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The recovery of the chiral symmetry is carefully analyzed in the lattice Gross-Neveu model with
Wilson’s fermion, by using the effective potential obtained in the large N limit. It turns out that we have
to introduce two bare coupling constants for four-fermi interactions as well as the bare mass term in order
to obtain the chiral symmetric theory in the continuum limit. A method is proposed to extract the genuine
order parameter that scales in the continuum limit. '

§1. Introduction

The chiral symmetry is one of the important properties to explain the mass spectrum
of the hadrons. The 7-meson is thought to be the Nambu-Goldstone boson associated
with the dynamical breakdown of the chiral symmetry. The strong interaction is govern-
ed by the Quantum Chromodynamics (QCD) whose Lagrangian is chiral symmetric. It is
important to show the dynamical breakdown of the chiral symmetry and to calculate z-
meson mass in the framework of the QCD. For calculating such non-perturbative effects
the lattice regularization is suitable.

There is a problem to define a chiral symmetric QCD on a lattice.” This problem is
the spectral doubling of fermions and to avoid this spectral doubling we must add the
Wilson term to the Lagrangian.”? The Wilson term, however, breaks the chiral symmetry
explicitly. It is known to be impossible to obtain the chiral symmetric lattice QCD
without the spectral doubling.”? Probably this property may represent the existence of
the chiral anomaly. If we want to obtain the correct continuum limit we must use the
QCD Lagrangian with the Wilson term. Therefore the chiral symmetry of the QCD is
explicitly broken by the Wilson term which disappears in the naive (classical) continuum
limit. Therefore we expect that the chiral symmetry breaking effect of the Wilson term
also disappears in the true continuum limit besides the chiral anomaly.

To see whether our expectations are true or not we investigate the chiral symmetric
fermion model, Gross-Neveu model on a two dimensional lattice. The recovery of the
chiral symmetry is usually measured by the scaling behavior of the chiral order param-
eter.” But in this paper we investigate the effective potential instead. If the effective
potential is a chiral symmetric in the continuum limit, our expectation is valid.

This paper is organized as follows. In § 2 we analyze the continuum Gross-Neveu
model in the presence of the explicit breaking of chiral symmetry. In § 3 we analyze the
lattice Gross-Neveu model, especially its continuum limit. It is shown that the effective
potential becomes chiral symmetric in the continuum limit, if and only if we introduce two
bare-coupling constants of the four-fermi interaction and adjust them. This result is
contrary to our naive expectation. In §4 we propose the method to analyze this two
couplings model on a finite lattice and in § 5 results of our analysis are given. In § 6 we
discuss the implication of the results. In the Appendix we discuss the recovery of chiral
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522 R S. Aoki and K. Higashijima

symmetry of the continuum Gross-Neveu model with the chiral non-invariant regulariza-

tion.
§2. Continuum Gross-Neveu model

Let us first recapitulate the two dimensional Gross-Neveu model* described by the
Lagrangian: '

— d(iven— 9_2 7 0)2 .
L=¢(iy-0—mo) ¢+ 2N(¢¢) , (2-1)

where ¢ denotes N Dirac fermion ¢.(k=1, 2, ---, N), coupled through a scalar interaction.
We have used the notation

¢7¢: % Jk‘/}k .

k=1

This theory is invariant under a discrete chiral symmetry: ¢ - 754, ¢ > — ¢ys when mo=0.
Later in this section we will describe a generalized model invariant under continuous
chiral transformation. It is convenient to replace (2:1) by an equivalent Lagrangian

Lo=F(ir-3=0)—5oz(o—ma)?, (2-2)
where, by the equation of motion
g’
ozmo—wgluﬁ . (2-3)

To solve the model we integrate out the fermion fields and obtain an effective action
describing the self-interaction of o: ’

7= fldolaplexs{i [Lodz} = [ldolexn(iNSur(o)}, (2-4)

where
Sur(0) = [ —gur(o—mo)* |+ Tr In.(6—id). (2+5)

Since the exponent of Eq. (2-4) is of order N, integrations over ¢(x) are performed by the
saddle-point method when N is sufficiently large and ¢? fixed, giving the systematic
expansion of the effective potential in powers of 1/N. By decomposing ¢(x) into a sum
of the constant classical field o. and the fluctuating quantum field ¢'(x) with a constraint

fax o'(x)=0, , (2-6)
we find
Sef'f:—‘QV(ch—%fdxfdy G’(x)iGo‘—'l(x, y) 0'(y) +Sint(0‘c, O‘,) , (2'7)

where £ isithe space-time volume and
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The Recovery of the Chival Symmetry 523

2
V(oe) = —mo-0c/g*+ o/ 2g2—'f(2d7[—)€l.ln(acz—k2— ie) +const, . (2-8)
g sE T 1 1 ]
1 — 2 __ + . .
iGo (0 =~1o"~ [t G a B ) (9
'~ is the propagator of ¢" in momentum space, and
Nne 1D T -1 ] ‘
Sint(0e, 07) = Z.;:}s P Tr_oc_z.aa . o (2-10)

Now, the effective potential, the energy density of the ground state in the presence of the
background field o, is defined by

Z= [docexp(— iN@Vr(a:) . - (1)

By comparing Eqs. (2-4) and (2-11), we find an expression similar to Jackiw’s formula®

Verr(00) = V (00 +55 [ i eAn(— iGo () + 5 Incexp(iNSm) . (212

The last term is the sum of connected one particle irreducible (1PI) vacuum graphs
obtained by using the conventional Feynman rules, with (1/N) G+ as the propagator. We
have to keep only 1PI graphs because of the constraint (2:6). The first term is indepen-
dent of N; the second term, the one-loop determinant, is proportional to 1/N. The
remaining terms are at most of order 1/N2. This is seen by counting the number of 1/N:
Each propagator carries factor 1/N. Each vertex is of order N. Then, the contribution
of a vacuum graph with #r propagators and #v vertices is proportional to N ~"r*7v!
=N 7" with »; being the number of independent loops. Thus the 1/N expansion for Ves
is nothing but the loop expansion in a theory described by Ses:(0).

Hereafter we shall confine ourselves to the large N limit, where Ves(oc) is simply v

given by V(oc). If we introduce the straight cutoff M in the euclidean momentum space,
we find the expression for Vesr, when the cutoff M tends to infinity with A and m kept fixed

2

Veff(O'c) =—moc+ 4];2_ Oczln Az ,’ (2‘ 13)

where the renormalization point independent scale parameter /A and mass parameter m
which, characterize the explicit breaking of chiral symmetry are defined by

N 2

g1 1 1n]/‘f2 (2-14)
and

m= ’;: . (2-15)

If we had introduced a renormalization point x# and a renormalized coupling constant gz*
by

1_1 .1, M
= bt

g°
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Fig. 1. Shape of the effective potential (2-13) when Fig. 2. Dependence of the constituent quark mass
the current quark mass m is positive and small. (order parameter)<o.> on the current quark mass
Among three extrema, the stable vacuum corre- m. Solid line represents the stable vacuum.
sponds to the absolute minimum of Ves. Dashed (dotted) line indicates the metastable

(unstable) vacuum. The presence of the gap
when m =0 shows the spontaneous breakdown of
the chiral symmetry.

then /1 would have been expressed as
A= pexp(— 7/gz%)

In the large N limit, the wave function renormalization of ¢ is not necessary.
The vacuum expectation value of o. is determined by looking for the true minimum
of Ves(0c), i.e., by solving the renormalized gap equation

il Veff( Uc) _

0 — ol 1 o‘clnAZZO. (2-16)

When m is small, this gap equation has three solutions. In this case, the true ground state
can be chosen by looking at the shape of the Vews(0c) as is shown in Fig. 1. Other two
solutions correspond to either metastable or unstable state. Therefore, the stability of
the ground state requires that the order parameter {o.> always has the same sign as the
explicit breaking parameter m of chiral symmetry. Namely, when |m/| is small, <o.> is
given by

Co>= A+mm, (m>0)
¢ —AN—7nm. (m<0)

- Note that the order parameter {o.> has a gap, a clear evidence of dynamical breaking of
chiral symmetry, when m changes sign as is shown in Fig. 2, indicating the first order
phase transition as a function of m. Half of this gap determines the magmtude of the
order parameter in the chiral symmetry limit m=0.

Now let us discuss a generalization of the Gross-Neveu model with continuous chiral
symmetry, defined by the Lagrangian:

L=¢(id~- mo)¢+ {(¢¢) +(Pirsg)*}. (2-17)

- 220z ¥snbny Lz uo isenb Aq £888181/1.2S/2/9./2101e/did/woo dno ojwepeoe//:sdiy woly pepeojumoq



I

The Recovery of the Chiral Symmetry _ 525

This theory is invariant under the continuous chiral transformation: ¢— e*”5¢, ¢ — ge®*’s,
when mo=0. The corresponding equivalent Lagrangian is

Lo=§(id =0 irsID)$ —55l(o—mo) '+ 117}, | (2-18)
where, by the equation of motion

Y 97, | )
0= Mo Ngb ¢, (2-19)

9% 5i '
1T=~%dirsd | (2:20)
The effective potential in the large N limit is obtained in a similar way
. 2 2
Ver0e, 11)= = moetg(oct+ 11 AT (2-2D)

and has a rotational symmetry in the oc-71. plane in the chiral symmetry limit (m=0).
The renormalized gap equations read

2 2
%V;f: — g;ln%h_:o, (2+22)
OWVese _ I, o+ 11" _ .
o, or™ 7 0 (2:23)

From these equations, we can determine the vacuum expectation values when m #0
I1.=0, (2-24)

— Ocy 0O’ )
m—zn_ln Az . (2 25)

Again the theory shows the first order phase transition when m passes through 0. When
m=0, the vacuum is degenerate and determined up to chiral rotations by

oll+1IP=AN%. (2-26)

It was pointed out by Witten® some time ago that the large N limit does not commute
with the large volume limit in the chiral symmetric GN model (m=0). Therefore, the GN
model in the large N limit should be regarded as a theoretical laboratory to derive useful
information in the chiral symmetric case.

§3. Lattice Gross-Neveu model and continuum limit

In this section, we work on euclidean square lattice with lattice spacing a. The
lattice points are labeled by

Lp=Nua, ne=0, %1, 2 - =12 (3-1)
The range of momenta is restricted to

—rla<b.<nmla. o (3-2)
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526 S. Aoki and K. Higashijima

The natural way to find a lattice version of the Gross-Neveu model with continuous chiral
symmetry is to replace the differentials by differences:

S:”g_g J(I)Vﬂ{‘ﬁ(x-i-d#)—(ﬁ(x_aﬂ)}_l_gazmo(ﬁ—(/}

— S (Fired)?) - | (33)

where a, is a vector along the # direction with length ¢ and 7.’s are hermitian and satisfy
{7#, 7,}=28m. This naive Dirac action leads to the notorious species doubling. One of
the possible ways proposed by Wllson to avoid this problem is to introduce an irrelevant
operator

—LZ(LL#{J(I)%IJ(HWH¢—(x+au)-¢(x)—2</7(x)-.¢(x)} : (3-4)
with 0<#=1. The free fermion propagator
{;in sinkyq +m +—Z}(1 cosk#a)} ' (3:5)

now describes four kinds of particles with masses mo, mo+27/a and moe+47/a in the
vicinities of £=(0, 0), (0, /@) and (7/a, 0), and (n/a, n/a), respectively. Thus, we have
just one fermion in the continuum limit ¢—0. An obvious disadvantage of Wilson’s
formulation is that chiral symmetry is explicitly broken by the additional term (3-4), even
if mo=0. Since chiral symmetry is restored in the continuum limit for free field theory,
‘we may expect that it is also restored for interacting field theories in the continuum limit.
In order to test this idea, we examined a continuum theory with chiral non-invariant
regularization in the Appendix and found that indeed chiral symmetry can be restored in
the continuum limit if we start with a bare action not invariant under chiral symmetry.

In Wilson’s formulation of the lattice Gross-Neveu model, therefore, it is natural to start’

with an action

=%§{¢7<x>m—r>¢<x+a#)—J(Ha#)mwwu)}

+aDmoa+20) F0) )~ S5+ o} (3-6)

The interaction term no longer has chiral symmetry, instead, g+* and g.® are to be chosen

so that the renormalized theory has chiral symmetry. The corresponding equivalent

action with auxiliary fields is

:%E,{‘Z(x)(Vﬂ;f)¢(x+a#)— $(x+aw)(retr)d(x)}

+2ar§ d(x)d(x) +aZZx! </7{o+z'y5]7}¢+a2§{ 25{72 HZ} , (3D

where, by the equation of motion

(x), (3:8)

olx)=
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The Recovery of the Chiral Symmetry 527

I(x)= o(x) . (3-9)

The effective potential in the large N limit is obtained as in the previous section

Vetr = 2g z(Gc cC—1 g (3'10)
where
ma g%k smzkpa ( Ty )2 2} .
f][/a (2”)21 { dz + Gc+ a;(l COSkpd) +Hc . (3 11)

This effective potential does not have the rotational symmetry in (oc, IIc) plane even if 7,
=0 and gs=gx, because of the Wilson term (3-4). We shall postpone the detailed
analysis of the gap equation for finite lattice spacing to the next section, and discuss the
continuum' limit of our theory in the rest of this section.

In order to evaluate the integral (3-11) in the continuum limit (¢—0), let us first
rewrite it as follows:

nla .
1= [" Lk fna+in(1+5)) | (3-12)
with
_ < 8in’*kua 2< 1—coskua \? 2 2 .
A=5S0l y o SIZCOSRL Ny (52 11) (3-13)
eEZrdcg(l—cosk#a)/a. (3-14)

We then expand the integrand into a power series of e:

[:Io+[1+[2+ """ s (3'15)
where .
nla dzk
fna(Zﬁ)ZIHA (316)
__(=D" [T d% e _
In— 7 -/—-n/a (27[)2 A" - (n%l) (3 17)

Note that I, has rotational symmetry in the ¢c-/7; plane, whereas I’s (z=1) do not. In
fact, it can be shown that [,(Iz) reduces to a linear (quadratic) term in o, while I.(#=3)
vanishes in the continuum limit (¢—0). - This is seen by rewriting Eq. (3-17), using a
rescaled variable £.=k.a, as

]n: _ (_;)n (27’6c)"a"_2

x dZS ‘ (;(1"COS$/‘))7[

X ) 2n)? [SisinEat (S (1—coséa) T a (o + 1A

(3-18)

These integrals are well defined in the limit ¢—0. Thus, retaining only divergent or finite
quantities, we find
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528 S. Aoki and K. Higashijima

_270¢ .
e (3-19)
12: _2720.62C2 s (3.20)
=0, (n=3) (3-21)
where
_ (" d*¢ ;(1_(3055#) ,
AN 3siné,+ *[S(1—cos&n) I (=0.385, *=1) (3-22)
_[ma (21 —cosé) ] o
C.= -z (271)* {%‘,sinz&—k 72[%}(1_&55/‘)]2}2- (=0.155, *=1) (3-23)

Now, let us turn to the evaluation of /.. If we introduce an integral representation of Io:
Oc2+ M2
L=["""doF(o), (3-24)
0
it is not difficult to show that

_ nla dzk 1 .
F(p)—f_m(gﬂ)2 2isin*kuala’+ r*/a*{Z(1—coskua) I+ (3-25)

nia dzk 1
a-0 [n/a(27[)2 %}kyz—’—p +C0’ (3-26)

where C, is a finite constant defined by

[ dzf ;(E#Z_Sinzgﬂ)_72{2(1_0035/!)}2

Co= = (27)? [¥Sin25ﬂ+ rz[g(l—coﬂséﬂ)]z]'[gfﬂz] : (=0.427, =1 (3-2D)

By comparing the first term in Eq. (3-26) with the corresponding integral in the continuum
theory, we find
Flo) =L+ G, (328
41" a*o ’

where a new constant C, is defined by

Co=Co+Co =0.627 ' (3-29)
with
mia 2 1 1.1 ,
»[n/a (27[)2%: Bl to 47[111 a’o +C.

By substituting this expression to Eq. (3-24), we obtain

2 2 2 ~
M4€—{_[Ll+ Coloc*+ 117 . (3-30)

S W
[0_ 47[(0‘6 +HC )In

Now, we are ready to discuss the continuum limit of our theory. By retaining only
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The Recovery of the Chival Symmetry 529

those terms that give non-vanishing contributions when ¢—0, we conclude

1.
41

]_ —~
Vers= '—< ;‘j‘; +—2a’ cl)ac + (—Zgnz —Cot lncf)HcZ

P , (3-31)

1 _ A 2 L 2> 2 L Vz
+<2go_2 CO+27’ C2+ 47z_lna Oc +47[(Gc +Hc

where Co, C; and C: are even functions of ». Since we are interested in renormalized
theory with chiral symmetry, we choose the ag-dependence of g+, g=° and mo as follows:

(Aa=exp[— 4727+ Ca+ 21+ Co— 1/945%))
EIRETE o
Mo 2t =i, (3-3)

where the scale parameter /1 and the mass parameter m should be kept finite in the
continuum limit ¢—0. With this choice, the renormalized effective potential is given by

2 2
Veff(dc, Hc) — — MOc +ﬁ(ocz+ch)1no‘_ce:ilzI—c . (3'35)

Since this expression is symmetric under continuous chiral transformations when m=0,
we may interpret m as the mass parameter characterizing the explicit breaking of chiral
symmetry. In fact, Eq. (3-34) coincides with the corresponding definition of m in the
continuum theory if #=0, i.e., in the absence of the Wilson term which breaks chiral
symmetry explicitly. When m=0, the first term on the right-hand side of Eq. (3-34)
represents the term necessary to compensate the chiral symmetry breaking effect due to
the Wilson term. It is now obvious why we introduced two coupling constants in our
lattice action (3-6). Had we not introduced two coupling constants, the resultant renor-
malized effective potential would not have chiral symmetry, because of the second term on
the right-hand side of Eq. (3-32) which vanishes in the absence of the Wilson term.

By minimizing the effective potential, it is possible to obtain {o.>. Since the scale of
the physical spectrum is given by <oc>, we may call this quantity the constituent quark
mass; on the other hand, m may be called the current quark mass. The relation between
the current and constituent quark masses is given by the renormalized gap equation
(2-25). In the previous section, we mentioned that these two masses must have the same
sign on the ground of the absolute stability of the vacuum (Fig. 2). This relation is also
derived from a criterion of local stability: The second derivative of the effective
potential at the minimum is related to the pion mass

Zoc 1 0% Verr _L]n oc’

Me 5 AT |memo AT T AZ

By using the renormalized gap equation (2-25), we find
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2 m . .
Ma oczo_c . (3 36)

Because m-® has to be positive, we conclude that » and <o.> must have the samé sign.
§4. Bare gap equations on a finite lattice and a numerical method

In this section we will investigate bare gap equation on a finite lattice (i.e., lattice
spacing « is non-zero). First we will propose a numerical method to obtain a-dependent
quantities using bare gap equations. Secondly we will summarize properties of the
numerical method which will be used in § 5. ,

Varying the effective potential (3-10) by ¢ and II, we obtain bare gap equations for
a finite lattice spacing (simply ¢ and /I instead of ¢. and I1.):

' _ 2 2
G_mozfm d*p {a+r/a§‘,(1 cospra) }ia (4D
29 _ma (27)2 %}sinzp#a+{da+ riﬂ}(l—cospga)}z+172a2 ’
17 fm d*p a* (4-2)
mia (21)2 Zsm pua+{ca+ 72(1 cospea) Y2+ 1T%a% *

Here go%, 92" and m, are bare parameters. On the analogy of the continuum case (§ 2) we
set IT equal to zero hereafter. In this case Eq. (4-2) is always satisfied, therefore we will
solve only Eq. (4-1). ‘ ' ’
A numerical method to satisfy renormalization conditions and to obtain g-dependence
of physical quantities is as follows.
(i) When g+° and mo are fixed, Eq. (4-1) defines ¢ as a function of gs* and mo. If there
are several solutions to Eq. (4:1) we compare the value of Ve for each solution in order
to choose the unique solution o(g+?, mo) corresponding to the absolute minimum of Ves:.
(ii) Varying mo with g+* fixed we plot the value of the order parameter <¢¢> which is
given by

—g4< (Z‘/’)/N:U(gaz, Mo) = Mo .

At some value of mo, {¢¢> may have a gap which is-a signal of the first order phase
transition. The value of m, where <¢¢> has a gap is the mass counter term necessary to
cancel the effect of the Wilson term and denoted dm(gs®). Then a renormalized mass m
is defined as the deviation from this transition point:

molgst=30mlgs?) /g +m .

Furthermore, the half of this gap defines the value of the order parameter oc. in the chiral
symmetry limit (n=0):

ocL=0(g0%, dm(gs?) .

(iii) We determine g.® so that 7-meson mass vanishes at mo=0m. This condition is

- nla de 1 ) .
1/29x _./—-n/a (21)* S(p, ocL) ’ : (4-3)

where S(p, ocL) =a 22 usin?pua+ {ocLa+ 2 u(l1—cospua) }?] .
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" The Recovery of the Chiral Symmetry 531

(iv) Varying go* we get oc, Om and g-° as functions of g+* and compare these values to
the scaling behaviors of oc., dm and g.* predicted in § 3.

The result of the numerical study will be given in § 5.

Before ending this section we summarize general properties of numerical method,
which will be used in § 5. Hereafter we set »=1.

M [1/5(s, 0= [1/5(s, ),

nla g2
where 0'a=—4—o0a and fp stands for [nla (6257[1))2 '

"+ If we make a change of integration variable such that p.=p. +7/a, we get
, fpl/S(p, cr)=fp,1/S(z> +1/a, G)pr,l/S(p ,0)

(2) 0"—mo(6") =—(6—mo(0))

with go° fixed.

o' —mo(a’) ZZQapr,{cr’—1/a§(1—cosp,/a) YS(p', o)
=2gazfp{—4/a—0+1/a2#}(1+cosp#a)}/5(p, 0)

:—zgngp{o+1/azﬂf(1—cosl3pa)}/S(P, 0)

=—(o—mo(0)) .
(3) mo(0") =—4/a—mo(0).
" From (2)
—4/a—o—mo(0")=—a+molo) ,
mo(0”) =—4/a—mo(0) .

(4) Veer(o, mo(0)) = Vers(0”, mo(0”)) with g4° fixed.

" Vers(07, mo(07) ={0"—mo(a") }2/ 294 — fp logS(p’, o)

={6—mo(0)}?/ ZgGZ—LlogS(p, o) from (1) and (2)

= Veff(d, mo(0)) .

(5) From (1) ~(4) the graph of 6—m, vs mo is point symmetric at the (o— mo, m0)

=(0, —2/a). '

From fact (5) there is at least one phase transition point at me=—2/q if 6% ¢’ there.
(For example see Fig. 3in §5.)
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532 S. Aoki and K. Higashijima

§5. Results of the numerical calculation and the scaling behavior

In this section we summarize results of the numerical calculation and discuss the
scaling behavior of oo, Om and g%

First we plotted 06— mo=—g,’{$¢>/N against m, by solving Eq. (4-1) numerically to
find transition points. There are two cases:

(1) Strong coupling region

For 1/95°<0.3 there is only one transition point. A typical graph in this range is

given in Fig. 3(a). In this coupling range no separation of the fermion doubling mode
occurs.

(ii) Intermediate and weak coupling regfons

For 1/9+°20.4 there are three transition points. A typical graph in this range is given
in Fig. 3(b). Each transition point corresponds to each continuum limit depending on a
different region in the momentum space. For example, in Fig. 3(b) point A corresponds
to p=(0, 0), point B corresponds to p=(x/a, 0) or (0, 7/a) and point C corresponds to p
=(n/a, n/a). In this coupling range the effect of the Wilson term separates three doubl-
ing modes. This separation occurs at 1/g.*<0.4 this is faster than usual case (at 1/g4>
=1.0. See Refs. 3) and 7).). Note that our g.* corresponds to gs2N in these references.
The true continuum limit is given by the transition point A.

Secondly we discuss the scaling behaviors. As explained in the last section, the

position of the first order phase transition determines dm(g+2), the mass counter term to

cancel the chiral symmetry breaking effect caused by the Wilson term. The half of the
gap of the order parameter at this phase transition point determines the value of the
genuine order parameter occ=/ in the chiral symmetry limit (mo=3Jm, ie, m=0).
Finally, g.* is determined by the massless condition for the pion in this limit. Numerical
results for these quantities are shown in Figs. 4(a) ~(c). These numerical results should
be compared with the scaling behaviors in the continuum limit derived in §3. From

! Og—m,

__/N_/

\:
Cl
(a)
Fig. 3. Dependence of 6c— mo on ..
(a) A typical graph for 1/gs°<0.3. There is only one transition point.
(b) A typical graph for 1/gs°=0.4. There are three transition points A, Band C. True continuum
limit corresponds to point A.

(b)
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1795

03 0.4 " 1/9;
(a) (b)
dm.
9.
03 0.4 1 /9.

Fig. 4. (a) Dependence of oca on 1/gs°.  Straight
line represents the scaling behavior of ocia:
O'ch:O.57eXD[“7T/!]o‘2].
(b) Dependence of 1/g.* on 1/g+°. Straight
line represents the scaling behavior of 1/g.%
1/g2"=1/gs*+0.617.
1 (c) Dependence of J&mal/gs® on 1/gs°.
L Straight line represents the scaling behavior of
dmalgs:
Smalgs*=—0.769.

(c)

Egs. (3-32) ~(3-34) the scaling behavior of gci, dm and g»* is given by
(Co=0.427, Co=0.627, C:=0.385, C,=0.155)
Aa=06a=057 exp[—7/9.%],  (for m=0)
oma=—0.769 g.°, |
1/g2*=1/95°+0.617 .

From these results we see that the scaling behavior of ocL, dm and g.* are good for 1/g42
=0.4 and are better than usual one bare coupling case. (See Refs. 3) and 7).) It should be
noted that — g+*(¢¢> itself does not follow a simple scaling law although the magnitude
of the gap oc. =4/, the genuine order parameter, follows the simple scaling law. The
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behavior of this quantity is rather complicated by the presence of the mass counter term:
— 95X P>/ N =6—mo

_ —dm+(r—gsym+A, (m>0, small)
—Sm+(r+g)m—A . (m<0, small)

In Ref. 7) one of us proposed a new method to improve the order parameter
—95X¢¢>/N. Our idea is as follows. The mass counter term, which violates the
scaling behavior of —g+*<¢¢>/N is an odd function of the Wilson parameter 7, therefore
if we define

<¢7¢>q=27‘=11<$¢>r/2 s

the effect of m may be dropped and the scaling behavior of {¢¢>; may become simpler.
(< + > represents the expectation value with the Wilson parameter » and < + ¢ is called
the “quenched average”.) This idea was applied to the usual bare-coupling GN model
and <{¢¢>, has, indeed, better scaling behavior.”

Now we apply this quenched average to two-couplings GN model. From (4-1)

0(7’)4_”’!0(0‘(7’))61_/ o(¥)a +rf§(1_00517ﬂd)
p

295 o S(p, o(¥), 7) S(p, o(7), 7)
:f,S( i o(r)at+dr _ [ :g(l_COSﬂ.D'a)_ |
v S(p’, o(v)+dr/a, —7) » S(p', o(r)+4r/a, —7)
(5-1)

where

a’S(p, o, r)zz#lsinzpﬂa—i—{daJr rZﬂ}(l——cospya)}Z,

pu'=putnla

 then we obtain _

G(—7)—mo(G(—7))=0(r)—mola(r)), '_ | ’ (5-2)
where »

G(=r)=o0o(r)+4r/a. (5-3)

Furthermore we obtain
mo(6(— 7)) =molo(¥))+47/a. (§-4)

(5+2) and (5-4) show that the graph of o— mo vs mo for »=—1 is the same as the graph
for »=1 if we shift mo— mo+4/a. The true continuum limit for »=1 is point A in
Fig. 3(b) but the true continuum limit for » = —1 is corresponding to point C when we shift
mo— mo+4/a. We define

oc(l, +)= lim (1),
mo— Sm+

O‘CL(l, —): lim 0‘(1) . (5'5)

Mo~ dm—

From (5-3), (5-5) and Fig. 3(b) we obtain
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oa(—1, +)=0c(l, =) +4/a=—ouc(l, —) . (5-6)

(Notice that G'Zv—4/a—a. See §4.) Furthermore from (5-4) and fact (3) in §4 we
obtain ,

Smloc(—1, +))=6m(ot(l, =) +4/a=—mloeu(l, =) . (5-7)
Finally the quenched average of —gs*¢¢/N in the chiral limit is calculated as

—gaz<¢7¢>/N=—g,;ZTZ‘. lim <¢¢>+/ 2N

=+1mo—dm(r)+

=3 lim {o6(#)—mi(r)}/2

r=+1mo— sm(r)+
:{O‘CL(l, +)—5WL(1, +)+O'CL(“1, +)_3m(_—1, +)}/-2
:{O'CL(l, +)_GCL(1, ”)}/2 , (5'8)

where we use the fact that dm(1, +)=0m(1, —). (5-8) shows that the effect of dm, which
violates the simple scaling behavior of —gs*{¢¢>/N,disappear in the quenched average.
In Fig. 5 we plotted — g+ ¢¢>4/N. Figure 5 shows that the scaling begins at 1/g.°~0.4
where the separation of the fermion doubling occurs. This separation makes
—goXP¢>¢/N jump suddenly at this point. In this case both the separation of the
doubling and the scaling of the order parameter occurs at the same value of 1/9s*>. In
other words in the coupling region where the doubling mode is negligible the quenched
average of the chiral order parameter scales.

§6. Conclusions and discussion

- Z—‘z*< ¥ \i’)q Contrary to our naive expectation the
full chiral symmetry cannot be restored
\ even in the continuum limit if we use the

one bare-coupling GN model with the
Wilson fermion. We have to introduce
two bare-couplings 1/g+*> and 1/g.*> and
adjust them in order to obtain the chiral
symimetric effective potential : in the
continuum limit. In other words in order
to obtain the chiral symmetry as the result
we must start from the chiral non-
symmetric action which includes the bare
mass, the Wilson term and the interaction
with two bare-couplings.
The bare mass term to compensate the
o Vi effects of the Wilson term is chosen so as
_ v to recover the discrete chiral symmetry (o
Fig. 5. Dependence of —go*<¢¢>s/N on 1/gs" - —0) , whereas the bare coupling constant
Straigh} line represents the scaling behavior of g= is chosen so as to recover the continuous
_962<¢¢>4/N3 . : 1 3
9s - chiral symmetry (the rotational symmetry
— NP> =0.5Texp[— 7/94"). in 0-II space). The recovery of the dis-

0_:3 "0.4
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536 S. Aoki and K. Higashijima

crete chiral symmetry is indicated by the existence of the first order phase transition when
the bare mass #, varies. The genuine order parameter OcL, the discontinuity of the naive
order parameter — g+ ¢¢>/N follows a simple scaling low in the continuum limit. From
the results of § 5 we can conclude that the separation of the fermion doubling in our two
couplings model occurs at the value 1/9+2=0.3~0.4 which is smaller than the usual value
1/95°%1.0 and that scalings of ocL, dm and g2 begin at the same value of 1/g4°.

Our main interest, of course, is the chiral property of the QCD. There is no room to
introduce two bare-couplings of the gauge interaction in QCD. We expect that the chiral
symmetry of the lattice QCD is restored in the continuum limit by simply introducing the
bare mass term. In perturbative theory, this mass counter term is chosen so as to cancel
the explicit breaking of chiral symmetry due to the Wilson term. In non-perturbative
domain, however, there is no definite criterion for the choice of this mass counter term.
Usually, this mass counter term is fixed by the massless condition for the pion. For finite
lattice spacing, however, the existence of the massless pion does not mean the recovery of
the chiral symmetry. Furthermore, it is difficult to extract the genuine order parameter
out of the naive order parameter < ¢¢)> of the chiral symmetry. On the other hand, if it
is possible to find the existence of the first order phase transition when . is varied, we
can fix the mass counter term by its location and extract the genuine order parameter
from the magnitude of the gap. Of course, this method does not guarantee the recovery
of the continuous chiral symmetry although the first order phase transition is certainly
related to the recovery of the discrete chiral symmetry. We leave the comparison of these
two methods to fix the mass counter term to future work.

Appendix

In this appendix, we discuss the recovery of chiral symmetry in the continuum
Gross-Neveu model when we adopted a chiral non-invariant regularization, a simple
analog in continuum theory of Wilson’s formulation of the lattice Gross-Neveu model.

Our Lagrangian is

L= (7 —m) b= 1506+l 59) + 9 Jirsd)?} (A1)

where the second term, a continuum analog of the Wilson term, breaks chiral symmetry
even if mo=0. It is proportional to 1/M, M being the ultraviolet cutoff in momentum
space. The reason we have introduced two coupling constants will become clear later.
It is convenient to introduce auxilliary fields ¢ and 77, then (A-1) can be rewritten as

(. 1
L= gb{la <G+Z')’5H+7’ >}¢ N{ 29 2 ((5 mo) + 2gnz Hz} -. B (AZ)
As we have done in § 3, it is straightforward to obtain the effective potential in the large
N limit: '
1 d*k 4
Veff 2 (Gc m0)2+T%ch2 (27[)21n[(0c 7}14 > +Hc +k2:| - (A'g)

where the domain of integration is restricted to 22<M?2. Contrary to the lattic¢ regular-
ization, it is possible to perform the momentum integration analytically. Neglecting
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terms of order 1/ when the cutoff M tends to infinity, we find

Veff((fc, Hc) - (7c< ng +%ln(l+ 7’2)>

'211M212> <1LM2>
+GC<296 4ﬂln1+72+27r 1+ 7% e 29:° 47r1nl+7’2

2 2
+4L(Gcz+ ch)lnw
T e

In order to have a renormalized theory with chiral symmetry, we choose the cutoff
dependence of bare quantities ., g+ and g-* as

=ty n(l+r), (@A)
1 1. M2 1 ' .
997 A (T4 /DAT 2r 1477 (A-6)
1. M .
297 Am V(T A (A7)

where the renormalized scale parameter and the mass parameter # should be kept fixed
in the limit M - oo, With this choice of bare quantities, we obtain

4112

Veff(Gc, Hc)— moc+ _((702+Hc2)11’10c A2

(A-8)

It is now clear why we introduced two coupling constants in the bare Lagrangian: If we
had introduced just one coupling constant ¢?=g.*=g¢.* then the quadratic terms in Eq.
(A-4) would not have rotational symmetry in (oc, II.) plane.

Finally, we note that bare coupling constants g+ and ¢g.® are even functions of »
whereas the second term in Eq. (A-5), the bare mass term necessary to cancel the effects
of chiral non-invariant reguralization, is an odd function of 7.
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