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The ReHected Impedance of a Circular 
Coil in the Proximity of a 

Semi-Infinite Medium 
DAVID H. S. CHENG, MEMBER, IEEE 

Abstract-Most analyses on a circular coil when used in the eddy 
current method for nondestructive testing are empirical. Theories 
based on simple models are often inadequate to account for some 
experimental observations when the spacing between the coil and 
the material became small. In the present paper this problem is 
formulated as a boundary value problem. Wave equations of the 
magnetic vector potential are solved. 

The change in the coil impedance, when placed above a semi-
infinite medium, is obtained by means of the induced voltage 
method, which is shown to depend only on the </> component of the 
magnetic vector potential. This change in impedance is found to be 
dependent on a number of factors: the shape and size of the coil; 
the spacing between the coil and the metal; the thickness, conduc-
tivity, and composition of the material, etc. 

Numerical computations are discussed for a few selected mate-
rials in connection with experimental results obtained elsewhere. 
The comparison made lent support to the present analysis. Extension 
of this method to the case of a stratified media is included. 

I. I NTRODUCTION 

WHEN A COIL CARRYING a time-varying cur-
rent is placed in the proximity of a materia l, a n 
eddy current is induced in the material. Subse-

quently, a pronounced change in the coil impeda nce is 
observed. The magnitude of the change depends on a 
number of factors: the shape a nd size of the coil; the 
spacing between the probe and the metal; the thickness , 
conductivity, and composition of the materia l; etc. This 
change is a lso a function of frequency, if a sinusoida l 
curren t is employed. Because of this variation in the 
coil impedance, the eddy current method is used to 
determine the homogeneity and other characteristics of 
the materia l as a nondestructive testing technique [ 1]. 

The impedance analysis in eddy current testing came 
into use in t he early 1940's. Forster [2] made a theoreti-
cal analysis and experimenta l tests of t he effect of a 
metal rod or t u be as the core of a circula r coil. Han stock 
[3] gave a plausible account about the state of the eddy 
current method and initiated the concept of a n equiva-
lent electric circuit . 

Waidelich and Renken [4] made an analysis fo r the 
impedance of a coil near a conducting surface by using 
t he image approach. Their t heoretical treatment y ielded 
results that closely approximated their experimental 
data when the spacing between the probe and metal is 
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rela tively la rge and the frequency is relatively high. 
Wa idelich [ 5] a lso made a study of a pulsed eddy 

current used in coating thickness measurements with 
magnetic field equations as a starting point. Further 
work was carried out by W aidelich and others [6] in 
determining the impedance of a coil on a conducting 
plane. 

It ·was felt that a basic theoretical study was needed 
to give a clear understanding of the many factors caus-
ing the impedance change of a coil when placed nea r a 
conducting medium a nd the degree to which these 
factors influenced the change. The purpose of this study 
is to fulfill this need and to develop analytical relation-
ships by which a quantitative evaluation of the coil 
impedance change may be made. Although the scope of 
the work is limited to a theoretical treatment of the 
circular coil, the method of analysis is sufficiently 
comprehensive to a llow its a pplication to the situation 
where the coil is in juxtaposition to a multilayered type 
media . 

In addition to the a nalytical results, numerical com-
putations of the reflected impeda nce for a few selected 
materia ls a re discussed in connection with experimental 
results obtained elsewhere . The comparison made in a 
few instances lends support to the present analysis . 

A method of evaluating the reflected impeda nce for a 
stratified media, consisting of an upper stratum of finite 
thickness and a lower stratum of infinite thickness is 
developed . Extension of this method to many layered 
media seems qui te natura l. 

II. A C I RCULAR COIL IN THE PROXIMITY 
OF A SEMI-INFINITE MEDIUM 

Consider a vanishingly t hin , circula r co il of radius a 
in a ir, oriented ·wit h its axis in the z direction and situ-
ated a t z = h of the cylindrical coordinate system (p, ¢, 
z). Let it be assumed t hat the current density in the coil 
is of sinusoida l variation, has a ¢ component, namely, 
i "' =Io(p-a)o(z -h), and has t he same phase throughout 
the en tire coi l. 

The input impedance of t his coil, formu lated by the 
met hod of induced voltage, is readily shown to depend 
only on the¢ component of the magnetic vec tor poten-
tial A "' . 

W hen s uch a coil is bro ught in t he proximity of a 
se mi- infin ite medi um which is characterized by its di-
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electric constants E1, u, and permeability µ1, and which 
fills out the region z<0, the vector potential must 
satisfy the following wave equations in the air and in the 
infinite medium respectively: 

= - µlo(p - a)o(z - h) (1) 

2_ ~(p aA</>)- + a2A</> + k12Aq, = 0. (2) 
p ap ap p 2 az2 

At the surface of the plane medium, the continuity of 
the tangential components of the electric and magnetic 
fields across the interface requires that 

(3) 

(4) 

For z > 0, the solution as presented m Appendix A 
becomes 

µol a f "° {µ1Ao - µ0A1} + -- J1(~p)J1(~a)e-)..o(z+h, ---- - - (5) 
2 o µ1Ao + µ0A1 Ao 

and for z <0, 

(6) 

where 

It is noted that the factor in the braces of the second 
term in (5) is analogous to a reflection coefficient. It can 
be shown that this is indeed a reflection coefficient. 

The solution of the magnetic potential in the air can 
be written 

µol a J" e-ikoR µol a 
A</>= -- dcf,o cos (cf,o - cf,) - - - --

4~ - ,r R 4~ 

J" e- ikoR' µol a 
· def, cos (cf,o - cf,) - - - --

-,r R' 4~ 

· J " dcf,o cos ( cf,o - cf,) 
-1T 

(7) 

where R' = v'(z+h) 2 +p 2 +a 2 -2ap cos (<1> 0 -<f>) . By 
means of a transformation due to Van der Pol [7] when 
applied to the second term of (5) which represents the 
reflected field, it can be shown that 

µ 0J a J" { e-ikoR e-ikoR' 
A<I> = -- def, cos (¢0 - cf,) --.- - --

4~ -1r R R' 

1 f e-ikoR" a2 (e-ik1r') } 
- - --- -- - -- dr · 

~µo , R" at2 r' 
(8) 

The cylindrical volume element dr = sdsdads and the 
domain of the volume integration is 0:::; s:::; oo, 0 :::;a 
:::;271', o:::;r:::; oo. The distance r'=vs 2 +(µ0s) 2 , and the 
quantity R" is a distance defined by 

R" = v'r2 + s2 - 2sr cos a + (µ 1t + z + h) 2• 

The domain of integration can be interpreted as the 
half space below the image coil. This is the shaded part 
of Fig. 1. sis measured positive downwards. 

In (8) the first term is the contribution due to the 
coil, and the second is that due to the image coil with 
the current flowing in the same direction as in the actual 
coil. The third term can be regarded as the effect due to 
a secondary source of the type a21ar2(e-ikr' / r') with its 
amplitude factor depending on e-ikoR" / R". This effect 
is obtained from the space inside the second medium 
measured from the plane which contains the image coil 
over all the second medium. 

The voltage induced on this coil is 

(9) 

It follows, then, that the impedance of the coil in the 
proximity of a semi-infinite medium becomes 

iwaf" Z = - A<1>d¢. 
I -1r 

(10) 

Upon substituting the value of A</> from (5) and letting 
z = h and p = a, it can be written as follows: 

jwµoa2 J" f"" Z=-- def, jJ1(~a)J 2 -
2 -1T o Ao 

(11) 

It is noted that the first term in the bracket is the coil 
impedance when the conducting medium below the coil 
is absent and is the same impedance function obtained 
for a coil in air . The second term is the reflected im-
pedance due to the semi-infinite medium. The first term 
is singular at the coil, whereas the second is regular. We 
are interested only in the change in impedance due to 
the presence of another medium. Hence the second term 
is of immediate concern to us . Upon integrating with 
respect to </>, the reflected impedance becomes 
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z 

R 

Z=h 
CO I L-r---<-

Fig. 1. Geometry of the coi l and its image with respect to a con-
ducting surface. The domain of the volume integration in (8) is 
the half space below the image coil. 

II I. EXTENSION TO LA YE RED MEDIA 

Equation (7) clearly indicates that the wave has a 
spherical symmetry. This suggests that an alternate 
procedure is possible. Because of the fact that the 
boundary involved is a plane, it seems plausible that 
one could solve the problem by expanding the spherical 
wave into plane waves [8], especially since the theory of 
the reflection and refraction of plane waves is well 
known. 

For a plane wave with horizontal polarization imping-
ing upon the plane medium in an oblique incidence, 
where¢ 0 is the incident angle and 01 the refracted angle, 
the transmission line model gives as characteristic im-
pedances in air r, 0/ cos 00 and the plane medium r,if cos 01 
where r,o=-vµ0/ e0 and r,1=-vµif(e1-j(cr/ w). After put-
ting e* = e1 - j (er/ w), the coefficient of reflection in air is 
given by 

-v µif €1* cos 0 - -v µo/ €0 cos 82 r = ~==-----===--- · (13) 
-v µif €1 * cos 0 + -v µo/ €0 cos 82 

As is shown in Appendix B, this can be reduced to 

µ1Ao - µ0A1 r = - - ---
µ1Ao + µ0A1 

(14) 

which is exactly the factor in the braces in the integrand 
of the second term in (5). This indicates that such a 
transmission line model based on the horizontal rather 
than the vertical polarization of a plane wave is the 
relevant one in th is case. 

When the semi-infinite plane medium is replaced by 
a layered media consisting of an upper stratum of thick-
ness t characterized by material constants €1, µ1, and cr1 
and a lower stratum of infinite thickness characterized 
by e2 , µ2, and cr2, the coefficient of reflection is given by 

r= I'o1 + I'12e-2' 11 

1 + I'o1I'12e- 2' 11 
(15) 

where 

and 

µ1Ao - µ0A1 
ro1 = -----

µ1Ao + µ0A1 

µ2A1 - µ1A 2 r12 = -----
µ2A1 + µ1A 2 

This formula can be a rrived at directly by considering 
the analogous transmission line problem. (See details in 
Appendix B.) Replacing the expression in the braces in 
(5) by the above expression, one obtains the solution of 
the magnetic potential for the layered problem. 

This method of using the transmission line analog can 
be extended to multilayered problems. 

IV. DISCUSSION 

The reflected impedance given in (12) is resolved into 
real and imaginary parts. They are evaluated by means 
of quadrature methods [9], [10]. A number of param-
eters were used in the actual com pu ta tion. These a re : 

1) Radius of the coil-five different sizes are used. 
They are : 0.01, 0.05, 0.10, 0.50, and 1.00 meter. 

2) Coil to material spacing-four different values are 
used. They are 0.001, 0.01, 0.10, and 1.00 meter. 

3) Material constants-permittivities, permeabili-
ties, and conductivities. 

4) Frequencies- ranging from 10 cycles to 10 KMC 
per second. 

When a coil is brought to the vicinity of a nonferro-
rnagnetic material, its input resistance tends to increase 
whereas its input inductance tends to decrease in com-
parison with the input values of the coil with the ma-
teria l absent. The computed values as obtained from 
(12) seem to agree with this statement. As an example 
the reflected resistance Rr of the coil in the proximity 
of a material is a lways positive and becomes larger with 
increasing frequency (Fig. 2); on the other hand, the 
reflected reactance Xr is negative and becomes even 
more so as the frequency increases (Fig. 3). 

The change in the reflected impedance depends also 
on the size of the coil. At a given frequency and a fixed 
coil-to-material spacing, the greater the coil radius the 
larger will be the reflected resistance (Fig. 2) and the 
more capacitive will be the reflected reactance (Fig. 3) . 
In terms of the input impedance, the coil will become 
more resistive and less inductive. 

On the other hand, for a given coil at a given fre-
quency, as the coil is brought closer and closer to the 
material, the reflected resistance becomes more and 
more pronounced (Fig . 4) and the reflected reactance 
becomes highly capacitive (Fig. 5). Again, in terms of 
the input coil impedance, it becomes more resistive and 
less inductive, as the coil-to-material spacing is reduced . 

Figures 6 and 7 show the reflected resistance and 
reactance vs. frequency with conductivity a s parameter . 
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The -Xr curves (Fig. 7), as a group, increase uniformly 
with increasing frequency. At a given frequency, -Xr 
is directly proportional to the conductivity. However, 
it appears that the difference in the reflected reac-
tance becomes practically negligible as frequency be-
comes higher and higher. 

The reflected resistance Rr (Fig. 6) curves show a 
rather peculiar behavior. At frequencies below one kilo-
cycle per second, the reflected resistance is directly pro-
portional to the conductivity. As frequency increases, 
the Rr curve for lower conductivity crosses the one for 
higher conductivity. For instance, at a frequency about 
one kilocycle, for conductivities between 5. 7 X 107 and 
4.8 X 106 mhos per meter, it appears that the reflected 
resistance is inversely proportional to the conductivity. 
However, for the conductivity smaller than 4.8 X 106 

mhos per meter, the Rr becomes again smaller propor-
tionally. At a still higher frequency, some of the latter 
group begin to cross those of higher conductivities. This 
phenomenon seems rather persistent throughout, until 
they all approach practically the same value at very 
high frequency. 

It seems only natural to conjecture that for a given 
conductivity a particular value of frequency can be 
found at which the change in the coil resistance with the 
presence of the material of this conductivity is a maxi-
mum or a minimum. 

Results are also obtained for a material with con-
ductivity equal to 1.0 X 106 mhos per meter with various 
permeabilities greater than that of air. Figure 8 shows 
that the reflected resistance of the coil varies inversely 
with the permeability at low-frequency range and be-
comes just the opposite at higher frequency range and 
approaches the same value at extremely high frequen-
cies. From Fig. 9, where the ratio of the reflected reac-
tance and the reflected resistance is plotted against the 
frequency, one may see that at low-frequency range the 
reflected reactance is positive and becomes negative at 
the higher frequency range. This ratio varies directly 
with the permeability. This indicates that when a coil 
is brought to the vicinity of such material, its inductance 
increases at low frequencies, whereas for frequencies 
above a critical value its inductance will decrease. 

The effect of changing dielectric constants of a second 
medium ·was also determined. However, computations 
show that a change in the dielectric constant has little 
effect on the reflected reactance or reflected resistance. 

Comparisons with experimental results obtained by 
the University of Missouri group [4] are presented in 
Figs. 10 and 11. The conditions under which such com-
parisons are made are not identical. 1 Nevertheless, 
similar trends are observed in both curves. 

1 The measured results were taken from the report by \Vaidelich 
and Renken which was published in part in the Proc. Nat'l Elec . 
Conj. (See [4]. Figs. 4 and 5.) These measurements were obtained by 
using a circular probe consisting of 40 turns of No. 34 wire wound 
1/64 inch deep and 3/64 inch wide on a 1/2 inch piece of polystyrene 
rod . The computed results, using the same parameter, however, were 
based on a circular coil of infinitely small thickness. 

Fig. 2. Variation of the reflected resistance of a circular coils with 
various coil sizes a at a constant coil-to-metal spacing h above 
copper. 
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Fig. 3. Variation of the negative reflected reactance of circular coils 
with various coil sizes a at a constant coil-to-metal spacing h 
above copper. 
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Fig. 4. Variation of the reflected resistance of a circular coil of 

radius a =0.01 meter at various coil-to-metal spacing h above 
aluminum. 
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Fig. 5. Variation of the negative reflected reacta nce of a circular 
coil of radius a = 0.01 meter at various coil-to-metal spacing h 
above aluminum. 
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Fig. 6. Variation of the reflected resistance of a circular coil of 
radius a and spacing h above metals at various conductivities. 
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Fig. 7. Varia tion of the negative reflected reactance of a circular 
coil of radius a and spacing h above metals at various conductivi-
ties. 
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Fig. 8. Variation of the reflected resistance of a circular coil of radius 
a and spacing h above a conductor with changing permeabilities. 
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Fig. 9. Ratio of the negative reflected reactance to the reflected 

resistance above materia ls with various permeabilities. 
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Fig. 10. Comparison of the measured result by Waidelich and 

Renken and the computed result for a coil of radius a=¼ inch 
coi l-to-metal spacing h=60 mils above aluminum. 
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Fig. 11. Comparison of the measured result by Waidelich and 
Renken and the computed result for a coil of radius a=¼ inch 
coil-to-metal spacing h=60 mils above various conductors at 
frequency equal to 12 kc. 

V. CONCLUSIONS 

1) The current density assumed in this analysis is a 
Dirac function. The solution A,t, obtained is thus the 
space impulse response of the system consisting of the 
coil, its surrounding medium, and the nearby medium 
of semi-infinite dimension. In this study, interest is 
directed to the reflected impedance in the coil due to the 
presence of a semi-infinite material. The self-impedance 
of the coil, though singular, does not come into the 
picture. When an actual loop of wire with a finite cross 
section is used and the current distribution is known, 
one could resort to the familiar circuit concept which 
involves a convolution integral so that the actual re-
sponse may be obtained. Furthermore, one could think 
of the solution in the present analysis as the Green's 
function solution. To obtain solutions for an actual wire 
carrying current of some other wave shape, a superposi-
tion integral with the Green's function as kernel is 
called for. 
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2) Both the perm1tt1v1ty and permeability of the 
semi-infinite medium are assumed real in the analysis. 
In order to account for loss other than conductive, 
complex permittivity and permeability may be intro-
duced in the computation of the reflected impedance. 

3) An alternate method of solution is suggested in 
Section III. Such a method leads naturally to the solu-
tion of the reflected impedance of a circular coil above 
stratified medium. By means of the transmission line 
analog, the multilayered problem can be solved. 

4) Another possible extension in connection with the 
present analysis is to investigate the effect of a plane 
medium in uniform motion upon the impedance of a 
coil above the medium. 

5) Extension of this analysis to a pulsed current 
source other than the sinusoidal as assumed in this 
paper can also be fruitful. 

APPENDIX A 

DETERMINATION OF THE MAGNETIC VECTOR POTENTIAL 
FOR THE COIL IN THE PROXIMITY OF A 

SEMI-INFINITE MEDIUM 

The wave equations (1) and (2) which the vector 
potential satisfies in the air and in the infinite medium 
are 

!_ (p 
P op 

oA.,) A., o2A., - - - - +-- + ko 2 A., op p2 oz2 

= - µolo(p - a)o(z - h) (16) 

and 

1 o ( oA.,) A., 02A., 
- - p -- - - +-- + k12A., = 0 (17) 
p op op p2 oz2 

where 

The solution for the inhomogeneous equation (16) by 
means of successive Hankel's and Fourier transforms is 
as follows: 

µola f 00 _ A., = -- J1(~p)J1(~a)e-V< -ko (z-h) ===· 
2 o ve - ko2 

(18) 

The solution of the homogeneous equation (17) is of the 
following form: 

and, in general 

(19) 

where g(O is an amplitude factor to be determined. 
Now, for the problem at hand, one must distinguish 

three regions. 
1) For z > h in air, there are both a primary wave due 

to the actual excitation in the coil and a secondary 

effect due to the currents induced in the medium. One 
may write according to (18) 

(20) 

For the secondary wave, one may look for a representa-
tion as follows: 

µolaf"" - -A., 1sec. = - - F(~)J1(~p)J1(~a)e-v<'-ko 2 (z+h)d~ 
2 0 

(21) 

where F(t) is an amplitude factor indicating the "spec-
tral" distribution of the eigenfunctions oft space. It is 
yet to be determined. On the other hand, it could also be 
looked upon as the coefficient of reflection in the lan-
guage of wave propagation. 

2) For the air layer O <z <h, nothing is essentially 
different from those in the first region, except that in the 
expression for the primary wave one factor of the ex-
ponent is written as z - h, for z is smaller in this region 
than h. Thus, the negative sense is still preserved in the 
exponent. Thus, 

. ev<'- ko 2 (z- h)---:= === -ve - ko 2 
(22) 

µolaf "" - -A., 1sec. = -- F(~)J1(~p)J1(~a)e- v,'-ko'(z+h)dr 
2 0 

(23) 

3) Infinite medium O>z> - oo. There is no primary 
excitation in this region . To satisfy the differential equa-
tion (17) for the infinite medium with k12 =w2µ1f 1 +)wµ1u 
we write 

(24) 

The factor is included for convenience of com-
putation later. It could be included in cm which IS 

arbitrary. 
The continuity of the tangential components of E 

and H across the interface requires that 

1 oA., J 1 oA., I 
µo az z-o+ = ;; az z-0- ' 

(25) 

From the boundary conditions of (25) and (22), (23), 
and (24), one obtains 

+ FW = cm (26) -ve - ko2 
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Thus, from (26) and (27) 

F(~) = { µi-ve - ko2 - µoV~2 - k12} 

µn/~ 2 - ko 2 + µove - k1 2 -v'e - ko2 

2µ1~ cm = ----:===----:c== 
µ1-v'e - ko 2 + µo-v'e - k1 2 

Therefore, for z > 0, 

µolaf "" --A<p = -- l1(~p)l1(~a)e-v'E2-ko2(z-h) ----:c=== 
2 o -v'~2 - k02 

+ _o - l1(~p)l1(~a)eE'-ko'<z+h) µlaf"" 
2 0 

µ1-v'e - ko2 - µo-v'~2 - k1 2 

µ1-v'e - ko 2 + µov'e - k/ -v'e - ko 2 

and for z<0, 

(28) 

(29) 

(30) 

where 

R = -v'(z - h) 2 + p2 + a2 - 2ap cos (c/>o - cf>). 

The second term in (33) can be decomposed as follows: 

dc/>o cos (c/>o - cf>) lo(~r)e-•<z+h) µI f" f "" 
471" -11" 0 

{ 2µ1Ao } 
. µ1Ao + µ0A1 - l . (36) 

It follows that ( 33) can be written as follows: 

µola f" e-fkok 
A<t> = -- dcf>o cos (c/>o - cp)--

471" -1r R 

f " e-fkoR' 
dc/>o cos (c/>o - c/>) - -

-1r R' 

+ -- dcf>o cos (c/>o - cf>) µola f" i"" 
471" -11" 

(37) 
A<p = µ~a ool1(~p)l1(~a)e"'"'-k,•z-v'E•-ko'h 

2µ1~d~ 
(31) where 

By means of the Bessel function identity 

· f .- dcf>ocos(cf>o - cp)Jo(~y'p2 -a2 -2apcos(cp0 -cp)) (32) 
-11" 

one can rewrite the solutions of A<t> as follows: for z>0: 

+ dcf>o cos (c/>o - cf>) J 0(~r)e-Xo(z+h) µI f" f "" 
2 -11" 0 

where 

r = y'p 2 + a 2 - 2ap cos (c/>o - cf>) 

Ao = -v'~2 - ko2 

A1 = e - k1 2 • 

And for z <0, 

A<t> = dcj,0 cos (c/>o - cp) J 0 (~r)e•1l;z-Xoh µ I f ,r f"" 
471" -,r 0 

µ1Ao + µ0A1 

Note that 

f «> e- i/coR 
Jo(~r)e-•ol z- hl _ = __ 

o Ao R 

(34) 

(35) 

R' = -v'(z + h) 2 + p2 + a 2 - 2ap cos (c/>o - cf>). 

This is (7). 

APPENDIX B 
DETERMINATION OF THE MAGNETIC VECTOR 
POTENTIAL FOR A MULTILAYERED PROBLEM 

A spherical wave of the form e-ikR/R can be expanded 
in to the plane waves as follows: 

e-ikR 1 ff dkxdky 
-- = - . exp [i(kxx + kyy + k<z)] --

R 211"J k, 
(38) 

where the k/s, for i=x, y, z, are the Cartesian com-
ponents of the wave vector k, and the direction of propa-
gation is in the z direction. By a change of coordinates, 
both the (kx, ky, k,) and (x, y, z) can be transformed into 
cylindrica l systems (ti/;, k,) and (r, </>, z) . In other words, 
kx = cos i/;, ky = sin i/;, and dkxdky = ~d~di/;; x = r cos</>, 
y =r sin <f>. Thus kxx+kyy =~r cos (i/;-</>). Equation (38) 
can be written as follows: 

e-fkR 1 f 00 ~d~eizZ f 2,r __ = _ ___ eiErcos(,f;-¢)dy;. 
R 271"j o kz o 

(39) 

Upon integration with respect to i/; by means of a table 
of integrals, and due to the fact that k,= -v'k 2 -kx 2 -ku2 
= y'k 2 -P, (39) becomes 

e- fkR f oo ~d~e-"' e2- k 2 , 

= -====--lo(~r) 
R o ve - k2 

(40) 

which was used in Sections II and III. 
For a plane wave with horizontal polarization imping-

ing upon the plane medium in an oblique incidence, 
where 00 is the incident angle and 01 the refracted angle, 
the transmission line model gives as characteristic 
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impedances in air 'l)o/cos 0o and the plane medium 
'l)i/cos 01, where 7)o=vµo/ Eo and 1)1=vµi/(E1-j(<1/ w) . 
After putting E1* =E1 - j(<J / w), the coefficient of reflection 
in air is given by 

1)1 1)0 

cos 0o 
I'=-------

1)1 1)0 -- +--
cos 01 cos 0o 

1)1 cos 0o - 1)0 cos 01 

1)1 cos 0o + 110 cos 01 

v~ cos 0o - v~ cos 01 

yµi/E1* COS 0o + Vµo/ Eo COS 01 
( 41) 

It is shown in the first paragraph of this section how 
(kx, ku, kz) for a plane wave is transformed into (t if;, k, ) 
and kz into vk 2 -~2• In addition, knowing k,=k cos 0 
where 0 is the angle that the wave vector k makes with 
the polar axis, it therefore follows that 

k,0 = ko cos 0o 

kz, = k1 cos 01. ( 42) 

In air ko=wvµoEo, in the medium k1=wvµ1E1*, hence 

kz0 = vko2 - e 
k,, = vk12 - e (43) 

where fs are same in both media such that the boundary 
conditions can be matched. Upon substituting various 
quantities in (41), the coefficient of reflection can be re-
duced to 

µ1-ve - ko2 - µove - k1 2 

r = --c===,------=== (44) 
µ1-ve - ko 2 + µove - k1 2 

which is the same as the coefficient of reflection in ( 5). 
In view of the agreement with the result obtained in the 
analysis, the choice of the transmission line model based 
on the horizonta l rather than the vertical polarization 
of a plane wave is the relevan t one in this case. 

Such a choice also holds true in the case where the 
semi-infinite plane medium is replaced by layered 
media, consisting of an upper stratum of thickness t 
characterized by material constants Er, µ1, and <11, and 
a lower stratum of infinite thickness characterized by 
E2, µ2, and <12, the transmission line analog would be as 
follows: 

1)0 
Zo= --

cos 0o 

A 

Zo1 = 
1)2 

Zo2 = --
cos 02 B''~--

where Z 0 , Zo1, and Z o2 are the characteristic impedances 
of the three lines , respectively. 

The input impedance at AA' is 

where 

1 + I'12e-2X1t 
ZAA' = Zo1 -----

1 - I'12e-2X1t 

µ2t.1 - µ1t.2 
I'12 = -----

µ2A1 + µ1t.2 

t.1 = ve - k12 and t.2 = v~2 - k22. 

The coefficient of reflection at AA' becomes 

where 

ZAA' - Zo 
I'= ----

I'o1 = 

ZAA' + Zo 

µ1t.o - µot.1 

µ1t.o + µot.1 

I'o1 + I'12e- 2Xit 

1 + I'o1I'12e- 2Xit 

and Ao = ve - ko 2 • 

( 45) 

(46) 

On the other hand, from the present analysis point of 
view, the magnetic potential Ao satisfies the following 
wave equation in the three regions as previously indi-
cated: 

(49) 

The boundary conditions are 

:o a:
1

1 z=o+ = :1 a~1 
J ,=o-

A¢ lz=O+ A1 lz=0-

:1 a:¢1Z=-t+ 
1 aA 1 I 

µ2 az I Z=-t-

A¢ lz=-t+ = A¢ lz=-t-• (50) 

By extending the procedure of Appendix A, it follows 
that for z > 0, 

(51) 

And for z < -t 

(53) 



116 IEEE TRANSACTIONS ON INSTRUMENTATION AND MEASUREMENT 

By virtue of the boundary conditions, one obtains the 
following set of equations: 

V;=induced voltage of a coil. 
X, = reflected reactance of a coil. 

= _ e-Xozo 
Ao 

F(~) - { G(O + H(~)} 

G(~)e->- 11 + H(~)e>- 11 = I(O 

Ao A1 A1 
-F(~) +-cm - - H(~) 
µo µ1 µ1 

I(~). (54) 

From this set of equations, one may solve for F(O, G(O, 
H(t), and I(t). Among these, F(t) is of particular m-
terest to us. From (54), F(t) is found as follows: 

{ I'o1 + I'12e-2>- 11 } F(~) = - e-Xozo ___ ___ . 
A 1 + I'o1I'12e-2>-1t 

(55) 

The expression in the braces is the same as ( 46). 

LIST OF SYMBOLS 

a= radius of a circular coil. 
A<t> =¢-component of the magnetic vector 

potential. 
Bp, B<t>, B, = cylindrical components of the mag-

netic flux density. 
Ep, E<t>, Ez = cylindrical components of the electric 

field intensity. 
J = frequency. 
h=coil to material spacing. 
I= current in a coil . 

J1(~a) = Bessel function of first kind and first 
order. 

k = wave vector. 
kx, ky, kz = rectangular components of the wave 

vector. 
kp, k<t>, kz = cylindrical components of the wave 

vector. 
ko 2 =w2µ0<:o 
k; 2 = w 2µ;<: ; - jwµ;<Y; 

Q = charge of a coil. 
r = -y1p 2+a 2 - 2ap cos (cpo-1>) . 

r' = y1s 2 + (µor) 2 

R= -y1(z-h)2+p 2 +a 2 -2ap cos (ct>o-cp) . 
R' = v1(z+h) 2 +p 2 +a2 -2ap cos (if;o-1>) . 
R" = v1r 2 +s 2 -2sr cos a+(µ1(+z+h) 2 • 

Rr = reflected resistance of a coil. 
s, a, s = cylindrical coordinates in the reg10n 

below the image coil. 
V = scalar potential. 

Z = input impedance of a coil. 
Z, = reflected impedance of a coil. 
r = coefficient of reflection. 

r 01 =coefficient of reflection in the air due 
to another medium. 

r12 = coefficient of reflection in medium one 
due to medium two. 

o(z-h), o(p-a) = Dirac functions. 
<:o = permittivity of the air. 
<:;=permittivity of medium i. 
<:,=relative permittivity of medium i. 
77=wave impedance of a medium, v1µ/<:. 

Ao= v1t 2 - ko 2 

A;= v1t2 - k;2 
µo = permeability of the air. 
µ;=permeability of medium i. 
µ,=relative permeability of medium i . 

p, cp, z = cylindrical coordinates. 
<Y; = conductivity of medium i. 
w = angular frequency in radians per sec-

ond. 
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