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THE QUALITATIVE BOUNDARY BEHAVIOR OF BLOW-UP SOLUTIONS OF
THE SUPER-LIOUVILLE EQUATIONS

JURGEN JOST, CHUNQIN ZHOU, MIAOMIAO ZHU

ABSTRACT. Continuing our work on the boundary value problem for super-Liouville equation,
we study the qualitative behavior of boundary blow-ups. The boundary condition is derived
from the chirality conditions in the physics literature, and is geometrically natural. In technical
terms, we derive a new Pohozaev type identity and provide a new alternative, which also works
at the boundary, to the classical method of Brézis-Merle.

1. INTRODUCTION

Motivated by the supersymmetric extension of Liouville theory in the recent physics literature,
we have constructed a corresponding variational problem that can be studied with the tools of
nonlinear analysis (see [JWZ, JWZZ1, JWZZ2]). On one hand, this functional possesses an in-
teresting and rich geometric structure, and on the other hand, the powerful tools of geometric
analysis that have been developed since the 1980s allow for a very detailed and precise investiga-
tion of the properties of the solutions. In this paper, we carry this program further. In technical
terms, we introduce a new argument for the blow-up analysis that is based on the removability for
a local singularity at the boundary. This argument can not only reprove the classical results on the
blow-up behavior of the Liouville equation, but also naturally extends to the boundary situation.
In fact, for both physical and geometrical reasons, the boundary behavior is of particular inter-
est. Physically, it corresponds to chirality conditions, and geometrically, it incorporates reflection
principles.

Our functional couples the standard Liouville functional with a spinor field term and is therefore
called the super-Liouville functional. It is naturally defined on a compact Riemann surface M with
or without boundary. The important point is that this generalization preserves a fundamental
property of the Liouville functional on Riemann surfaces, namely its conformal invariance. As is
well known, conformal invariance is both a key feature in quantum field theory, see the nonlinear
sigma model or string theory, and in geometric analysis, see the theory of two-dimensional harmonic
maps, minimal surfaces, pseudoholomorphic curves, and the like.

When the domain M is a closed surface, the super-Liouville functional is

E (u,) = /M {; [Val? + Kyu+ (D + e, 1) — 62“} dv,

and the Euler-Lagrange system is

—Au 2e2" — ¥ (1h, ) — K, in M,
Dy = —e", in M.
Here M is a Riemann surface with conformal metric g and with a spin structure, K is the Gaussian
curvature in M, XM is the spinor bundle on M with a natural Hermitian product (-,-) induced

by g, u is a real-valued function on M and % is a spinor on M. The Dirac operator J is defined
by Py = 22:1 e, Ve, 1, where {e1,e2} is a local orthonormal basis on TM, V is the spin

(1)
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connection on ¥ M and - denotes Clifford multiplication in the spinor bundle ¥M. The Clifford
multiplication between e; and ¥, ¢ € I'(X M) satisfies

ei-ejPtejep==26i0, (Y,p)=(ei p,ei V). (2)
We refer to [LM, Jo] for more geometric background of spinors and its calculus.

As one knows in geometric analysis, because of conformal invariance, the key for understanding
this functional is the blow-up behavior for limits of sequences of solutions. This has been achieved
in [JWZ, JWZZ1].

The purpose of the present paper is to continue the investigation of the more general situation
of surfaces with boundary, extending [JWZZ2]. When the domain M has a nonempty boundary
OM , the super-Liouville functional becomes

Ep (u,) = /M {; |Vul? + Kou+ (D + e“)Y, ) — 62“} dv + /aM (hgu — ce®) do,

which has been introduced in [JWZZ2]. Here h, is the geodesic curvature on OM and c is a given
constant. In fact, there exists a rich physics literature on this topic, see e.g. [Po, ARS, FH].

To continue the discussion about surfaces with boundary, let us first recall the chirality boundary
condition (introduced in [GHHP]. See also [HMR]) for the Dirac operator J2, which turns out to
be a natural boundary condition for .

We now have to set up the details. Let M be a compact Riemann surface with M # () and
with a fixed spin strcuture, admitting a chirality operator GG, which is an endomorphism of the
spinor bundle XM satisfying:

for any X € I'(TM),v,p € I'(XM). Here I denotes the identity endomorphism of XM . Usually,
we take G = 7y(wsq), the Clifford multiplication by the complex volume form ws = iejes, where
{e1,e2} is a local orthonormal frame on M.

Denote by S = XM |y the restricted spinor bundle with induced Hermitian product. Let w
be the outward unit normal vector field on M. One can verify that 7G : T'(S) — T'(S) is a
self-adjoint endomorphism satisfying

(MG =1, (RGY,p) = (), TGy).

Hence, we can decompose S = V@ V~, where VT is the eigensubbundle corresponding to the
eigenvalue +1. One verifies that the orthogonal projection onto the eigensubbundle V=:

BE:L*S) — L*V¥)
Y - %(I + 7 G)b,
defines a local elliptic boundary condition for the Dirac operator ) (see [HMR]). We say that a
spinor 1 € W14/3(S M) satisfies the chirality boundary conditions B if
B*4)[onr = 0.

Recall that, on a surface M with nonempty boundary M # (), the Dirac operator ] is in
general not formally self-adjoint. In fact, we have

| wpode= [ (puiodo~ [ (@-vig)de, v eDEM).
M M oM
When imposing the chirality boundary conditions B*, ) becomes self-adjoint (see e.g. [HMR]).
To see this, suppose that 9, ¢ € Whs (I'(XM)) satisfy the chirality boundary conditions B*, then
(7 -4, 0) =0, on M.
In particular, there holds
| qteg -0
oM
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It may help the reader if we recall that on a surface the (usual) Dirac operator J) can be seen
as the (doubled) Cauchy-Riemann operator. Consider R? with the Euclidean metric ds? + dt?. Let
e1 = % and e; = % be the standard orthonormal frame. A spinor field on R? is simply a map
¥ :R?2 + Ay = C2, and e; and ey acting on spinor fields can be identified by multiplication with

matrices
(0 ¢ (0 1
A=\ o) 27 \-1 o)
Here, W.L.O.G., we keep the representations of e; and ey consistent with that in [JWZZ2].
Ifo:= <£) :R? — C? is a spinor field, then the Dirac operator is

o= (2 3

af af dg

. 0 1 s | 9.
B |+ (% o) (8] =2{ 3 |
ds ot 0z

o _1(0 - 0 o _1(0 - 0

where 52 =3 (55 —i5), 7 =3 (5 +ig)-

On the upper-half Euclidean plane Ri, the chirality operator is G = iejeq = (é _01> and
T = —ey. A simple calculation gives that

1 1/1 4#+1
+ —_ - . = —
B—Z(Iin G) 2<:|:1 1>.
Write ¢ = (i"“) via the standard chirality decomposition, then the chirality boundary condition
B*4)|pgz =0

becomes

Y4 =F_ on JR3.

The Euler-Lagrange system for Eg(u,) is (see [JWZZ2])

—Au = 2e* —e" (¥, ) — K, in M°,
py = e, in M,
ou u (3)
I = ce" — hy, on OM,
Bty = 0, on OM.

In [JWZZ2], some analytic foundations for the above boundary value problem have been laid,
such as the regularity for weak solutions, the small energy compactness theorem, a removable
global singularity theorem, and the fundamental blow-up analysis of solutions.

In this paper, we will continue to investigate the blow-up behavior for solutions of this boundary
value problem, including the energy identity for solutions and the blow-up values at the blow-up
points. Therefore, we can extend the full blow-up theory for the Liouville equation (see [BM,
LSh, Ly, BCLT, JLW] and the references therein) to the super-Liouville equation, especially to the
nonempty boundary case.

To begin with, we recall the following main result of [JWZZ2]:

Theorem 1.1 (Theorem 4.1, [JWZZ2]). Let (M,g) be a compact Riemann surface with nonempty
boundary OM # 0 and with a fived spin structure. Let (un, ) be a sequence of solutions to (3)
with uniformly bounded energy,

/ (e*un 4 |¢n|4)dv+/ e'rdo < C (4)
M oM

for some positive constant C.



Define the blow-up set of (un,n) as follows

Y1 = {x €M, there is a sequence y, — x such that u,(y,) — +oo}
Yo = {z €M, there is a sequence y, — x such that |{n(yn)| — +oo} .

Then, we have Xy C XNy. Moreover, (un, ) admits a subsequence, denoted still by (un,¥n),
satisfying
a) [¢n] is bounded in L5S.(M\Xs2) .
b) For u,, one of the following alternatives holds:
1) wy, is bounded in L (M).
ii) w, — —oo uniformly on M.
iii) X4 is finite, nonempty and either

Up, is bounded in LT, (M\X1) (5)
or
Uy, — —00 uniformly on compact subsets of M\X;. (6)

Our first main result in this paper is to extend the energy identity for the spinor part v, on
closed surfaces (see Theorem 1.2 in [JWZZ1]) to the case of surfaces with boundary.

Theorem 1.2. Notations and assumptions as in Theorem 1.1. Assume that the constant c in (3)
is nonnegative and write ¥y = {x1,wa, -+ ,xx }. Then there are finitely many solutions (u>*, pHF)
to (1) on S? fori=1,2,---  I;k=1,2,--- ,K; and finitely many solutions (u?',7!) to (3) on a
spherical cap S% (where ¢ is the geodesic curvature of the boundary dS2) for j = 1,2, J;l =
1,2,---,L;. After selection of a subsequence, 1, converges in C{2, to some ¢ on M\Xq and the
following energy identity holds:

I Ki J Lj
lim/ ¢n4dv:/ Yrdv + / U Ao + / A dv. 7
im Ml | Ml | SN Szl | >N Sf/\ | (7)

i=1 k=1 j=11=1

In view of the energy identity in (7), we know that the neck energy of the spinors v, is converging
to zero. As an application of this energy identity, we shall complete the qualitative picture of the
blow-up process of (u,,,) on surfaces with boundary. In this paper, we develop a new method,
which provides an alternative to the argument in [BM], as it can also deal with the interior situation
for both the Liouville equation and the super-Liouville equation (see Section 4). Our next result is

Theorem 1.3. Notations and assumptions as in Theorem 1.1. Assume that the constant c in (3)
is nonnegative and the blow-up set X1 # 0. Then

Up — —00  uniformly on compact subset of M\%,.
Furthermore,

/M(ze%n — e |ah |2 pdv + /8 N cetr pdo — Z a;d(z;), Vo e O (M) (8)

T, €31
with o; > 4n for x; € £1 N M° and o > 2w for z; € X1 NOM.

To continue our discussion, we recall that the Pohozaev type identity plays an important role
in the blow-up theory of the Liouville equation. The corresponding Pohozaev type identity for the
super-Liouville equations on closed Riemann surfaces was derived in [JWZZ1]. In this paper, we
extend it to the case of surfaces with boundary. More precisely, we have

Proposition 1.4. For R > 0, denote B}, = {(s,t) € R?|s®> + > < R%t > 0}. Let (u,%) be a
solution of

—Au = 2e%% —evrp|?, in B,

pw = —€u¢7 in B;&

g—g = ce", on 83;5 NoRZ,
By = 0, on 83;5 N aRi.



Then the following Pohozaev type identity holds

ou 1
R 5P -5 ITuP)do
aBhnrz OV

= / Qezudv—/ e“|1/1|2dv+/ ce'ds
B, B}, dB}NoR?

R R
—R/ e*do — cset O sl
dBfNR2
1 0 1 0
b Ghrndes g [ (@ra)v G )
4 Joptrr2 v 4 Joptrr2 v

where v is the outward normal vector to 9B NR2.. Forx = (s,t) € R?, & = (s, —t) is its reflection
point about IR and x - = (seq + tea) - 1.

Further exploring the qualitative behavior of the blow-up solutions (u.,,%y,), we shall calculate
the blow-up value at a blow-up point. Let p € ¥, then the blow-up value at p is defined as

m(p) = lim lim (2e%Un — Ui, |F)dv + c/ e do.
r—0n—oo Bﬁ”(p) BiVI(p)ﬁaM
When p € ;N M?°, it follows from Theorem 1.5 in [JWZZ1] that m(p) = 4x. In this paper, we will
calculate the value of m(p) for p € 31 N 9M. More precisely, using the Pohozaev type identity in
Proposition 1.4 and the asymptotic behavior of (u,,,) at a blow-up point obtained in Theorem
1.3, we can show:

Theorem 1.5. Notations and assumptions as in Theorem 1.1. Assume that the constant c in (3)
is nonnegative. Let p € X1 NOM, then m(p) = 2.

Finally, from equation (3) and the Gauss-Bonnet formula, we have

/M (2627“” —etr |¢n|2)dv + /{-)M et do = 2D "

where x(M) is the Euler characteristic of a surface M with boundary OM. As an application of
Theorem 1.2, Theorem 1.3 and Theorem 1.5, we conclude from (10) that

Theorem 1.6. Notations and assumptions as in Theorem 1.1. Assume that the constant c in (3)
is nonnegative. For the blow-up set 31 we have

(1) If x(M) = 1, then the blow-up set X1 contains at most one point.

(2) If x(M) <0, then the blow-up set is empty, that is, there is no blow-up in this case.

Remark 1.7. In the case x(M) =1, i.e., M is a closed disc, the solution space is not compact.
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2. SOME BASIC GEOMETRIC AND ANALYTIC PROPERTIES

In this section, we shall recall some basic geometric and analytic properties for solutions of
the super-Liouville boundary value problem (3) established in [JWZ] and [JWZZ2], which form
the fundamental tools for the blow-up analysis. In addition, we show the smoothness up to the
boundary of weak solutions and prove a result about the removability of local singularities at the
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boundary. At the end of this section, we shall derive the Pohozaev type identity near a boundary
point p € OM for solutions - Proposition 1.4.
First of all, we recall that our problem (3) is conformally invariant.

Proposition 2.1 (Proposition 2.2, [JWZZ2]). Let (u,) be a solution of (3). For any conformal
diffeomorphism ¢ : M — M, set
i = uop—¢

Y = efygoy
where e? is the conformal factor of ¢, i.e., ©*(g) = €2%g, then (G, V) is also a solution of (3).
Moreover, the functional Eg(u,) is conformally invariant.

(11)

Set
Wy (M) = {vlw e WHEHD(EM)), BElon =0}

(u, ) € WH2(M) x W;’%(F(EM)) is called a weak solution of (3) if
/ VuVedy = / (2e*" — e“[Y|? — K,)pdv — / (ce™ — hy)¢do
M M oM
[wpode = - [ ew.gae
M M

4
for any function ¢ € C*°(M) and any spinor £ € C>* N W}B’S (T(EM)).
A weak solution with bounded energy is shown to be smooth in the interior and regular at the
boundary:

Proposition 2.2 (Proposition 4.1, [JWZ]; Proposition 3.1, [JWZZ2]). Let (u,v) be a weak solution
of (3) with [, €** + [¢|*dv + [, e“do < co. Then u € C(M°) NW?2P(M) for any p > 2 and
P € C®(I(TM°)) N WAUT(EM)) for any q > 1.

Here, we prove that any weak solution is smooth up to the boundary. To do this, we recall the

following classical elliptic estimates for the Laplacian and the Dirac operator under appropriate
boundary constraints:

Theorem 2.3 ([ADN, We]). Let k € Ny and 1 <p < co. Let U C R™ m > 2 be an open domain
and T C OU a smooth boundary portion. Suppose that u € WP weakly solves
~Au = feWkr(U) inU
u = ge WYTHP(T)  on T C QU
Then for any V. CC UUT, we have u € WF2P (V) and there exists some C = C(p,k,V,T) > 0
such that
lullwrrzp vy < CUfllwrr @) + ||9||Wg+1)P(T) + lull r ))-

Here Wg’p(T) ={g € LYT) : g = G|t for some G € WEkP(U)} with norm

P = 'nf G D .
L SN L e

Theorem 2.4. Let k € Ny, 1 < p < 0o, U C R? any open set with T C OU a smooth boundary
Yy

portion. Suppose 1 = ( ¥ > € WHP(U, C?) weakly solves the following boundary value problem:
Py = FeWkr(U) inU
Bty = 0 onT cCoU
Then for any V. CC UUT, we have ¢ € WETLP(V) and there exists some C = C(p,V,T) > 0
such that
[¥llwrrevy < CUFwre @) + [1¥]lLe@))-
6



Remark 2.5. Theorem 2.4 can be seen as a classical result, as it can be proved by reducing the
Dirac equations with chirality boundary condition to the classical 0 equations for functions with
a vanishing imaginary (or real) part on the boundary (see e.g. Theorem 4.6, [SZ]).

Based on the regularity results in Proposition 2.2, we can apply a bootstrapping argument by
using Theorem 2.3 and Theorem 2.4 to the system (3) to conclude the following

Proposition 2.6. Let (u,v) be a weak solution of (3) with [,,e*" + [¢|*dv + [,,, e*do < oo.
Then u € C*°(M) and ¢ € C*(I'(XM)).

Lemma 2.7 (Small energy compactness. Lemma 3.5, [JWZZ2]). Let 0 < e < § and 0 < e < .
Let (un, ) be a sequence of solutions satifying

—Au, = 2% — e (P, ), in B},
Db = —e"hn, in B,
Oun  _ celn on OB N{t =0}
on ’ " B
By, = 0, on OB} N{t =0}

and

/ e*rdr < ey, || e'"ds < e, / [ |*dz < C.
B OB N{t=0} B

Then H“IHLOO(ED and ||t)r, are uniformly bounded.
14

Bt

It follows from Lemma 2.7 that the blow-up set X7 can also be defined by

¥ = ﬂ x € M| liminf/ e?Undy > €, or lim inf |¢| e""do > ey
BM ()

>0 n—oo n—oo Bi‘”(m)ﬂ@]\/l

The next lemma is about the decay at a singularity for a solution.

Lemma 2.8 (Lemma 5.3, [JWZZ2]). There exist 0 < e1 < 5 and 0 < ex < 7 such that if (v, ¢) is
a solution of

—Av = 2e* —e¥ (¢, 9), in B,

Do = —€'¢, in By,

90 = e, on (OR% N OB )\{0},
B¢ = 0, on (ORZ N OBy )\{0},

with energy conditions
/ eVdr < e <, / |¢\4da: <C, | e’ds < ey < .
B Bf oB n{t=0}
Then for any x € E—g we have

sl +[Vo(a)lol? < ([ loftdn)t, (12)

2|x|

Furthermore, if we assume that e?* = O(‘zl%), then, for any x € E—; we have

6@l +Vo(a)lol? < Clal# ([ lol'an)t, (13)

for some positive constant C. Here € is any sufficiently small positive number.

A global singularity at the boundary for a solution on R with bounded energy is shown to be
removable.
7



Proposition 2.9 (Proposition 5.4 and Theorem 5.5 [JWZZ2]). Let (u,v) be a solution of (3) on
Ri with bounded energy

/ (e® + |op|Y)dx +/ e'ds < oo
R2 OR%

and ¢ > 0. Then (u,1)) extends conformally to a solution on a spherical cap S%, where ¢’ is the
geodesic curvature of S?%. Moreover, we have

J

However, a local singularity at the boundary of a solution is in general not removable. To see
this, we shall give an example. Set

(2e%* — e|ap|?)dx + / ce'ds = 2.

2 2
+ 8R+

o VAL e
u(w) = log 1+ |x1+5 — x)?

—C

for some xg = (s, to) with ¢g = o and for 8 > —1. Then u is a solution of

—Au = 2e?, in Rf_
% = ceY, on ORi\{O}

and (u,0) is a solution of (3) on R? with finite energy. It is easy to see that z = 0 is a local
singularity at the boundary which is not removable when 5 # 0.
Given a solution (u,v) of (3) on R%, we can associate to it the following quadratic differential:

1 1
T(2)dz* = {(é)zu)2 — 0%u + Z(z/;,dz - 0z9) + Z(di . 8zw,w)} dz2. (14)
Proposition 2.10 (Proposition 5.2 , [JWZZ2]). T(z) is holomorphic in R and it is real on the

boundary OR?..

In the above example, a simple computation gives that |’ B (0) |T(z)|dz = 400 for the holomor-

phic quadratic differential T(z)dz? associated to the solution (u,0).
Our observation for the removability of local singularities at the boundary is:

Proposition 2.11 (Removability of a local singularity at the boundary). Let (u, ) be a solution

of
—Au = 262“ —e" Wh 1/’> ) in B;F’
Dy = —e", in By,
% = ce", on (OR% N 0BT )\{0},
By = 0, on (OR3 NOB{)\{0},
with energy condition
/ (€ + [p|Y)dx —|—/ e'ds < C.
Bf OB NoRr2

If ¢ > 0 and the quadratic differential T(z)dz? satisfies

/ IT(2))dz < C,
B+

1

then (u, ) is smooth on E;

Proof: By conformal invariance, we may assume for convenience that

/ eldr < e, |c] e'ds < eg,
B BT NaR2

8



where €; and e are as in Lemma 2.8. Since u is a solution of

—Au = 2% —evnh|?, in B

gu = e, on OB NoR2\{0}

with bounded energy IBT (€24 + || dz + fanmaRi e'ds < co. By applying the standard potential

analysis, we know that there is a constant v such that
lim —— =1.
|z|—»0 — log ||

Since [+ (e + [¢|*)dz < oo, we obtain that v < 1. Furthermore, by a similar argument as in

1
Proposition 5.4 of [JWZZ2], we can improve this to v < 1.

Define v(z) by

1 u u 1 u
oa) =~ [ Qogle—yh(2e™® — D s)Pray— - [ cllogle— ye @y
T JBf T JoBnor2
and set w = v — v. Then v satisfies
—Av = 2% — euy?| in B
g—z = ce", on OB NIRZ

and hence w satisfies
-Aw = 0, in B
{ gu — 0, on 0B N oR2\{0}
Therefore, by extending w to B1\{0} evenly, we obtain a harmonic w in B;\{0}. Furthermore,
one can verify that
v(x)

im ———— =
|z|—0 — log ||
Consequently,
w(x) ) u—v
im ——— = lim ——— =+
lz|—0 —log |z|  |z|—0 —log |z|
Since the extended function w is harmonic in By\{0}, there holds
w = —vlog |z| + wp,
where wy is a smooth harmonic function in B;. Therefore, we get
u=—vylog|z|+wy+v near0

Since T'(z) is holomorphic in B; and is real on 9B NOR?.. We can extend 7'(z) to a holomorphic
function in B;. Then, by Lemma 2.8, we get

2
v =2y 1
T(z) = yrCRS o(;).

Since fBT |T'(2)|dz < C and hence [ |T(z)|dz < 2C, we have y(y —2) = 0. Consequently, 7y = 0.

Finally, we can apply standard elliptic theory to conclude that (u,1)) is smooth on FJ%F. O
Now, we come to the Pohozaev type identity for solutions near a boundary point.

Proof of Proposition 1.4: Following the typical procedure of deriving Pohozaev type identities,
we multiply the first equation by x - Vu and integrate over BE to get

— Aux - Vudv = /

+ +
Br Br

2e2x - Vudv — / e“[Y|*x - Vudv.
Bt
R
9



By a direct calculation, we have

Aux - Vudv
B},
= R/ (| |2 \v |2 da+/ (z - Vu)ds
OB NR2 dB{NOR2 8”
= R (| |2 \V | da+/ (z - Vu)ds
OBfNR2 aB+m3R2
= R (| |2 \V 12)d / ce®) ds + cse™® 0)|87 R
dB}NR2 dB}NOR2

/ 2%y - Vudv = R/ e?“do — / 2eUd,
Bf dB}NR2 Bf

R

and

/ e“|z/;|2:c-Vudv:R/ e“|w|2da—/ e“xoV(|w|2)dv—2/ e |2 dv.
B} dBLNR2 + +

R R + BR BR

Combining the above three identities, we have

R (I |2 IVUIQ)dG
OBfNR2
= fR/ 62“d0+/ Qe2udv+R/ e“|1/;|2d072/ e[| 2dv
dB{NR2 B dB}NR2 B
—/ ez - V(|1h*)dv +/ cetds — cse" SO SZR (15)
BY dB}NIR?

On the other hand, recall that the orthonormal basis {e1,e2} on R? satisfies the Clifford mul-
tiplication relation (2). It is easy to verify that

<¢7€z¢>+<€z¢,¢>:07 22172 (16)

By the chirality boundary condition of 1), namely, Biw‘aBj;maRi = 0, we extend (u,®) to the
lower half disk B as follows:

{ u(z) = u(av)7 (17)

P(@) = der-(x),

where z € By, is the reflection point of x about 8R2+. Then, applying the same argument as in the
proof of Lemma 3.4 in [JWZZ2], we know that 1 solves

P =A@y in Bn,
where

u(x) +
e x e By,
Alw) = {e“(“_”), e By

Using the Schrédinger-Lichnerowicz formula (see e.g. [Jo, LM])

1
2
D :—A+§Kg

and noticing that K, = 0 in our case of a flat domain Bg, we have

~Atp = —dA(z) - + A%(z)¢)  in Bg. (18)
10



Then, we multiply (18) by = - ¢ (where - denotes the Clifford multiplication) and integrate over
Bp to get

/ (A, )dv = / (dA@) - $,z- o — | A2(2)b,z - )do
Br

Br Br
and

T - v = x - x) - v — 2:c X v
/BR< b, A)d /BR< b, dA(z) - )d /BRA<>< Y

On the other hand, by partial integration, we have

/BR<A¢,x-¢>dv
/j}RdzvV¢7 dv—/BRZ Ve b, €q - quq)_/ (Vip, z - V)

- [ Goaevos [ puwyto— [ (90250

Br
_ o _ 20 — :
= [, Geowde— [ a@pra— [ (vv.avy),

= /6 <a¢ (x +g:~).w>do——2/B+ e“|¢|2du—/BR<Vw,x~W>,

+ v
BLNR3 9 s

and similarly,

/BRCU'#%AW/&B;mRz( 1, w)d Q/R “|z/;|2dv/BR<g;.v¢,v¢>.

Moreover, we have

/< A@) - e w>dv+/BR<x-w,dA(x)~¢>dv

= /B Z (Ve A(z)eq -, ep - 1/1>x[;dv+/B Z (eg -, Ve, A(x)eq - Y)xgdu

Raﬁ 1 R o,B=1

= / Z Ve, A(T)eq - ¥, eq - ) zadv
B

R =1
= 2 @ V@)
Br
= Q/BR A(x):c-V(|1/)|2)dv4/BR A(x)|w|2dv+2R/aBR A(x)[Y|*do
- _ U, . 2 _ u 2 u 2
= 4/326:13 V(|¢]%)dv 8/B+eq/1dv+4R/+R2+e|1/zda.

R Rﬁ

Therefore, we get

R/ e“|¢|2da—/ ez - V(|1h]*)dv
dB}NR2 B

1 o 1 i, 9
ST PR: USROS § AR R 7t
+ [ etoba (19)

R

Combining (15) and (19), we obtain the Pohozaev type identity (9). |
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3. THE ENERGY IDENTITY FOR SPINORS

The energy identity for the spinor part 1, of a sequence of solutions (u,,,) to the super-
Liouville equation on closed Riemann surfaces was derived in [JWZZ1]. In this section, we shall
prove an analogue for the super-Liouville boundary value problem, i.e. Theorem 1.2.

First, we derive a local estimate for the spinor part on a portion of an annulus:

Lemma 3.1. For zo € Bf U (0BT NOR2) and for 0 < ry < 2r; < 2 <ry < 1, consider the
upper portion of an annulu?s ’

AT (xo)z{x6R3_| r1§|x—xo|§r2}CBi~'.

Let (u,v) be a solution of
—Au = 2% —ev (,0), in A% ., (wo),
Dy = —e", in Ajlm (z0),
gu = cet, on (ORZ NAAY . (x0)),
Bty = 0, on (ORZ NOAY, ., (x0)).

Then we have

(. wehtedf o e (20)
A2r1,%2(x0) A27‘ %(IO)
1 1 1 1
< a(f o emi) o wibteed o wibteed) e
Aty (w0) Aty (w0) Al o (o) At% 1y (70)

for two universal positive constants A > 0 and C > 0.
Proof : Let g be the reflection point of zy about 8]1%1 and let

Ar s (

xg) = {xeR%l r1 < |z — To| Srg}

be the reflection domain of A} . (x¢) about GRi. By the chirality boundary condition of ¢, we

71,72
can extend (u,v) to A ., (o) as in (17):
u(z) := u(x), TeA. ,, (z0),

() = dey-Y(x), TE AL, (o),

where 7 is the reflection point of x about 8R§r. Set

Qhﬂ"z (l‘o) = A;Ll,w (CL'()) U A;J? (CL'()) C By.
Then, we apply the same argument as in the proof of Lemma 3.4 of [JWZZ2] to deduce that

P =-A(x)y inQ ., (20), (21)
where
RS Al L (xo),
Alw) = {e“(x), x e A, (7o)

Now choose a cut-off function 7 € [0,1] on B; satisfying
n € Ceo (7, 1, (0)); m=1in Qs ra (o)

4 . 4 .
IVl < — in Qpy 2ry (20); [V £ — in Qrz ,, (20),
1 ) 2

Similar to the arguments in the proof of Lemma 3.1 in [JWZZ1], we can apply the local interior
L? estimates for the Dirac operator J to ni, use equation (21) and the following facts:

Q20 (20)] < C7f, Qg (w0)] < O3
12



to conclude that

(f vl ( )t (22)

2, 72 (0) 9, 3 (0)

< A AP wmieo[  wibteo[ e
Qry ey (T0) Qry ey (20) Qry 20 (%0) Q%QVT,Z(JCO)

for some universal positive constants A > 0 and C > 0.
By definition of ;. ,,(z0), A(z) and the extended spinor 1, we have

/ |A(ac)|2 < 2/ e,
er T2 (10) A;fl \ro (3E0)

[t <2
er , T2 (x(J) Aj'»l D) (mU)

Using the above inequalities, we can conclude from (22) that (20) holds. a

IN

Now we apply the analytic properties in Section 2 and Lemma 3.1 to prove Theorem 1.2.

Proof of Theorem 1.2: We will follow closely the arguments for the case of closed Riemann
surfaces [JWZZ1], which is similar to Ding-Tian’s scheme for the energy identity of harmonic maps
from surfaces [DT].

Since the blow-up set 3; is finite, we can find small geodesic balls Dé\f for each blow-up point z;
such that D%i ﬂD%J_ =0fori+#3j,i,7=1,2,---,K,and on M\ Uil Dé\f, ), converges strongly
to some limit ¢ in L* and fM ||* < oo. Then, it suffices to prove that for each fixed blow-up
point p € ¥y, there are solutions (u*, &%) of (1) on S%, k =1,2,---, K, and solutions (u!, &) of (3)
on §%,1=1,2,---, L, such that

c'
K L
lim i n|idv = k14q "4d 23
Jim fim [ fonl'do kz_lfszm o+ 3 [ etan (23)

where D(];V'[ is a geodesic ball of the blow-up point p.

By the energy identity for ¢, on closed surfaces (Theorem 1.2, [JWZZ1]), to prove the theorem,
it suffices to consider the case that p € 9M and there is only one bubble at p. Then, what we need
to show is that either there exists a bubbling solution (u,&) of (1) on S?, such that

lim lim |¢n|4dv:/ 1€|*dw, (24)
M SZ
s

d—0n—oo D

or there exists a bubbling solution (u, &) of (3) on S% such that

lim lim [ | dv = / €] dw, (25)
M S2
5 o

d—=0n—oo Jp

Since the considered problem is conformally invariant, w.l.o.g., we assume that p = 0 and
DM = {z = (s,t) € R%||z| < §,¢t > 0}. Write Df = {z = (s,t) € R%||z| < §,t > 0} and
Df(zo) = {z = (s,t) € R2 ||z — 20| < 6, > 0}.

We rescale each (uy,,) near the blow-up point p. Choose x, = (sp,tn) € 5; such that
Up (zp) = maxg+ un(z). Then we have z,, — p = 0 and uy,(z,) — +oo. Let A, = e (@) — 0
and define

{ Un(x) = up(Apx+x,)+In ),

Un(@) = Ao + )
13



for any = such that A,z + z,, € D{(z,). Setting Q,, = Ds N {t > —4{=}, then (i (), 1 (2))
2 n n

satisfies

ATy (z) = 2200 — @[ (2)2, in Q,
Phule) =~ (), in 2,
Pale)  _  eiin(e), on 99, N {t = —f1,
B0 = 0 on 90,11 = ).
with energy conditions
[ @@ s du@itao+ [ ™ @do < C.
Q, O N{t=—52}

By passing to a subsequence, we assume w.l.o.g. that

tn
lim = = X € [0, +o0]

n—o0 n

Since %, (0,0) = 0 and @, (x) < 0, it follows from Theorem 1.1 (and the corresponding techniques
used in [JWZZ2]) that

sup (||ﬂn||LOC(QRyn) + ||wn||LOO(QR1n)) < oo, forany R >0,
n
where Qr,, = DrN{t > —;\—’;} Now there are two cases:

Case I: A =0

By passing to a subsequence, (i, %) converges in C72,(R?) to some (u,1)) satisfying
—Au = 2% —e%|¢|?,  in R?
p7/’ = 76171!}3 in R2,
with the energy condition [, (e + |1Z|4)dx + [oge e’ < o0o. By the removability of a global
singularity (see Proposition 6.3 and Theorem 6.4 in [JWZ]), there holds

/ (26" — %[ ?)dx = 4x
R2

and we get a bubbling solution of (1) on S2.

(26)

Case I 0 < A < @

By passing to a subsequence, we have

lim <||ﬂn — ﬂ”Ck(QR,nmRi) + ||1Zn - {EHC’“(QR,nﬂRi)) =0, for any k € Ny and any R > 0,

n—oo
where (1, 1) is a limit solution on R3 = {(s,t)|(s,t) € R?,t > —\} satisfying
—Ag = 262;1I~— ea|w\2, in R%\,
pw = _€u¢7 in Ria
s — 2
g—“ = ce¥, on JR3, (27)
n
Bfy = 0, on IR3,

with the energy condition [, (e + |p|4)dx + Jome € < co. By translation invariance and the
A A
removability of a global boundary singularity (see Proposition 2.9 in Section 2.), there holds

J

and we obtain a bubbling solution of (3) on S%.
Thus we get the first bubble at the blow-up point p.
14
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In order to prove (24) or (25) we need to estimate the energy of ), in the neck domain. Let
Af g ={z e RIMR < |z — x| < 6,8 >0}

We call A6+,R,n the neck domain, and the image of (uy,,y) is called the neck. Then to prove (24)
or (25), it suffices to prove the following

. . . 4 _
(%1_1}1(1) REIJrrloo nh~>ngo A;R |wn| dv = 0. (28)

Next we want to show two claims.

Claim 1: For any € > 0, there is an N > 1 such that for any n > N, we have

@+l + [ ¢ < Ve [AuR0)

/Dmn>\D:_17,<xn> O(D (zn)\D, (2n))NORZ.

To prove this claim, we note the following two facts:

Fact 1: For any € > 0 and any T > 0, there exists some N(T') > 0 such that for any n > N(T'),
we have

(€2 4 [ihul") + / e < e, (29)

(DY (wa)\D} . (zn))NORZ

/D;(wn)\D;e_T (mn)
Actually, since (uy, ¥, ) has no blow-up point in ﬁ;\{p}, we know that 1, converges strongly to
P in L?OC(E;:;\{p}), and w,, will either be uniformly bounded on any compact subset of 5;5\{1)}

or uniformly tend to —oco on any compact subset of 5;5\{1)}.

If u,, uniformly tends to —oco on any compact subset of E;;\{p}, it is clear that, for any given
T > 0, there is an N(T') > 0 big enough such that when n > N(T'), we have

D;_(xn)\D;_e—T (xn) - D;;S\D-%i_efT

/D;r (:vn)\D;re7

Moreover, since 1, converges to ¢ in L} (M \ £1) and hence

/ |¢n|4 - / |g0|4.
D} (2)\DY, 1 (wn) DI\DY _,

For any given € > 0 small, we can choose § > 0 small enough such that fD; [yl < 7, then for any
given T' > 0, there is an N(T") > 0 big enough such that when n > N(T)

and

€2un+/ eu,,, <
(zn) DY (zn)\DF _ 1 (n)}NORY

T

4 < &

l¢n D)

/D;(xn)\D:E_T(xn)
Consequently, we get (29).

If (un,ty) is uniformly bounded on any compact subset of 5;5\{]7}, then we know that (uy,,¥,)
converges to a solution (u, 1)) strongly on any compact subset of E;;\{p} and hence

(@ + ") + |

D} (@n)\D} _ 1 (2n)}NORZ

-/ (@ + o)+ o
DI\D} . o{DF\D} _,}noRr2

15
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Therefore, we can choose d > 0 small enough such that, for any given € > 0 and any given 7" > 0,
there exists an N(T') > 0 big enough, when n > N(T'), (29) holds.

Fact 2: For any small ¢ > 0, and 7' > 0, we may choose an N(T') > 0 such that when n > N(T')

/ (e + [yhu] ) + / et

D;rn ror (@\DY g (n) 6(DLRET (n)\DY (25))NORY

-/ @ 1Tl + | o
{Dgp.r\Dr}In{t>—32} (D g r\Dr)N{t=—12}

- (@ + 191 + | o
{DRET\DR}ﬂ{t>7)\} 6(DRPT\DR)ﬁ{t:7)\}

< €
if R is big enough.

Now we can prove Claim 1. We argue by contradiction by using the above two facts. Thus we
assume that there exists ¢y > 0 and a sequence 7, € [eA, R, d] such that

/ (@ + [l) + / e > e,
D (@a\DF, () oD, (wa\DF_, (wn))NEE

Tn

Then, by the above two facts, we know that % — 400 and % — 0, in particular, r, — 0 as
n — +oo.
Scaling again, we set
() = up(rpx +x,) +1nr,,
1
on(T) T3 Y (TnT + Tn)
for any « such that r,@ + 2, € D] (#,) \ DIy, (an).
It is clear that

(€2 1 [oul") + / e > eo, (30)

/(Dl\Del)ﬁ{t>f~Z} (Di\D,—1)N{t=—12}

and (vy,, ¢n) satisfies

—Av,(z) = 2e2n@) —evnl@)|p (2)]2, in (D5 \ Daur) N {t > —%” ,

Pon(z) = @y (a), in (D5 \ Dayn) N {t> 2},
8”57751) = ce'n (@), on 8(5% \D”;TLR)ﬂ{t: —%‘L},
Bty,(z) = 0, on 8(D%\D%)ﬂ{t:—i—z}.

By passing to a subsequence, we assume w.l.o.g. that
t
lim — = u € [0, +o0]
n—oo T’n

If 0 < p < 400, by Theorem 1.1, there are three possible cases:

(1). There exists some R > 0, some point g € (Dpg \ D%) N{t > —u} and energy concentration
occurs near ¢, namely, setting Q, = (Ds \ Da,r)N{t > —%}, then along some subsequence

lim (@ +lgalt)+ [ e > e >0
"0 Dr(gn)NQn Dy (qn)NOQnN{t=—12}
for any small > 0. In such a case, we still obtain a second bubble on 5% or S% by the rescaling
argument. Thus we get a contradiction to the assumption that there is only one bubble at the
blow-up point p.
16



(2). For any R > 0, there is no blow-up point in (D \ D1)N{t > —u} and

’Illi—{I;C ||vn||Loo(QR,n) = —00,
where Qr,, = (Dgr \ D%) Nn{t> ff\—::} Then, there is a solution ¢ satisfying
Pe = 0, in (R2\{0})N{t>—p},
Btg = 0, ondR>\{0})n{t=—u}

with bounded energy |[¢||4(r2n{t>—p}) < 00, such that
nh_{r;o l[on = @llLa@rangtz>—ny) =0, forany R > 0.

We translate ¢ to get a harmonic spinor on Ri\{O} satisfying the corresponding chirality boundary
condition and then extend it via reflection as in (17) to a harmonic spinor g on R? \ {0} with
bounded energy, i.e., |[P|[z4(r2) < 0o. Since harmonic spinors on surfaces can be considered as
trivial Dirac-harmonic maps (with constant map component) studied in [CJLW], by removability
of singularity for Dirac-haromic maps with bounded energy, we know that © can be conformally
extended to a harmonic spinor on S2. Then, by the well known fact that there is no nontrivial
harmonic spinor on S?, we conclude that $ = 0 and hence limy, o0 ||on — ¢|L4(0p.,,) = 0 for any
R > 0. This will contradict (30).

(3). For any R > 0, there is no blow-up point in (Dg \ D1)N{t > —u} and
sup (|[vnllz=(@r,.) + [1enll=(@n,.)) < +oo.
n

Then, there is a solution (v, ¢) satisfying

—~Av = 2e* —e¥|yp|?, in (Dr\ Dy)N{t>—p}
Do = —e%p, in (Dr\ Dy)N{t>—p}
% = ce’, on (D \ D) N{t=—pu}

By = 0, on d(Dr\ Dy)N{t=—pu}

with finite energy [\ p sy (€2 + 1212 + [op b, ynqie—py €0 < 00, such that
R R
nh—{go (an — U‘|Ck(QR,nm{t27H}) + ||(pn - QDHC"‘(QR,nﬁ{tzfﬂ})) =0, foranyk € Npand any R > 0.
Furthermore, we can show that (v, ) satisfies
/ T(2)|dz < C, (31)
®A{oH)N{t=—p}
where

T(z)dz* = {(8zv)2 — 9%+ i(ga, dz - 0:0) + %(di -0, <p>} dz?

is the holomophic quadratic differential associated to (v, ¢) and C' > 0 is independent of p. Indeed,
this property is inherited from (uy,1,). To see this, let

T (2)dz? = {(azun)2 — 0%u, + i(wn,dz - Oz1bn) + i(di . azwn,¢n>} dz?

be the holomophic quadratic differential associated to (un, ). Then by Proposition 2.10, T;,(z)
is holomorphic in D2+5 and is real on GD;& N BRi and hence it can be extended to a holomorphic
function in Dys. On the other hand, by Cauchy’s integral formula, we have

1,6 = 5 | T8 4,

2mi Jop, € — =
17




where p can be any number in (0, 26). It follows that

/ |T.(2)|dz < C.
+

DS
Since the L!'-norm of the quadratic differential is conformally invariant and (v, ¢, ) converges to
(v, ) strongly on (Dpg \ D%) N{t > —u} for any R > 0, we conclude that (31) holds.

Note that (R?\ {0})N{t > —u} is conformal to S2\{p1,p2}, where p; € dSZ, p2 € S? in case of
0 < p < +ooand p1,ps € 3502, in case of = 0. By the removability of local interior singularities
(Proposition 2.6 in [JWZZ1]) and local boundary singularities (Proposition 2.11 in Section 2), we
get another bubble on S2. Thus we get a contradiction.

If 4 = +o00, we can apply a similar argument (which is the same as the case of interior blow-up
developed in [JWZZ1]) to obtain a contradiction.

This completes the proof of Claim 1.

Claim 2: We can separate Ag: R, i0to finitely many parts

Ny,
+ _ +
Asrn = U Ay
k=1
such that on each part

1

2Unp _

/A+e <@ k=L2o Nk (32)
k

where N, < Ny for Ny is a uniform integer for all n large enough, A = D;f,c,l(xn) \ D:k (Zn),
r0=6,rNe = \ R, r* < r*=1for k =1,2,---, N}, and A is the constant as in Lemma 3.1.

The proof of Claim 2 is very similar to the interior blow-up case done in [JWZZ1] (see also

[Zh, Z1]). For the sake of completeness, we provide the details as follows.
W.l.o.g., we may assume that m,, := —log A’SR is an integer and lim,, ., m,, = +oo.

By Claim 1, for any 0 < € < #, we can find N > 0 such that when n > N we have

1
e¥ir < e< —=, Vree\R, ).

/Di(m\D,jlrum A2’

Then for any n > N, if

1
e2un S

/Djo @ \D} (@) 4A

2 )
we take r! = e\, R and denote Af = DY (z,) \ D}, (z,) = D/ (zn) \D:)\nR(:cn). Otherwise, if

/ 62un > L
Djo (afn)\D:)\nR(mn) 4A2

we can choose an integer mj, such that

1 / 2u 1 / 2 1
— < e’ < — and et > ,
8A2 T [y 472 D (@ \DF, , (a) A2

where 7! = 10", AT = D¥ (x,,) \ D, (2,,) and 1 <m) < m,, — 1. This is the first step of the
division.

18



Inductively, we suppose that A" = D, (x,) \ D (x,) is chosen such that [, e*» < 5. If
1

1
e?u" <

/Dt (@n)\D7y, p(Tn) = 4A%

r

we take r't1 = \, R and set Al‘il = D:‘l (n) \ D:‘Hl (). On the other hand, if

/ €2u"’ > 1
D (ea)\DF. (an) 4N
then similarly to the first step, we can find 71+ =l . e=ma"" AZJCH = D, (zn) \ Dfiyi (2) such
that

1 / 2 1 / 2 1
—— < e”¥n < —— and et > ——
8A2 A 472 DY (@ \DY, ) (wn) 4A?

n
I+1

1
INZ-
< C for some constant C' > 0, we can finish our division after at most Ny =

where m!, + 1 <mi <m, — 1. Thus we obtain one more part A/,  satisfying IALI eZun <

Since [,+ €2%n
Jat .,

[8A2C] steps. This completes the proof of Claim 2.

Now using Claim 1 and Claim 2, we can show (28). Let 0 < € < 1 be small, § be small enough,
and let R and n be large enough. We apply Lemma 3.1 to each part Al+ and use (32) to calculate

1

(/ [al) < A( 62“”)5(/
Af D:rzq(g”n)\D:aTl(wn) D:rl—1($”)\D:—lrl(w")

o / ol + C( / )’
D:_l71 (Lt)\D:—,zfl (wn) D:—l (In)\D:;l,,,l (wn)

ABE

< A et edae)([ ety oel
Al Af
< A () ot s e
Af Af
1 A N
< SO [alh)7 + Cer
2 A?—
It follows that
([ Waltyt <cdl (33)
l
Using Lemma 3.1, (32), (33) and applying similar arguments, we get
([ 1wl <cet (34)
+
l

Summing up (33) and (34) on A;", we conclude that

No
[l [ 9l =3 [ el vl <ce (35)
AIR,n A}:R,n =1 AT
Thus we have proved (28). This completes the proof of the theorem. O
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4. BLOW-UP BEHAVIOR

In this section, we will rule out the possibility that wu, is uniformly bounded in L7 (M\X)
in Theorem 1.1, in order to prove Theorem 1.3, which is an application of the energy identity of
spinors, the removability for a local singularity at the boundary and the energy of a bubble.

Proof of Theorem 1.3: We shall prove this result again by contradiction. So, we assume that
the conclusion of the theorem is false. Then u,, is uniformly bounded in L°° on any compact subset
of M\X; by Theorem 1.1. Since (uy,%y,) is a sequence of solutions to (3) with uniformly bounded
energy, by classical elliptic estimates for both the Laplacian A and the Dirac operator J) under
approprate boundary constraints (see Theorem 2.3 and Theorem 2.4 in Section 2.), we know that
(tn,tn) converges strongly on any compact subset of M \ ¥; to some limit solution (u, ) of (3)
with bounded energy [,,(e** + [¢|*) + [,,,e* < C.

Since the blow-up set 37 is non empty, we can take a point z¢y € ;. Choose a small §y > 0
such that xg is the only point of ¥; in E%ﬂ (z0). Here B3 (z0) is a geodesic ball at 29 on M.

We start by considering the boundary case xg € OM. By conformal invariance, we may assume
that zo = 0 and Bjj (x¢) is the Euclidean upper-half disc D2+50 ={z = (s,t) € R2||z] < bp,t > 0}.

We will first show that the limit (u, ) is smooth at the isolated singularity xzo. To see this, let

T(2)dz* = {(azu)2 — 0%u + i@p, dz - 0:9) + i(dé : aqu,y))} dz?.

be the quadratic differential associated to (u, ). Then, by Proposition 2.10, T'(z) is holomorphic
in D;so \ {0} and is real on (8D§r50 \ {0}) N OR2. Hence, we can extend T(z)dz? to a holomorphic
quadratic differential in Dag, \ {0}. On the other hand, for each n,

T, (2)dz* = {(@un)2 — 0%u, + i(t/)mdz - Ozthn) + %(dz . azwn,wn>} dz?

is a holomorphic quadratic differential in D;%O and T,,(z) is real on 8D§r50 N BRi. Again, we extend
T, (2)dz? to a holomorphic quadratic differential in Das,. By Cauchy’s integral formula, we write

1 Ta(8)
Tn(Z) - Tm 6D50 &_ >

de.

It follows that
/ [T (2)|dz < C.
Dsqy /2

Since (un, 1) converges to (u,1) strongly on any compact subset of E;:;O \ {0}, we have

/ T(2)|d= < C.
D+

50/2
Applying the removability of a local boundary singularity (see Proposition 2.11), we conclude that
(u, ) is smooth on ﬁj{o /2 and hence it is a smooth solution of

—Au = 2% —et|y)?, in D;'&O,
Dy = —e%h, in DZ;O, (36)
u = e, on 8D§r50 N{t =0},
Bty = 0, on D35 N{t =0}

with bounded energy

/ (€ + [0l +/ < C.
D, aD7; N{t=0}
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Now we choose some small §; € (0, dp) such that for any § € (0,4;),

1
/ (262" — e[y 2) +/ cet < & (37)
Dt oD} N{1=0} 10

Next, as in the proof of Theorem 1.2 (see Section 3), we rescale (up, ) near zo = 0. Choose
Ty = (Spytn) € D; with up (z,) = max ¢ uy(x). Then we have z,, — z¢ and u,(x,) — +oo. Let
1

A\p = e~ un(®n) 3 (0. Denote

Un(xz) = upn(Apz+2x,)+InA,
Un(@) = Mvn(Aaz + )

for any = such that A,z 4+ x,, € Dzl (zn). Then, we can pass to a subsequence such that

2
~1¢, = X for some 0 < A < +o0o. We distinguish the following two cases:

limy, o0 A,

Case I: A = 0. (up, z//J\;) converges in C52, (R?) to some limit solution (w,) of (1) on R? with

/ (2627 — | )dx = 4, (38)
R2

Case II: 0 < A < co. There exists a limit solution (&, ) of (3) on R2 = {(s,)|(s,t) € R2,t > —\}
with

/ (2¢*" — e%[¢)?)dx —|—/ ce = 2m, (39)
RQ

2 OR3
such that
im <||ﬂn — | or(p ) F [P0 — JHCk(QR,nmRi)) =0, forany k € Ny and any R > 0,

where Qr,, = DrN{t > —%}

Then for ¢ € (0,07) small enough, R > 0 large enough and n large enough, we have

/ (262un —eu"|¢n|2) +/ celn

D} oD} N{t=0}

/ (2e%4n — eUn|eh,|?) —I—/ ce'n
D} p(wn) DY p(zn)N{t=0}

+f (262 — e lnl) + [
D;\D;rnj?(zn) a{D{er(In)\DJr (zn)}m{t:O}

An R
>/ (2% — ) + [ et~ [ e
DrN{t>—32 DrN{t=—32 D (@n)\DF, p(zn)
1
> 2 — —. 40
> 215 (40)

Here in the last step, we have used (38) or (39) and the fact from Theorem 1.2 that the neck energy
of the spinor field 1, is converging to zero,
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On the other hand, we fix some § € (0,07) small such that (40) holds and then let n — oo to

conclude that
T
oD n{t=0}

du,
= [ Au+ / Oun
Df aDF n{t=0} on

B _/ ouy,
oD} n{t>0} on
/ ou

% — R
oD} n{t>0} On

= - Au+/ 37u
DY oD n{t=0} on

1
= / (2e%* — e“|ah|?) —I—/ ce < —
D} aDFN{t=0} 10

Here in the last step, we have used (37). Thus we get a contradiction.

It is easy to see that the above argument can also be applied to the case that zg € M*° to obtain
a contradiction.

Therefore, we have that u,, — —oo uniformly on any compact subset of M\¥;. Consequently,
by applying a rescaling argument and using (38), (39), we can conclude (8). This completes the
proof of Theorem 1.3. O

1
2m — 1 < / (262“" — e
Df

Remark 4.1. When ¢ = 0, the super-Liouville equation reduces to the classical Liouville equation
and hence the method used in the proof of Theorem 1.3 provides a new proof of the corresponding
result for the classical Liouville equation.

5. THE BLOW-UP VALUE

In this section, we shall determine the blow-up value at blow-up points in ;. For p € 34, define

m(p) = lim lim / (2e%4n — eUn|ah, |) + c/ evn 5.
r—0n—oo Bg‘u(p) Bﬁ”(p)ﬁBM

It is easy to see that m(p) # 0 if and only if p € ¥;. Actually, it is clear from Theorem 1.5 of
[JWZZ1] that m(p) = 47 when p € £; N M°. From the proof of Theorem 1.3 in Section 4., we
know that m(p) > 2m when p € ¥; N 9M. In this section, we shall show that m(p) = 27 when
pEYXNIM.

Lemma 5.1. There exists G € WH4(M) N CF, (M\X1) with [,, G =0 for 1 < q <2 such that

; /
Uy — —— u, — G
\M| Ja
in C?

2 (M\X1) and weakly in WY4(M). Denote X1 = {p1,p2,--- ,pi}. Then for p, € 1N M°,
there exists R > 0 small enough such that By (pr) N X1 = {pr} and

1
G=_— 1
5-m(Pr) log T
for x € BM (pi)\{px} with g € C*(BX (py)); For p, € 1 NOM, there exists R > 0 small enough
such that BY (p1) N X1 = {pi} and

+g(z)

1
G = ;m(pl)log +g(z)

Jor z € BY (p)\{pi} with g € C*(BY (m)).

|z — pi
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Proof: For any p > 2, let ¢ = 1% € (1,2). Then we get

[Vl o ary = sup {|/ Vun Vipdo|[Vip € WW(M)’/ dv = 0, [[¢llwran) = 1} '
M M
By Sobolev embedding theorem, we have

||<PHL°°(M)SC-

It follows that

| / Vu, Vodu|
M

|/ —Aungadv+/ %godzﬂ
M om On

I e R I e N
M oM
C.

IN

Therefore, u,, — Uy, is uniformly bounded in W14 (M).

Next, we define the Green function G by
_Aag = Ypenons, M(P)op — Ky, in M®
on peortns, MU(P)op — hg, on OM
Ju G
Then, for any ¢ € C*°(M), we have
/ V(un, — G)Vodv
M

= —/ A(un—G)godv+/ M@do
M on

oM
= [ e = Y w3 mlp))eds
M pEMONS, oM pEIMNE,

— 0, asn—oo.

Since u,, — U, are uniformly bounded in W4(M), we obtain the conclusion of the lemma.

Now we shall compute the blow-up value by using the Pohozaev identity in Propsition 1.4 and

applying Lemma 5.1.

Proof of Theorem 1.5: W.lo.g., we assume that p = 0 and 0 is the only blow-up point in
E%(O) = E;R C M for some small R > 0. By Proposition 1.4, the Pohozaev identity for solution

(Un,1bn) is
ou,
R (1 r
dB}NR2 v

= / 262“"dv—/
B} B},

R

fR/ enda — csetn (S0 3R
+
dBENRY

1
> — §|Vun|2)do (41)

e [y, |2dv + / ce'"ds

+
dBf,NOR3

1 OYn, _ 1 _ Oy,
—&—f/ ,a:—&—a:-wndo—i—f/ x4+ ) Y, 5—)do
AL AL RO Y S G R 7

By Lemma 5.1, we have

) 1
lim lim R (|ai:|2 — 5/Vul*)do = lim R

R—0n—o0 +
OB}, m]R2+

an 1 2 2
PRz do = — .
i (3 = 31V6T e = om©
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Since u,, — —oo uniformly on BBE N Rﬁ_, we have

lim lim (—R e?ndo — csetn (SO 3ZR L) = 0,
R—0n—o0 aBngﬁr

Furthermore, by using the Schrodinger-Lichnerowicz formula EQ =-A+ %K ¢ and noticing that
K, =0 in our case of a flat domain B (0), we have

Ay, = e duy, - by, — € 1y, in B (0)\ B (0).

Since u, — —oo uniformly in Bj(0)\B%(0), u, — %, is uniformly bounded in W14(M) for
4
1 < g <2 and [¢,] is uniformly bounded in B;,(0)\B% (0), by the standard elliptic estimates, we
4
know that |),,| is uniformly bounded in W2’4(B§R(O)\B£ (0)) for 1 < g < 2. Then by the trace
2 2

imbedding theorem, we get

lim lim [tn]|(x 4+ Z) - Vip,|do = 0.

R—0n—o0 +
OB NRY

Let R — 0 and n — oo in (41), we get

1
%mQ(O) = m(0).

It follows that m(0) = 27. This completes the proof of Theorem 1.5. a
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