceeds the precursor film thickness
so that the tube will eventually reopen.

5. Conclusions

We have used low capillary number asymptotics to model the propagation of a
liquid bolus along a liquid-lined flexible tube under an applied pressure difference.
We obtained leading-order expressions for the pressure difference across the bolus
and the thickness of the film it leaves behind, as functions of the capillary number,
the thickness of the liquid lining ahead of the bolus and the elastic properties of the
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tube wall. From these expressions we deduced the critical pressure drop which must
be applied across a bolus if the thickness of the film it leaves behind is to exceed that
of the film ahead of it. This was identified as the critical pressure drop for eventual
reopening of the tube.

Two different scaling choices have been considered. In § 3 we employed a limit
in which the longitudinal wall tension was very small. We also assumed that the
dimensionless wall compliance was the same order as the trailing film thickness so
that the stiff tube analyses of previous papers could be followed closely. As in those
papers, surface tension and viscous drag were found to balance in transition regions
joining the capillary static menisci to the uniform films on either side of the bolus.
We found that the film thickness in these regions satisfies a nonlinear, third-order
differential equation (3.15), that generalizes the celebrated Landau–Levich equation.
Asymptotic expressions for the trailing film thickness and pressure drop were found
by matching numerical solutions of (3.15) with a meniscus on one side and a uniform
film on the other. Our conclusions were:

(i) the trailing film thickness is an increasing function of the capillary number
(like Ca2/3), and of the wall compliance;

(ii) the pressure drop across the bolus is an increasing function of the capillary
number (like Ca2/3), and a decreasing function of the wall compliance and the
precursor film thickness;
and hence

(iii) increasing wall compliance and precursor film thickness makes the tube easier
to reopen.

The derivation and solution of (3.15) were relatively straightforward, but the price
of this is some severe limitations on the validity and utility of the theory in § 3. These
include the following:

(i) the theory assumes vanishingly small wall compliance, namely Γ ∼ O(Ca2/3),
and that the longitudinal wall tension is very small;

(ii) the differential equation (3.15) must be integrated for each different value of
the flexibility parameter G1;

(iii) the solutions (3.22) and (3.29) for h∗
1 and ∆P take an awkward, coupled,

implicit form, since G1 depends on h∗
1.

To remedy these weaknesses, in § 4 we allowed for greater longitudinal tension
and wall compliance. In particular we made the (more realistic) assumption that
the compliance parameter is not correlated with Ca as Ca → 0. This made the
derivation much more complicated as the tube is no longer cylindrical at leading
order. Nevertheless a lubrication analysis of the transition regions analogous to that
employed in § 3 was successfully carried out and, by appropriate rescaling, the film
thickness was found to satisfy the Landau–Levich equation. As in § 3, asymptotic
matching of the numerical solution gave expressions for the trailing film thickness
and pressure drop.

In contrast with § 3, it was necessary to proceed to higher order in the capillary
number in the inner region to determine the first non-zero perturbation to the pressure
drop. Fortunately, it was not necessary to solve the higher-order problem since the
required information was deduced from its solvability conditions. Despite the greater
complexity of the derivations in § 4, the results thereof are in many ways simpler than
those in § 3. For example the elastic parameters were scaled out of the o.d.e. (4.27) for
the film thickness in the transition region, which therefore need only be solved once.
Also, the dependence of the trailing film thickness and pressure drop on the capillary
number and elastic parameters was explicit and decoupled.
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Our conclusions of § 4 were:
(i) the trailing film thickness is an increasing function of the capillary number

(like Ca2/3) and a decreasing function of the wall tension, T ;
(ii) the pressure drop across the bolus is an increasing function of the capillary

number (like Ca2/3), and of the wall tension, T ;
and hence

(iii) increasing wall tension makes the tube harder to reopen.
Note that these results are consistent with the results of § 3, since increasing T is

equivalent to decreasing wall compliance.
In the weak tension limit, we found that the critical pressure drop which must be

applied across a bolus if the thickness of the film it leaves behind is to exceed that of
the film ahead of it decreases as the wall compliance increases. Thus in general a more
compliant tube is easier to reopen. This mirrors the result (Halpern & Grotberg 1992)
that a more compliant tube is more susceptible to closure. In the tension dominated
limit, we found that the critical reopening pressure drop is an increasing function of
T so that increasing wall tension makes the tube harder to reopen. We also found
(not surprisingly) that, in both cases, increasing the thickness of the tube’s liquid
lining, which clearly makes it more likely to close, also makes it harder to reopen.

The length of the bolus plays no part in our analysis. This is a result of our implicit
assumption that the bolus length, Lb, is of the same order as the tube radius, a.
If the bolus is much longer than the tube radius (Lb/a & O(Ca−1/3)), viscous drag
contributes significantly to the pressure drop across the bolus. On the other hand
if the bolus becomes very short, then the interaction between the two menisci can
no longer be neglected: they can be coupled through the tube wall response (for

Lb/a . O(
√

T̂ )) and through fluid mechanics in the bolus (for (Lb/a . O(Ca−1/3)).
In § 4 we found that in general the first perturbation to the pressure drop across a

moving meniscus in a flexible tube may be O(Ca1/3), rather than O(Ca2/3) as in the
classical theory for a stiff tube. This appears to contradict the observation that the
viscous drag on the meniscus is proportional to Ca2/3 (Ratulowski & Chang 1989;
Wong et al. 1995a, b). Notice that the proof that (for our particular wall model) the co-
efficient of Ca1/3 is identically zero rests on the property that the wall law (2.8) admits
first integrals. This property reflects the fact that our wall law describes a conservative
elastic response, i.e. that it introduces no new dissipation to the problem. We conjec-
ture that any other conservative wall law would result in the same dependence on the
capillary number. If, however, we allow non-conservative behaviour of the tube wall,
for example active response (as in peristalsis) or visco-elastic damping, then a different
dependence on the capillary number must be anticipated in general (Gaver et al. 1996).

5.1. Application to the lung

Here we estimate the dimensionless parameters of the problem based on the properties
and dimensions of small airways which are prone to developing a fluid plug. The
values are those given in Halpern & Grotberg (1992). The thickness of the liquid
lining is approximately 10% of the tube radius and its viscosity is about the same
as water, µ = 0.01 g cm−1 s−1, since the cells lining the airway past generation 15
lack mucus secreting cells. The tube radius, based on Olson, Dart & Filley (1970)
is a = 2.5 × 10−2 cm. The parameters characterizing the wall are Young’s modulus
E = 6 × 104 dyn cm−2, thickness of the wall d = 2.5 × 10−3 cm, Poisson ratio ν = 0.5
and longitudinal wall tension Tl = 25 dyn cm−1 (based on a pleural pressure of
−5 cm H2O) (Halpern & Grotberg 1992). We also take the surface tension σ to
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be ∼ 20 dyn cm−2. Using these values, the dimensionless compliance Γ ∼ 0.1 and
the dimensionless longitudinal wall tension is T ∼ 1.25. Hence, T lies in the range
Γ ≪ T ≪ Γ−1 and so our analysis for the tension dominated case, § 4, is most
applicable to the lung.
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and NIH grant NIH-HL41126. The authors also wish to acknowledge the helpful
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