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have a conformal dimension proportional to the central charge and are pure states of the
theory, dual to asymptotically AdSs x S® regular geometries. Deviation from AdS3 x S3
is parametrised by a scale p and is related to the conformal dimension of the dual heavy
operator. In the HHLL case, we work at leading order in p and derive the CFT data
relevant to the bootstrap relations in the Regge limit. Specifically, we show that the
minimal solution to these equations relevant for the conical defect geometries is different
to the solution implied by the microstate geometries dual to pure states.
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1 Introduction

The domain of high-energy, large impact parameter scattering provides an interesting lab-
oratory in which to analyse different gravitational theories in a quantitative way. In this
regime, often called the Regge limit, the 2 — 2 interaction can be analysed using the
eikonal approximation. In the context of perturbative string theory, the study was initi-
ated in [1, 2] where a stringy eikonal operator was derived from four-point amplitudes (at
tree and loop level) with external massless states. A complementary geometric description
of the same process is in terms of a particle propagating in a shock wave background,
representing the other (highly boosted) particle [3]. The same eikonal problem was studied
in the setting of AdS/CFT, starting from [4-6]: in this case the observables playing the
role of the four-point amplitudes are CF'T four-point correlators of primary operators in
a particular kinematic limit. The Regge regime of holographic four-point correlators was
further studied from different points of view in [7-12].

A slightly different setup is to consider a fixed-target experiment in which a highly
energetic particle scatters off a classical object whose mass is much larger than the energy
of the incident test particle. A black hole is a prototypical example of such a heavy object.
An interesting possibility, one that arises when considering a UV complete theory of gravity,



is to consider a specific heavy pure state in place of the black hole. For instance, in the
context of flat space type II string theories, the target can be represented by a stack of
N Dp-branes [13] and the Regge limit defined in a similar fashion to that of light 2 — 2
scattering. A detailed comparison can then be made between the eikonal obtained from
an amplitude approach and the dynamics of an energetic string probe propagating in the
geometry produced by the Dp-branes. In the AdS/CFT setup, the fixed-target version of
the Regge limit was first studied in [14, 15], with the bulk heavy object represented by
an asymptotically AdS4y1 black hole — or for d = 2, a conical defect. On the CFT side,
the heavy object is described by a state whose conformal dimension (A) scales with the
central charge ¢ of the CFT. The key observable in this case is a four-point CFT correlator
involving two heavy and two light states (in the latter states, the A do not depend on c).
This type of mixed heavy-light four-point correlator is usually dubbed HHLL. The analysis
of [14, 15] shows explicitly that in order to reproduce the result of the bulk calculation in
the presence of a black hole, it is sufficient to characterise the heavy state by its couplings
with the stress tensor and its multi-particle (“multi-trace”) versions.

The main aim of this paper is to apply the analysis of [14, 15] to a heavy target
that is an explicit pure state of large conformal dimension and to observe if and how the
CF'T data relevant for the eikonal depends on the choice of this pure state. Arguably the
simplest setup that facilitates this aim is provided by the AdS3/CFTs duality relevant for
the D1-D5 CFT describing the prototypical example of a black hole in string theory —
the Strominger-Vafa black hole [16]. The related bulk description is given by type IIB
string theory compactified on AdS3 x S® x M, with M being either 7% or K3. The dual
description is in terms of an N' = (4,4) superconformal theory with SU(2); x SU(2)g
R-symmetry. In the original paper on the AdS/CFT conjecture [17], this duality was
derived from consideration of the decoupling limit of a stack of my DIl-branes and ns
D5-branes, yielding the above mentioned SCFT with central charge ¢ = 6/N. A long-
standing effort to construct the gravitational duals of pure heavy states in this theory has
led to the discovery of large classes of horizon-less “microstate geometries” having the same
asymptotic structure as the black hole, but with different infrared behaviours encoding
microscopic details of the states (see for instance [18-21] and [22] for a recent review).
Despite these families of solutions not covering the whole ensemble of the Strominger-Vafa
black hole, they do provide an explicit semi-classical mechanism with which to replace the
naive horizon with microscopic structure consistent with unitarity [23, 24]. Here we will
consider for heavy states, specific 1/2-BPS chiral primary operators (CPO) and 1/4-BPS
operators. These states are atypical in the statistical ensemble of states of fixed conserved
quantum numbers; however, the advantage is that a precise dual description in terms of
asymptotically AdS3 x S% x M microstate geometries is known [20, 21, 25, 26].

The heavy states Op we consider are multi-particle operators composed of a large
number N, of mutually BPS light operators Op. For reasons of simplicity, we take all
constituents of the Op to be identical — that is Oy ~ (’)]LVI’ (hence their very atypical
nature). In order to have a heavy state, in the sense introduced above, it is necessary to
keep the ratio Ny/N finite when taking the large ¢ = 6N limit. Even in this HHLL setup,



Ny/N is a free parameter and so following [14, 15], we can take a perturbative approach
and extract the eikonal order by order in N;/N. Such an approach is well-adapted for the
calculation of the HHLL correlators! and several explicit examples are known [29-33]. We
study the OPE decomposition of such correlators in the channel describing the fusion of
a heavy and light state, producing an intermediate excited heavy state — this we call the
“cross channel”. Similarly to the case of standard LLLL correlators [5], the anomalous
dimensions of these heavy excited states are directly related to the eikonal operator [14].
Likewise, the analytic bootstrap approach to the Regge regime can be adapted from the
light [12] to the heavy case, and a systematic perturbative approach in N, /N set up [15].

This paper focuses solely on the first order in N,/N, at which the eikonal in the HHLL
regime is derived for atypical heavy states of the type mentioned above. Despite similarities
between the conical defect and the effective 3D geometries describing the heavy pure states,
the resulting eikonals are different already at this order. We show that results obtained from
CFT correlators are in perfect agreement with the eikonal derived by studying geodesics in
the dual microstate geometry — the properties of geodesics in microstate geometries have
been studied from various perspectives also in [34-39]. By following [12, 15] we study the
relevant bootstrap relation and show that it is satisfied by a different set of CFT data than
in the conical defect case [14]. In both situations the “direct channel” — in which the two
light operators are fused together — contains the contribution of the Virasoro block of the
identity, but dressed by a different set of double-trace operators. In fact, generic conical
defect geometries are not dual to pure states and it would be interesting to understand
whether the CFT data extracted from them are fully consistent solutions of the bootstrap
relation. As an aside, let us highlight that setting N, = 1 in the HHLL correlators described
above, as done in [40-42], reproduces the correlators of all light states in AdS3 x S [41, 43],
despite the two regimes being not obviously connected. We analyse the Regge conformal
bootstrap also in this regime, providing an explicit AdS3/CFTy example of the analysis
in [11, 12] and showing that the information obtained in the Regge regime can be used to
fix some CFT data for spin-2 operators that was left undetermined in [40].

We conclude the introduction with an outline of the structure of this paper. In section 2
we summarise the background material useful for deriving the eikonal in the geometric ap-
proach — by calculating an appropriate geodesic — and in the holographic CFT language,
where one employs the four-point correlators. In section 3 we review and further analyse
the result of [14] where the heavy states represent the conical defect AdSs geometries. In
section 4 we consider a simple, yet non-trivial, class of 1/2-BPS states. We also discuss in
this explicit example how the Regge limit involving the HHLL correlator and the purely
light case differ; showing why the conformal data obtained in the two cases are not the
same. In section 5 we apply the same approach to a class of 1/4-BPS states. A summary
of our results and their possible extensions are outlined in the concluding section 6. The
appendices give details on the computations of integrals necessary in the CF'T analysis of
the HHLL and LLLL correlators in sections 4 and 5.

'For finite values of Ny/N the calculation of the correlators in the 1/4-BPS states requires some approx-
imation: a WKB approach was used in [27, 28].



2 Background material

In this section we summarise basic material needed for the calculation of the eikonal phase
in the context of the AdS/CFT duality. While the approach is general, we are particularly
interested in the case relevant to the decoupling limit of a D1-D5 brane system, and so our
equations will be specialised to the AdS3/CFT5 duality. We first provide a short discussion
of the geodesic problem relevant to the semiclassical bulk calculation and then summarise
the technology that can be used to derive the eikonal from CF'T four-point correlators.

2.1 The Regge limit in the AdS;3; description

In the gravitational picture, we will focus on 3D geometries that arise from the dimensional
reduction of asymptotically AdS3 x S? solutions that are holographically dual to known
CFTy heavy operators. We will need to consider the time delay and angular shift accrued
by a null geodesic — approximating the high energy light probe — that begins and ends
on the AdS boundary. As usual, by an appropriate choice of the affine parameter 7, the
equations for a null geodesic can be derived from the action?

1 dzt dx¥
= - — G - 2.1
5 /dT2 dr dr I (2.1)

We will focus on geometries with two Killing vectors; these are associated to the coordinates
that, at the boundary, are identified with the temporal (¢) and spatial (y) directions of the
CFT. Thus, the momenta p,,

58 . .
Pu= 5o = It with  pu=t,y (2.2)

TH
are conserved along the worldline (as usual a dot signifies a derivative with respect to 7).
From these, the phase shift can be defined as

o(p) = —p-Ax = —p; At — p, Ay, (2.3)

where Ax denotes the variation of the boundary coordinate x between the two ends of
the geodesic. The geometries we consider can be written in a coordinate system where the
metric is block-diagonal, i.e. the mixed components involving the radial direction and %,y
vanish. Then, the condition for a null geodesic @#g,,#” = 0 can be rewritten in terms of
the conserved quantities as follows

2 Gyy — 289ty + B2gu

grr'flz =D 2 (24)
Gty — GitGyy
where [ is related to the impact parameter of the geodesic
p
==, (2.5)

Dbt

2We use the mostly plus convention for the metric throughout.



Other commonly used parameters are s and L, defined by?

\pt|:i cosh L , py:isinhL = tanhL =0, (2.6)
Ry Ry
where R, is the radius of the CFT spatial direction y. The radial turning point rq is given
by the largest real solution of the equation 7 = 0 and so is derived by setting eq. (2.4) to
zero. The time-delay At and angular shift Ay are then given by

At—2/ dr -, Ay—2/ dry,. (2.7)
) r ) r

By using (2.4) and the conserved quantities (2.2), the eikonal can be written in terms of
the following integral

[e] t g 00 -9 2
s=2nl [ ar 2 dr\ﬁgrr\/gyy Do+ 00— (g
70 To

T Q?y — GttGyy

2.2 The Regge limit in the CFT> description

In the CFT picture, the eikonal is derived from four-point correlators containing two pairs
of conjugate operators with dimensions h; and hg

(O1(21,21)O1(22, 22) O2(z3, 23) O2 (24, 24)) = ZfQQhIZp;;QhQZfQQEIZ:;;ZBQ G(z2), (2.9)

where G is a function only of the conformal cross-ratios

214223 _ 2147923
z = 9 2= ——O bl
213224 213224

(2.10)

and z;; = z; — z;. Upon fixing the positions of three operator insertions to z; = 0, 22 = 00
and z3 = 1 using conformal symmetry, this correlator can be written as

O(z,2) = (01]05(1)0s(2,2)|01) = (1 — 2)~212(1 — 2)2h2 G(2, 7) , (2.11)

where z4 = z and (O] = lim, . 2%"(0|O(z) is the BPZ conjugate state. The conformally
invariant function G(z, z) can be expanded in a basis of global conformal blocks, either in
the direct channel (z — 1)

O, 0,

01 Ol

3Note that p; is negative for future-pointing geodesics.



or in the cross channel (z — 0)

OQ (92

01 @1

These two different expansions of C(z,Z) can be written as a sum over quasi-primary
exchanges

_ 011(9’0@'22 0,0 _ 01200(521 hi2,h12 =
C2) = 2 T ey — gy a1 51 =8 = 2 Gt il 2)

(2.12)
where h;; = h; — h; and the global conformal blocks, which resum the contributions of a
quasi-primary with conformal dimensions h and h along with its infinite tower of global
descendants, are given by

(z,2) = 22"y Py (h —a,h —a;2h; z) o F1 (ﬁ —a,h —a;2h; Z) ) (2.13)

a,a

9n.h
Notice that z and z are related by complex conjugation only in Euclidean space; despite
this we will keep the same notation also when considering the analytic continuation to the
Regge Minkowskian sheet.

We will be focusing on a holographic CFT9 in the gravity regime, i.e. at large values
of the central charge ¢ = 6N and at strong coupling. The spectrum then contains a set of
operators dual to the single-trace supergravity modes, while the stringy states decouple.
These single-trace operators are light since their dimensions are of order one (as ¢ — o0)
and can be used to construct multi-trace operators. For instance, by using two single-
particle operators O; and O;, one can construct a family of quasi-primary double-trace
operators that we write schematically as

Oij = Oz 8m5m(’)3 N (214)

These operators are labelled by the non-negative integers m, m and have conformal dimen-
sions of the form

1 o 1
h=hithj+m+ oymm s h=hi+hj Mt SYmm, (2.15)

where 7, » are the anomalous dimensions that are generically present when O;; is not
globally BPS — even if the two single-particle constituents are individually protected. In
the supergravity limit, the anomalous dimensions are suppressed in 1/N and so are small
when compared to the leading contribution in (2.15): this is the starting point for the
usual perturbative approach discussed below.* In the following we will often denote by

4 An important detail here is that there is a degeneracy in the leading order spectrum which is (partially)
lifted by the first order anomalous dimensions. We will not study how this lifting works and, with an abuse
of notation, will use v to indicate the average anomalous dimension of a set of degenerate operators that
appear in the OPE decomposition as discussed below.



(= ‘h - 71‘ = |m — m/| the spin of the operator O;;, while the number of boxes (99) is
given by min(m,m).

We will need another class of multi-trace operators made from a large number N, ~ N
of identical single-particle states, Oy ~ Oiv”. These operators are “heavy”, since their
dimensions are of order ¢, and are dual to known asymptotically AdS3 x S® geometries.
From the CF'T point of view they behave as standard local operators; however, in order to
highlight the effect of their large dimension in our correlators we will use upper case letters
for the relevant quantum numbers. Thus, H; and J; will indicate the conformal weight and
U(1) € SU(2)1, R-charge (for notational simplicity we focus on the holomorphic part, but of
course the discussion equally holds for the anti-holomorphic sector). In order to disentangle
the Virasoro and U(1) parts, it is convenient to introduce the “reduced” dimension of a
heavy operator Q;, in which the Sugawara U(1) contribution is subtracted to give

2
o _ Ji
H, :Hi—ﬁl. (2.16)
The class of heavy operators that we will consider has
1 N
Hi=N,(n+=), Ji=22, (2.17)
2 2
with n a non-negative integer, and thus a reduced dimension of
1 N
HY =N L 2.1
i P\" T3 N (2.18)

These heavy CF'T states can be seen as part of an ensemble describing a black hole —
or more generally, a singular geometry such as a conical defect. The reduced conformal
dimension is related to the mass p of the underlying black hole by the relation

/ 0]
Y R < I S PR\ 1N
Vi-p=a=1/1 ; _\/1 ¥ <n+2 4N>, (2.19)

where the central charge ¢ = 6N was used. In this work we focus on the limit of small

Ny/N where one has
B 1\ N Ny\°

To facilitate comparison with the literature, we will use u as our expansion parameter in

everything that follows.

Let us now go back to the analysis of the four-point correlator (2.11): in the HHLL
case we will take O to be the heavy state and Oy to be the light state, making the sets
{O} and {O'} — involved in the bootstrap relations (2.12) — qualitatively different. The
dominant contribution in the direct channel is from the identity, on top of which there
are single and double-trace light operators; whilst in the cross channel there will be no
single-trace exchanges, but a tower of double-trace operators {O12} — again of the type in



eq. (2.14), but involving a heavy and a light state. Heavy-light double-traces of this type,
which we will also refer to by Opr,, have dimensions

1 o 1
H=H+h+m+Tnm, H=H+h+m+ Lo (2.21)

Here the I',, 7 are enhanced by a factor of NV, with respect to the anomalous dimensions
appearing in (2.15). Hence, the perturbative expansion of such heavy quantities will be
in terms of p ~ Np/N (2.20). Intuitively one can think of v, as the binding energy
between the two single particle constituents and I';, 7 accounting for the interaction of
Os with all constituents of the heavy operator (O;. This picture holds only at first order
in the ratio Ny/N, since in general the binding energies for the heavy/light bound states
depend non-linearly on this ratio — see for instance (4.33). In this paper we will stick to
this approximation and work at first order in N/N.

The strategy for analysing the HHLL correlators will be to expand the supergravity
result at leading order in 1 ~ Np/N and to read off the CFT data relevant for eq. (2.12).
In this approximation we can use, for the operators entering in the cross channel, the
expansions

Lo = :u’rgrlz,)ﬁz +p’ Pg,)m +-

an%m = Cijo,,;Co,ij = C(g) (m,m) (1 + ;LC'(%) (m,m) + p C'(%)(m, m)+-- ) . (2.22)

At zeroth order in p, only the identity contributes to the direct channel and the bootstrap
constraint (2.12) reads

C(z, 2)|u0 =(1- Z)_2h2(1 _ 2)—2712 — Z—(H1+h2)2—(ﬁ1+7l2) Z C(S)(m,m) 9571[2?,[112(2, 2)|#0 7
{012}

(2.23)
where Hyo = Hy — ho, His = Hy — ho. The generalised free field OPE coefficients C(g) are
known [44]

F(2H1 + m)F(2h2 + m)F(2H1 + 2hy +m — 1)
m!T(2H, )L (2he)T(2H] + 2hy 4 2m — 1)
['(2H, 4+ m)T(2hy + m)T(2H; + 2hy +m — 1)

m!T(2H )T (2he)T(2H; + 2hg + 2m — 1)

Coy(msm) = (2.24)

The same strategy can be used to analyse correlators in which all external operators are
light [12], and in this case the expansion parameter is simply the inverse of the central
charge, parametrised by N~!. In our case the associated CFT data can then be expanded as
1 1
= N’Ym,)m_‘_ m%(n,)mﬂL”'
1 1

cg%m = Cij0,;COjij = 0(20) (m,m) <1 + N cfl)(m, m) + N2 0(22) (m,m) + -- ) . (2.25)

with 0(20) (m,m) the leading order OPE coefficients.



Looking now to the cross channel decomposition in (2.12) for the HHLL correlator at
order u, we have

C(z,2)| _ z—(HH-hz) 2—(1_{1-&-712) Z 2 H12’H12(z,2) _ (2.26)

1 mm Iy 7 i
{012}

On the right-hand side, the p dependence is in both the OPE coefficients and the blocks
(due to the anomalous dimensions). One difficulty in solving this constraint is that the
first order corrections to both the OPE coefficients and the conformal dimensions appear
as unknowns. In order to decouple their contributions and to make a connection to the
classical bulk scattering of section 2.1, we consider (2.26) in the Regge limit. This limit
involves analytically continuing around the origin one of the cross-ratios — chosen to be z
— to a second sheet, and then sending both z and z to 1:

2z — e 2

Tz followed by 2,z —1. (2.27)
It is helpful to parametrise the cross-ratios on the second sheet by o and 7, with

z=1—-0, Z=1—-0n, (2.28)

so that the Regge limit corresponds to sending o — 0 whilst keeping 7 fixed. The order p
crossing equations (2.26) in the Regge limit then read

_ _—(Hi+ha) 5—(H1+h2) 2 —omi(H—Hi—hy)  Hiz, H -
Co, =z~ Hitha) z=(Hitha) A= 02 e he) g 12(z,z)u (2.29)
{012}
_ Z—(H1+h2) 5—(1?1-&-712)
> 1 1 . H _
X Z OC’(S) [C’(f) + 51“5”@(— 27mi 4 (O, + am)>] gg};}’Hu(«Z» Z) o ,

where the imaginary contribution follows from the factor of 2z in the global blocks (2.13).
Selecting then the imaginary part of the above equation extracts a term proportional to
the anomalous dimension and with no dependence on C’(%):

Im Ct |, = —mz~ ) z=(the) N™G8 (m,m) T, gpp ' ™12 (2, 2) o (230)
m,m=0

The direct channel expansion (2.12) includes the contribution of the “universal” sec-
tor consisting of: the identity, stress tensor and R-symmetry currents. These operators
and their descendants contribute a universal part to the correlator, in the sense that it is
completely determined by the symmetry algebra of the CFT — depending only on the di-
mensions Hy, ho, and U(1) charges J1, j2 of O1(c0) and Oz(z). This universal contribution
is given (for N large and fixed N;/N) by the product V = Vy V4 of the “reduced” Virasoro
block of the identity [45, 46]

Vv(z):th(“_l)( a )2h2 (2.31)

11—z«



and the affine U(1) block .

Va(z) = 2 %2 (2.32)
(times the corresponding anti-holomorphic counterparts). On top of this “universal” sector,
the direct channel contains a family of light double-trace operators {O22} of the form (2.14)
with ¢ = j = 2. The leading-order OPE coefficients c(%) of the double-trace operators in
the direct channel are proportional to IV, while the expansion parameter of the CFT data
is N~1 (see (2.25)), so at the first subleading order one reconstructs N,/N ~ u necessary
to match the scaling of the cross channel (2.29). The analysis in the direct channel is then
essentially the same for the HHLL and the LLLL correlators: in both cases only single-
trace or double-trace operators composed of two light constituents are exchanged, while
all other multi-trace operators are suppressed in the large N limit. In the LLLL case, it
is then sufficient to simply set N, = 1. The perturbative expansion of the direct channel
decomposition in (2.12) then reads

O(2,2) = V(V(E) + 3 cfofm,m) (1 = 2)"(1 = 2)™ Fu(2) F(2) (2.33)

~

£ (=21 =)™ [(m, ) (Fun(2) P (2) + Fun(2) Fin(2))
+ (c(l)(m, m) 4 §(m,m)log|1 — 2]2) Fm(z)Fm(E)] +...,

where the F’s indicate the conformal block with h = m + 2hy, h = m + 2hy and its
derivatives

Fn(2) = o F1(m + 2hg, m + 2hg; 2m + 4hg; 1 — 2) . Fp(2) = 0 Fin(2) - (2.34)

Since in the direct channel it is possible to have a vanishing average of the leading order
OPE coefficients c(%), we have introduced the quantity 6 = <c([2))7(1)> which is generically
not equal to the product of the averages of c(%) and ’y(l).

Due to the branch cut along (—oo, 0] of the hypergeometric function o Fy (h, h;2h;1—2),
present in the blocks 92:%, the direct channel correlator will transform non-trivially upon
moving to the second sheet relevant for the Regge limit. Using the analytic continuation
across the branch cut yields

T(2h
2Py (hy by 201 — 2) S o Fy (b by 2hs 1 — 2) + 2mi ng 2Py (h byl 2) . (2.35)

Focusing on the imaginary part, the leading behaviour of a single direct channel global
block in the o — 0 limit is then

T(2h) T(2h — 1
gop(1—21-2)| ~2ri (2h)1(2A — 1)

ht=hth 2.36
. 20 n'o ; (2.36)

showing that operators with h — h large (i.e. large spin states) dominate. In particular,
the spin-1 R-charge contribution, i.e. the U(1) affine block in (2.32), is subdominant with
respect to the Virasoro block (2.31), which originates from the exchange of the stress-
tensor. In our explicit examples we will see two different patterns. A first possibility is

~10 -



that operators with at most spin two are exchanged in the direct channel, such as the
stress-tensor and the double-trace operators with m = m + 2. In this case, the analytic
continuation to the Regge regime can be performed block by block, using (2.36) at leading
order. Another possibility is to have contributions in the direct channel with unbounded
spin: it is then necessary to first resum the terms with m > m + 2 and to perform the
Regge analytic continuation on the result. We will later show how this is done in an explicit
example (see section 4.3 from (4.44) onwards). In both cases, this direct channel analysis
reproduces the Regge behaviour, i.e. the imaginary part of the correlator scales as o—2/2~1
in the 0 — 0 limit — the extra factor of —1 in the exponent is typical of the exchange of
a spin-2 state, identified holographically with the graviton.

By matching the O(p) cross channel expansion on the r.h.s. of (2.30) with the imagi-
nary part of the correlator after having taken the Regge limit, one can extract the anoma-

lous dimensions I’(l)

m.m for operators with m,m > 1 — those dominating in the Regge

regime. At this stage, a number of simplifying approximations can be made for both the
OPE coefficients C(g) and the conformal blocks gg’%’H”
different for the HHLL and LLLL cases.

HHLL correlators have Hy > ho,m,m: in this limit the OPE coefficients (2.24) sim-
plify to

(z,Z); these approximations are

. T'(2hy +m) T (2hy + m)
C2 ~ _
0 ()~ T 2ha) T (2ha)

(2.37)

and for m,m > 1, relevant in the Regge limit, this further reduces to

m2h2—1,7,2ha~1
Ci(m,m)~ ———————— . 2.38
) M)~ R T 2hy) (2:38)
The hypergeometric functions in the cross channel conformal blocks (2.13) can also be
approximated in the limit Hy > hy, m,m by

Fy(H — Hyio, H — Hy5:2H: 2) = k1 1/H 2.
211 ( 12, 12; 2H; 2) Z H(2H), z + O(1/Hy), (2.39)

(H — Hi2)}?
k=0

where we used the series representation of the hypergeometric function and the approxi-
mations H =~ Hj, which follows from (2.21), and Hio = Hy — hy &~ H;. Implementing these
approximations in the Regge crossing equation (2.30) gives

I Co [~ —m > G (m,m) T, 2™ (2.40)

For LLLL correlators, the cross channel decomposition in the Regge limit is identical
to (2.30) with C((Q]) — c(%), Fg)m — ’y,(,}b’)m, gﬁ%H” — gZ}I—i’h” and H; — hi, where the
conformal dimension hy is of order 1 in the large ¢ limit. In this regime, the Regge limit
allows for an approximation to the conformal blocks in terms of modified Bessel functions
of the second kind — since again, double-trace operators with large m,m dominate in the

cross channel. Thus, considering h,h > 1 with 2 = hy/1 — 2z finite, the holomorphic part
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of the conformal blocks (2.13) approximates to [12]

[h
Moy (h— hig b — hig; 2h; 2) ~ 2 [ = (1= )2 Koy, (21— 2) = Kz (2.41)

giving the full conformal block as

hi2,h12 _ 1~ h hi2 (=
g™ R KRR () (2) - (2.42)

We recall that the HHLL correlator at first order in N,/N and the LLLL correlator (which
has N, = 1) at first order in 1/N are identical. Despite this fact, the approximations to
the conformal blocks and the OPE coeflicients that are appropriate in the two regimes are

different: for the conformal blocks one should use (2.39) in the HHLL regime and (2.41)

(1)

in the LLLL one. For this reason the anomalous dimensions ')\ and Ym.m that one

m,m
derives in the two cases are different. This fact will be illustrated in a specific example in
section 4.3.

)

Both anomalous dimensions Ff}hm and 7(1)

m.m for large values of m,m are linked to the

O(u) phase shift 6 computed on the gravity side by identical relations [5, 11]

5 s
T~ =2, A~ -2 for mom>1, (2.43)
k] T 3 T
where the CFT variables m,m are mapped to the momenta p;,p, — of which W is a

function — by

m—1m

Rylpll=m+m, Rypy=m-m = [=-— (2.44)

m+m
3 The example of the conical defect geometry

In order to make a connection with the AdSs conical defect geometry analysed in [14], we
consider a particularly simple microstate geometry, first introduced in [47, 48]. This 6D
geometry locally factorises into AdS3 x S? and for our purposes only the reduced 3D metric
is relevant, given by

L T dy’
r2 4+ Z—z Q1Q5 Q:1Qs 7’
where k& € N. The radius R, of the y coordinate is related to the D1, D5 charges Q1, Qs

and the parameter a by R, = 7VQ;Q5 With the periodic identification y ~ y + 27 R, , the
above geometry has a conical singularity of order k at » = 0. One could formally eliminate

(Q1Q5) 2ds}gs, = (3.1)

the conical singularity and map the metric (3.1) to global AdSs by the local diffeomorphism
r—rk~' t = tk, y — yk. However, since this diffeomorphism is non-vanishing at the
AdS boundary and is not globally defined due to the change in y periodicity it induces,
the geometry (3.1) and global AdSs are physically inequivalent.

The conical singularity has a natural description at the orbifold point of the dual D1-
D5 CFT: the heavy operator dual to the geometry (3.1) is made up of N/k copies of the
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twist operator of order k [18]. This description makes it evident that only the geometries
with integer k can be associated to states of the CFT. Nevertheless, in order to connect
with [14], in which geometries with real-valued defect angles were considered, one can
analytically continue k to take generic values in [1,00) and parametrise it as

%zdl—u =a, (3.2)

where p = 0 describes pure AdS. The bulk phase shift computed in the reduced 3D met-
ric (3.1) follows from the general formula (2.8):

a2\ ! 2
0k = 2aR, |pt]/ dr <’I“ +l<:2> \/1—f<r k:2> =7Ryk|p|(1—15]), (3.3)

with the radial turning point ro = %(872 — 1)~1/2 obtained by setting eq. (2.4) to zero.

It is noted that setting & — 1 here reproduces the phase shift in pure AdSs as expected.
Subtracting the AdS result from (3.3) gives the deviation due to the presence of the defect as

5= 6 — b1 = TRy Iprl (1 — |B]) (k1) . (3.4)

Using the analytic continuation (3.2), the phase shift can be expanded in small u allowing
for a CFT interpretation of the bulk result and comparison with [14]:

=By (1= 16D [(1 = 7 = 1] = aRy bl = 8 (et Sk ). e9)

We would like to understand if the bulk phase shift (3.5) captures the Regge limit
of some CFT correlator. For integer k£ this would be the four-point correlator between
the heavy state dual to the conical defect (3.1) and two light operators of fixed conformal
dimension (hp,hr). This four-point correlator has been computed in [29] by solving the
linearised wave equation describing small fluctuations of the light operator in the back-
ground (3.1) of the heavy operator. When the light operator is taken to be the chiral
primary operator O of dimension (hr,hz) = (1/2,1/2), the correlator in the NSNS

sector is
1/k 11— |z

1= 21— |2/F

Ofer = (3.6)
Another natural candidate for the light operator is O, with dimension (hr,hr) = (1,1).
This super-descendant of @' is obtained by acting on the chiral primary with one left-
moving and one right-moving supercharge. In the bulk, O has a simpler description
than O being dual to a minimally coupled scalar in the background described by the 6D
Einstein metric. The correlators C™* and CP° of the light operators O and O in a
1/2-BPS heavy state (such as the one dual to (3.1)) are related by a simple supersymmetric
Ward identity, which gives

~( 1/k  1—]z?
bos _ fer | __
Cp = 99 |Cf }_88<|1—z|21—z‘2/k . (3.7)

~13 -



To compare with the bulk phase shift computed in a conical defect geometry with real-
valued deficit angle, one can analytically continue the above correlators using the parametri-
sation (3.2) to get

a 1—1z)? - a 1—|z?
Clr = Ch* =00 . 3.8
o 0 (e )

After analytic continuation, C'* and CP° can no longer be interpreted as correlators of
a pure heavy state of the CFT. One possibility is that they represent correlators in an
ensemble of 1/2-BPS states with an average conformal dimension set by the parameter
a (2.19). This identification is consistent with the lightcone OPE limit z — 1 of the
correlators. As an example, CP° in this limit is given by [31]

a—1 2
bos zZ—1 ? a
Ca (-2 <1 - za> ’ (3.9)

which by comparison with (2.31), is the HHLL Virasoro identity block with light operators
of dimension hz, = 1 (multiplied by the prefactor from (2.11)).

We now study the Regge limit of this correlator and, to help the CF'T interpretation,
we also take the small pu expansion. Focusing on the first order in u, the imaginary part of
the Regge limit of C* obtained after performing the analytic continuation (2.27) reads

2 <1+3n+772>_ 21 <1—2n+5n2—9n4+...>
2 9

Im C*%| =~ -
2Ol n” g2 \ (1 +17)3 o'n o

(3.10)

where we used the parametrisation in (2.28) and kept only the leading term in o. The
overall factor of =472 comes from the prefactor (1 — z)~2h2(1 — z)~2h2 = g—2(hath2) p—2h>
in (2.11) with hg = hy = 1. By expanding the remaining part of the result in small 7 (as
done in the second equality of (3.10)) one can gain some insight on the CFT meaning of
the correlator 0305. Comparing each term of the small 7 expansion with the behaviour of
the blocks in the Regge limit (2.36), it is natural to interpret a contribution scaling like
o~ n" for n > 0 as being due to the exchange of primaries of weight (h,h) = (2+mn,n). In
particular, taking the Regge limit of the Virasoro block of the identity produces only the
first term in the small n expansion. As a consistency check of this interpretation, we can
compare the first few coefficients of the 7 expansion in (3.10) with those obtained in the
Euclidean OPE decomposition as z — 1 (given by (2.33) before the analytic continuation
needed for the Regge limit). From the first few terms in the Euclidean decomposition
one can see the following pattern emerging: both the leading order couplings 0(20)
the anomalous dimensions ¢ are trivial, while for the couplings at order p there are no

and

contributions of spin higher than two. For instance, one can easily obtain the following data

1 1 1
2 o 2 _ 2 _
C(l)(O,O) - 30 ) C(l)(17 1) - _210 ) C(l)(272) - 275 3 e (3 11)
1 1 1 )
2 _ 2 _ 2 _
C(l) (270) - 700 ° c(l) (37 1) 4410 ° C(l) (4) 2) 38808 7 77

and of course 0(21) (m,m+2)= 0(21) (m 4+ 2, m). The couplings of the states with spin 2 agree
with the expansion of the round parenthesis in (3.10) once the normalisation in (2.36) is
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taken into account. This can be checked by multiplying the results in (3.11) by the factor
present in (2.36): for m =2,3,4...

I'2m+4)I'(2m + 3) 2
T4(m + 2) 2 (1)

(m,m—2) = pu(-2,5,-9,...). (3.12)

We now analyse the cross channel interpretation of (3.10) using (2.40), which is domi-
nated by the double-trace operators of the form Oyd™0™ Oy, with large values of m and .
The anomalous dimensions ngﬂ are encoded in the phase shift (3.5), computed from the
analytically continued conical defect geometry. From (2.43) and the identifications (2.44),
one finds that

o~ min(m, m) , (3.13)

m,m

in agreement with [14] (see also eq. (6.4) of [49] which captures the large hy, hy limit of
eq. (4.32) of [50]). We can then resum the contributions of these double-trace operators
with (2.40) by approximating the sums with integrals and using (2.38) with hg = ho = 1

[e%e] m B o0 m B
=T {/ dm/ dmmm?zmz™ +/ dm/ dmm>*m zmzm}
" 0 0 0 0

) ) 1+ 3n+n2
— I , I s ) =2 T 9/4 . 2 3
”( 120(2,2) + [120(2,2) ) = 27 <a5n2(1 +1)3

Im C’L’(g

(3.14)

where in the second line we used the result (A.10) and reproduced the Regge be-
haviour (3.10), including all terms of order o~ 'n™ for n > 0. Thus, while the Virasoro
block of the identity alone does not provide a consistent solution to the bootstrap problem,
the “correlator” CP° does. The terms o~ 'n™ with n > 0 originate from the double-trace
primaries O;0*"9" O}, exchanged in the direct channel (z,z — 1).

The same analysis can be performed for the analytically-continued correlator with light
operator O given in (3.8). After the analytic continuation to the Regge region and the
small y expansion, the order p contribution is

™

Imofer | ~ -~
Ol a3n(1+n)

(3.15)

Of course, one can relate (3.15) and (3.10) directly by writing the Ward identity (3.7) in
the variables (o,7) adapted to the Regge limit

0=—0,+ gan, b= —éé’n = (8- gan) <;an> nCE| =TmCl| . (3.16)
For large values of m and m, the anomalous dimensions F%)m of the double-trace operators
contributing to the cross channel of C" are equal to the ones extracted from Cb°. This
agrees with the idea that the two light operators O and OP° are indistinguishable in the
Regge limit, both being represented by null geodesics in the 3D spacetime. The couplings
C’((Q)) change simply due to the dimension of the light external operator now being hy = 1/2:
using this value in (2.37), one obtains from the cross channel decomposition an integral with
the same structure as in (3.14) but involving Iy 1 o instead of I 2 9, which reproduces (3.15).
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Let us conclude this section with some comments. The analysis of [14] starts from the
HHLL Virasoro vacuum block in the direct channel, then from this input the CFT data in
the cross channel are derived. The contributions from double-trace operators Or0™m9™ Oy,
in the direct channel are added as a final step in order to satisfy crossing. Here we start
from C or Cb°% which already contain the exchanges of the operators Opd™d0™ Oy, and
provide directly a solution to the crossing constraint as discussed in this section. In spite
of this difference in starting point, the results for the anomalous dimensions in the Regge
limit — given in eq. (3.13) — of the double-trace operators Ogd™0™Oy, agree, implying
that we are finding the same solution to the crossing constraint as in [14]. We emphasise
that although CP° and C* satisfy the bootstrap relation, we know from the argument
given at the beginning of this section that they cannot represent correlators in pure states
for generic real values of «. This argument is based on the observation that the conical
defect geometry (3.1) has an allowed conical singularity only for integer k. It would be
interesting to understand if there are consistency requirements, detectable purely within
the CFT, that are violated by C2% and C* for generic values of a.

4 A class of two-charge microstate geometries

We now consider the phase shift in the context of the D1-D5 system. Firstly, we focus on the
simplest subset of heavy states; the 1/2-BPS heavy operators that are in correspondence
(via spectral flow of the CFT) with the Ramond-Ramond ground states of the theory.
Though the ensemble of these states does not give rise to a classical black hole with finite
horizon, it still represents a non-trivial ensemble with a macroscopically large entropy.
The simplest states in this ensemble are the duals of the conical defect geometries with
integer k, given in (3.1). On the CFT side those states are highly symmetric, being formed
from many identical copies of one elementary constituent (a twist operator of the orbifold
CFT) and this is reflected on the gravity side by the fact that the geometries are locally
isomorphic to AdSs x S3. It is interesting to extend the analysis to more generic states
that still allow for an analytic treatment. For instance, the (k,0,0) family of solutions has
tended to be a useful playground; these were first constructed in [20] and later provided
the seed for the construction of [21].

4.1 The bulk description

The (k,0,0) spacetimes cannot be factorised, even locally, into asymptotically AdSs and
asymptotically S? parts and thus have to be described in 6D. The full geometry is given,
for example, in eq. (3.11) of [25]. It is useful, for our purposes at least, to rewrite the 6D
Einstein metric in a “dimensionally reduced” form

ds§ = Vg datds” + Gag(da® + A%dat) (da’ + AJda") (4.1)

where z#, z¥ denote the AdS3 coordinates (r,t,y); =®,2° the S3 coordinates (6, ®,1)); A
are SO(4) gauge fields; and the metrics g, and G, reduce at large r to those of AdSs3
and S® respectively. In (4.1), V is a warping factor chosen in such a way to ensure that,
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when not dependant on the S® coordinates, 9w 1s the Einstein metric in 3D:

_ det Gaﬁ

V2= ,
det G&OB)

(4.2)

with Ggg being the large r limit of G,p which, as mentioned, is the round unit S metric
(multiplied by (Q1Q5)/?). While a reduction of the form (4.1) can always be written down,
in general the 3D reduced metric g, will depend on both the z# and z® coordinates at
finite 7. A simplification occurs for k£ = 1; in this case g,,, turns out to be z* independent
and thus can be thought of the Einstein metric of a 3D spacetime that is asymptotically,
but not locally, AdSs. For k = 1 one can thus reduce the 6D problem to a simpler 3D
one and in the following we will restrict to the (1,0,0) state to take advantage of this
simplification.

Before giving the full form of the (1,0,0) geometry, we clarify the set of parameters
on which it depends: these are the D1, D5 charges @)1, Q5; the radius of the CFT circle
R,; and two parameters a and b constrained by the relation

2 VP @QiQs _

a® + 5} 72 =aj . (4.3)

Therefore, the parameter b can be varied whilst keeping the CFT quantities @1, @5 and R,
fixed. In this way we get a continuous family of heavy states, all of which are collectively
described by the (1,0,0) solution. Specifically, b is related to the number N; of single-
particle constituents of the heavy state that are not the NSNS vacuum via

N, VP

—_— = . 4.4
N 2a(2) (4:4)

In particular, when b = 0 we have N, = 0 and the state is just the NSNS vacuum, whose
dual geometry is global AdSs x S3.
The explicit form of the (1,0,0) solution is given by the asymptotically S% metric

2, at
G%:ﬁz,cwzg;%sm?e,Gwzg;gg;izicos?e; (4.5)
the gauge fields
A9=o,A¢=—izﬂ,A¢=—“—z%d—y; (4.6)
ag Ry ag r2 + o R,
and the 3D Einstein metric
4 4
dsi = gudatde” = \/Q1Qs5 i dr? — i iy dy’? (4.7)
(r? +a?)? VQ1Qs VQi1Qs 7
where 0o .o
Y=r?+a%cos?h, P= leék 1— C;Ci)% :21122 . (4.8)
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The regime in which the CF'T state is described by a classical geometry is the one for
which both N and N, are very large numbers. We do, however, have the freedom to choose
the ratio N /N. In the simplest limit, this ratio is small and hence the 3D geometry (4.7)
is a small deformation of global AdS3 (this can be seen from (4.7): when N,/N and thus
b vanish, ag = a and ds?? becomes AdS3). To take advantage of this simplification, we can
use the small expansion parameter p defined by (2.19) with n = 0 and (4.4):

N b2 2

Vi-pg=1--1 -
Ny

- =
2ag

543
(V]

, (4.9)

and perform a perturbative expansion in p at fixed @1, @5, R, , and hence fixed ag. Keeping
only the corrections of order u, the 3D Einstein metric becomes

V@1E5 1 aj MdTQ_rnga%(l—u) a2 + r? 2
r2+ad(l— p) ad +r? '

dsi = (4.10)

dy
V1Qs V1Qs
The g4 and gy, components of this metric match exactly those of the conical defect met-
ric (3.1) with £ replaced with ag(1 — u)l/ 2 whereas g,, receives corrections in y already
at first order. To make certain that this difference is not simply a coordinate artefact, one
can compute the Ricci and Kretschmann scalars for the metric (4.7) to first order in

2a3(2a3 + r?) 8a3(2a3 + r?)
v/ Ra~—6-——"0"0__/, K124 2020 7)) 4.11
@105 (a2 + )2 s QiQs + (a2 + 2P v (4.11)

and note that they differ by order p terms from the (normalised) conical defect values
R = —6 and K = 12. Therefore, the conical defect geometry (3.1) and the microstate
geometry (4.7) are physically distinct already at first order in p and only the latter is dual
to a state of the CF'T for generic values of pu.

Exploiting the separability of the (1,0,0) family of microstates, one can compute the
bulk phase shift in the reduced 3D metric (4.7) by applying the general formula (2.8).
This yields

o0 s ognei g2(,  a
0 = 2a0Ry Ipe| [ dr (r* +a”) l_ﬁ 2+ —
70

a4y
ag
=ty 18]~ 1+ 1+ B2 -1 ). (112)
where the radial turning point, obtained by setting to zero (2.4), is
2
a®, _1
= — —1) 2. 4.13
0= o (8 ) (4.13)

Subtracting the phase shift for pure AdS (corresponding to b = 0) gives

| 2a — b2 32
5:(5b—(5|b:0:7TRy ’pt|(—1+ 2(1(2)—[)2>’ (414)
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where we used (4.3) to express the result in terms of ap and b. Though the phase shift
in (4.14) is exact in b, we will only attempt a CFT interpretation perturbatively in the
small b (small p) limit, describing small deviations from the AdS3 vacuum. The first two
terms in the perturbative expansion of the phase shift for small p are

p I
dmmRylp| | (=87 + 55 (L= BB+ 8% +--- | - (4.15)

It is noted that the above expansion is in small y but fixed impact parameter 5 and hence
it also applies to the regime of § small, in which the geodesic explores the region deep
inside the bulk. In the next section we will give a CF'T derivation of the order u term
in (4.15). We conclude the bulk analysis with a comment: the phase shift is expected to
be dominated by the graviton exchange which, in the limit of large s and L (2.6), implies
a behaviour of the form § ~ se~! for a 3D bulk (see for example [11]). Taking the large L
(or equivalently the 5 — 1) expansion of the phase shift (4.14) gives

b2 b2 -1

d~7Rys e_L—2 = , (4.16)
2ag 2ag

consistent with the expected generic behaviour mentioned above. This regime describes

geodesics with large impact parameter, probing only a shallow region inside the bulk,

though we will later check explicitly that the full phase shift is determined by the graviton

exchange.

4.2 The CFT description

With the aim of reproducing the phase shift (4.15) from a purely CFT computation, we
consider the four-point correlation function C = (OO O Og) in the supergravity regime.
Again both O = O and O are considered for the light operator, while the heavy
operator is Oy = (O dual to the (1,0,0) geometry with reduced metric (4.7). In the
case that the CPO’s O appearing in the light and the heavy operators belong to different
6D multiplets,® the correlator C" — containing the light operator Q" — was computed

b2 b2

in the supergravity limit at first order in > in [30] and its completion to all orders in 5
0 0

was found in the form of a double sum in [31]. Here we need only the O( Z—Z) result, which
in the NSNS sector reads ’

1 [N 1 2 5o
fer 2
N b | - —— L Z1L12D 4.17
|1—z\2+2a(2)[2 TS “22]’ 1
where®
2’ 2D 4i |z z—l—ZD( _H_log|1—z|2 z+2—2|z]21 122 (4.18)
— 1z = — 2.2 O z .
T 122 (z—z22\z—2z 27 2i 4i[1 — z|? &

SWhen all operators in the correlator descend from the same 6D multiplet, the HHLL correlator contains
extra contributions that were not computed in [30, 31]. The LLLL version of this correlator was derived
in [40] and it will be analysed in section 4.3.

%Here we follow the conventions of [30, 32].
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with Dy being the Bloch-Wigner function given by

1 1-=2
Dy(z,z) = % Lis(z) — Lia(z) + log|z| log <1 _>} . (4.19)
i —Z
Due to the same supersymmetric Ward identity (3.7) used in the previous section, one
can easily obtain the correlator CP° involving the bosonic light operator from CP% =
00 [Cfer]. Performing the analytic continuation (2.27) and extracting the imaginary part
of the correlator CP* at first order in Z—i ~ | we obtain
0

Im CPos

A

21 (1 —8n+8n° —n*t—12n%logn
N o= n)?

+ O(a°)> , (4.20)
]

where the parametrisation (2.28) is used to go to the Regge limit. It is noted that the power
of o in (4.20) again contains the contribution of the |1 — z| 7" prefactor in (2.11) as well
as of the leading Regge term of the exchanged operator. Further taking the limit n — 0
of (4.20) selects the exchanged operator of minimal h, i.e. the stress tensor: its contribution

is captured by the global block with h = 2, h = 0 and is given by Im Cgos = nggs -

As was done for the case of the conical defect, one can try to match the higher order
terms in the 7 expansion of (4.20) with the spin-2 operator blocks corresponding to the
exchange of spin-2 double-trace operators Ozz. A new feature of (4.20) is the appearance of
a term proportional to logn related to the anomalous dimensions’ of the non-BPS double-
trace operators Qg = Orp, = OL0™O™O;, . This can also be seen from the direct channel
Euclidean decomposition where terms containing log |1 — z|? appear, from which we can
extract the CFT data of (2.33):

) ) ) 1 _ 6930

S 1,1) = — 2,2) = 1702500
00,00=55, L=, 022)= 7000 (4.21)
) __— 9 462000 '

2,0) = —— 1) =—— =
02,0) = =355 0BV =755 042 = 5551800 ’

while all contributions from operators with odd spin and operators with spin higher than
two vanish. These Euclidean results can again be checked by comparing with the expansion
of the logn term in (4.20)

—12n?
(I—mn)P

which agrees with the spin-2 contributions in (4.21) after multiplication by the factor

~ —12n% — 60n — 1801 , (4.22)

present in (2.36). As an example, for m = 2,3,4... we have

I'em+4)T'(2m+ 3
I'(m +2)

) g (m,m — 2) — p(—12, 60, —180,...) . (4.23)

A similar check can also be performed for the terms in (4.20) that are not proportional
to logn: as for the conical defect case in (3.11), these contributions should be compared

"In this discussion we use the § quantities introduced just below (2.34) rather than the more common
~’s. The §’s include the couplings c(%) which bring a dependence on N, — see the comments before (2.33).
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with couplings c&)(m, m) in (2.33). In section 4.3 we will discuss in more detail a similar
comparison for the LLLL correlator with all operators in the same 6D multiplet — the
interest in this case is due to its Euclidean decomposition involving also operators of spin
larger than two.

We now consider the order u Regge crossing equations (2.40). On the gravity side, we
can read off the anomalous dimensions I' WILm from the leading eikonal (4.15) by using (2.43)
and the identifications (2.44)

any _m gy mm
Opuiie = o By Pl (1 = %) =7 = (4.24)
obtaining
H_ o __mm_ (4.25)
L (m+m) '

As discussed in [12, 15], it is also possible to use the leading small 1 behaviour of (4.20)
along with the OPE coefficients (2.38) (with he = 1) to fix the anomalous dimensions Fg)m
As an example of how this approach works, we start from an ansatz for Fﬁ,{)m in the limit
of large m and m (that is inspired by, but more general than, the one in (4.25))

by Amome

S (4.26)

and show that the bootstrap constraints require a = ¢ = —A = 1, as predicted by the
gravity computation. As a first step we approximate the sums in (2.40) by integrals

00 00 a+1,-a+1 B
ImCP| ~ —mA / / dindm —— Mz = AT, (2, 7) . (4.27)
H 0 J0

(m +m)e

This integral is discussed in appendix A: by using (A.4) and then focusing on the leading
contribution for small ¢ we obtain

2 DT (20 + 4 —
~ A (a+2)T'(2a + c)

1 F(2a n 4) 770—(1—20.0—2(1—4 2F1 (a + 2’ c; 2a + 4; 1— 77) )
n

Im C’gos

(4.28)

Demanding that the leading small 7 contribution reproduces that of (4.20) fixes the ansatz
parameters to a = ¢ = —A = 1. Substituting these values back into the full Regge result
for the cross channel (4.28) reproduces exactly the direct channel expression (4.20) for any
1. This implies that the anomalous dimensions of the Oy, operators in the Regge limit are
given by the expression in (4.25). In the lightcone OPE limit m > m > 1 these anomalous
dimensions reduce to I %)m ~ —m, the result obtained from the conical defect geometry
of section 3 and in [14] from considering the above CFT analysis for the Virasoro vacuum
block. This match is unsurprising since it was shown in [31] that the correlator (4.17) at
order b? reduces to the Virasoro block of the identity in the lightcone OPE limit. Finally, the
anomalous dimensions (4.25) can be confirmed by a Euclidean block decomposition of the
correlator CP°% in the cross channel, from which one can extract the anomalous dimensions
at first order in p but for finite values of m and m. With the approximation (2.39) for the
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(1)

blocks, the anomalous dimensions I';, - are the coefficients of the 2Mmz™log |z|? terms in

the z,Z — 0 expansion of the correlator CP%| w divided by C(o)( m). By looking at the
first few terms, it is simple to infer that

) __(m+1D)(m+1)
m (m+m+2)

r! , (4.29)
which agrees with (4.25) in the large (m,m) limit. We have checked that (4.29) correctly
reproduces the anomalous dimensions up to order 10 in the Euclidean expansion.

Of course, a similar analysis can also be carried out in much the same fashion for the
four-point function with light operator O, = O given in (4.17). Performing the analytic
continuation to the Regge limit gives the leading term in small o as

7 (1—n%+2nlogn
no? (1=n)3o
1_-2

where the factor of n~'0~2 comes from the usual prefactor (1 — z)72"2(1 — 5)—252 in the

~

Im Cfer ~
o

+ 0(a°)> , (4.30)

correlator. We note that, as was the case for the conical defect correlators, the Regge
limit results in (4.30) and (4.20) are directly related by (3.16). Another explicit check
we can perform in this case is that the Regge limit is dominated by the highest spin field
exchanged between the light and heavy operators. In the supergravity approximation being
used, this is just the graviton. For the case of (4.30), we can use the results of [41] where
the contribution of the Witten diagram describing graviton exchange was calculated for
the correlator involving four light operators of dimension (hr,hr) = (1/2,1/2). Since the
small o~ limit of the HHLL correlator smoothly reproduces the light one [42], we can
obtain the first order contribution from the graviton exchange simply by multiplying the
result of [41] by 2 % to get

b: 2 R 1
Cfer = — z D -
(2 + 2)D1122 T—2P]

grav TCL% T (431)

where DHQQ was defined in (4.18). By performing the usual analytic continuation relevant
for the Regge limit on (4.31) one obtains, as expected, the result (4.30) derived from the
full amplitude.

The cross channel calculation follows that of the bosonic case closely: using the same
Regge limit ansatz (4.26) and the order u° OPE coefficients (2.38), now with hy = hy =
1/2, (2.40) gives

Im Cfer ~—TA / / dmdm ————— m+m) 2 = —mla_10(2,2) (4.32)

Again by using (A.4) in the leading small o approximation, the choice a = ¢ = —A =1
is necessary to reproduce (4.30) exactly. Therefore, the anomalous dimensions at order
i from the fermionic correlator appear to be the same as from the bosonic one — thus
from (2.43), the first order bulk phase shifts will also match. This is an explicit check of
the universality of the Regge limit since the bulk analysis is independent of the nature of
the probe used.
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We conclude this analysis by rederiving the anomalous dimensions (4.26) in yet one
further way. As mentioned after (2.21), these anomalous dimensions describe the binding
energy of a non-BPS bound state between the original heavy operator and the probe. From
the bulk point of view, these binding energies can be derived by studying the equation of
motion of the supergravity state dual to the light probe when propagating in the back-
ground dual to the heavy operator. In [14], the case of a bulk scalar propagating in the
asymptotically AdS,y1 Schwarzschild geometry was studied up to second order. In the case
discussed here, we can still focus on a minimally coupled scalar — dual to the operator
Ob°s — but in the geometry relevant for the heavy state discussed at the beginning of
this section. The energies of the bound states in this geometry were derived exactly in b?
in [31]; see® eq. (3.43) of that reference, which in our notation reads

wn = L (TnJrﬁ”hLZ)QJr(m—m)Qﬁ
" ao 2a2
_ mm mm(m? + 4mm +m?) , 3
~ — — O 4.33
(m +m) e T m) we+0(p?), (4.33)

where in the second line we performed both the small u and the large m,m expansions.
At first order in p this matches precisely (4.25). It is also noted that, by keeping m
and m exact while expanding the first line of (4.33) in p, the finite shifts of (4.29) are
reproduced. By using the result above, it is straightforward also to check the relation
between anomalous dimensions and the phase shift at second order from [15]. The second-
order version of (2.43) reads

52 160 51
ﬁ%z~?+??@ﬂﬁm7fbrmm>L (4.34)
It is straightforward to check that this identity is satisfied if the O(u?) term of (4.33) is
used for the left hand side, while the right hand side is calculated using (4.15) and the
identifications (2.44).

4.3 Light case

In the preceding section, correlators involving the heavy operator O = ((’)fer)Nb were
considered in the scaling limit N, ~ N — oo. This amounts to taking the number of

non-trivial single-particle constituents in the heavy state to be of order N (to have a

Ny _ b

backreaction on the dual geometry) but small enough for 3 = 22 to be a meaningful

2a,
expansion parameter. Alternatively, it is possible to consider these correlators in the scaling
limit N — oo with NV, fixed. This implies that the dimension of the ‘heavy’ operator, which

scales as hg] ~ Ny ~ N Z—z, is no longer of order N. In the bulk it is therefore no longer
0

dual to a semi-classical geometry that differs from pure AdS3x S? and in the CFT analysis
the approximation (2.39) is no longer valid. However, the N, — 1 limit of the HHLL
correlator reproduces the LLLL correlator [42]. Then for instance, C"° at order b? in the

8The parameters [ and n appearing in that equation are the spin | = m—m and twist n = min(m, m)+1.
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light scaling limit is equal to the following LLLL four-point function
Cchos o= (O (00) 0P (1) O 3 (2, 2) O™ (0)) . (4.35)

However, even if the analytic form of the LLLL correlator is identical to that of the HHLL
correlator at order u, the CFT data obtained in the Regge limit are different. Here we
briefly discuss the LLLL analysis following [12]: the key difference with the HHLL case is
that we now need to use the approximation for the conformal blocks in terms of Bessel
functions (2.41). As before, the Regge limit crossing equations (2.30) can be used to solve
for the anomalous dimensions of the double-trace operators

Opp = 0 gmgmOPos | (4.36)

exchanged in the cross channel. In the Regge limit, in which operators with large m,m
dominate, the OPE coefficients (2.24) with external operator dimensions 2h; = hg = 1
reduce to

o T?224m)T?(24m)
07 T(24 2m)T(2 + 2m)

~
~

_ 3
C 27 2mFM) ()2 (4.37)

s
4
Using (2.41) and (4.37) in the first order Regge crossing equations (2.30) (for the LLLL
case, i.e. with v(!) instead of ') gives

Im 05’ 08

)

LR 167 |1 — z|1/000dm/0mdm (mm)%ﬁ)m [Kl <2mm) K (2m\/ﬁ)
K, (2m\/ﬁ ) K <2mm )] , (4.38)

where we took the large m,m limit so that the sums can be substituted by integrals and
the Bessel functions approximated using

Ki(2243v1-2) ~ K (22) + O(VI =2 ), (4.39)

where 2 =~ m+/1 — z is kept fixed as m — oo. For future convenience, we split the integral
into two separate regions and exploited the fact that the anomalous dimensions are invariant
under the exchange m < m, since all external states are left/right symmetric. Using an
ansatz for the leading large m, m anomalous dimensions of the form

o = A (max(m, m))™ (min(m, m))* (4.40)

Ym.m

the two types of integrals in (4.38) are

(o) m
Ii(ay,az,b) E/ dm/ dmm2+a1m2+a2Kb(2m 1—2)Kb(2m 1 —2)
0 0

Ir(a1,as,b) E/ dm/ dTﬁm2+a1m2+a2Kb<2m\/l - z)Kb(2m 1- 2) . (4.41)
0 0
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Solving these integrals as shown in appendix B, the leading order part of (4.38) in small o

is given by
_1 —2,-1 -1,-%
O]~ Aroi-berrai[ g2 (| Tal@ o) N
5 1,0,—% —
. 1]-14 2, - -1,-%
+n7 2 Gy < ‘ el 1,0, (al 1 : )] ’ (442
b Ir] _7 —_

where Gpg" is the Meijer G-function (defined in eq. (B.6)). Expanding in small 1 and
matching the powers of o and 7 of the leading order term to the contribution of the
stress tensor fixes A = —1, a1 = 0 and as = 2. Inserting these values of the ansatz
parameters in (4.42) gives precisely (4.20) and so the anomalous dimensions solving the
crossing equations in the Regge limit are

()~ —(min(m,m))? . (4.43)

’Ym,m

Therefore, the anomalous dimensions of the O 1/ operators (4.36) in the Regge limit take a
qualitatively different form from their HL counterpart (4.25) and agree with the structure
expected from the analysis of [40] (see eq. (5.3) of that reference).

We conclude this section by discussing the Regge limit of another LLLL correlator

(O (00) O (1) O (2, 2)OFF(0)) (4.44)

given in eq. (3.10) of [40]. This example is different from those considered earlier because
the CPO’s O in the correlator descend from the same 6D multiplet and, hence, single-
trace operators are exchanged also in the cross channel. This implies that in the direct
channel, double-trace operators of arbitrarily high spin are exchanged, as can be checked
explicitly from the z,Z — 1 Euclidean OPE (2.33). For the correlator (4.44), the leading
direct channel OPE coefficients c(%) are

Goy(mym) = (=1)™ GG (mym) (4.45)

with C'(g) (m,m) given in (2.24). For the anomalous dimensions of the double-trace operators
exchanged in the direct channel one finds

_ 5 = 5 - 14
5(0,0) = —= 5(1,0) = —=¢2,(1,0 5(2,0) = ——¢3,(2,0
(7 ) 6; 7(7 ) 66(0)(7 )7 (7 ) 15C(0)(? )7 (446)
o(m,0) = —c(%) (m,0) for m > 2,
when focusing on the case m = 0 and
= 61 - 41 - 102
1 2 = ——? 1) = ——2¢%(3,1
0(L1) =—356(L,1), 021 =-7-421), 6,1 =-5-6,61), (4.47)

§(m,1) = -3 c(%)(m, 1) for m >3,
for m = 1. As expected, the data for operators of spin larger than two takes the form

S(m,m) = —(n? +n+1) c(%)(m,m) with n =min(m,m) and |m —m|>2, (4.48)
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in agreement with [40]. Clearly in this case one cannot follow the previous approach, of
performing the Regge limit on the contribution of each block separately, since this would

lead to poles o~ ¢

with @ > 1. Such contributions are absent in the Regge limit of the
correlator, which is again given by (4.30). We instead first need to resum all contributions
with m > m + 2 and then perform the analytic continuation (2.27). The result of this
resummation, made possible by exploiting (4.48), is an analytic term around z = 0 (which
does not contribute to the Regge limit) and a contribution equal to the naive extension
of (4.48) to m = m + 2. Then as before, the contribution to the logn term of (4.30) comes
entirely from the operators of spin 2 and one can use (2.33) to relate the Regge limit and

anomalous dimensions for these operators, obtaining

(m + 1)(m + 2) T*(m + 3)
['(2m +6)(2m + 5)

2(m+3) T2 (m+1)
L(2m +5)T(2m + 1)

ol

(7 + 2, m) = — (m*+m+1)

. (4.49)

The first term in this expression encodes the input from the Regge limit and comes from the
small 7 expansion of the logn term in (4.30). For example, the results of (4.46) and (4.47)
are reproduced for m =0, 1.

A similar argument can be used to also derive the couplings c&)(m + 2,m). Again
one can use the asymptotic result [44, 51, 52] c&)(m,m) = (Om + Om)6(m,m), valid for
|m —m| > 2, and the terms without logn in (4.30) to find the following explicit expression
for the couplings

_ _ 2m + 3 _ _ _ _ m+1)(m+2
C&)(m+2,m):(F)—8m<(m2+m+1)0((2))(m+2,m)>—( %(2 )GmI‘,
(4.50)
where we defined
_T@2m+6)T(2m+5)
= Ti(m + 3) (4.51)

The first term in (4.50) comes from the expansion of the explicit correlator in the Regge
limit and the other terms are obtained by rearranging the right-hand side of (2.33), thanks
to (4.49) and the relation for C'(f) for operators of spin |m — m| > 2. We note that (4.50)
agrees with the couplings obtained for the first few values of m from the direct channel
Euclidean OPE

4331 520433

2 _ 2 _ 2 _
W20 =135 DD =950 D2 = 1g592000 - (4.52)

5 A class of three-charge microstate geometries

As an extension to the case of the (1,0,0) geometry considered in section 4, it is possible
to add momentum charge yielding a class of 3-charge microstate geometries. This can be
done so as to preserve the separability of the 6D spacetimes into asymptotically S® and
AdSs 3-manifolds — where the Einstein metric of the latter part is independent of the
S3 coordinates. From the CFT perspective, these are 1/4-BPS states obtained by acting
n times on the single-particle constituents of the (1,0,0) microstates with the Virasoro
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generator L_1. Each of the new IV single-particle constituents carries n units of momentum
along the S' of the CFT and the quantised momentum charge of the full microstate is

np =nNp . (5.1)

On the gravity side, the number of momentum-carrying strands N is controlled by the pa-
rameter b according to the same relation (4.4), though now with a more general dependence
on the expansion parameter p (given implicitly in (2.19))
&—E—Qn—i—l— (2n+1)? — (5.2)
N 2a} a ’
where ag is defined in eq. (4.3).

The full 10D geometry describing this (1,0,n) family of microstates can be found for
example in [21, 26]. For the purposes of calculating the eikonal, it is again useful to write
the 6D part of this solution in the dimensionally-reduced form (4.1), with S metric Gag,
gauge fields A® and 3D Einstein metric dsf here given by

212 2 n
Gge: \/772, G‘M’: Q1Q5 SiHQQ, G¢¢ = Q1Q5 |:1 @b < ! > :|C0829,

VP Y VP Y _2a3(r2+a2) r2 4+ a2
(5.3)
2 2 2 n
2 g+ (51 ()
0 _ b _ _&ﬂ o _ a% nRy Za% r24a2 Ry
I T e e o Y
0 T 2a2(r2+a?) (7“2—0—&2)
r2+%(1—|—Fn) 7“2—}—% 2 2p
ds? = \/Q1Q5 ——2 dr? — ——"0 4? + ——— dy? + ——2 (dt + dy)®,
’ P (2 4 a2)2 N Nes NI )
(5.5)

where X is as defined in (4.8) and

Q1Qs a’b?® sin’6 2 " b2 2 "
= 1— F, =—|1—- —— . 5.6
P 2 2a% 12 +a? \r? +a? ’ (r) 2a? r2 + a? (5.6)

The geometry (5.5) is in general difficult to work with and so for simplicity we focus on

the particular case of the (1,0,1) 3-charge microstate geometry. The analysis of the bulk

eikonal now follows that outlined in section 2.1 by considering null geodesics in the 3D

geometry (5.5) (with n = 1) that begin and end on the boundary. For the purposes of

this paper, it is sufficient to evaluate the phase shift integral perturbatively in u. Starting
T

from (2.8), using the change of variables = = o (removing all b dependence from the
integral limits) and expanding in p using (5.2) gives

1 © 1
4] :/ dz 0y = Z/ dz 697 (5.7)
0 =00
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with the zeroth and first order integrands

18(1 — B2)V1 — 2

5 = 2|p|R 5.8
x |pt‘ Y l’(l _62) _1_52 ( )
5(1)_‘pt|R ’/8‘3(1_62)(3_26+62)V1_$2 (5 9)
T ) . .
6(x(1 - 5%) + 82)°
In deriving these integrands the expansion of the turning point in pu is used
3-2 2

T /1o 124/1 — B2
The zeroth order phase shift obtained from the integral of (5.8) is just that of global AdSs,
60 = 7R, |p:|(1 — |B]), whereas at first order one gets from (5.9)

1) ' ny_ 7 2 2
o = [Cdadh) = TR, In1 - B3 - 25+ 57 (511)

We would again like to compare this result for the phase shift with information con-
tained in appropriate HHLL 4-point correlators of the dual CFT. In the heavy regime, the
1/4-BPS operators dual to the family of geometries in (5.5) have reduced dimensions (2.18),
which scale with the central charge. These heavy operators will, for generic values of NV
and n # 0, be mixtures of quasi-primary and descendant parts; only in the light limit
Np — 1 will they be pure descendants. In the latter case, and for n = 1, a Ward identity
relates the correlator of primary operators with that containing two primaries and two
descendants [32]. Exploiting the equivalence of the LLLL and HHLL correlators at order
, the same Ward identity can be used to derive the O(u) correlator in the (1,0, 1) heavy
state from that in the (1,0,0) heavy state:

Gl,O,l(zy 5) (1 — 2)28(2: 8) +1 G1,070(Z, 5)’ (5.12)

|#1 - wt -

The relation between the respective full correlators can then be obtained from (2.11) by
including the appropriate prefactors. In this section we consider only HHLL correlators
containing the light operator OP° with dimension (hg,hs) = (1,1). The order p° piece
of this correlator is dependent solely on the dimension of the light operator used and so
is equal to the (1,0,0) case and given by |1 — z|™*. At first order in p, performing the
analytic continuation to the Regge region and extracting the leading imaginary piece gives

bos 3—42n — 19902 + 16013 + 691t +10n° —n°—121?(13 + 141 + 3n°) logn
(5.13)

where the relation (5.2) with n = 1 and the parametrisation (2.28) have been used. One
can also obtain (5.13) from (4.20) by rewriting the differential operator in (5.12) in terms
of (o,7n) as done in (3.16).

We now move to analysing the cross channel interpretation of (5.13). From (2.40)
the contributions from double-trace operators of the schematic form Ogd™0™Oy, can be
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resummed; again this is dominated by the operators with large m and m. The anomalous
(1)

m,m

again using the relations (2.43) and (2.44), giving

dimensions I in the Regge limit can be extracted from the bulk phase shift (5.11), once

) N—&*—mfnm2+2mm+3m2
mE e T 3(m +m)3

r! (5.14)
We note that these anomalous dimensions are not symmetric under the exchange of m and
m, unlike those in the conical defect and (1,0,0) cases. This is to be expected for the 1/4-
BPS 3-charge microstates, in this case the (1,0, n) family, as a consequence of having acted
with only holomorphic Virasoro modes on the (1,0, 0) state. Resumming these double-trace
contributions, with the approximation to the OPE coefficients in (2.38), gives

Imcgm)\ %—w/ dm/ qug)(m,m)r,ﬁmzmzm
7 0 0 ’

— 7 / dm / din G2 (m,im) (P52 2™ + T, 2" 2m)
0 0

s

=3 (IQ,2,1(Z7 Z) + I221(%,2) + 2I4,3(2,2) + 21423(Z, Z)) : (5.15)

which gives precisely (5.13) once expanded in o. The final line of the above is written in
terms of the integral defined in (A.5), whose solution is given in (A.10). This matching
of (5.15) and (5.13) demonstrates that the anomalous dimensions (5.14) obtained from
gravity are consistent with the crossing relations.

It is, however, curious that such a matching does occur in the 3-charge case using the
above method. As mentioned above, in the heavy scaling regime the (1,0, 1) operator will
not purely be a quasi-primary (N, is small compared with N but still macroscopic) and
so it appears that both the relation (2.43) and the decomposition of the correlator used in
section 2.2 should not hold. Despite this, it seems that in the heavy limit at least, these
differences in the key steps of the CFT analysis are subleading in 1/hgy.

6 Summary and outlook

We have studied the Regge limit of four-point AdS3 correlators in the supergravity approx-
imation. For the most part we have concentrated on HHLL correlators in which one pair of
operators corresponds to pure 1/2- or 1/4-BPS states with conformal dimensions A of order
N, in the large N limit. These heavy operators (O ) are dual to non-trivial asymptotically
AdS gravitational backgrounds, while the light operators (Op) are described in the Regge
regime by null geodesics in these geometries — from this set up, a phase shift can be com-
puted. To relate this bulk phase shift with the CFT data, we have adopted a perturbative
approach in A/N, limiting ourselves to the first order. In this limit the HHLL correlators
we consider take the same functional form as the LLLL correlators where the pair of heavy
operators is replaced by two light CPQO’s. Despite this, different approximations are ap-
propriate in the analyses for the two regimes A ~ N and A ~ 1 (see for instance (2.39)
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and (2.41)). This explains why two different sets of CFT data are extracted from the HHLL
and the LLLL correlators. We have verified that the relation (2.43) between the phase shift
and the anomalous dimensions of double-trace operators (those exchanged between a heavy
and a light operator) is satisfied in all the examples we have analysed. We have also looked
at the bootstrap constraints relating the Oy — Op and the Op — Op channels. This
latter channel contains a “universal sector” that is completely determined by the Virasoro
and R-symmetry algebras of the CFT — and is thus insensitive to the details of the states
appearing in the correlator. Truncating a correlator to this universal contribution, as is
often done in the literature, amounts to replacing the pure heavy states by a statistical
ensemble characterised by A. The correlators in pure states, however, also contain a tower
of double-trace operators that are needed for consistency with the bootstrap constraints.
An intermediate example is represented by the correlator extracted from the conical defect
geometry for generic values of the deficit angle: despite this geometry not being dual to
a pure state, the correlator satisfies the bootstrap constraint mentioned above. Finally,
as a technical by-product, we show that knowledge of the correlator in the Regge limit is
enough to fix the anomalous dimensions and three-point couplings of double-trace opera-
tors with spin less than or equal to 2 — these are not captured by the Lorentzian inversion
formula [53]. We work out explicitly an example with spin-2 operators.

Our investigation leaves open a number of possible future developments. Firstly, at a
more technical level, it would be useful to explain why the relation (2.43) between phase
shift and anomalous dimensions (that is expected to apply only to correlators of quasi-
primary operators) also works for the non-primary state considered in section 5. This
question becomes particularly relevant because non-primary operators are the microstates
of the D1-D5-P black hole. Secondly, it would be interesting to further analyse the conical
defect correlator and understand if it can be distinguished from a correlator in an allowed
state of the CFT. The most pressing physical question, however, is whether the Regge
limit of pure-state correlators can be used as a tool to study the black hole regime of the
CFT. Heavy operators are dual to microstates of a black hole with a regular horizon of
finite area only if the parameter p, defined in (2.19), is greater than 1 (1 > 1) and thus
this requirement is incompatible with the approach of this article — which is based on the
small p expansion. For the (1,0, n) subfamily of microstates, this translates into the bound

N
12Wb>2n+1—2\/n(n—|—1), (6.1)

which, in particular, requires n > 1. While computing the full HHLL correlator requires
solving the wave equation in the (1,0,n) geometry (5.5), and this is difficult to do exactly
(see [27, 28]), deriving the bulk phase shift is analytically doable, at least for n = 1. Hence
it would be important to understand precisely how the CFT information is encoded in the
bulk phase shift for finite values of u. We believe that this would provide a useful tool to
elucidate the gravitational description of black hole microstates and we hope to be able to
make progress on this problem in the near future.
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A Cross channel heavy integrals

In the discussion of the HHLL bootstrap constraints of section 4, we needed to evaluate

a+1 ~ a+1 B
Inc(2, %) / / dmdm —— 2Mz" . (A.1)

(m +m)°

In order to perform this integral, it is first helpful to decouple the two variables by using a
Schwinger parameter ¢ to rewrite the denominator of the integrand. This gives the simpler
triple integral

) c—1 o0 o]
1, c(z 2) = / dt t / dm ma+1€fm(t710g z) / dmmetle —m(t—log z)
0 0 0

I'(c)
_IP(a+2) / * g po-2a—5 (1 _ log Z) e (1 _log? ) T (A.2)
F(C) 0 t t
Making a change of variables to = 17— where { = —7log z and using the integral form of

the hypergeometric function

1
oF 1 (a,b;c52) = Lle) ] /0 dss®71(1 — 5)°707 11 — 25) 79, (A.3)

rorc—=
the final integral can be performed to give

0+2 log z
> 2F1<a+2,c;2a+4;1—1

I'(a+2)T(2a+4—c) (logZ

F(2a+4)( log )2a+4 c logz ) . (A4)

Ioc(2,2) = 082

In section 5 the resummation of contributions of the double-trace operators {Ogyr}
requires the computation of integrals of the following, more general, kind

Tope(z,2) = /dm/ dm m+m) mzm (A.5)

We now derive the result of this integral. Making a change of variables in the m integral
tox = % gives

[eS) 1 l‘b Fmz
Ia,b,C(Z7 2) = / dm, 2™ ma+bc+1/ dr —
0 0 (1 + .T)

1 b [e8)
_ / d x / dm ma+b—c+1em(a: log z+log z) ) (Aﬁ)
o (+=z)Jo
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Using the integral representation of the gamma function
o0
I(c) = / ds s e (A.7)
0

with s = —t (zlog z + log z) gives

T 9 _ 1 1 —_\ c—a—b—2
Lope(z,2) = lex? t+b+262/ dra® (14 2)~° (1 +ao” > : (A.8)
(—log z) 0

Now with the use of the integral

1
/ dra* ™t (1 —2)P (1 —ux)? (1 —vz) ™ = B(u, \) Fi(A;p, 05 A+ psu,v),  (AL9)
0

with g =1 and B(u, \) the Euler beta function, (A.8) becomes
Fla+b+2—-c¢)

log z
Inpe(z,2) = — F1<b—|—1;c,a+b+2—c;2+b;—1,—).

e (1 —I—b)(—logz)a+b+2 ¢ log 2

(A.10)
Here F} is an Appell hypergeometric function with series representation
oo
b b

Fi(a; b1, b5 ¢52,y) = Z (@mn(b1)m(b2)n "yt (A.11)

o m!n! (¢)min

As a check, one can verify that setting b = a in (A.10) yields the previous result (A.4).

B Cross channel light integrals

In solving the Regge limit crossing equations at first order in the % expansion for the case
of all operators being light, the following equation is to be solved

Im C'S 08

|~ 16mAlL =2 [Ig(al,ag, 1) + I (a1, as, 1)} , (B.1)
)
where the two integrals required are
o0 m
Ii(a1,a2,b) = / dm/ dmm?Tam2te K, (27”71\/1 — Z)Kb <2m\/1 — 2)
OOO Om
b@b@ﬁﬁé/dm/dmm%mm%%K%%mﬂ—zyﬁ@mﬂbfa. (B.2)
0 0

Focusing on I first, with b = 1, performing a change of variables in the m integral using
Vi =2 gives

1 00 1
Iy(a1,a2,1) = 2/ dmmPTate g <2m\/1 — z) / dxm%(”a?)Kl <2m\/§\/1 — 2)

0 0
_az
: >
a )
1,0, %2 —1

(B.3)

= 3(1—2)7 / dmmATartaz g (Qm\/l—z) G12’1 <m2(1—z)

4 0 3

D=
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where in the second line the following integral from eq. (6.592.2) of [54] was used

:i—u>’ (B.4)

valid for Re(\) > %|Re(v)| — 1 and Re(p) > 0. The remaining integral in (B.3) after the
change of variables m = , /1= is then of the form (eq. (7.821.3) of [54])

a17---7ap>_Gm,n+2<a‘p_g7p+gaala"'7ap>
= 2, ,
bi,...,b, P24 bi,....b,

v—1 CL2

T 62 (4

1 2
/ dx :c)‘(l — az)”fle(a\/g:) —
0

[SIANENIN

7/,07

2/0 dy y*pKl,(Q\/ﬂ) G (ay

(B.5)

with p+¢ < 2(m+n), larga| < (m+n—1(p+q))m and Re(p) < 1 — $Re(v) + minRe(b;).
The Meijer G-function is a particularly general function, designed to include as special cases
most other common special functions — such as the generalised hypergeometric function.
The primary definition of this function is in terms of the Mellin-Barnes type line integral

o at,...,ap 1 s HT:lP(bj_S)H?:1F(1_aj+S)
G)g" | 5 | dsz® =5 P ;
' bi,...,bq L Hj:m+1 (1 —b;+5s) Hj:n+1 I'(a; —s)

= 2
where the choices of integration path L are given in section 9.302 of [54]. Using (B.5)
in (B.3) gives

(B.6)

L -1 —2—L(artar) [y o da1+ar+3) 21 ( 1-% —&
b= 3= 2 2y bete [y heneig o) a2 (12| TE

8 0 ’ 11—z 1,0,—7—

L -1 —2—$(a1+ 03 (1—2|—3(a1 +a2) —2,—1(a1 +a2) — 1,—-%
=it —A - G T — 1,0,—% —

1 _1 _ 9 1 2.3 _lal—{—(lg _2’_la1+a2 _ ’_Q
STt <n‘ : )1,0,—%25— | 2

1 1 41 as\ 1
~~ E"? 20 3—3(a1+az2) <1+ ;) Ik (2+ %(al +CL2)) I (3+ %(al +a2)) , (B?)

where in the third and fourth lines an expansion in small ¢ and then 7 is performed.
Likewise, I; can be found by exchanging z and Zz in the second line of (B.7), giving

1-2
1-2

1
L= 501 - 2|71 - 5) sl g 28 (

—3(a1 4+ a2) — 2, — (a1 + az) — 1, - %
1,0,-%2 — 1

%

1 1
ig—3—%(a1+a2)n—%(a1+a2+5) G23 <1 ' —3z(a1 +az) — 2, —35(a1 +az) — 1, _(122>

16 33 \n 1,0,—%2 —1

o e (1 ) T (24 ) P (14 F) 1 (24 F)
~ M1+ =) (2+—)T(1+=)T(2+=) . B.
160 2 n 2 + 7 + 5 + 5 + 5 (B.8)

Using (B.7) and (B.8) in (B.1) gives
bos —4—LY(a1+az), —1 az\~! 1 1
Im C5 O%—AT{'O’ 2la1maz)y (1—}—?) ['(2+ 3(a1 +a2)) T (34 (a1 + a2))

+7,‘211r(1+a1)r<2+“1)r(1+a2)r<2+“2” . (B.9)
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In order to match the stress tensor’s leading ¢ and n behaviour, it is necessary to have
a1 =0, a2 = 2and A = —1. Plugging these values back into the leading ¢ term of (B.1) and
using the following functional relations of the Meijer G-function (see section 9.31 of [54])

m,n ai, az,...,ap m,n—1 az,...,ap

G =G B.10
pa <x b1,---,bq—1,a1> poha—t (a: 517---75(1—1) ( )

m Alye..y @ kA ar—k,...,ap —k
G Pl =a2"Gr B.11
P4 <””” bl,...,bq) X <$ bl—k,...,bq—k>’ (B-11)

gives

[e}] 7T — _37_1 072 _

I O3]~ s [G;g (n o >+G§;§ (n’4 3>] +0(e™) . (B12)

The relation

2,2
G2,2 (77

21722> = B(l —a1+b1,1 —as +b2)F(1 — a2 +b1)f‘(1 —aq +b2) T]bl
1,02

X 2F1(1—a1+b1,1—a2+bl;2—a1—a2+b1+bg;1—n), (B.13)

with B(zx,y) the Euler beta function, allows the Meijer G-functions in (B.12) to be evalu-
ated, giving precisely the leading small o term of the correlator in (4.20).
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