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1 Introduction

It is evident that consumers base their expectations on the information that they
receive about news events, macroeconomic indicators, and corporations’ earnings
reports. Central banks, corporations and government agencies on their part face a
number of issues concerning how much information they should disclose, in what
form, and how often. Since there is a trade-off between timely but noisy informa-
tion and slow but more accurate information, they need to strike the right balance
between timely and frequent information and the accuracy of that information and
guard against the potential damage caused by noise.

In October 2002, Goldman Sachs and Deutsche Bank jointly launched an auction-
based market for so-called economic derivatives, i.e., derivatives on scheduled macro-
economic announcements. Initially, they covered non-farm payrolls, the Institute of
Supply Management manufacturing report, and US retail sales ex-autos, and later,
contracts on other releases, such as the US gross domestic product, the US inter-
national trade balance and the US consumer price index were introduced. Beber
and Brandt (2006) measure market participants’ ex-ante uncertainty regarding news
releases using price data on some of these derivatives! and they then relate this mea-
sure to changes in implied volatilities of stock and bond options around macroeco-
nomic announcements. They find that, for bonds, the relation between macroeco-
nomic uncertainty and changes in implied volatility is statistically and economically
highly significant, whereas the results for the aggregate stock index are considerably
weaker, largely due to non-cyclical stocks not responding to macroeconomic news.

In this paper, we analyze the impact of public-information quality on the term

'Beber and Brandt (2006) focus on derivatives based on the non-farm payroll.



structure of interest rates. For this purpose, we employ an exchange-only Lucas
(1978) economy, in which consumers learn about a stochastic growth rate through
realizations of the endowment process and an external public signal. Consumers
may be rational or they may be ”deluded” in the sense that they exaggerate the
degree of covariation between the external public signal and the unknown growth
rate.

We find that, with rational consumers, the steady-state term premium reacts
positively to an increasing precision in the external public signal, whereas, with
deluded consumers, there can be a premium for noisy external public information.
Therefore, we relate our paper to the issue of whether or not more precise public
information increases social welfare. Hirshleifer (1971) shows that the social value
of public information may not be positive. More recently, and in a different setting,
Morris and Shin (2002) find results that are similar in spirit to those of Hirshleifer.
Morris and Shin’s results have gained some attention by the media (Economist,
2004) and spurred academic debate (Svensson, forthcoming; and Morris, Shin and
Tong, forthcoming). In our model, we find that, with parameter values in line with
US data, and assuming rational consumers, the social value of more precise public
information is indeed positive. However, with deluded consumers, the social value
of more precise public information can be negative.

In contrast to Feldman (1989), where consumers only base their estimates on
output realizations, we find that, in the presence of external public information,
nonstochastic interest rates are not necessary for the expectations hypothesis to
hold. In fact, with rational consumers, the short interest rate must be stochastic on

all but the initial date.



Moreover, in the steady state, the instantaneous variance of the short interest
rate need not be decreasing in the precision of public information. If there is a posi-
tive instantaneous correlation between the endowment process and the growth rate,
then bonds will hedge against a low future consumption and therefore, the repre-
sentative consumer will accept a negative term premium. A positive instantaneous
correlation between the endowment process and the growth rate is also a sufficient
condition for the term premium to be decreasing in the term to maturity.

We show that the term structure is bounded and that, in general, it depends on
calendar time through the estimation error. A sufficient condition for the long-run
yield to maturity to be lower than the long-run short interest rate is a positive in-
stantaneous correlation between the endowment process and the unobserved growth
rate.

This paper is related to the literature on learning in financial markets. Notable
works within this field include Williams (1977), Dothan and Feldman (1986), De-
temple (1986), Feldman (1989), Feldman (1992), Brennan (1998), Veronesi (2000),
Veronesi and Yared (2000), Riedel (2000), Yan (2001), Brennan and Xia (2001a,b),
Xia (2001), Scheinkman and Xiong (2003), Feldman (2003), Dumas, Kurshev and
Uppal (2004) and Li (2005). However, none of these contributions specifically ad-
dress the topic of this paper: How does the quality of external public information
affect the term structure of interest rates?

Recently, affine multifactor setups have been the interest of several empirical
studies of the term structure (notable works are Dai and Singleton, 2000; de Jong,
2000; and Duffee, 2002). A theoretical framework for such specifications, which

includes the term structure of Cox, Ingersoll and Ross (1985b) as a special case, is



given in Duffie and Kan (1996). The incomplete information literature on the term
structure (Dothan and Feldman, 1986; Feldman, 1989) adds realism to the general
equilibrium model of Cox, Ingersoll and Ross (1985b) by allowing for an unobserv-
able growth rate. In Dothan and Feldman (1986) and Feldman (1989), agents only
learn through realized outputs. This paper contributes to this literature by ana-
lyzing how the quality of external public information affects the term structure of
interest rates in a general equilibrium model in which consumers may be rational or
deluded. In our model, consumers learn both through realized outputs and through
external public information. We model external public information as a signal about
the unobservable growth rate as in Veronesi’s (2000) regime-shifting model of the
stock market. This signal is a proxy for the many sources of public information
mentioned above. News events, corporations’ earnings reports, and macroeconomic
indicators are all observable and therefore, it should be possible to test our model
empirically.

The paper is organized as follows. In section 2, we introduce the economy, and
in section 3, we present the theoretical results. In section 4, we conclude the paper.

All proofs are in the Appendix.



2 The Economy

We consider a Lucas (1978) exchange economy with an exogenous aggregate endow-
ment process, D;. The consumption good is perishable; therefore, in each period,
the entire endowment is consumed. The flow of aggregate endowments follows the
process

dD;

— = pdt + opdZP, (1)
D,

where the endowment growth rate (u,) is stochastic and evolves according to a

mean-reverting Ornstein-Uhlenbeck process,
dy, = k(@ — py)dt + 0,dZY, (2)

with op, k, and o, being positive constants, and where ZP and Z" are standard
Brownian motions defined on a complete probability space, (Q, F, p). ZP and Z*
have a constant instantaneous coefficient of correlation of p,, p, where —1 < p,,p < 1.
We denote the instantaneous covariance between Z” and Z* by ouD = PupTudD-
The consumers do not observe the growth rate of the endowment process (p).
Instead, they have to estimate it from the realized values of the endowment process
and a public signal (s). The public signal that they receive follows a diffusion
process,

ds; = p,dt + 0,d 27, (3)

where o is a positive constant, and Z° is a standard Brownian motion defined
on the complete probability space, (2, F,p). Z° is independent of both Z” and

Z". However, the consumers steadfastly believe that the instantaneous correlation



between Z7 and Z!' is ®.2 That is, they believe that the instantaneous correlation
between the public signal and the growth rate is ¢. Hence, if ¢ # 0, then the
consumers are ”"deluded” in the sense that they exaggerate the degree of covariation
between the external public signal and the growth rate.®> The case in which ¢ = 0
corresponds to rational consumers.

In order to convert their original non-Markovian problem into a Markovian prob-
lem, the consumers need to determine the conditional distribution of the growth rate
(Feldman, forthcoming). However, the consumers think that the signal has an in-
stantaneous correlation of ¢ with the growth rate, when in reality, this correlation
is zero. Given this belief, they determine the conditional distribution of the growth
rate, and use as policies the optimal policies from the Markovian problem.

All consumers maximize expected life-time utility of intermediate consumption
through a CRRA utility function, subject to a wealth constraint. The instantaneous

utility of intermediate consumption is of the form

A= -1

1—7

u(c) = : (4)

where v > 0.

All consumers have identical preferences, information, and beliefs. Thus, the
aggregation results from Rubinstein (1974) hold, and we can use a representative
consumer framework, where this consumer has constant relative risk aversion and

at time ¢, he maximizes expected utility of consumption conditional on the current

2Note that the instantaneous correlation matrix associated with the vector process (ZtD, VA
Z7) is valid (i.e., positive semidefinite) if and only if piD <1, ¢> <1, and piD +¢% < 1. We

assume that consumers only assign values to ¢ such that these conditions are fulfilled.
3This is similar to the way Scheinkman and Xiong (2003) and Dumas, Kurshev and Uppal (2004)

model overconfidence.



values of the state variables,*

> ) (w1 d
Wi,Dy,my,t € — w e (5)

L=y
w=t
Since this is a Lucas (1978) exchange economy with a perishable consumption good,
aggregate consumption will equal the aggregate endowment in each period. That
is, ¢ = Dy, for all w.

In the early literature—for example, Detemple (1986), Dothan and Feldman
(1986), and Feldman (1989)—the framework is often that of Cox, Ingersoll and
Ross (1985a,b). We have chosen the Lucas (1978) framework, for its tractability.
Primarily, the Lucas (1978) framework also enables us to solve for the term structure
of interest rates under nonlogarithmic preferences. In contrast, the above-mentioned

articles based on the Cox, Ingersoll and Ross (1985a,b) framework specialize to

logarithmic preferences.

3 Theoretical Results

In this section, we present the theoretical results. First, we derive the evolution of
the consumers’ estimate of the unobserved growth rate, and thereafter, we analyze
the interest rates’ equilibrium term structures. Since we find that there can be a
premium for noisy public information in bonds, we also analyze the social value of

more precise public information.

*In the Markovian problem, the relevant state variables are: current wealth (W), the current
value of the endowment (D;), and the conditional mean of the growth rate according to his filtering

(me).



3.1 Consumers’ estimate of the growth rate

As follows from the preceding discussion, consumers will have to estimate the un-
observed growth rate in the endowment growth equation, basing their estimates
on the endowments’ realized values and the public signal. The consumers need to
determine the unknown growth rate’s conditional distribution in order to convert
their original optimization problem to a Markovian one. They condition on their
observations on the endowments and the public signal, i.e., their information set is
given by Gy = 0((Dy, sy);u < t). The deluded (¢ # 0) consumers perform their
filtering under the impression that there is a nonzero correlation between the public
signal and the growth rate, although the actual value is zero.

Assuming a Gaussian prior, finding the posterior distribution of the growth rate
becomes a standard filtering problem, which fits into the Kalman-Bucy framework.
Here, we will derive the evolution of the conditional mean of the unknown growth
rate p;. Applying Theorem 12.7 in Liptser and Shiryaev (2001), we can find the
stochastic differential equations (SDEs) of the conditional mean m; = E[pu;| Gy]
and the conditional variance v; = E [(ut — mt)Q‘ Gt] of u;. v is sometimes called
the “estimation error” or the “filtering error,” since it measures the conditional
mean squared error. The conditional mean—that is, the expected value of the
unknown growth rate conditional on all available information—can be interpreted

as the consumers’ estimate of the growth rate.

Proposition 1 If consumers’ prior distribution over ug is Gaussian with mean mq

and variance vy, and the instantaneous correlation between the external public signal



and the growth rate is ¢, then the conditional mean my = E || Gy| satisfies

dD; 1
U + 0,0
dmy = k(@ — my)dt + ( ! p“2D a D’Ut+¢20u05) e —my dt |,
oD oy
dSt 1

and the conditional variance vy = E [(,ut — mt)Q‘ Gt] of 1, satisfies the Riccati equa-

tion
d vt + p,pouoD)? 2
S~ ok + 02— (s PMD2 k7D (W1 + 69,0:) : (7)
dt " o o2

Furthermore, the posterior distribution of p, is also Gaussian, with p,| Gy ~ N(mg, ve).

Proof. See Theorem 12.7 in Liptser and Shiryaev (2001). m

We can rewrite equations (1) and (3) as
dD; 7D
D, op 0 dZt
¢ /"Lt| Gt . Y (8)
ds; 0 o5 dz;
where
azp . |
= B omey d
dz; ds; 1

It follows from standard filtering theory (Liptser and Shiryaev, 2001) that Z; 7P and
ZS are independent standard Brownian motions with respect to the consumers’
filtration, Gt = o ((Dy, sy); u < t). Since the consumers believe that the correlation
between the public signal and the growth rate is ¢, they think that the dynamics of

the conditional mean is given by

V¢ + ~ s ~
dmy = K(7 — ma)dt + (M> azP + (M) az: (9
D

where the estimation error, vy, is the solution to the Riccati equation in (7). In the
proposition below, we demonstrate some important characteristics of the estimation

error:



Proposition 2 The estimation error vy proceeds monotonically from its initial value

vy toward an asymptotic, nonnegative, stable, steady-state value, vy, following the

relation

Uy Vo —V+ . 1 1

1 zg z* exp {—2 <% + G%) got}
where

1 1 g [
() (s 05 + o)

7

2
\/<’£+¢Ef+puDF%> +o}, <1_¢2_p;2u:))
Vy = 1

(11)
2
—\/<m+ Pzt +p#D;g) +02 (1 —¢? — piD> (% + ﬁ) — (/14— Pt +p#D;§>

v_ = ,
(12)
and
o op 2 2 (71— 2 2 1 1
Rt og t gy ) tou(l=9 =) (55t 3
o 13
L +4 (13)
D s

Note that, according to the proposition above, the estimation error (v;) is a
deterministic function of time.
The following proposition states an important property of the stable steady-state

value of the estimation error:

Proposition 3 The stable steady-state value, vy, of the estimation error is equal
to zero if and only if the squared correlations sum to one (pZD—I— #* = 1) and

KOsOD + ¢0,0p + PupTuds = 0.

The proof is straightforward and is therefore omitted.

Further, we have the following:

10



Proposition 4 If ¢ > 0, then the steady-state estimation error is decreasing in the

degree of delusion (),

If consumers are deluded, then the steady-state estimation error, v4, can be

> However, if

increasing with increasing precision of external public information.
consumers are rational, then the steady-state estimation error is strictly decreas-
ing in the precision of public information, except for the case when the endowment
process is perfectly correlated with the unobserved growth rate and a specific tech-
nical condition applies, so that the steady-state estimation error is zero. Note also

that the rate of convergence toward the stable steady-state value depends on the

precision of external public information.

Proposition 5 If ¢ = 0, then the steady-state variance, vy, is decreasing with

increasing precision of external public information. That 1is,

vy o 0,
dos —

with equality if and only if piD =1 and Ko%, + oup > 0.

3.2 Equilibrium

In this section, we will analyze the equilibrium term structure of interest rates. We
assume that the financial market consists of i) a short-term bond (bank account)

yielding a short-term interest rate of r; ii) a long-term bond; and iii) a claim to the

5One set of parameters that yields an estimation error that is increasing with increasing precision
of external public information is the following: ¢ = —0.2, x = 0.2, p,p, = 0.8, 0, = 0.015,

op =0.13, 0, = 0.10.

11



aggregate stream of endowments (a stock). Consumers solve the Markovian prob-
lem, i.e., they maximize the conditional expected utility in (5) by choosing optimal
investment and consumption policies under the impression that the dynamics of the

state variables is given by the following equations:

d D.dt dP,
dW; = Wia? <S'57;7t> + WtoztB?t +Wi(1 —af —aP)rdt — dt (14)
t t
dD =
— — mudt + opdZP (15)
Dy
_ Vt+PupouoD\ [ 5p Ve + G0u0s\ 5
dmt = HZ(M — mt)dt + O'— dZt + 0_7 dZt, (16)
D s

where W; denotes wealth, af is the share of wealth invested in the stock, S; is the
endogenously determined price of a stock that pays out the aggregate endowments
as dividends, af is the share of wealth invested in a long-term bond, P; is the
endogenously determined bond price, r; is the endogenously determined interest
rate, ¢; denotes consumption, and ZD and Zf are independent Brownian motions.
This is a standard Markovian problem. In order to determine the equilibrium term
structure, we employ the stochastic discount factor approach (see the note in the
Appendix).

Since, in each period, the representative consumer consumes the entire endow-
ment (c,, = D,,), the stochastic discount factor is given by A; = e %D, . Applying

Ito’s lemma, we can obtain the dynamics of the stochastic discount factor as

dA¢

1 —~
yvl (=8 —ymy + 57(’7 +1)o%)dt —yopdZP. (17)

12



From equation (58) in the Appendix, we can determine the interest rate endoge-

nously as

1
7“t=5+7mt—§7(7+1)02D- (18)

Hence, the short-term interest rate follows a Vasicek-type process,

vt + 0,0 ~ ~
dry = K(F —re)dt + 7 <—t p;z ‘ D) dZP +~ <—”t +f0“as> dz;,  (19)
S

where 7 = 0 + i — %’y(’y + 1)02D is the long-run interest rate. The instantaneous

variance of the short-term interest rate is

+ 2 s 2
o2 (0y) = 2 ((M) +<M> ) (20)
op Os

In the proposition below, we summarize some of the properties of the instan-
taneous variance of the interest rate, o2(v;). Unlike Feldman (1989), who analyzes
the term structure when consumers use only output information in their estimation,
we find that the minimum variance of the interest rate can be different from zero
because there are two sources behind the variation in interest rates: unanticipated
shocks in the endowment process and unanticipated shocks in the public signal.
In fact, we show that, with rational consumers, the instantaneous variance of the

interest rate must be strictly positive for all ¢ > 0.

Proposition 6 The instantaneous variance of the interest rate, o2(v;), exhibits the
following properties.
(a) It is a quadratic convex function of the estimation error, vy.
(b) It only depends on time through its dependence on the estimation error.
(¢) It is a nondecreasing function of the estimation error if pup = 0 and ¢ > 0.
(d) It is a decreasing—increasing function of the estimation error if pup <0 and

¢ < 0.

13



(e) If p,p < 0 and ¢ <0, the instantaneous variance of the interest rate attains
its minimum at vy = —0,0pos(p,pTs + pop)/(0% + 02), and the value of this

MINYMUM Variance s

B 0,0D0s(pupTs + ¢oD)

_ Y?ol(pupoD — $0s)?
0% + 02

0% 4 02

o ) > 0. (21)

(f) If $ = 0, it is strictly positive for all t > 0.

Since the instantaneous variance of the interest rate only depends on time
through the estimation error, the time path of this variance follows from the fact
that the estimation error evolves monotonically in time from its initial value wvg
toward its stable steady-state value, v, (Proposition 2).

The steady-state variance of the interest rate need not be decreasing in the

precision of public information. To see this, note that the partial derivative of

2

Z(v4) w.r.t. the volatility of public information, o, is given by

g

0o (vy) 92 V4 + Pupou0D . vy + ¢ou0s\ Ovy N (vy + ¢oLu0s) POy,
Jos o2 o2 Jdos o2

(vt ¢?‘)7,u05)2] ' (22)
GS
Thus, even in the case of rational consumers, this variance need not be decreasing
in the precision of public information.5
Due to the tractability of our model, we can obtain a closed-form solution to the

price of a long-term bond for all levels of risk aversion (cf. Cox, Ingersoll and Ross,

1985b, and Feldman, 1989, who specialize their analyses to logarithmic preferences):

®Note that the following two parameter sets yield a variance of the interest rate that is increasing
in the precision of public information: i) ¢ =0,y=3, k =0.2, op = 0.13, 05 = 0.10, 0, = 0.015,

pup = —0.8; and i) p=-02,7=3, k=02, op =0.13, 05 = 0.10, o, = 0.015, pup = —0.8.

14



Proposition 7 The price of a long-term bond maturing at time T < T is given by

o2 — e H(T—1)
P(my,t,T) = exp {— (5— %) (T —1t)—~ (1—) my

K

T T
1 — ¢ K(T—v)
—’yﬁ/(l — e T dy 4 42 / (vu+oup) | ——— | du

K
u=t u=t
T 2
72 / (vu + puD0M0D> (1 — e—H(T—u)>
7 P du
u=t
72 Vy + $0,0 2 1- G_K(T_u) ’
+ / < . £ ) - du p . (23)
u=t B

Notice that although Feldman (1989) employs a Cox, Ingersoll and Ross (1985a)
economy and we consider a Lucas (1978) economy, the results in Feldman (1989)—
with the specific mean-reverting structure of our model imposed—are obtained as
we let ¢ =0,v=1 and o5 — o0.

From the note in the Appendix describing the stochastic discount factor ap-

proach, we know that the term premium can be obtained from the following equa-

tion:
dP dA dP
By Ito’s lemma, we have
1
dP = Pdt + Pdm + QPmm(dm)2. (25)

Therefore, we can rewrite our expression for the term premium as

dP P, . [dA 1 —e (Tt
Et [?:| — T'tdt —?Et [Tdm} = —")/2 (7) (Ut +JMD) dt, (26)

where the last equality follows from Proposition 7 and equations (9) and (17). There-

fore, the instantaneous term premium at time ¢ for the term to maturity 73y =T —t

15



is given by

1 —e"TM

TP(t,Ty) = —72 < > (v¢ +0up) - (27)

R

It follows from equations (25), (26) and (9) that the SDE of the bond price is

dP 1 —e M UVt + P,DO 0D 1—e "M ~
- = (rt —~2 <7> (vt —i—aup)) dt—~ ( pD7h1 > ( > dZtD

K oD K

— p RTM —~
—y <”t i ¢U“US> <1 < > dzs. (28)

O K

From equation (27), we see that the sign of the term premium depends on the
sign of (v; + o,p): if the sign of (v; + o,p) is positive, then the term premium is neg-
ative, and vice versa. This reverse relation occurs because if the sign of (v; + o,p) is
positive, then the instantaneous covariance between bond returns and aggregate con-
sumption is negative and, therefore, the bond acts as a hedge against a low aggregate
consumption and the representative consumer accepts a negative term premium; if
instead the sign of (v; +o,p) is negative, then the instantaneous covariance be-
tween bond returns and aggregate consumption is positive, and the representative
consumer demands a positive term premium. Therefore, provided a nonzero term to
maturity, a sufficient condition for a negative term premium is a positive correlation
between the endowment process and the unobserved growth rate.”

We also find that, depending on the sign of (v; + o,p), the instantaneous term
premium can be increasing, constant, or decreasing in the term to maturity. Further,
we find that, if consumers are rational, it is increasing in the precision of public
information for all levels of risk aversion. That is, with rational consumers, one

effect of less precise information is a decreasing instantaneous term premium: there

"Note, however, that, by virtue of Proposition 2, the estimation error vy is in itself a function of

the covariance o,p.

16



is in fact an instantaneous discount for imprecise public information in long-term
bonds for all levels of risk aversion. The reason behind this result is that, as public
information becomes more precise, the bond becomes a poorer hedge against a low
future consumption, and thus demands a higher expected return. This result is in
line with the result in Veronesi (2000) that there is a discount for imprecise public
information in equities if the coefficient of relative risk aversion is greater than
unity. However, with deluded consumers, the instantaneous term premium can
be decreasing in the precision of public information, i.e., with deluded consumers,
there can be a premium for imprecise public information. Provided that ¢ > 0, the
covariance between the endowment process and the bond return is increasing in the
degree of delusion (¢). Therefore, the term premium is increasing in the degree of
delusion (¢) if ¢ > 0.

Moreover, the term premium is unbounded in the coefficient of relative risk
aversion (see equation (27)). This stands in contrast to the result in Veronesi (2000)
that the equity premium is bounded in the coefficient of relative risk aversion. In
the following two propositions, we summarize our most important findings regarding

the term premium.

Proposition 8 The instantaneous term premium, TP(t,Tyr), is a(n) i) increasing,
i) constant, or iii) decreasing function of the term to maturity, Ty, if and only if

i) vy < —oup, 1) vy = —0up, O W) Vi > —0uD.

Proposition 9 Provided that the term to maturity is positive, the instantaneous
term premium, TP (t,Tar), also has the following characteristics:

(a) Its sign depends on the sign of vy + oup. That is, sign[TP(t,7ar)] =
sign [— (vt + oup)]-

17



(b) In the steady state, it is increasing in the precision of public information if

consumers are rational. That is, if = 0, then < 0, with equality if and

8TP(t,7-M)
dos
only if pZD =1 and /-w%, +oup > 0.

(c) In the steady state, it is increasing in the degree of delusion (¢) if ¢ > 0.

That is, ZLEET > 0 if ¢ > 0.

It follows from equation (28) that the instantaneous variance of the bond return

is given by

1— e rma\? 1—er\? (/v +0 2 vt + o0\
O-QP(t,TM) — <—> gz(vt) = 72 <—> ((t—w> + <w> .
K K op Os

(29)
As the term to maturity increases, the bond return becomes increasingly volatile.
Since the term (1—e~%"M) /k does not depend on the precision of public information,
the reaction to an increasing precision of public information follows directly from
equation (22) and does not need to be stated explicitly.

The result that the bond return volatility is monotonically increasing and un-
bounded in the coefficient of relative risk aversion stands in contrast to the results
regarding the volatility of equity returns in Veronesi (2000). In Veronesi’s (2000)
model, the volatility of equity returns is U-shaped with respect to the coefficient of
relative risk aversion.

From Proposition 7, we can determine the term-structure function, the yield to

maturity:

Proposition 10 The yield to maturity is given by

In P(my, t, 7ar)

= -

R(my,t =_
(mt7 7TM) TM 2

y(v + 1)02D 1—e ™™\ my
+ i K TM
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TM

M
1 2 1 _ p— (T]wfz)
+—’yﬁ / (1 - G_H(TIW_Z))dZ - L (’Ut+z + O'#D) (e—> dZ
TM ™ K
z=0 2=0

™™ 2
72 / Vtt+z + OubD 21— e rlru—2) q
— z
2T M oD K
z=0

72 " Utz 4 ¢0u05\ 2 (1 — e n(Ta—2) ’
‘E/( i ) . dz. (30)
S
z=0

The result follows directly from Proposition 7.

Note that, unlike in the case of complete information, the term-structure function
also depends on calendar time through the estimation error. As in Feldman (1989),

the yield to maturity can be split into three parts,

R(myt, 7) = AER(my 7y ) + MRPB(t, 7)) + JEB(t, ), (31)
where
(v + 1)o? l—e i\ my 1 _ [
AER(my 1)) = S— D—}—fy ( > —+—T / (1_6—H(TM—Z))dZ
2 K TM ™M™
2=0
(32)

™M™
is the expected average interest rate, AER(m: 7y) = Et [T—}M f rt+zdz];
z=0

2 | =)
MRPB(t,TM)E—W / (Vi4z + oup) — dz (33)
z=0

is the market risk premium bias; and

72 ™ Vers + 0D 2 1_e_H(TM—Z) 2
JEB(t,Ty) = _QTM/< ZJD I ) - dz
z=0

’72 " Vitr + 90,05 2 (1 _ erltm—2) 2
27 / < — ) - dz  (34)
z=0

is the Jensen’s inequality bias. Compared to Feldman (1989), this part now contains

an additional term related to the external public signal.
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We find that the interest rates’ term structure is bounded. In particular, as the
term to maturity goes to zero, the expected average interest rate approaches the

short-term interest rate:

lim AER(my Ty ) = 14 (35)

Tr—0

Moreover, the long-run expected average interest rate is given by the long-run in-

terest rate,

lim AER(my7y)=T. (36)

TM—00

The market risk premium bias goes to zero as the term to maturity goes to zero,

lim MRPB(t,71) = 0. (37)

Ty —0
In the long run, the market risk premium bias goes to a constant,

2
lim MRPB(t,7) = — 0+ 9ub) (38)

TM—00 K

Thus, a sufficient condition for a negative long-run market risk premium bias is
a positive correlation between the endowment process and the unobserved growth
rate.

As the term to maturity goes to zero, so does the Jensen’s inequality bias:

lim JEB(t,7a) = 0. (39)

Ty —0

Further, as the term to maturity goes to infinity, the Jensen’s inequality bias ap-

proaches a non-positive constant,

2 2 2 2
lim JEB(t 1) = — L (M) . <M> TS

T M —00 2 KOD KOs

$We find the limits by applying I'Hépital’s rule.
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Hence, in total, the long-run yield to maturity is given by

y Y3 (v4 + oup) B 7_2 (v+ + O'MD>2 B 7_2 <v+ + qbauaS)z‘ (41)
K 2 KO D 2 KOs

Therefore, a sufficient condition for the long-run yield to maturity to be lower than

the long-run short interest rate is a positive correlation between the endowment

process and the unobserved growth rate. In this case, the instantaneous covariance

between the aggregate consumption process and instantaneous bond returns will be

negative.

In order to investigate the long-term rewards to imprecise information, we study

the yield in excess of the expected average interest rate:
LREY(t,TM) = R(mt7t,TM) — AER(mtVTM),

and its response to less precise public information, 0LREY (t,7s)/00s in steady
state.

Using parameter values that are in line with US data (Brennan and Xia, 2001b),
we find that, assuming rational consumers, there is in fact a discount for imprecise
public information also in long-term bonds (see Figure 1). However, using the same
parameter set, and instead assuming deluded consumers, there is a premium for

imprecise public information (see Figure 2).
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0.5 1

Figure 1: OLREY (t,7)/00s as a function of p,,, in steady state, assuming rational
(¢ = 0) consumers. Other parameter values are: v = 3, op = 0.13, o5 = 0.10,
o, = 0.015, kK = 0.2, and 77 = 10.
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Figure 2: OLREY (t, 77)/00s as a function of pup in steady state, assuming deluded
(¢ = —0.2) consumers. Other parameter values are: v = 3, op = 0.13, o5 = 0.10,
o, =0.015, Kk = 0.2, and 77 = 10.

3.3 The Social Value of Public Information

Given the above result that imprecise public information can be rewarded in bonds,

and the result in Yan (2001) that estimation uncertainty can be rewarded in long-run
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equity returns raises the question of the social value of more precise public infor-
mation: if more precise public information has a negative effect on bond or equity
returns, one would think that the social value of more precise public information
may not always be positive in our setting. In other settings, Hirshleifer (1971) and,
more recently, Morris and Shin (2002) have demonstrated that the social value of
more precise public information may not be positive.” Let us now investigate the
social value of public information in our framework.

For this purpose, let us study the value function of the representative individual:

Proposition 11 In equilibrium, the value function of the representative individual

18 given by
D7 o2 1 — e—H(w—t)
J(Dt,mt,t)zlt_ /exp{—(ﬁ—i—(l—y)fyTD) (w—1t)+(1—7) (— my
v K
w=t
“ I 1— —k(w—u)
+(1—y)E / (1 — e 50 dy 4+ (1 — )2 / (vu + 0,1) <%) du
u=t u=t
A2 ° 2 _ —r(w—u) 2
+(1 v) / (UU+U“D> <1 e ) du
2 gD K
u=t
A2 “ 2 _ —k(w—u) 2
+(1 2’}/) / <Uu + ¢Uuas> (1 € ) du b dw
Os K
u=t

1 1 — ¢ B(T—1)
T < eﬁ ) , (42)

In line with empirical evidence, we focus on conservative (y > 1) consumers.
With rational consumers and parameter values in line with US data (Brennan and
Xia, 2001b), the social value of more precise information is positive (see Figure 3).
However, as Figure 4 demonstrates, with deluded consumers, the social value of

more precise information can be a negative.

9See also Svensson (forthcoming) and Morris, Shin, and Tong (forthcoming).
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0.5 1

Figure 3: The steady-state value of 0.J/dos as a function of p,p at time ¢ = 0,
assuming rational (¢ = 0) consumers. Other parameter values are: § = 0.05, v = 3,
T =85, mg = 2%, i = 1.5%, Dy =1, op = 0.13, o5, = 0.10, o, = 0.015, and
Kk =0.2.
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Figure 4: The steady-state value of 0.J/dos as a function of p,p at time ¢ = 0,
assuming deluded (¢ = —0.3) consumers. Other parameter values are: 5 = 0.05,
v=3,7=285 mg=2%, i =15%, Dy =1, 0p =0.13, 0, = 0.10, o, = 0.015, and
Kk =0.2.
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3.4 The Expectations Hypothesis

Cox, Ingersoll and Ross (1981) show that, when interest rates are stochastic, the
only version of the expectations hypothesis that is consistent with general rational
expectations equilibrium in continuous time is the so-called local expectations hy-
pothesis:

dP
E, [?} = rydt for all 77 and t. (43)

That is, in continuous time, the expectations hypothesis says that, for all times to
maturity and in all points in time, the instantaneous return on the long-term bond is
equal to the short-term interest rate. Therefore, for the expectations hypothesis to
hold, it is both necessary and sufficient that the term premium be zero. By equation
(27), we see that the expectations hypothesis holds if and only if the estimation error
is in the steady state and its steady-state value is v4 = —o,p.

Feldman (1989), who investigates the term structure when rational consumers
use only output information in their estimation, shows that for the expectations hy-
pothesis to hold, interest rates have to be nonstochastic. In our model, nonstochastic
interest rates are clearly not necessary for the expectations hypothesis to hold. Even
as the endowment process becomes ineffective in conveying information about unan-
ticipated changes in the investment opportunity set, external public information can
still be effective—if there is a nonzero correlation between the consumers’ estimate
and the public signal. As seen in equation (19), there are two sources behind the
variation in the interest rate—unanticipated shocks to the endowment process and
unanticipated shocks to the public signal. In the steady state, the responsiveness
of the interest rate to these two sources cannot be simultaneously eliminated (in

general).
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4 Conclusions

In this paper, we consider the term structure in an exchange-only Lucas (1978) econ-
omy in which the stochastic growth rate of the endowment process is unobservable
and there is external public information. In addition, consumers may be rational
or they may be deluded in the sense that they exaggerate the degree of covariation
between the external public signal and the unobservable growth rate.

With rational consumers, the steady-state term premium is increasing in the
precision of public information, i.e., with rational consumers, there is in fact an
instantaneous discount for noisy external public information in long-term bonds.
However, with deluded consumers, there can instead be an instantaneous premium
for noisy external public information. These results can be compared to Veronesi’s
(2000) result that, for reasonable levels of risk aversion (y > 1), there is no such
premium in equities.

Moreover, we find that the instantaneous variance of the interest rate need not
be decreasing in the precision of public information. Further, a positive correlation
between the endowment process and the unobserved growth rate is a sufficient con-
dition for the term premium to be negative. This is also a sufficient condition for
the term premium to be decreasing in the term to maturity.

We derive a closed-form solution to the price of a long-term bond. Hence, we
obtain the term-structure function (the yield to maturity). We show that the term
structure is bounded and depends on calendar time through the estimation error.
Here, too, a positive correlation between the endowment process and the unobserv-
able growth rate is a sufficient condition for the long-run yield to maturity to be

lower than the long-run short interest rate.

26



With parameter values in line with US data, we find that, with rational con-
sumers, the social value of more precise public information is positive. However,
with deluded consumers, this value can in fact be negative.

In contrast with Feldman (1989), where consumers learn about the growth rate
only through output information, we find that, in the presence of external pub-
lic information, nonstochastic interest rates are not necessary for the expectations

hypothesis to hold.
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Appendix

The Stochastic Discount Factor Approach

In this note, we provide a derivation of the basic pricing equations and discuss
how they can be applied in the Lucas (1978) economy. The note is based on Cochrane
(2001, pp. 28-33).

Consider the expected life-time utility of the representative consumer:

E; /e_ﬁ(w_t)u(cw)dw . (44)

t

Suppose that the representative consumer follows an optimal consumption path, in
which the consumption streams are ¢ from time ¢ to time ¢t + At (where At is
"very small”) and ¢}, for w € [t + At,7]. Consider a deviation from this optimal
consumption path, in which the representative consumer buys £ units of an arbitrary
asset in the time-period from time ¢ to time ¢ + At. The asset has a price of V; and
pays a stream of cash-flows, X,, for w € [t + At, 7]. The representative consumer’s

consumption stream is thus given by

et =cf —EVi/At from t to t + At (45)
cw = Cpy + EXy, for w € [t + At, 7). (46)

His expected life-time utility is
t+At T

J() = ulc —EV/AL) / e Py + E, / e Py(ct + X)dw | =
t +At

1 — e BAt

g

T

> + E, / e P Dy (et + £X,)dw| . (47)
+At

— ule; - evi/an) (
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Differentiating the above expression with respect to £ yields

_ o~ BAt

(€)= —l(c} — EVi/ A (1 ¢

W) + E; / e—ﬁ(w—t)ul(cz + wa)dew

N
(48)

Since ¢; and c}, are optimal, the representative consumer’s expected life-time utility

reaches a maximum at £ = 0, so J/'(0) = 0. Hence,

1— 6—[3At o
u' (¢, (W) =B, / e Py () X dw | . (49)
+At
Letting At — 0, we have
(Vi = By / P () X el | (50)
t
or, in Cochrane’s (2001) notation
At‘/% = Et /Awadw y (51)
t

where A, = e PU/(c}) is the "stochastic discount factor.” In the Lucas (1978)
economy considered in this paper, we have that, in equilibrium, the representative
consumer’s optimal consumption is equal to the aggregate endowment in each period,
cy =D, for u € [t, T].

Since a zero-coupon bond can be seen as an asset that pays a stream of payoffs
1/dt over a time interval of infinitesimal length d¢, we see from the basic pricing

equation (51) that the price of such a bond maturing at time 7" € [t, 7] is given by

We will now derive an expression for the risk premium of an asset. First, we
study the difference between Ay a¢Viiar and A4V}, using the basic pricing equation

(51). Taking time-t expectations, we obtain
At

ANV = Ey / A pwXipwdw | + Ep [AyacViead - (53)
20
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For small At, we thus have that
AV = M Xy At + By [AgyaeViead (54)

or, rearranging,

0~ A XAt + By [AyaeVigar — AdVi] . (55)

Letting At — 0 in equation (55), we obtain
0=AXdt+ E,[d(AV)], (56)

where we have dropped the ¢ subscript for convenience. Using Ito’s lemma on d(AV)
in equation (56) and dividing by AV yield

X dA AV dAdV
=t By |— 4 — 4 ——| .
0=t + By | =+ + =

(57)
We can either view a risk free asset as an asset that pays zero dividends (X = 0) and
climbs deterministically at a rate of r; (% = rdt), or, we can view it as an asset

that pays a relative dividend of ¢ (% =r) and has a constant price (dV = 0). In

any case, using equation (57), we find that for a risk free asset,

Ttdt = —Et |:dA—At:| . (58)
t

By substituting equation (58) into (57), we obtain an expression for the risk premium

of an arbitrary asset,

Vi

dV; Xy dA; dV;
5 |5 ] = (59)

—dt —rdt = —FE
+ v Tt t

For a zero-coupon bond, X; = 0 and, therefore, with P, being the price of the bond,
the term premium can be determined from the following relation:

dA; dP,
?:| — Ttdt = —Et |:—t—t:| .

At Pt
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Proof of Proposition 2

First consider the matrix of instantaneous correlations between ZP, Z!' and Z;:

1 pﬂD 0
0= puD 1 ¢
0 ¢ 1

Since p has to be positive semidefinite, its determinant must be nonnegative:
detgzl—piD—ng2 > 0.

It follows that v is always nonnegative.

Notice that the Riccati equation in (7) can be rewritten as

% _ (LQ + %) (0 —v3) (0 —v_) . (61)

op 2
The monotonicity of v; and the stability of v follows from the fact that

dUt

sign [E} = sign [~ (v — v) (v, — v_)]. (62)

The solution to equation (61) is given in Feldman (1989).

Proof of Proposition 4
L = T Ze and h(¢) = 0% (1—¢* —p>p) (& + % ). Th
et g(¢) =k + ¢JS + Pup7, an (®) oy ¢ PubD 72 + o7 ) en,

we have that

Therefore, for ¢ > 0

<0. (64)



Proof of Proposition 5
Letting ¢ = 0 and taking the derivative of vy w.r.t. 1/02 in equation (11), we

have

ovy k4 (oup/o?)

o(F)  (F+%)

+ ’D
2 2
(;1%4-;13) 2\/(5—#(0,@/0%)) + <;17+;15> <al%— %“f)

2(k+ (0un/0)) \/(ﬂ + (oun/0h))”

+
S
+

|~

(& + %3)22\/ (5 + un/ob)” + (5 + )

2 2
2 (k+ (oup/0%)) +(—17+;1§) JZ—%“D})

2 2 2
(%4—0%) 2\/(/£+(O'#D/U2D)) —1—(%4—%) <Ui—2§§>

By the chain rule,

ovy _ 9 (a%) vy _ _2‘73_3

004 dos 9 (#)

Ovy
2(%)

From (65), we see that 8++) = 0 if and only if piD =1 and Kko%, + oup > 0.

> 0. (66)

S

o ==

Is
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Proof of Proposition 6

(a)—(e): Statements (a)—(e) are straightforward to show and their proofs are
therefore omitted.

(f): It follows from Proposition 2 that the estimation error (v;) evolves monotoni-
cally toward its stable steady state, vy . Suppose now that o2(v;) = 0 for some ¢ > 0.
Then, since ¢ = 0, we must have v; = —o,p and vy = 0. If vy = 0 for some t > 0,
it must be that vg = 0 and vy = 0. However, if vy = —o,p and v; = 0 is to hold
simultaneously, o,p must be equal to zero. If o,,p = 0, then the stable steady-state

value, v, is greater than zero, which is a contradiction.

Proof of Proposition 7

It follows from equation (52) that the price of the bond is'®

A
P(my,t,T) = E, [—T] . (67)
Ay
T T ~
Since Dy = Diexp{ [ (my —0%/2)du+ [ opdZP }, we have
u=t u=t
A D7 ’
ST e FT-) T — oxp —B(T —1t)—~ /(mu —0%/2)du — v / JDdZ?
Ay D"
u=t u=t
(68)
By equation (9),
’ i 1 1 1 i + 1
v ~ ~
/ mydu = / Tidu——mp+—my+— / (M) de—i—— / (M) dzs.
K K K oD K o
u=t u=t u=t u=t
(69)

'""We use Ej[o] as a shorthand notation for "the conditional expected value at time ¢.” It is
calculated based on the current values of the state variables and the belief that the state variables
evolve according to equations (14)—(16), i.e. the same information and beliefs that the representative

consumer uses in his maximization of the Markovian problem.

33



Furthermore, the solution to equation (9) is

T T

g
u=t u=t P
T
[ (et one) g -

u=t

Inserting equation (70) into equation (69), we have

_ —k(T—t)
/ mydu = / (1 — e *T=%))dy + (%) my

T T
(e g (1) (s
oD Os

u=t u=t
(71)

The result follows from inserting equation (71) into equation (68) and taking expec-

tations.

Proof of Proposition 8
Taking the derivative w.r.t. 7,7 in equation (27) we have

OTP(t,Tar)

G = e (et o), (72)

and the result follows.

Proof of Proposition 9
(a): The result follows directly from equation (27).
(b): The result follows from inserting v; = v into equation (27) and taking the

derivative w.r.t. og:

— o KTM
OTP(t, ) _ <1 e ) vy (73)

Do K 0o’
From Proposition 5, we know that if ¢ = 0, then 8v+ > 0, with equality if and only
if pZD =1 and k0%, + o,p > 0.
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(c): In the steady state, the derivative of the term premium w.r.t. ¢ is given by

OTP(t,Tm) o (1—e "M\ Juy
o0 ! K 29

From Proposition 4, we know that 8“* < 0if ¢ > 0, and the result follows.

Proof of Proposition 11
Since, in equilibrium, ¢,, = D,, for all w, the value function of the representative

consumer is given by

f Dy —1
J(Dy,my, t) = B / e~ Alw=1) — | dw|. (74)
=t v
We have that
Dy, = D;exp /(m — 0%,/2)du + / opdZP % . (75)
u=t u=t

Therefore, it follows that

T 1y
/ Bt (Pw =1 0
-~
w=t
D , , ’ . -
14 6xXp (_ﬁ (1- )UD/ )( —t)+(1— mydu + (1 — opdZt
w=t u=t u=t

_ —Blr—)
_1i7(1 66 ) (76)

By an argument similar to the one we used in the proof of Proposition 7, we have

that
v b 1 — e—H(w—t)
/ mydu = / (1 — e =) qy + <+> my
u=t u=t
9 —k(w—u) o —k(w—u)
+/ (1—6 > <vu+PMDUuUD>dZ?+/ <1—e ) <UU+¢U“US>dZSL.
K op R Os
u=t u=t

(77)
The result follows from inserting equation (77) into equation (76) and taking expec-

tations.
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