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In a recent paper on diagonals of convex sets [1] the authors have obtained
a number of results describing the properties of this notion. It turned out that there
is an intimate connection between diagonals of a polyhedral cone and linear depen-
dence relations between the extreme rays of the cone.

One of the main results stated that an indecomposable polyhedral cone (of di-
mension n greater than one) has at least two diagonals; if it has exactly two diagonals
then it is generated by n + 1 extreme vectors which satisfy exactly one relation of
linear dependence. Such cones are called minimal.

In the present paper we intend to describe completely the extreme rays of the
cone P(Cy, CZ) of all operators A such that AC; < C, in the case that both C,
and C, are minimal cones.

The main result (Thm. (2,6)) says — roughly speaking — that the rank of such an
extreme operator may assume any of the possible values within the natural boundaries
with the exception of rank two.

1. Preliminaries. We shall use the notation and terminology of the paper [1]. In
particular, Hom (E, F) will denote the set of all linear operators of the linear space E
into the linear space F.

We shall need the following technical result.

(1,1) Suppose we are given two spaces ED and E® and two sets of vectors

p(1,1), .., p(1, 0) € EV, p(2,1), ..., p(2, v2) € EP).

Denote by R; the linear space of all column vectors r of length v; with coordinates
"= (r(L,1), ..., (1, v)) such that

vy

T r(0.3)p(1,5) = 0.
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Let R, have a similar meaning with respect to the space E‘® and the set of vectors

p(2.1), ..., p(2, v,).
Denote by D(y) the linear space of all v, by v, matrices B such that BR; < R,.
For each B € D(¥), there exists an operator y(B) € Hom (E®), E®)) such that

l/’(B) p(L, i) :kg‘,lbik P(2> k).

The mapping ¥ is a linear mapping of D(¥) onto Hom (E™, E®). Its kernel consists
of all v, by v, matrices all columns of which belong to R,.

Suppose now we have chosen bases in E*) and E® and that the vectors p{l, i)
and p(2, j) are represented in these bases as column vectors respectively, of lengths n,
and n,. Denote by P, the n; by v, matrix

= (p(1,1), p(1,2), ..., p(1, p,)),

and similarly, by P, the n, by v, matrix

P, = (p(22), p(2.2), ..., p(2, v,)) .

If Be D(Y) is given and if y(B) is represented in these bases by the matrix
M(y(B)), we have

() MP, = P,B.

Conversely, if M is an n, by ny matrix for which there exists a v, by v, matrix B
satisfying (x), then B e D(y) and y(B) is the operator whose matrix in the given
bases is M.

Denote by C, and C, the convex cones generated respectively by the sets of vectors
p(1, i) and p(2, j). Then Te P(Cy, C,) if and only if T = y(B) for some nonnegative
Be D(Y).

Proof. May be left to the reader.

2. Results. We shall be dealing with minimal cones generated by relations of
a particularly simple type. Set

Ny={l,..,n + 1}, N,={l,..,n, + 1}
and consider two decompositions
N,=A4A,uB,, N,=4,UB,

such that each of the four sets 4,, By, 4,, B, contains at least two elements.
Assume that the vectors p(1, i), i € N,, satisfy exactly one (up to a factor) linear

relation
2 p(1, 1) = 3 p(1,7) = 0. .

iedy ieBy
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Similarly, assume that the vectors p(2, i), i € N,, satisfy exactly one (upto a factor)

linear relation
>op2i) =Y p2.0) =

ied, ieBy

(2,1) Proposition. (i) Let A be a matrix of type n, + 1 by n; + 1. Then A e D(y)
if and only if there exists a number J(A) such that

Y ai, — Y a,= MNA) for ieA,,
aedy aeB
= —i(A) for ieB,.

(ii) Given Te P(C,, C,) there exists exactly one A 2 0 with y(A) = T which
satisfies the following postulate: for each o there exists a j € A, such that a;, = 0.
The corresponding X(A) will be denoted by pT).

(iii) According to (ii), there exists a one-to-one correspondence between operators
in P(Cy, C,) and ny + 1 by n, + | matrices which satisfy the conditions sub (i).
The matrix corresponding in this way to the operator T will be called the canonical
Jorm of T.

Proof. According to (1,1) the inclusion 4 € D(¥) is equivalent to the inclusion
BR, < R,, in other words,

Bry = AB) r,

where r; and r, are respectively the column vectors with coordinates r,;, = 1 for
i€ A, ry; = —1forieBy, ry; = 1forje Ay, ry; = =1 for je B,. This proves (i).
Now consider an 4 € P(C,, C,); there exist, for each ¢ € N,, nonnegative

numbers d,, such that

(1 U)*Z%PZJ)JrZ%P@ /)

Jeda

For each ¢ € N,, denote by ¢, the minimum of all ;,. For each 6 € N, and each
J € A,, set

for j e B,, set
ajn‘ = ﬁjo + éa‘ .

Clearly, all a, are nonnegative and, for each o € Ny, at least one aj,, j € A, is zero.
Since

2 P1o) = 3 p(l.9) =0,

aed;

it follows that

Y Ya,p2))+ Y Zampzz)—Z Zaﬂp(h) > Zanp@ j)y=0.

acA) JeA: acAy jeB2 1€B) jeda €B; jeB»
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Rearranging this sum, we obtain

P (T = T a) o) + ¥ (3 ap = T a) p2.i) = 0.

Jjedr aged; teBy JjeBa ged;

Since there exists only one relation for the p(2,j), the relation just obtained must
be a multiple of the relation

2 p(2)) = ¥ p2,))=0.

jedz JjeB;
Hence there exists a number 4 such that

Ya,—Ya, =4 if jed,, Yoa,— Y a.=—4i if jeB,.

oeAy 7€B) oedy teB;

This proves the conditions sub (i).

Suppose now that aj,, (j € N, 6 € N;)and A’ satisfy the conditions sub (i). Let o
be fixed. Then -

¥ (aje = i) P2, J) + ¥ (a5, = o) P(2,J) = 0.

Jjedz JjeB2

Consequently, there exists an 5, such that

a;, ~ a3, =n, foreach jed,, a;, —aj; = —n, foreach jeB,.

By (ii), there exist indices k(o) and I(¢) such that
ak(a),o = al(a),a = 0 .

Since a4y, = 0, it follows that 5, < 0. Since dyy,, = 0, we have n, = 0. This
proves the uniqueness of the numbers a,,. Uniqueness of 4 follows from that of a;,.

To complete the proof, we shall apply Theorem (1,1) to the matrix B = (a,;). -
It is easy to verify that the relation BR; < R, is fulfilled.

(2,2) Let A, B, Ce P(C,, C,) and suppose that A = B + C. Suppose that for

some i€ N,
Ap(l,i) =Y a(j) p(2.))

jeN2
with nonnegative o j),

Bp(t, i) = 3, B) 2. J), € (L) = 3 (7) p(2.J).

Suppose further that there exist indices k € A, and j € B, such that o(k) = ofj) = 0.
Then ofs) = B(s) + y(s) for all se N,.

Proof. Denote by r the vector r = (r(1),..., i(n,)) with r(i) = —1 for ie 4,
and r(i) = 1for i€ B,. If we denote by o, B,y the vectors a = (a(1), ..., a(n,)),
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B =...,y=...it follows from the relation 4 = B + C that
p+y=a+ir
for some ¢&; in particular, taking the j-th coordinate, we obtain
0= BU) +90) =¢.
For the k-th coordinate we obtain

0= Bk} + 9(k) = —& = —p(j) + () £ 0.

Thus & = 0. The rest is obvious.

Now we are able to formulate the main result of this section, a complete description
of all extreme rays of P(C,, C,).

(2,3) Theorem. Let EV and E@® be two linear spaces of dimensions n, and n,
respectively. Let C; and C, be minimal cones in EY) and E® respectively. Suppose
that C, is generated by the vectors

p(1,1), ... p(1, ny + 1)
and that C, is generated by
p(2, 1), veo p(2, n, + 1) .
Let us introduce the following abbreviations
N;={1,2,..,n;+ 1} for i=12.
Consider two decompositions
N;,=A,uB;, i=12

such that each of the four sets A, A,, By, B, has at least two elements and the
vectors p satisfy the following two relations

p(i,j) = X p(i.j) = 0.

Jeds: JeB;
1° For each triple i € Ay, j € By, s € N, there exists an operator T such that
Tp(l,i) = p2,5), Tp(l,j)=p25),
Tp(l,k) =0 forall keN,, i+k=+j.

Such operators will be called operators of type 1. The operator described above
will be denoted by T;.

2° For each pair of decompositions

Az= UAZja Bz=Usz

Jjed; JjeB,
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such that at least two of the sets Ay; as well as at least two of the sets Byj ¢ noh-
void there exists an operator T satisfying the following postulates:

Tp(l, i) = Y p(2,j) for ied,,

Jedai

Tp(1, i) =.Z p(2,j) for ieB,.

JjeBzi
Such operators will be called operators of type 2.

3° for each pair of decompositions

A, = UAZj’ B, = U sz
JeB; Jedy
such that at least two of the sets A, as well as at least two of the sets B, ; are nonvoid
there exists an operator T satisfying the following postulates:

Tp(1,i)=<z p(2.j) for ieA,,

JeBa;

Tp(], i) = z p(2,j) for ieB,.
Jjeds;
Such operators will be called operators of type 3.
Then We Hom (EW, E®) is an extreme element of P(C,, C,) if and only if it
is a positive multiple of an operator of one of the three types described above.

Proof. The fact that the postulates above define operators and that these operators
are distinct in an immediate consequence of the preceding theorem since the matrices
defining the operators are given in the canonical form.

We prove first that operators of type 1, 2 and 3 are all extreme. To this purpose,
we shall prove the following proposition:

Let B = (bik) be an ny + 1 by n, + 1 matrix with nonnegative entries. Suppose
that A is a matrix in canonical form such that y(A) is one of the operators of the
three types described in the theorem. Suppose that B < A. Suppose that B € D(y),
Br, = &r, where the column vectors ry, r, are defined by ry = (ry;), r; =1 if
iedy, ry=—1ifie€By, ry=(ry), rp;=1if i€A,, ry;= —1if ieB,. Then
B = wA for some w = 0.

Proof. Since 0 £ B £ A, b, = 0 whenever a; = 9. Consider first operators of
type 1. Thus there exist indices i € 4,, j € B, and s € N, such that the only non-zero
entries of the matrix 4 = (a,,) are a5 = a,; = 1. Since Br, = &r, and at most one
row of B is non-zero, we have ¢ = 0. Consequently, by; — by; = éry; = 0 which
implies B = bg;A.

Now let 4 be a canonical matrix of an operator of type 2 corresponding to the
decompositions

A2=UA21, B, = U By;. &

JjeBi JjeBy
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Let i € N, be a given index. It is easy to see that there exists exactly one index k(i)
such that a;x;) = 1 and all remaining entries a; ; are equal to zero. Indeed, if i € 4,
then k(i) = tif i € A,,; if i € B, then k(i) = ¢ if i € B,,. It follows from the relation
Bry = &ry that b,y = £ for all i e N,. Consequently, B = £A.

In the case of an operator of type 3 we obtain from Br, = &r, similarly B = —¢4.
The proof of the proposition is complete.

Now let T be an operator of one of the three types described in the theorem and
let A be the corresponding matrix in the canonical form. Suppose that T = T, + T,
where both Ty and T, belong to P(Cy, C,). Let B, and B, be two nonnegative
matrices defining T, and T, respectively. We observe first that the matrix A, being
‘given in the canonical form, has at least two zero entries in each column, one with
row index in A, and one with row index in B,. It follows from Lemma (2,2) that
A = By + B,. Consequently, 0 = B; < 4 so that B, = wA according to the
auxiliary proposition just proved. Hence T} = wA which proves that A4 is extreme.

Denote by 7 the set of all operators of type 1,2 or 3. We have seen that every
operator Tof J generates an extreme ray of the cone P(C,, C;). To prove that every
extreme ray is a multiple of some operator in 7, it suffices to prove that every
element in P(CI, C2) may be written as a convex combination of elements of 7.

First of all, we shall dispose of the following case.

(o) There exists a nonnegative matrix 4 such that T = y(A) and 4(4) = 0. Then
it is easy to see that

T=Y ¥ ¥ 2%,
SeN2 ied, jeBy 2 Ays
kedq

where a,, are the elements of the matrix 4 so that the assertion holds.

We shall use induction with respect to the number h(T) of positive entries in the
canonical matrix A corresponding to T. If h(T) =0, we have T=0econvd
trivially. Now let #(T) > 0 and suppose the assertion proved for all operators with
smaller h.

Now we shall distinguish three cases.

1° ;t(T) = 0; in this case our assertion follows immediately from the preceding
result (o).

2° 4(T) > 0. Let A be the nonnegative matrix in canonical form such that y(4) =
= T whence A(A4) = w(T) > 0.

We shall distinguish two subcases:
21° there exists a non-zero entry 4, in A such that either (s,i)e 4, x B, or

(s, 7)€ By x A,. Let first (s, i) € A, x By. It follows from the definition of A(A4) that

Y a, > A(A) > 0

red;

51



so that ag; > 0 for some je A,. Since h(T — min (ay, 4a5;) Ty;) < h(T), we have,
by the induction hypothesis, T'— min (ay;, a,;) T,;; € conv 7. Consequently, Te
econv 7 as well. If (s, i) € B, x Ay, it follows from
= Y a, < —X(4)
reBy

that a,; > 0 for some j € B,. Thus h(T — min (ay;, a,;) Ty;;) < h(T) and the induction
hypothesis applies as well.

22° AT) > 0 and all non-zero entries a,; of A are in the union of the blocks 4, x
x A; and B, X B,.

221° First we dispose of the following simpler case: All non-zero entries of B, X B,
are concentrated in one column, with index k, say. According to 3° of Proposition
(2,1) we have

ag = MA) forall seB,.

We shall denote by 4 the matrix obtained from 4 by changing the k-th column of 4

as follows
dy = MA) for sed,, dg =0 for seB,.

Since the difference 4 — 4 has non-zero entries in the k-th column only and this
column is a multiple of the relation r,, the matrix A generates the same operator T.
At the same time, 4 is nonnegative and A(4) = 0. It follows from (o) that Te conv 7.

222° Tt remains to deal with the case where at least two columns with indices in B,
contain nonzero entries.

In order to use the induction hypothesis in this case it will be necessary to choose
an operator of type 2.

Suppose we have found an operator T of type 2 such that ed, < A for some
positive & where A, is the canonical matrix of T,. Then it is possible to find a positive @
such that w4, < A4 and, for T, = Y(4,),

WT — wTy) < b(T).

By induction hypothesis, we have then T — wT, econv J so that T'econv J as
well. This shows that it will be sufficient to find an operator T, with the properties
mentioned above. In other words, we are to find two decompositions:

Ay = U Ay
kedy
and
B, = U By,
keBy

with the following properties:

1° each of these decompositions contains at least two nonvoid sets;:
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2° the following two implications hold:

whenever se A,, then ag #+ 0;

whenever seB,, then ay + 0.

The rest of this proof is devoted to the construction of these decompositions.
We shall define the decomposition

Az =U A21
keAdy

as follows:
For each k € A, denote by V, the set

I/k:{seAZ; ask:*:o}
and set
A = ViNU{Vis te 4y, t < k).

Clearly the sets A4,, are disjoint. Since A(A) > 0, each row of A contains at least

one non-zero entry. Consequently, J A, = A4,. We shall show now that at least
kedy

two sets of decomposition {4,,} are nonvoid. To see that it suffices to observe that
none of the sets ¥} can fill the whole set 4,, the matrix 4 being in the canonical form.
It is obvious from the construction that the decomposition possesses property 2°.

To define the decomposition
BZ = U BZk s

keB;
we shall distinguish two cases:

Consider first the case that each row of 4 with row index in B, contains at most
one non-zero entry.

We set then By, = {s € B,; ay * 0}. Since A(4) > 0, each row contains at least,
and thus exactly one non-zero entry. Consequently, the union of the B,; is the whole
of B, and the B, are disjoint. At the same time, at least two of them are nonvoid
because the non-zero entries of 4 in B, x B, are not all contained in one column.

It remains to deal with the case that some row, with row index ¢ € B, say, contains
at least two non-zero entries, say a,; + 0, a,; + 0, i, j € B;. We define then for k € B,

W,={seBy s+t ay + 0}
and set
By = WNU{W,; reB,, r <kj.
Now we set B,, = B, for all ke B,, different from both i and j. To define By;
and B,;, we shall distinguish two cases:
If By = By~ {1}, we set
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If B,; + B, — {1}, hence is properly contained in B, \ {t}, we set
By = By; v {t} » By = EZJ' .

It follows from this construction that the properties 1° and 2° are satisfied in this
case as well. The proof is complete.

3° u(T) < 0. In this case, the proof may be effected analogously to that of case 2°;
one has only to use operators of type 3 instead of operators of type 2.

The attentive reader may have observed that one can proceed also as follows:
The number »(T) depends on the choice of one subset of the decomposition N, =
= Ay U B, as A, and the other as B,. If we interchange the notation, the number u(T)
will be changed to — u(T) and the classes of operators of type 2 and 3 will be inter-
changed, too. Consequently, the validity of the assertion in the case u(T) < 0 follows
from the validity of case 2°,

(2,4) Theorem. Denote by r(T) the dimension of the range of the operator T.
Then

1° ¥(T) = 1 for each operator of type 1;

2° if T is an operator of type 2 corresponding to the decompositions {4,;},
j€Ay and {B,}}, j € By then f(T) = K, + K, — 1 where K, is the number of non-
empty sets 4,; and K, the number of non-empty sets B, ;.

3° if T is an operator of type 3 corresponding to the decompositions {A,;},
j€By and {B,;}, je Ay then ¥(T) = K| + K, — 1 where K, is the number of non-
empty sets A,; and K, the number of non-empty sets B,;.

Proof. The assertion about the operator of type 1 is obvious. Let T be an operator
of type 2 corresponding to the decompositions {A,;}, jeA; and {B,;}, jeB,.
Suppose i€ A, is such that 4,; + 0. The vectors p, with t € N\ {i} form a basis
of the space E'V), The dimension of the range of Tis equal to the number of linearly
independent vectors among the vectors Tp,, te N, \ {t} Denote by A4, the set of
all j € A, such that 4,; + 0; hence i € 4,. Similarly denote by B, the set of all j € B,
such that B,; # 0. It is easy to see that the vectors Tp;, j € 4; U B, \ {i} are linearly
independent and form a basis of the range of 7. Thus r(T) =K +K; —1 as
asserted.

The proof of 3° is analogous.

(2,5) Lemma. Let C, and C, be two non-empty sets, let 1 < r < min (|C4], |C2|).
Then there exists a decomposition C, = U C,; with exactly r nonvoid com-
ponents Cy;. s

Proof. May be left to the reader. =

»

54



(2,6) Theorem. Let C, and C, be two minimal cones in the spaces E') and E®,
respectively. Denote by n, and n,, respectively the dimensions of Cy and C,. Then
P(C,, C,) is a polyhedral cone of dimension nyn,. The set of all extreme operators
of P(Cy, C,) is described in Theorem (2,3). Extreme operators have rank either 1
or greater than 2. If T is an extreme operator then T has rank 1 if and only if T
is a positive multiple of an operator of type 1. Operators of type 2 have rank greater
than 2 and each number r, 3 < r < min (ky, k,) + min (I, l,) may be obtained as
the rank of some extreme operator of type 2. Operators of type 3 have also rank
greater than 2 and each number r, 3 <1 < min (ky, I,) + min (ky, I,) may be
obtained as the rank of some extreme operator of type 3. Here, k; = |Ai|, I; = ]Bi
i=1,2.

y

Proof. We shall restrict ourselves to the proof that operators of type 2 realise all
ranks between 3 and d = min (k,, k;) + min (/;, ;) — 1. Given r such that 3 <
= r £ d there exist numbers r;, r, such that 2 < r; < min (kl, kz), 25r, =
<min(l, ) r = r; + r, — 1. By Lemma (2,5) there exist decompositions {A4,,},
je A, of A, and {B,;}, j € By, of B, with exactly r; and r, nonvoid components. It
follows then from Theorem (2,4) that the corresponding extreme operator has rark r.

The case of operators of type 3 is analogous.

In the papers [2], [3] it was proved that if C is an indecomposable cone then the
identity is an extreme operator of P(C, C). This leads naturally to the conjecture: if
both C, and C, are indecomposable then some of the extreme operators of P(Cy, C,)
has rank min (ny, n,) where ny, n, are dimensions of C;, C, respectively. Theorem
(2,6) may be used to disprove this conjecture. Indeed, if we take k; = 2 and k, = in,
(for n, even), the maximal possible rank is 2 + in, — 1 = 1n, which will be less
than min (n,, ny) if ny > n, > 2.
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