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THE QUASI-KRONECKER FORM FOR MATRIX PENCILS

THOMAS BERGER* AND STEPHAN TRENNT

Abstract. We study singular matrix pencils and show that the so called Wong sequences yield a quasi-Kronecker form. This
form decouples the matrix pencil into an underdetermined part, a regular part and an overdetermined part. This decoupling
is sufficient to fully characterize the solution behaviour of the differential-algebraic equations associated with the matrix pencil.
Furthermore, the Kronecker canonical form is a simple corollary of our result, hence, in passing by, we also provide a new proof for
the Kronecker canonical form. The results are illustrated with an example given by a simple electrical circuit.

Keywords: singular matrix pencil, Kronecker canonical form, differential algebraic equations

1. Introduction. We study (singular) linear matrix pencils
sE— A e K™ "[s], where K is Q, R or C,
and the associated differential algebraic equation (DAE)
Ei = Az + f, (1.1)

where f is some inhomogeneity. In the context of DAEs it is natural to call matrix pencils sF; — A; and
sEo — Ay equivalent and write sEq — A1 & sEy — Ao, if there exist invertible matrices S and T such that

S(SEl - AQ)T = SEQ — Ag.

Based on this notion of equivalence it is of interest to find the “simplest” matrix pencil within an equivalence
class. This problem was solved by Kronecker [12] (see also [8, 14]). Nevertheless, the analysis of matrix pencils
is still an active research area (see e.g. the recent paper [10]), mainly because of numerical issues or to find ways
to obtain the Kronecker canonical form efficiently (see e.g. [22], [3], [23]).

Our main goal in this paper is to highlight the importance of the Wong sequences [24] for the analysis of matrix
pencils. The Wong sequences for the matrix pencil sE — A are given by the following sequences of subspaces

Vo := K", Viy1:= AY(BV;) CK",
Wy := {0}, Wit1 = E~1(AW;) CK™

We will show (see Theorem 3.2 and Remark 3.3) that the Wong sequences are sufficient to completely characterize
the solution behaviour of the DAE (1.1) including the characterization of consistent initial values as well as
constraints on the inhomogeneity f.

The Wong sequences can be traced back to Dieudonné [7], however his focus is only on the first of the two Wong
sequences. Bernhard [5] and Armentano [2] used the Wong sequences to carry out a geometric analysis of matrix
pencils. In [15] the first Wong sequence is introduced as “fundamental geometric tool in the characterization
of the subspace of consistent initial conditions” of a regular DAE. In control theory, modified versions of the
first Wong sequence are used to study (A, B)-invariant subspaces, see e.g. [25, Thm. 4.3]. Only a few authors
[1, 13, 21] use the Wong sequences in connection with DAEs, in general, it seems that, especially in the DAE
community, the relevance of the Wong sequences have been overlooked. We therefore believe that our solvability
characterizations solely in terms of the Wong sequences are new.

The Wong sequences directly lead to a quasi-Kronecker triangular form, i.e.

SEP—AP * *
sE—A = 0 SER—AR * s
0 0 SEQ —AQ

where sEr — Ap is a regular matrix pencil. sEp — Ap is the "underdetermined” pencil and sEg — Ag is the
“overdetermined” pencil (Theorem 2.3). With only little more effort we can get rid of the off-diagonal blocks
and obtain a quasi-Kronecker form (Theorem 2.5). From the letter it is easy to obtain the Kronecker canonical
form (Corollary 2.7) and hence another contribution of our work is a new proof for the Kronecker canonical
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form. We have to admit that our proof does not reach the elegance of the proof of Gantmacher [8], however
Gantmacher does not provide any geometrical insight. On the other end of the spectrum, Armentano [2] uses
the Wong sequences to obtain a similar result as we do (the quasi-Kronecker triangular form), however his
approach is purely geometrical so that it is not directly possible to deduce the transformation matrices which
are necessary to obtain the quasi-Kronecker (triangular) form. Our result overcomes this disadvantage because
it presents geometrical insights and, at the same time, is constructive.

Different to other authors we do not primarily aim to decouple the regular part of the matrix pencil, because 1)
the decoupling into three parts which have the solution properties “existence, but non-uniquess” (underdeter-
mined part), “existence and uniqueness” (regular part) and “uniqueness, but possible non-existence” (overde-
termined part) seems very natural, and 2) the regular part can be further decoupled if necessary - again with
the help of the Wong sequences as we showed in [4].

Another advantage of our approach is that we respect the domain of the entries in the matrix pencil, e.g. if
our matrices are real-valued, then all transformations remain real-valued. This is not true for results about the
Kronecker canonical form, because, due to possible complex eigenvalues and eigenvectors, even in the case of
real-valued matrices it is necessary to allow for complex transformations and complex canonical forms. This
is often undesirable, because if one starts with a real-valued matrix pencil one would like to get real-valued
results. Therefore, we formulated our results such that they are valid for K = Q, K = R and K = C. Especially
for K = Q it was also necessary to re-check known results, whether their proofs are also valid in Q. We believe
that the case K = Q is of special importance because this allows the implementation of our approach in exact
arithmetic which might be feasible if the matrices are sparse and not too big. In fact, we believe that the
construction of the quasi-Kronecker (triangular) form is also possible if the matrix pencil sE — A contains
symbolic entries as it is common for the analysis of electrical circuits, where one might just add the symbol R
into the matrix instead of a specific value of the corresponding resistor. However, we have not formalized this,
but our running example will show that it is no problem to keep symbolic entries in the matrix.
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Fic. 1.1. An electrical circuit with sources and an open terminal used as the origin of the DAE (1.2). Used as a running
example.

As a running example we use a DAE arising from an electrical circuit as shown in Figure 1.1. The electrical
circuit has no practicable purpose and is for academic analysis only. To obtain the DAE description, let the state
variable be given by @ = (p+,P—, Do, PT: 9L, ip, im, IG5 0 F, iR, G0, 1V, iC, iT)—r consisting of the node potentials and
the currents through the branches. The inhomogeneity is f = Bu with v = (I, V)" given by the sources and the
matrix B as below. The defining property of an ideal operational amplifier in feedback configuration is given
by
pr =p— and 4L =0=1q_.

Collecting all defining equations of the circuit we obtain 13 equations for 14 state variables, which can be written
as a DAE as follows:

_ I _ -1 0
< C 1 R
1-1 Rp
1 R
1 I
T = 1 T+ 1.2
i (v) (12)
14 1
11 41
1 1411
i | i 9 11 |




The coefficient matrices are not square, hence the corresponding matrix pencil sE — A cannot be regular and
standard tools cannot be used to analyze this description of the circuit.

The paper is organized as follows. In Section 2 we present our main results, in particular how the Wong
sequences directly yield the quasi-Kronecker triangular form (Theorem 2.3). The proofs of the main results are
carried out in Section 5. Preliminary results are presented and proved in Section 4. After presenting the main
results, we show how the quasi-Kronecker form can be used to fully characterize the solution behaviour of the
corresponding DAE in Section 3.

We close the introduction with the nomenclature used in this paper.

N set of natural numbers with zero, N={0,1,2,...}

Q,R,C set of rational, real and complex numbers, resp.

K either Q, R, or C

Gl,(K) the set of invertible n X n matrices over K

K[s] the ring of polynomials with coefficients in K

K(s) the quotient field of K[s]

Kmxn the set of m x n matrices with entries in K

Torl, the identity matrix of size n x n for n € N

AT the (conjugate) transposed of the matrix A € K™*"

AS = { Az €K™ |z €S }, the image of the set S C K" under A € K™*”

A~LS = {ze€K" | Az € S }, the pre-image of the set S C K™ under A € K"™*"

ATTS = (AT)71S

S+ = { z e K" | Vs€S: 2's=0 }, the orthogonal complement of the set S C K"

rankc(AE — A) the complex rank of the matrix (A\E—A) € C™*", E, A € K™*" for A € C; rankc(coE—
A) :=rankc F

spec(sE — A) = {AeCU{oo} | rankc(AE — A) < n }, the spectrum of the matrix pencil sE — A €
Km>ns]

Cc> the space of smooth (i.e. arbitrarily often differentiable) functions f : R — R

Dpweee the space of piecewise-smooth distributions as introduced in [19, 20]

2. Main results. As mentioned in the Introduction our approach is based on the Wong sequences which
have been introduced in [24] for the analysis of matrix pencils. They can be calculated via a recursive subspace
iteration. In a precorser [4] of this paper we used them to determine the quasi-Weierstrafl form and it will turn
out that they are the appropriate tool to determine a quasi-Kronecker form as well.

DEFINITION 2.1 (Wong sequences [24]). Consider a matriz pencil sE — A € K™*"[s]. The Wong sequences
corresponding to sE — A are given by

Vo = Kna Vi-‘rl = A_l(Evl) - Kna
Wo :={0}, Wiy = E (AW, CK™.

Let V* := N;en Vi and W* := [J;cy Wi be the limits of the Wong sequences. o

It is easy to see that the Wong sequences are nested, terminate and satisfy

I ENVFEN + VoDV D v D Viw = Vioj =t V* = AL(EV*) D ker 4, o)
IreNVjeN : WoCkerE=W, C--- CWpe = Wpey; = W* = E"LH(AW?), '
AV* C EV* and EW* C AW*. (2.2)
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For our example DAE (1.2) we obtain:

- - -1 - -1 -
1

R 1 1

V) =im =V* and W; =im b , Wo =im b = W*

1 1 1
1 1 1
1 1 1
11 1 1
“11- - 1- L 1-

We carried out the calculation with Matlab and its Symbolic Tool Box and the following short function for
calculating the pre-image:

LisTING 1
Matlab function for calculating a basis of the pre-image A~1(im S) for some matrices A and S

function V=getPrelmage (A,S)
[ml,n1]=s%ze(A); [m2,n2]=size(S);
if mi==m2
H=null([A,S]);
V=colspace(H(1:n1,:));
else
error (’Both matrices must have same number of rows’);
end;

Before stating our main result we repeat the result concerning the Wong sequences and regular matrix pencils.

THEOREM 2.2 (The regular case, [4]). Consider a regular matriz pencil sE — A € K™*"[s], i.e. m = n and
det(sE — A) € K[s] \ {0}. Let V* and W* be the limits of the corresponding Wong sequences. Choose any full
rank matrices V. and W such that imV = V* and im W = W*. Then T = [V,W] and S = [EV, AW]~1 are
invertible and put the matrix pencil sE — A into quasi- WeierstrafS form

(SET,SAT)—([é ](H[‘O] ?D

where J € K" X" n;eN, and N € K"WX"N ny =n—ny, is a nilpotent matriz. In particular, when choosing
T; and Ty such that TJ_lJTJ and T&lNTN are in Jordan canonical form, then S’ = [EVT;, AWTN]™1 and
T = [VT;,WTy] put the regular matriz pencil SE — A into Weierstrafi canonical form. S

Important consequences of the known result about the Wong sequences in the regular case are
VN w* = {0}, EV*n AW* = {0},
V¥ + W =K", EV* + AW* = K™

These properties do not hold anymore for a general matrix pencil s — A, see Figure 2.1 for an illustration of
the situation.

K" K™

Vet wr EV* + AW*

nr e

nQ
mq

Fi1G. 2.1. The relationship of the limits V* and W* of the Wong sequences of the matriz pencil sE — A € K™*"[s] in the
general case; the numbers np,nr,ng,mp,mr, mqg € N denote the (difference of the) dimensions of the corresponding spaces.

We are now ready to present our first main result which states that the knowledge of the spaces V* and W* is
sufficient to obtain the quasi-Kronecker triangular form, which already captures most structural properties of
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the matrix pencil sE — A. With the help of the Wong sequences Armentano [2] already obtained a similar result,
however his aim was to obtain a triangular form where the diagonal blocks are in a canonical form. Therefore,
his result is more general then ours, however, the price is a more complicated proof and it is also not clear how
to obtain the transformation matrices explicitly.

THEOREM 2.3 (Quasi-Kronecker triangular form). Let sE — A € K™*"[s] and consider the corresponding
limits V* and W* of the Wong sequences as in Definition 2.1. Choose any full rank matrices P, € K"*"F
P, e Kmxmp’ R, € Knan, Ry € Kmxrnp} Ql S Knan, Qg € Km>X™Ma gych that

im P =V NW*, im P, = EV* N AW,
V'OW @im Ry = V* + W™, EV*NAW* @im Ry = EV* + AW™,

Then Tirian = [P1, R1, Q1] € G1,(K) and Sirian = [Pz, R2, Q2] € G1,,(K) transform sE— A in quasi-Kronecker
triangular form:

Ep Epr FEpq| |Ap Apr Apq
(StrianETtriana StrianATtrian) - 0 ER ERQ P 0 AR ARQ 3 (23)
0 0 Eg| |0 0 4

where
(i) Ep,Ap € K™P*"P 'mp < np, are such that rankc(AEp — Ap) = mp for all X € CU {0},
(ii) Eg,Agp € KMEX"R mp =ng, with sEr — Ag regular, i.e. det(sEgr — Ar) #Z 0,
(ii) Eq,Ag € K™e*"e mg > ng, are such that rankc(AEg — Ag) =ng for all A\ € CU {oo}. o
The proof is carried out in Section 5.

REMARK 2.4. The sizes of the blocks in (2.3) are uniquely given by the matriz pencil sSE — A because they
only depend on the subspaces constructed by the Wong sequences and not on the choice of bases thereof. It is
also possible that mp = 0 (or ng = 0) which means that there are matrices with no rows (or no columns).
On the other hand, if np = 0, nr = 0 or mg = 0 then the P-blocks, R-blocks or Q-blocks are not present at
all. Furthermore, it is easily seen, that if sSE — A fulfills (i), (ii) or (iii) itself then sE — A is already in quasi-
Kronecker tm’angular form with Tirian = P1 = I; Tivian = 1 = I; or Tirian = Ql = I; and Strian = P2_1 = I}
Strian:Rglzl; OrStrian:lez-[' <

In our example (1.2) we have
VEOWs =V Vi W =W

and, with K := Hatfe
G

EV*NAW* =EV* =im | |, EV* + AW* = AW* = im 10

L "Rg J
Therefore, we can choose
— 1 _ r 1 -
1 1
1 1
R 1
1 1
1 L
[P1, Ry, Q1] = b and [Py, Ra, Q2] = 1
1 1 1
1 1 1
1 1
1 1
11 1 Rp -
L 72 N | |-K-7E1 -Rp K Rp 1]




With this choice we obtain the following Kronecker triangular form for our example:

r0-11 1 7
rCROO  (-C 7
0000000000 L 01000R:0 000
0000000000 01400 0 Rp0 00
0000000000 000000 0 ROO
0000000000 000100 0 000
B A) = 0000000000 000010 0000
(E,A) = 0000000000 5 110000 0000
0000000000 000011 -1000
EREEEEEES
0000000000O 0000000111_1
L k4 | 0]

The quasi-Kronecker triangular form is already useful for the analysis of the matrix pencil sE — A and the
associated DAE Ei = Ax + f. However, a complete decoupling of the different parts, i.e. a block triangular
form, is more satisfying from a theoretical viewpoint and is also a necessary step to obtain the Kronecker
canonical form as a corollary. In the next result we show that we can transform any matrix pencil sE— A into a
block triangular form, which we call quasi-Kronecker form because all the important features of the Kronecker
canonical form are captured. In fact, it turns out that the diagonal blocks of the quasi-Kronecker triangular
form (2.3) already are the diagonal blocks of the quasi-Kronecker form.

THEOREM 2.5 (Quasi-Kronecker form). Using the notation from Theorem 2.3 the following equations are
solvable for matrices Fy, Fo, G1,G2, Hy, Hy of appropriate size:

0= ERQ + EpFi + FQEQ

2.4
0= Arq + ArF1 + F2Aq .
0=Apr+ ApGy + G2 AR .
0= (Epq + EprF1) + EpH1 + H2Eq (2.4c)

0= (Apg + AprF1) + ApH, + HyAg

and for any such matrices let

-1

I -Gy —H,
S:= (0 I —F| Suian = [P2,Ro— P2G2,Q2 — P2Hy — RoFo]™"  and
0 0 I
I Gy H;
T:= Tyian |0 I F1| = [P,R1+ PiG1,Q1+ PiHy + R Fy).
0 O I

Then S € Gl,,(K) and T € G1,,(K) put sE — A in quasi-Kronecker form

Ep 0 0] [4p 0 0
(SET,SAT)=||0 Egr O0]|,|0 Az o0]], (2.5)
0 0 Eo| |0 0 Ag

where the block diagonal entries are the same as for the quasi-Kronecker triangular form (2.3). In particular,
the quasi-Kronecker form (without the transformation matrices S and T) can be obtained only with the Wong
sequences (i.e. without solving (2.4)). o

The proof is carried out in Section 5.
REMARK 2.6. Matriz equations of the form

0=M+PX+YQ
0=R+SX+YT

for given matrices M, P,Q, R, S, T of appropriate size can be written equivalently as a standard linear system

ﬁg? ?%ﬁ}@igD=—(ﬁﬁg)

where ® denotes the Kronecker product of matrices and vec(H) denotes the vectorization of the matriz H
obtained by stacking all columns of H over each other. o
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For our example (1.2) we already know the quasi-Kronecker form, because as mentioned in Theorem 2.5 the
diagonal blocks are the same as for the quasi-Kronecker triangular form. However, we do not yet know the final
transformation matrices which yield the quasi-Kronecker form. Therefore, we have to find solutions of (2.4):

- 1 - 1 =L -1

1 1
RGK RgK K K RGK
] “Rp 1 Rp 1 REp 4
R 1 RgK K K K K
1 1
1 1
1 1
T= g and S = Ly
1
1 # 1 1
1 1
1 1
11 0 1 K 1
111 = 10 ] _K % -1 Rr-K' -Rp 1 ]

Finally, an analysis of the matrix pencils sEp — Ap and sEg — Ag in (2.5) with the property that rank AEp —
Ap =mp and rank \Eg — Ag = ng for all A € CU {oo} (see Lemma 4.14 and Corollary 4.15) together with
Theorem 2.2 allows now to obtain the Kronecker canonical form as a corollary.

COROLLARY 2.7. For every matriz pencil sSE — A € K™*"[s] there exist transformation matrices S € Gl,,(C)
and T € Gl1,,(C) such that, for a,b,c,d € N and €1,...,8a,M1, -+, My P1y+ -+ Pcy 01, --,0d €N,

S(SE - A)T = diag(P€1 (S)a ce ”Pea(s)’jpl (5)7 o '7‘7Pb(s)’Nﬂ'l(S)’ ce aNUc(S)’ in (s)v ] Qnd(s))7

where

0 1 1 0
Ps)=s| o o | =] o |erTEM) cen,
0 1 1 0
A1
Tp(s) =sI — R e CP*?s],p e N,X € C,
S
A
0 1
Ny(s) =s R —I1e€K™[s],0 €N,
S
L 0
[0 1
1 . 0 . (n+1) %7
Qy(s) =s - eK [s], n € N.
o0 o1
L 1 0 o

3. Application of the quasi-Kronecker (triangular) form to DAE solution theory. In this section
we study the DAE (1.1)

Ei=Az+f

corresponding to the matrix pencil sE — A € R™*"[s]. Note that we restrict ourselves here to the field K = R,
becaue 1) the vast majority of DAEs arising from modeling physical phenomena are not complex-valued, 2) all
the results for K = R carry over to K = C without modification (the converse is not true in general), 3) the
case K = Q is rather artificial when considering solutions of the DAE (1.1), because then we had to consider
functions f: R — Q or even f: Q — Q.



We first have to decide in which (function) space we actually consider the DAE (1.1). To avoid problems with
differentiability one suitable choice is the space of smooth functions C*°, i.e. we consider smooth inhomogeneities
f € (€)™ and smooth z € (C*°)"™. Unfortunately, this excludes the possibility to consider step functions
as inhomogeneities which occur rather frequently. It is well known that the solutions of DAEs might involve
derivatives of the inhomogeneities, hence jumps in the inhomogeneity might lead to non-existence of solutions due
to a lack of differentiability. However, this is not a “structural non-existence” since every smooth approximation
of the jump could lead to well defined solutions. Therefore, one might extend the solution space by considering
distributions (or generalized functions) as formally introduced by Schwartz [17]. The advantage of this larger
solution space is that each distribution is smooth, in particular the unit step function (Heaviside function) has
a derivative: the Dirac impulse. Unfortunately, the whole space of distributions is too large, for example it is
in general not possible to speak of an initial value, because evaluation of a distribution at a specific time is not
defined. To overcome this obstacle we consider the smaller space of piecewise-smooth distributions Dpyceo as
introduced in [19, 20]. For piecewise-smooth distributions a left- and right-sided evaluation is possible, i.e. for
D € Dpye the values D(t—) € R and D(t+) € R are well defined for all ¢t € R.

Altogether, we will formulate all results for both solution spaces S = C*° and & = D¢, so that readers who
feel uneasy about the distributional solution framework can ignore it.

Before stating our main results concerning the solution theory of the DAE (1.1), we need the following result
about polynomial matrices which is proved in Section 4.4. A (square) polynomial matrix U(s) € K"*"[s] is
called unimodular if, and only if, it is invertible within the ring K™*"[s], i.e. there exists V(s) € K"*"[s] such
that U(s)V(s) = I.

LEMMA 3.1 (Existence of unimodular inverse). Consider a matriz pencil sSE — A € K™*"[s], m # n, such
that rank A\E — A = min{m,n} for all A € C. Then there exist polynomial matrices M(s) € K"*™[s] and
K(s) € K" *™[s], n/,m’ € N, such that, if m < n, [M(s), K(s)] is unimodular and

(sE — A)[M(s), K(s)] = [Im, 0],
or, if m > n, [Alg((j))} 18 unimodular and
M (s) | In
o] ee-a-[] :
THEOREM 3.2 (Complete characterization of solutions of the DAE). Let sE — A € R™*"[s] and use the

notation from Theorem 2.5. Consider the solution space S = C™ or S = Dyye and let f € S™. According to
Theorem 2.2 let Sp,Tr € Gl,,, (R) be the matrices which transform sEr — Ar in quasi- Weierstraf§ form, i.e.

7 0 0 I o o] |*Fp-Ar O 0 0
0 Sg 0| SGSE—AT|0 T 0| = 0 st=J 0 0 (3.1)
0 0 I 0 0 I 0 0 sN-—1 0

O 0 O SE@-—AQ

and let (f;,f},f;,fg)T = [é SZR g] Sf, where the splitting corresponds to the block sizes in (3.1). Ac-

cording to Lemma 3.1 choose unimodular matrices [Mp(s), Kp(s)] € Rrex(metne=mr))[q gnd [MQ(S)] €

Kq(s)
R(re+(me=1e))xmq 5] sych that

Mo(s I
(5Er — Ar)ibp(s). Kp(9)] = 11.0] and |00 (58— 4q) = [ ]
Then there exist solutions of the DAE Eix = Ax + [ if, and only if,

Kq(§)(fq) =0/

I 0 L1007/ 0T oT oT oT\' . : .
If this is the case, then an initial value x° =T [8 ZE)R (;} (xp Ty TN L TQ ) is consistent at tg € R, i.e.
there exists a solution of the initial value problem

Bi= Az + f, x(tg—) = 2°, (3.2)

if, and only if,

ny—1
v = (Mo($)(fq)) (to—) | and |2 = — < > N’%jt)‘f(fN)) (to—) | (3.3)




If (3.3) holds, then any solution x =T [é Tr g} (JfPT,J?JT,QfNT,JTQT)T of the initial value problem (3.2) has
the form

zp = Mp()(fr) + Kp($)(um),

0 = o (),

TN = E"” 1N’“( ) (),

zq = Mq(g)(fo),
where Uy, € S"PTMP g such that the initial condition at to for xp is satisfied (which is always possible due to
Lemma 4.18), but apart from that arbitrary. o

The proof is carried out in Section 5.

Note that the antiderivative operator fto : S = S, f— F as used in Theorem 3.2 is uniquely defined by the
two properties %F = f and F(to—) = 0 (for § = C* this is well known, whilst for S = Do this is shown in
[20, Prop. 3], see also [19, Prop. 2.3.6]).

We want to use Theorem 3.2 to characterize the solutions of our example DAE (1.2). We first observe that the
regular part can be brought into quasi-Weierstrafl form s0 — I by pre-multiplying with S = A;cl. In particular,
the J-part is non-existent, which means that the circuit contains no classical dynamics. We choose

0 1 0

Mg(s) 1 0
[Mp(s), Kp(s)]= | 0 0 1| and { Q ] = .
1| crs 1 Kq(s) —LKs 1
Furthermore, Tp = I, fp = z—p=, fr = [, v = [-1,-1,-K,0,0, ==, —5=,0, =55, 51T fo = [, V]T

hence the DAE (1.2) is solvable if, and only if,

0=Kq(3)(fo) =—-LKLI+V  or, equivalently, |V =LKST|

i.e. the voltage source must be proportional to the change of current provided by the current source. In that
case, the initial value must fulfill

2(0=) = T, %%, = fn(0-) T, Mo(£)(fo)(0-)] T,
i.e., recalling & = (D, P, Por DT L, Ips ims i@y iRy iRy G0, v, icy i) | 1R(0—), 45(0—), i (0—) are arbitrary and
p-(0-) = TG, p(0-) = FR po(0-) = V(0-), pr(0-) = Rir(0-), ir(0-) = 1(0-), ip(0-) = 0,
im(0-) =0, ig = g7 ip = RVF<+R>G ic(0=) = iy (0=) — io(0=) + g2k ip(0—) = io(0—) — ir(0—) —

iv(0—) — RV(J? Ro . If these conditions are satisfied, then all solutions of the initial value problem corresponding
to our example DAE (1.2) are given by
= 1% 1% -V T
Tr = T[Ul,UQ, Rc+Rr +RF + Rcul +’U,2, i7&l K7V 0,0, RF+RG’ Rr+Rc’ ,0, Rr+Rc’ RF+RG’I] )

[Ka vapT(ul) I 0 0, RF+RG’ RF+RG ZR(ul)aZO(UQ)alV(ulaUZ),iC(ul)viT(ul)]Ta

where u1,us € S are arbitrary, apart from the initial conditions

w(0-) = ir(0-) = Y42, i1(0-) = g (iv(0-) + 7¥7s —i0(0-)) and  up(0-) = i,(0-)

and
pr(u1) :VJrRUl, ip(u) =u + %, io(U2) = Uz,
iy (u1, u2) = ug — RF+RG + CRyq, ic(u1) = CRiy, ir(u1) = —uy — % — CRuy.
REMARK 3.3. A similar statement as in Theorem 3.2 is also possible if we only consider the quasi-Kronecker
triangular form (2.3), i.e. instead of (3.1) we consider

sEp—Ap sEpy—Apy sEpny —Apn sEpg — Apg

1o 10071 0 sl —J 0 sEjg — Ajo
[8 v ?} Strian (B = A) Tirian {8 T ?} = 0 0 sN—T  sExo—Ano
0 0 0 SEQ - AQ

The corresponding conditions for the Q-part remain the same, in the condition for the N -part the inhomogeneity
fn is replaced by fn — (ENQ% — AnQ)(zq), in the J-part the inhomogeneity f is replaced by fj — (EJQ% —
Aj)(xq) and in the P-part the inhomogeneity fp is replaced by fP—(EPJ%—APJ)(.’IIJ)—(EPN%—APN)(.Z'N)—
(Erqg; — Arq)(2q)- o



4. Useful Lemmas. In this section we collect several lemmas which are needed to prove the main results.
Since we use results from different areas we group the lemmas accordingly into subsections.

4.1. Standard results from linear algebra.
LEMMA 4.1 (Orthogonal complements and (pre-)images). For any matric M € KP*? we have:

(i) for all subspaces S C K% it holds (MS)t = M~ T(S%).

(ii) for all subspaces S C KP it holds (M~'S)* = M T(S). o
Proof. The following equivalence holds for all x € K?:

re(MS)t & VseS:0=0"Ms=M"2)'s & M'zecS* & zc M T(SH),
hence 4.1 is shown. Property 4.1 follows from considering the orthogonal complements and
(MTsHE D yts,
|
LEMMA 4.2 (Rank of matrices). Let A, B € K™*" with im B C im A. Then for almost all ¢ € K:
rank A = rank(A + ¢B),

or, equivalently,

im A =im(A 4 ¢B).

In fact, rank A < rank(A + ¢B) can only hold for at most r = rank A many values of c. o

Proof. Consider the Smith form ([18]) of A:

UAV = [27" 0}

0 0

with invertible matrices U € K™*™ and V € K"*" and ¥, = diag(o1,03,...,0,), 0; € K\ {0}, r = rank A.
Write

UBV — {311 BlQ} ’

BZl B22

where By; € K™*". Since im B C im A it follows that Bs; = 0 and Bz = 0. Hence we obtain the following
implications:

rank(A 4+ ¢B) < rank A = rank[¥, + ¢Bi1,¢Bia] < rank[X,,0] =r = rank(X, +¢B11) <r
= det(ZT + CBH) =0.

Since det(X, + ¢Bi1) is a polynomial in ¢ of degree at most  but not the zero polynomial (since det(%,) # 0)
it can have at most r zeros. This proves the claim. O

LEMMA 4.3 (Dimension formulae). Let S C K" be any linear subspace of K™ and M € K™*™. Then
dim MS = dim S — dim(ker M N S).
Furthermore, for any two linear subspaces S, T of K™ we have

dim(S§+7) =dimS +dim7 — dim(SNT).

Proof. See any textbook on linear algebra. O
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4.2. The Wong sequences. The next lemma highlights an important property of the intersection of the
limits of the Wong sequences.

LEMMA 4.4 (Property of V¥ N W*). Let sE — A € K™*"[s] and V*, W* be the limits of the corresponding
Wong sequences. Then

E(V*NW*) = EVF N AW* = A(V* N W*).

Proof. Clearly, invoking AV* C EV* and EW* C AW* (see (2.2)),
EV NW*) CEV'NEW* CEV*NAW* and AV NW*) C AV N AW* C EV* N AW",

hence it remains to show the converse subspace relationship. To this end choose z € EV* N AW™*, which implies
existence of v € V* and w € W* such that

Ev =2 =Aw,
hence
ve B~ HAw} C ETHAW) = W*, we AHEv} C ATNEVT) = V",

Therefore v,w € V* N W* and © = Ev € E(V* NW*) as well as x = Aw € A(V* N W*) which concludes the
proof. O

For the proof of the main result we briefly consider the Wong sequences of the (conjugate) transposed matrix
pencil sET — AT; these are connected to the original Wong sequences as follows.

LEMMA 4.5 (Wong-sequences of the transposed matrix pencil). Consider a matriz pencil sE — A € K™*"[s]

with corresponding limits of the Wong sequences V* and W*. Denote with V* and W* the limits of the Wong
sequences of the (conjugate) transposed matriz pencil sET — AT. Then the following holds

W* = (EV*): and V* = (AW*)*L.
Proof. We show that for all i € N
(EV)* =Wy and (AW =V, (4.1)
from which the claim follows. For ¢ = 0 this follows from
(EVo)' = (imE)* =ker ET = E~T(AT{0}) =W,
and
(AW)* = {0} =R™ = V).
Now suppose that (4.1) holds for some ¢ € N. Then
(BVi)t = (BATY(EW)T
Lem. 4.1(i) EfT(Afl(EVi))J_
Lem. 4.1(1) o1 (AT(BV)Y)
= ET (ATV/\Z'H) = Wiy,
and analogously it follows (AW,;1)* = Vi1, hence we have inductively shown (4.1). O

4.3. Singular chains. In this subsection we introduce the notion of singular chains for matrix pencils.
This notion is inspired by the theory of linear relations, see [16], where they are a vital tool for analyzing the
structure of linear relations. We use them here to determine the structure of the intersection V* N W* of the
limits of the Wong sequences.

DEFINITION 4.6 (Singular chain). Let sE — A € K™*"[s]. For k € N the tuple (o, ..., zx) € (K*)**1 is called

singular chain of the matrix pencil sE — A if, and only if,

0= Axg, EFxg = Az, ..., Fxp_1 = Axy, Exp =0
11



or, equivalently, the polynomial vector z(s) = xo + x15 + ... + 25* € K"[s] satisfies (sE — A)x(s) = 0. o

Note that with every singular chain (zg,z1,...,2x) also the tuple (0,...,0,zq,...,zk,0,...,0) is a singular
chain of sE — A. Furthermore, with every singular chain, each scalar multiple is a singular chain and for two
singular chains of the same length the sum of both is a singular chain. A singular chain (x,...,z) is called
linearly independent if the vectors zg, ...,z are linearly independent.

LEMMA 4.7 (Linear independency of singular chains). Let sE — A € K™*"[s]. For every non-trivial singular

chain (xzo,x1,...,xk), k € N, of sSE — A there exists m € N, m < k, and a linearly independent singular chain
(Yo, Y1s- - - Ym) with span{xg,x1,..., 2k} = span{yo, Y1, .-, Ym - o
Proof. This result is an extension of [16, Lem. 3.1], hence our proof resembles some ideas of the latter.
If (zg, 21, - - ., 2x) is already a linearly independent singular chain nothing is to show, therefore, assume existence
of a minimal m € {0,1,...,k — 1} such that z,,41 = > -, a;z; for some o; € K, i = 0,...,m. Consider the
chains

Qg (07 07 ceey 07 07 Zo, T, cevy Tmy TmAls ey xk*lvxk)

aq (07 Oa ey 07 Zo, X1, ey Tmy Tm41y -y Tk—1, Tk, O)

as (0, 0, ..., ®o, X1, --vy Ty, Tmtl, -+, Th—1, Tk, 0, 0)

Am—1 (07 Loy L1y «++5 Tm—2Lm—15 Tmy LTm41l, --- Tk, 0) R O)

O (T X1y oy T2, Tin—15 Tm, Tmal, --- Tg, 0, ..., 0, 0)
and denote its sum by (29, 21, ..., Zk+m). Note that by construction z,, = Z;‘Zo Q;T; = Tyyy1. Now consider
the singular chain (vg, vy, ..., Vktmi1) = (X0, T1, .-, 2k, 0,...,0) = (0, 20, 21, - - . , Zm+k) Which has the property
that vm41 = Tma1 — 2m = 0. In particular (vg,v1,...,vn) and (Uma2, Vmts - - -, Vktms1) are both singular

chains. Furthermore, (we abbreviate «;I with o)

Yo roI 0 0o 7 (%o
-a,, I 0 0
v Ay 0 IO 0 o1
Vg ) T2
= - -aa -Qim I ’ s
Uk - -a1 -z e g T Lk
Vkt1 0 -ap o -a3 -Qm 1 0
Vktm+1 L 0 0 -ag -1 -3 - I A4 0
hence span{vg, v1, ..., Vgtm+1} = span{xg, z1, ..., 2%} = span{vg,v1,...,v;}. In particular
SPan{Vk41, Vk42, - - -, Ukym+1) C span{vo, v1, ..., vk},
hence, by applying Lemma 4.2, there exists ¢ # 0 such that (note that m < k)
im[vg,v1,...,v] = im([ve, v1,. .., VK] + € [Vk41, Vkt2y - -+ s Vktmt1, 0,y ..., 0]). (4.2)
Therefore, the singular chain
(’LU(),U)17 e 7wk71) =cC (Um+2; s, Uk | Uk+17vk+23 s 7vk+m+1) + (07 e ;0 | Vo, V1, - - ;Um)
has the property
Span{wo, Wy, .- - 7wk71} = Span{vm+2a Um+3 - - - avk}
+span{cvgq1 + Vo, CUk42 + V1, ., CUkpmi1 + Um }
Vm+1=0 .
= im([vo,v1,. -, V] + € [Vk+1, Vkt2s - s Vktmt1,0,...,0])
(4.2) .
=’ im[vg,v1,..., Vg
= span{vg,v1,...,vx} = span{xg, x1,..., Tk}

Therefore, we have obtained a shorter singular chain which spans the same subspace as the original singular
chain. Repeating this procedure until one obtains a linearly independent singular chain proves the claim. O

COROLLARY 4.8 (Basis of the singular chain manifold). Consider a matriz pencil sE — A € K™*"[s] and let
the singular chain manifold be given by
K= { xR | 3k,i € N 3 singular chain (xo, ..., T 1, = &5, Tip1,...,Tk) € (KV)EFL } ,
12



i.e. K is the set of all vectors x appearing somewhere in some singular chain of sEE — A. Then there exists a
linearly independent singular chain (zg,x1,...,zr) of SE — A such that

K = span{xo, ..., L}
o

Proof. First note that K is indeed a linear subspace of K", since with every chain its scalar multiple is also a
chain and the sum of two chains (extending the chains appropriately with zero vectors) is again a chain.

Let 4%, y',...,y* be any basis of K. By the definition of K, for each i = 0,1,...,k there exist chains
(ye, s, ... ,yil) which contain y*. Let (vo,v1,...,v;) with k = ko + ki + ... + kj, be the chain which re-
sults by concatenating the chains (yj, %, ... ,y}%) Clearly, span{vy,...,v;} = K, hence Lemma 4.7 yields the
claim. 0

The following result can, in substance, be found in [2]. However, the proof therein is difficult to follow, involving
quotient spaces and additional sequences of subspaces. Our presentation is much more straightforward and
simpler.

LEMMA 4.9 (Singular chain manifold and the Wong sequences). Consider a matriz pencil sE — A € K™*"[s]
with the limits V* and W* of the Wong sequences. Let the singular chain manifold K be given as in Corollary 4.8,
then

VvV Nnw* =K.

Proof. Step 1: We show IC C V* N W*.
Let (zo,...,7x) be a singular chain. Clearly we have 2o € A1 (E{0}) = ker A C V* and =), € E~1(A{0}) =
ker E C W* | hence inductively we have, for i =0,1,...,)k—1land j =k, k—1,...,1

Tip1 € AN E{x;}) CATHEV*) =V* and ;-5 € BTN (A{x;}) C ETHAWY) = W
Therefore,

Zoy- .-,k € VINWE,

Step 2: We show V* N W* C K.
Let z € V*NW?*. Then, in particular, x € W* and with {* € N such that W;» = W* there exist x1 € Wjs_1, x5 €
Wis_a, ...,z € Wy = {0}, such that, for z¢ := z,
Exg= Axy, FExy = Axs, ..., Fxps_1 = Axpe, Exp- = 0.
Furthermore, since E(V* NW*) = A(V* N W?*) there exist x_1,2_»,...,_g-41) € V* N W* such that
AZL‘O = E{L‘,l, A$,1 = ELC,27 ey Am_(l*_l) = El',l*, Al',l* = El‘_(l*+1).

Let Az_(«q1) = —x_@-41) € V' NW* C W* then (with the same argument as above) there exist Az,
Ar_«_1), ..., Ax_1 € W such that

EAx_(-y1y = ADv -, EAx_« = AAx_(1o_yy ..., EAx 9 = AAx_y, EAz_; =0,

and thus, defining #_; =x_; + Az_;,i =1,...,1" + 1, in particular #_-41) = 0, we obtain
0= Ei‘,(l*+1) = Ai‘_l*, Ei‘_l* = Ai‘,(l*,l) ey EJA,‘_Q = Ai‘_l, Ei‘_l = Ex_l = Aa',‘o.
This shows that (i‘,l*,i_(l*_l), ooy B_1,T0,T1,...,2+) is a singular chain and z = z9 € K. O

The last result in this section relates singular chains with the spectrum spec(sE — A) of the matrix pencil
sk — A.

LEMMA 4.10 (Infinite spectrum implies singular chains). Let sE — A € K"™*"[s]. If spec(sE — A) = CU {0},
then there exists a non-trivial singular chain of sE — A.

Proof. Tt suffices to observe that Definition 4.6 coincides (modulo a reversed indexing) with the notion of singular
chains in [16] applied to the linear relation E~'A := { (z,y) € K" x K" | Ax = Ey }. Then the claim follows
for K = C from [16, Thm. 4.4]. The main idea of the proof there is to choose any m + 1 different eigenvalues
and corresponding eigenvectors. This is also possible for K = R and K = Q, hence the proof in [16] is also valid
forK=Rand K=Q. O
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4.4. Polynomial matrices.

LEMMA 4.11 (Unimodular extension). A matriz P(s) € K™*"[s] can be extended to a square unimodular
matriz if, and only if, rankc P(X\) = min{m, n} for all A € C. o

Proof. Necessity is clear, hence it remains to show that under the full rank assumption a unimodular extension
is possible. Note that K[s] is a principal ideal domain, hence we can consider the Smith normal form [18] of
P(s) given by

P =) [F47 v

where U(s),V(s) are unimodular matrices and ¥(s) = diag(oi(s),...,0,(s)), r € N, with non-zero diagonal
entries. Note that rank P(A) = rank 2()) for all A € C, hence the full rank condition implies = min{m, n}
and 01(8),...,0.(s) are constant (non-zero) polynomials. For m = n this already shows the claim. For m > n,
i.e. P(s) = U(s) [*(*] V(s), the sought unimodular extension is given by

and, for m < n,

d

Proof of Lemma 3.1. Let Q(s) be any unimodular extension of sE — A according to Lemma 4.11. If m < n,

sE — A:| and if m > n, let [J]v(j((:))} = [SE — A,Q(S)]*l, |

choose [M(s), K (s)] = [ Q(s)

4.5. Solvability of linear matrix equations. In generalization of the method presented in [6, Sec. 6]
we reduce the problem of solvability of (2.4) to the problem of solving a generalized Sylvester equation

AXB—-CXD=FE. (4.3)
To this end the following lemma is crucial.

LEMMA 4.12. Let A,C e K™*" B, D € KP*4 E F € K™*? and consider the system of matriz equations with
“unknowns” Y € K"*? and Z € K™m*P

0=E+ AY + ZD,

4.4
0=F+CY +ZB. (44)

Suppose there exists A € K and My € K?*P such that Mx(B — AD) = I, in particular p > q. Then, for any
solution X € K"*P of the matriz equation

AXB—-CXD=—-E— (AE—-F)M,D,

the matrices
Y =X(B-\D)
Z=—(C—-XA)X — (F—\E)M,
solve (4.4). o
Proof. We calculate
E4+AY+7ZD= E+ AX(B—-AD)— (C—-MA)XD — (F — \E)M\D
= E— AXAD+ M AXD — (F - AE)M)\D — E — (A\E — F)M,D
= 0,

F4+CY +ZB= F+CX(B—-AD)—(C—AA)XB— (F - \E)M,B
= F+CXB—CXB— (F—AE)M\B — \(E + (\E — F)M,D)
= (F = AE) — (F — AE)M\B — A\E — F)M,D
= (F = \E)(I; - MA\(B - AD))
= 0.
14
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It is well known [9] that the generalized Sylvester equation (4.3) is solvable if, for all A € C, A\C' — A is right
invertible, AB — D is left invertible and spec(sC' — A) N spec(sB — D) = (). However, the proof in [9] uses the
Kronecker canonical form which we want to obtain as a corollary of our analysis. In our situation we actually
do not need to solve an arbitrary generalized Sylvester equation (4.3), because the matrices in (2.4) already
have special properties. The following lemma takes this into account.

LEMMA 4.13 (Solvability of the generalized Sylvester equation). Let A,C' € K™*" m <n, B,D € KP*9 p > ¢,
E € K™*4 and consider the generalized Sylvester equation (4.3). Assume there exists A € K, My € K"*™ and
Ny € K7*? such that (\C — A)M, = I and Nx(AB — D) = I. If spec(sC — A) Nspec(sB — D) = (), then (4.3)
has a solution X € K"*P, o

Proof. Clearly, (4.3) is equivalent to
(AC — A)XB— CX(\B— D) = —E, (4.5)
and for Y € K™*9 let X = M, Y N,. Then (4.5) reduces to the Sylvester equation
YN\B— CM,\Y = —E (4.6)

and each solution Y of (4.6) yields a solution X = M,\Y Ny of (4.3). It is well known (see e.g. [11]), that a
disjoint set of eigenvalues of NyB and C'M, yields existence of a solution Y of (4.6). Seeking a contradiction,
assume existence of y € C such that rank(ul — NxB) < ¢ and rank(ul — CM,) < m. Using the defining
properties of My and N, it follows that

pl — NxB = Nx(u(AB — D) = B)) = Na((uA — 1)B — uD),

pl — CMy = (u(AC = A) = C)) My = ((uA — 1)C — pA) My

Since rank Ny = ¢ and rank M) = m the assumption that rank(ul — NyB) < ¢ and rank(ul — CMy) < m
implies

rank ((,u)\ —-1)B - ,uD) <q and rank ((,u)\ -1)C - uA) < m.

This implies either, if p # 0, that A — 1/u is a common eigenvalue of sB — D and sC — A or, if 4 = 0, infinity
is a common eigenvalue of sB — D and sC — A. In both cases this contradicts the assumption. O

4.6. Kronecker canonical form for full rank pencils. In order to derive the Kronecker canonical
form as a corollary of the quasi-Kronecker form we need the following lemma, which shows how to obtain the
Kronecker canonical form for the special case of full rank pencils.

LEMMA 4.14 (Kronecker form of full rank rectangular pencil). Let sE — A € K™*"[s] such that m < n and let
l:=n—m. Then rankc(AE — A) = m for all A € CU {oo} if, and only if, there exist numbers e1,...,&; € N
and matrices S € Gl,,(K), T € Gl,(K) such that

S(sE — A)T = diag(Pe,(s),...,Pe,(5)),

where P:(s), € € N, is as in Corollary 2.7. o
Proof. Sufficiency is clear, hence it remains to show necessity.

If m = 0 and n > 0, then nothing is to show since sE — A is already in the “diagonal form” with k1 = ko =
... =k; = 0. Hence assume m > 0 in the following. The main idea is to reduce the problem to a smaller pencil
sE' — A' € K™ *"[s] with rank \E/ — A’ = m’ < n’ < n for all A € CU {oc}. Then we can inductively use
the transformation to the desired block diagonal structure for the smaller pencil to obtain the block diagonal
structure for the original pencil.

By assumption E does not have full column rank, hence there exists a column operation 77 € Gl,,(K) such that
0 % ---
ET =
There are two cases now: Either the first column of AT} is zero or not. We consider the two cases separately.

Case 1: The first column of AT} is zero.
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Let ETy =: [0,E'] and ATy =: [0, A']. Then, clearly, rankc(AE — A) = rankc(AE’ — A’) = m/ := m for all
A € CU{oo}. Furthermore, with n’ :=n — 1, it follows that n” > m’. Seeking a contradiction, assume n’ = m’.
Then the full rank matrix E’ is square and hence invertible. Let A € C be any eigenvalue of the matrix E' ™A/,
thus 0 = det(A — E' ' A") = det(E’) ! det(AE’ — A’), hence rank(AE’ — A’) < m/, a contradiction. Altogether,
this shows that sE' — A’ € K™ *"’ [s] is a smaller pencil which satisfies the assumption of the lemma, hence we
can inductively use the result of the lemma for sE’ — A’ with transformation matrices S’ and T’. Let S := S’
and T := T} [} 7 |, then S(sE — A)T has the desired block diagonal structure which coincides with the block
structure of sE’ — A’ apart from one additional Py block.

Case 2: The first column of AT} is not zero.

Since E has full row rank, the first row of ET; cannot be the zero row, hence there exists a second column
operation T» € Gl,,(n) which does not change the fist column such that
010 --- 0
0 *x *x -+ x
(ETV) Ty =

0 x * --- %

The first column of ATy and AT 715 are the same and not the zero column, hence there exists a row operation
S1 € Gl,,(K) such that

1 *x =% *

0 * *
S1(ATWTy) = :

0 * =« *

Now let T5 € Gl,,(K) be a column operation which adds multiples of the first column to the remaining columns
such that

100 - 0
0 % % -
(S1 AT\ To)T5 =

0 % x .-+ %

Since the first column of Sy ET,T5 is zero, the column operation T3 has no effect on the matrix S1ET17T5. Let

o1 o0 --- 0 100 -+ O
0 0
SlETlTQTg = . and SlATlTQTg = . s
: E' : A’
0 0
with sE' — A’ € K™ *"'[s] and m/ := m — 1, n’ := n — 1, in particular m’ < n’. Seeking a contradiction,

assume ranke AE' — A’ < m/ for some A € CU {oo}. If A = oo then this implies that E’ does not have full
row rank which would also imply that E does not have full row rank, which is not the case. Hence we may
choose a vector v € C™ such that o'(AE' — A’) = 0. Let v := [0,']S;. Then a simple calculation reveals
v(AE — A) = [0,v'(A\E' — A))](T1T2T3) ! = 0, which contradicts full rank of \E — A. As in the first case we can
now inductively use the result of the lemma for the smaller matrix pencil sE’ — A’ to obtain transformations S’
and 7" which put sE’ — A’ in the desired block diagonal form. With S := [(1) g,] St and T := T T)T3 [(1) 79,] we
obtain the same block diagonal structure for sE — A as for sE’ — A’ apart from the first block which is P., 41
instead of Pg,. O

COROLLARY 4.15. Let sE — A € K™*"[s] be such that m > n and let | := m —n. Then rankc(AE — A) =n
for all X € CU{oo} if, and only if, there exist numbers n1,...,m € N and matrices S € Gl,,(K), T € Gl,(K)
such that

S(sE — A)T = diag(Qn, (5), ..., Dy (5)),

where Qy,(s), n € N, is as in Corollary 2.7. o
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4.7. Solutions of DAEs. In order to prove Theorem 3.2 we need the following lemmas, which characterize
the solutions of DAEs in the case of full rank pencils. As in Section 3 we restrict ourselves to the case K = R.

LEMMA 4.16 (Full row rank pencils). Let sE — A € R™*"[s] such that m < n and rankc(AE — A) = m
for all A € CU {oc}. According to Lemma 3.1 choose M(s) € R"*™[s] and K(s) € R™*("=™)[s] such that
(sE — A)[M(s),K(s)] = [I,0] and [M(s),K(s)] is unimodular. Consider the DAE Ei = Az + f and the
associated solution space S = C> or & = Dyyweee. Then, for all inhomogeneities f € S™, x € 8" is a solution
if, and only if, there exists w € S™~™ such that

v = M($)() + K (&),

Furthermore, all initial values problems have a solution, i.e. for all z° € R™, ty € R and all f € S™ there exists
a solution x € 8" such that

Proof. Step 1: We show that x = M(%)(f) + K(X)(u) solves E4 = Az + f for any u € S*™™.
This is clear since

(Eg —A) (M) + E(§)(w) =f+0=f.

Step 2: We show that any solution x of the DAE can be represented as above.
To this end let u = [0,I][M (%), K(&£)]7'a € S"~™, which is well-defined due to the unimodularity of
[M(s), K(s)]. Then

Ay g(dy-lg
= (B = = (B35 — ARG | T D] = o
and therefore it follows that
d d -1,
MES + K= el g T

Step 3: We show that every initial value is possible.

Write K(s) = Ko+ K15+...+ Kis®, k € N, and let K be the singular chain manifold of sE — A as in Corollary
4.8.

Step Sa: We show im[Ky, K1, ..., K] = K =R"™

Remark 2.4 and Lemma 4.9 yields R” = V* N W* = K. From (sE — A)K(s) = 0 it follows that

0= AK,y,EKo = AK,,...,EKy_1 = AK),, EK}, = 0,

hence the i-th column vectors of Ky, Ky,..., K, ¢ = 1,...,n — m, form a singular chain. This shows
il’Il[Ko, Kl, ey Kk] g K.

For showing the converse inclusion, we first prove im Ky = ker A. From AKy = (A\E — A)K ()\)‘ y—o = 0t
follows that im Ky C ker A. By unimodularity of [M(s), K (s)] it follows that K(0) = Ky must have full rank,
i.e. dimim Ky = n—m. Full rank of (sE — A) for all s € C also implies full rank of A, hence dimker A =n—m
and im Ky = ker A is shown.

Let (zg,21,...,2), L € N, be a singular chain. Then Az =0, i.e. g € ker A = im K. Proceeding inductively,
assume g, x1,...,%; € im[Ky, K1,...,K;], for some ¢ € N with 0 < ¢ < [. For notational convenience set
Kj =0 for all_] > k. From A$i+1 = El’i S im[EKo,EKl, . 7EK,L'] = im[AKl,AKQ, ey AKi+1] it follows that
ZTit1 € ker A +im[Ky, Ko, ..., K;y1] = im[Ky, K1, ..., K;+1]. This shows that each singular chain is contained
in im[K(),Kl, ey Kk]

Step 3b: We show existence of u € 8"~ such that z(tp—) = 2°.

By Step 3a there exist ug, u1,-..,ur € R"™™ such that

KoU0+K1U1+...+Kkuk :"E()*M(%)(f)(tof). (47)
Let
t—to)? t—to)F
u(t) ::u0+(t—t0)u1+%ug—l—...—l—(To)uk, teR.
Then we have that © € S and
d _ “n o d
K(§)(w)(to—) = Kouo + Kiug + ... + Kpu, =" 2" — M(5)(f)(to—), (4.8)
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which implies that the solution z = M ($)(f) + K(:)(u) satisfies

2(to—) = M(E)(f)(to—) + K (&) (w)(to—) = 2.

|

REMARK 4.17. A careful analysis of the proof of Lemma 4.16 reveals that for the solution formula the full rank
of A\E — A for A = 0o is not necessary. The latter is only necessary to show that all initial value problems have
a solution.

LEMMA 4.18 (Full column rank pencils). Let sE — A € R™*™[s] such that m > n and rankc(AE — A) = n
for all A € C U {oo}. According to Lemma 8.1 choose M(s) € R"™[s] and K(s) € RU"=™>"[s] such that
{A;((;))} (sE—A)=[1] and [Ag((j))} is unimodular. Then, for f € 8™, z € 8" is a solution of Ex = Az + f if,
and only if,

r=ME)) A K& =0.

Furthermore, every component or linear combination of f is restricted in some way, more precisely K(s)F has
no zero column for any invertible F € R™*™,

Proof. The characterization of the solution follows from the equivalence
M (d)} M(5)f
E4L A= = [ HI(EL — A = t .
(Bage = Ae =1 k(| Fa == [ d)g
=[¢]

To show that K(s)F does not have any zero column, write K(s) = Ko+ Kis + ...+ Kis®. Since (sET —
AT)K(s)" = 01t follows with the same arguments as in Step 3a of Lemma 4.16 that im[K, , K| ,..., K, | = R™.
Hence, ker[K, , K] ,..., K, ]T = {0} which shows that the only v € R™ with K;v = 0 for all i = 1,...,k is
v = 0. This shows that K (s)F does not have a zero column for any invertible F € R™*™. 00

REMARK 4.19. Analogously, as pointed out in Remark 4.17, the condition that \E — A must have full rank
for A = oo is not needed to characterize the solution. It is only needed to show that the inhomogeneity is
“completely” restricted. o

5. Proofs of the main results.

Proof of Theorem 2.3: the quasi-Kronecker triangular form. We are now ready to proof our main result about
the quasi-Kronecker triangular form. We proceed in several steps.

Step 1: We show the block-triangular form (2.3).
By the choice of P, Ry, Q1 and P, R, Qo it follows immediately that Tiian and Sirian are invertible. Note that
(2.3) is equivalent to the solvability (for given E, A and Py, Ry, Q1, Ps, Ra, Q2) of

EP = PEp, APy = P Ap,
ER, = B,Epr + RyER, ARy = PoApr + RoAp,
EQy = PoEpg + ReERrg + Q2Eg, AQ1 = PoApg + ReARrg + Q24¢.

The solvability of the latter is implied by the following subspace inclusions
E(WV* nW*) CEV*NAW*, AWV*NW*) C EV*NAW*,
EWV*+W*) C EV* + AW*, A(V*+W*) C EV* + AW,
EK™ CK™, AK™ C K™,
which clearly hold due to (2.2).

Step 2: We show (i).
Step 2a: Full row rank of Ep and Ap.
From Lemma 4.4 it follows that

imPEp=imEP;, =imP, and imP2Ap=1im AP, =imP,

hence, invoking the full column rank of P, im Ep = K™? = im Ap, which implies full row rank of Ep and Ap.
In particular this shows full row rank of AEp — Ap for A =0 and A\ = oo.
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Step 2b: Full row rank of AEp — Ap for all A € C\ {0}.

Seeking a contradiction, assume existence of A € C\ {0} with rankc(AEp — Ap) < mp. Then there exists
v € C™P such that vT()\Ep — Ap) = 0. Full column rank of P, € K™*™F implies existence of w € C™ such
that w' P, = v, hence

0=v"(AEp — Ap) =w' (A\PyEp — PyAp) =w' (\E — A)P,.
According to Lemma 4.9 there exists a linear independent singular chain (zg,z1,. .., %) such that
span{xzg, z1,..., Tk} = im P, = V" N W™
Hence
Vie{0,1,....,k}: w' (AE— A)z; = 0.
Since Exj, = 0 it follows that w " Az, = 0 and inductively it follows
0= wT()\E:ri,l — Az, 1) = wT()\Axi — Az, q) = —w ' Az
and, therefore,
0=w'AP, =w' ' P,Ap =v' Ap.

This shows that Ap € K™P*"P does not have full row rank over C which implies also a row rank defect over
K. This is the sought contradiction because the full row rank of Ap was already shown in Step 2a.

Step 3: We show (ii).

For notational convenience let £* := V* N W*.
Step 3a: We show that mgr = ng.

Invoking

kerENL* =ker ENV*, ker AN L* =ker ANW*, (5.1)
and Lemma 4.3 the claim follows from
mpr =rank Ry, = dim(EV* + AW*) — dim(EV* N AW*)
= dimEV* + dim AW* — 2dim(EV* N AW")
Pt gim V* — dim(ker E N V*) + dim W* — dim(ker AN W*) — dim EL* — dim AL*

= dimV* — dim(ker E N V*) + dim W* — dim(ker A N W*) — dim L*
+dim(ker EN L") — dim £* + dim(ker AN L)
dim V* + dim W* — 2dim £*

= dim(V"+W*) —dim(V* N W*)

rank Ry = ng.

Step 3b: We show that det(sEr — Ar) #Z 0.

Seeking a contradiction, assume det(sEr — Ag) is the zero polynomial. Then A\Er — Ag has a column rank
defect for all A € CU {oc}, hence

spec(sEr — Ar) = CU {o0}.

Now, Lemma 4.10 ensures existence of a nontrivial singular chain (yo,y1, ..., yx) of the matrix pencil sEr — Ag.
We show that there exists a singular chain (zo, z1,..., 2k, Tri1,...,2;) of sSE — A such that z; = [P, Ri] ()
for i =0,...,k. To this end denote some right inverse of Ap (invoking full row rank of Ap as shown in Step
2a) with A}, and let

20 = —AbApryo, ziy1 = AL(Epzi + Epryi — AprYit1), i=0,....k,

where yr1+1 = 0. Then it follows that

.. 2 Ap Apr Apg| [z Apz + AprYi
Azx; = A[Py, Ry] ( Z) = ATian [¥i | = Siin | 0 Ar  Aro| | vi | = Sk ARy;
Yi 0 0 0 Ag| \o 0
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and, analogously,

Epz;+ EpRry;
Ex; = Spihn Ery; ;
0
hence Azg = 0 and Ez; = Aw;y; for i =0,..., k. Note that x41 = Przg11, hence x4 € VN W* CW* and
identically as shown in the fist part of Step 2 of the proof of Lemma 4.9 there exist xp12,...,2;, k > k such
that Exyy 1 = Axpyo,..., Br;_ = Axj, Ex; = 0 and, therefore, (zg,21,...,7;) is a singular chain of s/ — A.

Lemma 4.9 implies that {zo,1,...,2;} C im Py, hence x; = [Py, R1](%;/y;) implies y; = 0 for all i € {0,...,k},
which contradicts non-triviality of (yo, ..., yx).

Step 4: We show (iii).
We will consider the transposed matrix pencil sET — AT with corresponding Wong-sequences and will show that
the block (E,:Qr , Ag) will play the role of the block (Ep, Ap). Therefore, denote the limits of the Wong-sequences

of sET — AT by V* and W*. Let
Q1= ([0, 0, Lno)[Pr, Ry, 1)) T and Q2 := ([0, 0, Lng][Po, R, Q2] ™),
then
Q/Qi=1 and imQ; = (im[P;, R))", fori=1,2.

In fact, the latter follows from n —ng = np +ng and

I, 0
Q[ [P,Ri]=1[0,0, I,,] | 0 I,,| =0
0 0

for ¢ = 1 and analogously for ¢ = 2. We will show in the following that
ETQ, = @1E;5, ATQ, = @114(57
imég :ﬁ* ﬂw\*, 111'1@1 :ETﬁ* ﬂAT{)*,
then the arguments from Step 2 can be applied to sE(—g — Ag and the claim is shown.

Step 4a: We show ETQ\Q = @1E5 and ATQ\Q = @1145.
Using (2.3) we obtain

Ep Epr Epq

QiE=Q) [Py, Ry, Qo] | 0 Epg Erg| [P, Ry, Q1) =[00 EQl[P1, R1, Q1] " = EQ@I,
~—— ———

oo 0 0 Eg

hence ETQ\Q = @1Eg Analog arguments show that ATQQ = @1145.
Step 4b: We show im @2 =V N~
By construction and Lemma 4.5

im Qo = (im[Py, Ro])™ = (EV* + AW*): = (EV*)L n (AW*): =V n V™.

Step 4c: We show im @1 =ETV*NATV*,
Lemma 4.5 applied to (ET, AT) gives

(ETV)E =w* and (ATWHL=V*
or, equivalently,
ETV =W and ATW* =Vt
Hence
imQy = (im[Py, Ry])" = (V* + WHE =V nwt = ATWnETV"

This concludes the proof of our first main result. O
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Proof of Theorem 2.5: the quasi-Kronecker form. By the properties of the pencils sEp — Ap, sEr — Ag and
sEq — Ag there exist A € K, N, NF, M} and M such that (\Ep — Ap)NJ = I, (\Eg — Ag)NF =
ME(\ER — Ag) = I and MS()\EQ — Ag) = I. Hence Lemma 4.12 shows that it suffices to consider solvability
of the following generalized Sylvester equations

ErX1Aq — ArX1Eq = —Erg — (\Erg — Arg) ML Eg (5.2a)
EPXQAR—APXQERZ _EPR_ (/\EPR—APR)M)I\%ER (52b)
EpX3Ag — ApXsEg = —(Epg + EprF1) — (MEpq + EprFy) — (Apg + AprF1)) ME Eq, (5.2¢)

where F) is any solution of (2.4a), whose existence will follow from solvability of (5.2a). Furthermore, the
properties of sEp — Ap and sEg — Ag imply that spec(sE} — AL) = 0 and spec(sEg — Ag) = 0. Hence
Lemma 4.13 is applicable to the equations (5.2) (where (5.2b) must be considered in the (conjugate) transposed
form) and ensures existence of solutions.

Finally, a simple calculation shows that for any solution of (2.4) the statement of Theorem 2.5 holds. O

Proof of Theorem 3.2: characterization of the solutions of associated DAE. The claim is a simple consequence
of Lemma 4.16 and Lemma 4.18 together with the well known solution properties of a DAE corresponding to a
regular DAE in (quasi-) Weierstra$l form (see e.g. [4]). O

6. Conclusions. We have studied singular matrix pencils sF — A and the associated DAE Fi = Ax + f.
With the help of the Wong sequences we were able to transform the matrix pencil into a quasi-Kronecker form.
The quasi-Kronecker form decouples the original matrix pencil into three parts: the underdetermined part, the
regular part and the overdetermined part. These blocks correspond to different solution behaviour: existence
but non-uniqueness (underdetermined part), existence and uniqueness (regular part) and possible non-existence
but uniqueness (overdetermined part).
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