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Abstract

The recently introduced proximal average of two convex functions is a convex function with
many useful properties. In this paper, we introduce and systematically study the proximal
average for finitely many convex functions. The basic properties of the proximal average with
respect to the standard convex-analytical notions (domain, Fenchel conjugate, subdifferential,
proximal mapping, epi-continuity, and others) are provided and illustrated by several examples.
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1 Overview

Let f; and fy be two functions that are convex, lower semicontinuous, and proper, and let A; and
Ao be strictly positive real numbers adding up to 1. How can we average the two functions f; and
fo with respect to the weights A1 and Ao in a useful way? Perhaps the first approach is to consider
the arithmetic average A1 f1 + Ao fo. However, functions in convex analysis are allowed to take on
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the value +oo, for example to model constraints in optimization problems. Thus, the arithmetic
average can turn out to be +o0o everywhere and then carries little information about f; and fo;
this happens whenever f; and fo are nowhere both finite. How could we possibly average such
functions? A second thought may suggest to construct the epigraphical average A1 0f10N20f5
obtained by forming a convex combination of the epigraphs of f; and fs. Unfortunately, if the
functions f; and fo lack coercivity, then the epigraphical average fails to be helpful: for instance,
if f1 and fy are two distinct linear functions, then their epigraphical average is identically equal to
—o00, and hence of little use. The prozimal average, first introduced in [6] in the context of fixed
point theory and recently studied in [4, 5, 7, 10, 15] from various viewpoints, avoids the mentioned
difficulties and possesses numerous properties that are attractive to Convex Analysts.

The aim of this paper is to provide the basic theory of the proximal average. In addition, we
extend it to more than two functions and we allow for an additional positive parameter. For the
reader’s convenience and the sake of completeness, the presentation of the theory is largely self-
contained. It is shown that the proximal average has many desirable properties in terms of its
domain, Fenchel conjugate, Moreau envelope, proximal mapping, subdifferential, epi-continuity,
and other convex-analytical notions. Moreover, the arithmetic and epigraphical averages turn out
to be limits of the proximal average, as the parameter tends to 0 and +oo, respectively. Various
examples illustrate our results. An interesting topic for future research is the extension to series
and integrals.

The rest of this paper is organized as follows. Section 2 collects the notation used throughout
this paper, and in Section 3 we collect and present results that simplify later proofs. The proximal
average is introduced in Section 4 where also its domain is characterized. In Section 5, we present
one very useful result (Theorem 5.1) which states that the Fenchel conjugate of the proximal average
is the proximal average of the Fenchel conjugates. An important consequence of this result is that
the proximal average is convex, lower semicontinuous and proper. In Section 6 we consider the
Moreau envelope and proximal mapping of the proximal average, in Section 7 its subdifferential
operator as well as essential smoothness and essential strict convexity. In Section 8, it is shown
that the arithmetic and epigraphical averages are pointwise limits of the proximal average. Epi-
convergence properties are discussed in the final Section 9, where the arithmetic and epigraphical
averages are shown to be limiting instances of the proximal average with respect to epi-convergence.

2 Standing Assumptions and Notation

Throughout this paper,
X is a real Hilbert space with inner product (-,-) and corresponding norm || - ||. (1)
Due to its repeated use, we abbreviate the quadratic energy function by
a=1- 1% (2)
We set

N(X)={f: X — ]—00,+00] | f is convex, lower semicontinuous, and proper}. (3)



We assume throughout that

ne{l,2,3,...}, (4)
that
fis---, fn belong to T'(X), (5)
that
A1, ..., A are nonnegative real numbers such that A\ +--- + A, = 1, (6)
and that
W is a strictly positive real number. (7)

The Fenchel conjugate of a function f is denoted by f*. It will be convenient to set

f:(flvafn)7 f*:(fikvaf;)7 and )‘:()\lva)\n) (8)

Other notation not explicitly defined here or later is standard in Convex Analysis and as in,
e.g., [21, 22, 24]. Let f be a convex function and S be a set. Then we write dom f, epi f,
Of, clf, inf f, min f, argmin f, dg, conv .S, int S, 15, and Ng to denote the (effective) domain,
epigraph, subdifferential operator, lower closure, infimum value, minimum value if the infimum
value is attained, the set of minimizers, distance function, convex hull, interior, indicator function,
and normal cone operator, respectively. The identity operator is represented by Id.

3 Auxiliary Results

We start by reviewing the key notions of epi-multiplication and epi-addition, following the viewpoint
taken in [22, Section 1.H|. Let & > 0, f € I'(X), g € I'(X), and h € I'(X). Then

_Jaf(/a), ifa>0;
an B {L{O}, if a =0. (9)

The term “epi-multiplication” stems from the fact that epi(a0f) = aepi(f) when o > 0. Epi-
addition or infimal convolution is defined by

fog: X — [~oo,+oc iz inf (f(y)+9(2); (10)

and the term “epi-addition” stems from the fact that the strict epigraph of f0Og¢ is the Minkowski
sum of the strict epigraphs of f and g, ie., {(z,r) € X xR | (fog)(z) <r} = {(y,s) € X xR |
fly) <s}+{(zt) € X xR | g(z) <t}. The epi-sum of finitely many functions is defined analo-
gously.

To avoid excessive usage of parentheses, epi-multiplication and regular multiplication are given
precedence over epi- and regular addition, i.e., a0f + g = (a0f) 4+ g, anfog = (a0f)og,
af +g=(af)+g, and afog = (af)og. It will also be convenient to give epi-addition a higher
precedence than regular addition or subtraction, i.e., f0g+h = (fog)+hand fog—h = (fog)—h.

The next three propositions are elementary. Proofs for the finite-dimensional case are in [22];
they extend without difficulty to the present Hilbert space setting.



Proposition 3.1 Let f € T'(X), let « > 0, and let > 0. Then the following hold.

(i) @ > 0= epi(anf)= alepif).
(i) dom(aDf) = a(dom f).
(iii) fotgy =/
(iv) dom(fi0---0Of,) = (dom f1) + -+ + (dom f,).

(Vi) a(fio---0fn)=afi 0 0af.
(vi) an(Bof) = (aB)of.
(viii) (e« +B)of =anfopof.

)
)
)
)
(v) ao(fio---0fy)=a0fi0 - Dadf,.
)
)
)
(ix) @>0=a(Bo(a"'f) =H0f.

Proof. The conclusions all follow readily from the definitions; see also [22, Exercise 1.28(a)] for (i),
[22, page 25] for (v) and (vii), and [22, Exercise 2.24(c)| for (viii). |

Proposition 3.2 Let o > 0. Then the following hold.
(i) (f)" =anf*

(i) (vnf) = af*.
(i) (Fu0- 0fa) = ff 4+ i

Proof. The statements are simple consequences of the definitions; see also [22, page 475] for (i) and
(ii), and [22, Theorem 11.23(a)| for (iii). [

Proposition 3.3 Let f € I'(X) and let « > 0. Then the following hold.
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Proof. (i): See, e.g., [22, Example 11.11]. (ii): An immediate consequence of the definition of g.
(iii): Combine Proposition 3.2(ii) with (i). (iv): Combine Proposition 3.2(i) with (i). (v): See [19]
or [22, Example 11.26]. |

The next result is deep and stated as a fact.

Fact 3.4 The following hold.
(i) If intdom fiN---Nintdom f,—1 Ndom f,, # &, then (fi+---+ fn)* = fio---Of} and the
epi-sum is exact, i.e., the infimum in the definition of the epi-sum is attained.
(ii) If intdom f; N --- N intdom f} ; N dom f} # @, then fio0---0f, is exact and
epi(le Dfn) = (epifl) +t (epifn)'
Proof. This is a consequence of [24, Theorem 2.8.7]. |

The following result on the conjugate of the difference will be useful.
Fact 3.5 Let g € I'(X) and let h € I'(X) such that both h and h* have full domain. Then

(va" € X) (9= ") = sup (") ~ (" ). (11)

Proof. This is a consequence of [11, Theorem 2.2]. [
Corollary 3.6 Let g € I'(X). Then

(9—pog)*=pq—ptg) —ptog (12)

Proof. Set h = pogq. Then h* = pq by Proposition 3.3(iii) and hence both A and h* have full
domain. Using Fact 3.5, we deduce that for every z* € X

(9= h)"(") = sup (9"(W") = paly” — "))

= sup (9*(y") — pwa(y") — pa(z*) + ply*, z*))
y*reX

= —pq(z*) + sup (", pa*) = (na(y™) — g*(¥")))
= —pq(a®) +psup (2% = (a@") - 'g" ("))
y*reX

Yog)(@*) + p(q— plg") (). (13)

= —(u~

The proof is complete. n

Lemma 3.7 (A 0(fi +p0q)0 - 0X0(fo +1009) = M(ffopg) +- + (i Opq).



Proof. Using Proposition 3.2(iii), Proposition 3.2(ii), Fact 3.4(i), and Proposition 3.3(iii), we com-
pute that

(Mo(fi+pog)o-oXO(fat+pog) =Mo(fi+pog) ++ Mo(fn+proq)”
=M(fi+tpog) +- -+ A(fn+pog)
=M(ffoeog)) +-+\(fro(uog))
=M(ffopa) +-+ A(fropa). (14)

This completes the proof. |

Fact 3.8 Let (Vi) z; € dom f;, and set x = x1 + -+ + x,,. Then the following implications hold.

(i) (f10---0fa)(@) = fr(@) + -+ falan) = O(fr0 - 0 fo)(@) = Ofr(x1) N -+ OO fn(an).
(i) Ofi(x1) N NOfalan) #G = (0 Ofp)(@) = frlz1) + - + fulzn).

Proof. See [24, Corollary 2.4.7]. |

Proposition 3.9 Let f € T'(X) and leta > 0. Then d(00f) = Nygy and d(anf) = (8f)o(a~'1d).

Proof. Since 00 f = 149y, we deduce that (00 f) = drgy = Nygy. Also, d(aDf) = d(afo (a~t1d));
the formula thus follows from Convex Calculus (see, e.g., [24, Theorem 2.8.3]). |

4 Definition, Reformulations, Domain and Exactness

In Section 1, we have seen that the idea of computing the averaged Minkowski sum is doomed in
general, due to the potential lack of coercivity properties of the terms. The proximal average can
be interpreted as a three-step remedy of this idea: First, each function is “coercified” by epi-adding
10 q. Second, the epi-average of the coercified terms is computed. The third step removes 0 q
through subtraction. We are now ready to describe the proximal average.

Definition 4.1 (proximal average) The A-weighted proximal average of f with parameter
18

pu(Fs ) =Mo(fi+p0q)0 - 0N O(fn+p04q) —poq, (15)
ie, if I={ie{l,...,n}| N\ >0}, then

(V2 € X) pulf @) = (= HlalP+ _inf S i)+ Bl a0

icl Ti=%
We also write p(f,X) if p =1, pu(f) if all \; coincide, and p(f) if p =1 and all \; coincide.

Remark 4.2 Some immediate consequences of the definition are the following.



(1) pu(f1,1) = fi.
(i) 7 ={ic{1,...,n} | N >0}, f=(fiier and X = (\;)ier, then p,(£,X) = pu(F, N).
(iif) If 7 is a permutation of I = {1,...,n}, f = (fai))ier and X = (Ay))ier, then pu(f,A) =
pu(f, A).
(iv) pu(fiA) = p'pr(uf, N); equivalently, p(uf,X) = upu(f,N).
(v) T Ap1 = A1+ -+ Ap_1 > 0, then
(N =pi((frs- o fn)s (A1, An))
=i (( (e Fa) A O M) £2) (oA ) (10

The identities in items (iv) and (v) may be useful if one wishes to develop the theory of results for
a general u > 0 and a general n > 2 from the simpler case u = 1 and n = 2; however, the direct
approach favoured in this paper is not only self-contained but it also yields proofs that we found
much more readable. Nonetheless, (iv) and (v) may be convenient for the numerical computation
of the proximal average — especially when the simpler case is already implemented [15].

Proposition 4.3 (reformulations)
pu(F.N) = (M(ffopa) + -+ Xa(fropa)” —p7'q (18)
=M+ ) AT ) T g (19)

and

(Ve € X) pu(f, V(@) =  inf > Aifi(y) ((me)— q<x>>. (20)

Aiyi=T

Proof. By Proposition 3.1(iv), (Vi) dom(f0uq) = (dom f;) + (dom pq) = X. Fact 3.4(i), Propo-
sition 3.2(i), Proposition 3.2(iii), and Proposition 3.3(iv) imply that

M(ffopa) +- +Xa(fropa)” = N (ffope) o oQa(fropa)’

:Alm(ffﬂuq)* c0A O(frOpq)”
= MO0+ (pa)) 0 DX O + (1))
=M0(fi+poq)o - 0XAO(fn+pOq). (21)

This and Proposition 3.3(ii) yield (18). In turn, Fact 3.4(i) and Proposition 3.3(iv) imply (19).
Changing variables, we see that (20) is equivalent to (16). [

Remark 4.4 (some history) In [6], the proximal average was considered for n = 2 and p = 1,
and written equivalently as

(M(ffoa) +Xe(fs09)" — (22)



see (18). The function (22) was utilized in [6] to explicitly illustrate Moreau’s observation [19] that
the set of proximal mappings is convex. More recently, the proximal average was considered in [4],
again with n =2 and p = 1, though it was written as (see (19))

(M + Q)" +X(fa+a)") — (23)

Example 4.5 (connection to means of numbers) Let ay, ..., a, be strictly positive numbers
and suppose that (Vi) f; = «; q. Using (19), we see that

pet00) = (Enearua) —na= (X 20) pa= (L 25) aona @

i=1 i=1 =1

and thus
n )\ -1 .
JA) = — — . 25
IRESN ((;a+u> y )q (29
Denote the coefficient of q in (25) by d. Since ¢ is the difference of the weighted harmonic mean

of g + 71, ..., ap +p~ " and p~!, the Harmonic-Arithmetic Mean Inequality implies that § does
not exceed the weighted arithmetic mean

i=1

As pu — 400, we note that & converges to the weighted harmonic mean
n -1
s
(X2 (21)
— O
=1
while a calculus exercise shows that § approaches, as gy — 0, the weighted arithmetic mean (26).

In Remark 8.6, we revisit this example from a more general point of view.

The next result locates the domain of the proximal average exactly; moreover, it strengthens [4,
Theorem 4.11], where equality was observed only for the closures and interiors.

Theorem 4.6 (domain) domp,(f,A) = A dom f; + -+ A, dom f,.

Proof. Using Proposition 3.1(iv) and Proposition 3.1(ii), we obtain domp,(f,A) = dom(X\; 0(f1 +
p0q))+---+dom(A 0(f1+p04)) = Ardom(fi+p0q)+---+ Ay dom(fn +p04q) = Ay dom(f1) +
o 4 Ay dom(fy). [

Corollary 4.7 Suppose that at least one function f; has full domain and that \; > 0. Then
pu(f,A) has full domain.



Example 4.8 Assume each \; > 0 and each f; = (c,, where C; is a nonempty closed convex
subset of X. In X", set H = {(z) | > vVAiz; =0} and (Vz € X) D, is the Cartesian product

X (\//\—ZC'Z — \/)\_Z:E) Then

pu(FA): X — | =00, +00] s x> godnp, (0). (28)

Proof. Fix € X. Using (16), we obtain

pulf @) =7 (= el o ink 37 Ao (/30 + i/ Nl1))

i Li=T

=ptinf > NGl = Hxl?)
each c¢; € C;
S Aici=zx

—ut it SN s - Yel?)

z=(2z;) € HN Dy

SR T D1 1 (29)

z=(2z;) € HN Dy
which completes the proof. |

Remark 4.9 Consider Example 4.8 with n =2, u =1, \y > 0, and Ay > 0. Then (28) simplifies

to
1
pu(f,A): X — ]—OO, +OO] N e md?M(Cﬁ—w))ﬂ()\z(w—Cz))(0)’ (30)

which is a formula first observed in [6, Theorem 6.1].

Theorem 4.10 (exactness) For every x € domp,(f, ) there exist y; € A\jdom f; such that
z=y1+-+yn and pu(f,A)(@) = M 0(fr+p0a) () +- -+ K 0(fa+p00)(yn) — (00 q)(2).

Proof. Set (Vi) gi = \i0(f; +p0q). If A\; =0, then g; = 10y and hence g = tx has full domain.
If A; > 0, then using Proposition 3.2(i), Fact 3.4(i), and Proposition 3.3(iv), we see that

gi = No(fi+poa) =X(fi+poa)* =N(ffo(poq)’) = N(ffouq); (31)
thus, g7 also has full domain. Therefore, by Fact 3.4(ii), the epi-sum
pu(fsA) +poqg=g10---0gp (32)

is ezact. Since domp,(f,A) = A;dom fi +--- + A\, dom f,, by Theorem 4.6, the existence of the y;
is now clear. |



5 Fenchel Conjugate

In this section, we compute the Fenchel conjugate of the proximal average. The explicit form
obtained has several interesting consequences. We begin with a reformulation of Lemma 3.7:

(Pu(F,N) +poa) = (ffopg) + -+ A(fr0pnq). (33)

We are now ready for a useful generalization of [6, Theorem 6.1] where n = 2 and p = 1.

Theorem 5.1 (Fenchel conjugate) (pu(f,)\))* =pu1(f5A).

Proof. Set
g=pu(f;A) +pog. (34)
By (33), we have
g =M(fiopa)+- -+ A(fr0pa) (35)

In view of (6), (35), Proposition 3.1(vi), Proposition 3.3(v), and Proposition 3.2(i), we obtain that

a—p g =M(a—p (fiopa) +- -+ (a—p (ffopng))
=M(a— (' ffoq)+-+A(a- (' ffog)
=M (e D) ma) A ) o a)
:Al(ﬂ_lmflmQ)+"‘+/\n(/‘_lmanC|)- (36)

Consequently, using Fact 3.4(i), Proposition 3.2(i), Proposition 3.2(iii), Proposition 3.2(ii), Propo-
sition 3.3(i), we see that

()\1 Yofiog) + 4 Ay (,u_lufnmq)>*

( (W 'ofiog ) o- (An(u_lﬂfnm q))*

=M o(p! Df1D q)*D c0AO(p O fn0q)

= D( 'of)* + g9)o-oho(( ' of)* + q%)

=X o(p A+ ) ---mAnu(u—lf;+ q). (37)

(q—ptg")"

Now Proposition 3.1(vi), Proposition 3.1(ix), and Proposition 3.3(ii) imply that

p(a—ptg") = M()\l 0" (ff +pa) o oo (u(fr +uq)))
ZM(Alm(u‘l(ff +uq))) o-- Du(AnD(u‘l(fZ +uq)))

= MO+ 1a)0 - 0 O + )
— M O(ff +u 00 DA O+ a o). (38)

10



Combining (34), Corollary 3.6, and (38), we conclude that

(Pu(F,0)" = (g —poq)*
=pula—plg") —ntog
=M O0(ff+p ' 0q) 00N O(f+p 0g) —p ' 0g
= Pu-1 (.f*yA)v (39)

1

as claimed. ]

Corollary 5.2 (lower semicontinuity) p,(f,\) is convez, lower semicontinuous, and proper.

Proof.  Applying Theorem 5.1 twice, we deduce that (p.(f,A))™ = (p,1(f" )" =
p(pfl)*l (f**v)‘) = p,u(.fv)‘) u

The next result refines the corresponding two-function version [4, Proposition 4.8].

Example 5.3 p(f, f*) =

Proof. Theorem 5.1 readily implies that the p(f, f*) is equal to its conjugate; consequently, it must
be equal to gq by Proposition 3.3(i). |

Theorem 5.4 (inequalities) (Aiff + -+ A fi)* <pu(fsX) < Aifi+ -+ Aafa

Proof. The right inequality follows from (20) (by setting y; = ). Applying the right inequality to
f* and p~!, we learn that

(A S AT+ A (40)

Taking the Fenchel conjugate of (40) and utilizing Theorem 5.1, we deduce that p,(f,A) =

(p,ufl(.f*,)‘)) 2 (/\lfik++)\nf;:) . u
Corollary 5.5 (infimum value)

Avinf fi 4+ -+ Apinf f, <infp,(f,A) <inf(Aifi +- + A fo)- (41)

Corollary 5.6 (common minimizers) Suppose that ;. ).~ argmin(f;) # @. Then

minp,(f, ) Z Aimin f; and argminp,(f,A) ﬂ argmin(f;). (42)
i: >0 1: >0
Proof. Combine Theorem 5.4 and Corollary 5.5. |

11



6 Moreau Envelope and Proximal Mapping

Definition 6.1 Let f € I'(X). The Moreau envelope of f with parameter p is e, f = fOpoq.

Observe that
enf = (f"+paq) (43)

Theorem 6.2 (Moreau envelope and its Fenchel conjugate)

(i) eupu(fyA) = Aepfi+ -+ Anepfn.
(ii) (eupu(f,/\))* = N 0(euf1)* o 0XpO(epfn)”.

Proof. Fix y € X and set I = {z e{l,...,n}| N> 0}. Using (16), we obtain

(cump(£:0)(0) = inf (£ 2 @) + 5=y =

. . 1 1 1
=inf _inf SO (files/ ) + 5ol /AP ) + 5o ll? = )
el

Ty e Ti=T i

. . 1 1 1
=inf it S N (A2 + g e/ AP gl = /)
el

T ) =
iel Ti=T i

. . 1
=inf inf Z)\Z<fz(wz/)\z)+ZH?J—%/)\1H2)
el

Ty erti=a i

) 1
= wlg& 2 Ai(fi(lﬂi//\i) + ﬂ”y - 332‘//\2‘H2>
_ A L S AR

= 3 wint ((as/ 30+ gy = i/ )

= Z)\z (eufi)(y)' (44)

el

This implies (i), and (ii) follows by Fenchel conjugation. Alternatively, using Defini-
tion 6.1, Proposition 3.2(iii), Theorem 5.1, Proposition 3.3(iv), and Proposition 3.3(ii), one

may prove (i) via (eupu(f,A)" = (pu(F,X)0p0a9)" = (Pu(fN)" + g = p(FN) +
ptog = o(ff +ptog)o-c oXo(fy +pmtog) = Mo(ff +pa)o- 0N O(f + pa) =
M O(eufr)*o--- 0X,0(eufn)”, and then deduces (i) by Fenchel conjugation. [

The following result is well known.

Proposition 6.3 Let f € I'(X). Then argmine, f = argmin f.
Proof. argmine, f = 0(e,f)*(0) = o(f* + nq)(0) = (Of* + p1d)(0) = 0f*(0) = argmin f. [ ]

12



Corollary 6.4 (minimizers) argminp,(f,A) = argmin (AMeufi + -+ Aneufn)-

Proof. Combine Proposition 6.3 and Theorem 6.2(i). [

Example 6.5 (least squares solutions) Let Ci,...,C, be nonempty closed convex subsets of
X and suppose that (Vi) f; = tc,. Then argminp,(f,A) = argmin()\ldé1 + - Adg ).

Proof. This is a consequence of Corollary 6.4 since (Vi) e, fi = eytc, = Lo, Op0q = p i, op g =

p o0 q) = pt 5z u

Definition 6.6 Let f € I'(X). The proximal mapping of f with parameter p is P,f =
(Id+pof)~t.

Observe that

p (P )Tt =0f +p7 4, (45)
that
Puf = (V(f +p ' a)*) o (u"1d), (46)
and that
(Puf) o (nld) = V(e,~1(f7)). (47)

We now show that the proximal mapping of the proximal average is simply the average of the
individual proximal mappings. This result, which also explains how the proximal average got its
name, was first proved in [6, Theorem 6.1] when n =2 and p = 1.

Theorem 6.7 (proximal mapping) P, (p“(f, )\)) =MPufi+ -+ AN Pufn.

Proof. Theorem 5.1 and Theorem 6.2(i) (the latter applied to f* and y~!) show that

€1 ((Pu(F:0)7) = €1 (D=1 (F75 ) = Mgy (F7) + -+ + Aneyma (7)1 (48)

in turn, taking gradients yields

V (et ((u(F,2)7) = MV (e (1)) + - + AV (eu-1(f))- (49)

Using (47), we see that this is equivalent to

(Pu(pu(£.N))) 0 (pId) = M (Bufr) o (uId) + -+ + An(Ppufn) o (n1d). (50)

The result follows. |
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7 Subdifferential

Theorem 7.1 (subdifferential) Let (Vi) x; € dom f; and set x = A\yx1 + -+ + A\yzp. Then the
following hold.

W) 1f pu(F; ) () = M 0(fr + po @) (Mizn) + -+ (M 0(fa + p0a))(Ann) — (DO q) (), then

Opu(fo ) (x) = —p~ x+ﬂ0 0(fi +poa))(Xiz;) (51)
ek ) @) i) (52

i1 Ai>0
R A R)] (53

i: >0

(i) If M. a,»0(Pufi) ' (x:) # 2, then
(£, 0) (@) = A o(fr +poq)Mzr) + -+ A 0(fr + p205)Ann) — (o q)(z).  (54)

Proof. Set (Vi) gi = \io(f; + poq). Theorem 4.6, Theorem 4.10, and Proposition 3.3(ii) imply
that

910 090 = pu(F,0) + p0a=pu(fN) + 17" g (55)
is exact on dom(g10--- Ogn) = Aydom f + -+ + A\, dom f,, = domp,(f,A). (i): (51), (52), and
(53) follow from Fact 3.8(i), Proposition 3.9, and (45), respectively. (ii): Use Fact 3.8(ii). [

Corollary 7.2 (Vz € X) (;. y,500fi(®) € Ipu(F, A)(2).

Proof. Take z* € ;. \,500fi(z). Then (Vi) \; > 0 = pa* + 2z € pdfi(z) +z = (P.fi)"*(z). By
Theorem 7.1(ii), pu(f, A)(xz) = (M o(fi +poq))( M) + -+ (A O(fn + 107))(Anz) — (1O q)(x).
Using Theorem 7.1(i), we deduce that 2* = —p~la + p=(uz* + z) € dp.(f, A) (). [

For the following results, it will be convenient to write z =21 ®--- Pz, ifx =21+ -+, and
x;Laxj for i # j. We also write K1 ®---® K, = {xl @---Dx, | each z; € K; and z; Lz, for ¢ # j}.

Corollary 7.3 Let Ki,..., K, be nonempty closed convex cones and set (Vi) P; = Pg,, the or-
thogonal projector onto K;. Suppose that

Ve=21®--- @z, e K1 ®-- - ®K,) (Vi) Pur=ux, (56)
that
VMreX) z=Pax®- D Py, (57)
and that (Vi) fi = tx, and N\; > 0. Then
1 1—=X
(e e X) pulf N =5 3 S P (58)

)
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Proof. Observe that (Vi) P,f; = (Id+udik,) ™! = (Id4+0uk,) ™! = P;. Take z € X and set

(Vi) zi =y Pa=P(5x). (59)
Using (57), we obtain that
=M1 D D M\ Tp. (60)
Now set
2=11D - D Tn. (61)

By (56), we have (Vi) P,z = x;. Thus z € (,(P,f;) " (z;). Therefore, by (60) and Theorem 7.1(ii),

pu(f, N) (@) = (A o(fi +pog) (A1) + -+ (A 0(fn + £ 0 q))(Anazn) — (L0 q)(x)
= p Ag(e) 4+ 4 p T Ana(en) — ! q(a)

1
= o (Allenl® + -+ Aallal® = Azy + - + Anza|?)

2p
1
= 2—2/\2(1 —)\Z)Hiﬂzuz (62)
"
The conclusion thus follows from (59). [

The following two examples are special cases of Corollary 7.3.

Example 7.4 Let Ki,...,K, be closed subspaces that are pairwise orthogonal and such that
K1 @ ® K, = X and suppose that f; = tr;;. Then p,(f,A) =3 ;(A\;" — 1)(q o Px,).

Example 7.5 (See also [4, Example 4.9].) Let K be a nonempty closed convex cone in X and let
A €]0,1[. Then
1

(Ve e X) p((tr,ixe), (1= X)) (x) = 2(1 — M)A

(W[ Pre]® + (1 = N2 Prez]?), (63)
where K© is the polar cone of K.

Remark 7.6 We are now in a position to show that the inequalities in Theorem 5.4 can be strict.
Suppose that n = 2, that f; = tx that fo = 1xe, where K is a nonempty closed convex cone in X,
and that Ay = X\ € ]0,1[. Using Example 7.5, we see that Theorem 5.4 becomes

(v € X) 1x(@) € grggg (Pl + (1= N2IPoal?) < o) (64)

The inequalities are strict for every x € X ~ {0}.

Let f € T'(X). Following [3, Section 5|, we say that f is essentially smooth if Jf is at most
single-valued and intdom f is nonempty, that f is essentially strictly conver if f* is essentially
smooth, and that f is Legendre if f is both essentially smooth and essentially strictly convex.
These notions coincide in our (reflexive) Hilbert space setting with the well known notions of the
same name in Euclidean space (see [21, Section 26]).

The next three results extend corresponding results in [4, Section 6] considerably.
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Corollary 7.7 (essential smoothness) Suppose that at least one function f; is essentially
smooth and that \; > 0. Then p,(f, ) is essentially smooth.

Proof. Since f; is essentially smooth, the set dom f; has nonempty interior. Thus A; dom f; and
domp,(f,A) = Adom fi; + -+ + A, dom f,, (see Theorem 4.6) both have nonempty interiors as
well. Now take x € domp,(f,) and let yq,...,y, be as in Theorem 4.10, say (Vi) y; = Nz,
where z; € dom f;. By Theorem 7.1(i), Op,(f,A)(z) € —p~ta + 0fi(x;) + p~tz;. Because f; is
essentially smooth, the set 0f;(z;) is either empty or singleton. Thus dp,(f,A)(x) is either empty
or singleton. Altogether, p,(f,A) is essentially smooth. |

Corollary 7.8 (essential strict convexity) Suppose that at least one function f; is essentially
strictly convex and that X\; > 0. Then p,(f,\) is essentially strictly convex.

Proof. Since f; is essentially strictly convex, its conjugate f;* is essentially smooth. By Corollary 7.7,
pu-1(f*,A) is essentially smooth. Hence (p,-1(f*,A))" is essentially strictly convex. This last
function is equal to p,(f, ) (by Theorem 5.1) and the proof is thus complete. |

Corollary 7.9 (Legendre function) Suppose that at least one function f; is essentially smooth
and that \; > 0. Furthermore, suppose that at least one function f; is essentially strictly convex
and that \; > 0. (It does not matter whether j and i are identical or distinct.) Then p,(f,A) is
both essentially smooth and essentially strictly convex, i.e., Legendre.

Proof. Combine Corollary 7.7 and Corollary 7.8. |

Before we formulate and prove the last result in this section, we briefly return to the Moreau
envelope and the proximal mapping. Let f € I'(X). Applying Proposition 3.3(v) to uf, we readily
deduce that (see also [22, Example 11.26(b)])

plenf) + pole, -1 (f) = a (65)

Taking gradients and recalling (47) yields Id = P, f + pu(P,—1(f*)) o (=1 1Id); equivalently, pId =
(Puf)o (uld) + pb,-1(f*) or

1d = ' (Buf) o (u1d) + Pos (). (66)

The following result generalizes [5, Theorem 4.22], where n =2, \j = \y = %, and p = 1.

Theorem 7.10 Suppose that (a,a*) € X x X satisfies a* € 0fi(a) N --- N Ifp(a) and that
{1,2,...,n} is the disjoint union of two sets of indices I and J. Set \j = EjeJ Aj and sup-
pose that Ay > 0. Then for every z € a + (niel Naom f,(a) N ijJ Ndomf;(a*)), we have

a* + p A= 1)(2 — a) € Ipu(f, A)(2). (67)

Consequently, p,(f,\) is differentiable on a + int (miel Nom £,(a) N njeJ Niom 1 (a*)), with gra-
dient z — a* + YA = 1)(2 — a).
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Proof. Let z be as in the conclusion and set y = z —a. Fix i € I. Now a* € Jf;(a) and
/\jly € Ndomfi(a) = 8Ldomfi(a) = 8Ldomufi(a)' Hence pa* € ,uafl(a) = a(/‘f@)(a) Thus pa® +
Mty € 0(ufi) (@) + Otdom up; ) (@) € O(iufi + taom uyp,) (@) = O(uufi)(a). Tt follows that

(VieI) a=(P.fi)(ua* + X'y +a). (68)
Next, fix j € J. Then a+ A}y € df;(a*) and ,u_la +u I\ ly € O _1f )(a*). Using (66), w
thus have a* = (B,—1 f7)(n~ta+p =AYy +a*) = p~la+p A y+a* — = (Puf) (a+ Ay + pa )
Hence

(VieJ) a+Alty=(Pufj)(a+ Aty + pa). (69)

Now (68), (69), and Theorem 6.7 imply that

a+y = (Bupu(f. N)(a + X7y + pa’); (70)
equivalently,

a* +p (AT =)y € Opu(F, M) (a+y). (71)

This verifies (67). Denote the intersection of the n normal cones by N. On a+ int IV, the mapping
2+ a*+p (AT —1)(z — a) is thus a continuous selection of dp,(f, ); therefore, Vp,(f,A)(z) =
a* + p~(A\;' = 1)(z — a) by [20, Proposition 2.8]. |

8 Pointwise Limits of the Proximal Average
Proposition 8.1 Let f € I'(X). Then e,1(f o (u1d)) = (euf) o (n1d).

Proof. For every x € X, we have e,—1(f o (n1d))(x) = inf, (f(uy) + pq(z —y)) = infy, (f(uy) +

pta(pe — py)) = inf, (f(2) + p ' a(pe — 2)) = euf(p). u
Proposition 8.2 [22, Example 11.26(c)| Let f: X — [—o0,+00]. Then
(f+na)* =(ng—e,1f)o(p ' 1d). (72)

Proof. For every x* € X, we obtain that

(f +pa) (= )—Sup(@,ﬂ? ) = f(z) — pa(z))
((‘T?‘T > ( )_Nq(x_lu_lx*)"i_ﬂ_lq(x*)_ <LE,:L'*>)
7 - q(z*) + sup( f(x) = palz — p~'a*))

(
“la(a”) - lnf((w)ﬂwl( “lat - )
( (™
1

I
pta(@®) — (fopg)(u'a*)

pa(p™'z*) = (fou~ Dq)(u‘lx*)

— (- e £) (). (73)
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The result follows. [ |

The following alternative expression of the proximal average was discovered by Warren Hare for
the case when n =2 and p = 1.

Theorem 8.3 [9] p,(f,A) = —e,(—(Mepfi + -+ Anepfn)).

Proof. Set g = —(Aieyfi+---+Aneufn). Taking the Fenchel conjugate on both sides of (33) leads to

pu(fsA) = (M(ffopa)+- -+/\n(f;;D,uq))*—uD g. On the other hand, (Vi) ffopq=(fi+poq)*
by Fact 3.4(i) and Proposition 3.3(iii). Altogether,

pu(FA) = (M(A+p0a)" ++ A fo+p09)") —pog (74)

Using (74), Proposition 3.3(ii), Proposition 8.2, and Proposition 8.1 we deduce that

Pu(FsN) = M(fi+p0a)" + -+ A(fo+p0q)) —pog
= (Al(f1+u‘1q)*+- (fn+u Ya)) —uoq.
= Mt a—eufi) o (pld) + -+ X (gt g = eufn) 0 (n1d))” — pog
= (pa+go(pld)” —pog
(uq—ef(gomld))) (u~'1d) —poq
=pta— (eu1(go (p1d)) o (' 1d) —poq
—((eng) o (u1d)) o (u~"1d)
e (75)

This verifies the result. |

The p-prozimal hull of a function g is defined by h,g = —e,(—e,g); it satisfies e,9 < hu,g < g
and e, (h,g) = eug (see [22, Example 1.44]). Theorem 8.3 shows that p,(f, ) can be interpreted
as some sort of weighted proximal hull of the functions fi,..., f,. We now turn to the proximal
hull of p,,(f,A).

Corollary 8.4 (proximal hull) h,p,(f,A) =pu.(f,A).

Proof. By Theorem 6.2(i), e pu(f,A) = Mepfi + - + ey fn. Hence, using Theorem 8.3,

hu(pu(fa A)) = _eu(_eupu(.f7 A)) = _eu(_)‘leufl_’ : ’_)\neufn) = pu(.fa A)' Since pu(.fa )‘)+N uq
is clearly convex and lower semicontinuous (by Corollary 5.2), the result follows alternatively from
[22, Example 11.26(d)]. [ |

Let us now determine the pointwise behaviour of p,(f,X).
Theorem 8.5 (pointwise limits) Let x € X. Then the function

10, +00[ — ]—00,+00] : = pu(f, A)(x) is decreasing. (76)
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Consequently, lim,_o+ pu(f,A)(z) and lim,—, 1o pu(f, A)(x) exist. In fact,

lim_p, (£, A)(2) = supp,(f, A)(2) = (Mf1+ - + M fa) (@) (77)
p—0+ u>0
and
HETmp“(f’A)($) = ig%pu(f,)\)(:n) = (M Ofi0--- 00X 0f) (). (78)

Proof. The fact that p— p,(f,A)(x) is decreasing follows from (20); consequently, the two limits
exist and the supremum/infimum descriptions are clear. Now eu(— (Arepfr + -+ Aney fn)) <
—(Meufi + - + Apeufn). Thus, using Theorem 8.3, we deduce that A\e,f1 + -+ + Apeufn <
—eu(—(Nepfit-+Anenfn)) = pu(f,A). On the other hand, Theorem 5.4 implies that p,(f,A) <
M fi+ -+ A\ fn. Altogether,

>\le,uf1 + -+ Aneufn < p,u(.faA) < )\lfl + - +)\nfn (79)

It is well known that Moreau envelopes converge pointwise to the underlying function as the pa-
rameter approaches 0; see, e.g., [1, Theorem 2.64] or [22, Theorem 1.25 and Theorem 2.26]. Thus
(Vi) lim,,_o+ e, f; = f; pointwise and (77) follows from taking the pointwise limit in (79) at z as
pu — 0. Using (20), we deduce that

i pu (£ (@) = i pu(F N @)
=t e S+ 1 (S vaw) - a)
= Lt it S+ 1 (S vaw) - a)
oinf D Aifilw)
= ot Z:)\i filwi/As)
= _inf > (Nofi) (@)

Sai=x
= (>\1|:|f1|:| DAann)(‘/E)7 (80)
where the indices in the >’ sums range over all i such that ); > 0. n

The following nice observation, which is based on the comments of an anonymous referee, builds
a bridge to [17].

Remark 8.6 (parallel sums) Suppose that X = RY, let Ay,..., A, be positive definite N x N
matrices, and suppose that (Vi) f;(x) = %(x,Ai@, i.e., identify each A; with its quadratic form.
As ;1 — 07, p,(f,A) converges pointwise to Ay f1+ -+ A\, f, and, as pu — 400, p,(f, X) converges
pointwise to A\; 0f10 - 0A, Ofn. Using [17] (see also [12, Example IV.2.3.8], [14], and [16]), the
matrices corresponding to the quadratic forms A\q fi+---+XAp fn, M1 Of10 - 0N, Ofy, and pu(F, A)
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are, respectively, the arithmetic average Ay Ay + - - - + A\, Ay the harmonic average ()\1A1_1 4+ 4+
M AT e, the parallel sum of the matrices AT T Ay, ..., A7t Ap; and (A (Ay +pt1d) ™ 4+ +
An(Ay + p~t1d)~Y) =t — 471 1d, ie., a u~!-shifted version of the harmonic average (in accordance
with the comment before Definition 4.1). Note that this provides another proof of Example 4.5
and that the theory for parallel sum extends to matrices that are only positive semidefinite.

9 Epi-Continuity and Epi-Limits of the Proximal Average

We now discuss the convergence behaviour of the proximal average with respect to the epi-topology.
Analogously to [4, Section 5], we assume throughout this section that

X is finite-dimensional. (81)

Definition 9.1 (epi-convergence and epi-topology) (See [22, Chapter 6].) Let g and (gi)keN
be functions from X to ]—oo,+00]. Then (gi)ren epi-converges to g, in symbols gi — g, if the
following hold for every r € X.

(1) (V(zr)ren) zx — = g(x) < lim gy (zp).

(i) (3 (yk)ken) e — z and lim g (yx) < g(z).

The epi-topology is the topology induced by epi-convergence.

Fact 9.2 Let g and (gi)ren be in T'(X) such that g, = g, and let h and (hi)ren be in T'(X) such
that hy, — h. Let p and (pk)ken be in [0,+oo] such that pp — p and let g: X — R be continuous.
Then the following hold.

(i) getq>g=+q.
(ii) p>0 = prgr — py-

)
)
(iii) p=0 and domg = X = prgr — pg.
(iv) g N

)

(v) 0 € int(dom g — domh) = gi, + hy — g+ h.

Proof. (i): See [22, Exercise 7.8(a)]. (ii): See [22, Exercise 7.8(d)]. (iii): See [4] or verify this
directly. (iv): See [22, Theorem 11.34]. (v): See [22, Exercise 7.47(b)]. [

Lemma 9.3 Let g1,...,9n,h be in T'(X) and let (91%)keN, - - -+ (9n.k)ken, (hik)ren be sequences in
['(X) such that (Vi) gix — g; and hy — h. Let p and (pg)ren be in [0, +oc[ such that pp — p.
Suppose that dom g = --- =domg);_| =domh* = X and that (Vi € {1,...,n—1})(Vk) dom g}, =
X. Then the following hold. ’
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(i) g1k0 - Ugnk £>915 - Ugn.

(ii) Pk Ohg 5 pDh.

Proof. (i): Fact 9.2(iv)&(v) imply that g7 , + - +g;, , S gi+---+g°. Using Fact 9.2(iv), we see
that (g7, + - +9g5)" 5 (gt + - +g5)*, which is equivalent to g1 ;0 -+ Ogn ) — g1 0 -+ 0gy by
Fact 3.4(i). (ii): Fact 9.2(ii)—(iv) imply that pph} < ph*. Using Fact 9.2(iv) once more, we deduce
that (prh})* = (ph*)*, which is the same as the conclusion in view of Proposition 3.2(i). [

Remark 9.4 Using the horizon functions associated with g1,..., ¢, and [22, Proposition 7.56],
one may obtain a stronger version of Lemma 9.3 where the assumption on the functions g7, is less
restrictive; however, this is not needed in the sequel.

The next result extends [4, Theorem 5.4].

Theorem 9.5 (epi-continuity of the proximal average) Let (f;x)ren be sequences in I'(X)
such that (Vi) fix ~ fi, let (\ig)ren be sequences in [0,1] such that (Yk) S, \ix = 1 and (Vi)
Xik — i, and let (pg)ren be a sequence in |0, 4o00[ such that py — . Then

pmc ((fl,ky e 7fn,k:)7 ()\Lk, e 7)‘TLJ€)) i pu((fl, e ,fn), ()\1, e ,)\n)) = pu(_f, )\) (82)

Proof. By Theorem 9.3(ii),
pr0q - poq. (83)
Furthermore,

(Vi) fir+m0q— fi+poq (84)
by Fact 9.2(v) because (10 q)* = 1 q has full domain. Using (84), Lemma 9.3(ii), and the fact that
(Vi) (fi+poq)* = (ffo(poq)*)™ = (fFopq)* has full domain (and similarly for (f; x+ 0 q)*),
we deduce that

(Vi) Xig O(fig + pr0d) = X 0(fi + p0q). (85)
Since (Vi) (Aio0(fi +p0 q))* = XN(fi + poq)* = N(fFfopoq) has full domain (and similarly for
Nk O0(fik+1k0q))"), (85) and Lemma 9.3(i) yield

MeO(fieg+pe0q)0 - 0N g O(fak +px0d) = A\ 0(fL +p0q)0 - 0N 0(f +p0q).  (86)
In turn, (83), (86) and Fact 9.2(i) imply (82). [ |

We now describe the behaviour of p,(f,A) when p approaches either 0 or +o0c while f and A
are fixed.

Corollary 9.6 p,(f,A) S Nfi+ 4 Mfn oas p— 0, and pu(f, ) LM ofio--- oA 0f)
as p — —+00.
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Proof. Theorem 8.5 shows that 1 — p,(f, A) is pointwise increasing. In view of (77) and the lower
semicontinuity of p,(f,A) (see Corollary 5.2), an application of [22, Proposition 7.4(d)] yields that

Pu(FiX) S Aifi+ -+ Aufn as p— 0F. Combining (78) with [22, Proposition 7.4(e)], we deduce
similarly that p,(£,A) = cl(A Of10 -+ 0N\, Ofy) as g — +o0. [ |

Corollary 9.6 and (77) show that as p — 07, the pointwise and epigraphical limits of p,(f,A)
coincide. When p — +o00, the pointwise and epigraphical limits of p,(f,A) may differ as we
illustrate next.

Example 9.7 Suppose that X = R?  that n = 2, that A; > 0, that Ay > 0, that f; = ¢,, and
that fa = tc,, where C and Cy are nonempty closed convex subsets of X such that A\;Cy + A\2C is
not closed. Concretely, we may let C; and Cs be the epigraphs of z +— exp(z) and = +— exp(—z),
respectively. Then the pointwise limit (see (78))

uEToopM(f, A)=AM0f10X0f2 = a0 420 (87)

is not lower semicontinuous, and hence different from the epigraphical limit (see Corollary 9.6)

cl(A1 0 f10A20f), which is the indicator function of the closure of \{C; + A2Cj.

We now show that the limiting behaviour as y — +o00 cannot be obtained by conjugation.

Example 9.8 Suppose that X = R?, that n = 2, that f: (z,y) — —x + Loy (y), that fo: (z,y) —
x4 g0} (y), that A\; > 0, and that Ay > 0. Now fix (z,y) € R?. Using (16) and some calculus, we
calculate

pu(f, A (2, y) = (A2 = M)z + 1oy (¥) — 2pM A2 = (Aufi + Ao f2) (2, y) — 2pAi . (88)

Letting g — 07 in (88) and in accordance with (77), we observe that p,(f,X) — Aifi + Aafo
pointwise. Recalling (78) and letting u — 400 in (88), we see that

—o0, if y=0;

. (89)
+o00, if y#D0.

(A0finA20f)(z,y) = lim p,(f,A)(z,y) = {

Since f{(z,y) = ty—13(z) and f3(z,y) = tqy(z), we have dom(f) N dom(fy) = @ and thus
M ST+ Ao fs = +o0o. Altogether,

MOfiod0fy # (Aff + Aefs) = —o0. (90)

Therefore, due to the absence of a constraint qualification on f}" and f5, the epigraphical conver-
gence of p,(f, ) to the epigraphical average of f; and fa as yt — 400 could not have been obtained
by conjugating the epigraphical convergence of p,—1(f{, f3, A1, A2) to A f{ + Aaf as p — +oo.

In the presence of a constraint qualification, we can use the proximal average to construct a
homotopic curve with very nice properties.
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Remark 9.9 (epigraphical and arithmetic averages are homotopic) Suppose that
intdom ffN---Nintdom f* ; Ndom f; # &. By Fact 3.4(i) and Proposition 3.2(i), we have
Mfi+-+ = 0ofi0--- 0\, 0fn. Therefore,

cdMofio---0AOfn) =M0f1i0--- 0N Ofp (91)

and hence the pointwise and epigraphical limits of p,(f, A) as either p — 0" or u — o0 coincide
by Theorem 8.5 and Corollary 9.6. Now set

(A1f1+“‘+/\nfn)($)7 ifp:();
(Vp S [07 1]) dp: T — ptan(pw/2)(f7)‘)(x)v Hfo<p<l (92)
(MODfio-- 0N Ofp)(x), if p=1.

Then Theorem 8.5, Corollary 9.5, and Corollary 9.6 show that (g,),¢[0,1] is a decreasing, pointwise
convergent, homotopic (with respect to the epi-topology) curve between the arithmetic average
M fi1+ -+ A fn and the epigraphical average Ay 0f10--- O\, Ofy.
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