
s ta t i c  a t t r a c t io n  b e tw e e n  o p p o s ite ly  c h a rg e d  g ro u p s  in  n e ig h b o u r in g  

m o lecu les  is  a n  im p o r ta n t  f a c to r  in  th e  s t r e n g th  o f  t h e  g lu te n  n e tw o rk .

T h e  u p w a rd  b e n d  o f  th e  re lo a d in g  c u rv e  u p  to  th e  p o in t  w h e re  flow  

(i e th e  r a p tu r e  o f  f u r th e r  lin k s )  o c c u rs  is  p r o b a b ly  m a in ly  d u e  to  th e  

i r r e g u la r i ty  o f  a s s e m b ly  o f  th e  e la s t ic  m e m b e rs , b u t  m a y  a lso  in d ic a te  

t h a t  in d iv id u a l  c h a in s  a re  a p p ro a c h in g  t h e  l im it  t o  w h ic h  th e y  c a n  b e  

cx  te n d e d .
E v id e n c e  h a s  b e e n  o b ta in e d  t h a t  th e  s t a r c h  p a s te  p e n e t r a t i n g  th e  g lu te n  

n e tw o rk  h a s  a  “ y ie ld  v a l u e ” , in  c o n s e q u e n c e  o f  w h ic h  th e r e  is  e la s tic  

h y s te re s is  e v e n  w h e n  th e  cy c le  is  c a r r ie d  o u t  s lo w ly  e n o u g h  to  a v o id  e la s tic  

a f te r-e ffe c t.

9 4  R . K . S c h o f ie ld  a n d  G . W . S c o t t  B la i r
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T he Q uantum  T heory  of A tom ic P o larization  

I —P olarization  by a U nifo rm  F ield  

By  R. A. B u c k in g h a m , B .A ., Q u een 's  U n iv e r s ity , B e lfa s t  

{C o m m unica ted  by J. E .  L e n n a rd -J o n e s , F .R .S .— R eceived  29 D ecem ber  1936

1— I n t r o d u c t io n

T w o p ro b le m s  o f  a to m ic  e n e rg y , th e  e n e rg y  o f  p o la r iz a t io n  o f  a n  a to m  in  

a  p la n e  e le c tro s ta t ic  fie ld  a n d  th e  e n e rg y  o f  in te r a c t io n ,  o r  v a n  d e r  W a a ls  

e n e rg y , o f  tw o  d i s t a n t  a to m s , a re  p a r t ic u la r ly  s u i te d  to  a t t a c k  b y  a p p r o x i­

m a te  m e th o d s . I n  e a c h , th e  d is tu rb in g  fie ld , w h e th e r  t h a t  o f  th e  s ta t ic  fie ld  

o r  o f  th e  d i s ta n t  a to m , is sm a ll in  c o m p a r iso n  w i th  th e  in te r n a l  fie ld s a c t in g  

o n  th e  e le c tro n s  o f  th e  a to m ic  s y s te m , a n d  so th e  s t a n d a r d  m e th o d s  b y  w h ic h  

q u a n tu m  m e c h a n ic s  d e a l w ith  sm a ll d is tu rb a n c e s ,  n a m e ly  th e  p e r tu r b a t io n  

a n d  v a r ia t io n  m e th o d s , c a n  b e  a n d  h a v e  b e e n  su c c e ss fu lly  a p p lie d  to  th e se  

p ro b le m s . T h o u g h  th e  p e r tu r b a t io n  m e th o d , s t r ic t ly  a p p lie d , is th e  m o re  

a c c u ra te , s in ce  i t  ta k e s  in to  a c c o u n t th e  p o ss ib le  e x c ite d  s ta te s  o f  th e
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The Q uantum  Theory oj A tom ic Polarization 9 5

s y s te m , i t s  u s e fu ln e s s  is  r e s t r i c t e d  t o  a to m s  o f  s im p le  s t r u c tu r e ,  a n d  h a v in g  

r e la t iv e ly  s im p le  w a v e  f u n c t io n s .  G e n e ra l ly  s p e a k in g  t h e  v a r i a t i o n  m e th o d s ,  

w h ic h  r e q u ir e  a  k n o w le d g e  o f  t h e  u n p e r tu r b e d  s t a t e  o f  th e  s y s te m  o n ly , a re  

m o re  s u i ta b le  fo r  l a r g e r  a to m s ;  ig n o ra n c e  o f  t h e  e x c i t e d  s t a t e s  is  la rg e ly  

c o m p e n s a te d  fo r  b y  e x p re s s in g  th e  p e r t u r b e d  w a v e  fu n c t io n s  in  t e r m s  o f  

p a r a m e te r s ,  w h ic h  a r e  t h e n  c h o s e n  to  m a k e  t h e  t o t a l  e n e r g y  a  m in im u m .

A s o n e  w o u ld  e x p e c t ,  t h e  a to m s  o f  h y d r o g e n  a n d  h e l iu m  h a v e  b e e n  s tu d ie d  

m o s t  fu l ly ,  t h e  p e r t u r b a t i o n  th e o r y  b e in g  u s e d  b y  W a n g , E is e n s c h i tz  a n d  

L o n d o n , a n d  L e n n a r d - J o n e s ,  a n d  v a r i a t i o n  m e th o d s  b y  A ta n a s o f f ,  H a s s e ,  

S la te r  a n d  K irk w o o d ,  P a u l in g  a n d  B e a c h . f  O w in g  to  t h e  f i r s t  o r d e r  S t a r k  

e ffe c t, t h e  c a lc u la te d  p o la r i z a b i l i ty  o f  t h e  h y d r o g e n  a to m  c a n n o t  b e  c o m ­

p a r e d  w i th  e x p e r im e n t ,  b u t  t h e  c a lc u la te d  v a lu e  fo r  h e l iu m  a g re e s  w e ll in  

m o s t  c a se s  w i th  t h a t  o b s e r v e d .  T h e  v a n  d e r  W a a ls  e n e r g y  o f  tw o  h y d ro g e n  

a to m s  g iv e n  b y  P a u l in g  a n d  B e a c h  in c lu d e s  a c c u r a te  v a lu e s  n o t  o n ly  o f  t h e  

u s u a l  d ip o le -d ip o le  t e r m ,  w h ic h  v a r ie s  a s  1 b u t  a ls o  o f  t h e  d ip o le -  

q u a d r ip o le  a n d  q u a d r ip o le - q u a d r ip o le  te r m s ,  v a r y in g  a s  1 1

re s p e c t iv e ly .

T h e  m o s t  a c c u r a te  c a lc u la t io n  o f  t h e  d ip o le -d ip o le  t e r m  fo r  tw o  h e liu m  

a to m s  is  p r o b a b ly  t h a t  o f  H a s s e  (1930 , 1931), a n d  t h e  h ig h e r  o r d e r  te r m s  

h a v e  b e e n  e s t i m a te d  b y  M a r g e n a u  (1 931 ).

T h e  t r e a t m e n t  o f  l a r g e r  a to m s  h a s  b e e n  la rg e ly  d e v o te d  to  o b ta in in g  a  

r e la t io n  b e tw e e n  t h e  d ip o le -d ip o le  c o n s t a n t  c ( th e  v a n  d e r  W a a ls  e n e r g y  

b e in g  — cjR6) a n d  t h e  p o la r iz a b i l i ty  I t  w a s  s t a r t e d  b y  L o n d o n  (1930), 

w h o  d e d u c e d  t h a t  fo r  tw o  s im ila r  a to m s

c =  (c o n s t .)

w h e re  I  is  t h e  io n iz a t io n  p o te n t i a l .  T h e  u s e  o f  th e  v a r i a t io n  m e th o d  b y  

S la te r  a n d  K ir k w o o d  (1 931 ) s u g g e s te d  t h a t

c =  (c o n s t.)  Noc-,

w h e re  N  is  t h e  n u m b e r  o f  e le c t ro n s  in  t h e  o u te r  sh e ll, a n d  th o u g h  th e i r  w o rk  

w a s  r e s t r i c t e d  m a in ly  to  h y d ro g e n ic  w a v e  f u n c t io n s  a n d  f u n c t io n s  w i th o u t  

n o d e s , t h e  m e th o d  w a s  l a t e r  m o d if ie d  b y  K irk w o o d  (1 932 ) to  in c lu d e  a n y  

ty p e  o f  w a v e  f u n c t io n .  A  d if f e r e n t  l in e  o f  a p p r o a c h  w a s  fo llo w e d  b y  V in ti  

(1 9 3 2 ), w h o  u s e d  th e  K u h n - R e ic h e  s u m  ru le  to  s im p lify  th e  s e c o n d  o rd e r  

t e r m s  o f  t h e  p e r tu r b a t io n  th e o r y  ( th e  f i r s t  o r d e r  t e r m s  v a n is h  in  th e s e  

p ro b le m s ) , s h o w in g  a t  t h e  s a m e  t im e  t h a t  t h e  a s s u m p t io n s  m a d e  w e re

f  F o r  t h e  t r e a t m e n t  o f  H : W a n g  ( 1 9 2 7 ) ;  E i s e n s c h i t z  a n d  L o u d o n  ( 1 9 3 0 ) ;  L e n n a r d -  

J o n e s  ( 1 9 3 0 a ) ;  P a u l i n g  a n d  B e a c h  (1 9 3 5 ) .  F o r  H  a n d  H e :  H a s s e  (1 9 3 0 , 1 9 3 1 ) ;  

S l a t e r  a n d  K i r k w o o d  (1 9 3 1 ) . F o r  H e :  A t a n a s o f f  (1 9 3 0 ) .
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96 R . A . B u c k in g h a m

im p lie d  a lso  in  K irk w o o d ’s v a r ia t io n  m e th o d . *U sing th e  s a m e  id e a , H e ll-  

m a n n  (1935) w a s  a b le  to  e x te n d  th e  r e s u l ts  o f  V in t i  a n d  K irk w o o d , b y  

t r e a t in g  th e  e le c tro n s  o f  e a c h  a to m  n o t  a s  a  s in g le  g ro u p  b u t  a s  a  n u m b e r  

o f  shells , w h ic h  in  th e  v a r ia t io n  m e th o d  c o r re s p o n d s  to  t h e  u se  o f  se v e ra l 

p a ra m e te r s  in s te a d  o f  o n e , a n d  b y  in c lu d in g  th e  P a u l i  P r in c ip le .

I n  th is  p a p e r , K irk w o o d ’s v a r ia t io n  m e th o d  is  u s e d  th r o u g h o u t ,  w i th  one  

o r  m o re  p a ra m e te r s  a n d  w ith  in c lu s io n  o f  e le c tro n  e x c h a n g e , a n d  fo rm u la e  

d e r iv e d  fo r  th e  p o la r iz a b i l i ty  o f  a to m s  w i th  a n y  n u m b e r  o f  e le c tro n s . T h e  

re s u lts  a re  s o m e w h a t m o re  g e n e ra l  t h a n  th o s e  o f  H e l lm a n n . C a lc u la tio n s  a re  

th e n  m a d e  w ith  th e  a v a ila b le  w a v e  fu n c t io n s  o f  th e  r a r e  g a s  a to m s  a n d  a lk a li  

io n s , a n d  th e  re s u lts  c o m p a re d  w i th  e x p e r im e n t  a s  f a r  a s  p o ss ib le . I n  a  

s ec o n d  p a p e r , th e  v a n  d e r  W a a ls  e n e rg y  o f  a to m s  w ill b e  c o n s id e re d .

2— E n e r g y  o p  P e r t u r b a t i o n

W e sh a ll b e g in  b y  d e r iv in g  a n  e x p re s s io n  fo r  th e  in c re a s e  in  e n e rg y  o f  a n  

a to m  c o n ta in in g  N  e le c tro n s  w h e n  s u b je c t  to  a  sm a ll  p e r tu r b in g  fie ld . W e  

sh a ll a s su m e  t h a t  th e  e le c tro n ic  s y s te m  is  in  a  n o n -d e g e n e ra te  s t a t e  w h ic h  

can  b e  a d e q u a te ly  re p re s e n te d  b y  a  w a v e  fu n c t io n  in v o lv in g  th e  s p a c e  a n d  

sp in  c o -o rd in a te s  o f  th e  e le c tro n s  o n ly . T h u s  i f  t h e  u n p e r tu r b e d  w a v e  

fu n c tio n  is W, a n d  i t s  c o m p le x  c o n ju g a te  is  W *, t h e  e n e rg y  o f  th e  s y s te m  is 

g iv e n  b y

E W*HWdT ( 2 - 1)

whe r e  # = f  +
P= 1

Vp b e in g  th e  p o te n t ia l  e n e rg y  o f  th e  _pth e le c tro n , e x p re s s e d  a s  a  fu n c t io n  

o f  th e  sp ac e  c o -o rd in a te s  o f  th e  p th . e le c tro n  o n

o p e ra to r  fo r  th e  sam e  e le c tro n . T h e  in te g r a t io n  is  c a r r ie d  o u t  o v e r  th e  co ­

o rd in a te  sp a c e  o f  e v e ry  e le c tro n .

\ \  h e n  a n  e x te r n a l  fie ld  is a p p lie d  to  th e  s y s te m , le t  u s  su p p o se  to  be  

in c re a s e d  b y  a  sm a ll a m o u n t  vpto  Vp + vp . H  is t

H  + v, w h e re  v = E vp, a n d  a t  th e  s a m e  t im e  th e  f u n c t io n  W  is  c h

'E + &, w h e re  0 * 0  is o f  th e  o rd e r  o f  m a g n i tu d e  o f  y2. T h e  e n e rg y  o f  th e  

p e r tu rb e d  s ta te  is th e n

( ( xF *  + & * ) ( H  + v ) { W + 0 ) d T

E  + h — —— ------------------- 5 (2*2)

J  (W*+ &*)('?+&) dr

 D
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The Q uantum  Theory o f A tom ic Polarization 97

h b e in g  th e  e n e r g y  o f  p e r t u r b a t i o n  w e  w is h  t o  e v a lu a te .  N o w in  t h e  p ro b le m s  

to  b e  d is c u s s e d  l a t e r ,  v  a n d  0 * 0  a r e  o d d  f u n c t io n s !  o

o r d in a te s ,  a n d  a  n u m b e r  o f  in te g r a l s  in  (2-2) v a n is h ,  in c lu d in g

H e n c e

E  +  h

w h e re

j V w d r ,  j  &*v&dT,jw*&dT, J .

1 r  j ( 0 * 0  +  0 * W ) v d T +  | \ w  (2-3)

(  0 * 0  d r , b =  ( 0 * 0 d T .

a  +  b

B y  t r a n s f o r m in g  t h e  in te g r a l  c o n ta in in g  V 2 b y  G r e e n ’s T h e o re m , so  t h a t  

t h e  s u r fa c e  in te g r a l  v a n is h e s  o v e r  t h e  in f in i te  b o u n d a r y ,  a n d  b y  n e g le c t in g  

t e r m s  in  v4 a n d  h ig h e r  p o w e rs  o f  v ,and  a lso  t e

w e  f in d  t h a t

a ^ 0 * V p 0 d T  -  b j  0 * V p 0 d r , (2-4)

h  =  ^ j ( T * 0  + 0 * W ) v d T

+  \ a  2  J g r a d p 0 * . g r a d p 0  d r  -  ^ J g r a d p 0 * . g r a d p d r  J . (2-5)

T h e  e x p re s s io n  fo r  h  g iv e n  b y  K ir k w o o d  a n d  H e l lm a n n  is  s l ig h t ly  d if f e r e n t  

f r o m  (2-5), b u t  fo llo w s  im m e d ia te ly  f ro m  i t  w h e n  0  is  r e p la c e d  b y  

p r o v id e d  t h a t  w e  c a n  n e g le c t  t e r m s  o f  t h e  t y p e

J*g radp lF * . g r a d  pu 2X0  d r  — ^  0* jg r a

h  — ^  ^ 0 * { 2 u v  + | 2  (gradp-M.2)}

W e  th e n  o b ta in

( 2 -6 )

(2-7)

B o th  (2*5) a n d  (2*7) w ill b e  u s e d  in  th e  a p p l ic a t io n s  w h ic h  fo llo w , a n d  w e 

s h a ll  a s s u m e  t h a t  t h e  te r m s  o f  w h ic h  (2-4) a n d  (2*6) a r e  ty p ic a l  a re  s m a l l !  

in  c o m p a r is o n  w i th  o th e r  t e r m s  o f  t h e  o r d e r  o f  v2.

f  T h e  s ig n  o f  t h e  f u n c t i o n  is  c h a n g e d  i f  t h e  c o - o r d i n a t e s  o f  a n y  e l e c t r o n  a r e  

r e v e r s e d  i n  s ig n .

J  I t  c a n  b e  s h o w n  t h a t ,  w h e n  W  is  r e a l  a n d  s a t i s f i e s  t h e  S c h r o

t h e  a t o m  e x a c t l y ,  K i r k w o o d ’s  r e s u l t  (2 -7 )  h o ld s  w i t h o u t  a p p r o x i m a t i o n .  T h i s  s u g g e s t s  

t h a t  w h e n  W c a n n o t  b e  w r i t t e n  in  t h e  f o r m  t h e  n e g l e c t  o f  t h e  t e r m s  c o r r e s p o n d in g

t o  (2 -4 )  a n d  (2 -6 )  is  i n  f a c t  j u s t i f i e d .  I t  is  i n t e n d e d  t o  e x a m i n e  t h e s e  t e r m s  i n  a  l a t e r  

p a p e r .

Vol CLX—A. H
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98 R . A . B u c k in g h a m

3— P o l a r iz a t io n  b y  a  U n i f o r m  F i e l d

T h e  re s u lts  o f  § 2 w ill f ir s t b e  a p p l ie d  to  th e  in c re a s e  in  e n e rg y  o f  a n  a to m  

in  a  u n ifo rm  p la n e  e le c tro s ta t ic  fie ld . L e t  u s  a s s u m e  t h a t  th e  w a v e  fu n c tio n  

o f  th e  a to m  w h e n  th e  e le c tro s ta t ic  fie ld  is  a b s e n t ,  is  th e  d e te r m in a n t

¥  = $*1^*2 ••• ••• f* N

^/?2 • * •. . .  xj

i v i i v z  ••• • • • ^NN

(3-1)

w h e re  xj/a p , xjfpp, ^rvpa re  th e  w a v e  fu n c t io n s  o f

s ta te s  o f  th e  a to m , th e  G re e k  su ffix  b e in g  a n  a b b r e v ia t io n  fo r  th e  fo u r  

q u a n tu m  n u m b e rs  n , l, m , s, o f  th e  s ta t e ,  a n d  th e  i ta l ic  su ffix  in d ic a t in g  

th e  e le c tro n  w h o se  c o -o rd in a te s  a re  in s e r te d .  T h e  s a re  a s s u m e d  to  in c lu d e  

th e  s p in  fu n c tio n  a s  a  fa c to r , to  b e  o r th o g o n a l  a n d  e a c h  to  b e  n o rm a liz e d  to  

u n i ty .  I f  ¥ *  is th e  c o n ju g a te  c o m p le x  o f  th e n

a  =  ^ W * ¥ d r  =  JV!

i f  th e  in te g ra t io n  is c a r r ie d  o u t  o v e r  th e  c o -o rd in a te  s p a c e  o f  e v e ry  e le c tro n . 

¥  a lso  sa tis f ie s  th e  P a u l i  E x c lu s io n  P r in c ip le  a n d  p e r m its  a n y  p a i r  o f  

e le c tro n s  to  e x c h a n g e  p la c e s  f re e ly .

W h e n  th e  a to m  is s u b je c te d  to  a n  e x te r n a l  fie ld  th e  x/r’s a re  c h a n g e d . I t  

is c o n v e n ie n t to  e x p re s s  th e  p e r tu r b e d  f u n c t io n  c o r re s p o n d in g  to  xj/ pv w h ich  

c o n ta in s  th e  c o -o rd in a te s  o f  th e  p t h  e le c tro n , in  th e  fo rm

f Pv ( l + f{ r v ) v p )

w h e re  vp is th e  in c re a se  in  th e  p o te n t ia l  e n e rg y  o f  th e  p t h  e le c tro n  a n d / (

is a  p o ly n o m ia l fu n c tio n  of i t s  r a d ia l  c o -o rd in a te . A s a  f ir s t  a p p ro x im a tio n  

w e sh a ll t a k e / ( r p ) =  A, a  c o n s ta n t  fo r  a ll  v a lu e s  o f  a n d  jp. T h e  p e r tu r b e d  

w av e  fu n c tio n  of th e  w h o le  a to m  is th e n  o b ta in e d  b y  re p la c in g  in  th e  

d e te r m in a n t  ¥  b y  xjrpp{ \ + Avp ) a n d  th e re fo re , i f  o n ly  l in e a r  t e rm

re ta in e d , i t  is

^ ( l + A v ) ,

w h e re  v  =  Z v p . T h is  fu n c tio n  is lik ew ise  a n t is y m m e tr ic a l  in  th e  e le c tro n  

c o -o rd in a te s , a n d  so sa tis fie s  th e  P a u l i  P r in c ip le .

I  he  e n e rg y  of p e r tu r b a t io n  is n o w  g iv e n  b y  (2*7); in s e r t in g  

u  =  \ v ,  w e h a v e

jradpV)2} W d r. (3-2)
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The Q uantum  Theory o f A tom ic Polarization 9 9

L e t  r pb e  t h e  p o s i t io n  v e c to r  o f  t h e  p t h  e le c t ro n ,  a n d  F  a  c o n s ta n t  v e c to r  

r e p r e s e n t in g  t h e  e le c t r o s ta t i c  fie ld . T h e n  in  a to m ic  u n i t s ,  t h e  fie ld  p e r tu r b in g  

th e  p t h  e le c t r o n  is  vp =  — F . r pa n d  so

» =  — I ( F . r p ). (3-3)
35=1

W ith  th i s  e x p re s s io n  fo r  v, (3-2) c a n  e a s i ly  b e  r e d u c e d  to  a  s u m  o f  s im p le  

in te g r a l s  in v o lv in g  o n e  e le c t r o n  w a v e  f u n c t io n s  o n ly . A s th i s  p a r t  o f  th e  

p ro c e s s  is  lo n g  i t  is  o m i t t e d  h e re ,  t h o u g h  f u r t h e r  d e ta i l s  o f  th i s  a n d  s im ila r  

r e d u c t io n s  w h ic h  a r is e  l a t e r  w ill b e  f o u n d  in  a n  a p p e n d ix .  W e  f in d  t h a t ,  a f t e r  

a v e r a g in g  fo r  a l l  o r i e n ta t io n s  o f  t h e  a to m  r e la t iv e  to  t h e  d i r e c t io n  o f  t h e  

e x te r n a l  fie ld ,

h  =  F 2 (%XB2 +  ^ N  (3-4)

w h e re  B 2 = ^ { B 2)p

p

a n d  ( B 2)p =  ( r 2)pp-  £  {{x)ap{x)p(y + { z ) a
crA=p

T h e  q u a n t i t y  (r2)pp is  t h e  a v e r a g e  v a lu e  o f  r 2 w i th  r e s p e c t  t o  t h e  c h a rg e  

d e n s i ty  ^  , i.e .

{r2)pp =J f*pr 2\

I t  is  i n d e p e n d e n t  o f  t h e  e le c t r o n  c o n s id e re d  a n d  so  t h e  e le c tro n ic  su ffix  is 

o m i t te d .  T h e  o th e r  t e r m s  in  ( B 2)p a r e  e x c h a n g e  in te g r a ls ,  o f  w h ic h

(x)<rP =

is  ty p ic a l .  T h e s e  in te g r a l s  a r e  d is c u s s e d  in  d e ta i l  in  § 3 a .

W e  see  t h a t  e x p re s s io n  (3-4) fo r  h  c o n ta in s  t h e  u n k n o w n  p a r a m e te r  A, 

w h ic h  m u s t  b e  c h o s e n  to  m a k e  t h e  e n e r g y  a  m in im u m . A c c o rd in g ly  w e  

in t r o d u c e  th e  c o n d i t io n  d h /d X  =  0  w h ic h  g iv e s  A =  — 2 B 2/ 3 N  a

h min.

2 F 2

9 ~N
( B 2)2.

T h e  q u a n t i t y  o f  p r a c t ic a l  im p o r ta n c e  is  t h e  a to m ic  p o la r iz a b i l i ty  a  d e f in e d  

b y  ^ mln =  — \ c t F 2 a n d  th e re fo re  g iv e n  b y

cc = (3-5)

in  a to m ic  u n i ts .

I n  d e r iv in g  (3-5) i t  w a s  a s s u m e d  t h a t  e a c h  w a v e  fu n c t io n  is p e r ­

tu r b e d  in  th e  s a m e  d e g re e , d e te r m in e d  b y  th e  p a r a m e te r  A. T h is  is u n lik e ly

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



100 R . A . B u c k in g h a m

to  be  a c c u ra te , i f  o n ly  b e c a u s e  e le c tro n s  in  th e  in n e r  sh e lls  a r e  sh ie ld e d  b y  

th o s e  in  th e  o u te r  fro m  a  p e r tu r b in g  fie ld  a c t in g  f ro m  w ith o u t ,  a n d  so w e 

w ill c o n s id e r th e  e ffec t o f  u s in g  a  d if fe re n t p a r a m e te r  fo r  e a c h  e le c tro n ic  

w a v e  fu n c tio n . T h u s  le t  u s  n o w  a s s u m e  th e  p e r tu r b e d  fo rm  o f  f pp to  be  

i/r ( 1 + X  pvp )w h e re  Xp is a  d if fe re n t c o n s ta n t  fo r  e a c h  s

T h e  p e r tu r b e d  w a v e  fu n c t io n  o f  th e  a to m , o b ta in e d  b y  re p la c in g  ijspp in  

W  (3 T ) b y  Wpp( l  + X pvp ) n o w  b e c o m e s , w h e n  o n ly  l in e a r  te r m s  in  vp a re  

r e ta in e d ,
W + 0 ,

\

w h e re  &  =  ^ X p ^ f ppDppvp , Dpp b e in g  th e  f ir s t  m in o r  o f  ij/pp in  th e  d e te r -
p p

m in a n t  W. &  is  n o  lo n g e r  a  s im p le  m u lt ip le  o f  a n d  so  e q u a t io n  (2-5) fo r  

th e  e n e rg y  o f  p e r tu r b a t io n  m u s t  b e  u s e d  in s te a d  o f  (2 • 7). H o w e v e r , th is  d o es  

n o t  a ffe c t th e  a c c u ra c y  o f  th e  f in a l r e s u l t ,  a s  in  th e  c o u rse  o f  r e d u c t io n  to  

s im p le  in te g ra ls  w e n e g le c t c e r ta in  te r m s  c o m p a ra b le  w i th  (2*6). A f te r  

a v e ra g in g  fo r  a ll  o r ie n ta t io n s  o f  t h e  a to m  a s  b e fo re , w e  o b ta in  in  p la c e  

o f  (3-4)

h  =  * '22 m p( I t X  +  W},(3-6)
p

a n d  w h e n  th e  p a ra m e te r s  a re  c h o se n  to  m a k e  h  a  m in im u m ,

P

a n d  “  =  ! 2 W ? >  (3-7)
P

w h e re  th e  s u m m a tio n  fo r  p  in c lu d e s  a ll th e  o c c u p ie d  e le c tro n ic  s ta te s ,  f  

A s a  f u r th e r  re f in e m e n t w e s h a ll  t a k e  th e  p e r tu r b e d  fo rm  o f  ijrpp to  b e j

ftpp{l + X p vp ( l + / i prp )},

t  B y  a p p ly in g  t h e  K u h n - R e ic h e  s u m  r u l e  t o  t h e  s e c o n d  o r d e r  t e r m s  o f  t h e  

p e r t u r b a t i o n  t h e o r y ,  H e l lm a n n  (1 9 3 5 )  o b t a i n s  t h e  fo l lo w in g  e x p r e s s io n s  f o r  a :

a  =  4  S  ( « % { ( * % -  S  | ( z ) ?;, | 2}.

D if f e r e n t  o r i e n t a t i o n s  o f  t h e  a t o m  r e l a t i v e  t o  t h e  e x t e r n a l  f ie ld  a r e  n o t  c o n s id e r e d .  
W Iron w r i t t e n  in  t h e  s n in e  w sty  (3*7) b e c o m e s

a  =  4 S  { ( * * ) „ -  S  | | 2}2.

I t  is  n o t  c le a r  w h y  t h e  tw o  r e s u l t s  s h o u ld  d i f f e r .

+ I n  d e a h n g  w i t h  H e ,  H a s s e  (1 9 3 0 )  s h o w e d  t h a t  f o r  t h e  i n t r o d u c t i o n  o f  t h e  l i n e a r  

t e r m  o f t h e  p o ly n o m ia l  f ( r v ) i m p r o v e d  t h e  c a l c u l a t e d  v a lu e  o f  t h e  p o l a r i z a b i l i t y  

c o n s id e r a b ly .  T h e  h ig h e r  p o w e r s  o f  r p w e r e  f o u n d  t o  h a v e  a  n e g l ig ib le  e f f e c t .
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The Q uantum  Theory o f A tom ic Polarization 101

w h e re  p p , l ik e  , is  a  d i f f e r e n t  c o n s t a n t  fo r  e a c h  w a v e  f u n c t io n .  T h e  a n a ly s is  

is  s c a rc e ly  a f fe c te d  a n d  y ie ld s  t h e  r e s u l t

h  — +  +  +% hp{r )p p + 2 tt'2p(r2)(3*8)
p

w h e re  ( R 3)p =  {r3)pp -  £  { ( r x ) ^ ) ^  +  { r y ) ^ ) ^  +
cr=¥p

a n d  ( R 2)pis  t h e  s a m e  a s  in  (3-4). T h e  m in im u m  v a lu e  o f  h g iv e s  fo r  t h e

p o la r iz a b i l i ty

« =  h 2(-K 2)? ( i + 4»). (3-9)

1 + ^ /9

( m i  4

2 ( r % p( R %  3 (r*)pp(R * )p

i _8 (fflp_

9 ( r \ P

(3-10)

T h e  q u a n t i t y  A p , w h ic h  m a y  b e  r e g a r d e d  a s  a  c o r r e c t io n  to  t h e  m u c h  

s im p le r  fo r m u la  (3*7), is  s h o w n  in  § 4 6  to  b e  im p o r t a n t  fo r  t h e  l ig h te r  a to m s .

3 a -— E v a lu a t io n  o f  In te g ra ls

T h e  fu n c t io n s  (_R2)p a n d  ( R 3)p w h ic h  o c c u r  in  fo r m u la e  (3*5), (3-7) a n d  

(3 T 0 )  fo r  t h e  a to m ic  p o la r iz a b i l i ty  c a n  e a s i ly  b e  e v a lu a te d  o n c e  t h e  e le c tro n ic  

w a v e  fu n c t io n s  a r e  k n o w n . W e  h a v e  d e f in e d

( R 2)p =  (r2)pp -  J  {{x)p,p 

p '+ p

in  w h ic h  p , p '  a r e  w r i t t e n  s h o r t ly  fo r  t h e  q u a n tu m  n u m b e r s  n , l, s , a n d  

n ',  l ',  m ',  s ' ,  r e s p e c t iv e ly  a n d

C P )pp =  J f tpd r ,  

ijrp is  u s u a l ly  e x p re s s e d  in  s p h e r ic a l  p o la r  c o -o rd in a te s  in  t h e  fo rm  

(27t )_* R(nl| r) P \m<[(cos  6) e1™^x s p in  f u n c t io n ,  w h e re  is th e  r a d ia l

w a v e  fu n c t io n ,  n o rm a liz e d  to  u n i ty ,  a n d  P \ m 1 (cos 6) t h e  a s s o c ia te d  L e g e n d re  

fu n c t io n .  T h e  a n g u la r  a n d  s p in  f a c to r s  o f  (r2)pp , (x )pp>, ( >a n d  (z )pp- c a n

b e  in t e g r a t e d  a t  o n c e , a n d  in c id e n ta l ly  ( v a n is h e s  u n le s s  t h e  q u a n tu m  

n u m b e r s  o f  \Jrp a n d  \Jrp> s a t i s f y

\ l '  — l \  — 1, m ’ — m ,  

l ik e w ise  {x)pp>, (y )pp' v a n is h  u n le s s

\ l ' — Z | =  1, \ m ' — m  | =  1, s ' =  s.
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102
R . A . B u c k in g h a m

T h e  in te g ra t io n  fo r  r  in t ro d u c e s  in te g ra ls  o f  th e  ty p e s

, n T
r P ( n l | r) P ( n T  | r) dr,

(*i U - - J / V >(« » I" ) ]2* ’ <r >«*

w h e re  P (n l  | r) =  r . R ( n l  \ r)  a n d  w e f in d  e v e n tu a l ly  t h a t  fo r  a n  a to m  con- 

ta in in g  c o m p le te  ( n ,l) s u b g ro u p s ,

( R 2)nlm s =  (r *)nl, n ~~ 2 (

w h e re  crnl is a  fu n c t io n  w h o se  fo rm  d e p e n d s  u p o n  t h e  a z im u th a l  q u a n tu m  

n u m b e r  l, b u t  is  in d e p e n d e n t  o f  th e  m a g n e t ic  a n d  s p in  q u a n tu m  n u m b e rs . 

T h u s , fo r  a n  a to m  c o n ta in in g  c o m p le te  a n d  /  sh e lls :

’ n0  ~~ ̂  2  (r )n 'l,nto ’
n '

n l =  ^ 2  ( ( r )»'0, n l  "b n l} ’

^n2 2 ^  { 2 ( ^ n2 3(v)n'3, ^2}?
n '

6 ^  (^)rt'2, /i3 * 
n '

y (3-12)

T h e  ra n g e  o f  n 'in th e s e  su m s  d e p e n d s  u p o n  th e  v a lu e  o f  l ' ( e i th e r  0 ,1 ,  2

a s s o c ia te d  w ith  n ', b u t  i t  in c lu d e s  e v e ry  o c c u p ie d  s u b g ro u p

q u a n tu m  n u m b e rs  n ', V .

T h e  te rm s  ( R z)p a re  t r e a t e d  s im ila r ly , a n d  w e  f in d

(R ‘i)nlms
2( 21+ 1)

r n l 5
(3-13)

w h e re  r nlis  s im p ly  r e la te d  to  crn l, a s  i t  is  o n ly  n e c e s s a ry  to  re p la c e  (r)*T> 

w h e re  i t  o c cu rs  in  <rnl b y  th e  p r o d u c t  ( r2)nr> nl (r)nT> . F o r  e x a m p le

T nl)n'0, nl (̂ )n'O. nl d "  2(r }•

n'

W h e n  th e  a to m  c o n ta in s  in c o m p le te  s u b g ro u p s , i t  is  n e c e s s a ry  f ir s t  to  

c o n sid e r w h e th e r  th e  e le c tro n ic  c o n f ig u ra t io n  is  d e g e n e ra te  a n d , i f  so , 

w h e th e r  th e  p re v io u s  a rg u m e n t  n e e d s  to  b e  m o d if ie d . H o w e v e r , i f  a n  s  sh e ll 

is  in c o m p le te , a s  in  th e  a lk a li  a to m s , n o  m o d if ic a tio n  is  r e q u ir e d  o th e r  t h a n  

t h a t  th e  c o n tr ib u t io n  o f  t h a t  sh e ll to  th e  cr a n d  r  te rm s , a s  d e f in e d  b y  (3-12), 

sh a ll b e  h a lv e d .

T h e  se lf -c o n s is te n t a to m ic  fie ld s  c a lc u la te d  b y  H a r t r e e  a n d  o th e r s  p ro v id e  

s u ita b le  fu n c tio n s  P (n l  | r )  f ro m  w h ic h  to  e v a lu a te  ( r2)n/ nZ, e ^c -’ ^

n u m e ric a l in te g ra t io n , a n d  w e c a n  th e re fo re  c a lc u la te  th e  p o la r iz a b i l i ty  

o f  a n y  a to m  o r  io n  fo r  w h ic h  th e  s e lf -c o n s is te n t fie ld  is  k n o w n , p ro v id e d  

p ro p e r  c a re  is  t a k e n  w h e n  th e re  is  a n  in c o m p le te  s u b g ro u p . I t  is  t r u e  t h a t  th e  

H a r t r e e  fu n c tio n s  fo r  th e  s a m e  l b u t  d if fe re n t n  a re  n o t  e x a c t ly  o r th o g o n a l,
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b u t  t h e  e r r o r  is  f o u n d  to  b e  to o  s m a l l  t o  m a k e  i t  n e c e s s a ry  to  d e r iv e  a n  

o r th o g o n a l  s e t .  A  m o re  im p o r t a n t  d i s a d v a n ta g e  is  t h a t  t h e y  n e g le c t  

e le c t r o n  e x c h a n g e  e n t i r e ly ,  a n d  a l th o u g h  t h e  s e lf - c o n s is te n t  f ie ld  e q u a t io n s  

h a v e  b e e n  m o d if ie d  b y  F o c k  to  in c lu d e  e x c h a n g e ,  F o c k  w a v e  fu n c t io n s  h a v e  

a s  y e t  b e e n  c a lc u la te d  fo r  v e r y  fe w  a to m s .  A  c o m p a r is o n  o f  H a r t r e e  a n d  

F o c k  f u n c t io n s  is  m a d e  b e lo w .

36— N u m e r ic a l  R e s u lts  a n d  D is c u s s io n

I n  § 3, th r e e  d if f e r e n t  e x p re s s io n s  fo r  t h e  p o la r iz a b i l i ty  o f  a n  a to m  w e re  

o b ta in e d  b y  p ro g re s s iv e  a p p l ic a t io n  o f  t h e  v a r i a t i o n  m e th o d .  W e  s h a ll  n o w  

d is c u s s  t h e  fo llo w in g  p o in ts  w h ic h  a r is e  in  c o m p a r in g  t h e  p o la r iz a b i l i t ie s  

c a lc u la te d  f ro m  th e s e  fo r m u la e  w i th  e a c h  o th e r  a n d  w i th  e x p e r im e n ta l  

v a lu e s :  th e  e ffe c t o f  e x c h a n g e  o n  t h e  c a lc u la te d  p o la r iz a b i l i t ie s ;  t h e  e ffe c t o f  

in t r o d u c in g  e x c h a n g e  in  t h e  e le c tro n ic  w a v e  f u n c t io n s ; t h e  e f fe c t o f  t h e  m o re  

a c c u r a te  v a r i a t io n  f u n c t io n  le a d in g  to  (3 -9); a n d  K i r k w o o d ’s r e la t io n  

b e tw e e n  p o la r iz a b i l i ty  a n d  m a g n e t ic  s u s c e p t ib i l i ty .  T h e s e  p o in ts  w ill b e  

i l lu s t r a te d  w i th  t h e  h e lp  o f  a v a i l a b le  w a v e  f u n c t io n s  fo r  a to m s  a n d  io n s  w i th  

c o m p le te  s u b g ro u p s .

I t  w a s  s h o w n  a b o v e  t h a t  t h e  f u n c t io n s  ( R 2)p o c c u r r in g  in  (3-5) a n d  (3*7) 

d e p e n d  o n ly  o n  t h e  q u a n tu m  n u m b e r s  n  a n d  l a n d  h e n c e  t h e  s u m m a t io n  

w i th in  e a c h  (n , l) s u b g r o u p  c a n  b e  c a r r ie d  o u t  a t  o n c e . I f  th i s  is  d o n e  a n d  

(3*11) s u b s t i t u t e d  fo r  ( R 2)p,t h e n  (3-5) a n d  (3-7) r e w r i t t e n  in  c .g .s .

r e s p e c t iv e ly

The Q uantum  Theory o f A tom ic Polariza tion  1 0 3

4-fl^

9 ^ [ | W I

4-/7? 1

- q - Z - W 2W - ^ z } 2>
& nl vl

I I

w h e re  a 0 is  t h e  r a d iu s  o f  t h e  f i r s t  B o h r  o r b i t  in  th e  h y d r o g e n  a to m  

(4ajj/9 =  0 -654  x  10-25 c m .3); t h e  t e r m s  ( r2) ^  nl a n d  <rnl a r e  s t i l l  e x p re s s e d  in  

a to m ic  u n i t s .  T h e  s u m m a t io n s  a r e  fo r  a l l  o c c u p ie d  s u b g ro u p s ,  a n d

vt =  2 (2  1 1).

O f  th e s e  r e s u l ts ,  I  w a s  d e r iv e d  f ro m  o n e  p a r a m e te r  o n ly , a n d  s h o u ld  b e  

c o m p a r e d  w ith  t h a t  f o u n d  b y  K irk w o o d , u s in g  fo r  t h e  a to m ic  w a v e  fu n c t io n  

t h e  s im p le  p r o d u c t

T  =  f a l f f i i

w h ic h  t a k e s  n o  a c c o u n t  o f  e le c tro n  e x c h a n g e ;  lik e w ise  w i th  I I  w e  m a y  

c o m p a re  t h e  r e s u l t  o b ta in e d  b y  H e l lm a n n ,  a lso  n e g le c tin g  e x c h a n g e  b u t
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104

u s in g  a  d iffe re n t p a r a m e te r  fo r  e a c h  s u b g ro u p  o f  e le c tro n s . T h e  fo rm u la e  o f 

K irk w o o d  a n d  H e llm a n n , w h ic h  w e w ill d e n o te  b y  I  a , I I  a  re s p e c tiv e ly , a re

R . A . B u c k in g h a m

I a

y n l

I I A

in  th e  sa m e  u n i ts  a n d  n o ta t io n .  I t  w ill b e  s e e n  t h a t  t h e  o n ly  d iffe ren c e  is in  

th e  a b se n c e  o f  th e  te rm s  orn l.

T h e se  fo u r  e x p re ss io n s  fo r  a  e x e m p lify  tw o  g e n e ra l  p r in c ip le s ;  f ir s t ,  t h a t  

th e  in c lu s io n  o f  e le c tro n  e x c h a n g e , w h ic h  is  s im ila r  to  th e  r e m o v a l  o f  a  

c o n s tr a in t  o n  th e  s y s te m , d e c re a se s  t h e  e n e rg y  o f  p e r tu r b a t io n  a n d  th e r e ­

fo re  th e  p o la r iz a b i l i ty . T h u s  th e  v a lu e s  o b ta in e d  f ro m  I  a n d  I I  a re  r e ­

s p e c tiv e ly  less  t h a n  th o s e  o b ta in e d  f ro m  I  a  a n d  I I  a , s in c e  crnl is  a lw a y s  

p o s itiv e . S e c o n d ly , i t  is g e n e ra l ly  t r u e  in  a p p l ic a t io n s  o f  t h e  v a r ia t io n  

m e th o d  w ith  a  g iv e n  fo rm  fo r  th e  p e r tu r b e d  w a v e  fu n c t io n  t h a t ,  a s  m o re  

p a ra m e te r s  a re  in tro d u c e d , th e  c a lc u la te d  e n e rg y  a p p ro a c h e s  th e  e x a c t  

v a lu e  a s  a  lo w er l im it .  T h e  e n e rg y  o f  p o la r iz a t io n  b e in g  n e g a t iv e ,  w e s h o u ld  

e x p e c t  th e  c a lc u la te d  p o la r iz a b i l i ty  to  in c re a s e  m a g n itu d e  a s  th e  n u m b e r  

o f  p a ra m e te r s  is in c re a s e d ; a n d ,  in  f a c t ,  t h e  v a lu e s  g iv e n  b y  I I  a n d  I I  a  a re  

r e s p e c tiv e ly  g re a te r  t h a n  th o s e  g iv e n  b y  I  a n d  I  a . T o  i l lu s t r a te  th e s e  

re m a rk s , th e  k n o w n  H a r t r e e f  fie ld s  o f  N e , A , R b +  a n d  Cs+ h a v e  b e e n  

a p p lie d , a s  su g g e s te d  in  § 3 a ,to c a lc u la te  v a lu e s  o f  a ,  w h

T a b le  I .

T a b l e  I — Ca l c u l a t e d  A t o m ic  P o l a r i z a b i l i t i e s  : ot x  1024

M e th o d  N e

I  W i t h  e x c h a n g e  1 0 -3 4 8

I  a  W i t h o u t  e x c h a n g e )  0 n e  P a r a m e t e r  0 . 7 7 4

I I  W i t h  e x c h a n g e  ) P a r a m e t e r  f o r  0 -5 1 7

I I A  W i t h o u t  e x c h a n g e /  e a c h  s u b g r o u p  0 -9 6 9

T a b le  I  sh o w s t h a t  th e  in c lu s io n  o f  e x c h a n g e  te r m s  in  th e  fo rm u la  fo r  a

m a y  re d u c e  th e  c a lc u la te d  v a lu e  b y  a s  m u c h  a s  50 % .  B e fo re  m a k in g  a n y  

c o m p a r iso n  w ith  e x p e r im e n t  w e m u s t  a lso  c o n s id e r  th e  e ffec t o f  e x c h a n g e  on 

th e  e le c tro n  w a v e  fu n c tio n s , a s  sh o w n  b y  th e  d iffe ren ce  b e tw e e n  H a r t r e e

t  I  a m  i n d e b t e d  t o  D r  J .  M c D o u g a l l  f o r  t h e  u s e  o f  u n p u b l i s h e d  w a v e  f u n c t i o n s  

0 t h e r  H a r t r e e  f ie ld s  h a v e  b e e n  u s e d  a s  f o l lo w s :  A , a  f ie ld  c a l c u l a t e d  b y  

J .  M c D o u g a l l  a n d  R .  A . B u c k in g h a m ;  C s+  ( a n d  a ls o  K + )  f r o m  D .  R .  H a r t r e e  (1 9 3 4 ) ;  

R b +  a n a l y t i c a l  w a v e  f u n c t i o n s  d e r iv e d  f r o m  t h e  H a r t r e e  f u n c t i o n  b y  J .  C . S l a t e r

A R b + C s+

1-49 1-09 1-43

3 -3 8 2 -5 4 4 -3 2

4 -0 9 4 -3 5 8 -4 4

7 -1 6 7 -4 7 16-9

 D
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The Q uantum  Theory o f A tom ic Polarization 1 0 5

a n d  F o c k  fu n c t io n s .  T h e  fe w  F o c k  f u n c t io n s  w h ic h  a r e  k n o w n  in d ic a te  t h e  

c h a n g e  to  b e  e x p e c te d ;  t h u s  D . R . a n d  W . H a r t r e e  (1 9 3 5 ) !  h a v e  a l r e a d y  

p o in te d  o u t  t h a t  in  n o r m a l  B e  t h e  t e r m  ( r2) 20,20 4S a b o u t  12 %  le ss , a n d  in  

N a + ( r2)21 21 is  a b o u t  13 %  le ss  fo r  t h e  F o c k  f ie ld  t h a n  fo r  t h e  H a r t r e e  fie ld . 

I n  C l- , t h e  d e c re a s e  in  ( r2)31 31 is  a s  m u c h  a s  30 % .  T h e  e ffe c t o f  e x c h a n g e  

o n  th e  crnl t e r m s  c a n  b e  e x a m in e d  in  N a + , C l- , a n d  i t  is  f o u n d  t h a t  th e s e  

te r m s  a r e  p r a c t i c a l ly  th e  s a m e  fo r  t h e  F o c k  a n d  H a r t r e e  f ie ld s . T h e  c o r r e ­

s p o n d in g  v a lu e s  o f  a .  1024 c a lc u la te d  f ro m  I I  a r e  a s  fo llo w s :

H a r t r e e F o c k

B e 1 2 0 9*28

N a + 0 1 8 3 0 1 3 4

c i - 16*2 6*9

T h e  u se  o f  F o c k  fu n c t io n s  t h u s  le a d s  t o  a  f u r t h e r  d e c re a s e  in  th e  c a lc u la te d  

p o la r iz a b i l i t ie s ,  a n d  th e r e f o r e  t o  b e t t e r  a g r e e m e n t  w i th  e x p e r im e n t ,  s in c e  

H a r t r e e  f u n c t io n s  a r e  f o u n d  to  g iv e  v a lu e s  w h ic h  a re  to o  h ig h . T h e re  is , 

h o w e v e r , o n e  i m p o r t a n t  e x c e p t io n  to  th i s  g e n e r a l  s t a t e m e n t :  th e  H a r t r e e  

fie ld  fo r  N a +  g iv e s  a  =  0 -1 83  x  10 -24, w h ic h  is  s l ig h t ly  la r g e r  t h a n  th e  

0 T 7  x  10 -24 d e d u c e d  b y  M a y e r  (1 9 3 3 ) f ro m  s p e c tro s c o p ic  d a t a ,  b u t  le ss  t h a n  

th e  0*245 x  10-24 g iv e n  b y  H e y d w e i l le r ’s (1 925 ) m e a s u r e m e n ts  o f  t h e  re -  

f r a c t iv i t i e s  o f  a lk a l i  h a l id e s  in  s o lu t io n .  W e  a r e  th e r e f o r e  le d  t o  c o n s id e r  t h e  

m o re  a c c u r a te  f o r m u la  (3*9) w h ic h , w h e n  w r i t t e n  in  c .g .s . u n i t s ,  is

4/y3 1

^  =  -Q -°2 i7  W r2 U « l “ <rnl}a ( 1 + 4 * /) -  111
y  n l v l

T h is  r e p r e s e n ts  t h e  c lo s e s t  a p p r o x im a t io n  to  t h e  a c tu a l  a to m ic  s y s te m  

w h ic h  h a s  b e e n  c o n s id e re d , a s  t h e  a s s u m e d  s y s te m  s a tis f ie s  t h e  P a u l i  

P r in c ip le  a n d  a llo w s  tw o  in d e p e n d e n t  p a r a m e te r s  fo r  e a c h  s u b g ro u p . T h e  

d if f ic u l ty  in  a p p ly in g  i t  a r is e s  f r o m  t h e  c a lc u la t io n  o f  t h e  A nl t e r m s  fo r  

w h ic h  a c c u r a te  w a v e  fu n c t io n s  a r e  n e c e s s a ry .

N e v e r th e le s s ,  t h e  a v a i la b le  fu n c t io n s  in d ic a te  t h e  r e la t iv e  im p o r ta n c e  o f  

th e s e  te r m s  in  d if f e r e n t  a to m s .  I n  T a b le  I I  a r e  g iv e n  t h e  v a lu e s  o f  1 + A n l, 

th o s e  in  th e  f i r s t  c o lu m n  b e in g  d e r iv e d  b y  n u m e r ic a l  in te g r a t io n  f ro m  se lf- 

c o n s is te n t  f u n c t io n s  ( H a r t r e e  f u n c t io n s ,  w i th  t h e  e x c e p t io n  o f  B e  a n d  N a +, 

fo r  w h ic h  F o c k  fu n c t io n s  w e re  u s e d ) , a n d  th o s e  in  t h e  s e c o n d  c o lu m n  f ro m  

a n a ly t ic a l  fu n c t io n s  ( S la te r  1930) o f  t h e  t y p e  e x p  in

w h ic h  n *  is  a n  e ffe c t iv e  q u a n tu m  n u m b e r  a n d  S  a  s c re e n in g  c o n s ta n t .  

S in c e  t h e  in n e r  g ro u p s  o f  e le c tro n s  m a k e  a  v e r y  s m a ll  c o n t r ib u t io n  to  a ,

t  T h e  F o c k  f ie ld  f o r  N a + w a s  c a l c u l a t e d  b y  V . F o c k  a n d  M . P e t r a s h e n  ( 1 9 3 4 ) .  

I  a m  i n d e b t e d  t o  P r o f e s s o r  H a r t r e e  f o r  i n f o r m a t i o n  a b o u t  t h e  F o c k  f ie ld  o f  C l~  

b e f o r e  i t  w a s  p u b l i s h e d  ( H a r t r e e ,  D .  R .  a n d  W . 1 9 3 6 ) .
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106 R . A . B u c k in g h a m

o n ly  th e  o u te r  g ro u p  in  e a c h  a to m  h a s  b e e n  c o n s id e re d , a l th o u g h  a  c a lc u ­

la t io n  fo r  N a +  sh o w s t h a t  th e  c o n tr ib u t io n  o f  a n  in n e r  # -g r o u p  m a y  be  

d o u b le d . T h e  la rg e  d is c re p a n c y  b e tw e e n  th e  tw o  v a lu e s  fo r  th e  2 g ro u p  o f 

n e o n  m a y  b e  u n d e rs to o d  b y  c o m p a r in g  th e  th e o r e t ic a l  v a lu e s  o f  t h e  m a g n e t ic  

s u s c e p tib i l i ty  y  g iv e n  b y  th e  s a m e  w a v e  fu n c t io n s :  t h u s  th e  S la te r  fu n c tio n  

u n d e re s t im a te s  th e  e x te n s io n  o f  th e  2 pch a rg

a n d  g iv e s  a  s u s c e p tib i l i ty  le ss  t h a n  t h a t  o b s e rv e d , w h e re a s  th e  H a r t r e e  

fu n c tio n  d oes th e  o p p o s ite . H e n c e  th e  p r o p e r  v a lu e  o f  1 p ro b a b ly

lies b e tw e e n  th o s e  g iv e n . F o r  N a+ , h o w e v e r , b o th  t h e  S la te r  a n d  F o c k  

f u n c t io n s !  a p p e a r  to  u n d e r e s t im a te  y , so  t h a t  th e  c o r r e c t  v a lu e  o f  1 

m a y  b e  g re a te r  t h a n  T 1 5 . B u t  th e  g e n e ra l  c o n c lu s io n  is  t h a t  th e  v a lu e  o f  

1 + A  nl fo r  a n  o u te r  g ro u p  d iffe rs  a p p re c ia b ly  f ro m  u n i ty  o n ly  fo r  th e  l ig h te r  

a to m s  su c h  a s  H e , N e , a n d  N a+ . I t s  e ffec t is  th e n  to  in c re a s e  th e  c a lc u la te d  

p o la r iz a b i l i ty , a n d  fo r  N a +  th e  a g re e m e n t  w ith  e x p e r im e n t  is  th e r e b y  

s lig h tly  im p ro v e d .

T a b l e  I I

H e l + d ( l  8)

S e l f - c o n s i s t e n t

f u n c t i o n s S l a t e r

1*125

B e 1 + A ( 2 s ) 1 -00 1*01

N e l + A ( 2p 1 -40 1*03
A 1 + A (3p l - 0 0 5 1*00

K r 1 + d ( 4 — 1*005

X e 1 +  A ( — 1*01

N a +
( 1 + A ( 2 s ) 2 -0 3 2*83

\ 1 + A ( 2 p ) 1 1 5 1*03
K + 1 + A (3 p 1-03 1*00

I t  is p e rh a p s  w o r th  m e n tio n in g  a n  e m p ir ic a l  m e th o d  o f  e s t im a t in g  th e s e  

c o rre c t io n  te rm s . I t  w a s  p o in te d  o u t  b y  K irk w o o d  t h a t  p o la r iz a b i l i ty  a n d  

m a g n e t ic  s u s c e p tib i l i ty  a re  r e la te d  q u a n t i t ie s  a n d  u s in g  h is  r e s u l t  fo r  cc 

( fo rm u la  I  a ) h e  su g g e s te d  th e  re la t io n

- X  =
L e 2a \

4m c2
jN o c .

F u r th e r  d e v e lo p m e n ts  b y  th e  v a r ia t io n  m e th o d  sh o w  t h a t  th is  is h a rd ly  

ju s tif ie d , th o u g h  a s  a n  e m p ir ic a l r e la t io n  i t  is m o re  su c c e ss fu l th a n  o ne  

w o u ld  e x p e c t  (B rin d le y  1933). H o w e v e r , w e  m a y  m a k e  u se  o f  th e  re s u l t  

t h a t  th e  m a in  p a r t  of a  co m es fro m  a n  o u te r  g ro u p  o f  e le c tro n s , s a y  v0 in

t  T h e  S l a t e r  a n d  F o c k  f u n c t i o n s  g iv e  y = - 4 * 1 7 ,  5 -0  x l O - 6 r e s p e c t i v e ly .  T h e  

e x p e r im e n ta l  v a lu e  fo r  io n s  in  s o lu t io n  is  a b o u t  -  5-7  x  1 0 ~ 6, a n d  f o r  c r y s t a l  io n s  
a b o u t  -  6-1 x  10 ~ 6. ^
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The Q uantum  Theory o f A tom ic Polarization 107

n u m b e r ;  t h e n  i f  ( r2)0 a n d  <r0 a r e  t h e  v a lu e s  o f  (r2)ul> nl 

i t s  c o n t r ib u t io n  to  y  is

Xo =

Le*a%

Qmc2,
v0(r2)o-

a n d  crnl fo r  th i s  g ro u p ,

(3-14)

B y  c o m p a r in g  (3-14) a n d  I I I ,  w e  f in d  t h a t  a p p r o x im a te ly

( 9 |V * 1* I o-

( 4 « o ( l+ ^ o ) l  °

6m c2
(3-15)

N o w  s u p p o s e  oc a n d  y  a r e  k n o w n  e x p e r im e n ta l ly ,  a n d  t h a t  y 0 c a n  b e  

e s t im a te d  f ro m  y , a s  w h e n  th e  r e la t iv e  im p o r ta n c e  o f  t h e  d if f e r e n t  e le c tro n  

g ro u p s  is  k n o w n  f ro m  t h e  s e lf -c o n s is te n t  fie ld . I f  in  a d d i t io n  cr0 , w h ic h  is  

u s u a l ly  m u c h  s m a l le r  t h a n  t h e  o th e r  te r m s ,  is  g iv e n  i t s  t h e o r e t i c a l  v a lu e ,  

th e n  th e  r e la t io n  (3-15) c a n  b e  a p p l ie d  t o  f in d  1 +  . T h e  r e s u l t s  in  T a b le  I I I

h a v e  b e e n  d e r iv e d  in  th i s  w a y .

T a b l e  I l l f

a x  1 0 24 - y x  1 0 6 — y 0 x  io « o’o l + ^ o

N e 0 -3 9 2 6 -7 5 5 -3 7 1 -79 1 -43

N a + 0 -2 8 0 6-1 4 -5 6 1 -23 1-23

c i - 3 -01 2 4 -2 1 8-9 5 -7 4 0 -8 4

A 1 -6 3 1 9 -5 4 14-7 4 -7 7 0 -7 9

K + 1 -09 1 4-6 10-7 3 -6 7 1 -03

K r 2 -4 6 5 2 8 -0 1 7 -4 6 -5 J 0 -9 5

C s+ 2 -7 2 3 5-1 1 9-3 8 -3 7 0 -9 6

f  F o r  t h e  r a r e  g a s e s ,  t h e  e x p e r i m e n t a l  v a l u e s  o f  a  a r e  t a k e n  f r o m  C . a n d  M . 

C u t h b e r t s o n  (1 9 1 1 )  a n d  o f  y  f r o m  M a n n  (1 9 3 6 ) .  T h e  d a t a  f o r  t h e  io n s  r e f e r  t o  io n s  i n  

t h e  c r y s t a l l i n e  s t a t e ;  t h e  v a l u e s  o f  y  a r e  t h o s e  g i v e n  b y  B r i n d l e y  a n d  H o a r e  (1 9 3 5 ) , 

a n d  t h e  v a l u e s  o f  a  a r e  d e r i v e d  f r o m  t h e  r e f r a c t i v i t i e s  o f  t h e  a l k a l i  h a l i d e  c r y s t a l s ,  

m e a s u r e d  b y  S p a n g e n b e r g  (1 9 2 3 ) .

|  T h e  v a l u e  o f  <x0 f o r  K r  is  c a l c u l a t e d  f r o m  a p p r o x i m a t e  s e l f - c o n s i s t e n t  w a v e  

f u n c t i o n s  f o r  t h e  4 s  a n d  4 p  e l e c t r o n s ,  k i n d l y  s e n t  t o  m e  b y  P r o f e s s o r  D .  R .  H a r t r e e .

D ir e c t  c o m p a r is o n  o f  t h e  v a lu e s  o f  l + A '0 w i th  t h e  th e o r e t ic a l  v a lu e s  

1 + A 0is  h a r d ly  ju s t i f ie d ,  s in c e  t h e  e r r o r  o f  a p p r o x im a t io n  in v o lv e d  in  (3-15) 

is  n o t  k n o w n . F u r t h e r  e r ro r s  m a y  b e  in t r o d u c e d  b y  in a c c u r a c y  in  th e  w a v e  

f u n c t io n s ,  a f fe c t in g  <r0 a n d  th e  r a t io  y 0/y , a n d  in  th e  e x p e r im e n ta l  d a ta ,  

w h ic h  fo r  th e  io n s  a r e  e s p e c ia l ly  u n c e r ta in .  B u t  a l th o u g h  th e  v a lu e s  in  

T a b le  I I I  m u s t  b e  a c c e p te d  w i th  c a u t io n ,  t h e y  d o  c o n firm  th e  th e o r e t ic a l  

r e s u l t  t h a t  th e  A  te r m s  a re  im p o r t a n t  fo r  th e  l ig h te r  a to m s  N e  a n d  N a + . I t  is, 

h o w e v e r , r a t h e r  s u rp r is in g  t h a t  t h e  A'0 v a lu e  fo r  a rg o n  s h o u ld  b e  so  la rg e  a n d  

n e g a t iv e .
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108 R . A . B u c k in g h a m

A p p e n d i x

M uch  o f  th e  in te g r a t io n  re q u ire d  in  § 3 is a p p lic a b le  to  o th e r  p ro b le m s , 

a n d  so w e s h a ll  g iv e  a  s e p a ra te  a c c o u n t  o f  th e  m e th o d s  u s e d , b e g in n in g  w ith  

th e  in te g ra ls ,  su c h  a s  th o s e  in  (3-2), w h ic h  c o n ta in  t h e  d e n s i ty  fu n c tio n  

¥ * ¥ .  T h is  is r e p la c e d  b y  th e  d e te r m in a n t  A  o b ta in e d  b y  m u lt ip l ic a t io n  o f  

th e  d e te r m in a n ts  W* a n d  W, d e f in e d  b y  (3-1). h a s  th e  fo rm

^11 ^12 .......  ®1N

^21  ^22  ...........  ^ 2  N

( i )

a N l  a N2 l N N

w h e re  apq =  ^  tjf*p i]fpa, th e  s u m m a tio n  in c lu d in g  a ll  o c c u p ie d  s ta te s  f ro
p

ot to  v, a n d  A  h a s  th e  p r o p e r ty  t h a t  i t  c a n  e a s ily  b e  i n te g r a te d  o v e r  th e  c o ­

o rd in a te  sp a c e  o f  a n y  e le c tro n  (see L e n n a r d - J o n e s  19306). F o r  in s ta n c e ,  i f  

/ ( p )  is a  fu n c tio n  o f  th e  c o -o rd in a te s  o f  th e  p t h  e le c tro n  o n ly , th e n  b y  c o m ­

p le t in g  th e  in te g r a t io n  fo r  a ll  e le c tro n s  e x c e p t  th e  p th ,  i t  is  e a s ily  p ro v e d  

t h a t

J  W*f{p)VdT  =  i  j  app ,

a  r e s u lt  w h ic h  is in d e p e n d e n t  o f  th e  ch o ice  o f  W e  c a n  th e re fo re  d ro p  th e  

e le c tro n  suffix , a n d  re m o v e  th e  f a c to r  1 / N  b y  s u m m in g  fo r  p  f ro m  1 to  

th u s

Y \ Z j ' p * flP ) 'PdT = z j ' K f ' l r, dT- ( 2 >

S im ila r ly  i f  g(p ), g '(q) a re  re s p e c tiv e ly  fu n c t io n s  o f  th e  c o -o rd in a te s  o f  th e  

p t h  a n d  g th  e le c tro n s  o n ly , th e n  b y  in te g r a t in g  fo r  a ll  e le c tro n s  e x c e p t  th e  

p t h  a n d  g th

W *  =  ^ _  j j . 9 (p )g '(q )
® pp

®qp a qq
drp drQ

N ( N -  1),

A(A- 1) ^ |  ||^(^)9'(q) {f*p f pp K q  Ar

~  ftpq ^ tq  ftcrp} d j  q '

 D
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The Q uantum  Theory o f A tom ic Polarization 109

T h is  is  l ik e w is e  in d e p e n d e n t  o f  t h e  c h o ic e  o f  a n d  q, a n d  h e n c e , d ro p p in g  

t h e  e le c t r o n  su ffices ,

1

I  2  \ T * g ( p ) g \ q
p  q * p J

I I
P <r

jV* 9 fp d r j i / r *  g'fa d r ' -  j f t *  g f *  g ' f p d r ' J . (3)

T u r n in g  n o w  to  (3*2), w e  r e q u i r e  t h e  in te g r a l  o f  2 w h e re  v  =  — ^  (rp . F). 

v 2 m a y  b e  w r i t t e n  p

2 { ( V F )2 + 2  (rp.F )(rs .F)}
p  q =¥p

a n d  so  f ro m  (2) a n d  (3) w e  g e t  a t  o n c e  

T * v 2XF d T  — 2 Q ( r .F)2^*

+  I  {J (r .F ) r „  . F )«  f „ d r '

-  J(r • F) f  * d r i ( r ' . F) i/r* d v } l .

L e t  u s  in t r o d u c e  a  s y s te m  o f  r e c ta n g u la r  a x e s  in  w h ic h  r h a s  d i r e c t io n  

c o s in e s  l, m , n ,  a n d  F h a s  d ire c t io n -c o s in e s  /?, y . T h e n  i f  r , F  a r e  t h e  

m a g n i tu d e s  o f  r a n d  F

j i /r*  (r . F )2 \Jrp d r  =  

a n d  w h e n  w e  a v e r a g e  fo r  a ll v a lu e s  o f  l, m , n ,  i .e . fo r  a ll  o r ie n ta t io n s  o f  t h e  

a to m  r e la t iv e  t o  t h e  d i r e c t io n  o f  F, th i s  in te g r a l  r e d u c e s  t o

\ F 2(r2)pp.

N o w  (r.F) is  a n  o d d  f u n c t io n  o f  r  a n d  so  i t s  a v e r a g e  v a lu e  w i th  r e s p e c t  to  

t h e  c h a rg e  d e n s i ty  / / /  \Jrp is  z e ro ; t h e  s e c o n d  te r m  in  (4) th e re fo re

T h e  re m a in in g  in te g r a ls  c a n  b e  t r e a t e d  lik e  th e  f ir s t ,  a n d  f in a lly

4 ,  IV*»»Wdr  =  I F *  2  [(*■*)„ -  I  { (* )„ , ( * ) „ + (y),„ (y) „ , + ( * ) „  (* )„}]•
^  * J  p CT̂ rp

W e  a lso  r e q u ir e  th e  in te g r a l  o f  (g ra d ^  v 2), in  w h ic h  g r a d y> g ra d p (rp. F).

F r o m  (2) i t  fo llo w s  t h a t

^ | J V * ( g r a d J, t0 2 ? '< f r  =  2 j « { g r a d ( r . F  ) f f , d r .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



a n d  th e  r ig h t - h a n d  s id e  is e a s ily  sh o w n  to  b e  e q u a l  to  T h e s e  re s u lts  le ad  

a t  once  to  e q u a t io n  (3*4).

W h e n  i t  is n e c e s sa ry  to  u se  e q u a t io n  (2-5) fo r  t h e  p e r tu r b a t io n  e n e rg y , 

r a th e r  m o re  c o m p lic a te d  in te g ra ls  o c c u r  b u t  th e y  c a n  b e  re d u c e d  in  e ss e n ­

t ia l ly  th e  sam e  w a y . I n s te a d  o f  th e  c h a rg e  d e n s i ty  W * W  w e  u s u a lly  h a v e  

r  l)* tj Dpp \Jfpp, in  w h ic h  Dppis th e  f ir s t  m in o

W. D *q a n d  Dppa re  th e re fo re  d e te r m in a n ts  w i th  ( — 1) ro w s  a n d

a n d  th e i r  p ro d u c t  is lik ew ise  a  d e te r m in a n t  -  1) ro w s  a n d  c o lu m n s , h a v in g

th e  fo rm

110  R . A . B u c k in g h a m

D % D PP =  ( - ) ™ a n  — ** ^ 1 ,  P ~  1 ^ 1 ,  P + 1 a i N

a q - l ,  1 a q-N

a q + 1, 1 a q+N

a N l  ----- . .  a N , p -  1 1 • • • . . .  a NN

w h e re  apq =  ^  >[/*p , t h e  s u m m a t io n  in c lu d in g  a ll s t a t e s  f ro m  a  to
cr̂ pp

e x c e p t  io.The p r o d u c t  o f  th is  d e te r m in a n t  w i th  f t ,  f t  is , lik e  (1), e a s

in te g r a te d  o v e r  th e  c o -o rd in a te  sp a c e  o f  a n y  e le c tro n , a n d  w e o b ta in  th e  

fo llo w in g  u se fu l re s u lts :

2  I f t  f t  f t  f p p f ( P )  d r  =  0, w h e n  
V J

N !JV * frp d r ,  w h e n  q = p ,

2  2  f f t f t f t =  0, w h e n  ^
P Q=¥PJ

= N  l 2 ^  jjV *  9 f p d r  j * f t  g' d r '  d r j f  * f p d r  j ,

w h e n  t =  q.

In te g ra ls  w h ic h  in v o lv e  ijr*q D *q Dap f t ,  (<T#=yo) c a n  a lso  b e  re d u c e d  b y  

th e  sa m e  m e th o d , a n d  w e f in d  t h a t

J f t f t f t f t r f T = 0 /

J f t  f t  f t  f a p f i P )  d r  =  0, -

I f U D n D<rpf<rp9(P)g'{q)dT =  0.

(5)
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The Q uantum  Theory o f A tom ic Polarization 111

L e t  u s  n o w  c o n s id e r  t h e  in te g r a l  o f  W *v& , w h e re  =  a s  a b o v e , a n d  

=  2 AP 2  i',„, D,„, VP ■ W e  w r i t e

W*v<p =  V * ( Z v t) 2  A , 2  vp
t p p

in  w h ic h  t h e  c o e ff ic ie n t o f  A^ is

w * 2 f p p D p p v p ( 2 v t)-
p  t

I f  0 *  in  th i s  e x p re s s io n  is  r e p la c e d  b y  i t s  e x p a n s io n  in  t e r m s  o f  t h e  e le m e n ts  

o f  t h e  p t h  ro w , i .e . b y  2  \jr*q D *q , t h e n

W * V 0  =  2  A , { 2  2  K  +  2
p p a

W h e n  w e  a p p ly  e q u a t io n s  (4) a n d  in s e r t  vp — — (rp . F) t h e  te r m s  w h ic h  d o  

n o t  v a n is h  o n  in te g r a t io n  g iv e

- i j  W * v 0 A r  =  J A ,  JVj(r.F f f p d r

- I  ' 1 ,

w h ic h  b y  o u r  p re v io u s  r e s u l t s

p

F r o m  (2-5) w e  h a v e  a lso  t h e  fo llo w in g  t e r m  in v o lv in g  g ra d ^ :

j g r a d p 0 * .  g ra d ^  &(Lt  — ~ -  j* 0 * 0  g r a d p 0 * .  g r a d p 0 dr .

S in c e  0  =  2  Ap 2  f t  pp P pp vp a n d  Dpp c o n ta in s  t h e  c o -o rd in a te s  o f  a l
p p

excep t t h e  p t h ,

=  2  \ p{Dpp( f pp g r a d ^  vp +  vp g r a d p f pp) +  2  vq g r a d p Dpq).
p a=¥p

O n  in te g r a t io n ,  w e  n e g le c t  a l l  t e r m s  e x c e p t  t h a t  in  (g ra d ^  vp )2 a s s u m in g  

t h a t  t h e  r e m a in d e r ,  w h ic h  w i th  t h e  in te g r a l  o f  g r a d 3> 0 * .  g r a d p 0  a re  a n a lo ­

g o u s  to  (2-6), a r e  s m a ll .  A p p r o x im a te ly  th e r e f o r e

^ j 2 {  J g r a d p 0 * . g r a d ^ 0 d T - ~ j 0 * 0 r f T | * g r a d p 0 * . g r a d p 0 r l r j  

=  4 r  2  f  I  D %  f p p i l  K  Pap f o p )  (g ra d ^  vp )2 d r
V J P

7^| 2  2  A* J D %  Dpp ^ pp (g r a d p vv )2 d r  b y  (5)

=  2 A? f ^ ( g r a d ( r .F ) } 2 ^ d T  b v  (4) 
P J

=  ^ J A2.
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E q u a t io n  (3-6) fo r  th e  e n e rg y  o f  p o la r iz a t io n  fo llo w s a t  o n c e  fro m  th e s e  

re s u lts .

T h e  in te g ra ls  w h ic h  a rise  w h e n  w e in t r o d u c e  t h e  m o re  a c c u r a te  p e r tu r b e d  

fu n c tio n s  d e sc r ib e d  in  § 3 d o  n o t  r e q u ire  a n y  e x te n s io n  o f  t h e  m e th o d  o u t ­

lin e d  a b o v e , a n d  w e s h a ll th e re fo re  n o t  g iv e  f u r th e r  d e ta i ls .

I  a m  v e ry  g ra te fu l  to  P ro fe s s o r  J .  E .  L e n n a r d - J o n e s ,  F .R .S . ,  fo r  m a n y  

h e lp fu l d isc u ss io n s ; a lso  to  th e  D e p a r t m e n t  o f  S c ie n tif ic  a n d  I n d u s t r i a l  

R e s e a rc h  fo r  a  g r a n t  d u r in g  a  p e r io d  w h e n  m a n y  o f  th e s e  c a lc u la t io n s  

w ere  m a d e .

112  R . A . B u c k in g h a m

Su m m a r y

T h e  th e o ry  o f  th e  p o la r iz a t io n  o f  a n  a to m  b y  a  u n ifo rm  e le c tr ic  fie ld  is  

d e v e lo p e d , u s in g  a  v a r ia t io n  m e th o d  in t r o d u c e d  b y  K irk w o o d , a n d  th e  

a to m ic  p o la r iz a b ili t ie s  o f  s e v e ra l  a to m s  c o n ta in in g  c lo se d  e le c tro n  g ro u p s  

c a lc u la te d  fro m  th e i r  s e lf -c o n s is te n t  fie ld s . I t  is  v e r if ie d  t h a t  a n  a n t i -  

s y m m e tr ic a l  w a v e  fu n c t io n  fo r  th e  a to m  g iv e s  b e t t e r  r e s u l ts  t h a n  a  s y m ­

m e tr ic a l  fu n c tio n . H ig h e r  a p p ro x im a tio n s ,  in  w h ic h  m o re  p a r a m e te r s  a re  

in tr o d u c e d  in  th e  p e r tu r b e d  w a v e  fu n c tio n s ,  a re  c o n s id e re d . C a lc u la tio n s  

w ith  th e  F o c k  fie ld s o f  th e  a to m s  o f  B e , N a + , a n d  C l-  sh o w  t h a t  th e  in c lu s io n  

o f  e x c h a n g e  in  th e  e le c tro n  w a v e  fu n c t io n s  h a s  c o n s id e ra b le  e ffec t o n  th e  

c a lc u la te d  p o la r iz a b ili t ie s .

R e f e r e n c e s

A ta n a s o f f  1 9 3 0  P h y s .  R e v .  3 6 , 1 2 3 2 .

B r in d le y ,  G . W .  1933  P h y s .  R e v .  A , 4 3 , 1 0 3 0 .

B r in d le y ,  G . W . a n d  H o a r e ,  F .  E .  1935  P r o c . R o y .  S o c . A ,  1 5 2 , 3 4 2 . 

C u th b e r t s o n ,  C . a n d  M . 1911 P r o c . R o y .  S o c . A ,  8 4 , 13.

E i s e n s c h i t z ,  R .  a n d  L o n d o n ,  F .  1 9 3 0  P h y s .  6 0 , 4 9 1 .

F o c k ,  V . a n d  P e t r a s h e n ,  M . 1 9 3 4  P h y s .  Z .  S o w je t .  6 , 3 6 8 .

H a r t r e e ,  D .  R .  1 9 3 4  P ro c . R o y .  S o c .  A ,  1 4 3 , 5 0 6 .

H a r t r e e ,  D .  R .  a n d  W . 1935 P r o c . R o y .  S o c .  A , 1 5 0 , 9 .

-------- 193 6  P ro c . R o y .  S o c .  A , 1 5 6 , 4 5 .

H a s s e ,  H .  R .  193 0  P ro c . C a m b . P h i l .  S o c .  2 6 , 5 4 2 .

—  1931 P ro c . C a m b . P h i l .  S o c .  2 7 , 6 6 .

H e l lm a n n ,  H .  1935 A c ta  P h y s ic o c h im . U . S . S . R .  2 ,  2 7 3 .

H e y d w e i l le r  1925 P h y s .  Z .  2 6 , 5 2 6 .

K i r k w o o d ,  J .  G . 19 3 2  P h y s .  Z .  3 3 , 5 7 .

L e n n a r d - J o n e s ,  J .  E .  1 9 3 0 a  P r o c . R o y .  S o c .  A , 1 2 9 , 5 9 8 .

—  1 9 3 0 6  P ro c . C a m b . Phil.Soc. 2 7 , 4 6 9 .

L o n d o n ,  F .  193 0  Z .  p h y s .  C h e m .  B ,  1 1 , 2 2 2 .

M a n n , K .  G . 1936  Z .  P h y s .  9 8 , 5 4 8 .

M a r g e n a u ,  H .  1931 P h y s .  R e v .  3 8 , 7 4 7 .

M a y e r ,  J .  E .  1933 J .  C h e m . P h y s .  1 , 2 7 0 .
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P a u l i n g ,  L .  a n d  B e a c h ,  J .  Y .  193 5  P h y s .  R e v .  47, 6 8 6 . 

S l a t e r ,  J .  C . 1 9 3 0  P h y s .  R e v .  3 6 ,  5 7 .

—  1 9 3 2  P h y s .  R e v .  4 2 ,  3 3 .

S l a t e r ,  J .  C . a n d  K i r k w o o d ,  J .  G . 1931  P h y s .  R e v .  37, 6 8 6 . 

S p a n g e n b e r g ,  K .  1 9 2 3  Z . K r y s ta l lo g r .  57, 5 1 7 .

V i n t i ,  P .  1 9 3 2  P h y s .  R e v .  41, 8 1 3 .

W a n g ,  S . C . 1 9 2 7  P h y s .  Z .  2 8 ,  6 6 3 .

T h e  Q u an tu m  T h eo ry  of A tom ic  P o la riza tio n  

II—T h e van der W aa ls  E n e rg y  of Tw o A tom s

B y  R .  A . B u c k i n g h a m , B .A .,  Q u een 's  U n iv e r s ity , B e lfa s t  

a te d  b y  J .E .  L e n n a r d -  J o n e s ,  — R ece ived  29  D ecem ber  193

I n  a  p re v io u s  p a p e r  (p . 94) (w h ic h  w ill b e  r e f e r r e d  to  a s  P a p e r  I ) ,  t h e  

p o la r iz a b i l i ty  o f  a n  a to m  in  a  u n i f o r m  e le c tr ic  fie ld  w a s  c a lc u la te d  b y  a  m e th o d  

o f  v a r y in g  p a r a m e te r s .  T h e  s a m e  m e th o d  c a n  e q u a l ly  w e ll b e  a p p l ie d  to  f in d  

t h e  e n e r g y  o f  i n t e r a c t i o n  o f  tw o  a to m s  a  la rg e  d i s ta n c e  a p a r t ,  b y  t r e a t i n g  

t h e i r  in te r a c t i o n  a s  a  p e r t u r b a t i o n  o f  t h e  s y s te m  in  w h ic h  th e  a to m s  a re  

s e p a r a te d  b y  a n  in f in i te  d is ta n c e .  T h e  m u tu a l  e n e rg y , o th e r  t h a n  t h a t  a r is in g  

f r o m  t h e  io n ic  c h a rg e s , i f  t h e y  e x is t ,  o f  t h e  a to m s ,  is  u s u a l ly  c a l le d  th e  v a n  

d e r  W a a ls  e n e rg y .

W e  s h a ll  s u p p o s e  t h a t  o n e  a to m  c o n ta in s  N x e le c tro n s ,  a n d  is  r e p r e s e n te d  

in  i t s  u n p e r tu r b e d  s t a t e  b y  a  d e t e r m in a n ta l  w a v e  f u n c t io n  (as  in  

e q u a t io n  (3*1) o f  P a p e r  I ) ,  c o n ta in in g  e le c tro n ic  f u n c t io n s  o f  t h e  ty p e  

w h e re  p x m a y  b e  a n y  o n e  o f  t h e  N ± o c c u p ie d  s t a t e s  a ±, f 1 , . . . ,  v1 o i  t h i s  a to m , 

a n d  p  d e n o te s  t h a t  t h e  s p a t i a l  a n d  s p in  c o -o rd in a te s  o f  t h e  p t h  e le c tro n  a re  

in s e r te d  in  f t  P i P > S im ila r ly  t h e  s e c o n d  a to m  c o n ta in s  N 2 e le c tro n s , a n d  is  

r e p r e s e n te d  in  i t s  u n p e r tu r b e d  s t a t e  b y  a  d e te r m in a n t  W2, c o n ta in in g  

fu n c t io n s  ft  ̂ r, w h e re  p 2 m a y  b e  o n e  o f  th e  

a n d  r  r e fe rs  to  t h e  c o -o rd in a te s  o f  th e  r t h  e le c tro n . T h e n  i f  w e  n e g le c t  a n y  

e x c h a n g e  o f  e le c tro n s  b e tw e e n  th e  a to m s ,  th e  w a v e  fu n c t io n  o f  th e  u n ­

p e r tu r b e d  s y s te m  o f  tw o  a to m s  is

t = t 1w 2

a n d

Vol. CLX—A. I
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