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2 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

1. In t r o d u c t i o n  a n d  s umma r y

(a)Note on previously recorded values o f  the refractive index o f  air. For m any  centuries 

astronom ers have recognized the effect th a t the refraction  o f the e a rth ’s atm osphere 

has upon  observations of the positions of celestial bodies. F rom  the tim e of T ycho 

Brahe, w hen astronom ical technique becam e sufficiently refined for the  purpose, 

a ttem pts have been m ade to apply  corrections for the deviation  of light in its passage 

th rough  the e a rth ’s atm osphere, and  u ltim ately , in 1805, D elam bre (1806) d e te r

m ined, by com paring a large num ber of astronom ical observations, a value of the 

refractive index of atm ospheric a ir for w hite light. T he  first accura te  labo ra to ry  

determ ination  was m ade ab o u t the sam e tim e by Biot and  A rago (1806), who m easured 

the deviation of w hite light passing th rough  air enclosed in a hollow glass prism .

In  1857 Ja m in  (1857 b)made his original app lication  of the m ethods o f in ter

m etry  to the m easurem ent o f the refractive index of a gas. T he  increased accuracy  

ob tainab le  by the use of the princip le o f the  J a m in  refractom eter enabled K ette ler 

(1865) to determ ine the refractive indices o f a ir for the red , yellow and  green lines in 

the visible spectra o f lith ium , sodium  and  thallium  respectively, and  thus to m ake some 

of the  earliest m easurem ents o f the  dispersion of air.

Since the m iddle o f the n ineteen th  cen tury  the need for m ore accura te  inform ation 

on the refraction and  dispersion of gases, arising m ainly  from  a desire to ob tain  d a ta  

for the elucidation of problem s concerned in  the  p ropaga tion  of light th rough  tran s

p a ren t m edia, has provided a continuous incentive to researches on the subject by 

physicists. A p a rt from  those investigations on air carried  ou t for the special requ irem en t 

o f correcting spectroscopic observations, a ir has been m ore frequently  chosen th an  any 

o ther gas as the m ateria l for investigation, no doub t for the reason th a t, a lthough  it is 

a m ixture w hich does no t lend itself so well as a pure  gas to the de term ination  of fu n d a

m ental physical relationships, a knowledge of the  refractive index of a ir is o f g rea t 

im portance  from  a p rac tical standpoint. Sum m aries o f earlier work on the refraction 

and  dispersion of a ir have already been published by o ther authors, no tab ly  by M eggers 

and  Peters (1918-19), and  by Perard  (1934), and  T ilton  (1934) has collected for the 

period 1857-1932 the results o f forty different determ inations of the refractiv ity  of 

dry  a ir for sodium  light. T he  general average value of the refractivity , a t 0° C. and  

760 m m . pressure, in T ilto n ’s collection is

(nD-1) 106 =  292-54,

w here nD is the refractive index for sodium  light. T he  to ta l range exhibited by the 

values is w ith in  the limits of ±0 -75  %. of the value of the general m ean, corresponding 

to ± 2  parts in 106 of the value of the refractive index. A p a rt from  the earliest work 

considered in  these results, such a varia tion  canno t be regarded  as satisfactory, especially 

as m ost observers claim  limits o f experim ental accuracy w hich are only a small fraction 

of this range.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



D I S P E R S I O N  O F  A I R  F O R  T H E  V I S I B F E  S P E C T R U M 3

(b) New determinations fo r  metrological purposes. W hen  form al sanction was given by 

the Seventh G eneral C onference on W eights and  M easures (C om ite In t. 1927) to the 

proposal th a t determ inations of leng th  m igh t be m ade, as an  a lternative  to d irect 

reference to the  m etre, in  term s of the  w ave-length  of the red  line of cadm ium , the 

a tten tio n  of m etrologists becam e p articu la rly  d irected  to the varia tions in recorded 

values o f the  refractive index of a ir for the  visible spectrum . T h e  reason for this is 

ev ident from  the fact th a t the relationship  w hich had  tem porarily  to be adop ted  was 

one betw een the  m etre  and  the  w ave-length  in  air u n d er certa in  s tan d ard  conditions. 

Since the  w ave-length  of a rad ia tio n  varies in  inverse p roportion  to the  refractive index 

of the m edium  th rough  w hich the rad ia tio n  is transm itted , a possible varia tion  of 

ab o u t db 2 parts in 106, such as th a t show n in the  recorded values of the refractive index 

of air, was obviously d isturb ing , and  in  1931 the  In te rn a tio n a l C om m ittee on W eights 

an d  M easures agreed th a t fu rther precise m easurem ents of the  refractive index of 

a ir were requ ired  (C om ite in t. 1931). I t  m ay  be p e rtin en t to m ention  here th a t 

the present au thors (1934, p. 181) have a lready  advanced certa in  ten tative  proposals 

for the adop tion  of ideal definitions of the  units o f leng th  in term s of wave-lengths 

vacuo, ra th e r th an  w ave-lengths in air, b u t this w ould no t avoid the p rac tical necessity 

for m ore accura te  inform ation  on the  refraction  of air, since it is convenient for m ost 

o rd inary  purposes to m ake optical m easurem ents in  air, even though reference to the 

vacuum  condition  is p referred  for the stan d ard  unit.

Perard  (1934), a t the B ureau In te rn a tio n a l des Poids et M esures, had  already, in 

1924, com pleted an  investigation of the refractive index in  the visible spectrum  of dry, 

C 0 2-free air, a t tem pera tu res from  0 to 100° C. and  a t am b ien t atm ospheric pressures. 

R osters and  L am pe (1934), of the Physikalisch-Technische R eichsanstalt, have since 

given the result, w ith  no experim ental details, of a sim ilar investigation, b u t w ith 

tem peratures confined near to 20° C. T he  agreem ent betw een the results o f these 

observers a t 20° C., for the value of the  refractive index in the region of visible w ave

lengths betw een 0-45 and  0-65//, is on the average w ith in  1-4 parts in 107, although the 

dispersion curves are of slightly different shape. Furtherm ore , the calculated  values of 

nD a t 0° C. and  760 m m . are w ith in  ±  1 p a rt in 107 of the general average value of all 

observers w ith in  the period 1857-1932.

A t the N ational Physical L abora to ry  investigation of the refraction and  dispersion 

of a ir was postponed un til after the com pletion of definitive m easurem ents of the yard  

and  m etre (1934) in term s of w ave-lengths o f light, w hich had  also been undertaken  

partly  as a result of an  earlier decision of the In te rn a tio n a l C om m ittee in 1923. In  the 

course of this work values of the refractive index of air for the red rad ia tion  of cadm ium  

were indirectly  derived from  the optical m easurem ents of length, from  which a value 

could be deduced for nDa t 0° C. and  760 m m . w hich was also in close agreem ent w ith 

the general average value of all observers betw een 1857 and  1932. Inciden tally  it also 

becam e evident th a t the w ave-length com parator, designed and  constructed for the 

optical m easurem ents of length, could well be utilized, w ith slight m odification and

1-2
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4 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

the addition  of some necessary auxiliary apparatus, to determ ine absolute values o f the 

refractive index of air for the visible spectrum , by m eans of an  interferom etric m ethod 

differing som ew hat in principle from  any which had  been previously em ployed for 

this purpose, and  which prom ised to afford results of high precision.

In  brief, the m ethod em ployed makes use of Brewster’s fringes, or the fringes of super

position, produced in a beam  of m onochrom atic light transm itted  by two Fabry-Pero t 

etalons of nom inally equal lengths placed in series. Since the etalons used in the 

w ave-length com parator are of an  enclosed, a irtigh t type, one of them  can be filled 

w ith a ir under know n and  controlled conditions of tem pera tu re , pressure and  com 

position, and  the o ther ev acu ated ; if  now the form er etalon is also exhausted the 

Brewster’s fringes will be displaced, the am ount o f displacem ent m easured in fringes 

being equal to the change of re ta rd a tio n  in this etalon owing to the w ithdraw al of the 

air. A llow ance having been m ade for the small a ltera tion  in the dimensions of this 

etalon consequent upon evacuation, the refractive index m ay easily be calculated if the 

length  of the etalon is known. W ith  the etalons used in this investigation the displace

m ent for 1 atm . is of the order of 700 fringes in m ercury green light, and  this m ay be 

m easured by photographic and photom etric m eans to an  average accuracy of ±0-01 

of a fringe separation. A n accuracy of ± 1  p a rt in 70,000 in the m easurem ent of 

refractivity, corresponding to an  accuracy of m easurem ent of the refractive index of 

±  1 p a rt in 5 x 109, should therefore theoretically  be a ttainab le , if  errors in the m easure

m ent of tem pera ture  and pressure and  the uncerta in ty  of the com position of the a ir 

could be entirely neglected.

(c) Relations between refractive index and density o f  transparent media. Before proceeding to 

outline the various aims of this new investigation it is necessary to discuss two im portan t 

problem s concerning the transm ission of light th rough a transparen t m edium , nam ely, 

the m anner in which the density of the m edium  affects the refraction of light, and  the 

na tu re  of the varia tion  of refractive index of the m edium  w ith w ave-length or frequency. 

T he first of these problem s has for long been the frequent subject of investigation. 

H auksbee (Ivory 1823) *s repu ted  to have first determ ined by experim ent th a t a ir 

refracts light in proportion  to its density, and  m any of the famous m athem aticians, 

such as Bernoulli, Euler, L agrange and Laplace, m ade theoretical investigations in 

order to derive the differential equation  of the p a th  of light th rough the ea rth ’s a tm o

sphere and thus supply a basis for the com pilation of tables of corrections for the 

astronom ical refractions.

I t  is well know n that, a t various times, three im portan t expressions have been p ro 

posed for the relation  betw een the refractive index for a p articu lar w ave-length of 

radiation , and  the density dof a given transparen t body. These expressions,

order, a re :

N ew ton-Laplace {n2— \)Jd constant, 

G ladstone and  D ale (n  = constant, 

Lorenz-Lorentz (n2 — 1) +  2) =  con
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D I S P E R S I O N  O F  A I R  F O R  T H E  V IS I B L E  S P E C T R U M 5

A fourth  em pirical rela tion , w hich is frequently  quo ted  in  the lite ra tu re  on the 

subject on the  au th o rity  of M agri (1905), will be show n in  a la ter section of this p ap er 

to be based on a curious error, for w hich M agri him self appears to be responsible. In  

reality , his results supply an  im p o rtan t confirm ation of the th ird  expression quoted  

above, an d  L orentz (1909) him self has quoted  them  for this purpose, though  w ithout 

reference to the error in M ag ri’s paper w hich he has tacitly  corrected.

Expression ( IT )  was found by N ew ton to be reasonably true  for m any  liquids w hen 

the  tem p era tu re  was varied , and  was partia lly  based on deductions from  the emission 

theory  of light. L aplace inferred the sam e expression from  theoretical considerations 

based on the form  of the un d u la to ry  theory  accepted in his tim e. J a m in  (1856, 1857<2), 

as a result o f experim ents on w ater and  its vapour, considered th a t the law  did no t 

hold w hen a change of state  occurred, and  since his tim e it has come to be regarded  

m erely as an  em pirical approxim ation .

B etter agreem ent w ith  the  experim ental facts is ob tained  w ith  the em pirical ex

pression (1-2), w hich was p ropounded  by G ladstone and  D ale (1858, 1863) as the result 

o f experim ents on w ater and  carbon  disulphide a t different tem peratures. Su therland  

(1889) has a ttem p ted  to give a theoretical basis for this relation, though  w ithout m uch 

success.

T h e  th ird  re la tion  is p robab ly  the  m ost in teresting bo th  theoretically  and  practically . 

I t  was independen tly  derived by L. Lorenz (1880), o f C openhagen, and  H . A. L orentz 

(1936), of A m sterdam , from  entirely  different theoretical grounds, the form er by con

sidering the  passage of light th rough  ponderab le  m edia consisting of spherical molecules 

im m ersed in  an  e ther having  the  properties o f an  elastic solid, and  the la tte r from  his 

ow n theory  of electrons considered in  re la tion  to M axw ell’s system of equations for the 

electrom agnetic theory  of light. Lorenz, Prytz and  others have found it particu larly  

successful in correlating  the facts w hen a liquid  passes to the  gaseous state.

In  general, the experim ental com parison of the three relations in  the case o f gases a t 

norm al densities is no t so easily m ade as it is in  the case of liquids, a lthough  a consider

able am oun t o f research has been devoted to the subject owing to the  ease w ith w hich 

the density o f a gas m ay be varied  by alterations of tem pera tu re  and  pressure. T he 

reason for this difficulty is th a t the refractiv ity  o f gases a t norm al densities is small, 

and  the first and  th ird  relations quoted  above therefore reduce, as a  first approxi

m ation, very closely to the sam e sim ple form  as the second, as has been shown by 

L orentz (1936, 2 , 88).

(d) Temperature-pressure relations affecting the refractivity and density o f  gases. A direct 

consequence of the close p roportionality  betw een refractiv ity  and  density in the case of 

gases, even a t m oderately  high densities, is th a t variations of refractivity  w ith tem 

p era tu re  and  pressure should closely correspond w ith those of density under the sam e 

influences. In  fact, the departures o f gases from  the w ell-known laws of a perfect gas 

m ay very well be investigated by refractivity  m easurem ents, as will be indicated  la ter 

in this paper.
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6 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

I t  is o f interest to com pare the results o f previous experim ental work on the changes 

of refractivity and density o f a ir under the influence of tem pera tu re  and  pressure 

variations. T he usually accepted value for the tem pera tu re  coefficient of volum etric 

expansion of air, under a constant pressure of 1 atm ., is 0*003672 per 1° C., w ith in  the 

range of norm al variations of atm ospheric tem perature . This value was determ ined by 

C happuis (1907) w ith the constant-pressure a ir therm om eter, and  the value of 0*00367 

has been found by Benoit (1889) for the tem pera tu re  coefficient o f refractivity  of dry  

air betw een 0 and 80° C. and a t am bien t pressures. A m ong other values w hich have 

been determ ined for the tem pera tu re  coefficient o f refractivity  m ay be m entioned th a t 

o f 0*003689 derived by G ylden (1866, 1868) from astronom ical observations, while 

laboratory  determ inations show variations from  0*00382 (M ascart 1877) dow n to 0*00311 

(v. Lang 1874) • T he corresponding value found for the tem pera tu re  range 12-31° C., 

and  a t 1 atm . pressure, in the investigation to be described in this paper, is 0*003674 

± 0 * 0 0 0 0 0 2 .

As regards the relation  betw een the refractivity  of gases and  their pressure a t con

stan t tem perature , M ascart (1877) found experim entally  for pressures up  to 8 atm . 

th a t the following expression closely represented his resu lts:

(nr l)=Kp(l+ft),(1-4)

w here Kand /? are constants and  p  is the pressure. H e also found th a t the experim ents 

of R egnault on the compressibility of gases w ithin  the same pressure range could be 

accurately represented by
d =  Ap{\-\-8p), (1*5)

where A and  8are constants. T he  undoub ted  correspondence (Lorentz 1936, 2 , 89)

existing betw een the values of y? and  8,as determ ined for several 

M ascart and  R egnault, was accepted by M ascart as p roof th a t w ithin  the limits of 

experim ental error the refractivity  of a gas a t constant tem pera tu re  is sensibly p ro 

portional to its density.

T he com paratively small discrepancies betw een the values of /? and  8, which were 

ascribed by M ascart to experim ental error, were m ostly in the sense and  it has 

been pointed out by Lorentz (1936, 2 , 89, 90) th a t /? should theoretically  be slightly 

greater th an  8,a conclusion which is in harm ony w ith M ascart’s findings.

O pladen  (1927) has given a collection of values o f /? for a ir as determ ined by different 

observers, and  it is interesting to m ention th a t for pressures over 1 atm . general agree

m ent w ith the results of M ascart is found, whereas for pressures under 1 atm . large 

discrepancies exist and  all values given are g reater th an  any determ ined at h igher 

pressures. This has led Posejpal (1917,1921) to suggest th a t there is a relation betw een /? 

and pressure. T he results obtained  in the investigation to be described herein, for 

pressures from abou t 1 atm . dow nw ards, do not confirm  PosejpaPs suggestion, for the 

value found for /? is w ithin the range of values determ ined from work a t higher pressures 

by other observers.
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D I S P E R S I O N  O F  A I R  F O R  T H E  V IS IB L E  S P E C T R U M 7

Berthelot (1907) has m ade an  investigation, based partly  on theoretical and  partly  

on em pirical grounds, o f the  characteristic behaviour of gases a t low pressures. U sing 

as theoretical basis the V an  der W aals’ equation  of state as modified by Clausius, and 

then  in troducing  a fu rther m odification, derived from the experim ental facts, con

cerning the departures o f gases from  Boyle’s law  a t low pressures, he obtains a general 

expression for the relation  betw een F (which is, in effect, a m easure of the departu re  of 

gases from  A vogadro’s law) and  tem perature . I t  will be seen in a la ter section of this 

paper th a t the value of y? determ ined for air a t pressures from  1 atm . dow nw ards is 

also found to vary  w ith tem pera tu re , bo th  the m agnitude and  the sense of the varia tion  

agreeing reasonably well w ith the expectations from B erthelot’s theory. Even better 

agreem ent is found w ith the experim ental results o f work on the com pressibility of a ir 

as obtained  by R ayleigh (1905), B erthelot and  Sacerdote (see Berthelot 1907), and  

H olborn  and  Schultze (1915). This result was obtained  by applying w hat we believe 

to be a new m ethod of reducing the observations of refractivity  a t various tem peratures 

and  pressures, based on the rela tion  betw een density, tem pera tu re  and  pressure derived 

from  B erthelot’s representation of the characteristic behaviour of gases a t low pressures.

(e) Dispersion o f transparent media. As regards the dispersion of transparen t m edia the 

earliest relation  proposed for the varia tion  of refractive index w ith w ave-length was 

the C auchy equation,
n =  a -{- 

in which <2, b, c,etc., are constants and A is the wave-length. M odern  determ inations 

of the dispersion of air for the whole visible spectrum  can be accurately  represented by 

an  in terpo lation  equation  of the C auchy type having three term s on the righ t-hand  

side, thus:
(n — 1) =  ax-\-bx A-

in which values of A in a ir or in vacuo m ay be used according to convenience, an

and  cxare constants.

T he work of Sellmeier, K ette ler and  H elm holtz on the m echanical theory of dis

persion led to the relation generally known as the Sellmeier eq u a tio n :

(n’ - l  ) =  2 [D 0l(vl-v*)-](1-7)

in which the D 0term s of the series are constants, is the frequency of the incident 

radiation , and  the v0term s are frequencies o f lines in the absorption spectrum  of the 

dispersing m edium , one or m ore of which m ust lie in the ultra-violet region in the case 

of transparen t bodies. This equation  can be reduced, in the case of air for the visible 

region, to the form
(n2— 1) =  a2 +  62A~2 +  r2A~4.

T he Lorenz-Lorentz expression (1-3) is in reality  a particu lar case of the general 

dispersion equation developed by Lorentz (1936, 3 , 22), which is

ft 2_1 z>2 1
V 4  =  T f  t t c2N - ( 1 * 8 )
ro2+  2 3 mv% — v2 x
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8 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

where c — velocity of p ropagation  of light vacuo,

N  =  num ber of molecules per un it volum e of the m edium , and  is therefore 

proportional to the density, 

e,m  — electronic charge and mass respectively.

For a given m edium , the righ t-hand  side reduces to the sam e form  as the Sellmeier 

equation, so th a t

where the D '0term s of the series are constants. For a ir in the visible spectrum , this 

equation can be reduced to the form

(n2— l)/(w 2 +  2) =  ct3 +  ̂ 3A_2+ r 3A_4.

As the present investigation was concerned only w ith the lim ited range of visible 

wave-lengths 044-0-64//, which is well rem oved from the position of the absorption 

bands of air in the extrem e ultra-violet region, in terpolation  equations- expanded in the 

C auchy form w ith three term s were found to give a com pletely satisfactory expression 

for the dispersion of air.

( f )  Effects o f composition o f  the air upon refraction measurements. T he  question of the 

relation betw een refractive index and  density of air is rendered  additionally  difficult 

owing to the fact th a t air is a m ixture o f m any gases. C ertain  chem ical d a ta  relating  to 

the constancy of com position of the atm osphere a t the ea rth ’s surface, a p a rt from  the 

proportions of w ater vapour and carbon dioxide present, appear to indicate  th a t 

appreciable variations of density m ay be found in different samples, and  this m ight be 

expected to lead to sim ilar variations in refractive index, b u t it is shown la ter in  this 

paper th a t the refractivity of different samples o f a ir is rem arkably  constant.

I t  is usually assumed th a t a norm al am ount of 0-03 % by volum e of C 0 2 is present 

in the open air and  also in w ell-ventilated rooms, b u t in  badly  ventilated  rooms this 

proportion  m ay be considerably exceeded. How ever, the to tal uncerta in ty  from this 

cause, in those previous investigations where C 0 2 was not elim inated, is not likely to 

exceed 1 or 2 parts in 107 of the value of the refractive index. T he influence of w ater 

vapour has been generally recognized in determ inations of refractivity o f air, and  the 

m oisture rem oved by the usual chem ical absorption m ethods. I t  is, however, frequently 

desired in spectroscopic and m etrological work to know w hat changes are produced in 

the refractive index of air w ith the norm al variations of hum idity. T he inform ation 

available for this purpose is very m eagre, and  the opportun ity  has been taken in this 

investigation to obtain  inform ation on the hum idity  factor by observing the effect of 

adding know n am ounts of w ater vapour to dry, C 0 2-free air.

A very interesting suggestion has been m ade by T ilton  (1933, 1934) to account for 

the variations betw een the values of the refractive index of dry  air, as m easured by 

different observers a t different dates. From  an  exam ination of the forty absolute 

determ inations m ade w ithin  the 75-year period betw een 1857 and 1932, T ilton  states
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D I S P E R S I O N  O F  A I R  F O R  T H E  V IS IB L E  S P E C T R U M 9

th a t he finds evidences of system atic variations and  a p robab le  correlation  betw een 

refractiv ity  and  sunspot activity , the rela tion  found being of a periodic n a tu re  corre

sponding to the m agnetic  cycle o f abou t 23 years. T he  explanation  given is th a t, since 

the tu rbu lence of the e a rth ’s atm osphere is a lready believed to be broad ly  rela ted  to 

sunspot activity, the average density  o f a ir (and therefore refractivity) a t the e a rth ’s 

surface m ay be expected to vary  w ith  the cycle of sunspot activity  owing to changes in 

the degree of m ixing of the various com ponents o f a ir on this account. No evidence of 

this correlation  has been ob tained  from  the present investigation, the experim ental 

work of w hich was carried  ou t a t various times during  the period, from  the sum m er of 

1935 to the spring of 1937, w hen sunspot activ ity  was probab ly  increasing a t its m axi

m um  ra te  for the present cycle. Indeed , during  this period, the value of the refractive 

index of dry, C 0 2-free a ir was constant w ithin  the limits of experim ental error, w hich, 

from  in te rnal evidence ob tained  from  the determ inations, w ould appear to be closely 

±  1 p a rt in 108 of the m agnitude of the refractive index.

(g) Aims o f  the present investigation. T he  aim s of this new investigation on the refraction 

and  dispersion of a ir w e re :

(i) T o ob tain  reliable values o f the refractive index of dry, C 0 2-free a ir a t tem 

peratures and  pressures w ith in  the range of norm al variations of atm ospheric conditions, 

the  m easurem ents being confined to eight evenly d istribu ted  wave-lengths w ith in  the 

range (A 0*44 /j,to A 0- 64 ju)of the visible spectrum  usually  em ployed in m etr

(ii) T o deduce from  these values a general in terpo la tion  equation  for the dispersion 

of dry, C 0 2-free a ir w hich will enable a definitive value of the refractive index to be 

calculated  for any rad ia tion  w ithin  the range of wave-lengths m entioned in (i), and  

for any tem pera tu re  and  pressure w ith in  the range of am bien t atm ospheric conditions.

(iii) T o investigate the relation  betw een the refractive index and  density of dry, 

C 0 2-free air a t tem peratures w ithin  the range 10-30° C., and  pressures from  abou t 

100 to 800 m m . of m ercury.

( iv )  T o  determ ine the effect o f w ater vapour upon  the refraction and  dispersion of 

air.

(v )  T o  test the suggestion advanced by T ilton  th a t the refractivity  of dry  air and 

sunspot activ ity  m ay be correlated.

T he  succeeding sections of this paper give an  account of the experim ental m ethods 

em ployed and of the results obtained  in the execution of these aims, together w ith a 

discussion of the relation betw een refractive index and  density o f a ir in its association 

w ith the characteristic behaviour of gases a t norm al tem peratures and  a t pressures 

from abou t 1 atm . dow nw ards.

2. Me t h o d

T he principle of the interference m ethod used for refractivity  m easurem ents in this 

work was first described by Fabry  and  Buisson (1919) and  Fabry  (1923) for the p a rti

cu lar purpose of com paring the optical lengths of etalons, and  the present authors have

V o l . C C X X X V III . A . 2
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10 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

already em ployed it for this purpose in optical m easurem ents of the fundam ental units 

o f length (Sears and Barrell 1932, 1934).

Fig. 1 is a d iagram  which indicates how the m ethod of Fabry  and  Buisson is applied 

to the m easurem ent of the refractive index of air. and  represent two Fabry-Pero t 

etalons of approxim ately  equal lengths, lA and  respectively, each etalon consisting o f 

two optically flat glass plates w ith their semi-silvered surfaces (indicated by thickened 

lines in the figure) arranged  parallel to one another. In  the m anner usually adopted  in 

Fabry-Pero t etalons, each plate  is cu t slightly w edge-shaped, w ith the sam e angle (of 

the order of 2—5 m in.) betw een the plane surfaces, and  each pa ir is disposed so th a t the 

effect o f the small wedges upon the transm itted  light is com pensated ; this arrangem ent 

avoids the confusion which would arise from having four m utually  parallel surfaces in 

each etalon. E talon  A  is a rranged  for convenience w ith its partially  reflecting 

norm al to the optical axis of a telescope, the object lens of which is seen a t the left 

of the figure, while etalon B is m ounted in such a m anner th a t the norm al to 

reflecting surfaces can be inclined th rough small angles in the plane of the figure.

O B A

O p s i c a l  A x i s .

F ig . 1. Method of Fabry and Buisson as applied to refractivity measurements.

M onochrom atic light from  an  extended source to the righ t of the figure is partially  

transm itted  and partially  in ternally  reflected by the double etalon system in the m anner 

indicated  by the full lines and passes on tow ards the object lens of the telescope, w hich is 

focused for parallel light. T he  object lens produces, in its focal plane, a real im age of 

the system of straight, parallel and  equally  spaced Brewster’s fringes, which, in  the 

circum stances represented in fig. 1, are perpendicu lar to the plane of the paper. In  

the same way as for the single Fabry-Perot etalon the effect o f m ultiple reflexions w ithin 

the two etalons gives rise to a system of fringes consisting of fine b righ t lines on a dark  

background, and this advantage of the m ethod has been fully discussed by F ab ry  and 

others. I t  suffices to m ention here th a t the brightest and  sharpest fringes are obtained  

when the reflecting power of each etalon surface is 70 % or higher, and  w hen the 

lengths lA and  lBare nearly equal.

Reference has already been m ade to a special feature of the type of etalon used in  this 

work, nam ely, th a t the space betw een the sem i-reflecting surfaces is to tally  enclosed and  

airtight, and  can be either evacuated or filled w ith a ir u nder known and  controlled 

conditions. Suppose that, a t first, both  A  and  are evacuated

I a is slightly g reater than  lB.For our present purposes it is sufficient to co
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D I S P E R S I O N  O F  A I R  F O R  T H E  V IS I B L E  S P E C T R U M 1 1

the  sim plest possible effects o f in te rn a l reflexion an d  transm ission by the  two etalons. 

I t  will be seen in  the  u p p e r p a r t  o f fig. 1 how  a ray , inclined  a t an  angle d to the optical 

axis, is d ivided  in to  tw o parts a t the  second sem i-reflecting surface of A , an d  th a t each 

p a r t  subsequently  has im posed on it a rela tive  re ta rd a tio n  by being twice in te rnally  

reflected, the  one in  A  an d  the  o ther in  B . T h e  am o u n t of relative re ta rd a tio n  is cos 6 

in  A  an d  2 /^cos (a — d)in  B , w here a represents the  angle betw een the  no rm al to the 

sem i-reflecting surfaces o f B  an d  the  op tical axis o f the  telescope.

T h e  condition  for the form ation  of a b rig h t fringe for all rays para lle l to the d irection  6 

is th a t N  should be an  in teger in  the  equation

2lAcos 6 — 2/s cos (a — 

w here A is the w ave-length  in vacuo o f the m onochrom atic  light used. T he  b righ

form ed u n d e r this condition  is usually described as being of o rder o f in terference N .

T h e  angle a in  equation  (2-1) controls the  an g u la r separa tion  of the fringes. For, if  

the ad jacen t b rig h t fringe of h igher o rder ( jV + 1) is p roduced  by rays para lle l to the 

d irection  0, then  by analogy w ith  equation  (2-1) we have

2lAcos (j) — 2/gcos (a — — (A + 1)A .

S ub trac ting  equation  (2-1) from  this, we ob ta in

 2lA( c o s  (j) — c o s  0s) — 2/b [c o s  ( a  — — c o s  ( a  — d)].

H ence, since lA is closely equal to lB, and  the angles 0, 0, (a — and  ) a re  sm all, 

an d  rem em bering  th a t cos x  = 1 — x 2/2  w hen x  is small, we have

(d — (j)) =  A/2/a, (2-2)

w here (6 — (j)) is the  angu lar separation  of the two ad jacen t b righ t fringes, and  / =  or 

lB . T hus, for a given A and  a given length  of etalon, a convenient angu lar separation  of 

the  fringes can  be ob tained  by adjusting the angle a betw een the norm als to the two 

pairs o f etalon  surfaces.

I f  now a ir is slowly adm itted  to A , the Brew ster’s fringes will m ove across the focal 

p lane  of the telescope in  a d irection  perpend icu lar to their lengths and  keeping parallel 

to themselves. T his d isplacem ent is due to the change in the  optical leng th  of A  p ro 

duced by the effect of the refractive index of the air. W hen  A  contains a ir o f refractive 

index n, the relative re ta rd a tio n  produced  in A  on the ray  denoted by 6 becomes 

2nlAcos6. I f  this value is substitu ted  for 2lAcos6  in equation  (2-1), it will be seen th a t 

w hen n increases then  6 m ust increase in  o rder to m ain ta in  a constant N  value, so th a t 

the  fringe of o rder num ber A m oves upw ard  on the d iag ram  (fig. 1) w hen air is being 

adm itted  to A.

I t  is o f p rac tical im portance to consider the fringe displacem ent a t a convenient 

reference po in t— e.g. th a t provided by the intersection of the optical axis o f the telescope 

w ith  its focal p lane, this po in t of reference being generally  denoted in telescopes by 

the  po in t o f intersection of horizontal and  vertical cross-wires in the focal p lane of the
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12 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

eyepiece. Since for this po in t 6 is by definition equal to zero, then  equation  (2T ), for 

the  condition w hen bo th  etalons are evacuated , becomes

2lA — 2/b cos oc =  ( A A, (2-3)

w here N xis the in teg ral and  the fractional p a rt o f the order o f interference a t the  

reference po in t corresponding to the difference represented  by the  left-hand side o f 

equation  (2-3). Sim ilarly, if  A  contains a ir o f refractive index and  B

ated , then
2nlA — 2lBcos cl  — (N 2-\-e2) A, (2-4)

w here N 2and  e2 are  in teg ral and  fractional parts, respectively, o f the o rder of in te r

ference for this condition. F rom  equations (2-3) and  (2-4) we ob tain

( » - l )  =  [ ( t f , - i V , ) +  (6 ,-6 ,) ]  A/2 (2-5)

T he expression Xj2lA, outside the square brackets on the rig h t-h an d  side of equation  (2-5), 

is the inverse.of the  n u m ber of h a lf  w ave-lengths in vacuo con tained  in  lA, and  needs to 

be know n to an  accuracy  of a t least 1 p a rt in 100,000, since the desired final accuracy  

of de term ination  of ( n —  1) is to be of the o rder o f 1 p a rt in 30,000. T he  m ethod  ad

for the determ ination  of A/2 lAis precisely the sam e as th a t originally describe

and  Buisson, and  w hich has since been used by the present au thors for the optical 

m easurem ent o f lengths. T he  expressions and  inside the square

brackets, are  respectively the in tegral and  fractional parts o f the to ta l fringe displace

m ent past the  reference po in t during  the adm ittance  of a ir to I f  the ra te  o f en try  of 

a ir to the etalon is controllable by some such device as a needle valve the  value o f 

(N 2 — N]) m ay be ob tained  by counting  the n u m ber of com plete fringe w idths (a fringe 

w idth  being defined as the linear d istance in the focal p lane of the telescope betw een 

tw o ad jacen t b righ t fringes) w hich pass the reference po in t during  the adm ittance  o f 

air. O th e r m ethods are available for deriving this num ber w hich e ither do no t involve 

an  actual count o f the to ta l num ber of fringes passing a cross-wire, or a t m ost only 

require  a sm all fraction of the to ta l to be counted, and  these will be described later.

T he fractional p a rt o f the order o f interference a t the reference point, corresponding 

to each condition of the e talon A ,is ob tained  by m easuring, in  th

telescope, the linear distance of the reference po in t from  the nearest fringe of low er 

o rder (which m ay be either above or below this po in t according to the disposition o f 

the apparatus) and  expressing it as a fraction of the fringe w idth . T he  sense in w hich 

the  m easurem ent is m ade is decided by determ in ing  in  w hich direction  the o rder is 

decreasing. Since the order is decreasing upw ards in fig. 1 (cf. equation  (2-1)) the 

m easurem ent is m ade in  this case w ith respect to the first fringe above the cross-wire, 

neglecting the effect of reversal th a t w ould occur in the im age if it were view ed th rough  

the ocular o f a m icrom eter eyepiece.

In  practice the m easurem ent of excess fractions is conveniently m ade by pho to 

graph ing  a t the sam e tim e the cross-wires and  the real im age of the fringes, and  then
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D I S P E R S I O N  O F  A I R  F O R  T H E  V IS I B L E  S P E C T R U M 13

determ in ing  the  relative positions of fringes and  reference po in t on the pho tograph ic  

negatives by m eans of a non-record ing  m icrophotom eter. I f  the real im age of the 

cross-wires and  fringes is p ro jected  on to the  slit o f a spectrograph , all the d a ta  necessary 

for the calcu lation  of the  refractive indices for several rad ia tions m ay be sim ultaneously 

p h o tog raphed  on a single p late . W ith  such conditions of recording  an d  m easurem ent 

some slight sacrifice o f the  sharpness o f the  fringes, w hich is ideally  possible by the 

m ethod, m ust be m ade by reducing  the  reflecting pow er of each e talon  surface to 

ab o u t 60 %  or lower, in  o rder th a t  sufficient non-in terfering  ligh t o f all colours shall be 

directly  transm itted  by the  two etalons to give a su itab le im pression o f the  position 

of the cross-wires upon  the  photographs.

I t  has been  assum ed in  deriving equation  (2-5) th a t bo th  the m echanical lengths lA 

an d  lB rem ain  unchanged  du ring  the  experim ent, so th a t the following corrections 

m ust be applied  to the  value of [n— 1) deduced from  this equation :

(i) C orrection  for the change in  dim ensions of etalon  as a consequence of filling it 

w ith  air, and

(ii) C orrection  for any  relative changes in  the dim ensions of bo th  etalons due to 

tem p era tu re  variations.

T he  value of the  correction  due to (i) can  be ob tained  by m eans o f a separa te  experi

m en t in  w hich the distances betw een the sem i-reflecting surfaces o f A  are  optically  

com pared  before an d  after filling it w ith  a ir by m easuring the separations of these 

surfaces w ith  reference to two fixed sem i-transparen t surfaces ex ternal to the etalon. 

T h e  effect of (ii) m ay be reduced  to alm ost negligible proportions by using invar etalons 

m oun ted  inside a  constan t tem p era tu re  enclosure.

A fu rther tem p era tu re  effect, due to the fact th a t the changes taking place in  the a ir 

w hen it is being adm itted  to etalon  A  m ay  no t be isotherm al, can be guarded  against by 

reversing, in practice, the procedure  w hich has been outlined  above for convenience 

in  explanation . T h e  experim ent is sta rted  w ith  etalon A  filled w ith a ir under the desired 

conditions of tem pera tu re , pressure an d  com position, the a ir having  been adm itted  

several hours previously and  the air-filled etalon  allow ed to a tta in  the tem pera tu re  

conditions o f the su rrounding  enclosure. E ta lon  B  being evacuated, the position of the 

fringes w ith  respect to the reference po in t is observed ; then  the a ir is w ithdraw n  from  A  

as quickly as possible by connecting the etalon  to a pow erful vacuum  pum p, and  the 

position of the fringes for the condition w hen bo th  etalons are evacuated  is observed. 

A lthough sudden expansion of a ir in the m anner described is likely to be an  ad iabatic  

process, so little  tim e is allow ed for the com paratively  massive wall o f the etalon to 

be affected by the tem pera tu re  changes in  the air, w hich is being rap id ly  w ithdraw n 

from  it, th a t an  im p o rtan t source of error is thus elim inated.

I t  will a lready  have becom e evident during  this exp lanation  of the m ethod of F abry  

and  Buisson th a t the necessity for an  extended source of light arises out o f the requ ire

m ent th a t the source m ust subtend a sufficient angle a t the object lens o f the telescope 

in o rder th a t an  adequate  area of the im age of the Brew ster’s fringes should be available
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14 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

for observational purposes in its focal plane. This necessity leads to a difficulty w hen 

the etalons are of such lengths as were em ployed in this investigation (67 cm .). 

Reference to equation  (2-2) shows tha t, for a  given angu lar separation  of the fringes, 

decreases in the sam e p roportion  as lA and  lB increase, and  th a t w hen and  are 

large oc m ust be very small. But it is found in  practice th a t w hen is too small the 

im age in the focal p lane is confused by overlapping systems of Brewster’s fringes. This 

confusion arises because the relatively inclined etalons are equivalent to a p a ir of semi

transparen t m irrors inclined a t a sm all angle, and  produce, therefore, in the focal 

plane of the telescope a series o f overlapping images of the source due to m ultip le 

reflexions. E ach im age exhibits under these conditions a different system of fringes.

T he difficulty is overcom e by restricting the source in the following m anner. By 

m eans of a condensing lens an  im age of the source is projected on to a slit o f variable  

w idth, a rranged  w ith its length  parallel to the lengths o f the fringes, e.g. perpend icu lar 

to the plane of the paper in  fig. 1. T he slit is situated a t the principal focus of a colli

m ating  lens, and  the collim ated beam  of light is d irected  along the optical axis o f the 

telescope tow ards the double etalon system, w here it is partia lly  transm itted  and  

in ternally  reflected. T he  position of the slit is first adjusted un til its p rincipal im age is 

arranged  sym m etrically abou t the intersection of the cross-wires in  the focal p lane o f 

the telescope. H aving already  adjusted oc to give the re

the fringes w ithin  the principal im age, the slit w idth  is then  adjusted un til the m ultip le  

images are ju s t separated  from  one another. W ith  this a rrangem en t o f the optical 

system and  by using an  object lens o f abou t 45 cm. focal length  in conjunction w ith  the 

67 cm. etalons, a linear fringe w idth  of approxim ately  0-25 m m . is obtained  in  the 

focal p lane for red light, and  a t least three fringe orders can  be viewed w ith in  the 

limits of the w idth  of the principal im age of the slit w ithout confusion due to over

lapping  systems. W ith  such a fringe w idth  in red  light and  a corresponding w idth  of 

abou t 0-17 m m . in  violet light an  average accuracy of abou t 0-01 can generally  be 

obtained in the determ ination  of excess fractions by the em ploym ent o f the m icro

photom etric  m ethod of m easuring the photographs.

3. Appa r a t u s  a n d  e x pe r ime n t a l  pr o c e d u r e

(st) Opticul Q,ppQ,TQ,tus . T he  W ave-L ength C om parator, w hich was used for these 

determ inations of the refractive index of air, has already been fully described by the 

present authors (Sears and  Barrell 1932). As the com plex a rrangem ent o f optical 

apparatus, o f w hich this com parator chiefly consists, had  to be som ew hat m odified for 

the special purposes o f refractom etric work, a b rief resume is given here o f the principal 

features o f the original apparatus, w ith descriptions of the m odifications and  additions 

which have been m ade.

Fig. 2 is a d iagram  in p lan  view of the com plete optical appara tu s arranged  for the 

m easurem ent o f refractive indices. T he  etalons, m ain  telescope and  optical com-

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRUM 15

p ara to r, together w ith  certa in  auxiliary  ap p ara tu s  such as m irrors, were m ounted  

inside a therm ally  insulated , w ooden enclosure on the  slate top  of a concrete p illar 

isolated from  the su rrounding  bu ild ing  and  enclosure. T he  sources o f light, w ith  their 

associated lens and  m irro r systems, and  the spectrograph, were a rranged  in suitable 

positions outside the  enclosure, double-glazed windows being provided w here necessary 

in  the walls o f the enclosure to allow en try  of light in to  it.
C A D M I U M  L A M P  ( / )

W H I T E

L I G H T .

C O L L IM A T I N G

L E N S .

S M A L L

A P E R T U R E . A D J U S T A B L E ! 

SL IT . < $

M E R C U R Y  A R C  

O R

H E L I U M  T U B EyooO
C A D M I U M  

L A M P  ( 2 )

F /L  T E R .F I L T E R .

C O N D E N S I N G  

-  L E N S .  -

C O N S T A N T -  T E M P E R A T U R E  

/  E N C L O S U R E .

S P E C T O G R A P H .

C R O S S -W I R E S .

S L A  T E  T O P  O F

I S O L A T E D  C O N C R E T E

M A I N

T E L E S C O P E .

P I L L A R .
P R O J E C T I O N

L E N S .

O P T I C A L

C O M P A R A T O R .

W E S T  

T E L E S C O P E

F i g . 2. D iagram  of general arrangem ent of optical apparatus.

E A S T

T E L E S C O P E .

T h e  two etalons of nom inally  equal lengths, used for the refractive index d eter

m inations, are denoted by the symbols L 9and  on the d iag ram ; they 

and  ten th  m em bers of a series o f invar etalons of sim ply rela ted  lengths w hich have 

been constructed for various purposes. All etalons in  this series have lengths w hich are 

sim ple fractions of the length  of the longest e talon (approxim ately  1006-5 m m .) used 

in the absolute determ inations of the fundam ental units o f length. As the a rrangem ent 

o f appara tu s inside the enclosure did no t conveniently perm it o f the use of two equal 

etalons of g rea ter length  th an  abou t tw o-thirds of a m etre, and  were each 

constructed to be of nom inal length  abou t § x 1006-5 m m . or 671-0 m m . T hey  were of 

the tu b u la r invar type, w ith  flat chrom ium -plated  ends, w hich has been previously 

described by us (Sears and  Barrell 1932). T he optical reflecting surfaces o f each etalon 

were form ed by flat glass plates " w ru n g "  to the ends of the tube, the plates being 

silvered only on those portions of their surfaces w hich covered the bore of the tube. As 

in form er etalons, m eans were provided for elastically com pressing the central portion
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16 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

of each tube in order to enable small adjustm ents of length  and  of the parallelism  

o f the ends to be m ade.

Tw o other etalons of the series, nam ely, L x and  L 5, ind icated  by dotted  lines in fig. 2, 

were employed in determ ining the length  of by a m ethod which has been previously 

described (Sears and Barrell 1932). A pproxim ately, was twice the length  of Z,5, 

and  L 5 was four times the length of L v  D uring  determ inations of the length  of L 5 

was substituted for L 9, L xwas placed in a position in  line

the m irrors V I and V II  were suitably adjusted to d irect light into the etalons.

T he supporting m echanism  for the etalon Z 10 was specially designed to give ac

curately  parallel displacem ents to the etalon placed upon it. This feature of the original 

apparatus fulfilled an  im p o rtan t function in the present investigation, for it enabled 

the etalon to be m oved from  the position w here its axis was coincident w ith the optical 

axis of the m ain telescope, to the position, shown in do tted  line in fig. 2, betw een the 

two fixed m irrors X I I I  and  X IV  which constituted the reference base of the op tical 

com parator, where the change of m echanical length  of the air-filled etalon was observed 

during  the w ithdraw al of the air.

No other adjustm ents for alignm ent of etalon Z 10 were provided, and  therefore the 

central norm al to the two parallel semi-reflecting surfaces o f this etalon, w hen it was 

in the position shown in full line in fig. 2, was regarded  as the d a tu m  line to w hich 

all o ther apparatus was adjusted. T he m ain telescope was accordingly provided w ith 

alignm ent adjustm ents which allowed its optical axis to be b rough t into coincidence 

w ith this da tum  line by an  auto-collim ation process, during  w hich etalon was 

rem oved from its support. T he  support for etalon was provided w ith separate  ad just

m ents for inclination and  alignm ent.

T he surfaces of the com parator m irrors X I I I  and  X IV  were semi-silvered, and  were 

capable o f ad justm ent into accurate  optical parallelism  w ith the reflecting surfaces of 

etalon L l0w hen the la tte r was disposed betw een them . T he change in length  of the 

air-filled etalon during  exhaustion was then  determ ined by m easuring the change in  

the diam eters of the H am y fringes produced in reflected m onochrom atic light a t each 

end of the com parator. In  order to illum inate bo th  ends of the com parator and  a t the 

same tim e to observe the interference phenom ena, two semi-silvered m irrors X  and 

X I, disposed in opposite senses a t 45° to the axis of the com parator, and  two sm all 

telescopes were provided, as depicted in fig. 2. T he light partially  reflected from  the 

com parator m irrors X I I I  and  X IV  and  from  the reflecting surfaces of L l0 was partia lly  

transm itted  by the m irrors X  and X I ; it was then  fully reflected by the m irrors IX  and  

X I I  towards the telescopes, m arked “ W est” and  “ E a s t” respectively, where the 

interference rings were observed.

Full details of the m ethod of calculating excess fractions from the observations on 

the optical com parator have been described previously (Sears and  Barrell 1934). 

Briefly, m easurem ents were m ade, w ith the aid of a m icrom eter eyepiece, of the linear 

diam eters of five dark  rings on a b righ t background, first a t one telescope and  then  a t
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D ISPER SIO N  OF A IR  FO R  TH E VISIBLE SPECTRU M 17

the  o ther. These m easurem ents were then  repeated  in  reverse order, and  from  the 

com plete set o f observations the  m ean  value of the excess fraction  corresponding to the 

centre  o f the in terference ring  system a t each end of the  co m para to r was calculated .

In  its norm al position, m irro r V I I I  received light from  the external optical system 

a n d  d irected  it th rough  the  two etalons tow ards the m ain  telescope, b u t w hen the 

co m p ara to r was in use this m irro r was m oved ou t o f the beam  w hich illum inated  the 

rig h t end of the com parato r.

Passing now  to optical ap p ara tu s  outside the  enclosure, it will be seen, in the up p er 

p a rt of fig. 2, how  m onochrom atic  light or w hite light can  be directed  in to  the  enclosure 

through any  one of the th ree  windows by su itable arrangem en t o f the fully silvered 

m irrors num bered  I—V. W hite  light was requ ired  for work involving the optical m u lti

plication of lengths and  was therefore only necessary for the  determ inations of length. 

M onochrom atic  rad iations for the refractom etric  work was provided by th ree  sources— 

cadm ium  lam p (1), m ercury  arc and  helium  tube— w hich were disposed in a vertical 

sem icircle ab o u t a reflecting prism  w hich was adjusted  by ro ta tio n  to reflect light from  

any  one source a t a tim e tow ards the horizontal slit. T he  function of this slit in con

trolling the linear dim ension of the source in a vertical p lane has a lready  been described. 

E ach source was provided w ith  a condensing lens for pro jecting its im age upon  the slit. 

T he  slit was p laced in  the focal p lane of the collim ating lens (45 cm. focal length), and  

the collim ated beam  was then  directed  by m irrors I, I I ,  V  and  V I I I  tow ards the etalons.

W hen the optical com para to r was in use the cadm ium  lam p m arked (2) was sub

stitu ted  for m irro r I I ;  light from  this source was then  directed  by m irrors I I I  and  V  

tow ards the  m irrors X  and  X I and  thence in to  the  optical com parator. W ith  this 

a rrangem en t sim ultaneous observation of the change in dimensions of could be 

m ade, if  desired, a t bo th  ends of the com parator. A com bined condensing lens and  red 

filter was placed in  each of the two beam s proceeding tow ards the optical com parator, 

the lens to give the required  convergence in the rays for satisfactory production  of 

the H am y  fringes, and  the filter to isolate the red  rad ia tio n  of cadm ium  and  thus 

provide m onochrom atic  light for the com parator. These com binations were fixed to 

the ou ter wall o f the enclosure and  were tu rned  to “ o f f ” positions w hen the com 

p a ra to r was no t in use.

For the refractiv ity  m easurem ents the m ain  telescope was norm ally  used w ithout 

its ocular, so th a t the real im age of the Brewster’s fringes, p roduced by the object lens 

in  the p lane of the cross-wires, could be farther projected, together w ith  an  im age of 

the cross-wires themselves, by the  com pound projection lens upon  the vertical slit o f 

the spectrograph. T he  projection lens was a rranged  approxim ately  in the position 

producing  u n it m agnification. I t  is im p o rtan t to note th a t the reference point, denoted 

by the intersection of the vertical and  horizontal wires in the focal p lane of the object 

lens, was rigidly fixed by the telescope tube in relation  to the object lens, so th a t no 

fortuitous linear displacem ent o f the reference poin t w ith respect to the fringes was 

likely to occur during  an  experim ent. T o reduce as far as possible the transm ission of

V o l . C C X X X V III . A . 3
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18 H . B A R R E L !  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

vibration from the wall o f the enclosure to the telescope tube, the tube passed th rough  

a hole thickly lined w ith felt. S im ilar arrangem ents were provided where the sm aller 

telescopes, used w ith the optical com parator, em erged th rough the enclosure wall.

T he spectrograph had  collim ator and  cam era lenses o f abou t 50 cm. focal length  and  

employed a glass prism  of constant deviation type. O n  the photographic p late  (Ilford 

Hypersensitive Panchrom atic) the distance betw een the slit images for the cadm ium  

red (6438 A) and m ercury violet (4358 A) radiations was abou t 24 m m . Both the 

spectrograph and  the projection lens were supported on the same table, standing on the 

floor o f the room .

(b) Auxiliary apparatus. T he  auxiliary appara tu s for p reparing  dry, C 0 2-free air, 

and  for the control and  m easurem ent of tem pera tu re  and  pressure, has already been 

described in connexion w ith the work on the W ave-L ength C om parato r (Sears and 

Barrell 1934). C erta in  m odifications and  additions have been m ade for the special 

purpose of this investigation, am ong which m ay be m entioned the incorporation  of 

a cooling un it from a standard  type of domestic refrigerator in to  the therm ostat system 

associated w ith the enclosure, and  the fitting of ano ther vacuum  pipe-line in order th a t 

the two etalons m ay be independently  evacuated. A fu rther addition, requ ired  for 

the experim ents on m oist air, provided m eans for in troducing  a  know n am oun t of 

w ater vapour to one of the etalons.

A d iagram  of the apparatus for controlling the com position of the samples o f a ir on 

which refraction and dispersion m easurem ents were to be m ade, and  of the system of 

pipe-line connexions betw een the etalons and  other auxiliary apparatus, is shown in 

fig. 3. A ir from a garden, on the south side of the building in w hich the experim ents 

were m ade, was draw n into the evacuated etalon th rough  the needle valve (1) a t 

the ra te  of abou t 0 4 l./m in. In  its jou rney  to the etalon the a ir passed first th rough  

a soda-lim e tube, which abstracted  the carbon dioxide, then  th rough  a calcium - 

chloride tube, for prelim inary drying, and  finally th rough  a tube contain ing  dehydrated  

silica gel, which abstracted  the last traces of m oisture.

T em pera tu re  m easurem ents were m ade by m eans of two 50-ohm  p latinum  re

sistance therm om eters of standard  design, the " b u lb s "  o f the therm om eters being 

placed as closely as possible to the etalons. O ne therm om eter was associated w ith each 

etalon. T he m easurem ent o f the “ b u lb ” resistance was carried out by po tentiom eter 

com parison w ith a standard  resistance of 50 ohms form ed from  two 100-ohm coils 

connected in p a ra lle l; the coils and  therm om eters were periodically  calib rated  against 

L aboratory  standards.

Pressure m easurem ents were m ade by connecting the air-filled etalon to the cistern 

of a specially designed barom eter gauge, o f the type generally know n as the K ew  

P atte rn  instrum ent. T he  gauge was periodically  standardized  by reference to the 

L abora to ry ’s P rim ary  S tandard  (Sears and  C lark 1933), and  its accuracy of pressure 

m easurem ent was approxim ately  ±0*02 m m . th roughout the range of pressure, from  

100 to 800 m m ., used in this investigation.
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I t  will be noticed in  fig. 3 th a t a large reservoir, situated  inside the e ta lon  enclosure, 

is connected  to the  sam e pipe-line as e ta lon  Lan d  this was norm ally

tim e as the etalon. T h e  purpose o f this reservoir was to increase the volum e of a ir u n d er
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P i p e - h n e  
p o p e n  a i r

P r e s s u r e  C o n tr o l .

L  3 X c a /c iu m f  

I C h lo r id e s

/ t e e  d i e  V

S il ic a  c e i

O H  G a u q e C M ^

L„. T o  V acuum  Pumps.
S t i r r e d  r

C a l c i u m  C h lo r id e .

S o d a - i i m e . To B a r o m e t e r

C a u g e .
,W a t e r  
B a th .

> D i s c h a r g e - T u b e  

E P r e s s u r e  i n d i c a t o r s .
D i s  f i l l e d  W a f e r  F l a s k

lb  £  f a  io n  L / To £  t a l o n  L j

t i e  e d  l e  V a l v e  (2).

P l a t i n u m  R e s i s t a n c e  T h e r m o m e t e r s .

F i g . 3. D ia g r a m  o f  c o n n e x io n s  to  th e  a u x i l ia ry  a p p a r a tu s .

3-2
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precise tem pera tu re  control, thus reducing  the  relative effect o f the  no rm al varia tion  

of ±0 -1° C in room  tem pera tu re  upon  the  sm all volum e of a ir in  the  pipe-line con

necting the etalon w ith  the externally  m ounted  barom eter gauge. A lternatively , the  

a ir reservoir could be disconnected from  the e talon and  therefore rem ain  evacuated  

w hen L l0was air-filled; u n d er these circum stances a ir could be slowly w ithd raw n  from  

the e talon th rough  the needle valve (2) in to  the reservoir. T his feature  was em ployed 

in  the prelim inary  counts o f to ta l fringe displacem ent due to a  m easured  pressure 

change in Z 10, and  therefore the  control knob of needle valve (2) was p laced  in  a 

position near the spectrograph  (see fig. 2), w ith in  easy reach  of the observer’s h and .

Both etalons were independen tly  connected to the sam e vacuum  pum ps. O ne  o f 

these pum ps was an  oil-im m ersed ro ta ry  pum p  and  was used for p roducing  a fore

vacuum  for the other, w hich was an  electrically heated , oil vapour pum p. A sm all 

discharge tube, w ith  paralle l p la te  electrodes, was connected to each etalon, and  

was used to ind icate  the degree of vacuum  from  the size o f the  C rooke’s d ark  space 

produced w hen the tube  was excited by a un id irectional discharge.

T he  arrangem en t of stopcocks and  pipe-lines shown in  the  d iag ram  enabled  the 

following operations to be carried  ou t:

(i) M ain tenance  of a vacuum  in  L 9w hen was air-fill

reservoir and  the barom eter g au g e ;

(ii) P roduction  of a vacuum  in  Z,10 w hen it was disconnected from  the reservoir and  

the barom eter gauge, L 9being tem porarily  disconnected from  the pum ps d

o p e ra tio n ;

(iii) M ain tenance  of a  vacuum  in  bo th  L 9 and  sim

T here  was also provided in the pum ping  system an  a rrangem en t o f stopcocks w hich

allowed the o il-vapour pum p to be tem porarily  isolated, while the  backing pu m p  

produced a suitable low pressure in L l0 for connexion to the o il-vapour pum p.

A tten tion  is d raw n to the asp irator bottle  labelled “ Pressure C o n tro l” a t the top 

left-hand corner of the d iag ram  (fig. 3); this was used to force a ir in to  the  etalon  

and  its connexions w hen it was desired to m ake experim ents a t pressures h igher th an  

atm ospheric. I t  operated  as a d isplacem ent system in w hich w ater from  the m ains, a t 

a pressure of abou t 40 lb ./sq. in. was allowed to en ter a t the bo ttom  of the bottle , 

displacing a ir th a t had  previously been draw n from  outside the  build ing  w hen w ater 

was allowed to ru n  out of the bottle. T he  action was controlled by the  various stopcocks 

arranged  in the asp irator connexions.

T he  distilled w ater flask w hich is shown, in  fig. 3, connected th rough  a stopcock 

to the sam e pipe-line as L l0,was only used during  the experim ents on m oist 

are  described in a la ter section of this paper.

(c) Sources o f  monochromatic radiations. T he  cadm ium  source was an  O sram  discharge 

lam p of the hot-cathode type, w hich provided four b rillian t rad iations, red , blue-green, 

blue and  blue-violet, in  the visible spectrum ; it was operated , in  series w ith  a ballast 

resistance, a t a cu rren t of 1 25 am p. from  the 220 V  A .C . m ains. T he  m ercury  source

20 H. BARRELL AND J .  E. SEARS ON TH E R EFR A C TIO N  AND
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D ISPER SIO N  OF A IR  FO R  TH E VISIBLE SPECTR U M 21

was a C ooper-H ew itt lam p w ith  a 4 ft. arc  length , opera ted  from  the 110 V  D .C . m ains 

a t a cu rren t o f ab o u t 3-5 am p., an d  the  b rillian t green  an d  violet rad ia tions were 

selected for use. F inally , the  yellow an d  violet lines o f helium  from  a Geissler tube, 

filled w ith  helium  a t low pressure and  excited by a transform er discharge a t a po ten tia l 

difference of ab o u t 1500 V , m ade u p  the  group  of eight rad ia tions; this source was 

em ployed in the  broadside-on position an d  the cu rren t th rough  it was lim ited  by a 

w ater resistance to a value of ab o u t 10 mA.

In  the  fourth  colum n of T ab le  I a re  given the  values adop ted  for the  w ave-lengths 

o f the  e ight selected rad ia tions, as referred to the  no rm al a ir condition, viz. in  d ry  a ir 

a t  15° C an d  760 m m . pressure, con ta in ing  0-03 %  o f C 0 2. T h e  fifth co lum n gives the 

ca lcu lated  values o f the w ave-lengths in vacuo, as derived from  the value

w ith  the  aid  of the  dispersion equation  for no rm al a ir determ ined  by Perard  (1934). 

T hese values in vacuo a re  em ployed la te r as app rox im ate  values for calcu lating  a  new  

dispersion equation  for air. For the  calculations concerned in  the derivation  of the 

leng th  o f one o f the etalons in  term s o f w ave-lengths o f the  various rad iations given in 

T ab le  I, the sixth colum n gives the  ratios o f the  w ave-length  in vacuo o f to the  w ave

lengths in vacuo o f the o ther seven rad iations.

Ta b l e  I. Wa v e -l e n g t h s  o f  t h e  s e l e c t e d  r a d ia t io n s

D esig n a Ajv Ayac. R a tio s
S ource C o lo u r tio n (u n it — l x  10- 6m .) (u n it — l x  10- 6m .) in vacuo

C a d m iu m R e d Ai 0-6438 4696* 0-6440 249 —

H e liu m Y ellow a 2 0-5875 6 2 3 f 0-5877 252 1-096,792,6
M e rc u ry G reen a 3 0-5460 7 4 3 f 0-5462 260 1-179,044,7
C a d m iu m B lue-g reen a 4 0-6086 8212s 0-6087 239 1-265,961,7
C a d m iu m B lue a 5 0-4799 9104+ 0-4801 252 1-341,368,7
C a d m iu m V io le t-b lu e a 6 0-4678 1493s 0-4679 459 1-376,280,8
H e liu m V io le t a ? 0-4471 4 7 7 1 0-4472 732 1-439,891,6
M ercu ry V io le t 8̂ 0-4368 3 2 5 f 0-4359 550 1-477,273,9

* In te rn a tio n a lly  a c cep ted  v alue . f  P e ra rd  (1928). J  Sears a n d  B arre ll (1933).

(d) Procedure in a determination o f  refractivity. T he  procedure  for one experim ent 

refractiv ity  o f a ir consisted of two consecutive and  sim ilar sequences o f operations, in 

the first o f w hich the etalon L l0contained  air, and  in  the second it was evacuated

low pressure. Before the experim ent com m enced, and  its associated reservoir were 

first exhausted, and  then  a ir was allowed to en ter a t a suitable ra te , controlled by the 

needle valve (1), un til the  requ ired  pressure, ind icated  by the barom eter gauge, was 

ob tained , w hen the  influx was stopped. T he  a ir d raw n  into  the ap p ara tu s was now 

left to acquire  the  tem pera tu re  o f the enclosure for a period  of a t least 2 h r., w hich had  

been found by previous experience to be am ply  sufficient for the purpose. I f  the sub

sequent observations of refractiv ity  were to be m ade the next m orning, the a ir was 

n a tu ra lly  left in  the ap p ara tu s overnight, in  o rder to allow experim ental work to 

com m ence as early as possible on the following m orning.
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22 H. BARRELL AND J . E. SEARS ON TH E REFR A C TIO N  AND

Before com m encing observations the etalon  was exhausted and  m ain ta ined  a t a 

low pressure of abou t 0*001 m m . E ta lon  L l0was then  disp

the m irrors o f the optical com para to r w here the  distances betw een the  reflecting 

surfaces o f the m irro r and  etalon  a t the two ends were m easured in  term s of the red  

rad ia tion  of cadm ium . A fter this L lQ was m oved back to the position w here its axis 

was in  line w ith the optical axis o f the m ain  telescope, and  readings of the pressure in  

the etalon and  of the tem peratures o f the two etalons were ob tained  before the ph o to 

g raphy  of the fringes and  reference po in t in  the  eight selected rad iations was com m enced.

T he photography  occupied a period  of ab o u t 20 m in., du ring  w hich two exposures 

in  the radiations from  each source were m ade. T he  two exposures for each source were 

sym m etrically disposed in tim e abou t the  m iddle o f this period so th a t m ean  values o f 

the  excess fractions for all rad iations, as m easured from  the photographs, referred to this 

m ean  tim e.

T he  barom eter gauge and  therm om eters were then  read  again  an d  the etalon 

was displaced in to  the optical com para to r for a fu rther m easurem ent in  term s of the 

cadm ium  red  rad ia tion .

This operation  com pleted th a t p a rt o f the experim ental p rocedure  concerned w ith  

the  air-filled condition of Z 10; and  by p roper tim ing of the operations it was possible to 

ob tain  the m ean  tem peratures o f the ind iv idual etalons, the  m ean  pressure in  

and  a set o f photographs of fringe groups and  cross-wires from  w hich the m ean  values 

o f the excess fractions for the eight radiations were m easured, all m eans referring in  

tim e to the m iddle o f the period  of observation, provided th a t tem pera tu re  and  pressure 

changes were sm all or were assum ed to be linear w ith  tim e. F u rtherm ore , a m ean  

m easure of the distance betw een the reflecting surfaces o f during  its air-filled 

condition was know n from  the observations in  the optical com parator.

S tarting  the second p a rt o f the experim ental procedure  w ith  the e talon  still in  

its position betw een the com para to r m irrors, the sequence of operations outlined  above 

was repeated , b u t w ith L l0now exhausted to a low pressure of ab o u t 0*001 m

no observations on the barom eter gauge were taken. As a result of this second sequence 

it was possible to ob tain  the m ean values o f the tem peratures o f the two etalons together 

w ith  photographs from  w hich the m ean values of the excess fractions were m easured, 

all m eans referring in tim e to the m iddle o f the period occupied in  the second stage of 

the experim ent. Also, the observations in  the optical com para to r gave a  m ean m easure 

of the distance betw een the reflecting surfaces o f etalon Z 10 w hen it was exhausted, 

from  w hich, by com parison w ith the result of the sim ilar observations in the air-filled 

condition, the lengthwise contraction  of the etalon due to its exhaustion was derived.

4. D e t e r min a t io n s  o f  r e f r a c t iv i t y  f o r  d r y , C 0 2-f r e e  a i r

(a) Sequence o f  observations. T he  refractom etric w ork was carried  ou t in  six m ain  

series o f observations, each series a t a different tem pera tu re , during  a period extending 

from  A ugust 1935 to A pril 1937. N ot the whole of this period was occupied in obser-
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D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRU M 23

vational work, for considerable intervals occurred  betw een certa in  o f the series to allow 

the m icrophotom etric  m easurem ent o f previously ob tained  records to be com pleted; 

an d  it was also found advantageous to fit in  the observational work a t different 

tem pera tu res w ith  the seasonal changes of tem p era tu re  so th a t the difference of tem 

p e ra tu re  betw een the etalon  enclosure and  its environs was reduced  to a m inim um . 

M oreover, the p a rticu la r period m entioned happened  to coincide w ith  a phase of the 

present cycle o f sunspot activ ity  w hen this activ ity  was increasing a t its m axim um  rate , 

and  therefore offered a very convenient o pportun ity  for testing T ilto n ’s suggestion 

regard ing  the  rela tion  betw een the refractiv ity  o f dry  a ir and  sunspot activity.

(b)Values o f  the length o f  etalon L l0.In view o f the  fact th a t invar, even w

h ad  stabilizing trea tm en t, is subject to secular changes of length , the optical length  o f 

L 10 was determ ined  absolutely on th ree  occasions during  the period occupied by the 

m easurem ents o f refractivity , in  o rder to ob tain  inform ation  concerning the m agn itude  

o f any  such changes in  length . T he  results o f these three determ inations, a t d ifferent 

tem peratures, are  given in  the th ird  colum n o f T ab le  II .

Ta b l e  I I .  V a l u e s  o f  t h e  l e n g t h  o f  L 10 in  t e r ms  o f  | A t (v a c .)

A T  V A R IO U S D A TES

C alcu la ted  len g th  o f

O b serv ed A t v arious tem p e ra tu re s
D a te  o f T e m p e ra tu re len g th (°G )

d e te rm in a tio n (° C) o f L l0 A t 20° C ,--------- -------------^

A ugust 1935 32-024 2,083,790-73 2,083,763-34 i 30-562 2,083,787

A p ril 1936 20-194 2,083,766 62 2,083,766-08 i i 25-214 2,083,778
i n 20-052 2,083,766

O c to b e r 1936 20-131 2,083,767-82 2,083,767-52 IV 15-904 2,083,758
V 12-053 2,083,749

A p ril 1937 — — (2,083,769-3) VI(«) 29-440 2,083,791

VI (b) 29-479 2,083,791

A separate  experim ent a t the beginning of the period had  shown th a t the coefficient 

of therm al expansion of the  optical distance betw een the reflecting surfaces o f w hen

evacuated, was 1-093 X 10~6/1° C for the  tem pera tu re  range betw een 20 and  25° C.

U sing this value of the coefficient o f therm al expansion, the values o f the length of 

L l0 a t 20° C, given in the fourth  colum n of T ab le  I I ,  were calculated. I t  will be seen 

from  these th a t secular changes of length  were taking place, and  th a t there is some 

evidence for the ra te  o f change becom ing less rap id  during  the la tte r p a rt o f the period 

of observation. As it was sufficiently accurate  for our purpose to assume th a t the change 

was linear during  the whole period concerned, the length  of a t 20° C for A pril 

1937 was calculated by ex trapolation  from  the to ta l m easured change of +  4-18 A j (vac.) /2 

occurring during  the first 14 m onths from  A ugust 1935 to O ctober 1936, which corre

sponds to an  average secular change of ra th e r less th an  1 p a rt in 2 x  106 per annum  in 

the length  of the etalon.
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T he values o f the length  of L l0shown in the seventh colum

calculated from  the 20° C values a t the corresponding dates, and  are the values finally 

used in the calculations of refractivity  for the cadm ium  red  rad ia tion  a t the various 

m ean tem peratures shown in the preceding colum n. T he corresponding values of the 

length  of L l0in term s of the other seven radiations were derived from  the values in  

term s of Aj (vac.)/2 by the use of the ratios given in T ab le  I.

( c)Values o f  the contraction correction. T ab le  I I I  gives the observed values o f the  con

traction  of etalon L l0in term s of h a lf  wave-lengths o f cadm ium  red  rad ia tion . A lth

each refractivity determ ination  was accom panied by a con traction  determ ination , it 

was finally considered preferable to use the sm oothed values, shown under the colum ns 

headed “ C a lcu la ted ” , ra th e r th an  the indiv idual values, for the purpose of correcting 

the refractivity  m easurem ents. These calculated  values were obtained  by deriving for 

each tem pera ture  series the w eighted m ean value of the correction corresponding to 

100 m m ., from which the values for o ther pressures were calculated by sim ple p ro 

portion, assum ing the rela tion  betw een contraction  and  pressure to be linear. T he  

to ta l observed fringe displacem ent in  cadm ium  red  rad ia tion  due to the evacuation 

of L l0was corrected for the consequent lengthwise contraction  of Z 10 by sub tracting

the appropria te  value of the calculated contraction  given in T ab le  I I I .  Corrections in 

term s of the other radiations were obtained  by using the know n ratios betw een the 

wave-lengths o f the radiations given in  T able  I.

Ta bl e  I I I .  Obs e r v e d  a n d  c a l c u l a t e d  v a l u e s  o f

T H E  C O N TRA C TIO N  CORRECTIONS

( U n i t  — v a c .)

A pprox . 12-053° C 15-904° C 20-052° C 25-214° C 30-552° C
pressure

(m m .) O hs. C alc. O hs. C alc. O hs. C alc . O hs. C alc . O hs. C alc .

100 0-036 0-087 0-055 0-088 0-132 0-094 0-111 0-091 0-087 0-087
200 0-155 0-174 0-186 0-177 0-197 0-187 0-178 0-180 0-167 0-173
300 0-266 0-261 0-247 0-266 0-285 0-281 0-275 0-270 0-227 0-260
400 0-347 0-348 0-363 0-354 0-346 0-375 0-376 0-360 0-350 0-345
500 0-455 0-434 0-463 0-442 0-449 0-469 0-463 0-450 0-405 0-431
600 0-567 0-521 0-540 0-531 0-559 0-562 0-556 0-541 0-514 0-517
700 0-609 0-608 0-630 0-620 0-632 0-656 0-604 0-631 0-651 0-605
800 0-693 0-696 0-712 0-708 0-774 0-750 0-691 0-721 0-709 0-691

(d)Fringe displacement fo r  a pressure change 100 I t  is shown in equation  (2-5)

tha t, a p a rt from small corrections due to dim ensional changes of the two etalons, the 

refractivity o f the a ir contained in one of the etalons, for a p articu la r w ave-length o f 

rad iation , is equal to the ratio  of the to tal displacem ent o f Brewster’s fringes, w hich 

occurs w hen the etalon is exhausted, to the length  of this etalon m easured in  term s of 

h a lf wave-lengths in vacuo o f the particu la r rad iation . T he  spectrographic m ethod of 

observation only recorded the relative positions of the fringes w ith respect to a poin t 

o f reference before and after the air-filled etalon was exhausted, and  therefore gave
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in form ation  upon  the  fractional p a rt o f the d isplacem ent only and  none upon  the 

in teg ral p a rt. T h e  in teg ral p a r t  could be determ ined  e ither by calculation  from  

previously ob tained  values o f the  refract!vity  o f air, or by separate  p relim inary  experi

m ents in  w hich d irect counts were m ade of the  fringe displacem ent past the reference 

po in t during  the  exhaustion of the air-filled etalon.

O w ing to the varia tions existing betw een previously recorded values o f the refractiv ity  

o f a ir the  in teg ral p a rt of the displacem ent could no t be inferred from  them  w ith  any 

g rea te r certa in ty  th a n  ±  1 p a rt in  500, w hich w ould have led to possible am biguities in  

fixing the  to ta l n u m b er o f displaced fringes in  the present investigation, w here the 

expected disp lacem ent for 1 atm . approached  1000 fringes for the  shortest w ave-length 

used. Such a displacem ent w ould require  a precision of ±  1 p a rt in  4000 in  the as

sum ed p relim inary  value of refractiv ity  in  o rder to avoid am biguity  in  the  calculated  

value of the  displacem ent.

T h e  m ethod  of d irect counting  of the fringes is also liable to uncertainties, unless 

perform ed au tom atically , since it m ust strictly  be used for all the radiations, and  this 

w ould have been difficult in  the violet region w here visual acuity  is low.

T h e  difficulty was overcom e by com bining the d irect and  ind irect m ethods, using 

one m ethod  as a  check upon  the o ther, in  a procedure w hereby the fringe displace

m ents in  the  e ight rad iations were determ ined for a lim ited change of pressure of 

ab o u t 100 m m . This p rocedure  was based on a m ethod described by W illiam s (1932), 

some v aria tion  of w hich had  previously been used in o ther determ inations of this kind. 

S tarting  w ith  the  etalon L 9exhausted and  w ith  contain ing  a ir a t a know n tem

p era tu re  an d  a t a  m easured pressure of, say, 700 m m ., a pho tograph  of the fringe 

groups superposed on the cross-wires in the eight radiations was taken. T h en  the 

pressure in  L 10 was reduced by an  observed am ount so th a t an  average displacem ent 

o f approxim ately  1 fringe was produced th roughou t the visible spectrum . In  order 

to p roduce this d isplacem ent needle valve (2) was used in conjunction w ith  the 

exhausted reservoir in  the m anner described in § 3 o f this paper, and  the observer 

controlled the  operation  while observing the fringes in, say, m ercury green light a t the 

focal p lane of the spectrograph w ith  the aid of a reading  lens. A second photograph  

was then  taken. W ith  the inform ation available from  the two photographs the in tegral 

and  fractional parts o f the  displacem ent corresponding to the change of pressure 

were ascertained w ithout am biguity  for the eight radiations.

T h e  pressure in  L l0was now reduced again by an  additional am oun t 2 so th a t the 

to ta l pressure change from  the beginning (was abou t and  a 

was taken. By com paring the first and  th ird  photographs the fractional p a rt o f the 

to ta l fringe displacem ent was ascertained, and  the in tegral p a rt was derived from the 

knowledge th a t the to ta l displacem ent was very closely equal to times the dis

p lacem ent observed during  the first pressure reduction, the result of this calculation 

being checked also by observing the num ber of fringes displaced in m ercury green light 

while the second pressure reduction  was taking place.

V o l . C C X X X V I I I . A . 4
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26 H. BARRELL AND J. E. SEARS ON TH E REFRA CTIO N  AND

This process was repeated  un til the  pressure in  had  been reduced  to abou t 

600 m m ., corresponding to a to ta l reduction  of abou t 100 m m . As the  to ta l reduction  

of pressure a t any stage was m ade approxim ately  three times the  to ta l reduction  a t the 

preceding stage, the com plete num ber of stages o f reduction  requ ired  was five, thus 

involving six different conditions of pressure in  and  therefore six photographs. 

F rom  these it was finally possible to ob ta in  the in teg ral and  fractional parts o f the 

fringe displacem ents, for the eight radiations, corresponding to a know n change o f 

pressure of abou t 100 m m ., from  w hich the corresponding values o f refract!vity  a t the 

tem pera tu re  o f the experim ent were calculated. As a check on these the calculated  

values o f refract!vity o f a ir under the sam e tem pera tu re  and  for a pressure of 100 m m . 

were obtained  from  the dispersion equation  published by Perard  (1934), whose result for 

(nD— 1) was know n to be closely the sam e as the m ean  value of all observers since 1857.

Separate  experim ents o f this charac ter were m ade a t the  m axim um , m ean  and  

m inim um  tem peratures of the range investigated.

I t  will be seen in the succeeding section of this paper th a t the observations o f 

refractivity  a t any  p a rticu la r tem pera tu re  were spaced a t every 100 m m . pressure, so 

th a t a knowledge of the to ta l fringe displacem ent corresponding to a pressure change in 

L 10 from  700 to 600 m m . provided sufficient inform ation  for the calculations o f re 

flectiv ity  a t each stage of pressure from  100 m m . upw ards. T he  only assum ption m ade 

in this m ethod was th a t the change of reflectiv ity  w ith pressure was approxim ately  

linear a t constant tem pera tu re , and  as it is la ter shown th a t the dep artu re  from  linearity  

is less th an  1 p a rt in  106, no uncertainties could arise in  the derivation  of in tegral parts 

o f to ta l fringe displacem ents by the m ethod w hich has been described.

(e) Definitive measurements. O f  the six series o f observations of reflectiv ity  m ade upon  

dry, C 0 2-free a ir a t the different m ean tem peratures shown in  the sixth colum n o f 

T ab le  II ,  the first five each consisted of eight experim ents a t different pressures from  

100 m m ., by steps of 100 m m ., to 800 m m . of m ercury. T he  first p a rt o f the sixth series, 

m ade in A pril 1937, consisted of five experim ents on dry, C 0 2-free air, each a t a pressure 

of abou t 7 60 m m . and  a t a m ean tem pera tu re  near th a t o f the first series. By com paring  

the results o f series I and  V I  (a) it was possible to impose a critical test upon  T ilto n ’s 

suggested relationship betw een reflectiv ity  and  sunspot activity. T he  second p a rt o f 

the sixth series consisted of four experim ents w ith m oist a ir a t pressures o f ab o u t 

760 m m ., which will be described in a la ter section of this paper.

T he  experim ental work in  each of the first five series was precisely sim ilar and  

generally occupied a period of from 4 to 5 days. U sually two experim ents on a ir a t 

different pressures were m ade in one day, one in the m orning and  the o ther in  the 

afternoon, and a norm al daily sequence in a single series w as:

1st day, experim ents a t 700 and  500 m m .,

2nd day, experim ents a t 300 and  100 m m .,

3rd day, experim ents a t 200 and 400 m m .,

4th day, experim ents a t 600 and  800 m m.
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D ISPER SIO N  OF A IR  F O R  TH E VISIBLE SPECTR U M 27

As a  result, therefore, o f five such series as this, forty independen t values o f the re- 

fractiv ity  w ere ob ta ined  for each of the  e ight selected rad iations in  the visible spectrum . 

T h e  m ethod  of calcu lating  refractiv ity  has a lready  been explained, an d  in  T ab le  V I I I  

(pp. 34-37) are  given the  320 observed values o f refractiv ity  together w ith  the corre

sponding tem pera tu res an d  pressures.

5. Ge n e r a l  in t e r po l a t io n  e q u a t io n s  f o r  d r y , C 0 2-f r e e  a i r

( a) Preliminary calculation. For the  prelim inary  calculation , the  results were fitted to 

the  following general in te rpo la tion  e q u a tio n :

K # i)
■ B
^ + p +

c-\p(\+m
A4J  l+OLt

(5-1)

In  this equation , (nt p— 1) represents the  refractiv ity , for a w ave-length  A, o f dry, 

C 0 2-free a ir a t a tem p era tu re  t°C in  the In te rn a tio n a l Scale and  a t a pressu

sponding to p  m m . of m ercury  a t 0° C (g — 980-665 cm ./sec./sec.); B  and  are  the 

th ree  constants o f a  C auchy type dispersion form ula w hich was found to be am ply  

sufficient to represen t the  dispersion of a ir for the visible spectrum  w ith in  the lim its of 

the  experim ental accuracy  achieved, and  A is the  w ave-length  in vacuo, expressed in 

m icrons, a is the  tem pera tu re  coefficient o f refractiv ity  and  /? is M ascart’s constan t (see 

equation  (1-4)), the  m agn itude  of w hich is a  m easure of the d ep artu re  from  linearity  

of the refractivity-pressure relationship  a t constan t tem pera tu re .

In  the  m ethod  adop ted  for reducing  the observations to the  form  of (5-1), the group 

o f e ight results ob tained  for one rad ia tio n  a t any  one tem p era tu re  was first trea ted  

independen tly  for the  purpose of calculating  a value of /?. T hus, for each rad ia tion , 

five values o f ft were derived, one from  each series o f results a t eight d ifferent pressures 

an d  a t an  approxim ately  constan t tem pera tu re .

As the  e ight results in  any one series referred to slightly differing tem peratures (see 

T ab le  V I I I ,  p. 34) the  in itia l stage was the reduction  of each result to the m ean 

tem p era tu re  o f the corresponding series. For this purpose the approx im ate  value 

a — 0-00367 per 1° C was accepted as a sufficiently accura te  value of the tem pera tu re  

coefficient o f refractiv ity  for dealing w ith  the sm all tem pera tu re  differences involved. 

Confining a tten tion  for the m om ent to the refractiv ity  for a  given rad ia tio n  and  a t a 

given pressure, le t {n' — 1) represent the m easured refractiv ity  a t tem pera tu re  t' and  

let (n— 1) represen t the corrected value a t the m ean tem pera tu re  of a series. T hen , by 

equation  (5-1),
(n-I) =  ( n ' ~  1)

H aving  corrected the five series of results for each rad ia tion  by this m eans, a value 

of /? was calculated  from  a least squares solution of each series o f eight equations corre

sponding to the different pressures. For a  given rad ia tion  and  a t constant tem pera tu re , 

equation  (5-1) reduces to the sam e form  as M ascart’s rela tion  (see equation  (1-4)):

( ^ - 1 )  = k p { l + p p )  (5-2)

4 - 2
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w here k and  /? are  constants. O ne value o f /? was calcu lated  from  each series o f eight 

equations of this type by the usual least squares m ethod, so th a t, in  all, forty values of/? 

were ob tained  from  the observations m ade w ith  eight rad iations a t five different m ean  

tem peratures.

T he  least squares calculations are considerably sim plified by previously correcting  

the results a t d ifferent pressures to the corresponding values a t the  neighbouring  exact 

pressures of 100, 200 m m ., etc. Since the actual pressures do not, in any case, d e p art 

from  the exact series by an  am o u n t exceeding 1 %  of the  value of the pressure, such 

correction can be perform ed w ith  sufficient accuracy  by a  sim ple p ropo rtiona l ca l

culation, for it is show n la ter th a t the value o f /? is exceedingly sm all an d  therefore 

the  refractivity-pressure rela tion  m ay be trea ted  as linear for this purpose. W ith  the  

adjusted values so ob tained  the form ation  of squares an d  h igher powers o f the values 

o f pressure, together w ith  o ther a rithm etical products necessary for the  least squares 

solution, are rendered  m uch less tedious.

T ab le  IV  displays the forty values of/?x  106 thus determ ined, an d  it will be seen th a t, 

despite the com paratively  large variations am ong the ind iv idual values, the m ean  

values bo th  by tem pera tu re  and  by w ave-length  exhib it reasonable constancy. F rom  

this evidence it was considered th a t the g rand  m ean  value of/? =  0 7 3  x 10-6 m igh t be 

accepted  as applicable  to the whole range  of tem pera tu re  investigated an d  to the w hole 

visible spectrum .

Ta b l e  IV. Va l u e s  o f  /?x  106

28 H. BARRELL AND J . E. SEARS ON TH E REFR A C TIO N  AND

R a d ia tio n 12 053° C 15-904° G 20-062° C 25-214° C 30-662° C M e a n

Ai 0-81 0-89 0-47 0-84 0-67 0-72

a 2 0-60 1-19 0-38 0-73 1-10 0-80

a 3 0-69 0-90 0-62 0-72 1-02 0-75
a 4 0-43 0-69 0-86 0-65 0-67 0-64

a 5 0-61 0-71 0-64 0-71 0-34 0-68

a 6 0-77 0-84 0-60 0-94 0-34 0-70

a 7 0-78 0-83 0-65 0-77 1-20 0-86

As 0-63 1-06 0-72 0-82 0-86 0-82

M ea n 0-64 0-89 0-60 0-77 0-75 0-73

E ach independen t value of/? in T ab le  I V  is associated w ith  a corresponding value o f 

k, and , having fixed on a definite value of/?, adjusted values o f were next derived from  

the original series o f equations in  the following m anner. Sim ple add ition  of each 

series of eight such equations as (5-2) produced  five equations for each rad ia tio n  o f 

the form

•£[(»> - !)] =  *{£ |> ] + p z [ p 2]}-

In  each of these equations the value /? =  0-73 x 10-6 was substitu ted  an d  five values o f 

k, corresponding to the five different m ean  tem peratures, were calcu lated  for each 

rad ia tion .

A value of a for each rad ia tion  was now  derived from  the five values o f thus ob tained . 

I f  the five m ean tem peratures are denoted by and  and  the corresponding
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D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRUM 29

values of k  for a  p a rticu la r rad ia tio n  are denoted  by k l9k2 i ... an d  then , since by 

equations (5T) an d  (5*2)

k  — i n t,p— f  ) /P ( l  A~@p') ~  + a £ ) ,

therefore ^ (1 + fl^ i)  =  k 2(l-\-cct2) — ... — A:5( l  + a /5) =  (5*3)

w here X  is a  constan t for a p a rticu la r rad ia tion  an d  equal to [T+Æ A-2 +  CA-4] . A  least 

squares solution of each series o f five equations sim ilar to (5*3) gave an  independen t 

value of oc for each rad ia tion .

T ab le  V  gives the  eight values of oc thus calculated, each value being de

the results ob tained  in  one rad ia tion . I t  will be noticed th a t there  is no definite trend  of 

the  values w ith  w ave-length, and  the m ean  value — 0*003674 per 1° C was therefore 

adop ted  for the  whole visible spectrum .

Ta b l e  V. Va l u e s  o f  a n d

(/? — 0-73 x 10~6 p e r 1 m m .)

K x  106

A d ju sted C a lcu la ted A d ju sted  —

R a d ia tio n a values values ca lcu la ted

Ai
a 2

0 0 0 3 ,6 6 5 0-383,431 0-383,425 +  0-000,006

0-003,682 0-384,498 0-384,507 -0 -0 0 0 ,0 0 9

a 3 0-003,684 0-385,636 0-385,638 - 0 -000,002

a 4 0-003,677 0-386,706 0-386,701 +  0-000,005

a 5 0-003,667 0-387,793 0-387,786 +  0-000,007

a 6 0-003,671 0-388,311 0-388,312 - 0 -000,001

a 7 0-003,671 0-389,302 0-389,311 - 0 0 0 0 ,0 0 9

V
M e a n

0-003,675

0-003,674

0-389,927 0-389,922 +  0-000,005

+  0-000,006g

A n adjusted value of Kwas now derived for each rad ia tion  by adding  each group o

five equations of type (5*3), and  then  substitu ting the m ean value of in  each of the  

eight equations of the following form  so p ro d u ced : =  {T[A] +  . F rom  these

equations the “ ad ju s ted ” values of Kgiven in colum n 3 of T ab le  V  were

T he  dispersion constants A,B and  C were now determ ined by a least squares solu

of eight equations of the following fo rm :

K  =  A  +  B l ~2 +  CX-\( 5 * 4 )

In  these the values o f wave-lengths in vacuo were used, expressed in m icr

in  T ab le  I. T he  values of the dispersion constants were found to be

A =0*378,153 X 10~6, B  — 2*1442 x  10“9 and  17*59 X 10-

Using these values of the dispersion constants the values of were recalculated from  

equation  (6*4), and  these values are shown in  the fourth  colum n of T able  V. Com 

paring  them  w ith  the adjusted values, w hich were derived directly  from  the obser-
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vations o f refractivity  after suitable values had  been assigned to the constants a and  A  

it will be seen th a t the adjusted values fit the calculated dispersion curve to an  average 

accuracy of ±  1 p a rt in  70,000 of their m agnitude.

T he com plete in terpo lation  equation  obtained  from  this p relim inary  calculation  for 

dry, C 0 2-free air, is

30 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

h  , - l )  1 0 ° - ^ .3 7 8 ,1 5 3 ^ 0 - 0 0 ^  (5-5)
L A2 ^  A4 J  1 +  0-003674 K 1

A m ore conventional form  of equation  (5-5) is th a t in w hich the refractivity  is referred 

to dry, C 0 2-free a ir a t 760 m m . and  a t e ither 0 or 20° C. In  the present instance, since 

the m ean tem pera ture  o f the range investigated was abou t 20° C, it is m ore suitable to 

refer it to the la tte r tem pera tu re  condition.

S incep (  1 +f ip) / { l  +oct) =  708-371 w h e n p  =  760 m m . and  t =  20° C, therefore

(”20,760 !) 106 =  267-873 +  1-5189 A-2 +  0-01246A"4. (5-6)

A t a tem pera tu re  f  C and  pressurep  m m .,

K / , - 1 )  =  (”2 0 ,7 6 0 -1 )^ (1 + ^ ) (1 +  20a)/760(1 +  760/?) (1+ctt), (5-7)

where a =  0-003674 and  fi =  0-73 x 10~°.

(b) Calculation o f  a new general interpolation equation. I t  was felt to be desirable to analyse 

the relationship  betw een the results obtained  from  the refractiv ity  m easurem ents and  

the corresponding variations in  the density o f the air. In  doing so it appeared  th a t the 

form ulae obtained  from  the prelim inary  calculation given in the preceding section, 

a lthough representing the results w ith sufficient accuracy, were not, theoretically , in  

the most appropria te  form. A recalculation was therefore m ade, of an  a lternative  form  

of in terpo lation  equation, derived partly  from theoretical and  partly  from  em pirical 

considerations based on D. B erthelot’s representation  of the characteristic  behaviour 

o f gases a t low pressures, and  on the L orenz-Lorentz expression for the re la tion  betw een 

the refractive index and  density o f transparen t m edia. T he new  equation  takes the 

form

(nt ,p~A) ~ \_ A +J2 +  J i
P ^+ f i t P )

1 cct (5-8)

T he  reasons underlying the choice of this p articu la r form  o f equation  will be 

discussed in  m ore detail in  a  la ter section. Its distinguishing features are first, th a t 

a =  0-003661, corresponding to the theoretical expansion constant for a  perfect gas, 

and  second, th a t fit is no t constant b u t varies w ith tem perature . W ith in  the limi

tem pera ture  from  12 to 31° C covered by the present investigation we find th a t the 

relation  betw een A and  tem pera tu re  m ay be represented w ith sufficient accuracy by 

the simple linear equation

fit —  a

where a and  b are  constants for the visible spectrum .

(5-9)
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D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRUM 31

As in the prelim inary  reduction  of the results, a tten tion  was first confined to the 

groups of forty results obtained  for p a rticu la r rad iations in calculating the values of 

T hus, for a given rad ia tion , equation  (5-8) becomes

- f t * 1 (5-10)

w here K  =  ^  +  RA-2 +  CA"4.*

No prelim inary  ad justm ent of the results to m ean tem peratures and  exact pressures 

was m ade, as in  the  prelim inary  calculation, and  a least squares m ethod was directly 

applied to ob tain  the  values o f a and  b from  the forty observations for a single rad iation . 

E quation  (5T0) m ay be p u t into the following form :

r = f X + g Y - h Z ,  (5-11)

w here r — {nt^p— l ) , f  =  p / ( l  A-ocf),g — p 2/(1 +

Z  — K b .From the forty equations of type (5-11) the values of Y  and  Z  for each

rad ia tio n  were calculated.

T he  values of a and  b derived for each rad ia tion  from  the values o f Y  and  Z  thus 

ob tained  are given in T ab le  V I. I t  will be seen th a t there is no definite trend  of the 

values o f a and  b w ith  w ave-length, and  the m ean values were therefore assum ed to be 

applicable to the whole visible spectrum . As a m atte r of interest and  for purposes of 

com parison w ith  the results given in T ab le  IV , the five values of/5) corresponding to 

each rad ia tion  have been calculated and  are shown in  the sam e row  as the values of 

a and  b from  w hich they were calculated. T he grand  m ean value of regardless of 

tem pera tu re  is 0-72 x 10-6 and  is identical, w ithin  the possible error due to the rounding 

off of the last significant figures, w ith the value of 0-73 X 10-6 derived from the p re

lim inary  calculation.

Ta bl e  VI. Va l u e s  o f  ax 1 0 6, x 106 a n d  A x 1 0 6

/?( x  106 = a — bt

r---------------------------------------- A i
M ean

R a d ia tio n ax  106 b x  106 12-053° G. 15-904° G. 20-052° C. 25-214° G. 30-652° C. 20-755° G.

0-877 0-0078 0-78 0-75 0-72 0-68 0-64 0-71

a 2 1-269 0-0234 0-99 0-90 0-80 0-68 0-66 0-78

a 3 1-300 0-0270 0-98 0-87 0-76 0-62 0-48 0-74

a 4 1-025 0-0191 0-80 0-72 0-64 0-64 0-44 0-63

a 5 0-777 0-0097 0-66 0-62 0-68 0-53 0-48 0-57

a 6 0-982 0-0136 0-82 0-77 0-71 0-64 0-57 0-70

a 7 1-019 0-0089 0-91 0-88 0-84 0-79 0-76 0-83

As 1-141 0-0162 0-96 0-88 0-82 0-73 0-65 0-81

M ea n 1-049 0-0157 0-86 0-80 0-73 0-66 0-57 0-72

H aving decided th a t fixed values of a —1-049 x 10-6 and  b — 0-0157 x 10

assigned in the in terpo lation  equation, it was then  possible to calculate the corre

sponding adjusted values of K from the original equations. By adding each grou

* T h e  constan ts  A,B a n d  C are , o f course, n o t id en tica l w ith  th
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forty equations of type (5T 1), eight equations of the following form  were obtained , one 

for each rad ia tion :

From  these, eight adjusted values o f K  were calculated. These values are given in  

T ab le  V II  and  from  them  the three dispersion constants were calculated  by a least 

squares solution of eight equations sim ilar to equation  (5-4), in  the m anner w hich has 

already  been described. T he values o f the dispersion constants thus determ ined were

A  =  0-378,065,4 X lO-6, B  =2-140,98 X KV9 and  

T he calculated values o f K ,derived from  the dispersion equation

stants, are  given in T ab le  V II  for purposes o f com parison w ith  the adjusted values, 

which were derived from  the observed results for refractiv ity  after the relation  betw een 

yd) and  tem pera tu re  had  been fixed. I t  will be seen th a t the agreem ent betw een adjusted 

and  calculated values o f K is little  different from  th a t shown in  T ab le  V

average is w ith in  the limits o f ±  1 p a rt in 70,000 of the m agnitude of

32 H . B A R R E L L  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

T a b l e  V I I .  V a l u e s  o f  106

(a  =  0-003661 p e r  1° C . ; /?, =  (1 -049 -0 -0 1 5 7 # ) 10~6 p e r  1 m m .)

K  x  106

R a d ia tio n A dju sted C a lcu la ted
A d ju sted  — 
ca lcu la ted

A, 0-383,337 0-383,332 +  0-000,005

a 2 0-384,404 0-384,414 - 0 -000,010

a 3 0-385,442 0-385,443 - 0 0 0 0 ,0 0 1
a 4 0-386,611 0-386,606 +  0-000,005

a 5 0-387,697 0-387,690 +  0-000,007

a 6 0-388,215 0-388,217 - 0 -000,002

a 7 0-389,206 0-389,216 - 0 -000,010

As 0-389,832 0-389,827 +  0-000,005

M ean (Kmx 106 =  0-3868) ±  0-000,0056

T he final form  of the new  in terpo lation  equation  is, therefore,

K „-i)io 6 0-378,065
0-002,141,0

A2

0-000,017,94j

X

1 A4

p { \  +  (1-049 0-0157*)/> .10-6}

1 +  0-003661*
(5-12)

(c) Comparison o f  observed and calculated results. T he  whole of the 320 observed values 

are shown, w ith the tem peratures and  pressures of observation, in  T ab le  V I I I ,  together 

w ith the corresponding values com puted from  the two alternative  in terpo lation  form ulae 

and  the differences betw een the observed and  calculated values.

T he calculated values of refractivity derived from  equation  (5-5) are given in the 

columns headed “ C alculated I " , and  in succeeding colum ns the differences from  the
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observed values are given in units of 0 01 X  10-6 u n d er the headings "  ( 0 — I ” . In

order to econom ize space, only the last three significant figures of calculated values are 

given in  the table.

T h e  calculated  values o f refract!vity  derived from  equation  (5T2) are given un d er 

the  heading  " C alculated  I I " ,  and  the difference betw een the observed and  calculated 

values are given under the head ing  “ (0  —C) I I " .

In  com paring  the results o f the calculation of refractivities from  the two in te r

polation  equations it will be seen th a t in no case does the difference betw een the two 

corresponding calculated  values exceed 0 01 X  10-6, and  on the average they m ay be 

regarded  as giving identical values. T he  average residual for the two equations is 

± 0 -0 1 6 X  10~6 for I and  ± 0 -0 1 7 X  10~6 for I I  and  the m axim um  residuals are 

±0 -07  X  10-6 in  bo th  cases. O n  the basis of the well-known equation  for calculating 

the  probab le  e rro r o f a single observation from  the m ean of a group of observations, 

nam ely, p.e. =  ±  0- 67457{T[^2] J {s— 1)}, w here T |>2] =  sum  of squares o f residuals, and  

s =  num ber of observations, the p robable  m agnitude of the deviation of a single 

observed value of refractiv ity  in T ab le  V I I I  from  the dispersion curves represented by 

equations (5-5) and  (5-12) is ± 0 -0 1 4 6 x 10~6 in each case, the calculated deviation 

being actually  slightly the sm aller from  the new equation  (5-12). Thus, either in te r

po lation  equation  m ay be used to represent the results w ith equal accuracy, b u t on 

theoretical grounds, w hich will be referred to in m ore detail in the next section of this 

paper, we consider th a t equation  (5-12) is to be preferred.

6. R e l a t io n s h ip b e t w e e n  r e f r a c t iv e  in d e x , t e m pe r a t u r e  a n d

PRESSURE OF A IR

(a)Relations between refractive index and density in the visible spectrum. T he G ladstone and 

D ale expression (1-2) and  the C auchy in terpo lation  equation  (1-6) are bo th  special 

cases, the  form er for a given rad ia tion  and the la tte r for a given gas a t constant density, 

o f a m ore general em pirical in terpolation  equation, which for a gas such as air and  in 

the visible spectrum  m ay take the following fo rm :

( n - 1 )  =  [ai +  bf-zd, (6

w here d is the density o f the gas.

In  a sim ilar m anner the N ew ton-Laplace expression (1-1) and the Sellmeier dis

persion equation  (1-7) are special cases of the m ore general form ula

§g§§ )  =  d . X m[D J { v l l- v * ) l

in which the values of D m are constants corresponding to the various frequencies 

o f lines in  the absorption spectrum  of the gas concerned. In  the case of a m edium  such 

as air, for which the value of n is greater th an  unity, one or m ore of these lines m ust 

lie in the u ltra-violet region, and  it is found in practice th a t even if there are any

V o l . C C X X X V IIL  A. 5
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Ta b l e  V III . Obs e r v e d  a n d  c a l c u l a t e d  v a l u e s  o f  r e f r a c t iv i t y  o f  d r y ,

C 0 2-f r e e  a i r

a 2
{-------- —̂ t-------- —A-- --N

(« - 1} 106 (n-- 1) 106

T em - C a lcu la ted 0 - C C alcu la ted 0 - C
p e ra tu re P ressure O bserved A ____A_ (inQPrvF'n . _A

'  (° G) (m m .) (0 ) I n I u (0 ) i I I 11

1 2 0 7 4 100-307 36-82 6-83 6-83 - 1 - 1 36-93 6-93 6-93 0 0
12-058 200-139 73-46 3-49 3-49 - 3 - 3 73-70 3-70 3-70 0 0
12-073 300-488 110-32 0-34 0-34 - 2 - 2 110-64 0-66 0-66 - 2 - 1
12-063 400-269 146-98 7-00 7-00 - 2 - 2 147-42 7-42 7-41 0 +  1
12-035 500-250 183-73 3-75 3-76 - 2 - 2 184-28 4-27 4-27 +  1 +  1
12-055 600-380 220-54 0-53 0-63 +  1 +  1 221-14 1-16 1-15 - 2 - 1
12-008 700-280 257-29 7-29 7-29 0 0 268-02 8-02 8-02 0 0
12-060 800-634 294-07 4-13 4-13 - 6 - 6 294-94 4-96 4-96 - 2 - 2

15-910 100-058 36-25 6-25 6-25 0 0 36-35 6-35 6-36 0 0
15-896 200-158 72-50 2-52 2-52 - 2 - 2 72-72 2-73 2-72 - 1 0
15-907 300-203 108-79 8-77 8-77 +  2 +  2 109-07 9-08 9-08 - 1 - 1
15-902 400-406 145-13 5-09 5-09 +  4 +  4 145-51 5-50 5-50 +  1 +  1
15-901 500-294 181-29 1-30 1-30 - 1 - 1 181-78 1-82 1-81 - 4 - 3
15-906 600-176 217-57 7-51 7-51 +  6 +  6 218-14 8-13 8-12 +  1 +  2
15-897 700-472 253-93 3-89 3-89 +  4 +  4 254-63 4-60 4-60 +  3 +  3
15-914 800-190 290-07 0-03 0-04 +  4 +  3 290-89 0-86 0-86 +  4 +  3

20-053 100-022 35-71 5-72 5-72 - 1 - 1 35-82 5-82 6-82 0 0
20-059 200-074 71-48 1-46 1-46 +  2 +  2 71-68 1-66 1-66 +  2 +  2
20-027 300-112 107-19 7-21 7-21 - 2 - 2 107-52 7-51 7-51 +  1 +  1
20-046 400-145 142-96 2-94 2-94 +  2 +  2 143-35 3-35 3-35 0 0
20-080 500-228 178-69 8-69 8-69 0 0 179-21 9-19 9-19 +  2 +  2
20-071 600-260 214-45 4-44 4-44 +  1 +  1 215-07 5-06 6-05 +  2 +  2
20-073 700-326 250-21 0-21 0-21 0 0 250-91 0-91 0-91 0 0
20-008 800-267 285-97 6-99 6-00 - 2 - 3 286-79 6-80 6-80 - 1 - 1

25-191 100-460 35-23 5-26 6-26 - 3 - 3 35-34 5-36 5-36 - 2 - 2
26-204 200-242 70-26 0-28 0-28 - 2 - 2 70-49 0-48 0-48 +  1 +  1
25-175 300-328 105-44 5-43 5-43 +  1 +  1 105-71 6-73 5-73 - 2 - 2
25-215 400-182 140-47 0-47 0-48 0 - 1 140-87 0-87 0-87 0 •0
25-240 500-224 175-58 5-59 5-69 - 1 - 1 176-07 6-08 6-09 - 1 — 2
25-230 600-074 210-65 0-66 0-66 - 1 - 1 211-26 1-26 1-25 +  1 +  1
26-226 700-117 245-82 6-80 5-80 +  2 +  2 246-49 6-49 6-49 0 0
25-231 800-092 280-90 0-91 0-91 - 1 - 1 281-69 1-71 1-71 - 2 - 2

30-534 100-964 34-84 4-81 4-81 +  3 +  3 34-88 4-91 4-91 - 3 — 3
30-540 200-690 69-21 9-20 9-20 +  1 +  1 69-38 9-39 9-40 - 1 — 2
30-647 301-763 104-02 4-05 4-06 - 3 - 4 104-31 4-36 4-35 - 4 — 4
30-644 400-182 138-05 8-00 8-01 +  5 +  4 138-38 8-39 8-40 — 1 — 2
30-582 500-395 172-53 2-56 2-56 - 2 - 2 172-98 3-03 3-04 — 5 — 6
30-536 599-731 206-92 6-86 6-85 +  7 +  7 207-44 7-43 7-43 +  1 +  1
30-616 702-230 242-18 2-16 2-15 +  3 +  3 242-84 2-84 2-84 0 o
30-521 800-703 276-22 6-22 6-21 0 +  1 276-96 7-00 6-99 - 4 - 3
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Ta b l e  V I I I  (< )

As A4
r

( » - •1) 106 {n - 1) 106

T em - C a lcu la ted 0 - C C alcu la ted O - C

p c ra tu re (ihOAr\ rprlr re s su re V  Dserved U DovI VCIJL
(° C) (m m .) (0) I I I I I I ( 0 ) I I I I I I

12-074 100-307 37-01 7-03 7-03 - 2 - 2 37-13 7-14 7-14 - 1 - 1

12-058 200-139 73-90 3-90 3-89 0 +  1 74-13 4-12 4-12 +  1 +  1

12-073 300-488 110-94 0-96 0-96 - 1 - 1 111-28 1-29 1-28 - 1 0

12-063 400-269 147-83 7-81 7-81 +  2 +  2 148-26 8-26 8-26 0 +  1

12-035 500-250 184-79 4-77 4-76 +  2 +  3 185-34 6-32 5-32 +  2 + 2

12-055 600-380 221-76 1-76 1-75 +  1 + 1 222-42 2-42 2-41 0 + 1
12-008 700-280 268-73 8-71 8-71 + 2 + 2 259-47 9-49 9-49 - 2 - 2

12-060 800-634 295-73 ' >6-76 6-76 - 2 - 2 296-61 6-64 6-66 - 3 — 4

15-910 100-058 36-43 6-46 6-46 - 2 - 2 36-67 6-56 6-66 +  1 +  1

15-896 200-158 72-93 2-92 2-92 +  1 +  1 73-15 3-14 3-14 +  1 +  1

15-907 300-203 109-38 9-37 9-37 +  1 +  1 109-71 9-70 9-70 +  1 +  1

15-902 400-406 145-90 5-89 5-89 +  1 +  1 146-38 6-33 6-33 +  5 +  5

15-901 600-294 182-30 2-30 2-30 0 0 182-86 2-86 2-86 +  1 +  1

15-906 600-176 218-74 8-71 8-71 +  3 +  3 219-42 9-37 9-37 +  5 +  5

15-897 700-472 255-32 5-29 5-29 +  3 +  3 256-10 6-06 6-06 + 4 + 4

15-914 800-190 291-66 1-63 1-63 + 3 + 3 292-55 2-61 2-61 +  4 + 4

20-053 100-022 35-92 5-92 5-92 0 0 36-02 6-03 6-03 - 1 - 1

20-059 200-074 71-87 1-85 1-86 + 2 + 2 72-06 2-07 2-07 - 1 - 1

20-027 300-112 107-79 7-80 7-80 - 1 - 1 108-11 8-12 8-12 - 1 - 1

20-046 400-145 143-74 3-73 3-73 + 1 + 1 144-14 4-16 4-16 — 2 - 2

20-080 600-228 179-69 9-67 9-67 + 2 + 2 180-23 0-21 0-21 + 2 + 2

20-071 600-260 215-64 6-62 5-62 + 2 + 2 216-27 6-27 6-27 0 0

20-073 700-326 251-58 1-69 1-59 - 1 - i 252-33 2-36 2-36 - 2 - 2

20-008 800-267 287-57 7-67 7-67 0 0 288-43 8-44 8-44 - 1 - 1

25-191 100-460 36-46 6-45 6-45 +  1 +  1 36-66 5-56 5-56 0 0

25-204 200-242 70-65 0-67 0-67 - 2 - 2 70-87 0-88 0-88 - 1 - 1

25-175 300-328 105-99 6-01 6-01 - 2 - 2 106-34 6-33 6-33 +  1 +  1

25-215 400-182 141-25 1-24 1-26 +  1 0 141-69 1-67 1-67 +  2 +  2

25-240 500-224 176-57 6-65 6-66 +  2 +  1 177-10 7-09 7-09 +  1 +  1

25-230 600-074 211-82 1-82 1-82 0 0 212-47 2-46 2-46 +  1 +  1

25-226 700-117 247-16 7 15 7-16 +  1 +  1 247-91 7-90 7-90 +  1 + 1

25-231 800-092 282-44 2-46 2-46 - 2 - 2 283-32 3-31 3 31 + 1 + 1

30-534 100-964 34-99 6-00 5-01 - 1 - 2 35-08 6-11 5-11 - 3 - 3

30-640 200-690 69-66 9-58 9-68 - 2 - 2 69-79 9-79 9-79 0 0

30-547 301-763 104-59 4-62 4-63 - 3 - 4 104-93 4-94 4-96 - 1 - 2

30-644 400-182 138-75 8-76 8-77 - 1 - 2 139-20 9-18 9-18 + 2 + 2

30-582 500-395 173-44 3-60 3-50 - 6 - 6 174-00 4-02 4-03 - 2 - 3

30-535 599-731 207-98 7-99 7-99 - 1 - 1 208-63 8-61 8-62 + 2 + 1

30-615 702-230 243-49 3-49 3-49 0 0 244-24 4-22 4-22 + 2 + 2

30-521 800-703 277-70 7-74 7-73 - 4 - 3 278-53 8-58 8-57 - 5 - 4

5 - 2
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T a b l e  V II I  [c o n t i n u e d )

5̂ 6̂

0 - 1) 106 (n- 1

A

T em - C alcu la ted 0 - C C alcu la ted 0 - C
p c ra tu rc Pressure O bserved 1 I Kc rpH

(° C) (m m .) (0 ) i I I 'I 11

vvUbvI V C U . 

(0 )
f------

I I I I 11

12-074 100-307 37-23 7-26 7-24 - 2 - 1 37-31 7-30 7-30 +  1 +  1
12-068 200-139 74-32 4-33 4-32 - 1 0 74-40 4-43 4-43 - 3 - 3
12-073 300-488 111-57 1-60 1-59 - 3 - 2 111-73 1-76 1-76 - 2 - 2
12-063 400-269 148-68 8-67 8-67 +  1 +  1 148-86 8-88 8-87 - 2 - 1
12-035 500-250 185-84 5-84 5-84 0 0 186-09 6-10 6-09 - 1 0
12-055 600-380 223-03 3-04 3-04 - 1 - 1 223-34 3-36 3-34 - 1 0
12-008 700-280 260-21 0-22 0-22 - 1 - 1 260-56 0-67 0-57 - 1 - 1
12-060 800-634 297-41 7-48 7-48 - 7 - 7 297-84 7-88 7-88 - 4 - 4

15-910 100-058 36-67 6-66 6-66 +  1 +  1 36-72 6-71 6-71 +  1 +  1
15-896 200-158 73-35 3-35 3-34 0 +  1 73-46 3-45 3-44 +  1 +  2
15-907 300-203 110-02 0-01 0-01 +  1 +  1 110-17 0-16 0-16 +  1 +  1
15-902 400-406 146-78 6-74 6-74 +  4 +  4 146-95 6-94 6-94 +  1 +  1
15-901 600-294 183-36 3-37 3-36 - 1 0 183-61 3-61 3-61 0 0
15-906 600-176 220-03 9-99 9-98 +  4 +  5 220-33 0-28 0-28 +  5 +  5
15-897 700-472 266-82 6-77 6-77 +  5 +  5 257-16 7-12 7-12 +  4 +  4
15-914 800-190 293-36 3-33 3-33 +  3 +  3 293-76 3-73 3-73 +  3 +  3

20-053 100-022 36-12 6-13 6-13 - 1 - 1 36-17 6-18 6-18 - 1 - 1
20-059 200-074 72-29 2-27 2-27 +  2 +  2 72-36 2-37 2-37 - 1 - 1
20-027 300-112 108-43 8-43 8-43 0 0 108-57 8-57 8-57 0 0
20-046 400-145 144-54 4-67 4-57 - 3 - 3 144-76 4-76 4-76 0 0
20-080 500-228 180-73 0-72 0-72 +  1 +  1 180-99 0-97 0-97 +  2 +  2
20-071 600-260 216-89 6-88 6-88 +  1 +  1 217-18 7-18 7-18 0 0
20-073 700-326 253-04 3-05 3-06 - 1 - 1 253-39 3-40 3-40 - 1 - 1
20-008 800-257 289-23 9-25 9-26 - 2 - 2 289-62 9-64 9-64 - 2 - 2

25-191 100-460 35-67 6-66 6-66 +  1 +  1 35-70 5-71 5-71 - 1 - 1
25-204 200-242 71-09 1-08 1-08 +  1 4“ 1 71-16 1-18 1-18 - 2 - 2
25-175 300-328 106-61 6-63 6-63 - 2 - 2 106-76 6-77 6-77 - 1 - 1
25-215 400-182 142-07 2-07 2-07 0 0 142-25 2-26 2-27 - 1 - 2
25-240 500-224 177-59 7-68 7-69 +  1 0 177-82 7-82 7-83 0 - 1
25-230 600-074 213-05 3-05 3-06 0 0 213-34 3-34 3-34 0 0
25-226 700-117 248-60 8-69 8-59 +  1 +  1 248-93 8-93 8-93 0 0
25-231 800-092 284-10 4-11 4-11 - 1 - 1 284-48 4-49 4-49 - 1 - 1

30-534 100-964 35-23 6-21 6-21 +  2 +  2 36-23 6-26 5-26 - 2 - 3
30-640 200-690 69-98 9-98 9-99 0 - 1 70-07 0-08 0-08 - 1 - 1
30-647 301-763 105-25 6-23 6-24 +  2 +  1 105-39 5-38 6-38 +  1 +  1
30-644 400-182 139-61 9-67 9-57 +  4 +  4 139-80 9-76 9-76 +  4 +  4
30-682 600-395 174-51 4-61 4-51 0 0 174-74 4-76 4-76 - 1 - 1
30-536 599-731 209-24 9-20 9-20 +  4 +  4 209-64 9-48 9-49 +  6 +  5
30-615 702-230 244-95 4-91 4-91 +  4 +  4 246-26 6-24 5-24 +  2 +  2
30-521 800-703 279-34 9-36 9-36 - 2 - 1 279-71 9-74 9-73 - 3 - 2
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Ta b l e  V I I I  ( continued)

Ay Ag

j j
- 1) 106

( » -
- 1) 106

T e m - C a lc u la te d 0 - C C alcu la ted O - | 1

P ressu re O b se rv ed O b serv edV l  e x  L  L 4.1 .

(° C) (m m .) (0 ) I I I I I I ( 0 ) i I I I I I

12-074 100-307 37-38 7-39 7-39 - 1 - 1 37-45 7-46 7-45 0 0
12-058 200-139 74-62 4-62 4-62 0 0 74-74 4-74 4-73 0 +  1
12-073 300-488 112-01 2-04 2-03 - 3 - 2 112-20 2-22 2-21 - 2 - 1

12-063 400-269 149-26 9-26 9-26 0 +  1 149-49 9-49 9-49 0 0
12-035 500-250 186-55 6-57 6-67 - 2 - 2 186-87 6-87 6-86 0 +  1
12-055 600-380 223-91 3-92 3-92 - 1 - 1 224-26 4-27 4-27 - 1 - 1

12-008 700-280 261-23 1-24 1-24 - 1 - 1 261-67 1-66 1-66 +  2 +  2

12-060 800-634 298-61 8-65 8-66 - 4 - 4 299-08 9-11 9-12 - 3 - 4

15-910 100-058 36-80 6-81 6-80 - 1 0 36-86 6-86 6-86 - 1 - 1

15-896 200-158 73-63 3-63 3-63 0 0 73-73 3-76 3-76 - 2 - 2

15-907 300-203 110-45 0-44 0-44 +  1 +  1 110-63 0-62 0-61 +  1 +  2

15-902 400-406 147-34 7-32 7-32 +  2 +  2 147-56 7-66 7-56 +  1 +  1
15-901 500-294 184-08 4-09 4-08 - 1 0 184-38 4-38 4-37 0 +  1
15-906 600-176 220-86 0-85 0-86 +  1 +  1 221-23 1-20 1-20 +  3 +  3
15-897 700-472 257-78 7-78 7-78 0 0 268-23 8-19 8-19 +  4 +  4

15-914 800-190 294-52 4-49 4-49 +  3 +  3 294-99 4-95 4-95 +  4 +  4

20-053 100-022 36-26 6-27 6-27 - 1 - 1 36-33 6-33 6-33 0 0

20-059 200-074 72-56 2-66 2-66 0 0 72-67 2-67 2-67 0 0

20-027 300-112 108-86 8-86 8-85 +  1 +  1 109-03 9-02 9-02 +  1 +  1
20-046 400-145 145-13 6-14 5-14 - 1 - 1 145-35 6-36 5-37 - 1 - 2

20-080 600-228 181-44 1-43 1-43 +  1 +  1 181-74 1-72 1-72 +  2 +  2

20-071 600-260 217-73 7-73 7-73 0 0 218-09 8-08 8-08 +  1 +  1

20-073 700-326 254-04 4-05 4-06 - 1 - 1 254-46 4-46 4-45 +  1 +  1
20-008 800-257 290-39 0-38 0-39 +  1 0 290-85 0-84 0-84 +  1 +  1

25-191 100-460 36-78 6-80 6-80 - 2 - 2 36-84 6-86 6-86 - 2 - 2

25-204 200-242 71-35 1-36 1-36 - 1 - 1 71-47 1-47 1-47 0 0

25-175 300-328 107-04 7-06 7-06 - 1 - 1 107-18 7-21 7-22 - 3 - 4

25-215 - 400-182 142-61 2-63 2-63 - 2 - 2 142-87 2-86 2-86 +  2 +  1

25-240 500-224 178-27 8-28 8-28 - 1 - 1 178-56 8-66 8-66 0 0

26-230 600-074 213-87 3-89 3-89 - 2 - 2 214-23 4-23 4-23 0 0

26-226 700-117 249-68 9-57 9-67 +  1 +  1 249-97 9-96 9-96 +  1 +  1

25-231 800-092 285-19 6-23 6-22 - 4 - 3 286-66 6-67 5-67 - 1 - 1

30-634 100-964 35-32 5-34 6-36 - 2 - 3 35-37 6-40 6-40 - 3 - 3

30-640 200-690 70-24 0-26 0-26 - 2 - 2 70-36 0-37 0-38 - 1 - 2

30-547 301-763 105-62 6-65 6-66 - 3 - 4 105-80 6-81 5-82 - 1 - 2

30-544 400-182 140-14 0-12 0-12 +  2 +  2 140-37 0-34 0-34 +  3 +  3

30-582 500-396 175-17 5-20 5-20 - 3 - 3 175-46 5-47 6-48 - 1 - 2

30-535 599-731 210-07 0-02 0-03 +  5 +  4 210-38 0-35 0-36 +  3 +  2

30-615 702-230 245-91 6-87 5-87 +  4 +  4 246-27 6-26 6-26 +  1 +  1

30-521 800-703 280-48 0-46 0-46 +  2 +  3 280-90 0-90 0-89 0 +  1
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absorption lines in the infra-red, their influence in  low ering the value of re in the visible 

region is negligible. W e m ay therefore w rite

Z J P J K - ' ’2)] =  W + ( « ! + ( « , + ...} ]

= £ m[D'm{ i + ( i  j \ y + ( x j \ y + .. .} ]

=  d2 "4~" 

where a2,b2 and  c2are constants and  A is the w ave-length vacuo o f the inciden t r

For most gases, and  in p a rticu la r for a ir in  the  visible spectrum , th ree  term s o f the 

expansion are sufficient to represent the observed facts w ith  high accuracy, so th a t

(re2-  1) =  [a2 +  b 2A - 2 d . 

This equation  and  the corresponding equation  for the L orenz-L orentz expression 

(1-3), nam ely,
(re2- l ) / ( r e 2 +  2) =  [ti3 +  63A-2 +  r3A-4]tif, (6-3)

are based on theoretical relations concerned w ith the propagation  of light th rough  a 

transparen t m edium .

W ith  a gas u nder norm al conditions the value of (re — 1) is small, so th a t, if  we p u t 

(re—1) =  r, then  the  equations (6-1), (6-2) and  (6-3), respectively, m ay be w ritten  

in  the following forms, since (re2 —1) =  2 r + r 2 =  2 r ( l+ r /2 )  and  (re2 —l)/(re2 +  2) =  

(2 r+ r2) / (3 +  2r +  r2) — 2 r ( l —r/6 )/3 :

t  — \o-\-|- ̂ qA 2 +  £iA 4] </, (6

f  — (1 —r/2) 

r =  ( l  +  r/6) [re3 +  Z>3A"2 +  (73A-4] 3rf/2. (6-6)

T o a first approxim ation , since r is small, equations (6-5) and  (6-6) reduce to the  sam e 

form  as (6-4), in  w hich, for a given rad ia tion , the refractivity  is p roportional to density, 

b u t it is also evident th a t if  the m easurem ents of refractiv ity  o f gases are o f sufficiently 

high accuracy it m ay be possible to distinguish betw een the three relations.

Striking experim ental confirm ation of the Lorenz-L orentz relation  for gases was, in  

fact, obtained  by M agri (1905), who m ade determ inations of the refractiv ity  o f a ir a t 

densities corresponding to pressures from  abou t 1 to 200 atm ., using a J a m in  refracto- 

m eter w ith the green line of m ercury (A — 5461 A ). But M agri erroneously described 

his results as proving the constancy of the expression (re2 —l)/(re2 +  l)  and  this 

expression has, in consequence, frequently  been quoted  as an  independen t em pirical 

refraction constant, whereas, in  fact, it appears sim ply to have been substitu ted by some 

curious error in place of the Lorenz-L orentz expression (re2 — l)/(re2 +  2) d  a t the head  

of a colum n of figures actually  calculated  from  this la tter. W e have therefore deem ed 

it o f sufficient im portance to rep rin t the results of M agri’s observations in  the first 

three colum ns of T ab le  IX , together w ith  his quoted  calculation  of the values of 

(re2 — 1)/(re2H-1) d in the fourth colum n. In  the next four colum ns of T ab le  IX  are
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given the results o f our calculations, from  M ag ri’s own observational da ta , of the values 

o f (n2— l)/(?22 + 1) dand  of the  G ladstone and  D ale, N ew ton-L aplace and  Lorenz-

L orentz constants. I t  will be seen th a t the values given by M agri differ considerably 

from  those of the form ula quoted  by him , whereas, a p a rt from a few m inor differences, 

they  are  identical w ith  those of the L orenz-L orentz constant. I t  is evident, therefore, 

th a t M agri has m isquoted the basis o f his own calculations. This error appears h itherto  

to have escaped notice except for its tac it correction by L orentz (1909, p. 146).

T a b l e  IX . M a o r i ’s r e s u l t s  o n  a i r  a t  h i g h  d e n s i t ie s

M a g ri’s observations a n d  ca lc u la tio n  N .P .L . ca lcu la tio n s from  M a g r i’s ow n observations

n2- l l — 11 n — 1 „ n2-  1 1ZVC ra2- l l
t° c d (rc-1) 103 „ 2 + i 5 x l °6 i t  + i d x l ° U T x l °

, x 106 
d ,2+25 x 106

0 1-00 0-2929 196-3 292-9 292-9 585-9 195-3
14-6 14-84 4-338* 194-7 291-7 292-3 585-9 194-7
14-2 28-68 8-385 195-7 292-2 293-4 589-2 195-3
14-3 42-13 12-41 195-9 292-7 294-6 592-7 195-9
14-3 55-72 16-43 196-0 292-4 294-9 594-6 196-0
14-4 69-24 20-44 196-1 292-2 295-2 596-5 196-1
14-4 82-66 24-40 196-0 291-7 295-2 597-7 196-0
14-5 96-16 28-42 196-1 291-4 295-5 599-5 196-1
14-5 109-66 32-42 196-2 291-1 295-9 601-4 196-2
14-5 123-04 36-33 195-6 289-9 295-3 601-3 195-6
14-6 136-21 40-27 195-7 289-7 296-6 603-2 195-7
14-8 149-53 44-21 196-6 289-1 296-7 604-4 195-6
14-9 162-76 48-18 195-7 288-9 296-0 606-3 195-7
14-9 176-27 52-13 195-4 288-0 296-7 606-9 196-3

16-3 16-67 4-877 194-9 291-9 292-6 586-6 194-9
16-3 32-12 9-429 195-4 292-2 293-6 689-9 195-4
16-7 47-52 14-01 196-1 292-8 294-8 593-9 196-1
16-2 62-92 18-56 196-0 292-2 295-0 595-4 196-0
16-6 78-29 23-11 196-0 291-7 296-2 597-1 196-0
16-6 93-64 27-67 196-0 291-4 295-5 699-2 196-1
16-6 108-97 32-21* 196-0 290-8 296-6 600-7 196-0
16-8 124-30 36-73 195-7 290-1 296-6 601-9 196-7
16-7 139-60 41-28 195-7 289-6 295-7 603-6 195-7
16-9 164-78 46-78 195-6 289-0 296-8 605-1 196-6

* V alues co rrec ted  for obvious m isp rin ts  in  o rig inal tab les.

T ab le  IX  further shows th a t there is a m arked superiority in the constancy of the 

Lorenz-L orentz expression over th a t of the G ladstone and  D ale and N ew ton-Laplace 

expressions, the values of which both  tend to increase w ith density, a lthough the rate  

o f increase is not so great w ith the G ladstone and  D ale as it is w ith the N ew ton-Laplace 

expression. M agri’s results m ay therefore be regarded as providing strong confirm ation 

of the L orenz-Lorentz expression.

(b)Relation betiyeen density, temperature and pressure. W e proceed now to a consideration

of the relation  betw een density, tem perature  and  pressure of a gas, the theoretical 

basis for which is the V an  der W aals’ gas equation, or some em pirical m odification of
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this equation  such as has been suggested by Berthelot (1907), particu larly  w hen 

pressures o f abou t 1 atm . dow nw ards are concerned. T he V an  der W aals’ equation  is

( j b +  a/v2)(y — b)

w here the symbols have the generally  recognized significances. This can  be w ritten  in 

the form
p v  —  R T + p b  — a/vA-ab

which, for low pressures, becomes

pv  =  

since the term  involving 1 /v 2 is then  very small and  m ay be neglected, and  v is rep lace

able by its equivalent from  the lim iting equation  E quation  (6-7) represents

the isotherm al corresponding to the tem pera tu re  s o n  a  d iag ram  having values of 

p v  as ordinates and  values o f pas abscissae; on such a d iagram  the slop

given by a m easure of the error from  Boyle’s law. I f  the gas is perfect, js
dp

zero and  the isotherm al is parallel to the pressure axis. 

Since from  equation  (6-7)

d p

d { p v )  =  h __ a _

d p

the error from  Boyle’s law  is a function of tem pera ture .

E quation  (6-7) m ay be rew ritten  thus:

p v  =  R T { l  +  ( b - a / R T )  p / R T } .  ( 6 - 8 )

In  this equation  the expression {b — a/R T )  / R T  is  equivalent t o ~ - ^

and this m ay be regarded, following Berthelot, as a  m easure of the dep artu re  of a gas 

from the A vogadro-A m pere law, w hich states th a t the volum es occupied by a gram - 

m olecule of any gas a t a given tem pera tu re  and  pressure are equal. This erro r is also a 

function of tem perature .

I f  we p u t v =  1 / d  in  equation  (6-8), w here d  is the density o f the gas, then , since

i  d{pv)*s sm an
p v  dp P

R T

1 d(p
P

dp

so tha t, if T----- T 0-\-t,  where T 0is the m elting-point o f ice on the K elv

d  — A p (l —$tP) +œZ), 

in  w hich A =  1 /R T 0 =  constant, a =  1 /7^ =  theoretical expansion constant for 

1  d (p v ) \
perfect gas, and  8t — I 

tem pera tu re  C.*
p v  dp ) t

departu re  from  the A vogadro-A m pere law  a t

* St ,as h ere  defined , is opposite in  sign to  M a sc a rt’s co n stan t, in d ica ted  b y  in  eq u a tio n  ( 1-6).
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(c) Derivation o f  the general interpolation equation. W e m ay now  com bine equation  (6-9) 

w ith  any  one o f the  th ree  equations (6-4), (6-5) an d  (6-6) an d  thus produce  th ree  a lte r

native  general in te rpo la tion  equations for the  refractiv ity  o f a ir in  the visible spectrum . 

Confining a tten tio n  to the  equation  (6-6), w hich is based on the L orenz-L orentz  

refraction  constan t an d  w hich is shown by the  w ork of M agri to be the  m ost satisfactory 

from  the experim ental standpo in t, then

r  =  K p ( l—8tp)( l + r / 6 ) / ( l +

in  w hich  K  — 3d [<z3 +  IqA-2 +  r3/l~4]/2  — A  +  

As a first app rox im ation  to the  value of r on the rig h t-h an d  side of equation  (6-10) 

we m ay w rite K mp l{ \- \-cd )iw here K m is the m ean  value of for the visible spectrum ,

and , since r/6  an d  8ta re  bo th  small, we have finally

W riting

‘ B  C p

1 "T at
1 +

6(1 -\-cU)

fit —  / 6  (1  — 8t9

( 6 - 1 1 )

( 6 - 12 )

equation  (6-11) becom es iden tical in form  w ith  the  in terpo la tion  equation  (5-8), w hich 

was used for the final reduction  of the  refractiv ity  observations, and  w hich thus lends 

itself d irectly  to the  com parison of refractiv ity  w ith  density. I t  will be shown la ter 

th a t, over the  range o f tem p era tu re  and  pressure covered by our experim ents, m ay 

be expressed w ith  sufficient accuracy  for this purpose in  the sim ple linear form

—  <2 -  bt.

I t  can  also be shown th a t, over a  m oderate  tem pera tu re  range such as is involved in  

our present experim ents, the value of K m/6 (1  -\in equation  (6-12) can

w ith  sufficiently close approx im ation  as a linear function of for

^ m /6 ( l  + oct) =  K mT 0/G T  =  K mT jG { T m+  { t— 

w here T m —  T 0- \- tmitm being the m ean tem pera tu re  o f the range investigated. T hus

K jQ ( l+ c c t )  =  K m T 0( 1 + y  T m ) / 6  T m -  K m T 0t/ =  a ' - b %

w here a 'and b' are  constants. Substitu ting  for the value o f 0-3868 X 10 6 from  

T ab le  V II , and  since tm =  21° G approxim ately , so th a t T m — 294° K , then

K m106/G (l+ cd) =  0-064 — 0-0002 (6-13)

H ad  equation  (6-11) been based on the G ladstone and  D ale rela tion  then  flt would 

equal —8t) and  if  on the N ew ton-Laplace relation  then  w ould equal

[ - K j 2 ( l + a t ) - S tl

so th a t it should be possible to distinguish betw een the various relationships provided 

th a t values o f 8t are know n and  th a t the value of in equation  (5-8) can be determ ined 

w ith  sufficient accuracy.

V o l . CCXXXVIII. A. 6
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As regards the value of the theoretical coefficient o f expansion to be used in  (6T 1), 

Keesom  and T uyn  (1936) have recently given the  value o f 2 7 3 -1 4 / K  as the  freezing 

po in t of w ater on the K elvin scale, based on the indications o f the  helium  therm om eter, 

so th a t 1 / T 0 =  0-0036611, whereas K inoshita  and  O ishi (1937) have given 2 7 3 -1 6 / K , 

for which 1 / T 0 =  0-0036608. By adopting  the sufficiently accura te  rou n d ed  value of 

0-003661 for the purpose of reductions o f refractiv ity  m easurem ents, the ac tu al value 

assigned to the freezing po in t o f w ater on the K elvin  scale is u n im p o rtan t so long 

as it rem ains w ithin  the limits defined by T 0<  1/0-0036615 or 273-112° K  and  

T 0>  1/0-0036605 or 273-187° K .

I t  a p p e a rs  u n lik e ly  n o w  th a t  n e w  d e te r m in a t io n s  o f  th e  a b s o lu te  z e r o  o f  te m p e r a tu r e  

w ill  le a d  to  a  v a lu e  o u ts id e  th e se  lim its , so  th a t  th e  v a lu e  a c c e p te d  fo r  is  n o t  l ik e ly  to  

b e  su b je c t  to  a n y  c h a n g e  a f fe c t in g  th e  fo u r th  s ig n if ic a n t  f ig u r e . I t  is for  th is  r e a so n  

th a t  w e  h a v e  p referred  to  ex p ress  th e  in te r p o la t io n  e q u a t io n  in  th e  fo r m

(n — 1) =  Kp/{l-\-a.t)

in  which the value of a m ay be regarded  as a lready  established w ith  sufficie

for its purpose, ra th e r th an  in the ideal form

( » — 1 )  =  K p / T — K p / ( T 0+ t )

in which the last digit in the value of T 0is still subject

determ inacy in a four-figure approxim ation .

(d ) R ela tionsh ips derived fr o m  compressib ility measurements. I n  o r d e r  to  p r o c e e d  fu r th e r  

w ith  th e  c o m p a r iso n  o f  th e  v a r io u s  r e la t io n s h ip s  b e tw e e n  r e fr a c t iv e  in d e x  a n d  d e n s ity  

o f  g a ses , i t  is n e c e ssa r y  to  c a lc u la te  v a lu e s  o f  fr o m  th e  e q u a t io n

St =  (  

d e r iv e d  fro m  e q u a t io n  (6 -8 ) , a n d  th is  c a n  b e  d o n e  i f  th e  a p p r o p r ia te  v a lu e s  o f  a 

a n d  b a re  su b s t itu te d  fro m  V a n  d er  W a a ls ’ e q u a t io n . B u t  it  h a s  b e e n  s h o w n  b y  B e r th e lo t  

( ^ o ? )  th a t  th e  v a lu e s  for 8ta t  lo w  p ressu res o b ta in e d  in  th is  m a n n e r  d o

th e  e x p e r im e n ta l fa cts  o b ta in e d  fro m  c o m p r e s s ib il ity  m e a s u r e m e n ts  o n  g a se s  a t  lo w  

p ressu res. F o llo w in g  B e r th e lo t , i f  V a n  d e r  W a a ls ’ e q u a t io n  is tr a n sfe r r e d  to  th e  fo rm  

e m p lo y in g  th e  “ r e d u c e d ” v a r ia b le s  1 r,  van d  6 , w h e r e  77 =  

P o  vc a n d  T e b e in g  th e  c r it ic a l c o n s ta n ts  o f  th e  g a s , th e n  th e  e q u a t io n  b e c o m e s  a  
c h a r a c te r is t ic  e q u a t io n  for a ll  g a ses , w h ic h  m a y  b e  w r it te n  as

(7 7  +  3/1;2) ( v — 1/3) =  80/3,

a n d  fro m  w h ic h  th e  d e p a r tu r e  fro m  B o y le ’s la w  is g iv e n  b y

dims) _ 1 /  _ 2 7 1 \  

dn  3 V  8 0 / '

T he  values calculated from this expression were com pared  by B erthelot w ith  the 

experim ental determ inations of the d epartu re  from  Boyle’s law  for m any  gases a t

42 H. BARRELL AND J . E. SEARS ON TH E R EFR A C TIO N  AND
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different tem pera tu res, an d  he found a system atic disagreem ent. A ccording to B erthelot 

the  best em pirical re la tion  for the  d ep artu re  from  Boyle’s law  in  the reduced form  is

d{nv) I I6 \  

dv4 \ 62/ ’

from  w hich he derived the  characteristic  equation

(7T+16/30V2) (y —1/4) =  326/9.

In  no rm al variables B erthelo t’s equation  corresponds to an  equation  of the V an  der 

W aals’ type, as m odified by  Clausius, nam ely,

§ p+a/Tv 2) ( —

in  w hich the  q u a n tity  a,originally in troduced  as a constant by V an  der W aals to take

account o f m olecu lar a ttrac tio n , is m ade dependen t on tem perature .

T h e  erro r from  the A vogadro-A m pere law  derived from  B erthelot’s em pirical 

equation  is
1 d(

7 TV d u

_ 9  

12861
h

6
(6-14)

By converting 

show n th a t

so th a t

the  left-hand  side of equation  (6-14) to norm al variables, it can be

1 d(uv) / I  d(pv)\

X I 1 d(pv)\ 

1 ”  \pv  dp

1

Pc 1 2 8 2 a

6T 2\-| 

T 2/ J ’ (6-15)

w here T = ( T 0 +  t) an d  Tc = { T 0 +  tc). T hus, if  the critical pressure and  critical 

tem p era tu re  o f a  gas are  know n the values of a t any tem pera tu re  m ay be easily 

calcu lated  by  m eans of equation  (6-15).

T h e  best m ean  values for the  critical constants o f air as given by G erm ann and  

Pickering (1928) are tc =  — 140-7° C and  p c =  37-2 atm . Substitu

the critical constants in  (6-15) the following values of were calculated for the m ean 

tem pera tu res o f the  first five series of refractivity  m easurem ents:

f  C 
12-1 
15-9 
20-1 
26-2 
30-6

T °  K 8 tx  106 ( - 0-463  +  0-0103

285-2 - 0 3 4 - 0-34

289-0 - 0 3 0 - 0 3 0

293-2 - 0-25 - 0 2 6

298-3 - 0-20 - 0-20

303-7 - 0-16 - 0-16

T h e  values o f Twere calculated  from  the expression (T0 +  £), pu tting  T0 =  273-1° K . 

O ver the  range  of tem pera tu re  indicated, is very closely a linear function of t, 

and  as show n above can  be represented by the equation

106 =  —0-463 +  0-0103 t(6-16)

derived by a least squares m ethod from the individually calculated values.
6 - 2
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Com bining equations (6*13) and (6T 6), we ob tain

s i t X  106 --- { Z j6 ( l+ c t f ) - < y  106 =  0*527 — 0*0105 (6*17)

This is the justification for the assum ption m ade in com puting our final in terpo lation  

equation, th a t fttm ay be assum ed to be expressible as a linear function of T h

constants in  equation  (6*17) can  be com pared directly  w ith those derived from  the 

refractivity m easurem ents, which gave

A x  106 =  1.049 — 0*0157

Q ualitatively, the agreem ent is m oderately  good, for there is fair accordance bo th  

w ith the sense and m agnitude of the varia tion  w ith  tem perature , especially having 

regard  to the smallness o f the m agnitudes concerned. T he m agnitudes of the experi

m ental values of A and  of the expression derived th rough the Lorenz-Lorentz relation 

from 8tare not in such good agreem ent; b u t the discordance betw een them  would be 

increased if the expression containing 8thad  been derived th ro

and  D ale or the N ew ton-Laplace relations.

In  explanation of the disparity  which rem ains, it is pertinen t to m ention th a t 

Berthelot shows th a t the observed value of the departu re  from Boyle’s law  for air is also 

not in such good agreem ent w ith the value calculated from  his characteristic equation  

as it is w ith other gases which he investigated. This m ay be largely due to the fact th a t 

a ir is not a pure  gas, and  the values of the critical constants for a ir have no t the sam e 

definite physical significance as they have for pure  gases.

In  support of this explanation it can  be shown th a t the values o f A derived from  actual 

com pressibility m easurem ents on a ir a t low pressures are m uch closer to the values 

obtained  from the reflectiv ity  m easurem ents. Thus, for instance, R ayleigh (1905) has 

m easured 8for air a t 11° G for expansions from  0*5 to 1 atm . and  gives the value o f 

— 0*00046 per atm ., corresponding to —0*605 x 10-6 per m m . Berthelot (1907) quotes 

the value of —0*00040 per atm . a t 16° C, as m easured by him self and  Sacerdote, 

corresponding to — 0*526 x l 0 -6 per m m . Assuming these two values and  a  linear 

change of 8with tover the lim ited range of tem pera ture  o f 5° C, then

8t x  106 =  -0*779  +  0*015.8/, 

and, com bining this w ith equation  (6*13), we get

f i t X  106 =  {Km/6(1 -f a£) — 106 --- 0*843 — 0 * 0 1 6

T he agreem ent w ith the reflectiv ity  m easurem ents is now m uch m ore striking, 

although the calculated and observed values o f A still show some discordance which, 

as before, w ould be increased if  the G ladstone and  D ale or the N ew ton-Laplace 

relations were used instead of the Lorenz-Lorentz in the derivation of A .

A nother com parison w ith observed results o f com pressibility m easurem ents o f a ir 

can be m ade th rough the work of H olborn  and  Schultze, whose final results are quoted 

by H olborn and O tto  (1924). H olborn and Schultze determ ined the isotherm als of
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dry, C 0 2-free a ir a t tem pera tu res from  0 to 200° C an d  a t pressures up  to 100 atm . 

T h eir results m ay be sum m arized  by m eans of the equation

pv == A+Bp+

w here p  is expressed in m etres o f m ercury  an d  B  an d  C have the  following values a t 

various tem pera tu res:

f  c A 5  x 1 0 s C x  1 0 6

0 1 -0 0 0 8 0 - 0 - 7 9 3 3 3 +  5 - 2 2 2 2

5 0 1 -1 8 3 9 7 - 0 - 1 8 5 1 7 +  3 -7 6 1 1

1 0 0 1 -3 6 7 1 3 +  0 -2 0 9 3 3 +  3 - 1 0 0 0

1 5 0 1 -5 5 0 3 0 +  0 - 5 0 0 0 0 +  2 - 3 3 3 3

2 0 0 1 -7 3 3 1 7 +  0 - 7 2 3 1 7 +  1 -8 1 6 7

Since ( } v dJd r \ = { a + b p + c A ’ we have = { m >  w h e n p = 0  and

—  [ ( - 6 + 2 C ) / ( v l + B + C ) ] (

w hen p  =  1 m. I t  is found th a t the  values o f change very little  over the  range  o f 

pressure from  0 to 1 m. an d  we m ay therefore accept the following m ean  observed values 

o f 8t per m m . as applying to this whole range of p ressu re :

f  C .

6 t x  1 0 6  

(o b s e r v e d )

8 tx  1 0 6  

( c a lc u la t e d )

0 - 0 - 7 8 8 - 0 - 7 6 1

5 0 - 0 - 1 5 3 - 0 - 2 1 0

1 0 0 +  0 -1 5 6 +  0 -1 6 6

1 5 0 +  0 -3 2 4 +  0 -3 6 8

2 0 0 +  0 -4 1 8 +  0 -3 9 5

T he values described above as observed are those w hich have been directly  derived 

from  the observed isotherm als, and  it can be shown th a t they  are sufficiently well 

represented  by the  equation

Stx  106 =  -0 -7 6 1  +  0-012,77 0-000,034,94

T h e  calculated  values from  this equation , w hich was ob tained  by a least squares 

m ethod, are given above for com parison w ith  the observed values.

U sing this equation  the values of 8tgiven below were calculated  for 

tem pera tu res o f the refractiv ity  m easurem ents:

f  C 8 x 1 0 6

1 2 - 1 - 0 - 6 1

1 5 -9 - 0 - 6 7

2 0 - 1 - 0 - 6 2

2 5 -2 - 0 - 4 6

3 0 -6 - 0 - 4 0

These values exactly fit the linear equation

X 106 =  — 0-751 +  0-0115 £, (6-19)
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which applies to the lim ited range of tem pera tu re  from 121 to 30-6° C. By com bining 

equations (6T9) and (6T 3), we get

fat X  106 --- { K J  6  ( I  +  a t ) - 8 t} 1 0 6 = 0

T able  X  presents for com parison the calculated values o f +  <%/) 106 as

derived from the equations (6*17), (6*18) and  (6*20), together w ith  the d irectly  observed 

values o f fa x  106 obtained  from the refractivity  m easurem ents on air. O n  the average 

the best agreem ent w ith our refractivity  m easurem ents is obtained  from  the isotherm als 

o f H olborn  and Schultze, the m ean values o f fa a t 20*8° C being 0*72 x lO-6 and 

0*57 x 10-6 per m m . respectively.

T a b l e  X . V a l u e s  o f  fatx  106 d e r iv e d  f r o m  v a r io u s  s o u r c e s

V alues o f  x  106 d eriv ed  from  ^  ~

,---------------------------- A---------------------------->

M ea n
S ource 12-1° C 15-9° 6  2 0 -1° C  26-2° 6  30-6° C  20 -8 ° C

46 H . B A R R E L !  A N D  J .  E . S E A R S  O N  T H E  R E F R A C T I O N  A N D

B e r t h e lo t ’s e m p ir ic a l  r e la t io n  fo r  p u r e  g a s e s : 
1 d ( n v )  9  /  6  \

77 vdn  ~  1 2 8 0  v " ~ 0 V

0 -4 0 0 -3 6 0 -3 2 0 -2 6 0 - 2 1 0 -3 1

C o m p r e s s ib i l i ty  m e a s u r e m e n ts  o n  a ir  b y  
R a y le ig h ,  B e r th e lo t  a n d  S a c e r d o t e  a t  1 1  

a n d  1 6 °  C

0 - 6 6 0 -6 9 0 -6 2 0 -4 4 0 -3 5 0 -6 1

I s o th e r m a ls  o f  a ir  fr o m  0  t o  2 0 0 ° C  a t  p r e s 

su res  u p  to  1 0 0  a t m .,  d e t e r m in e d  b y  H o lb o r n  
a n d  S c h u lt z e

0 -6 7 0 -6 3 0 -5 8 0 -5 2 0 -4 6 0 -6 7

R e f r a c t iv i t y  m e a s u r e m e n ts  o f  a ir  ( N .P .L . , 
d ir e c t ly  o b s e r v e d )

0 - 8 6 0 -8 0 0 -7 3 0 - 6 6 0 -6 7 0 -7 2

C om paring T able  X  w ith T ab le  V I it is a t once ap p aren t th a t, a lthough  there are  

appreciable differences betw een the values in T ab le  X  derived from  various sources, 

the individual values of/5) in T ab le  V I include entries, particu larly  for A4 and  A5, w hich 

are practically  identical w ith the values derived from  the determ inations of H olborn  

and  Schultze. A reference to T ab le  IV  shows th a t the variations in the indiv idual 

values of fa calculated from  the refractivity  m easurem ents w ithout regard  to any 

tem pera ture  relationship are considerably greater, and  actually  extend over a  range 

which includes all the values derived from  com pressibility m easurem ents on air.

H aving regard  to the high experim ental accuracy of the refractiv ity  determ inations 

exhibited by T able  V I I I  it is evident th a t very small changes in  the m agnitude and  

distribution of observational errors are sufficient to cause relatively large variations in  

the derived values of/?. In  our view, therefore, it is no t surprising th a t our values for fat 

should differ slightly from those deduced from  com pressibility m easurem ents on air, 

b u t ra ther, rem em bering the som ew hat lim ited range o f tem pera tu re  and  pressure 

covered by our experim ents, we consider th a t the agreem ent found m ust be regarded
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as a very satisfactory confirm ation of the assum ed relationship  betw een the refractive 

index, tem p era tu re  an d  pressure of air.

As a check on the closeness of the agreem ent actually  established we have carried  

ou t a  fu rther calculation  in  w hich the values of/?z, based on the com pressibility m easure

m ents of R ayleigh, Berthelot and  Sacerdote, were em ployed in an  in terpo lation  

equation  of sim ilar form  to equation  (5*8). T he m axim um  difference a t 800 m m . 

pressure betw een the values o f the refractive index as calculated from this equation  

and  the corresponding values calculated from  equation  (5T2) am ounted  only to 

0 *0 2 4 x  1 0 ~ 6 .

W e consider, therefore, th a t the relation  connecting tem pera tu re , pressure and  

refractive index of gases, including air, m ay be regarded  as established; and  in spite of 

the  difficulty m entioned above rela ting  to the exact determ ination  of /?z, we believe 

th a t precise m easurem ents o f refractivity , if  carried  out over a g rea ter range of tem 

pera tu re  and  pressure th an  was possible w ith our apparatus, w ould afford inform ation 

on the characteristic  behaviour o f gases a t low pressures a t least as accurate  as direct 

com pressibility m easurem ents.

7. R e f r a c t i v i t y  o f  a i r  u n d e r  o r d i n a r y  a t m o s p h e r i c  c o n d i t i o n s

(a)Determinations o f  refractivity o f  moist, C O  a r̂- D eterm inations

fractiv ity  o f moist C 0 2-free air were m ade on very sim ilar lines to those already 

described for dry  air, except th a t they all referred to a to tal pressure of about 760 m m. 

and  a tem pera tu re  o f abou t 29*5° C.

In  order to control the am ount of w ater vapour present in the a ir contained in etalon 

L l0, the distilled w ater flask shown in fig. 3 was used. This flask contained distilled w ater 

w hich had  been rendered  air-free by boiling a t a reduced pressure, and  was im m ersed 

in  a stirred w ater-bath . W hen it was desired to adm it w ater vapour to the etalon, the 

la tte r was first evacuated and  then  connected to the flask. O bservation of Brewster’s 

fringes showed th a t fu rther en try  of vapour to the etalon ceased after a few m inutes, 

and  the pressure of the am ount adm itted  was obtained, by reference to tables (O sborne 

and  M eyers 1934, T ab le  2) of the satu rated  vapour pressure of w ater, from  a knowledge 

of the tem pera tu re  of the w ater-bath , which was assum ed to be the same as th a t of the 

distilled w ater inside the flask.

D ry, C 0 2-free a ir was then  adm itted  to the etalon in the usual m anner until the 

desired to tal pressure o f 760 m m . was indicated by the barom eter gauge. K now ing 

the to ta l pressure o f the m ixture and the p artia l pressure of the w ater vapour, the 

partia l pressure of the dry, C 0 2-free air was derived.

I t  was im p o rtan t to ensure th a t the tem perature  of the w ater in the flask was lower 

th an  th a t of any other poin t in the system to which it was connected, in order to prevent 

local condensation of vapour and the consequential d isturbance of vapour pressure in
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the system. U n d er the conditions o f tem p era tu re  in  w hich these experim ents were 

carried  ou t this safeguard was au tom atically  p rovided by  the  cooling o f the  w a ter-b a th , 

to a  tem pera tu re  o f from  3 to 4° C below th a t o f its surroundings, w hich occurred  as 

a  result o f com paratively  rap id  evaporation  a t the  free surface o f the  w ater con ta ined  

therein . This cooling effect was probab ly  enhanced  by b u b b lin g  a ir  th rough  the  w ater- 

b a th  as a m ethod of stirring it.

As the stirred w ater-bath , su rrounding  the flask con ta in ing  distilled w ater, was no t 

necessarily m ain tained  a t the  sam e tem p era tu re  du rin g  the  filling opera tion  as it was 

during  the subsequent de term ination  of refractiv ity , care was taken  to leave the  flask 

in  com m unication  w ith  etalon L l0 du ring  the  whole o f the  in terven ing  period. T h e  

tem pera tu re  o f the b a th  was taken, by m eans o f two m ercury-in-glass therm om eters, 

a t the beginning and  end o f the photograph ic  period  concerned w ith  the  record ing  o f 

the fringes corresponding to the  air-filled condition  o f an d  the  m ean  o f th e ir 

corrected readings was taken to represen t the tem p era tu re  o f the  w ater inside the  

flask.

D eterm inations o f the  to ta l fringe disp lacem ent due to m oist a ir were m ade by 

prelim inary  experim ents in  w hich the ra te  o f en try  o f w ater v ap o u r in to  the  e ta lon  

Z 10, previously evacuated, was controlled so th a t the  com plete d isp lacem ent could  be 

actually  counted in  several rad iations, the whole d isp lacem ent in  m ercury  green  ligh t 

being less th an  tw enty  fringes for the v ap o u r pressures used. By assum ing th a t  the  law  

of p a rtia l pressures holds for the adm ix tu re  o f u n sa tu ra ted  w ater v ap o u r an d  d ry  a ir, 

the  to ta l d isplacem ent for m oist a ir a t pressures o f ab o u t 760 m m . could  th en  be ca lcu 

la ted  from  the inform ation  a lready  available from  the determ inations o f refractiv ity  

o f d ry  air.

T ab le  X I  gives the results ob tained  from  the four determ inations o f refractiv ity  o f 

moist, C 0 2-free a ir m ade in  the second p a rt o f the  series o f A pril 1937. T h e  d a ta  con

cerning the conditions of the a ir a re  given in  the  second colum n, w here p  a re  the  tem 

pera tu re  and  pressure of the m oist a ir in etalon L 10, 6 is the  m ean  tem p era tu re  o f the 

w ater-bath  surrounding  the distilled w ater flask (see fig. 3) in  w hich the  sa tu ra ted  

vapour pressure, as ob tained  from  O sborne an d  M eyers’ tables (1934), is / ,  an d  ( p —f )  is 

the p a rtia l pressure o f the dry, C 0 2-free a ir as derived from  the  know n values o f 

a n d /  T he  difference betw een the observed reflectiv ities o f m oist a ir u n d e r the  con

ditions (t,p) and  the calculated  reflectivities o f dry, C 0 2-free a ir u n d e r the  conditions 

1/ (P~~f)]5 as derived from  the final in terpo la tion  equation  (5T 2), gives the  reflectiv i

ties for w ater vapour u n d er the conditions / / ) .

0 )  Refractivity o f  water vapour. As in the case o f air, the  refractiv ity  o f w ater v ap o u r 

under the conditions ( t , f )  m ay be expressed by m eans o f the rela tion

=  K'J{1  4 -A '/) / ( I  +<#)> (7T)

in  w hich K '----- T ' +  B'A"2, A 'and B 'being constants in  a  tw o-te

w hich expresses the dispersion o f w ater vapour w ith  sufficient accuracy  w h e n / is  sm all,
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and  A being the w ave-length in vacuo, expressed in  m icrons. T h e  valu

vapour a t the m ean  tem p era tu re  o f these experim ents is 2 4 x l 0 -6, as derived by 

calculation  from  B erthelo t’s characteristic  equation  for gases a t low pressures, and  

a =  0-003661. T he  calcu lated  values o f K 'x 106 as given by

T ab le  X I , together w ith  the  m ean  value for each rad ia tion . T he  e ight m ean  values 

were used to calculate  the following values o f an d  B ' by  a least squares m ethod,

A ' =  0-3159 X 10-6 and  =  2-963 X 10"9.

H ence K 'x 106 =  0-3159 +  0-002,963 A"2. (7-2)

T he  average d ep artu re  o f the m ean  values o f given in  T ab le  X I  from  the values 

calculated  by m eans o f equation  (7-2) is ±0-0005  x 10-6 or 1 p a rt in  600.

T hus, the  final form  o f equation  (7-1) is

(n't f -  1 )  1 0 6 =  [~0-3159  +  - ' 002963 1̂ / ( 1  +  f i t s ) ( 7 . 3

; L A2 J 1 +  0-003661

T he  experim ents from  w hich this in te rpo la tion  equation  was derived were m ade in  

m oist a ir a t ab o u t 29-5° C for w hich the relative hum id ity  was ab o u t 80 % . E q u atio n  

(7-3) is therefore only in tended  for use u n d e r conditions o f vapour pressure norm ally  

existing in  tem pera te  clim ates, w here the average value o f f  is ab o u t 10 m m ., the 

m axim um  value rare ly  exceeding 20 m m . T he  factor (1 + /? / / )  can  for m ost o rd inary  

purposes be neglected.

(c) Interpolation equation fo r  atmospheric air. I t  is o f p rac tical u tility  to derive a general 

in terpo la tion  equation  w hich will serve for calcu lating  the  refractiv ity  o f m oist a ir  

con tain ing  a p roportion  of 0-03 %  by  volum e o f C 0 2— this being generally  regarded  

as the  norm al am oun t o f C 0 2 present in the  open a ir and  in  w ell-ventilated room s. A ir 

con tain ing  this p roportion  of C 0 2 is usually described as " n o r m a l" ;  it has a slightly 

h igher refractiv ity  th an  C 0 2-free a ir u n d er the sam e conditions of tem p era tu re  and  

pressure. M oist a ir has a lower refractiv ity  th an  dry  a ir u n d e r the  sam e conditions o f 

tem pera tu re  and  pressure, and  it is the purpose of the following calcu lation  to derive 

a  general in terpo la tion  equation  for the refractiv ity  o f m oist, norm al air, the v ap o u r 

pressure of w hich is m easured by hygrom etric  m ethods.

Since the am oun t o f C 0 2 present in  norm al a ir is very sm all it is sufficiently accu ra te  

for our purpose to select the result o f any  previously recorded de te rm ination  of the

* T h e  v a lu e  o f  — 8tfor w a te r  v ap o u r , as c a lc u la ted  from  e q u a tio n  (6-15), w as a c tu a lly  used  in

o f  th e  d iffe rence  b e tw een  — 8 ta n d  /?,' b e in g  u n im p o r ta n t for th e  p u rp o se  o f  d e riv i

(7-1). T h e  sam e a p p ro x im a tio n  w as m a d e  for C 0 2 in  th e  n ex t sec tion  o f  th is p a p e r . V a lu es  o f  th e  c r itica l 

constan ts , from  G e rm a n n  a n d  P ick erin g  (1928) a re

t ° C p c a tm .

W ater vapour 374-0 217-72

C arbon  dioxide 31-1 73-0
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refractiv ity  o f C 0 2. A ccording to Perreau  (1896) the  refractiv ity  o f C 0 2 a t 0° C and  

760 m m . is given by
(nH—1) 106 =  442 -1+  2-829 A+*,

w here XN is the  w ave-length  in norm al a ir expressed in m icrons.

U sing this equation  the  value of K"  for C 0 2 m ay be calcu lated  from

K" =  (ra" —l) /7 6 0 ( l  +  760/?o),

w here A  — 9-1 x  10-6 for this gas,* as derived from  B erthelo t’s characteristic  equation  

for gases. T hus
K "x 106 =  0-57 77 +  0-003,697 A^2.

B ut for dry, C 0 2-free air, by equation  (5-12)

Kx106 =  0-378,065 +  0-002,141,0 A-2 +  0-000,017,94 A-4.

I f  the  value of K  for dry, norm al a ir is denoted  by K N) therefore 

Kn  = 0-9997 K +0-0003 K"

=  0-378,125 +  0-002,141,4 A-2 +  0-000,017,93 A-4, (7-4)

since A m ay be substitu ted  for XN in the  expression for 0-0003 X" w ithou t ap

error.

I t  is assum ed in deriving the expression for K N given by equation  (7-4) th a t the value 

of A for norm al a ir is negligibly different from  th a t for C 0 2-free a ir— an  assum ption 

w hich is justifiab le ow ing to the sm all q u an tity  o f C 0 2 concerned.

If, now, (nt*j - 1) represents the  refractiv ity  o f atm ospheric a ir contain ing  w ater 

v apour a t pressure f  m m ., then

(rl ,v _  K N { p - f ){1 + f i t { p - s ) } . 1 + /? ; / )

1 + ^  +  1 +cd  ' {15 )

w here a =  0-003661, flt =  (1 -049-0-0157  t) 10”6, ^  =  2 7 x lO - 6 a t a m ean tem

p era tu re  of 20° C, and  K ' — value of K  for w ater vapour.

By expanding equation  (7-5) and  collecting term s, we have

K Np { \ + ! S t p )  f { ( l  +  2 f i , f i ) K N - K ' }  . f H K n f r + K ’f i )

 ̂ P’s  ' 1 -\-oit 1 + a^  1 + a i

I t  can  be shown th a t the term  in f 2 m ay be neglected for all p ractical purposes w ithin 

the  range of norm al variations of atm ospheric conditions.

Also, w hen t — 20° C and  p  =760 m m .

(7 -6 )Æ j^ l  +  W ) - * '  =  [ 0 - 0 6 2 4 - 0 - 0 0 0 ,6 8 0  A~2] 1 0 " 6. 

* See foo tno te  p . 50.

7 - 2
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For the purpose o f evaluating  the above expression it was found convenient to 

transform  equation  (7-4) into the approxim ately  equivalent tw o-term  C auchy equation , 

since the value of K 'was expressed in  this form , an d  u n d er this transform ation

Kn x  106 -  0-3779 +  0*002,280 A-2.

I t  was also found th a t the value given by (7-6) m ay be regarded  as constant w ith in  the 

ranges of tem pera tu re  and  pressure of 10-30° C and  720-800 m m . respectively, w ith

ou t in troducing  any appreciable errors in  the calculations for w hich it is used. T hus, 

the equation  for the refractiv ity  o f moist, norm al a ir is reduced to the  following form :

( « , ,» , / - ! )  106 s o -3 7 8 ,1 2 5  +  +  M W . 8 9 * !

X

p { \  +  (1-049 0-0157 t)p  X  10-6}

1 +  0-003661
0-0624

0-000,680"

T "
/

1 +  0-0036611
(7'7)

This equation  is applicable for the ranges t =  10-30° C

T he  actual values o f the corrective term  in equation  (7-7) per m m . o f w ater vapour 

present are, for the eight radiations given in T ab le  I :

A j  A 2  A 3  A 4  A 5

0-0567 —0-0563 — 0-0560 —0-0557 —0-0553

^ 6  A 7  A 8  A m e a n

-  0-0553 -0 -0 5 5 0  -0 -0 5 4 8  -  0-0556 X  10”6

For m ost purposes it is sufficiently accurate  to em ploy the m ean  value o f 

— 0-0556 x 10~6 per m m . of w ater vapour for all w ave-lengths w ith in  the visible 

spectrum , the errors in  refractivity  for a value of f =  10 m m . being approxim ately  

+  0-01 x 10~6 a t the limits o f the range.

8. C o m pa r is o n s  w i t h  e a r l i e r  r e s u l t s

(a) General. T ilton  (1934) gives as the general average value o f the refractiv ity  o f 

dry  air, a t 0° C and  760 m m ., for the D line o f sodium :

(nD-1) 106 =  292-54.

This is the m ean value determ ined from  forty determ inations recorded by different 

observers betw een 1857 and  1932.

C onventionally, the w ave-length of the D line relates to 

yellow doublet D lD 2, the value of which in norm al a ir is 5892-946 A, as given by 

Fow ler (1922), corresponding to the value 5894-58 A vacuo. T he  value of —1) 106 

a t 0° C and  760 m m . derived from  the results o f this investigation by m eans o f the 

in terpo lation  equations (5-12) and  (7-7) is, then, 292-36 for dry, C 0 2-free a ir and  292-41 

for dry  a ir containing 0-03 %  of C 0 2. T he m ean of these two calculated  values is

{nD-1) 106 =  292-38,
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and  this agrees fairly closely w ith  the general average of the forty o ther determ inations 

quoted  above, w hich include w ithout d istinction values for a ir bo th  w ith and  w ithout

co2.
A n exam ination  of T ilto n ’s collected results by an  elem entary  statistical m ethod 

(Sears 1909), dependent, like the use of the arithm etical m ean, on trea ting  the in 

div idual results as of equal weight, shows th a t the position of the arithm etical m ean is 

displaced owing to the presence of a few abnorm ally  high values, and  th a t, in fact, 

the m ost p robable  value derived from  the whole collection is (ra^—1) 106 — 292-35, 

w hich is in  even closer agreem ent w ith  the value found in the present investigation. 

M oreover, this statistical exam ination  produces a p robability  curve, closely resem bling 

the theoretical “ cocked h a t” curve, w hich shows no evidence of the double m axim um  

w hich w ould be expected if a periodical varia tion  such as th a t suggested by T ilton  were 

present.

(b)Recent results o f  other observers in the visible spectrum. A m ore detailed  com parison 

will now be m ade w ith  the results of M eggers and  Peters (N.B.S.) (1918-19), Perard  

(B .I.P .M .) (1934), and  Rosters and  L am pe (P .T .R .) (1934), w hich have been selected 

for this purpose from  am ong recent determ inations for the following reasons. T he  work 

of M eggers and  Peters, carried  ou t in 1918 and  covering a range from  2218 to 9000 A, 

has come to be regarded  as a classical de term ination  am ong spectroscopists, and  the 

results of this w ork have been generally used during  the past 20 years for the purpose 

of reducing w ave-lengths determ ined in  a ir to vacuum  conditions, this being p a rt of 

the process of conversion to the w ave-num bers w hich are required  in the analysis o f 

spectra. Since 1918 there have been only two determ inations of the refractivity  o f air 

confined to the visible spectrum  alone, those of Perard  and  Rosters and  Lam pe, w hich 

have therefore been selected for detailed  com parisons in add ition  to those of M eggers 

and  Peters. O th e r determ inations in this period have been concerned w ith a p a rt 

only of the visible spectrum  and  extend either into the infra-red or the ultra-violet. 

T he  determ inations of this kind which we have noticed include those of T rau b  (1920), 

Stoll (1922), R usch (1923), Q u ard er (1924), T ausz and  G drlacher (1931), R ron jager 

(1935) and  Bender (1938).*

T he results of M eggers and  Peters are expressed in term s of the refractivity  o f dry 

air, a t 0, 15 and 30° C and a t 760 m m . pressure, containing an  unspecified am ount of 

CO  2, by m eans of the following equations:

0° C : ( « - l )  106 =  2 8 7 - 5 6 6 + 1 - 3 4 1 2 +  0-03777 A^4,

15° C : (st—1) 106 =  272-643 +1-2288 Ay2 +  0-03555 A^4,

30° C : (»—1) 106 =  258-972 + 1 -2 2 5 9 A+2 +  0-02576Aĵ 4.

In  these equations XNis the wave-length in norm al air a t 15° C and  760 m m. expressed 

in  term s of m icrons (range 0-2218-0*9000//). From  these equations M eggers and

* B en d er’s p a p e r  ap p e a re d  w hile  th e  p re sen t p a p e r  w as in  proof.
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Peters deduce th a t the value o f the optical tem p era tu re  coefficient is a function o f 

w ave-length, an d  th a t, w ith in  the range  of the ir observations, the  refractiv ity  o f a ir  a t 

any  tem p era tu re  for any  p a rticu la r w ave-length  can  be ob ta ined  from  the m easure

m ents a t 0° C by m eans of the re la tion

(« < - ! )  =  K - !) /{ !  +  ( « +  x  10~6) t }  =  1)/(1  + a 7 ) ,

w here oc — 0*00367 and  XNis expressed in  m icrons.

For the eight rad iations m entioned  in  T ab le  I we find the  follow ing values o f a ', 

(n15— 1) 106 and  k g  — 1) 106, as derived from  this rela tion  an d  the  equation  for the 

refractiv ity  a t 0° C :

R a d ia tio n a! (* i5 - l )  10° (*20- 1) 10°

Ai 0*003681 275*793 271*065
a 2 0*003685 276*485 271*741

^3 0-003688 277*157 272*397
A4 0*003693 277*921 273*142

a 5 0*003697 278*647 273*860

^6 0*003699 279*003 274*198
A7 0*003704 279*680 274*858

^8 0*003706 280*103 275*271

In  T ab le  X I I  the  values o f (?z15 — 1) 106 and  (w20 — 1) 106 given above have been 

corrected  to the C 0 2-free condition  by assum ing th a t  they  refer to a ir con ta in ing  

0*03 %  o f C 0 2. T h e  corrections for this purpose were determ ined  from  a com parison 

o f our in te rpo la tion  equations (5-12) and  (7*7), referring respectively to dry , C 0 2-free 

a ir and  dry  a tm ospheric  air, the  average value of the  correction to the  refractive index  

a t 15° C an d  a t 20° C being — 0*044 x  10~6 and  — 0*043 x  10~6 respectively.

P erard ’s results refer to dry , C 0 2-free a ir an d  are  expressed in  term s of the  following 

in te rpo la tion  equation

k / > - i ) i o 6 288*023
1*4783 
_ J2

a N

0*031611 P{1+P  1

A4 J 760(1 +  760/?) 1+ ctf’

w hich also relates to exactly the sam e range o f the  visible spectrum  as the  presen t 

investigation. In  this equation  =  2*40 x  10~6/m m . and  a =  0*003716/1° C (deter

m ined for the  range of tem p era tu re  0-100° C ) ; the values calcu lated  directly  from  it 

a t 15 an d  20° C and  a t 760 m m . pressure are given in  T ab le  X II .

R osters and  L am pe’s results also refer to dry, C 0 2-free a ir for the  visible spectrum  

(exact range no t specified) an d  are  expressed th u s :

(ntiP - 1) 106 =  ^268*036
1*476 , 0*01803"

A2 A4

p  1 +  20 a 

760 1 + a£  '

in  w hich A refers to the w ave-length in vacuo and  a is assum ed to b

is only in tended  to apply  to sm all departu res o f tem p era tu re  and  pressure from  20° C 

and  760 m m . T he  results o f d irect calcu lation  from  this equation  for a ir a t 15 and  

20° C and  a t 760 m m . pressure are  shown in  T ab le  X II .  Lastly  the values directly
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D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRUM 55

calculated  from  our final in terpo la tion  equation  (5T2) are also given. In  succeeding 

colum ns of the tab le are given the differences betw een the results of the four d e te r

m inations in a suitable m anner for com parison.

T a b l e  X II . C o m p a r i s o n  o f  r e s u l t s  o f  d i f f e r e n t  o b s e r v e r s

(V alues o f  (n — 1) 106)

I I I I I I IV
T e m p e ra tu re M eggers P e ra rd R o ste rs S ears a n d

a n d a n d  Peters a n d  L am p e B arrel!
ra d ia tio n (N .B .S .) (B .I.P .M .) (P .T .R .) (N .P .L .) I V - I I V - I I I V - I I I

15 °  G  A j 275-75 276-37 276-43 276-34 +  0-59 - 0 0 3 - 0-09

A-2 276-44 277-12 277-20 277-12 4- 0-68 0-00 - 0 - O8

A3 277-11 277-85 277-94 277-86 4- 0-75 4- 0-01 - 0-08
a 4 277-88 278-68 278-77 278-70 4- 0-82 4- 0-02 - 0-07

a 5 278-60 279-46 279-56 279-48 4 - 0-88 4- 0-02 - 0-08
a 6 278-96 279-84 279-94 279-86 4- 0-90 +  0-02 - 0-08
a 7 279-64 280-57 280-66 280-58 4- 0-94 4- 0-01 - 0-08

A s 280-06 281-02 281-11 281-02 4- 0-96 0-00 - 0-09

M ea n  d ifference 4 - 0-81 4- 0-01 - 0-08

20 °  C  A , 271-02 271-59 271-70 271-61 4- 0-69 4- 0-02 - 0-09
a 2 271-70 272-33 272-46 272-37 4- 0-67 4- 0-04 - 0-09

^3 272-36 273-04 273-19 273-10 4- 0-75 4 - 0-06 - 0-09

a 4 273-10 273-86 274-01 273-93 4- 0-83 4- 0-07 - 0-08

a 5 273-81 274-63 274-78 274-70 +  0-89 4- 0-07 - 0-08

^6 274-16 275-00 275-15 275-07 4- 0-91 4- 0-07 - 0-08
a 7 274-82 276-72 275-86 275-78 4 -  0*96 +  0-06 - 0-08

A s 275-23 276-16 276-30 276-21 +  0-98 4- 0-05 - 0-09

M ea n  d ifference 4- 0-82 4- 0-06 - 0-08

T he most im p o rtan t fact w hich emerges from a study of T able  X I I  is th a t the

M eggers and  Peters’ values for the visible spectrum  are appreciably  lower th an  those 

of the o ther three determ inations, the difference am ounting  on the average to about 

0-8, corresponding to nearly  1 p a rt in 106 of the m agnitude of the refractive index. O n  

the whole the other three series of results are in good agreem ent, bo th  for absolute 

values o f refractive index and for dispersion, our results being on the average slightly 

closer to those of Perard  in absolute values, b u t agreeing be tter w ith those of Rosters 

and  L am pe as to the form of the dispersion cu rve ; furtherm ore, our values of refractive 

index are on the average in term ediate  betw een those of Perard  and Rosters and Lam pe.

(c) Previous N .P .L . results. Values of the refractive index of air for the red rad iation  

of cadm ium  (At) have previously been obtained indirectly  a t the N ational Physical 

L abora to ry  from the optical m easurem ents of yard  and m etre end-standards in term s 

of wave-lengths in a ir and  in vacuo, and  these have been published in papers deal

w ith  the optical m easurem ent of the fundam ental standards of length. These values 

were derived, however, by accepting as the effective value of a a t a constant pressure 

of abou t 1 atm . the value of 0-003716 determ ined by Perard  (1934). W ith  the in 

form ation now  available from this investigation values of the refractive index of a ir 

under the conditions existing a t the tim e of the length m easurem ents can be calculated
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and  then  com pared  w ith  the values actually  derived from  these m easurem ents. T hus 

the value actually  derived from  the observations du ring  the  prelim inary  m easurem ents 

o f a m etre end-gauge in 1931 was 1*000,267,249 in  air, a t 21*673° C an d  753*45 m m ., 

con tain ing  8*7 m m . o f w ater v apour and  an  assum ed am o u n t o f 0*03 %  of C 0 2 (for 

w hich the quoted  result in  Philos. Trans. A, 231 , 126 is 1*000,276,45 for Al5 as reduced  

to the conditions o f d ry  air, a t 15° C and  760 m m ., con tain ing  an  assum ed no rm al 

p roportion  of C 0 2). T he  value calcu lated  for the observed conditions from  the new  

in terpo la tion  equation  (7*7) for a tm ospheric  a ir is 1*000,267,284.

Sim ilarly, the  values o f the refractive index for Al5 actually  derived from  m easure

m ents o f a m etre and  a y ard  end-gauge in  1933 (and quoted  in  Philos. Trans. A, 2 3 3 , 

159 an d  164), were 1*000,270,711 in dry , C 0 2-free a ir a t 21*005° C and  760 m m . an d  

1*000,270,406 in dry  C 0 2-free a ir a t 21*3515° C an d  760 m m ., for the  m etre  an d  y a rd  

gauges respectively. These can  now  be com pared  w ith  the  values o f 1*000,270,677 and  

1*000,270,357, respectively calcu lated  from  the in te rpo la tion  equation  (5*12) for dry , 

C 0 2-free air.

T h e  observed and  calculated  values o f [n 1) 106 for 

are collected in  T ab le  X I I I ,  w here it will be seen th a t the  m ean  value of refractiv ity  

for 1931—3, determ ined  indirectly  in  the  course of leng th  m easurem ents, differs by  

only +0*016 x 10“6 from  the m ean  value derived by calcu lation  from  the results o f the  

investigation described in  this paper.

T a b l e  X II I .  C o m p a r i s o n  o f  r e s u l t s  o b t a in e d  a t  t h e  N .P .L .

BETWEEN 1931 AND 1937

56 H. BARRELL AND J . E. SEARS ON TH E REFR A C TIO N  AND

D a te A ir cond itio n s

O b serv ed  
( r c - l ) 106 

fo r Aj

C a lc u la te d
( r c - l ) 106
(19 3 5 -7 )

1931
/ A t  21*673° G a n d  753*45 m m ., c o n ta in in g  8*7 m m .)  

\  w a te r  v a p o u r  a n d  assum ed  0*03 %  C 0 2 /
267*249 267-284

1933
/ A t  21*005° C  a n d  760 m m ., d ry  a n d  C 0 2-free 
\ A t  21*3515° C a n d  760 m m ., d ry  a n d  C 0 2-free

270*711
270*406

270*677
270*357

M e a n  values 269*455 269*439

(d) Constancy o f  the refractive index o f  dry, C 0 2-free air. A  no tew orthy  po in t arising 

from  a careful exam ination  of the residuals ( 0 — in  T ab le  V I I I  w ith  respect to the 

dates of the various m easurem ents is th a t no evidence is found for any  system atic change 

of refractiv ity  w ith  sunspot activity, as has been  suggested by T ilton , despite the  fact 

th a t the observed values given in T ab le  V I I I  were ob tained  a t th ree  different dates 

(cf. T ab le  II)  during  a period of rap id  increase of such activity. A no ther in teresting  

feature is the  rem arkable  constancy o f the density o f dry, C 0 2-free a ir as exhib ited  by 

the refractiv ity  m easurem ents on forty different sam ples taken  a t d ifferent times over 

a period of m ore th an  a year. This p roperty  of the atm osphere a t the  e a rth ’s surface, 

after m oisture and  C 0 2 have been rem oved, has been noted  in  our w ork on the optical
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DISPERSION OF A IR  FO R TH E VISIBLE SPECTRUM 57

m easurem ent of length, and  is a t variance w ith the results of certain  d irect d e te r

m inations of the density of a ir (Stock, R am ser and  E yber 1933), w hich suggest the 

possibility o f larger variations th an  can be a ttrib u ted  from  refractivity  m easure

m ents.

A m ore stringent test of T ilto n ’s suggestion regard ing  the effect o f sunspot activity 

is m ade by com paring the results o f the series of determ inations m ade in A ugust 1935, 

which referred to dry, C 0 2-free air a t 30*552° C and  a t eight different pressures, w ith 

those of the first p a rt of the series of A pril 1937, w hich referred to dry, C 0 2-free a ir a t 

pressures near 760 m m . and  a t tem peratures near 29*440° C. T he com parison of these 

results is best m ade by reducing the 1935 values to the m ean conditions corresponding 

to the 1937 values, using equation  (5*8), for w hich purpose /?( m ay justifiably  be treated  

as a constant for the small difference in tem pera tu re  o f abou t 1° C betw een the two 

series, while oc has the theoretical value of 0*003661. I t  is im portan t, for the purpose 

of this p articu la r com parison, to refer only to the d a ta  ob tainab le  from the first series 

(at 30*552° C), and  not to m ake use of any inform ation regard ing  the changes of 

refractivity  w ith pressure and  tem pera tu re  which has been obtained  from  the whole 

of the first five series of determ inations. T he reason for this precau tion  is tha t, since the 

various series of observations took place in  a period of abou t 20 m onths, the inform ation 

obtained  m ight itself be affected by the influence of any slight system atic changes of 

refractivity  should such have occurred due to sunspot activity.

For a given rad ia tion , equation  (5*8) reduces to 1) =

T here  are eight such equations for each rad ia tion  corresponding to the eight differing 

pressures in the A ugust 1935 series, and  from  these the values of K  and  /? for each 

rad ia tion  were calculated by the least squares m ethod already described. T he values 

thus calculated are given in the second and  th ird  colum ns of T ab le  X IV ; the m ean 

value of y? is 0*75 X 10-6 and  it will be seen by com parison w ith T ab le  IV  th a t this is 

identical w ith the value derived from  the prelim inary  calculation a t the same tem 

perature. Adjusted values of K  to suit this m ean value of y? were then  derived for each 

rad ia tion  and  these are given in the fourth  colum n of T ab le  X IV . T he values o f re 

fractivity in A ugust 1935 corresponding to the m ean tem pera tu re  and  pressure of the 

A pril 1937 series were then  calculated by m ultiplying the adjusted values of K  by the 

factor
/>(1 +  0*75p  X 10~6) /( l  +0-00366D ).

Putting/? — 760*232 m m . and  t — 29*440° C, the value of this factor is 686*657.

T he forty observed values of refractivity obtained  in A pril 1937 are given in T able X V , 

together w ith the m ean values for each rad iation  a t the m ean conditions of 29*440° C 

and  760*232 m m . T he righ t-hand  colum n of T able  X V  shows the changes in refractivity 

for each rad iation  over the period concerned, from which the average change for all 

wave-lengths is seen to be 0*012 x 10~6. This is no m ore than  the possible experim ental 

error of the com parison, and  is sim ilar in m agnitude to th a t established from the 

in ternal evidence of T able  V III .

V o l . C C X X X V III. A. 8
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58 H. BARRELL AND J . E. SEARS ON TH E REFR A C TIO N  AND

T a b l e  X I V .  R e s u l t s  o f  A u g u s t  1 9 3 5

K  x  106 ( r a - l ) 106

ffrom  observ a tio n s K  x  106 t =  29-440° C

R a d ia tio n a t  30-552° C) t ,  x  10s (ad ju sted ) p  — 760-232 m m .

A, 0-383,370 0-66 0-383,332 263-218

a 2 0-384,242 1-09 0-384,312 263-891

Az 0-385,284 1-03 0-385,344 264-599

a 4 0-386,591 0-67 0-386,545 265-424

a 5 0-387,776 0-34 0-387,686 266-207

a 6 0-388,290 0-34 0-388,189 266-553

a 7 0-389,085 1-20 0-389,178 267-232

A8 0-389,767 0-86 0-389,782 267-647

M ea n 0-75 266-596

T a b l e  X V .  R e s u l t s  o f  A p r i l  1 9 3 7

( n - l ) 106 M e a n  A u g u st 1 9 3 5 -

(n — 1) 106 A p ril 1937

R a d ia  29-446° C 29-448° C 29-438° G 29-436° C 29-432° C 29-440° C  ( n - 1)106

tio n 760-596 m m . 760-009 m m . 760-146 m m . 760-164 m m . 760-243 m m . 760-232 m m .

A, 263-350 3-095 3-159 3-156 3-184 263-189 + 0 -0 2 9

a 2 264-008 3-796 3-877 3-878 3-907 263-893 -  0-002

a 3 264-803 4-500 4-587 4-617 4-641 264-630 -0 - 0 3 1

a 4 265-603 5-332 5-412 5-416 5-432 266-439 - 0 - 0 1 5

a 5 266-290 6-044 6-153 6-173 6-199 266-172 + 0 -0 3 5

a 6 266-663 6-422 6-495 6-504 6-513 266-519 + 0 -0 3 4

a 7 267-365 7-078 7-156 7-171 7-212 267-196 + 0 -0 3 6

A8 267-796 7-504 7-606 7-624 7-668 267-640 + 0 -0 0 7

M ea n 266-585 + 0 -0 1 2

A dditional confirm ation of the insensitivity of the  refractiv ity  o f a ir to solar activ ity  

is provided by the good agreem ent o f results ob tained  a t the N ationa l Physical L ab o ra 

tory  in  the period 1931-7 (cf. T ab le  X I I I ) ,  especially as this period  approx im ate ly  

coincided w ith  the  transition  from  m in im um  to m axim um  activity.

A ccording to T ilton  (1934), the value of the refractiv ity  for the line in  any given 

year can  be estim ated to an  accuracy  of ± 0 -5  X 10~6 from  the equation

(nD-1) 106 =  293-22 — 0-0148

w here R is the relative an n u al sunspot num ber. B ruiyier (1937) has given the  following 

values o f relative an n u al sunspot num bers for recen t y e a rs :

Y e ar R

1933 5-7 (M in im u m  fo r p re sen t cycle)

1934 8-7
1935 36-1
1936 79-7
1937 116-3 (P rov isional figure , B ru n n e r 1938)

O n  these bases the estim ated values o f (nD— l)  106 according to T ilton  a re :

Y e ar ( " 0 - 1 ) 1 0 6

1935 292-7

1936 292-0

1937 291-5
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DISPERSION OF A IR  FO R  TH E VISIBLE SPECTRUM 59

I f  T ilto n ’s suggestion were correct a change of m ore th an  1 p a rt in 106 of the value 

of nDshould therefore have been found betw een 1935 and  1937. T he m easured change

was only abou t 1 p a rt in  108 of the value of the m ean refractive index for the visible 

spectrum , and  w ithin  this lim it it can therefore be stated th a t no correlation betw een 

refractiv ity  of dry, C 0 2-free a ir and  sunspot activity  has been observed.

(e) Results fo r  water vapour. Lorenz (1880) has determ ined the value of the correction 

to be applied  to the refractive index of dry  a ir in order to ob tain  the refractive index of 

m oist air. I f  fis the vapour pressure in m m ., then, according to Lorenz, the correction 

for all colours is —0-000,041jf/760, which corresponds to a uniform  correction in the 

visible spectrum  of —0-054 x 10-6 per m m . of w ater vapour. This m ay be com pared 

w ith  the value of —0-0556 x 10-6 per m m . which has been calculated from  the results 

o f our investigations on m oist a ir in § 7 [ c ] .

T he only recorded determ ination  of the dispersion of w ater vapour th a t we have 

noticed is th a t due to G. and  M . C uthbertson  (1914), and  their results for steam  are 

expressed in the form  of a Sellm eier equation  th u s :

(n'0- 1 )  =  2-62707 X 1027/(10697 X 1027- r 2),

where (/Zq —1) is the refractivity  a t 0° C and 760 m m . In  deriving this expression, 

relating  to the conditions 0° C and  760 m m ., from  the results of observations on w ater 

vapour under actual experim ental conditions, C. and  M . C uthbertson  have m ade 

allowances for the departures of the vapour from  the A vogadro-A m pere law, so th a t 

their results m ay be com pared w ith those obtained  from our investigation of the 

refraction and dispersion of w ater vapour.

T he Sellm eier equation  above, w hen converted to a tw o-term  C auchy equation, 

becomes
( ^ o - l )  106 =  245-40 +  2-187 A~2, (8-1)

where A is the w ave-length in vacuo. T he in terpolation  equation  (7-3) determ ined

our experim ents w ith w ater vapour is

(”<■/—i ) i o 6 = ~0-3159 +  g '0<) f 6 3] / ( i + A 7 )
1 +  0-003661 f

I f  we p u t t =  0° C, f  —760 m m . and  /% — 32-9 x 10 6 per m m ., as calculated from the 

critical constants of w ater vapour by equation  (6-15), assum ing /% =  — £0, then

(no—1) 106 =  246-09 +  2-308 A-2. (8-2)

T he values of (ng— I) 106, for the eight radiations m entioned in T able  I, calculated 

from  equations (8-1) and (8-2) are com pared below in T able  X V I.

T he agreem ent both  for refractivity and dispersion is w ithin  the limits of reasonable 

expectations, taking into account th a t neither equation is considered to have a greater 

accuracy than  ± 1  p a rt in 500. Assuming an average vapour pressure of 10 mm. in

8 -2
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60 H. BARRELL AND J. E. SEARS ON TH E REFRA CTIO N  AND

atm ospheric air, the corrections of refractivity  to the dry  air condition as derived from  

equations (8T) and (8*2) differ by less th an  0*02 x  10-6.

T a b l e  X V I. C o m pa r is o n  o f  r e s u l t s  f o r  w a t e r  v a p o u r

(^-1)106

R a d ia tio n

C. a n d  M . 
C u th b e rtso n  

I
N .P .L .

I I
D ifferences

I I - I

Ar 250-7 261-6 +  0-9
a 2 251-7 252-8 +  1-1

a 3 252-7 253-8 4-1*1

a 4 253-8 255-0 4- 1*2

a 5 254-9 266-1 4- 1*2

a 6 255-4 256-6 4- 1*2
A7 256-3 257-6 4-1*3

a 8 266-9 268-2 4-1*3

M ea n  d ifference 4- 1-2

( f )  Optical determinations o f  fi. O pladen  (1927) has collected a series o f values of fi 

determ ined by different observers from  refractivity  m easurem ents on a ir over different 

ranges of pressure, and  as a m atter of interest they are quoted  in T ab le  X V II  for com 

parison w ith the value th a t has been determ ined from  this investigation. T hey  are 

arranged  in two sections according to the pressure range over which the values have been 

determ ined; the tem peratures to which the determ inations refer are also included, 

a lthough in two results it has not been possible to ascertain these from the original 

publications.

T a b l e  X V I I .  V a l u e s  o f /? x  106 d e t e r m in e d  b y  d i f f e r e n t  o b s e r v e r s  f r o m

R E F R A C T I V I T Y  M E A S U R E M E N T S  O N  A I R  

O v e r 1 a tm . U n d e r  1 a tm .

T em p . T em p .
O bservers ( ° C ) f i x  106 O bservers (° G) f i x  106

M asca rt (1877) 22 0-72 K aise r ( 1904) __ 0-95
C h ap p u is  a n d  R iv ie re  (1888) 21 0-68 Posejpal (1917) 16 3-57
P e rreau  (1896) 16 0-90 U n te rb u sch  (1924) — 1-67
O p la d e n  (1927) 17-6 0-62 P e ra rd  (1934) 0 -1 0 0 2-40

Z w etsch  (1923) 0 6-67

M ean  value 19 0-68 Sears a n d  B arre ll ( 1938) 21 0-72

As we have already m entioned, in § 6(d) ,  the determ ination  of /? from  refractivity  

m easurem ents dem ands extrem ely high precision in the work. W e believe th a t the high 

values recorded by other observers for the lower pressure range are p robably  due to 

the insufficient accuracy of their m easurem ents to afford reliable values o f /?. O u r 

value is appreciably  lower than  any w hich has so far been determ ined w ithin the lower 

pressure range, bu t is in fairly close agreem ent w ith the m ean value determ ined a t
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D ISPERSIO N  OF A IR  FO R  TH E VISIBLE SPECTRU M 61

higher pressures, w here a h igher experim ental accuracy  of de te rm ination  of/? is na tu ra lly  

a tta inab le . T hus, no evidence has been found in  favour o f Posejpal’s suggestion (1921) 

th a t /? varies inversely w ith  pressure for values o f the la tte r  below 4 atm .

(g) Temperature coefficient o f  refractivity. T he  p relim inary  reduction  of the results o

refractiv ity  yielded a value of a =0-003674 per 1° C. A very sim ilar result 

derived from  the final in te rpo la tion  equation  (5T2) by em ploying it to calculate  the 

refractivities o f a ir a t 760 m m . pressure and  a t tem pera tu res o f 12 and  31° C, w hich 

are  closely the  lim iting tem pera tu res o f the  range investigated. I f  the  values o f re 

fractiv ity  thus calcu lated  are  denoted  by (-q — 1) and  (ra2— 1) respectively, then  the 

m ean  value of the tem p era tu re  coefficient a t a constan t pressure of 1 atm . w hich is 

effective over the range  12-31° C can  be calculated  from  the expression

(Wj — 1) (1 +  12a) --- («2 —1) (1 +  31a).

Since (nx — 1) 106 for =  279-255 and  {n2 — 1) 106 for Aj =  261-750, this leads to a value

of a =  0 003675. F rom  the determ inations m ade by C happuis (1907) w ith the constant 

pressure gas therm om eter, filled e ither w ith  a ir or n itrogen, the value of the tem 

p era tu re  coefficient o f expansion betw een 0 and  40° C, and  a t 760 m m . pressure, is 

found to be 0 003672. T he  sam e value m ay also be derived from  the 0 and  50° C 

isotherm als for a ir a t 760 m m . pressure determ ined by H olborn  and  Schultze (1915).

I t  was m entioned in the in troduction  th a t previous determ inations of the tem 

p era tu re  coefficient of refractiv ity  have yielded values rang ing  from  0-00311 to 0-00382. 

A m ong recen t determ inations, th a t of M eggers and  Peters gave a value of the coeffi

cient betw een 0 and  30° C w hich varies w ith  w ave-length, the average value for the 

visible spectrum  being 0-003694, whereas th a t o f Perard  gave a value of 0-003716 for 

the range of tem pera tu re  from  0 to 100° C. As w ith determ inations of/?, small variations 

in  the m agnitude and  d istribution  of experim ental errors in the refractiv ity  m easure

m ents m ay lead to relatively large variations in  the derived value of the tem pera tu re  

coefficient. W e consider th a t the high values of tem pera tu re  coefficient obtained  by 

M eggers and  Peters and  by Perard  m ay be due to this cause. I f  we accept as a criterion 

of the accuracy a tta ined  by a p a rticu la r observer (or observers) the p robable  m agnitude 

of the difference betw een a single observed value of refractive index and  the value 

ob tained  from  an  in terpo la tion  equation  derived from all the observations, then 

the  accuracy achieved by M eggers and  Peters is ±0 -33  x 10~6, and  by Perard  is 

± 0 -2 0  x 10-6, com pared w ith  ± 0 -0 1 5 x 10~6 which has been com puted for the present 

investigation in the discussion based on T ab le  V I I I  in § 5 T he present investigation 

leads to the closest agreem ent betw een the values o f the coefficient o f expansion of air 

a t constant pressure determ ined from refractivity  m easurem ents and from  the gas 

therm om eter.
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10. S u m m a r y

T he refraction and dispersion of dry, C 0 2-free a ir in the visible spectrum  has been 

investigated, a t tem peratures betw een 1 2  and  3 1 °  C and  a t pressures betw een 1 0 0  

and 8 0 0  m m . of m ercury, by m eans of an  interference refractom eter w hich employs 

Brewster’s fringes produced by two 67 cm. Fabry-Pero t etalons. T he results are used 

to provide a general in terpolation  equation from which definitive values of the re 

fractive index mgy be calcu la ted ; the m agnitude of the probable difference betw een a 

single observed value of refractive index and  the value calculated from  the equation  

is ± 0 *0 1 5 x 1CT6. T he form of this equation, being derived from  considerations based 

on the Lorenz-Lorentz relation betw een refractive index and  density o f transparen t 

m edia and  on D. B erthelot’s representation of the characteristic behaviour o f gases a t 

low pressures, enables interesting com parisons to be m ade betw een the results of 

refractivity and compressibility m easurem ents on a ir regarding  the departu re  o f the 

gas from  A vogadro’s law.

T he effect of hum idity  on the refraction of atm ospheric air has been determ ined from  

refractivity m easurem ents on moist, C 0 2-free a ir containing know n am ounts of u n 

saturated  vapour.

No evidence has been found in favour of T ilto n ’s suggested relationship betw een 

the refractivity of air and  sunspot activity.
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