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The Wigner function is shown related to the quantum dielectric function derived from the
quantum Vlasov equation (QVE), with and without a magnetic field, using a standard
method in plasma physics with linear perturbations and a self-consistent mean field
interaction via Poisson’s equation. A finite-limit-of-integration Wigner function, with
oscillatory behavior and negative values for free particles, is proposed. In the classical
regimes, where the problem size is huge compared to the particle wavelength, these limits
go to infinity, and for free particles, the Wigner function becomes a positive delta function
as expected. For the harmonic oscillator potential, there is no distinction between finite
and infinite limits of integration when these are larger than the eigenfunction localization
length.
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1. Introduction

The Weyl-Wigner correspondence associates each quantum mechanical operator
with a function of position and momentum. It is known that the quantum me-
chanical (QM) average of an operator A can be expressed as a classical average
of the Wigner—Weyl representation of A with the Wigner Function (WF) playing
the role of the classical phase space distribution.! The WF is not a classical prob-
ability density function, just a quasi-probability density function since it can be
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negative due of the uncertainty principle (no classically well-defined position and
momentum allowed), but it helps describe a quantum particle in a way that is very
similar to classical mechanics. As a quasi-probability density function, the Wigner
function for B = 0 appears frequently in the literature, from a quantum solution to
plasma physics,? a single-particle description of transport properties in semiconduc-
tors including quantum interference and intracollisional field effects,? a description
of mesoscopic systems with nonlinear effects and self-consistency,* and transport
properties,® to a kinetic solution for astrophysical collisionless self-gravitating bod-
ies using a modified non-negative probability density function called the Husimi
function.%” The quantum nature of the WF has not been enough emphasized; why
it has been given the only treatment of a useful math tool connecting quantum and
classical mechanics is unknown, since the uncertainty principle prevents it from
being a full classical distribution function and its classical limit is singular. In fact,
the WF is the Weyl-Wigner representation of the density matrix. Furthermore, it
can be expressed as the trace of a product of this density matrix and a quantum
phase-space kernel (see Appendix A).

Bertrand and coworkers were closest to associate a physical meaning to the WF
by showing an equation governing its dynamics that reduces to the classical Vlasov
equation when & — 0. However the purpose was to develop quantum numerical
methods for describing a classical Vlasov plasma,? and so their point of view as
stated was “(the WF) is a useful mathematical tool in spite of its poor physical
properties.” It was not clear whether Rammer® gave more emphasis on the physical
meaning or the mathematical tool aspect of the WF, he stated “the Heisenberg
uncertainty principle excludes the existence of a probability distribution with such
a physical interpretation, but not, however, the introduction of a function with a
formal resemblance to it.” No explicit distinction was found in the paper by Bordone
and co-workers® regarding quantum transport of electrons in open nanostructures
with the WF formalism.

The wave-particle duality allows one to represent a free electron as a plane wave
where the wavelength depends on the particle’s momentum via the de Broglie’s
formula:

2w p
k== 1.1
3 h (1.1)

In cold plasma, electrons are almost free, using the plane wave

e—ik‘om
— 1.2
¥(z) Nors (1.2)
the WF is
fw(z, k) = / dse” ks giko(2=3) g=iko(2+3) — §(k 4 k), (1.3)

which expresses the uniformly streaming particles at a constant speed. If a harmonic
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oscillator potential is applied, the eigenfunctions are the Hermite functions
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and the WEF’s are oscillatory Laguerre polynomials (Ref. 1)

(1.4)

1 o0 :
(2, k) = % ofa? / dse?*se="S" [ (a(z + s))Hyp(a(z — 5))
m

—e_
2np) oo

= (~1)"e™ % L, (4H [hw). (1.5)

This is an example of the “poor physical properties” of the WF mentioned in Ref. 2
since it can take on negative values.

In this paper we will derive the quantum linear dielectric functions from a quan-
tum Vlasov equation. This will show how these physically observable quantities are
expressed in terms of the WF. These simple expressions suggest that all physical
information should reside in the WF itself. We are then led to think that the WF’s
negative values are not representatives of poor physical properties but a conse-
quence of the wave nature of the quantum particle. When we deal with dimensions
much larger than the particle’s de Broglie wavelength the particle behavior domi-
nates resulting in a classical regime. This situation can be artificially created with
smoothening/averaging techniques as, for example, used in Ref. 2. When the dimen-
sions are comparable to the de Broglie’s wavelength, the wave behavior is important
and it is expected that the WF present negative values. This dimension/wavelength
relation can be incorporated into the WF via the limits of integration. A plane wave
can be used to represent a free particle moving inside a mesoscopic sample. Now
we are not dealing with a plane wave running from —oo to +o0o but between the
finite limits of the sample, if finite limits of integration are used in the WF, it shows
oscillatory behavior in momentum around the classical value as shown in Fig. 1.
The sharp contrast between the primary and the secondary peaks increases as the
limits are expanded leading to the classical one-momentum value when the sample
is very large compared to the particle’s wavelength. See Fig. 2 where the limits of
integration have been tripled.

The proposed finite-limit-of-integration WF is

a

1 e s ; s
fiv(z, k) = % dse™ ks giko(z=3) g—iko(z+3) (1.6)
™

—a

For plane waves this looks like

—i(k+k0)s s=a s
1 { e } _ sin(k + ko)a . (17)

Fiv (. k) = 2 | —i(k + ko) m(k + ko)
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sinfk)/k

Modified WF integrated between -0.5 and 0.5

(a) Modified WF, integrated between —0.5 and 0.5

sin(2 Kifk

Modified WF integrated between -1 and 1

(b) Modified WF, integrated between —1 and 1

Fig. 1. Modified WF for plane waves: relative magnitude between the primary and secondary
peaks increases as the limit of integration is doubled.

These WF’s show oscillatory behavior versus k, and naturally with negative values
as can be seen in Fig. 3 for kg = k (a cut for constant 2’s from the previous plots).

A three-dimensional plot of the modified WF versus the limit of integration a
and the wave number k shows that the main peak around k = 0 increases linearly
with a (in units of (27r)~! the WF is 2a when k = 0 for plane waves), with the
tendency of turning into a mere sinusoidal variation away from k = 0. (See Fig. 4.)
This confirms our previous discussion related to Figs. 1 and 2.
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Modified WF, integrated between -30 and 30

(a) WF for plane waves with limits of integration —30 and 30.

Modified WE, integrated between -90 and 90

(b) WF for plane waves with limits of integration —90 and 90.

Fig. 2. The modified WF shows oscillatory behavior for plane waves, it turns into the classical
delta function when integration interval is much larger than the de Broglie’s wavelength.

There is a mathematical advantage to the finite-limit-of-integration WF| in the
case of plane waves, since the limit of these functions for a — co does not rigorously
exist as a function but only as a distribution (see Ref. 8, Eq. (8.112) and discussion
thereafter). That is,

5. (k) = ke (1.8)
wk
has no limit, but it is true that
Jin [ kG ko)) = [ RO+ ko) (8) = (o) (1.9)

where f(k) is any well-behaved function of k. The WF for plane waves is singular
and positive while the modified WF is finite with oscillatory behavior and negative
values.
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Fig. 3. WF versus k for plane waves with a = 30.

sin(2 k a)ik

Modified WF integrated hetween -a and a

a

Fig. 4. Modified WF (in units of (27) 1) versus the limit of integration and the wave number.

In the case of the harmonic oscillator eigenfunctions, these are localized in space
(see Fig. 5), and we always deal with finite limits actually that show oscillations;
there is no difference between the finite and infinite-limit-of-integration WE’s. (See
Figs. 6-8.)

In the case of the harmonic oscillator potential, when the eigenfunctions are
localized, the WF is unchanged when the limits of integration are ten times larger.
The WF is not dependent on these limits as discussed.
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Fig. 5. Eigenfunction in an harmonic oscillator potential for n = 3.

a=3, n=30

Fig. 6. Wigner function using the harmonic oscillator eigenfunction at n = 3; limits of inte-
gration = (—30, 30).

Motivated by the standard derivation of the classical dielectric constant from
the classical Vlasov equation (CVE — the Vlasov equation is a collisionless homo-
geneous kinetic equation governing the behavior of a distribution function) using
linear perturbations and a self-consistent mean field interaction via Poisson’s equa-
tion (see e.g. Ref. 9), we will derive a quantum dielectric function from the quantum
Vlasov equation (QVE), first for B = 0 and then for B # 0. Electronic properties
such as conductivity can be easily obtained from the dielectric constant.

The difference between the QVE and the CVE is that the former contains the
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n=3, a=40

Fig. 7. Wigner function using the harmonic oscillator eigenfunction at n = 3; limits of inte-
gration = (—40, 40).

n=3, a=4

Fig. 8. Wigner function using the harmonic oscillator eigenfunction at n = 3; limits of inte-
gration = (—4,4).

Planck constant and a non-local term; it is a quantum kinetic equation that governs
the behavior of the WF. The simultaneous appearance of momentum and position
in the Weyl-Wigner representations is only superficial, and does not necessarily
mean that the calculations involving these functions are classical. In this context,
the derivation of the QVE from the Schrodinger equation (Section 2), and the
derivation of the quantum dielectric function from the QVE (Section 3) are quantum
derivations per se.

When B = 0, except for the expression in term of the WF this dielectric con-
stant is the Lindhard constant [see Ashcroft and Mermin (Ref. 10) Eq. (17.60)
or Madelung (Ref. 11) Eq. (3.58)] which is usually derived from the Schrédinger
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equation (e.g. Ref. 11).

The B # 0 quantum dielectric function in term of the magnetic WF is derived
for the first time. The derivation starts with the quantum kinetic equation with a
magnetic field as derived in Section 4. The method is similar to that used in the
derivation of the B = 0 linear quantum dielectric function in Section 3. This result
indicates that:

(i) Since properties such as conductivities are related to the dielectric function and
so to the Wigner function, the physics is contained in the latter. A magnetic
Wigner function shows de Haas—van Alphen oscillations as proved in Ref. 12.

(ii) An explicit manifestation that the structure of the kinetic equation gives rise
to D, not IT (see Appendix B for their definitions). This is related to the choice
of D or IT in the definition of the magnetic Wigner function, and we argue for
D for gauge invariance, see Ref. 13.

The derivation of the B # 0 QVE in the symmetric gauge will be presented
for the first time in Section 4. Both the B # 0 QVE and the linear quantum
dielectric function reduce to the appropriate limits when B — 0 (see Sections 4
and 5, respectively). We have found related but not similar work in the papers
by Kelly'# and Harris.'® Kelly obtained a dielectric tensor, not dielectric function,
whose components did not present any de Haas—van Alphen oscillations. Harris gave
an expression (2.69) for the dielectric function in terms of “a quantum mechanical
distribution function, which is a Fourier transform of the density matrix... It is
similar but not identical to the well-known distribution function of Wigner”, which
differs from ours by an extra summation over the indices of Bessel functions. It is
not clear how this expression would reduce to the Lindhard equation at B = 0.

2. Derivation of the QVE from the SE

This equation was given in, e.g. the paper by Bertrand and co-workers in 1980.2
It is called the quantum Vlasov equation (QVE) since it differs from the classical
Vlasov equation (CVE), a well-known equation in plasma physics, in a non-local
integral in the third and last term that reduces to the classical form when & —
0. A same quantum Vlasov equation (QVE) is obtained from the single-particle
Schrodinger equation (SE) (a QVE for a purely single-particle density matrix) or
also by taking the N-particle QVE (obtained from the N-particle SE), integrating
out the variables corresponding to the other N — 1 particles, arriving at a quantum
kinetic equation for a single-particle density matrix that involves a two-particle
density matrix (this new term is given in (2.20)), and then ignoring any two-particle
correlation by approximating that two-particle density matrix as a simple product of
two single-particle density matrices. At this point we have a QVE for a one-particle
density matrix obtained by integrating out the variables of the other N —1 particles,
which is the same as the QVE for a single-particle density matrix. Consequently,
when the correlation between two particles is ignored, the purely single-particle
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density matrix and the single-particle density matrix obtained by integrating out
all variables of the other IV —1 particles are the same thing. No distinction is needed
in this case.

In fact, when the correlation between two particles is ignored in a two-particle
density matrix (DM), the single-particle DM constructed from a many-particle
system is the same as a purely single-particle DM. This point has not been clearly
discussed in the literature related to the Wigner function.

The integration over N — 1 variables is a standard procedure in plasma physics
known as the Born-Bogoliubov—Green-Kirkwood—Yvon (BBGKY) hierarchy re-
duction, as mentioned in I.A. The reader is referred to the paper by Bertsch!®
or Hillery and co-workers® for a complete BBGKY hierarchy reduction of the N-
particle quantum kinetic equation. However, the relevant modification in the final
single-particle equation is included in Eq. (2.20).

2.1. Ezxplicit derivation from the single-particle Schrodinger
equation

Given the Wigner function

m teo jmuA A A
— —EEES Pt N U — A 2.1
f(z,v,t) o | € Z (x 2,t> (x+2,t>d (2.1)
by using the Schrodinger equation
ov K? 0?0
h—— = v 2.2
ih % = 2m 922 +ep (2.2)
we will show that it satisfies the quantum Vlasov equation (2.3):
of of e [*° N _
8t+v65s+ﬁ N K(m7v7v7t)8/d =0 (2.3)

where

+oo
Py = s _A N A 0L
K(z,v,v',t) = 5h | e B {qb (ac 2715) ¢(x+ 2715)] AclA.(2.4)

To construct the special Wigner density matrix, we rewrite the Schrodinger
equation and its complex conjugate in the following way

gzx—%, 5’51‘—&—%, (2.5)
2w ) = — 2w )+ eale)uie ), (2.6
ot 2m
a h2 2Ty * *
—zh \I/ (&t) = _%ng, (&,t) + ed(E)T™ (&, 1) . (2.7)

Let us call the ngner density matrix by
p(&,&,t) = U (&)U (L) (2.8)
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The operation Eq. (2.7) x (—¢) 4+ (¢*) x Eq. (2.6) gives

2
(VE—=V2)p(&,& 1) —e[o(&) — o(&)]p(E, € ) (2.9)

where 1 have been moved across Laplacian operators as £ and £’ are independent
variables. Using the following properties

o h

2m

O OO 9pOg 1 9p Ip
an S =5cn Y agan 2\ o Tag ) (2.10)
90 ey 1[0 (9 9p\O O ( Op, Op)\
aroal &S =5 [ag ( 2¢ T ag) 9z 9 ( o¢ Vo) ox
1[0% 0?
= _5 |:6_£2 o 85/2:| p(§,€/7t), (211)
and multiplying Eq. (2.9) by e~ "% and integrating over A, we obtain
_2nhdf R [T _imua Hoe _imua ,
e 1 I A AV B R
. 27Th +oo _imvA ’
——ih T Voo [ ane T () - ol (2.12)

where in order to obtain the second equality, an integration by part has been per-
formed on the first integral. To rewrite the second integral, we view the Wigner
function f(x,v,t) [Eq. (2.1)] as the “Wigner transform” of p(x — A/2,2 + A/2,t)
and define an “inverse Wigner transform” by

A A oo iy
p(x——7x+—7t> :/ dv'e hAf(xﬂvlﬂt)' (2'13)

2 2 .
As a check, Eq. (2.13) can be plugged into Eq. (2.1) to obtain an identity, by noting
that

dAe = Wé(v —). (2.14)

/+OO _'Mn('u—u/)A 27Th
h
— 00

Using Egs. (2.13) and (2.4) we can rewrite the second integral in Eq. (2.12) as

+oo +oo . ' A
e / ' f(z, 0 1) / dae A Mg(6) - o(e)] 3

oo 2rh h 0K
_ / / sz
= e/_oo dv' f(xz,v',t) T S
; +o0 /
_ _2mhih g (@00 (2.15)
m m ov'

where an integration by parts has been performed in the last equality. Using
Eq. (2.15) in Eq. (2.12) we obtain

of(z,v,t) - 0 e [*° ,Of /
= —va—xf(x,v,t) - [m dv %K(a@,v,v , 1) (2.16)
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which is the quantum Vlasov equation (2.3).

2.1.1. Classical limit

In the definition of K (2.4), because of the highly oscillating nature of the exponen-
tial, when A — 0 contributions to the integral are non-vanishing when also A — 0,
in which case

m ad) +oo .m(v—v)A
K(z,v,0',t) = ——— et ®
2rh 0z J_o

dA = —%5(1)—1}’). (2.17)

When we use this in the quantum Vlasov equation (2.16), it reduces to

af 0, e 0f

ot U@x m Ov

which is the one-dimensional classical Vlasov equation.

(2.18)

2.1.2. Discussion

Two observations are in order

(i) The different signs in the definitions of the Wigner functions are correlated for

mathematical consistency, an equivalent definition is'617

1 i
f(p,r,t) = D /déeﬁp'E\I/* (r + gt) v (r - g,t) . (2.19)

(ii) There is a missing minus sign in the exponential of [Ref. 2, Eq. (4)].

2.2. From the N -particle Schrodinger equation with BBGKY
hierarchy reduction

The quantum Vlasov equation (2.3) has been derived by using the one-particle
Schrodinger equation (2.2). Had we started with a N-particle Schrédinger equation
and then reduce to an one-body density matrix equation equivalent to Eq. (2.9), we
would have obtained a different quantum Vlasov equation that includes correlation
effects between two particles. The last term in (2.12) would be replaced by

JrOO imuvA +OO
—e [ Tane [ anloten) - o€ 010 (6 i€ ) (2.20)

— 00 — 00

where p( is the two-particle density matrix function.

2.3. Single-particle description from a many-particle approach

If any two-particle correlation is ignored, i.e. the following approximation is made:

PP (&1, 6:61,8) = pM (&1, 6)pM (&, 8) . (2.21)
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Using the definition (2.8) for the single-particle density matrix, term (2.20) becomes

+OO imuvA JrOO
—e / dAe~ / delB(€ k) — OE TR pVEE)  (222)

#(&)—a(&)

which is identical to that obtained directly from the single-particle Schrodinger
equation (2.12). So it turns out that the single-particle density matrix in a single-
particle approach is the same as that obtained by integrating the N-particle density
matrix over the variables dscribing the other N — 1 particles, when the two-particle
correlation is ignored.

3. The B = 0 Quantum Dielectric Function

In this section we derive a quantum dielectric function when B = 0. The quantum
dielectric function (3.23) or the alternative form (3.35), in term of the Fourier trans-
form (FT) of the Wigner function (WF) is just the standard Lindhard dielectric
constant in term of the FT of a distribution function [see Ref. 10, Eq. (17.60) or
Ref. 11 Eq. (3.58)]. We present an original derivation from the quantum Vlasov
equation (QVE) — derived in Section 2, and the Madelung’s derivation from the
Schrodinger equation (SE), in Appendix C. Results from the two derivations are
identical, which is shown in Section 3.1.3 via the alternative form. Our derivation
was motivated by the similar standard derivation of the classical dielectric function
from the classical Vlasov equation (CVE) using linear perturbations, described in
plasma physics textbooks (see e.g. Ref. 9). In fact when i — 0 our derivation leads
to the classical linear dielectric function, see Section 3.1.1.

The simultaneous appearance of momentum and position in the arguments of
the Weyl-Wigner representations does not necessarily mean that the calculations
involving these functions are classical, since the Weyl-Wigner correspondence as-
sociates each quantum mechanical operator with a function of position and mo-
mentum coordinates. It is in this context that the derivation of the QVE from the
Schrodinger equation (Section 2), and that of the quantum dielectric function from
the QVE are quantum derivations.

We recall that the QVE is a quantum kinetic equation for a single particle WF
or a reduced many-particle WF with two-particle correlations ignored. It can be
noted that the quantum linear dielectric function describes a single-particle that
interacts with the mean field created by the rest via the self-consistently coupled
Poisson’s equation. However it includes the main important collective behavior
obtained otherwise from a many-particle SE in a much more complicated derivation
that uses a charge-screened and mass-renormalized electron to eliminate divergences
due to the long-range Coulomb interaction.
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3.1. Quantum linear dielectric function from the quantum
Vlasov—Poisson system

We consider a 1D neutral quantum plasma — there is no preferred direction when
B = 0, the modifications to include additional dimensions are trivial — in which
the electron and ion distribution functions F_ and F’. satisfy the quantum Vlasov
equation (QVE). The electric field is related to these distribution functions via
Gauss’ law. We assume small perturbations from the equilibrium values with the
ion distribution remains unperturbed due to their large mass:

F—:Fo_+€gv F—"—:F(j_’
(3.1)
E=0+¢E,, ¢:0+5¢1a
where E and ¢ are the electric field and electrostatic potential, respectively.
Then the linearized QVE and Gauss’ law read, respectively,
dg dg e [ ,  OFy
—= =+ — dv' K = 2
6t+vax+m/,oov ov’ 0 (3:2)
and
V-E = —47re/gdv (3.3)

in which from Eq. (2.4):

m & i ’
K ') = dA —+m(v—v")A
1((E,'U,'U 9 ) 27Th /_OO e r

x%[qﬁl (x—%,t)—d)l (x+§,t>]. (3.4)

From now on we will drop the super index ‘—’ in the electron equilibrium distribu-
tion function.
We do Fourier transforms in space and time by substituting

glx,v,t) = #/dk/dwg(w,k,v)ei(kw*wt) (3.5)
and
b1z, t) = ﬁ/dk/dwqﬁl(mk)ei(kz_m). (3.6)

In this case

(=5 (5

= ﬁ/dk/dwqﬁl(w, k)eikz=wt) (—% sink%) : (3.7)
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Then

1 n i(kr—wt —im > —im(v—o’ ASink%

—W/dk/dwqﬁl(w,k)e( >(ﬁ> [wdAe (=) —( > (33
—2tan—1 #ﬁw):—mtanh*l W

After inserting Egs. (3.5), (3.6), and (3.8) into the linearized QVE (3.2) we get

A . _ 2e - / _1 hk aF()

iwg + ikvg thzﬁl(w, k) /dv tan [Qm(v — v’)} 50 0, (3.9)
ie.

_ 1 216 1 hk 0Fy

h™ ——| — . 1
9= w—kv{ h 1w, k) /dv tan {Qm(v—v’)} (%’} (8.10)

We assume that the perturbation is due to an electron test charge. The general-
ization of Gauss’ law to include this test charge is not different from the classical
linear analysis:

V -E; = —4med(x — vot) — 4me /gdv (3.11)
whose Fourier transform expression reads
ik Ey = —81%ed(w — kvg) — 47Te/§]dv (3.12)
where
Ei(r,t) dk | dwE( ike—wt) 1
(r, @) / / WwE ( (3.13)

By substituting the Fourier transform of the perturbation distribution, expression
(3.10), into (3.12) we obtain the quantum equation

. 2 87:62 -
itk-E; = —871%ed(w — kvg) — T¢I(W7 k)

X /dv ! /dv' tanh ™! {L} aFO. (3.14)
w — kv 2m(

v—uv')| Ov
3.1.1. Classical limit of the plasma dielectric function

As h is small, to first order we note that

hk hk
tanh ™! ~ : 3.15
o [Qm(v — v’)} 2m(v — ') (3:15)
In the classical limit of & — 0, for nontrivial result we expect
2m(v —v') =50 or v — o (3.16)

which can be expressed rigorously by using the Plemelj’s formula:

: 1 1 .
;%m :p<v—v’> +imd(v —v'). (3.17)
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As a consequence the quantum equation (3.14) becomes in the classical limit

. 2 862
ik -E; = —87%ed(w — kvg) + —
2m

(—i)k¢1(w, k)
—_———

—By = kO<ED)

1 L1 0R _ OF,
X /d’l]w o l (ﬁl dv v — 1}’%) + (ZWE> (318)
—27i %%

where we assumed that only longitudinal waves exist in the perturbation and the
path T'; goes around the pole v" = v in the clockwise direction. With

Fy =nofo(v), wo = 47%62, (3.19)
Eq. (3.18) now reads
w2 . 9f
ik-Ey |1+ k—g /de_—f;:vl = —8r%ed(w — kvy) . (3.20)
et (k,w)

i.e. we obtain the classical plasma dielectric function e.(k,w). (see Refs. 15 and 18).

3.1.2. Quantum plasma dielectric function

The quantum plasma dielectric function can be obtained from the quantum equa-
tion (3.14) by first doing an integration by parts assuming that fy goes to zero at
+o0:

8inge? -

h ¢1 (ka)

1 Dk
x [ d dv'’ 2m f
/ Uw—kv/ U(v—v’ﬁ—(%ﬁfo

— 872w — kup) — %wi (=) (w, k)
~———

ik-E; = —8n%ed(w — kvg) +

k(k-E
—E,= ( = 1)

1 / fO
. 21
x/de—k” T, w (v—0")2—({£)2 (3:21)

Iz

With a contour I's that deforms to include poles in the clockwise direction, the
integral Iy in Eq. (3.21) reads

/ fO
2 = dv
L T e B (o )]

2m
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— {fo(u + hk/2m) . folv — hk/2m)}

hk/m —hk/m

mm | - hk - hk
= — ] = —— . .22
[fo (U + 2m> fo (U 2m>] (3.22)

Then the quantum plasma dielectric function reads
fO U + 2 fTO (U - 2h_k)

m) me .23
sqlk,w) = hk?/d w— kv (3.23)

This is the Lindhard equation for the dielectric constant [Ref. 10, p. 344 Eq. (17.60)
or Ref. 11, p. 116]. An alternative form is being derived in the next section.

For the equilibrium distribution function fy we could use the fermionic or the
bosonic one. We first consider the Maxwellian distribution

_ e_v,2/202
V)= ———— 3.24
where C' is a constant. With it, Eq. (3.21) becomes
) 2
. . 2 1 1 mw,
ik-E; = —8n eé(w—kvo)+5 % e (k'El)

w

7{ efﬁ(v+hk/2m)2 _ efﬁ(vfhk/2m)2
X dv
Ts

VT %
2 mw
= —8r%ed(w — kvg) — AL P(k-Ey)
% ¢~ zezlw/k)>+(rk/2m)%) 2:;“22 _ (3.25)

Consequently, the quantum plasma dielectric function for a Maxwellian distribution
is

21 mw?
colk,w)=1— 6’\/277 S e~ 7o [W/R) +(hk/2m)%) iy s (3.20)
If the Fermi-Dirac (FD) or Bose—Einstein (BE) distributions are used:
= 1 1
fo(v') = (3.27)

Cr 14 mr(Gmv?om

where the upper and lower signs correspond to FD and BE distributions, respec-
tively, and C is a normalization constant. The corresponding quantum plasma di-
electric functions read, respectively,

i mw? sinh 7
eglk,w 1F —
Q@) =1F oo cxbr T F R | o Tb7 £ 9 cosh ol

(3.28)
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3.1.3. Quantum plasma dielectric function: alternative form

To compare this result from the quantum Vlasov—Poisson equations with the one
from the Schrodinger—Poisson equations, we first rename k — ¢

h
eo(qw) =1+ h2 /d fo”+2m)_qf;’(v_ﬁ). (3.29)

With a change of variable v/ = v — ;L—gl, it becomes

mwQ/d ,fo(v' +24) — fo(Ul).

s o ale I (3.30)

eglq,w) =1+

In order to change the variable of integration from v to k, we make the change

v’ = & obtaining
m

colac) =1+ 2% [ g B O R a1

q(k+ 1)

To do the discussion on the rescaling of the integrand in the last equation we rewrite

it as follows
mw? h fo[ (k+q)]
J— p —_—
EQ(q,w) he? {/md(k +Q)w _ qh(k+q) +q22i

(a)

/m i _k212L } (3.32)
2m

(b)

After the following rescaling

%(k+q) — (k+4q) for (a)
, (3.33)
%k .y for ()

the last expression for the dielectric constant becomes

wp fol(k + q)]
hg? {/d(k+Q)w—q%(k+q)+q2%

(a)

ok
_/dk%}. (3.34)

(b)

eqlqw) =
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Note that the denominators remain unchanged, since rescaling here can only means
regrouping the % factor from (k 4 ¢) or k to ¢, otherwise dimensional analysis is
violated. Then the original dielectric function turns out to be

9 _
6@((]7&)) :1+n;:2p/dkf0 k""“])} O(k)

w(k+4)
_ mw, / fo (k +q)] = fo(k)
2qk+q) hw
mwy fol(k +q)] = fo(k)

- Ek+q E(k) — hw (3:35)

This expression can readily be generalized to 3D by adding a vector sign over k
and ¢:

folk + q)] = fo(k)
Ek+q —Ek) —Ihw’

eq(q,w) y=1-2 (3.36)

3.2. Linear quantum dielectric function from the
Schrodinger—Poisson system

The quantum dielectric function from the Schrédinger—Poisson equations can be
written in the form (see Appendix C)

ew f0k+q) f(k)
Ek+q —Bk) - hw’

e(quw)=1- (3.37)
This is identical to the one derived above from the quantum Vlasov—Poisson system
(3.36).

3.3. Summary

A linear analysis of the quantum Vlasov equation in 1D as been performed, the
classical plasma dielectric function has been obtained in the classical limit. A quan-
tum plasma dielectric function has been derived that agrees with those of Ref. 11
and 15. The linear quantum dielectric functions for the Maxwellian, Fermi-Dirac
and Bose—Einstein distributions have been obtained.

On the other hand, starting from the Schrédinger—Poisson system of equations,
a dielectric function defined as the ratio of the applied external potential over
the total potential'l (sum of the external and the internal potential given by the
rearrangement of charges via the Poisson equation), whose derivation is included in
Appendix C, is identical with that derived here from the quantum Vlasov—Poisson
system of equation. We present this case as a proof of the equivalence between the
two systems of equations.
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4. Derivation of the B # 0 QVE from the SE

Ours is a 3D problem with a uniform magnetic field along the z-axis. Positions and
momenta are coupled in the transverse XY plane via the mechanical momentum
with the orbits being quantized. The motion along the z-axis is that of a free parti-
cle, with a z-dependence in the wave function via a plane wave. The z-component
of the mechanical momentum is just equal to the z-component of the canonical
momentum. If a plane wave along the z-axis is employed in the definition of the
Wigner function (WF), it can be seen immediately that the latter does not depend
on z and neither on p,. We will derive a quantum Vlasov equation (QVE) in the
transverse plane to a uniform magnetic field from the Schrédinger equation (SE), in
analogy to the corresponding derivation for B = 0 (see Section 2). In this case the
symmetric gauge is required. A key property is that a spatial derivative now has
an extra contribution due to the position-momentum coupling via the mechanical
momentum. This magnetic QVE will serve as the starting point in our derivation
of the quantum linear dielectric function in a magnetic field in Section 5.

The magnetic QVE is a quantum kinetic equation that governs the dynamics of
the magnetic WF. The difference with the classical equation resides in the fourth
and last term that exhibits an integral indicating a nonlocal character, as happened
in the B = 0 QVE. Again it will be shown that this term reduces to the appropriate
classical limit when A — 0.

As when B = 0, ours is a single-particle description — that is the same as a
many-particle description with BBGKY hierarchy reduction and two-particle cor-
relations ignored — in a mean field created by other particles.

A QVE for an electron in a self-consistent magnetic field was given in Ref. 14.
However in practical applications, the self-consistent magnetic field is negligible as
compared to the external field.

4.1. Quantum Vlasov equation (QVE) from the Schridinger
equation

To derive the QVE from the Schrédinger equation with the magnetic field pointing
along the z direction, we need the symmetric gauge

1 By . By .
A= 2B><r— 5 OY — 5 yd (4.1)

in which the canonical momentum and the vector potential commute
P-A+A-p=2A-p. (4.2)

The kinetic term in the Hamiltonian is
2

2 2
(P - ZA> =p’+ %(952 +y?) — ihmQyd, — x,). (4.3)

If ¢ allows, the problem is translationally invariant in the z direction.
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Given the symmetry, the following definitions are used

ms) mS)
I, =n=~{I11,,11,) = (Pw + Tyapy - 7y> )

V.=V = (30, (44
C¢=pz+ny,

£Er+g=£wrﬁ+€yﬁ7 &Eaﬁ%, &,Ey+g7 (4.5)
E'Er—gzﬁgrﬁﬁ-f‘wv &EHC—%, §L:y—g.

Even though the quadratic terms proportional to m?/8 in Eqgs. (4.6) and (4.7)
would not cancel each other immediately, the linear terms are much easier to work
with if we write the Schrodinger equation and its complex conjugate at (£',¢) and
(&, 1), respectively, instead of at the same point (z,t) and then putting it in terms
of ¢ and &:

. a / h2 12 12
zha@(ﬁ 1) = (ag/ +3§')+—(§ +&,)

- @(5 Og, — £,0¢,) + e®(§, t)}‘I’(E'J) (4.6)

and

h? 02
—ma U*(€,1) = {—%(8@ +02)+ mT(é‘i +€5)

+ @(gyagm §a0¢,) + e(b(&,t)}\ll*({,t) . (4.7)

By doing Eq. (4.7) x [-W¥(£',¢)] + [¥*(&,t)] x Eq. (4.6) the following equation for
the Wigner density matrix is obtained

2 2
Zh%f’@f"“{ 102, — 98,) + (9, — )]+ (€2 — ) + (€2~ €2)

(Ia) (1b)

1hQ2
—T(Syaﬁm — &0, +&,0e — §,0¢)

(IT)

e[, 1) — B(E 1) }p@,gm. (48)

(IIT)
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Following the same procedures as for the free particle, i.e. doing

dpdn s 11,y n)
@ v Eq. (4 4.
| et x B, (18). (19)

It is important to note that the procedures and properties that will be used in the
derivation of the quantum and classical Vlasov equation for the Wigner function do
not depend on whether its definition is gauge-invariant (i.e. with d in the exponent)
or not (i.e. with IT in the exponent). Using Eq. (4.9) we will arrive at a quantum
Vlasov equation in terms of the mechanical momentum II. It can be checked that
a similar equation but in terms of d would be obtained had we used

4 (o pdyn)
by Eq. (4.8). 4.10
| et x Bq. (48) (410)
A classical Vlasov equation in terms of d would be obtained if we exploit the
d-dependence of the Wigner function instead of what we will do with the II-
dependence in the next section. The LHS of (4.9) is

0 dudﬁ £ (Mg p+1Iyn) / _ 0
Zhat / (27Th)2e ’ p(§, €' t) = Zhatf(r,l_l,t) . (4.11)
For the first term (Ia) in the RHS of (4.9), we use

and notice that for the problem with a magnetic field
O — O + (0.11) - 01 (4.13)
which in the symmetric gauge means
6(1 - 8& + aaH& aHa )
( ) (4.14)
(a,a) = (z,y) or (y,z),

and that the density p depends on IT,'? after an integration by parts in x and 7 for
the two terms of (Ia), respectively,

azy

- <anae%<“w”+“v">>p<e,eﬁt)]} : (4.15)

So the first term in the RHS of Eq. (4.9) or term (Ia) becomes

_@(n Or +10,0,) f + hQ(H on, — Hyon, ) f

1h$) dudn ATI.
T2 (zwh)zﬁ(ﬂw—ﬂyu)eﬁmﬂ (4.16)




The Quantum Wigner Function in a Magnetic Field 4577
On the other hand
PHE = (6 ) = —2(zu+yn) (4.17)
and the second term in the RHS of Eq. (4.9) or term (Ib) quickly gives

mQ? dpdn  impe
- Sl PSS 25 . 4.1
1 / nh)? en S (zp+yn)p (4.18)

The linear term in the RHS of Eq. (4.9) or term (II) is

ihQ [ dpdn g , /
2 " - L = &) 41
2 | (@mn)z© (€yO¢, — Ex0¢, + &, 0¢, — €0, )p (4.19)
By noting
I, (&) = po + T&, =11, + Tn’
mS) mQ
L&) =py = o5& =Ty — ——n, (4.20)
Ie¢)-¢=11-¢,
and similarly
mS) mo
Hz(sl) =Pz + 75; =11, Tn’
me) ms 4.21
Hu(ﬁl):py_Té-;:Hy—l—TM’ ( )
M) -¢=1-¢.

Equation (4.19) can be rewritten as

_i ) [ dpdn ey _

&4 -€y const.

dudn  iyen.
+/ (Qih?zehn(g)c(gzl/af; —5;35;,)/)}- (4.22)

£z ,&y const.

Since

B = gz - :/pa
(4.23)

nzgy_gg/,a
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and as for the spatial derivatives in a magnetic problem (4.14)

oIl ms)
O, — Op+ gf) O, (&) = O — = O, (0)
s &y const
OIL, (€) mQ
e, = On+ —5 = On.6) = On + =0

(4.24)

oIL, (£') mQ
O, — =0 — SM O, (e = —Ou — =~ O, (&)

&z, &y const .

ol (§') mi2
8% — =0y — o 6r[m(g/) = =0y + Tanz(ﬁ')

As all the derivatives are not independent of the variables of integrations p and 7,
we just need to do integrations by parts. Grouping separately in Eq. (4.22) terms
from the two types of derivatives:

LRQ [ dpdy v g e e
2 (27h)? [(§y — &) 0 — (& — &)Onlp
-8 /(27rh)2 AT C[—€, 01, () — EaOrm, (g)]P
+enTHEC e A (ery — €40, en]P) - (425)

After an integration by parts

ihQ [ dpdn 1114[ o (& — &) -, (& — &)]p

2 (27h)?
n "
hm$? [ dpd i .
+Z 77; /(Qih;g{ H(E)C [ &y —Eaplp +er )¢l [ Eyn & ulp }

(4.26)

Using Egs. (4.20) and (4.21) again for the second term in Eq. (4.26) it becomes
1hQ dudn imne 1

2 | @2t ﬁ[ﬂw—ﬂyu]p
Q2 [ dpdy g , ,
T et G g (e @2
2y 2z

where we can see that first term exactly cancels the last term in Eq. (4.16), and
the second term cancels (4.18) or term (Ib).
The last term in the RHS of Eq. (4.9) or term (III) reads

e

(27h)? /dce%n'%(‘fat)—¢(€’at)]p(€,£’7t). (4.28)
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After introducing the 2D “inverse Wigner transform”
p(&. € t) = (r+ /dn’ ATCr(p T, 1) (4.29)

and noting that

(b(évt) - ¢(£Ivt) = ¢w(£7 ;at) + ¢y(§y7£lat)7
12
23

Equation (4.28) can be rewritten as

/ / LH(MI-11')-¢ st ¢_y
27Th /dﬂ r,IT', /dCe { . 7777] (4.31)

¢x(§,80,1)

¢y(§ya 5/7 t)

In analogy with the 1D free particle QVE derivation, by introducing the vector K
with cartesian components defined as

o 1 L(TI-T1')-¢ ¢a
Ka(r7H,H/7t) = W/d{eﬁ( ) 57 a=x,Y. (432)
Equation (4.31) can be rewritten as
! ! h
e/dH f(r, I, t) (——,) o Ko, a=ux,y (4.33)
i

where summation over repeated index has been used. With an integration by parts,
term (III) finally becomes

K. (4.34)

—ihe/dﬂ’@ngf(r, H/,t)Ka = —ihe/dl_[/ aaé/

Combining Eqgs. (4.11), (4.16), (4.18), (4.27), and (4.34), we have

ih%f(r,ﬂ,t) _ _@(H 9y +11,0,)f + ZQ (I, — 0. ) f
B ([ Of of
zhe/dH (81‘[; K+ 6H2Ky (4.35)

or

En (r,II) + 1H Vf—Q(HxVH) zf—!—e/dHVH/f K=0. (4.36)
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4.2. Classical Vlasov equation (CVE)

In a problem with a magnetic field the generalized or mechanical momentum II,
following Sakurai’s notation,'® is form invariant under gauge transformation:
Hem® —p_ EA (4.37)
dt
where p is called the canonical momentum. The r introduced in the above equation
can be referred to as the generalized spatial coordinate. It is reasonable to write the
Wigner distribution function as

f=flr,rt)=f(r,I0,t). (4.38)

Then the classical Vlasov equation can be written as

d o I (o (oI & o
af(r7ﬂ,t)=(at+— (§+<E>'a_n>+n a_n> f(r,I0,t) = 0. (4.39)

Using the Ehrenfest’s theorem!®

dIl 1 dr dr

In our case as B is constant, pointing along the z-direction, and does not depend
on any momentum coordinate, this equation reduces to the classical Lorentz force
equation:

dIl 1dr
- = - = A, .].
o [E+ dth} eE + QIT x 2 (4.41)

Concentrating on the 2D problem in the transverse plane, i.e.

r=(z,y) (4.42)
we get
I /oIl o 1 o1, oIl
w () = e (peon on.
Q
= 5 (120, + 1,0, ) . (4.43)
And by using Eq. (4.41)
0 0 0

the CVE (4.39) becomes

o 1 0 0

Q 0 0 0
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When we look back at the quantum Equation (4.36) and the definition of the
vector K in Eq. (4.32), in the classical limit # — 0 the exponential in Eq. (4.32)

oscillates very rapidly and the contributions are phased out unless also { — 0 in
which case ¢, /(s — 0¢/0a. Then K becomes

Vo (-
K(r,ILI,t) = o [ d¢eiTT¢ = vs? (1T - 1) 4.4
(L) = e [ acet V(I - IT) (1.46)
Then, in the classical limit the last term in the quantum equation (4.36) becomes
eVo-Vnf. (4.47)

Then we see that QVE reduces to CVE in the classical limit for a particle in a
magnetic field (E = —V¢).

5. The B # 0 Quantum Dielectric Function

In this section we use the quantum kinetic equation for a particle in a magnetic field
derived in Section 4 and a similar procedure as that used in Section 3 for zero field, to
derive a linear quantum dielectric function for a particle in a magnetic field in term
of the Wigner function. The dielectric function, and the closely related conductivity,
describes the particle collective behavior. The direct implication of the Wigner
function in the dielectric function means that the former is not just a calculation
tool but also carries the underlying physics. For example it has been shown'? that
the Wigner function show oscillations in term of B~! that are consistent with de
Haas—van Alphen effect (dHvA), in which the period of oscillation is related to the
Fermi energy. It will be straightforward to note that the quantum linear dielectric
function for B # 0 reduces to the Lindhard equation of Section 3 when B — 0.

As a by-product, the derivation of this equation shows the internal structure
of the quantum dielectric function sheds light on the correct sign for the gauge
invariance of the Wigner function.

Kelly'* obtained a dielectric tensor, not dielectric function, whose components
did not present any oscillations. Harris gave an expression [Ref. 15 Eq. (2.69)] for
the dielectric function in terms of “a quantum mechanical distribution function,
which is a Fourier transform of the density matrix... It is similar but not identical
to the well-known distribution function of Wigner”, which differs with ours by an
extra summation over the indices of Bessel functions, but it is not clear how this
expression would reduce to the Lindhard equation at B = 0.

Starting with the quantum Vlasov equation (4.46)

Q
2{+ vy - Vi) zf+e/dl'[’V1—y- —0 (5.1)
or the expanded version in the XY (2D) plane perpendicular to the field, Eq. (4.45)
0 Q
J (1,0, + 1,9, f — 5 (b, — T1,0,)

/ of
/dl‘l (61‘[’ Koot g ) 0 (5.2)
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with
“_(2771h)/ et HH)EZ a=zy, &= (uwn) (5.3)

and
%_(b(“%’“g’t)‘d’( g’“g’t>’ (5.4)
b= oo - B+ Do) —o(e- L= L), .

As in Section 3 we assume small perturbations from the equilibrium values with
the ion distribution remains unperturbed due to their large mass:

f_:f()_+€g7 f+:f(j_7 ¢:0+8¢1 (55)

The perturbations for K, are

1 i -m)e L My K n
Kip = —— [ @?ger@m-1€ 2 - BTy
1 (27Th)2/ Eeh 1 ¢1 T+ 25y+ 27 ¢1 z 25y+ 2’

1 i(m-1r).¢ L 15 n K n
Ky = ——— [ d®genT-T)€_ ~ Ly i) - — Byt
1y (27Th)2 / Eeh n ¢1 z 25y+ 2’ ¢1 z 232/ 2’

Now we go to the frequency domain by writing

g(r,v,t) Pk | dwg(w, k,v)elder=—wt) (5.8)

p1(r,t) = ﬁ / 4’k / dwer (w, k)l k=) (5.9)

With these definitions, the appropriate combinations are

o n M n
¢1(x+23y+23t> ¢1<I 27y+27t>

d2

dwey (w, k)e! kT« eihu 3 9; smk 5 (5.10)

I n I n
¢1($ 27y+27t> d)l(ﬂf 27y 25t>
1

d’k

and

dwiy (w, K)edeT—wt e =ika & 95 iy kyg . (5.11)
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With these combinations of perturbations for ¢ we can go to the frequency domain

for the perturbations in K with

1y = 2 h /d2 /dw¢1 w k i(k-r—wt)
e
y /dzﬁe%(n_n,)'geiky% 2isink, § .
i
Ilz

The integral I, is done as follows

: ink. L v
I, = /due%(ﬂrﬂ;)ugi%/dne%(ﬂrﬂ;)neiky% .
W

(24)% tanh ! Q(I—I%fnlﬁ 27rh6(l'[y71_l;+¥)

/dW(bl i(k-r—wt)

) ;S n
</ d2ge%<nfn'>-sefikw%72”1“’%2 .
Ui

Similarly,

Ky =

27rh

Ily

The integral I1, is done as follows

i sin ky 2
Iy —/dueﬁ (Mo =10, )~ ika g /dneh(n —y)ng; T —"¥2
n
hkg . _
2mhé (M, —1II, — *5%) (24)2 tanh—?! #_UHL)

(5.12)

(5.13)

(5.14)

(5.15)

Before writing down the frequency domain quantum Vlasov equation for the

linear perturbations we consider one issue. The derivatives with respect to the

mechanical momentum in the third term are taken at fixed spatial positions. In the

symmetric gauge, the mechanical momenta are defined as

ms) ms2
L =pe+—-y, Iy=p,——a,
and for the third term in the quantum Vlasov equation:

1 1
o, |z = ﬁaky , o, |y = ﬁak

Then the frequency domain equation in the linear perturbation reads

Q
—iwg + (H kp + Tk, )7 — ;h(ﬂwy—ﬂyx)g
T3
afo L Bk,
' pl e
{/d B 2 . tan 3, —117)
=M, +—4

(5.16)

(5.17)
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dfo
+ / dH; ST

Y

I/, =11, — ke : v

Term 753 is rearranged into

i ms i md _
Tos = {%Hz (hkm — Ty) + %Hy (hku + T$>:| g

= (VoK +iVyKy)g (5.19)
with
K=" po=m -y,
h 2
D q (5.20)
Kyzfy, Dy:hky—FW; T,
and
I1,
Vo= —, a=x,y. (5.21)
m

Here we pause to make an important discussion. From the derivation of the
quantum Vlasov equation in Section 4, II, is replaced by D, should we choose to
do that in the definition of the Wigner function. So the exact definition of V, in
term of I, or D, is arbitrary, depending on a choice in the definition of the Wigner
function (if we ignore the fact that gauge invariance require the choice of D,).
However, the definition of K, is not arbitrary, it comes from the internal structure
of the quantum Vlasov equation, and it is related to D, not I1,!

Back to the frequency domain equation in the linear perturbation of the distri-
bution function, it leads to

_ diegy 1 , 0fo 1 hk,
S S — N fanh~! 7T
g (27rh)w—K-V{/ * 31T, Y0 T B 1
I, =TI, + "%
afo —1 hk"/
+/dH' tanh™ —————— 5. (5.22)
YOI | 2(TL, — 1)

As with the derivation for B = 0 in Section 3, we assume that the perturbation
is due to an electron test charge. The generalization of Gauss’ law to include this
test charge is

V- E; = —4rmed(r — vot) — 47re/dVg. (5.23)

Using the last expression for g in the Fourier transform expression of the gen-
eralized Gauss’ law:

ik- By = —8m%ed(w —k - vq) — 47re/dV§ (5.24)
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where

1 _ )
Eq(r,t) = CE /ko/dwEl(w,k)ez(k'r_”t), (5.25)

we arrive at
1

_ 16minge? -
ik - — _8]p2 k. 2Ot -
ik-E; 8red(w — k- vo) + ) 01 /de KV

(2

bk /2
(Hac - le)2 - (hkac/2)2

=1, (hks/2)

X

/ IV, fo (T, =TI, + ik, /2)

fiky /2
(I, 1,2 — (i, /27 ] (526)

=1, (hky/2)

+ /dH;fO(H; =1L, — hk./2)

where we also have used fo = ng fo and applied the result

0 [k B hika /2
o, | oM, — 1) | T (M, —I0,)% — (hka/2)2°

The next step is to use the residue theorem to evaluate the integrals

. hk
h(n;:ny+jf>
vat% dIT,
I

hk hk
r b I — i
I <H$+ 2) i <nw 2)

o[- hky hk, _ Bk hk,
- - v - e — —2 1L, + =2 )|, (5.2
7mw[ﬁa<ﬂz+ 5 L, + ) ﬂ)<H 5 v+ 5 )} (5.28)

. hks
Jo (H; =1l — T)
L,:(% drt,
( r; hk hk

a=x,y. (5.27)

| - hk hk - hk hk
= — e — —— I, + =% | — o, - —=, 10, — =2 ||, (5.2
and also using the definition of the plasma frequency
47nge?

to arrive at

2
mwp

. 1
ZkE]_ = —877265((4) —k'VO) - 7 qb] /de
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_ hk, hk . Tk, hk

2 2 2 2
= hk., hky - hk, hky
+ fo (Hm_77ny+7> fo (Hz 5 ,Hy 5 )} (5.31)
Since
ik - Bie(k,w) = —81%ed(w — k - vo) (5.32)
and
4T = - k-E
V¢ =E1 — —ik¢h =E; — 91 =1 2 ! (5.33)
finally, we have
() = 1+ T
ST e
y /deO(HI + hky /2,11, + hky/2) — fo(IL, — Rk, /2,11, — hk,/2) .
w—-—K-V
(5.34)

It can be noted that this equation reduces to that derived in Section 3 when B = 0.

6. Conclusions

We have derived a quantum dielectric function (QDF) from the quantum Vlasov
equation (QVE), first for B = 0 (Section 3) and then for B # 0 (Section 5),
using linear perturbations and a self-consistent mean field interaction via Poisson’s
equation. The QVE is a quantum kinetic equation that governs the behavior of the
Wigner function (WF). The QVE was derived from the Scrodinger equation (SE)
for B = 0 (Section 2) and for B # 0 (Section 4). The B = 0 QDF, except for its
expression in term of the WF, is the Lindhard constant, which is usually derived
from the SE in the literature. The B # 0 QDF was derived for the first time. This
result indicated that

(i) Since properties such as conductivities are related to the dielectric function and
so to the Wigner function, the physics is contained in the later. A magnetic
Wigner function should show de Haas—van Alphen oscillations as proved in
Ref. 12.

(ii) An explicit manifestation that the structure of the kinetic equation gives rise
to D, not IT (see Appendix B for their definitions). This is related to the choice
of D or IT in the definition of the magnetic Wigner function, and we argue for
D for gauge invariance.'3
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We have found related but not similar work in the papers by Kelly'* and
Harris.'® Kelly obtained a dielectric tensor, not dielectric function, whose com-
ponents did not present any de Haas—van Alphen oscillations. Harris gave an ex-
pression (2.69) for the dielectric function in terms of “a quantum mechanical distri-
bution function, which is a Fourier transform of the density matrix... It is similar
but not identical to the well-known distribution function of Wigner”, which differs
with ours by an extra summation over the indices of Bessel functions. It is not clear
how this expression would reduce to the Lindhard constant at B = 0.

We have also proposed a modified WF with finite limits of integration. For free
particles when the eigenfunctions are plane waves, the WF is singular and positive
while the modified WF is finite with oscillatory behavior. For a harmonic oscillator
potential when the eigenfunctions are localized in space, finite limits of integration
are effective even in the original WF and there is no distinction with the modified
one.

Appendix A. The Kernel for the Trace expression of WF

The Wigner function can be obtained from the density matrix p and a kernel A via
a trace expression

f=hTr(pA). (A1)
To obtain an expression in the position representation we expand the trace as
f=n [ @l o). (A.2)
When the kernel
1 ) " N
A —hg—0F) = —— dédnetlé(—p)+n(a—3a)] A.

is used in Eq. (A.2), the usual Wigner function is obtained,? with p,§ being the
momentum and position operators, respectively. We can note that A has dimension
of [action]~!. The trace and p are dimensionless, so Eq. (A.1) corresponds to di-
mensionless distribution functions. In fact, by using the Baker—Campbell-Hausdoff
formula in Eq. (A.3), inserting position-space completeness relations into Eq. (A.2),
and using the resulting delta functions, we recover the usual expression for the
Wigner distribution function

h& ‘

) =1 [ dee® (=5 o) fa + 5 ) (A4

2
which is dimensionless as each position ket has a dimension of [length] /2.
Here is the complete derivation:
h , . X
= dv' 0’| o(H. 6 dedn els=—p)+nla—=a)l |7y A.
oz [ wiet.a) [ [ asan ). (As)

ein(a—a) git(p—p) o 3 ENld:5]
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The Baker—-Campbell-Hausdoff formula has been used in the last equality. Using
[G,p] = ih, (A.6)

and applying the momentum operator in the exponential to the momentum ket and
taking all the number exponentials outside the expectation value, one obtains

h i ih —igp’ AN —ing
fw(p.a) = 3 / / dgdne’MTEP) 2 e / dp'e™" 7 (p'|p(p, @e= M |p')
jj dqldq//ﬁe%ﬂ(qu*q,)e—inq” (q’\p\q”)

(A7)

The last result has been obtained by inserting completeness relations in ¢’ and ¢”

/ dq'l¢'){d'], / dq"q"){q"| (A.8)

immediately after the bra and before the ket, respectively, and using the plane wave
definition

¥'ld") = \/ﬁe*ﬁp a (A.9)

Rearranging Eq. (A.7)
fotpa) = ﬁ// dedge! 10 // dq'dg" =" (q/|plg") / dpfe kv (@ = =)
™

2mhdlq”’ —(q'+hg)]

™

- ;// dédq'e’*?(q'|pld’ +h§>/dﬁe_i"(q,+%_q)
i

2mo[q’—(q— %g )
i h¢& h¢&
— F/d£e£p<q_ _’p‘q_i'_ _>

= h/dgei%* <q + %) Y (q - %) : (A.10)

Appendix B. Definitions of D and II

The form, which we will call the operator form (operators carry a hat)
£(6) = [ dracteroquje D" g i Ply) (B.1)

is gauge invariant,?! where the d-derivative operator should be defined as:

AE%(p+§A) (B.2)
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whose Cartesian components commute with the free particle Hamiltonian in the
transverse plane (the constant magnetic field points along z):

A 1 -2
H=_—II B.3
5 (B.3)
with the mechanical momentum defined as
M=p- A, (B.4)
c
i.e.

[Hi,D,) = [Hi,Dy]=0. (B.5)

This property is not shared by the Cartesian components of the mechanical mo-
mentum itself

[H, 11, = —2ihmQIL,,  [Hy,11,] = 2ihmQIL, . (B.6)

The fact that Eq. (B.1) is invariant under a gauge transformation that leaves
the mechanical momentum invariant

A A+ Vx(E L), o erex®Biy (B.7)
p— IyPT = b+ SV, Ty(t) = eiXE0, (B.8)

but not the d-derivative

e

DD+ 2+ Vx(t,1) (B.9)
is because
e—%ro-f)Jre%ro-f) N e—%ro-[ﬁ+—2%(Vx)+]e%ro-[]i)+2ﬁ(VX)] — 6—%r0-]5+e%ro-f) )
(B.10)
Appendix C. Linear Quantum Dielectric Function from the
Schrédinger—Poisson System
Starting from the Schréodinger equation (SE) and its complex conjugate
0 0
ih—|U) = H|U d —ih—(V|=(V|H C.1
ih ) = H|W) and  —ihe (V] = (W], (1)

when we differentiate the density matrix with respect to time, the Heisenberg equa-
tion is obtained:

_O0p . [(O|T) oY
— =ih| — (V¥ U\—— )| =Hp—pH=1[H,p|. 2
Zat’<6t<+>6t p—pH =[H, ] (C.2)
The density matrix is the statistical operator, which in term of the wave functions

reads

p=TT*. (C.3)
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It is observed that the bra-ket notation clearly indicates the right order for the
wave functions.
Our SE is a single-particle mean-field equation with

H=Hy+V (C.4)

where Hy is the free-particle Hamiltonian. V', which is considered a perturbation,
can be decomposed into an applied external potential V. plus an internal potential
Vi.

V(r,t) = Ve(r,t) + Vi(r, t). (C.5)
The internal potential is produced by the charged particle fluctuations
n=mng+n, p=po+dp, (C.6)
via the Poisson equation:
V2Vi(r,t) = —4ne*on(r,t). (C.7)

The linearized Heisenberg equation reads

e/
i = [Ho, 3] + [V pol. (C.8)

This equation in terms of the matrix elements in momentum space can be derived
using the properties

Holk) = E(R)k),  E(k) = 722:; : (C.9)
polk) = fo(R)EY,  fo= fermi distribution (C.10)

to be
ih(k'|0p|k) = [E(K") — E(K)|(K'[6plk) — [fo(k') — fo(k)|(K'|V[K) . (C.11)

The matrix element for V is the g-component of the Fourier transform of V(q =
k'’ —k)). In fact, by inserting position-space closure relations and using plane-wave
definitions

<k’|V(r,t)\k>:/ dridre  (K'|r1)  (m|V(r,t)|r2)  (r2|k)

e~ ik’ 'ty §(r1—r2)V(ra,t) (2,)13/2 eikra

(2”)13/2
1 .
= 0 /drle_“"“V(rl,t) =V, (t). (C.12)

We introduce the Fourier transform in space and time for V' and dp:

V.0 = G [ daldue @0V (). (C.13)
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Then the matrix elements become
1

(2n)?

- dq dwe 'V (q/,w) [ drje i @=a)m
(2m)?

(2m)34(a—a’)

z/dwe_i‘”tV(q,w). (C.14)

(K'|V(r,t)|k) = V,(t) = / drie™" TV (v, 1)

Similarly,
<kﬂ5p@3tﬂk>::j/dwe_mndpkLaO. (C.15)
By using these Fourier transforms in the linearized Heisenberg equation (C.11) it
gives
ih(—iw)dp(q,w) = [E(k’) — E(k)]dp(q,w) — [fo(k') = fo(k)]V(q,w)  (C.16)

which means

_ JoK') = fo(k)
orlaw) = E(ko’) - E(k(; ~ hw

On the other hand, the particle fluctuation can be written in term of the sta-
tistical operator fluctuation as

on(ro,t) = Tr{é(r —ro)dp} = /dk(/ﬂ\é(r —19)dplk)

Vig,w). (C.17)

:/ dkdk'  (k|6(r —ro)|k") (K'|0p|k)
D e ——

ﬁ [ dretar(r—rg)

= ﬁ // dkdk’ ™™o (k' |5p|k) . (C.18)

By using Eqgs. (C.13), (C.15), and (C.18) in the linearized Poisson equation (C.7)
it becomes
1

o [ fdadee @ (Wil w) = et o [ [ [ e 05 0.0
(C.19)

which reduces, with dk’ = dq, to
—¢*Vi(q,w) = —47re2/dk(5p(q,w). (C.20)

When the final version of the linearized Poisson equation (C.20) is used in the final
version of the linearized Heisenberg equation (C.17), it shows

fo(k') — fo(k)
E(K) — B(k) — o

4 2
Vi(q,w) = Zf dk

V(q,w). (C.21)
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If we follow Ref. 11 in defining, the dielectric constant as

_ Valquw) — Vilq,w)
@) =0 = Vigw

dme? folk +a) — fo(k)
=1- dk . C.22
et (€22)
With the definitions
- 4drnge?
fO = ’I’L()f(), w;2; = mo ) (023)

the quantum dielectric function from the Schrédinger—Poisson equations is finally
written in the form

(q )_l_mew f0k+q) fo(k)

ek +a) = Bk — o

This is identical to the one derived from the quantum Vlasov—Poisson system (3.36).

(C.24)
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