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✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞✱ p ✐ts ♠❛①✐♠❛❧ ✐❞❡❛❧✱ ❛♥❞ r ≥ 2 ❛♥ ✐♥t❡❣❡r✳ ❆♥ ✐rr❡❞✉❝✐❜❧❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❣r♦✉♣ Gr = GLN (o/pr)✱ ❢♦r ❛♥ ✐♥t❡❣❡r N ≥ 2✱
✐s ❝❛❧❧❡❞ r❡❣✉❧❛r ✐❢ ✐ts r❡str✐❝t✐♦♥ t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♥❣r✉❡♥❝❡ ❦❡r♥❡❧ Kr−1 =

1 + pr−1 MN (o/pr) ❝♦♥s✐sts ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ✇❤♦s❡ st❛❜✐❧✐s❡rs ♠♦❞✉❧♦ K1

❛r❡ ❝❡♥tr❛❧✐s❡rs ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts ✐♥ MN (o/p)✳
❚❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r♠ t❤❡ ❧❛r❣❡st ❝❧❛ss ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr
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❜② ❝♦♥str✉❝t✐♦♥s ♦❢ s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s✱ ❣♦❡s ❜❛❝❦ t♦ ❙❤✐♥t❛♥✐✱ ❜✉t
t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ r❡♠❛✐♥❡❞ ♦♣❡♥ ❢♦r ❛ ❧♦♥❣ t✐♠❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❣✐✈❡ ❛♥
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p ❛♥❞ ✜♥✐t❡ r❡s✐❞✉❡ ✜❡❧❞ Fq ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p✳ ❚❤❡ ❦♥♦✇♥ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥s
♦❢ ❝♦♠♣❧❡① s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN (F ) ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❝♦♥✲
str✉❝t✐♦♥s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛①✐♠❛❧ ❝♦♠♣❛❝t s✉❜❣r♦✉♣ GLN (o)✳ ❚❤❡s❡
❝♦♥str✉❝t✐♦♥s ❣♦ ❜❛❝❦ t♦ ❙❤✐♥t❛♥✐ ❬✶✾❪✱ ●ér❛r❞✐♥ ❬✼❪✱ ❑✉t③❦♦ ❬✶✸✱ ✶✹❪✱ ❙❤❛❧✐❦❛ ❬✶✽❪✱
❍♦✇❡ ❬✶✵❪✱ ❈❛r❛②♦❧ ❬✹❪✱ ❝✉❧♠✐♥❛t✐♥❣ ✐♥ t❤❡ ❝♦♠♣❧❡t❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉♣❡r❝✉s♣✐❞❛❧
r❡♣r❡s❡♥t❛t✐♦♥s ❜② ❇✉s❤♥❡❧❧ ❛♥❞ ❑✉t③❦♦ ❬✷❪✳ ❆❧❧ ♦❢ t❤❡s❡ ❝♦♥str✉❝t✐♦♥s ❛r❡ ❜❛s❡❞
♦♥ ✐♥❞✉❝t✐♦♥ ❢r♦♠ ❝♦♠♣❛❝t ♠♦❞ ❝❡♥tr❡ s✉❜❣r♦✉♣s ♦❢ GLN (F )✱ ❛♥❞ ❛s ❛♥② ❝♦♠♣❛❝t
s✉❜❣r♦✉♣ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❝♦♥❥✉❣❛t❡ ♦❢ GLN (o)✱ t❤❡s❡ ❝♦♥str✉❝t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡
s❡❡♥ ❛s ❣✐✈✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN (o)✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ ❣♦❡s ❢✉rt❤❡r✱ ❜❡❝❛✉s❡ ✐t
❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❡✈❡r② s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❞❡t❡r♠✐♥❡s ❛ ✉♥✐q✉❡ t②♣❡
♦♥ GLN (o)✱ ❛♥❞ t✇♦ s✉♣❡r❝✉s♣✐❞❛❧s ❞❡t❡r♠✐♥❡ t❤❡ s❛♠❡ t②♣❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡②
❞✐✛❡r ❜② t✇✐st✐♥❣ ❜② ❛♥ ✉♥r❛♠✐✜❡❞ ❝❤❛r❛❝t❡r❀ s❡❡ ❬✶✱ ❆♣♣❡♥❞✐①❪ ❛♥❞ ❬✶✼❪✳

❲❤✐❧❡ t❤❡ s♠♦♦t❤ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN (F ) ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧②✱ ❧❡ss
✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN (o)✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ✐s
t♦ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ s♠♦♦t❤ ❝♦♠♣❧❡① r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN (o)
❝❛❧❧❡❞ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✱ ✇❤✐❝❤ ✇❡ ♥♦✇ ❞❡✜♥❡✳ ❋♦r ❛♥② ✐♥t❡❣❡r r ≥ 1 ✇r✐t❡
or ❢♦r t❤❡ ✜♥✐t❡ ❧♦❝❛❧ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ r✐♥❣ o/pr✳ ❲❡ ✇✐❧❧ ✉s❡ p t♦ ❞❡♥♦t❡ ❛❧s♦ t❤❡
♠❛①✐♠❛❧ ✐❞❡❛❧ ✐♥ or✳ ❋♦r ❛♥② ✐♥t❡❣❡r r ≥ 2✱ ❧❡t Gr = GLN (or)✳ ❊✈❡r② s♠♦♦t❤✱ ♦r
❡q✉✐✈❛❧❡♥t❧②✱ ❝♦♥t✐♥✉♦✉s✱ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ GLN (o) ❢❛❝t♦rs t❤r♦✉❣❤ s♦♠❡ ❣r♦✉♣ Gr✳
❋♦r ❛♥② ✐♥t❡❣❡r i s✉❝❤ t❤❛t r ≥ i ≥ 1✱ ❧❡t Gi = ●▲N (oi)✱ ❧❡t ρr,i : Gr → Gi ❜❡ t❤❡
❤♦♠♦♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣ or → oi✱ ❛♥❞ ❧❡t Ki = Ker ρr,i ❜❡ t❤❡
i✲t❤ ♣r✐♥❝✐♣❛❧ ❝♦♥❣r✉❡♥❝❡ ❦❡r♥❡❧ ✐♥Gr✳ ▲❡t gi = MN (oi) ❞❡♥♦t❡ t❤❡ ❛❧❣❡❜r❛ ♦❢N×N
♠❛tr✐❝❡s ♦✈❡r oi✳ ❲❡ t❤❡♥ ❤❛✈❡ Ki = 1+ pigr✳ ❚♦ ❛♥② ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ π

✷✵✶✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✷✵❈✶✺✱ ✷✵●✵✺ ✭Pr✐♠❛r②✮❀ ✷✵●✷✺✱ ✷✷❊✺✵
✭❙❡❝♦♥❞❛r②✮✳

✶



❘❊●❯▲❆❘ ❘❊P❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ GLN ✷

♦❢ Gr ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛♥ ❛❞❥♦✐♥t ♦r❜✐t ✭✐✳❡✳✱ ❝♦♥❥✉❣❛t✐♦♥ ♦r❜✐t✱ ♦r s✐♠✐❧❛r✐t② ❝❧❛ss✮ ✐♥
g1 = MN (Fq) ∼= Kr−1✱ ✈✐❛ ❈❧✐✛♦r❞✬s t❤❡♦r❡♠✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ π ✐s ❝❛❧❧❡❞ r❡❣✉❧❛r

✐❢ t❤❡ ♦r❜✐t ❝♦♥s✐sts ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts ✭✐✳❡✳✱ t❤❡ ❝❡♥tr❛❧✐s❡r ✐♥ GLN (Fq)✱ ✇❤❡r❡ Fq

✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡ ♦❢ Fq✱ ♦❢ ❛♥② ❡❧❡♠❡♥t ✐♥ t❤❡ ♦r❜✐t ❤❛s ♠✐♥✐♠❛❧ ❞✐♠❡♥s✐♦♥ N✮✳
❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ❝❡♥tr❛❧✐s❡r ✐♥ G1 ♦❢ ❛♥② ❡❧❡♠❡♥t ✐♥ t❤❡
♦r❜✐t ✐s ❛❜❡❧✐❛♥✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❢♦❝✉ss✐♥❣ ♦♥ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ✐s t❤❛t
t❤❡✐r ❝♦♥str✉❝t✐♦♥ ❧❡♥❞s ✐ts❡❧❢ ✇❡❧❧ t♦ t❤❡ ♠❡t❤♦❞s ♦❢ ❈❧✐✛♦r❞ t❤❡♦r②✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ❢♦r♠ t❤❡ ❧❛r❣❡st ❢❛♠✐❧② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ✇❤✐❝❤ ❤❛s s♦
❢❛r ❜❡❡♥ ❝♦♥str✉❝t❡❞ ❡①♣❧✐❝✐t❧② ❢♦r ❛❧❧ Gr✳

❚❤❡ st✉❞② ♦❢ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr ❣♦❡s ❜❛❝❦ t♦ ❙❤✐♥t❛♥✐ ❬✶✾❪✱ ❛♥❞ ✐♥❞❡✲
♣❡♥❞❡♥t❧② ❛♥❞ ❧❛t❡r✱ ❍✐❧❧ ❬✽❪✱ ✇❤♦ ❝♦♥str✉❝t❡❞ ❛❧❧ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ✇❤❡♥ r
✐s ❡✈❡♥✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ r ✐s ♦❞❞ ✐s ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t✱ r❡q✉✐r❡s ♥❡✇ ✐❞❡❛s✱
❛♥❞ r❡♠❛✐♥❡❞ ✐♥❝♦♠♣❧❡t❡ ✉♥t✐❧ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳ ❆ss✉♠❡ ♥♦✇ t❤❛t r ✐s ♦❞❞✳ ■♥ ❬✾❪
❍✐❧❧ ❝♦♥str✉❝t❡❞ ❛❧❧ t❤❡ ❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ✭✐✳❡✳✱ t❤❡ ♦r❜✐t ❤❛s ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r✲
❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✮✱ ❛♥❞ ✐♥ ❬✽❪ ❤❡ ❣❛✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ s♦✲❝❛❧❧❡❞ s♣❧✐t r❡❣✉❧❛r
r❡♣r❡s❡♥t❛t✐♦♥s ✭✐✳❡✳✱ t❤❡ ♦r❜✐t ❤❛s ❛❧❧ ✐ts ❡✐❣❡♥✈❛❧✉❡s ✐♥ Fq✮✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ♥♦t❡❞
❜② ❚❛❦❛s❡ ❬✷✸❪ t❤❛t t❤❡ r❡s✉❧ts ✐♥ ❬✽❪ ❞♦ ♥♦t ❣✐✈❡ ❛❧❧ t❤❡ s♣❧✐t r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✱
❛♥❞ ✐♥ ❛♥② ❝❛s❡✱ t❤❡r❡ ❡①✐st ♠❛♥② ♥♦♥✲s♣❧✐t ♥♦♥✲❝✉s♣✐❞❛❧ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✳
❲❤✐❧❡ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❛s ✐♥ ♣r❡♣❛r❛t✐♦♥✱ ❑r❛❦♦✈s❦✐✱ ❖♥♥ ❛♥❞ ❙✐♥❣❧❛ ❬✶✷❪ ❣❛✈❡ ❛
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr ✇❤❡♥ t❤❡ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝ p
✐s ♥♦t 2✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ ❝♦♠♣❧❡t❡ t❤❡ ♣✐❝t✉r❡ ❜② ❣✐✈✐♥❣ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢
❛❧❧ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr✳ ❋♦r ❛ s♦♠❡✇❤❛t ♠♦r❡ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r❛t✐✈❡
❛❝❝♦✉♥t ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♥str✉❝t✐♦♥s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr✱ s❡❡ ❬✷✷❪✳

■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥✲
t❛t✐♦♥s ♦❢ Gr✱ ✇✐t❤♦✉t ❛♥② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ r❡s✐❞✉❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ o✳ ❏✉st ❧✐❦❡
t❤❡ ♦t❤❡r ❝♦♥str✉❝t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ♦✉r ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❈❧✐✛♦r❞ t❤❡♦r②
❛♥❞ ♦r❜✐ts✳ ❆ ❞✐st✐♥❣✉✐s❤✐♥❣ ❢❡❛t✉r❡ ✐s t❤❛t ✐t ✐s ✐♥ s♦♠❡ ✇❛②s s✐♠✐❧❛r t♦ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ t②♣❡s ♦♥ GLN (o) ❜② ❇✉s❤♥❡❧❧ ❛♥❞ ❑✉t③❦♦ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤❡ ❧❛tt❡r
❣♦❡s ❜❡②♦♥❞ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ❜✉t ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡ ♦♥❧② ❞❡❛❧s ✇✐t❤ s❡♠✐s✐♠✲
♣❧❡ ❡❧❡♠❡♥ts✱ ✇❤✐❧❡ ✇❡ ♥❡❡❞ t♦ ❞❡❛❧ ❞✐r❡❝t❧② ✇✐t❤✱ ❢♦r ✐♥st❛♥❝❡✱ r❡❣✉❧❛r ♥✐❧♣♦t❡♥t
❡❧❡♠❡♥ts✳ ❋♦❝✉ss✐♥❣ ♦♥ r❡❣✉❧❛r ❡❧❡♠❡♥ts ❤❛s s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ❛❞✈❛♥t❛❣❡s✱ ❜✉t ❛❧✲
❧♦✇✐♥❣ ♥♦♥✲s❡♠✐s✐♠♣❧❡ ❡❧❡♠❡♥ts ❜r✐♥❣s ♥❡✇ ♣❤❡♥♦♠❡♥❛✱ s✉❝❤ ❛s t❤❡ ♥♦♥✲tr✐✈✐❛❧✐t②
♦❢ t❤❡ r❛❞✐❝❛❧ ♦❢ t❤❡ ❢♦r♠ ♦♥ J1

m/H
1
m ✭s❡❡ ▲❡♠♠❛s ✹✳✹ ❛♥❞ ✹✳✺✮✳ ❙✐♥❝❡ s❡✈❡r❛❧ ♦❢

♦✉r ❧❡♠♠❛s ❤♦❧❞ ❛❧s♦ ❢♦r ♥♦♥✲r❡❣✉❧❛r ❡❧❡♠❡♥ts ✭❜✉t ✇✐t❤ ♠♦r❡ ❞✐✣❝✉❧t ♣r♦♦❢s✮✱ ✐t
✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✐❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ❝♦✉❧❞ ❜❡ ♣✉s❤❡❞ ❢✉rt❤❡r t♦ ❡♥❝♦♠✲
♣❛ss ❜♦t❤ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ t❤❡ s✉♣❡r❝✉s♣✐❞❛❧ t②♣❡s ♦♥ GLN (o) ♦❢
❇✉s❤♥❡❧❧ ❛♥❞ ❑✉t③❦♦✳

❆❧t❤♦✉❣❤ t❤❡r❡ ❛r❡ ♠❛♥② ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr ✇❤✐❝❤ ❛r❡ ♥♦t r❡❣✉❧❛r✱
t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ❛r❡ ❣❡♥❡r✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ r❡❣✉❧❛r ❡❧❡♠❡♥ts ✐♥
MN (Fq) ❛r❡ ❞❡♥s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r GL2(or) ❛❧❧ t❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s
❛r❡ ❡✐t❤❡r r❡❣✉❧❛r ♦r ♣✉❧❧✲❜❛❝❦s ❢r♦♠ GL2(or−1)✳ ▼♦r❡♦✈❡r✱ ❛s ♥♦t❡❞ ❜② ▲✉s③t✐❣✱ ✐t
✐s ❧✐❦❡❧② t❤❛t t❤❡ ❤✐❣❤❡r ❧❡✈❡❧ ❉❡❧✐❣♥❡✲▲✉s③t✐❣ r❡♣r❡s❡♥t❛t✐♦♥s ±RG

T (θ)✱ ❢♦r θ r❡❣✉❧❛r
❛♥❞ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥✱ ❝♦♥str✉❝t❡❞ ✐♥ ❬✶✻❪ ❛♥❞ ❬✷✵❪ ❛r❡ r❡❣✉❧❛r ✐♥ t❤❡ ❝❛s❡ ♦❢
●▲N (or)✱ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ s✉❜s✉♠❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳
❚❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ r ✐s ❡✈❡♥ ✐s ♣r♦✈❡❞ ✐♥ ❬✺❪✳

❖r❣❛♥✐s❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡✜♥❡ ♣❛r❛❤♦r✐❝ s✉❜❛❧❣❡❜r❛s ❛♥❞
❛ss♦❝✐❛t❡❞ ✜❧tr❛t✐♦♥s ♦❢ s✉❜❣r♦✉♣s ♦❢ Gr✱ ✉s✐♥❣ ✢❛❣s ♦❢ or✲♠♦❞✉❧❡s ✐♥ gr✳ ❚❤❡s❡ ❛r❡
✜♥✐t❡ ✈❡rs✐♦♥s ♦❢ t❤❡ s✉❜❣r♦✉♣s ❛ss♦❝✐❛t❡❞ t♦ ❧❛tt✐❝❡ ❝❤❛✐♥s ✐♥ ❬✷✱ ❙❡❝t✐♦♥ ✶❪✳ ❚❤❡
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♣❛rt✐❝✉❧❛r s✉❜❛❧❣❡❜r❛ Am✱ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛ r❡❣✉❧❛r
❡❧❡♠❡♥t ✐♥ gr ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ ♦✉r ❝♦♥str✉❝t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❞❡s❝r✐❜❡
❝❤❛r❛❝t❡rs ♦❢ ❝❡rt❛✐♥ ❛❜❡❧✐❛♥ ❣r♦✉♣s ❞❡✜♥❡❞ ❡❛r❧✐❡r✱ ❛♥❞ r❡❝♦r❞ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts
❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏❍❡✐s❡♥❜❡r❣ ❧✐❢ts✑✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❣✐✈❡ t❤❡ ❝♦♥str✉❝t✐♦♥
♦❢ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr✳ ❚❤❡ r❡❛❞❡r ✇❤♦ ✇♦✉❧❞ ❧✐❦❡ ❛ q✉✐❝❦ ♦✈❡r✈✐❡✇ ♦❢
t❤❡ st❡♣s ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ✐❧❧✉str❛t❡❞ ❜② ❛ ❞✐❛❣r❛♠✱ ♠❛② ❧♦♦❦ ❛t t❤❡ ❞✐s❝✉ss✐♦♥
♣r❡❝❡❞✐♥❣ ▲❡♠♠❛ ✹✳✶✳ ❖✉r ♠❛✐♥ t❤❡♦r❡♠ s✉♠♠❛r✐s❡s t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❝♦♥✲
str✉❝t✐♦♥ ❢♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❛♣♣❡❛rs ❚❤❡♦r❡♠ ✹✳✶✵✳ ❋✐♥❛❧❧②✱
❙❡❝t✐♦♥ ✺ ❝♦❧❧❡❝ts ❛ ❢❡✇ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

◆♦t❛t✐♦♥ ❛♥❞ ❝♦♥✈❡♥t✐♦♥s✳ ■❢ G ✐s ❛ ✜♥✐t❡ ❣r♦✉♣✱ ✇❡ ✇✐❧❧ ✇r✐t❡ Irr(G) ❢♦r t❤❡ s❡t
♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ❝♦♠♣❧❡① ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢G✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱
✇❡ ✇✐❧❧ ❛❧✇❛②s ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t π ∈ Irr(G) ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥✱ r❛t❤❡r t❤❛♥
❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s✱ t❤❛t ✐s✱ ✇❡ ✐❞❡♥t✐❢② π ∈ Irr(G) ✇✐t❤ ❛♥②
r❡♣r❡s❡♥t❛t✐✈❡ ✐♥ ✐ts ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss✳ ❖♥❡ ❝❛♥ ✈✐❡✇ Irr(G) ❛s t❤❡ s❡t ♦❢ ✐rr❡❞✉❝✐❜❧❡
❝❤❛r❛❝t❡rs ♦❢ G✱ ❜✉t ✇❡ ♣r❡❢❡r t♦ ❝♦♥s✐❞❡r r❡♣r❡s❡♥t❛t✐♦♥s✳ ■❢ G ✐s ❛❜❡❧✐❛♥✱ ✇❡ ✇✐❧❧
♦❢t❡♥ r❡❢❡r t♦ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G ❛s ❛ ❝❤❛r❛❝t❡r✳ ■❢ H ⊆ G ✐s ❛
s✉❜❣r♦✉♣ ❛♥❞ π ✐s ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ G ✇❡ ✇r✐t❡ π|H ❢♦r t❤❡ r❡str✐❝t✐♦♥ ♦❢ π t♦
H✳ ■❢✱ ♠♦r❡♦✈❡r✱ σ ✐s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ H✱ ✇❡ ✇✐❧❧ ✇r✐t❡ Irr(G | σ) ❢♦r t❤❡ s✉❜s❡t
♦❢ Irr(G) ❝♦♥s✐st✐♥❣ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ σ ❛s ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❝♦♥st✐t✉❡♥t
✇❤❡♥ r❡str✐❝t❡❞ t♦ H✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ MN (or)✱ gr ♦r E✱ r❡s♣❡❝t✐✈❡❧②✱
t♦ ❞❡♥♦t❡ t❤❡ ❛❧❣❡❜r❛ ♦❢ N × N ♠❛tr✐❝❡s ♦✈❡r or✳ ❚❤❡ ♥♦t❛t✐♦♥ E ❛♣♣❡❛rs ✭♦♥❧②✮
✐♥ ❙❡❝t✐♦♥ ✷ ✇❤❡r❡ t❤❡ ❛❧❣❡❜r❛ ✐s s❡❡♥ ❛s t❤❡ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ oNr ✱ ❛♥❞ gr ❛♣♣❡❛rs
✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❤❡r❡ ✐t ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡ or✲♣♦✐♥ts ♦❢ t❤❡ ▲✐❡ ❛❧❣❡❜r❛
♦❢ GLN ✳

❲❡ ✉s❡ ̟ t♦ ❞❡♥♦t❡ ❛ ✜①❡❞ ❝❤♦✐❝❡ ♦❢ ❣❡♥❡r❛t♦r ♦❢ p ⊂ or✳
❲❡ ✇✐❧❧ ♠❛❦❡ ❢r❡❡ ✉s❡ ♦❢ s♦♠❡ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❢r♦♠ ❈❧✐✛♦r❞ t❤❡♦r② ✭s❡❡ ❬✷✶✱

❙❡❝t✐♦♥ ✷❪✮✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t✳ ❚❤❡ ✜rst ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② ❊P❙❘❈ ❣r❛♥t ❊P✴❑✵✷✹✼✼✾✴✶✳
❚❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② ❊P❙❘❈ ❣r❛♥t ❊P✴❍✵✵✺✸✹❳✴✶✳ ❲❡ ✇✐s❤ t♦
t❤❛♥❦ ❯r✐ ❖♥♥ ❢♦r ❛❧❡rt✐♥❣ ✉s t♦ s❡✈❡r❛❧ t②♣♦s ✐♥ ❛ ♣r❡✈✐♦✉s ✈❡rs✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳

✷✳ ♣❛r❛❤♦r✐❝ s✉❜❛❧❣❡❜❡r❛s ❛♥❞ ❢✐❧tr❛t✐♦♥s ♦❢ s✉❜❣r♦✉♣s

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❛tt❛❝❤ t♦ ❛♥② ❡❧❡♠❡♥t ✐♥ MN (Fq) ❛ ♣❛r❛✲
❤♦r✐❝ s✉❜❣r♦✉♣ ♦❢ Gr t♦❣❡t❤❡r ✇✐t❤ ❛ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥✳ ❚❤❡s❡ ✜❧tr❛t✐♦♥s ❛r❡ ✜♥✐t❡
✈❡rs✐♦♥s ♦❢ t❤❡ ♦♥❡s ❞❡✜♥❡❞ ❜② ❧❛tt✐❝❡ ❝❤❛✐♥s ✐♥ ❬✷✱ ❙❡❝t✐♦♥ ✶❪✳

▲❡t V ❜❡ ❛ ❢r❡❡ or✲♠♦❞✉❧❡ ♦❢ r❛♥❦ N ✱ ❛♥❞ ❧❡t V = V ⊗or Fq
∼= V/pV ✭❛♥ N ✲

❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r Fq✮✳ ▲❡t ρr,1 : V → V ❞❡♥♦t❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣✳

▲❡t E = Endor (V ) ❛♥❞ E = Endk(V ) ∼= E ⊗or Fq✳ ▲❡t

V = V0 ⊃ V1 ⊃ · · · ⊃ Ve = 0

❜❡ ❛ ✢❛❣ ♦❢ or✲♠♦❞✉❧❡s ✇✐t❤ e ≥ 1 ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ s✉❝❤ t❤❛t Vi ✐s ❢r❡❡ ❢♦r 0 ≤ i ≤
e−1✳ ▲❡t V = V 0 ⊃ V 1 ⊃ · · · ⊃ V e = 0 ❜❡ t❤❡ ✢❛❣ ♦❢ Fq✲✈❡❝t♦r s♣❛❝❡s ♦❜t❛✐♥❡❞ ❜②

s❡tt✐♥❣ V i = Vi ⊗or Fq
∼= Vi/pVi✳ ❲❡ ❤❛✈❡ rankor Vi = dimFq V i ❢♦r 0 ≤ i ≤ e− 1✳

▲❡♠♠❛ ✷✳✶✳ ▲❡t ♥♦t❛t✐♦♥ ❜❡ ❛s ❛❜♦✈❡✳ ❲❡ t❤❡♥ ❤❛✈❡ ✐♥❝❧✉s✐♦♥s ♦❢ or✲♠♦❞✉❧❡s

V = L0 ⊃ L1 ⊃ · · · ⊃ Le ⊃ · · · ⊃ Ler = 0,
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✇❤❡r❡ Li+ej = pjρ−1
r,1(V i) = pj(Vi + pV )✱ ❢♦r 0 ≤ i ≤ e− 1 ❛♥❞ 0 ≤ j✳

Pr♦♦❢✳ ❚❤❡ ♦♥❧② t❤✐♥❣ t❤❛t r❡q✉✐r❡s ♣r♦♦❢ ✐s t❤❛t ❛❧❧ t❤❡ ✐♥❝❧✉s✐♦♥s ❛r❡ str✐❝t✳ ■❢
0 ≤ i ≤ e− 1 ❛♥❞ 0 ≤ j ≤ r − 1 t❤❡♥ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② pj ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠
Li/Li+1

∼= Li+ej/Li+ej+1✱ ✇❤✐❧❡ t❤❡ ♠❛♣ ρr,1 ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ Li/Li+1
∼=

V i/V i+1❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ Li+ej/Li+ej+1 ✐s ♥♦♥✲③❡r♦✳ �

❲❡ ♣✉t Ni = rankor
Vi✱ ❢♦r i = 0, . . . , e✱ s♦ t❤❛t N = N0 > N1 > · · · >

Ne = 0✳ ❙✐♥❝❡ or ✐s ❛ s❡❧❢✲✐♥❥❡❝t✐✈❡ r✐♥❣ ✭❝❢✳ ❬✶✺✱ ✸✳✶✷❪✮✱ ❛ ❢r❡❡ s✉❜♠♦❞✉❧❡ ♦❢ ❛
❢r❡❡ or✲♠♦❞✉❧❡ ✐s ❛ ❞✐r❡❝t s✉♠♠❛♥❞✳ ❍❡♥❝❡ ❛ ❜❛s✐s ❢♦r ❛ ❢r❡❡ s✉❜♠♦❞✉❧❡ ♦❢ V
❝❛♥ ❛❧✇❛②s ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❜❛s✐s ❢♦r V ✱ ❛♥❞ s♦ t❤❡r❡ ❡①✐sts ❛ ❜❛s✐s {x1, . . . , xN}
❢♦r V s✉❝❤ t❤❛t {x1, . . . , xNi} ✐s ❛ ❜❛s✐s ❢♦r Vi✱ ❢♦r i = 0, . . . , e✳ ❚❤❡♥ t❤❡ ✐♠❛❣❡
{x1 + pV, . . . , xN + pV } ♦❢ t❤✐s ❜❛s✐s ✉♥❞❡r t❤❡ ♠❛♣ V → V ✐s ❛ ❜❛s✐s ❢♦r V s✉❝❤
t❤❛t {x1 + pV, . . . , xNi

+ pV } ✐s ❛ ❜❛s✐s ❢♦r V i✱ ❛♥❞ t❤❡ or✲♠♦❞✉❧❡ Li+ej ❤❛s ❜❛s✐s
❝♦♥s✐st✐♥❣ ♦❢ ✭t❤❡ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥ts ✐♥✮

✭✷✳✶✮ {̟jx1, . . . , ̟
jxNi

, ̟j+1xNi+1, . . . , ̟
j+1xN},

❢♦r 0 ≤ i ≤ e− 1 ❛♥❞ 0 ≤ j✳
❲❡ ❞❡✜♥❡ t❤❡ or✲❛❧❣❡❜r❛s

P = {x ∈ E | xVi ⊆ Vi ❢♦r ❛❧❧ 0 ≤ i ≤ e},

P = {x ∈ E | xVi ⊆ Vi ❢♦r ❛❧❧ 0 ≤ i ≤ e}.

❆❧❣❡❜r❛s ♦❢ t❤✐s ❢♦r♠ ❛r❡ ❝❛❧❧❡❞ ♣❛r❛❜♦❧✐❝ s✉❜❛❧❣❡❜r❛s ♦❢ E ❛♥❞ E✱ r❡s♣❡❝t✐✈❡❧②✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❧❣❡❜r❛

A = {x ∈ E | xLi ⊆ Li ❢♦r ❛❧❧ 0 ≤ i ≤ er},

❛♥❞ ❛♥ ❛❧❣❡❜r❛ ♦❢ t❤✐s ❢♦r♠ ✐s ❝❛❧❧❡❞ ❛ ♣❛r❛❤♦r✐❝ s✉❜❛❧❣❡❜r❛ ♦❢ E✳ ❚❤❡ ❛❧❣❡❜r❛ P
❤❛s ❛ ✭t✇♦✲s✐❞❡❞✮ ✐❞❡❛❧ I ❣✐✈❡♥ ❜②

I = {x ∈ E | xVi ⊆ Vi+1 ❢♦r ❛❧❧ 0 ≤ i ≤ e− 1},

❛♥❞ t❤❡ ❛♥❛❧♦❣♦✉s ✐❞❡❛❧ I ✐♥ P ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛②✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❛❧❣❡❜r❛
A ❤❛s ❛♥ ✐❞❡❛❧ P ❣✐✈❡♥ ❜②

P = {x ∈ E | xLi ⊆ Li+1 ❢♦r ❛❧❧ 0 ≤ i ≤ er − 1}.

❲❡ ❤❛✈❡ Ie = Ie = Per = 0✱ s♦ t❤❡ ✐❞❡❛❧s ❛r❡ ♥✐❧♣♦t❡♥t✳ ❲❡ r❡♠❛r❦ t❤❛t✱ s✐♥❝❡ ✇❡
❤❛✈❡ t❤❡ ♣❡r✐♦❞✐❝✐t② r❡❧❛t✐♦♥ Li+ej = pjLi✱ ✇❡ ❛❧s♦ ❤❛✈❡

A = {x ∈ E | xLi ⊆ Li ❢♦r ❛❧❧ 0 ≤ i ≤ e− 1},

P = {x ∈ E | xLi ⊆ Li+1 ❢♦r ❛❧❧ 0 ≤ i ≤ e− 1}.

❯s✐♥❣ t❤❡ ❜❛s✐s {x1, . . . , xN} ❛❜♦✈❡ t♦ ✐❞❡♥t✐❢② V ✇✐t❤ oNr ✱ ✇❤❡♥❝❡ E ✇✐t❤ MN (or)✱
t❤❡s❡ ❛❧❣❡❜r❛s ❛♥❞ ✐❞❡❛❧s ❤❛✈❡ ❝♦♥✈❡♥✐❡♥t ♠❛tr✐① ♣✐❝t✉r❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇r✐t✐♥❣
t❤❡ ♠❛tr✐① ♦❢ a ∈ E ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❜❛s✐s ❛s (ajk)✱ ✇❡ s❡❡ t❤❛t a ∈ P ✐❢ ❛♥❞
♦♥❧② ✐❢ ajk = 0 ✇❤❡♥❡✈❡r t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r 0 ≤ i ≤ e − 1 s✉❝❤ t❤❛t j > Ni ≥ k✳
❚❤✉s P ✐s t❤❡ ❛❧❣❡❜r❛ ♦❢ ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✱ ✇✐t❤ ❜❧♦❝❦ s✐③❡s N ′

1 :=
Ne−1−Ne, . . . , N

′
e := N0−N1✱ ✇❤✐❧❡ I ✐s ✐ts ✐❞❡❛❧ ♦❢ str✐❝t❧② ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r

♠❛tr✐❝❡s✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❢❛❝t t❤❛t ✭✷✳✶✮ ❣✐✈❡s ❛ ❜❛s✐s ❢♦r Li ✐♠♣❧✐❡s t❤❛t A ✐s t❤❡
❛❧❣❡❜r❛ ♦❢ ❜❧♦❝❦ ♠❛tr✐❝❡s ✇❤✐❝❤ ❛r❡ ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r ♠♦❞✉❧♦ p✱ ✇✐t❤ t❤❡ s❛♠❡
❜❧♦❝❦ s✐③❡s✱ ✇❤✐❧❡ P ✐s ✐ts ✐❞❡❛❧ ♦❢ ♠❛tr✐❝❡s ✇❤✐❝❤ ❛r❡ str✐❝t❧② ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r
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♠♦❞✉❧♦ p✳ ❲r✐t✐♥❣ Mm×n(R) ❢♦r t❤❡ s❡t ♦❢ m × n ♠❛tr✐❝❡s ♦✈❡r ❛ r✐♥❣ R ✭♥♦t
♥❡❝❡ss❛r✐❧② ✇✐t❤ ✐❞❡♥t✐t②✮✱ ✇❡ ❤❛✈❡

A =

MN ′

1
(or) MN ′

1
×N ′

2
(or) MN ′

1
×N ′

e
(or)

MN ′

2
×N ′

1
(p)

MN ′

e−1
×N ′

e
(or)

MN ′

e×N ′

1
(p) MN ′

e×N ′

e−1
(p) MN ′

e
(or)







,

P =

MN ′

1
(p) MN ′

1
×N ′

2
(or) MN ′

1
×N ′

e
(or)

MN ′

2
×N ′

1
(p)

MN ′

e−1
×N ′

e
(or)

MN ′

e×N ′

1
(p) MN ′

e×N ′

e−1
(p) MN ′

e
(p)







.

❙✐♥❝❡✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜❛s✐s {x1+ pV, . . . , xN + pV } ♦❢ V ✱ t❤❡ ♣❛r❛❜♦❧✐❝ ❛❧❣❡❜r❛
P ❛❧s♦ ❝♦♥s✐sts ♦❢ ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ✇✐t❤ t❤❡ s❛♠❡ ❜❧♦❝❦✲s✐③❡s✱ t❤❡
♠❛♣ ρr,1 : E → E ✐♥❞✉❝❡s s✉r❥❡❝t✐♦♥s P → P ✱ I → I✱ ❛♥❞ ✇❡ ❣❡t✿

▲❡♠♠❛ ✷✳✷✳

✭✐✮ A = ρ−1
r,1(P ) = P + pE✱

✭✐✐✮ P = ρ−1
r,1(I) = I + pE✳

❲❡ r❡♠❛r❦ t❤❛t ▲❡♠♠❛ ✷✳✷ ✐♠♣❧✐❡s t❤❛t A/P ∼= P/I✱ ✇❤✐❝❤ ✐s s❡♠✐s✐♠♣❧❡✱ s♦
t❤❛t P ✐s t❤❡ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧ ♦❢ A✳

❆❧t❤♦✉❣❤ ✇❡ ❛❧✇❛②s ❤❛✈❡ ❛ s✉r❥❡❝t✐♦♥ ρr,1 : Im → Im✱ ✐♥ ❣❡♥❡r❛❧ Pm ✐s ♥♦t ❡q✉❛❧
t♦ Im + pE✱ ❢♦r m ≥ 2✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♠❛tr✐① ❞❡s❝r✐♣t✐♦♥ ♦❢ P ❛❜♦✈❡
t♦ ♦❜t❛✐♥ ❛ s✐♠✐❧❛r ❞❡s❝r✐♣t✐♦♥ ♦❢ Pm✱ ❜② ♠✉❧t✐♣❧②✐♥❣ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ❜❛s✐s {x1, . . . , xN}✳ ■♥❞❡❡❞✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥ s❤♦✇s t❤❛t✱
❢♦r m ≥ 0✱ t❤❡ ✐❞❡❛❧ Pm ❝♦♥s✐sts ♦❢ ❜❧♦❝❦ ♠❛tr✐❝❡s ✇❤♦s❡ (i, j)✲❜❧♦❝❦ ❤❛s ❡♥tr✐❡s ✐♥
p⌈(m+i−j)/e⌉✱ ✇❤❡r❡ ⌈y⌉ ❞❡♥♦t❡s t❤❡ ❧❡❛st ✐♥t❡❣❡r ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ y✳

▲❡♠♠❛ ✷✳✸✳ ❋♦r m ≥ 0 ❛♥❞ 0 ≤ k ≤ e(r − 1) + 1−m✱ ✇❡ ❤❛✈❡✿

✭✐✮ PmLi = Li+m✱ ❢♦r ❛♥② i ≥ 0✱
✭✐✐✮ Pm = {x ∈ E | xLi ⊆ Li+m ❢♦r ❛❧❧ k ≤ i ≤ k + e− 1}✱
✭✐✐✐✮ Pm = {x ∈ E | xPk ⊆ Pk+m}✳

Pr♦♦❢✳ ●✐✈❡♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ Pm ❛❜♦✈❡✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡
✐♠❛❣❡ ♦❢ t❤❡ ❜❛s✐s ✭✷✳✶✮ ♦❢ Li ✉♥❞❡r ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s ✐♥ Pm ❝♦♥t❛✐♥s t❤❡ ❜❛✲
s✐s ✭✷✳✶✮ ♦❢ Li+m✱ ❛♥❞ ✭✐✮ ❢♦❧❧♦✇s✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤❡
♠❛tr✐① ❞❡s❝r✐♣t✐♦♥ ♦❢

{x ∈ E | xLi ⊆ Li+m ❢♦r ❛❧❧ 0 ≤ i ≤ e− 1}

✐s t❤❡ s❛♠❡ ❛s t❤❛t ❢♦r Pm ❛❜♦✈❡✳ ◆♦✇ ✭✐✐✮ ❢♦❧❧♦✇s s✐♥❝❡ xLi ⊆ Li+m ✐❢ ❛♥❞ ♦♥❧② ✐❢
xLi+e ⊆ Li+e+m✱ ✇❤❡♥❡✈❡r 0 ≤ i ≤ e(r − 1)−m✳ ❋✐♥❛❧❧②✱ ❢♦r ✭✐✐✐✮✱ s✉♣♣♦s❡ x ∈ E
✐s s✉❝❤ t❤❛t xPk ⊆ Pk+m s♦ t❤❛t xPkLi ⊆ Li+k+m✱ ❢♦r i = 0, . . . , e− 1✳ ❇✉t t❤❡♥
✭✐✮ ✐♠♣❧✐❡s xLi+k ⊆ Li+k+m✱ ❢♦r i = 0, . . . , e− 1✱ ❛♥❞ ✭✐✐✮ ✐♠♣❧✐❡s x ∈ Pm✳ �

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r②✱ ✇❡ ❣❡t✿
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❈♦r♦❧❧❛r② ✷✳✹✳

✭✐✮ pA = Ap = Pe✱
✭✐✐✮ Pm = Pm+1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ m ≥ er✳

◆♦t❡ ❛❧s♦ t❤❛t ✇❡ ❤❛✈❡Pe(r−1) = pr−1P ❛♥❞Pe(r−1)+1 = pr−1I✳ ▲❡t tr : E → or
❞❡♥♦t❡ t❤❡ tr❛❝❡ ♠❛♣✳

▲❡♠♠❛ ✷✳✺✳ ▲❡t x ∈ E✱ ❛♥❞ ❧❡t m ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t 0 ≤ m ≤ e(r − 1) + 1✳
❚❤❡♥ tr(Pmx) = {0} ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ∈ Pe(r−1)+1−m✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ♦♥❡ ✐♠♣❧✐❝❛t✐♦♥ ✐s ❝❧❡❛r✱ s✐♥❝❡ Pe(r−1)+1 ⊆ I s♦ tr(Pe(r−1)+1) = 0✳
❲❡ ✜rst ♣r♦✈❡ t❤❡ ♦♣♣♦s✐t❡ ✐♠♣❧✐❝❛t✐♦♥ ❢♦r m = 0✱ s♦ ✇❡ ❛ss✉♠❡ t❤❛t x ∈

E ✐s s✉❝❤ t❤❛t tr(Ax) = {0}✳ ■t ✐s ❡❛s② t♦ s❤♦✇ ✭❡✳❣✳ ✉s✐♥❣ ❡❧❡♠❡♥t❛r② ♠❛tr✐①
❝♦♥s✐❞❡r❛t✐♦♥s✮ t❤❛t t❤❡ tr❛❝❡ ❢♦r♠ E × E → or ❣✐✈❡♥ ❜② (α, β) 7→ tr(αβ) ✐s ♥♦♥✲
❞❡❣❡♥❡r❛t❡✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s ❛❧s♦ ❡❛s② t♦ s❤♦✇ t❤❛t ❢♦r γ ∈ E✱ t❤❡ ❝♦♥❞✐t✐♦♥ tr(Pγ) =
{0} ✐♠♣❧✐❡s t❤❛t γ ∈ I✳ ❍❡♥❝❡✱ s✐♥❝❡ pE ⊂ A✱ t❤❡ ❝♦♥❞✐t✐♦♥ tr(Ax) = {0} ✐♠♣❧✐❡s
t❤❛t x ∈ pr−1E✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ P ⊂ A✱ t❤❡ ❝♦♥❞✐t✐♦♥ tr(Ax) = {0} ✐♠♣❧✐❡s
t❤❛t x ∈ I ∩ pr−1E = pr−1I = Pe(r−1)+1✱ ❛s r❡q✉✐r❡❞✳

◆♦✇ s✉♣♣♦s❡ x ∈ E ✐s s✉❝❤ t❤❛t tr(Pmx) = {0}✳ ❚❤❡♥ tr(A(Pmx)) = {0} s♦
t❤❡ ❝❛s❡ m = 0 ✐♠♣❧✐❡s t❤❛t Pmx ⊆ Pe(r−1)+1✳ ◆♦✇ ▲❡♠♠❛ ✷✳✸✱ ✭✐✐✐✮ ✐♠♣❧✐❡s t❤❛t
x ∈ Pe(r−1)+1−m✱ ❛s r❡q✉✐r❡❞✳ �

❉❡✜♥❡ t❤❡ ❣r♦✉♣s

U = U0 = A×, Um = 1 +Pm, ❢♦r m ≥ 1.

❚❤❡ ❣r♦✉♣ U ✐s ❝❛❧❧❡❞ ❛ ♣❛r❛❤♦r✐❝ s✉❜❣r♦✉♣ ♦❢ E×✳ ❲❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥

U ⊃ U1 ⊃ · · · ⊃ Uer−1 ⊃ Uer = {1},

✇❤❡r❡ t❤❡ ✐♥❝❧✉s✐♦♥s ❛r❡ str✐❝t t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✹✱ ✭✐✐✮✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ U i = {1}
❢♦r i > er✳

❙✐♥❝❡ P ✐s ❛ ✭t✇♦✲s✐❞❡❞✮ ✐❞❡❛❧ ✐♥ A✱ ❡❛❝❤ ❣r♦✉♣ Um ✐s ♥♦r♠❛❧ ✐♥ U ✳ ▼♦r❡♦✈❡r✱ ✐❢
1 + x ∈ Um✱ ❛♥❞ 1 + y ∈ Un✱ t❤❡♥

(1 + x)(1 + y) ≡ 1 + x+ y ≡ (1 + y)(1 + x) (mod Pm+n),

s♦ ✇❡ ❤❛✈❡ t❤❡ ❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥

[Um, Un] ⊆ Um+n.

❚❤✉s ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❣r♦✉♣ Um ✐s ❛❜❡❧✐❛♥ ✇❤❡♥❡✈❡r m ≥ er/2✱ t❤❛t ✐s✱ ✇❤❡♥
m ≥ ⌈ er

2 ⌉✳
❋♦r ❡✈❡r② m ≥ 1 ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

Um/Um+1 −̃→ Pm/Pm+1, (1 + x)Um+1 7−→ x+Pm+1,

❛♥❞ s✐♥❝❡ pPm ⊆ Pm+e ⊆ Pm+1✱ ✇❡ ❤❛✈❡ ❛♥ ❛❝t✐♦♥ ♦❢ or/p ∼= Fq ♦♥ Pm/Pm+1✱
❢♦r ❡❛❝❤ m ≥ 0✳ ❚❤✐s ♠❛❦❡s Pm/Pm+1 ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r t❤❡
✜♥✐t❡ ✜❡❧❞ Fq✱ ✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ Fq ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❣r♦✉♣ str✉❝t✉r❡✳ ❍❡♥❝❡
Pm/Pm+1 ✐s ❛♥ ❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥ ❣r♦✉♣✳

❇② ❝❤♦♦s✐♥❣ ❛ ❜❛s✐s✱ ✇❡ ♠❛② ✐❞❡♥t✐❢② V ✇✐t❤ oNr ✱ V ✇✐t❤ F
N
q ✱ E ✇✐t❤ MN (or)✱ E

✇✐t❤ MN (Fq)✱ ❛♥❞ E
× ✇✐t❤ Gr✳ ❚❤❡s❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✇✐❧❧ r❡♠❛✐♥ ✐♥ ❢♦r❝❡ t❤r♦✉❣❤✲

♦✉t t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t Ωr ⊂ gr ❜❡ ❛♥ ♦r❜✐t ✉♥❞❡r t❤❡ ❛❞❥♦✐♥t
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✭❝♦♥❥✉❣❛t✐♦♥✮ ❛❝t✐♦♥ ♦❢ Gr✳ ❲r✐t❡ Ω1 ❢♦r t❤❡ ✐♠❛❣❡ ♦❢ Ωr ✐♥ g1✳ ❲❡ ✇✐❧❧ ❛ss♦❝✐❛t❡
❛ ❝❡rt❛✐♥ ♣❛r❛❤♦r✐❝ s✉❜❛❧❣❡❜r❛ t♦ Ω1✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Am✳ ▲❡t

h∏

i=1

fi(x)
mi ∈ Fq[x]

❜❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ Ω1 ✭✐✳❡✳✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❛♥②
❡❧❡♠❡♥t ✐♥ Ω1✮✱ ✇❤❡r❡ t❤❡ fi(x) ❛r❡ ❞✐st✐♥❝t ❛♥❞ ✐rr❡❞✉❝✐❜❧❡ ♦❢ ❞❡❣r❡❡ di✱ ❢♦r i =
1, . . . , h✳ ❚❤✐s ❞❡t❡r♠✐♥❡s ❛ ♣❛rt✐t✐♦♥ ♦❢ N ✿

λ = (dm1

1 , . . . , dmh

h ) = (d1, d1, . . . , d1︸ ︷︷ ︸
m1 t✐♠❡s

, . . . , dh, dh, . . . , dh︸ ︷︷ ︸
mh t✐♠❡s

).

❲❡ ❞❡✜♥❡ Am ⊆ gr t♦ ❜❡ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ t❤❡ st❛♥❞❛r❞ ♣❛r❛❜♦❧✐❝ s✉❜❛❧❣❡❜r❛ ♦❢ g1
❝♦rr❡s♣♦♥❞✐♥❣ t♦ λ ✭✐✳❡✳✱ t❤❡ ❜❧♦❝❦ ✉♣♣❡r✲tr✐❛♥❣✉❧❛r s✉❜❛❧❣❡❜r❛ ✇❤♦s❡ ❜❧♦❝❦ s✐③❡s
❛r❡ ❣✐✈❡♥ ❜② λ✱ ✐♥ t❤❡ ♦r❞❡r ❣✐✈❡♥ ❛❜♦✈❡✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❧❡t AM = gr = MN (or) ❜❡
t❤❡ ❢✉❧❧ ♠❛tr✐① ❛❧❣❡❜r❛✳ ▲❡t Pm ❛♥❞ PM ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧s
♦❢ Am ❛♥❞ AM✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ Pm ✐s t❤❡ ♣r❡✲✐♠❛❣❡ ✉♥❞❡r ρr,1 : gr → g1 ♦❢ t❤❡
str✐❝t ❜❧♦❝❦✲✉♣♣❡r s✉❜❛❧❣❡❜r❛ ♦❢ Am✱ ❛♥❞ s✐♠✐❧❛r❧② PM ✐s t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ 0✱ t❤❛t
✐s✱ PM = pgr✳ ❋♦r ∗ ∈ {m,M} ✇❡ ❤❛✈❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r♦✉♣s

U∗ = U0
∗ = A×

∗ , U i
∗ = 1 +Pi

∗, ❢♦r i ≥ 1,

❛♥❞ t❤❡ ✜❧tr❛t✐♦♥s

U∗ ⊃ U1
∗ ⊃ · · · ⊃ Ue∗r

∗ = {1},

✇❤❡r❡ e∗ = e(A∗) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜❧♦❝❦s ♦❢ t❤❡ ❛❧❣❡❜r❛ A∗ ♠♦❞ p✳ ◆♦t❡ t❤❛t
U i
M = Ki ❛♥❞ eM = 1✱ ✇❤✐❧❡ em = m1 + · · ·+mh✳
❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ AM ⊇ Am✱ ❛♥❞ t❤❡ ❧❛❜❡❧ m ❤❡r❡ st❛♥❞s ❢♦r ✏♠✐♥✐♠❛❧✑✱

✇❤✐❧❡ M st❛♥❞s ❢♦r ✏♠❛①✐♠❛❧✑✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✱ ✇❡ ❤❛✈❡

Um/U
1
m
∼=

h∏

i=1

GLdi
(Fq))

mi , Am/Pm
∼=

h∏

i=1

Mdi
(Fq)

mi ,

UM/U
1
M = Gr/K

1 ∼= G1, AM/PM
∼= g1.

◆♦t❡ t❤❛t ✐❢ Ω1 ❤❛s ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✱ t❤❡♥ Am = AM = gr✳
●✐✈❡♥ ❛♥ ❡❧❡♠❡♥t β ∈ gr ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ✐ts ✐♠❛❣❡ ✐♥ g1 ❜② β̄✳ ❙✐♠✐❧❛r❧②✱ ✐❢

β ∈ Ωr ∩ Am✱ ✇❡ ✇✐❧❧ ❧❡t βm ❞❡♥♦t❡ t❤❡ ✐♠❛❣❡ ♦❢ β ✐♥ Am/Pm✳ ◆♦t❡ t❤❛t ❜②✱
❢♦r ❡①❛♠♣❧❡✱ t❤❡ r❛t✐♦♥❛❧ ❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠✱ Ωr ∩ Am ✐s ♥♦♥✲❡♠♣t②✳ ❯♣ t♦ Gr✲
❝♦♥❥✉❣❛t✐♦♥ ✇❡ ❝❛♥ ❛❧s♦ ❛rr❛♥❣❡ t❤❡ ❞✐❛❣♦♥❛❧ ✐rr❡❞✉❝✐❜❧❡ ❜❧♦❝❦s ♦❢ β̄✱ ❛♥❞ ❤❡♥❝❡ ♦❢
βm ✐♥ ❛♥② ♦r❞❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ✜♥❞ ❛ β ∈ Ωr ∩ Am s✉❝❤ t❤❛t

✭✷✳✷✮ βm = β1
m ⊕ · · · ⊕ β1

m︸ ︷︷ ︸
m1 t✐♠❡s

⊕ · · · ⊕ βh
m ⊕ · · · ⊕ βh

m︸ ︷︷ ︸
mh t✐♠❡s

,

✇❤❡r❡ ❡❛❝❤ βi
m ∈ Mdi(Fq) ❤❛s ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ fi(x)✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts ✐♥ g1✳ ❖♥❡ ♦❢
t❤❡ s✐♠♣❧❡st ✐s t❤❛t ❛♥ ❡❧❡♠❡♥t ✐♥ g1 ✐s r❡❣✉❧❛r ✐❢ ✐ts ❝❡♥tr❛❧✐s❡r ✐♥ g1 ❤❛s ❞✐♠❡♥s✐♦♥
N ✭❛s Fq✲✈❡❝t♦r s♣❛❝❡✮✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ r❡❣✉❧❛r ❡❧❡♠❡♥ts ✐♥ gi ❢♦r r ≥ i >
1✱ ❛s t❤♦s❡ ❡❧❡♠❡♥ts ✇❤♦s❡ ❝❡♥tr❛❧✐s❡r ✐♥ gi ❤❛s oi✲r❛♥❦ N ✳ ❆ r❡s✉❧t ♦❢ ❍✐❧❧ ❬✽✱
❚❤❡♦r❡♠ ✸✳✻❪ ✐♠♣❧✐❡s t❤❛t ❛♥ ❡❧❡♠❡♥t ✐♥ gi ✐s r❡❣✉❧❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♠❛❣❡ ✐♥ g1
✐s r❡❣✉❧❛r✳

▲❡♠♠❛ ✷✳✻✳ ▲❡t β ∈ Ωr ∩ Am✳ ■❢ β ✐s r❡❣✉❧❛r✱ t❤❡♥ CGr
(β) ⊆ A×

m✳
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Pr♦♦❢✳ ■❢ β ✐s r❡❣✉❧❛r✱ ✇❡ ❤❛✈❡ CGr
(β) = or[β]

×✱ s♦ β ∈ Am ✐♠♣❧✐❡s t❤❛t CGr
(β) ⊂

Am✱ s✐♥❝❡ Am ✐s ❛♥ ❛❧❣❡❜r❛✳ �

▲❡♠♠❛ ✷✳✼✳ ❲❡ ❤❛✈❡

|CAm/Pm
(βm)| = qN = |Cg1

(β̄)|.

Pr♦♦❢✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠ Am/Pm
∼=
∏h

i=1 Mdi
(Fq)

mi , ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

CAm/Pm
(βm) ∼=

h∏

i=1

CMdi
(Fq)(β

i
m)

mi ,

s♦ |CAm/Pm
(βm)| =

∏h
i=1 q

dimi = qN ✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❜② ❞❡✜♥✐t✐♦♥ ♦❢

r❡❣✉❧❛r✐t② ♦❢ β̄✳ �

❙❡t l = ⌈ r
2⌉✱ l

′ = ⌊ r
2⌋✱ s♦ t❤❛t l + l′ = r✳ ❚❤❡ r❡❧❛t✐♦♥s AM ⊇ Am ⊇ Pm ⊇ PM

✐♠♣❧② t❤❛t ❢♦r ❡✈❡r② i ≥ 1✱ Pi
M = pigr ✐s ❛ t✇♦✲s✐❞❡❞ ✐❞❡❛❧ ✐♥ Am✳ ❋♦r β ∈ Ωr ∩ A

❛♥❞ ∗ ∈ {m,M}✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r♦✉♣s

C = CGr (β),

J1
∗ = (C ∩ U1

∗ )U
e∗l

′

∗ ,

H1
∗ = (C ∩ U1

∗ )U
e∗l

′+1
∗ .

◆♦t❡ t❤❛t J1
M = (C∩K1)Kl′ ❛♥❞ H1

M = (C∩K1)Kl✱ ❛♥❞ t❤❛t ❜♦t❤ ♦❢ t❤❡s❡ ❣r♦✉♣s

❛r❡ ♥♦r♠❛❧✐s❡❞ ❜② CKl′ ✱ s✐♥❝❡ C ♥♦r♠❛❧✐s❡s ❜♦t❤ K1 ❛♥❞ Kl′ ✱ ❛♥❞ [Kl′ ,K1] ⊆

Kl ⊆ Kl′ ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ❣r♦✉♣

Jm,M = (C ∩ U1
m)K

l′ .

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ♦❢ s✉❜❣r♦✉♣s✱ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞ s❧❛♥t❡❞ ❧✐♥❡s
❞❡♥♦t❡ ✐♥❝❧✉s✐♦♥s ✭✇❡ ❤❛✈❡ ♦♥❧② ✐♥❞✐❝❛t❡❞ t❤❡ ✐♥❝❧✉s✐♦♥s ✇❤✐❝❤ ❛r❡ r❡❧❡✈❛♥t t♦ ✉s
❛♥❞ r❡♣❡❛t t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❣r♦✉♣s✱ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✮✳

CKl′

Jm,M

J1
m J1

M

H1
m

H1
M

Kl

Jm,M = (C ∩ U1
m)K

l′ ,

J1
m = (C ∩ U1

m)U
eml′

m ,

H1
m = (C ∩ U1

m)U
eml′+1
m ,

J1
M = (C ∩K1)Kl′ ,

H1
M = (C ∩K1)Kl.
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❲❡ ❡①♣❧❛✐♥ t❤❡ ♥♦♥✲tr✐✈✐❛❧ ✐♥❝❧✉s✐♦♥s ✐♥ t❤❡ ❛❜♦✈❡ ❞✐❛❣r❛♠✳ ❲❡ ❤❛✈❡ Pm ⊇ PM✱
❛♥❞ s♦ U1

m ⊇ K1✳ ❇② ❈♦r♦❧❧❛r② ✷✳✹✱ ✇❡ ❣❡t

Ueml′+1
m = 1 + pl

′

Pm ⊇ 1 + pl
′

PM = Kl;

t❤✉s H1
m ⊇ H1

M✳ ▼♦r❡♦✈❡r✱

Ueml′

m = 1 + pl
′

Am ⊆ 1 + pl
′

AM = Kl′ ,

s♦ Jm,M ❝♦♥t❛✐♥s ❜♦t❤ J1
m ❛♥❞ J1

M ❛s s✉❜❣r♦✉♣s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ❛ ❝r✉❝✐❛❧ st❡♣ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ r❡♣r❡s❡♥t❛✲

t✐♦♥s✱ ❛♥❞ ✐s t❤❡ ♠❛✐♥ r❡❛s♦♥ ✇❤② ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ ❛❧❣❡❜r❛ Am ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞
s✉❜❣r♦✉♣s✳

▲❡♠♠❛ ✷✳✽✳ ❙✉♣♣♦s❡ t❤❛t Ωr ❝♦♥s✐sts ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

β ∈ Ωr s✉❝❤ t❤❛t Jm,M ✐s ❛ ❙②❧♦✇ p✲s✉❜❣r♦✉♣ ♦❢ CKl′ ✳

Pr♦♦❢✳ ❇② t❤❡ r❛t✐♦♥❛❧ ❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠✱ t❤❡r❡ ✐s ❛ β ∈ Ωr ∩Am✳ ▼♦r❡♦✈❡r✱ ❛♥②
♣❡r♠✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② Gr✲❝♦♥❥✉❣❛t✐♦♥✱ s♦ t❤❡r❡ ✐s
❛ β ∈ Ωr ∩Am s✉❝❤ t❤❛t βm ∈ Am/Pm s❛t✐s✜❡s ✭✷✳✷✮✳ ❆ss✉♠❡ ♥♦✇ t❤❛t β ✐s ❝❤♦s❡♥
✐♥ t❤✐s ✇❛②✳ ❲❡ ❤❛✈❡

[CKl′ : Jm,M] =
|CKl′ |/|Kl′ |

|Jm,M|/|Kl′ |
=

|C/(C ∩Kl′)|

|(C ∩ U1
m)/(C ∩Kl′)|

=
|C|

|C ∩ U1
m|
.

❚❤✉s ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t C ∩U1
m ✐s ❛ ❙②❧♦✇ p✲s✉❜❣r♦✉♣ ✐♥ C✳ ❙✐♥❝❡ β ✐s r❡❣✉❧❛r✱

C ✐s ❛❜❡❧✐❛♥✱ ❛♥❞ ❜② ▲❡♠♠❛ ✷✳✻ ✇❡ ❤❛✈❡ C ⊆ Um = A×
m✱ s♦ ✇❡ ❤❛✈❡

C

C ∩ U1
m

=
C ∩ Um

C ∩ U1
m

.

❚❤❡♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ Um/U
1
m
∼=
∏h

i=1 GLdi
(Fq)

mi ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

C ∩ Um

C ∩ U1
m

∼=

h∏

i=1

CGLdi
(Fq)(β

i
m)

mi .

❊❛❝❤ βi
m ❤❛s ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ♦✈❡r Fq✱ s♦ Fq[β

i
m]/Fq ✐s ❛ ✜❡❧❞

❡①t❡♥s✐♦♥ ♦❢ ❞❡❣r❡❡ di✳ ❙✐♥❝❡ CGLdi
(Fq)(β

i
m) = Fq[β

i
m]

×✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t p ❞♦❡s

♥♦t ❞✐✈✐❞❡ t❤❡ ♦r❞❡r ♦❢ CGLdi
(Fq)(β

i
m)✳ ❚❤❡r❡❢♦r❡✱ p ❞♦❡s ♥♦t ❞✐✈✐❞❡ t❤❡ ♦r❞❡r ♦❢

C
C∩U1

m

✱ s♦ Jm,M ✐s ❛ ❙②❧♦✇ p✲s✉❜❣r♦✉♣ ♦❢ CKl′ ✳ �

❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ❤♦❧❞s ✇✐t❤♦✉t t❤❡ ❤②♣♦t❤❡s✐s t❤❛t Ωr ❝♦♥s✐sts
♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts✱ ❜✉t t❤❡ ♣r♦♦❢ ✐s s❧✐❣❤t❧② ❡❛s✐❡r ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❣✉❧❛r ♦r❜✐t✳
◆♦t❡ ❛❧s♦ t❤❛t ✇❤❡♥ β ✐s ❛s ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✱ Jm,M ✐s ✐♥ ❢❛❝t ♥♦r♠❛❧ ✐♥ CKl′ ✱
s✐♥❝❡ C = C ∩ UM ♥♦r♠❛❧✐s❡s Jm,M ✇❤❡♥ C ✐s ❛❜❡❧✐❛♥✳ ❚❤✉s Jm,M ✐s t❤❡ ✉♥✐q✉❡

❙②❧♦✇ p✲s✉❜❣r♦✉♣ ♦❢ CKl′ ✳ ❲❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t❤✐s ❢❛❝t✳

✸✳ ❈❤❛r❛❝t❡rs ❛♥❞ ❍❡✐s❡♥❜❡r❣ ❧✐❢ts

❆s ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ F ❞❡♥♦t❡s t❤❡ ❢r❛❝t✐♦♥ ✜❡❧❞ ♦❢ o✳ ❋✐① ❛♥ ❛❞❞✐t✐✈❡ ❝❤❛r❛❝t❡r
ψ : F → C

× ✇❤✐❝❤ ✐s tr✐✈✐❛❧ ♦♥ o ❜✉t ♥♦t ♦♥ p−1 ✭✐✳❡✳✱ ψ ❤❛s ❝♦♥❞✉❝t♦r o✮✳ ❋♦r ❡❛❝❤
r ≥ 1 ✇❡ ❝❛♥ ✈✐❡✇ ψ ❛s ❛ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ❣r♦✉♣ F/pr ✇❤♦s❡ ❦❡r♥❡❧ ❝♦♥t❛✐♥s or✳
❲❡ ✇✐❧❧ ✉s❡ ψ ❛♥❞ t❤❡ tr❛❝❡ ❢♦r♠ (x, y) 7→ tr(xy) ♦♥ gr t♦ s❡t ✉♣ ❛ ❞✉❛❧✐t② ❜❡t✇❡❡♥
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t❤❡ ❣r♦✉♣s Irr(Ki) ❛♥❞ gr−i✱ ❢♦r i ≥ r/2✳ ❋♦r β ∈ MN (or)✱ ❞❡✜♥❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠
ψβ : Ki → C

× ❜②

✭✸✳✶✮ ψβ(1 + x) = ψ(̟−r tr(β̂x̂)),

✇❤❡r❡ x ∈ pigr✱ ❛♥❞ β̂, x̂ ∈ MN (o) ❞❡♥♦t❡ ❛r❜✐tr❛r② ❧✐❢ts ♦❢ β ❛♥❞ x✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ✈❛❧✉❡ ψ(̟−r tr(β̂x̂)) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ❧✐❢ts✱ s✐♥❝❡ ψ ✐s tr✐✈✐❛❧
♦♥ o✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ✇✐❧❧ ❛❜✉s❡ ♥♦t❛t✐♦♥ s❧✐❣❤t❧② ❢r♦♠ ♥♦✇ ♦♥ ❛♥❞ ✇r✐t❡

ψ(̟−r tr(βx)) ✐♥st❡❛❞ ♦❢ ψ(̟−r tr(β̂x̂))✳ ❚❤❡ ♠❛♣ β 7→ ψβ ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠
✇❤♦s❡ ❦❡r♥❡❧ ✐s pr−igr✱ t❤❛♥❦s t♦ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ tr❛❝❡ ❢♦r♠✳ ❍❡♥❝❡ ✐t
✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

gr/p
r−igr −̃→ Irr(Ki),

✇❤❡r❡ ✇❡ ✇✐❧❧ ✉s✉❛❧❧② ✐❞❡♥t✐❢② gr/p
r−igr ✇✐t❤ gr−i✳ ❋♦r g ∈ Gr ✇❡ ❤❛✈❡

ψgβg−1(1 + x) = ψ(̟−r tr(gβg−1x)) = ψ(̟−r tr(βg−1xg)) = ψβ(1 + g−1xg).

▲❡t A,P✱ ❛♥❞ Um,m ≥ 0 ❜❡ t❤❡ ♦❜❥❡❝ts ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❛r❜✐tr❛r② ✢❛❣ ♦❢ ❧❡♥❣t❤ e✱ ❛s
✐♥ ❙❡❝t✐♦♥ ✷✳ ▲❡t n ❛♥❞m ❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t e(r−1)+1 ≥ n > m ≥ n/2 > 0✳
❚❤❡♥ Um/Un ✐s ❛❜❡❧✐❛♥✱ ❛♥❞ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

Pm/Pn −̃→ Um/Un, x+Pn 7−→ (1 + x)Un.

❊❛❝❤ a ∈ gr ❞❡✜♥❡s ❛ ❝❤❛r❛❝t❡r gr → C
× ✈✐❛ x 7→ ψ(̟−r tr(ax))✱ ❛♥❞ t❤✐s ❞❡✜♥❡s

❛♥ ✐s♦♠♦r♣❤✐s♠ gr → Irr(gr)✳ ❋♦r ❛♥② s✉❜❣r♦✉♣ S ♦❢ gr✱ ❞❡✜♥❡

S⊥ = {x ∈ gr | ψ(̟−r tr(xS)) = 1}.

❯s✐♥❣ t❤❡ ✐s♦♠♦r♣❤✐s♠ gr → Irr(gr)✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② S⊥ ✇✐t❤ t❤❡ ❣r♦✉♣ ♦❢ ❝❤❛r❛❝✲
t❡rs ♦❢ gr ✇❤✐❝❤ ❛r❡ tr✐✈✐❛❧ ♦♥ S✳

❲❡ ❣❡♥❡r❛❧✐s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ψβ t♦ ❛❧❧♦✇ β t♦ ❧✐❡ ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣♦✇❡r ♦❢

P✳ ❋♦r ❛♥② β ∈ Pe(r−1)+1−n ❞❡✜♥❡ ❛ ❝❤❛r❛❝t❡r ψβ : Um → C
× ❜②

ψβ(1 + x) = ψ(̟−r tr(βx)).

▲❡♠♠❛ ✸✳✶✳ ▲❡t e(r − 1) + 1 ≥ n > m ≥ n/2 > 0✳ ❚❤❡♥

✭✐✮ ❋♦r ❛♥② ✐♥t❡❣❡r i s✉❝❤ t❤❛t 0 ≤ i ≤ e(r − 1) + 1✱ ✇❡ ❤❛✈❡

(Pi)⊥ = Pe(r−1)+1−i.

✭✐✐✮ ❚❤❡ ♠❛♣ β 7→ ψβ ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

Pe(r−1)+1−n/Pe(r−1)+1−m −̃→ Irr(Um/Un).

Pr♦♦❢✳ ▲❡t ρr : o → or ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠❛♣✳ ❋♦r ❛♥② x ∈ gr t❤❡ s❡t̟
−rρ−1

r (tr(xPi))
✐s ❛ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ♦❢ o✱ s♦ ❜② ♦✉r ❝❤♦✐❝❡ ♦❢ ψ ✇❡ ❤❛✈❡

ψ(̟−r tr(xPi)) := ψ(̟−rρ−1
r (tr(xPi)) = 1

✐❢ ❛♥❞ ♦♥❧② ✐❢ ̟−rρ−1
r (tr(xPi) ⊆ o✳ ❚❤✉s x ∈ (Pi)⊥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ tr(xPi) = 0 ✐♥

or✱ s♦ ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✷✳✺✳ ▼♦r❡♦✈❡r✱ ✭✐✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐s♦♠♦r♣❤✐s♠
Pm/Pn ∼= Um/Un ✐♠♣❧✐❡s ✭✐✐✮✳ �

▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣ ❛♥❞ N ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣✱ s✉❝❤ t❤❛t G/N ✐s ❛♥ ❡❧❡♠❡♥✲
t❛r② ❛❜❡❧✐❛♥ p✲❣r♦✉♣✳ ❚❤❡♥ t❤❡ ❣r♦✉♣ G/N ❤❛s ❛ str✉❝t✉r❡ ♦❢ Fp✲✈❡❝t♦r s♣❛❝❡✳ ▲❡t
χ ❜❡ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ N ✇❤✐❝❤ ✐s st❛❜✐❧✐s❡❞ ❜② G✳ ❉❡✜♥❡ ❛♥
❛❧t❡r♥❛t✐♥❣ ❜✐❧✐♥❡❛r ❢♦r♠

hχ : G/N ×G/N −→ C
×, hχ(xN, yN) = χ([x, y]) = χ(xyx−1y−1).
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❇② ❜✐❧✐♥❡❛r✐t② ✇❡ s✐♠♣❧② ♠❡❛♥ t❤❛t hχ(xN, yzN) = hχ(xN, yN)hχ(xN, zN) ❢♦r ❛❧❧
x, y, z ∈ G✱ ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ❧✐♥❡❛r✐t② ✐♥ t❤❡ ✜rst ✈❛r✐❛❜❧❡✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❝♦♠♠✉t❛t♦r r❡❧❛t✐♦♥ [x, yz] = [x, y]y[x, z] ❛♥❞ ✐ts ❛♥❛❧♦❣✉❡ ❢♦r t❤❡ ✜rst ✈❛r✐❛❜❧❡✳
◆♦t❡ t❤❛t ❧✐♥❡❛r✐t② ✇✐t❤ r❡s♣❡❝t t♦ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤✐s s✐♥❝❡ ❢♦r
n̄ ∈ Fp ✇❡ ❤❛✈❡ n̄(xN) = xnN ✱ ❢♦r ❛♥② ❧✐❢t n ∈ Z ♦❢ n̄✳✮✳ ❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥
s❤♦✇s t❤❛t hχ ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ t❤❛♥❦s t♦ t❤❡ st❛❜✐❧✐t② ♦❢ χ ✉♥❞❡r G✳ ❉❡✜♥❡ t❤❡
s✉❜s♣❛❝❡

Rχ = {xN ∈ G/N | hχ(xN, yN) = 1 ❢♦r ❛❧❧ y ∈ G}.

❚❤✐s ✐s t❤❡ r❛❞✐❝❛❧ ♦❢ t❤❡ ❢♦r♠ hχ✱ ❛♥❞ ✇❡ s❛② t❤❛t hχ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✐❢ Rχ = 0✳
❲❡ ✇✐❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✭❝❢✳ ❬✸✱ ✽✳✸✳✸❪✮✿

▲❡♠♠❛ ✸✳✷✳ ❆ss✉♠❡ t❤❛t t❤❡ ❢♦r♠ hχ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ ηχ ∈ Irr(G | χ)✱ ❛♥❞ dim ηχ = [G : N ]1/2✳

◆♦t❡ t❤❛t ✐❢ χ ❛♥❞ χ′ ❛r❡ t✇♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ N s✉❝❤ t❤❛t ηχ = ηχ′ ✱ t❤❡♥ ❜②
❈❧✐✛♦r❞✬s t❤❡♦r❡♠✱ t❤❡ r❡str✐❝t✐♦♥ ηχ|N = ηχ′ |N ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ χ ❛♥❞ ♦❢ χ′✱ s♦ ✇❡
♠✉st ❤❛✈❡ χ = χ′✳

❲❡ ✇✐❧❧ ❡♥❝♦✉♥t❡r s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❢♦r♠ hχ ✐s ♥♦t ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ■♥ t❤❡s❡
❝❛s❡s ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐s❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦r♦❧❧❛r② ♦❢ t❤❡ ❛❜♦✈❡
❧❡♠♠❛✿

❈♦r♦❧❧❛r② ✸✳✸✳ ▲❡t G✱ N ❛♥❞ Rχ ❜❡ ❛s ❛❜♦✈❡✱ ❛♥❞ ❧❡t Rχ ❜❡ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡

♦❢ Rχ ✉♥❞❡r t❤❡ ♠❛♣ G → G/N ✳ ❚❤❡♥ χ ❤❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ Rχ✱ ❛♥❞ ❢♦r ❛♥②
❡①t❡♥s✐♦♥ χ̃ ♦❢ χ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ηχ̃ ∈ Irr(G | χ̃)✳ ▼♦r❡♦✈❡r✱

dim ηχ̃ = [G : Rχ]
1/2.

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ χ([Rχ, Rχ]) = 1✱ s♦ Rχ/Kerχ ✐s ❛❜❡❧✐❛♥ ❛♥❞ t❤✉s χ ❡①t❡♥❞s
t♦ Rχ✳ ▲❡t χ̃ ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ❛♥❞ x ∈ G✳ ❚❤❡♥✱ ❢♦r ❛♥② r ∈ Rχ✱ ✇❡ ❤❛✈❡ [x, r] ∈ N ✱
s♦

χ̃([x, r]) = χ([x, r]) = 1.

❍❡♥❝❡ χ̃(xrx−1) = χ̃(r)✱ t❤❛t ✐s✱ x st❛❜✐❧✐s❡s χ̃✳ ▼♦r❡♦✈❡r✱ Rχ ✐s ♥♦r♠❛❧ ✐♥ G s✐♥❝❡
❢♦r ❛♥② x, y ∈ G✱ r ∈ Rχ✱ ✇❡ ❤❛✈❡

χ([xrx−1, y]) = χ̃([xrx−1, y]) = χ̃(xrx−1yxr−1x−1y−1)

= χ̃(x−1y−1xrx−1yxr−1) = χ̃(x−1y−1xrx−1yx)χ̃(r−1)

= χ̃(r)χ̃(r−1) = 1.

❲❡ t❤✉s ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r♠ hχ̃ ♦♥ G/Rχ✱ ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ❚❤❡
r❡♠❛✐♥✐♥❣ st❛t❡♠❡♥ts ♥♦✇ ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ▲❡♠♠❛ ✸✳✷✳ �

■♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r②✱ ✇❡ ❝❛❧❧ ηχ̃ ❛ ❍❡✐s❡♥❜❡r❣ ❧✐❢t ♦❢ χ✳
❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❛❜♦✈❡ r❡s✉❧ts t♦ t❤❡ ❣r♦✉♣ J1

∗ ❛♥❞ ✐ts ♥♦r♠❛❧ s✉❜❣r♦✉♣ H1
∗ ✱

❢♦r ∗ ∈ {m,M}✳ ❲❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

J1
∗/H

1
∗
∼=

Ue∗l
′

∗

(C ∩ Ue∗l′
∗ )Ue∗l′+1

∗

,

❛♥❞ t❤✐s ✐s ❛ q✉♦t✐❡♥t ♦❢ Ue∗l
′

∗ /Ue∗l
′+1

∗
∼= A∗/P∗ ✭✇❤❡r❡ A∗ ✐s t❤❡ ✐♠❛❣❡ ♦❢ A∗

✐♥ g1✱ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✮✱ ✇✐t❤ t❤❡ ❧❛tt❡r ✐s♦♠♦r♣❤✐s♠ ❜❡✐♥❣ ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛♣

1 + πl′x 7→ x̄ + P∗✳ ❙✐♥❝❡ A∗/P∗ ✐s ❛ ♣r♦❞✉❝t ♦❢ ❛❞❞✐t✐✈❡ ❣r♦✉♣s ♦❢ ♠❛tr✐① r✐♥❣s
♦✈❡r Fq✱ ✐t ✐s ❛♥ ❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥ p✲❣r♦✉♣ ✭✇❤❡r❡ ❛s ❜❡❢♦r❡ p = charFq✮✱ ❛♥❞
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✐♥ ❢❛❝t ❤❛s ❛ str✉❝t✉r❡ ♦❢ Fq✲✈❡❝t♦r s♣❛❝❡✳ ❚❤✉s J1
∗/H

1
∗ ✱ ❜❡✐♥❣ ❛ q✉♦t✐❡♥t ♦❢ ❛♥

❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥ ❣r♦✉♣✱ ✐s ✐ts❡❧❢ ❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥✳

✹✳ ❈♦♥str✉❝t✐♦♥ ♦❢ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s

❋♦r ❛♥② x ∈ gr✱ ❧❡t xi ❞❡♥♦t❡ t❤❡ ✐♠❛❣❡ ♦❢ x ✐♥ gi✱ ❢♦r r ≥ i ≥ 1✳ ❲❡ ❛❧s♦ ✇r✐t❡ x̄
❢♦r x1✳ ❘❡❝❛❧❧ ❢r♦♠ t❤❡ ♣❛r❛❣r❛♣❤ ♣r❡❝❡❞✐♥❣ ▲❡♠♠❛ ✷✳✻ t❤❛t ❛ r❡❣✉❧❛r ❡❧❡♠❡♥t ✐♥
gi ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣r♦♣❡rt② ♦❢ ❤❛✈✐♥❣ ❝❡♥tr❛❧✐s❡r ✐♥ gi ♦❢ oi✲r❛♥❦ N ✳ ❆ r❡s✉❧t
♦❢ ❍✐❧❧ ❬✽✱ ❈♦r♦❧❧❛r② ✸✳✼❪ ✐♠♣❧✐❡s t❤❛t ✐❢ βi ∈ gi ✐s r❡❣✉❧❛r✱ t❤❡♥ CGi

(βi) = oi[βi]
×✳

■t ❢♦❧❧♦✇s t❤❛t ✐❢ β ✐s r❡❣✉❧❛r✱ t❤❡♥ C = CGr
(β) ✐s ❛❜❡❧✐❛♥ ❛♥❞ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠s

ρr,i : C → CGi
(βi)

❛r❡ s✉r❥❡❝t✐✈❡ ❢♦r ❡✈❡r② r ≥ i ≥ 1✳
❙✉♣♣♦s❡ t❤❛t π ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Gr✳ ❇② ❈❧✐✛♦r❞✬s t❤❡♦r❡♠✱

t❤❡ r❡str✐❝t✐♦♥ ♦❢ π t♦ t❤❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ Kl ❞❡✜♥❡s ❛♥ ♦r❜✐t ♦❢ ❝❤❛r❛❝t❡rs ψβ ✱ ❛♥❞
❤❡♥❝❡ ❜② t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✱ ❛♥ ♦r❜✐t ♦❢ ❡❧❡♠❡♥ts ✐♥ gr/p

r−lgr ∼= gl′ ✉♥❞❡r t❤❡
❝♦♥❥✉❣❛❝② ❛❝t✐♦♥ ♦❢ Gr ✭✐✳❡✳✱ t❤❡ ❛❞❥♦✐♥t ❛❝t✐♦♥✮✳ ❲❡ ❝❛❧❧ π r❡❣✉❧❛r ✐❢ t❤✐s ♦r❜✐t ✐♥
gl′ ❝♦♥s✐sts ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts✳

❋✐① ❛♥ ♦r❜✐t Ωl′ ⊂ gl′ ❝♦♥s✐st✐♥❣ ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts✳ ❲❡ ✇✐❧❧ ❝♦♥str✉❝t ❛❧❧ t❤❡
✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr ✇✐t❤ ♦r❜✐t Ωl′ ✳ ❲❤❡♥ r ✐s ❡✈❡♥✱ t❤❡ ❝♦♥str✉❝t✐♦♥
✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ❛♠♦✉♥ts t♦ t❛❦✐♥❣ ❛♥② β + pl

′

gr ∈ Ωl′ ✱ ❡①t❡♥❞✐♥❣ ψβ t♦ CKl′

❛♥❞ ✐♥❞✉❝✐♥❣ t♦ Gr✳ ❚♦ s❤♦✇ t❤❛t ψβ ❡①t❡♥❞s t♦ CKl′ ✐s str❛✐❣❤t❢♦r✇❛r❞ ✐♥ t❤✐s
❝❛s❡❀ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✽✱ ❚❤❡♦r❡♠ ✹✳✶❪✳

❋r♦♠ ♥♦✇ ♦♥✱ ❛ss✉♠❡ t❤❛t r ≥ 3 ✐s ♦❞❞✱ s♦ t❤❛t l′ = l − 1✳ ❲❡ ❤✐❣❤❧✐❣❤t t❤❡
❤②♣♦t❤❡s❡s t❤❛t ✇✐❧❧ r❡♠❛✐♥ ✐♥ ❢♦r❝❡ t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✿

✭✐✮ r ≥ 3 ✐s ♦❞❞✱
✭✐✐✮ β ∈ gr ✐s r❡❣✉❧❛r✱

✭✐✐✐✮ β ∈ Am ❛♥❞ t❤❡ ✐♠❛❣❡ βm ∈ Am/Pm
∼=
∏h

i=1 Mdi(Fq)
mi ✐s

βm = β1
m ⊕ · · · ⊕ β1

m︸ ︷︷ ︸
m1 t✐♠❡s

⊕ · · · ⊕ βh
m ⊕ · · · ⊕ βh

m︸ ︷︷ ︸
mh t✐♠❡s

,

✇❤❡r❡ βi
m ∈ Mdi(Fq) ❤❛✈❡ ✐rr❡❞✉❝✐❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ✐♥❢♦r♠❛❧ ♦✈❡r✈✐❡✇✳
❙❝❤❡♠❛t✐❝❛❧❧②✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠s ✭❞♦tt❡❞
❧✐♥❡s ❛r❡ ❡①t❡♥s✐♦♥s✱ ❞❛s❤❡❞ ❛r❡ ❍❡✐s❡♥❜❡r❣ ❧✐❢ts✱ ❛♥❞ t❤❡ s♦❧✐❞ ♦♥❡ ❜❡t✇❡❡♥ ηm ❛♥❞
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η ✐s ❛♥ ✐♥❞✉❝t✐♦♥✮✿

CKl′

Jm,M

J1
m J1

M

H1
m

H1
M

Kl

η̂M

η

ηm ηM

θm

θM

ψβ

In
d

∃!

❚❤❡ ❞✐❛❣r❛♠ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ t❤❡ r✐❣❤t s❤♦✉❧❞ ❜❡ r❡❛❞ ❢r♦♠ ❜♦tt♦♠ t♦ t♦♣✳
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ▲❡♠♠❛ ✷✳✽ t❤❛t t❤❡r❡ ❡①✐sts ❛ β ∈ Ωr s✉❝❤ t❤❛t Jm,M ✐s ❛ ❙②❧♦✇

p✲s✉❜❣r♦✉♣ ♦❢ CKl′ ✱ ❛♥❞ ✜① ♦♥❡ s✉❝❤ β✳ ❲❡ t❤❡♥ s❤♦✇ t❤❛t t❤❡ ❝❤❛r❛❝t❡r ψβ ♦❢ Kl

❤❛s ❛♥ ❡①t❡♥s✐♦♥ θM t♦ H1
M ❛♥❞ t❤❛t θM ❡①t❡♥❞s ❢✉rt❤❡r t♦ θm ♦♥ H1

m✳ ◆❡①t✱ ✇❡ ✉s❡
❈♦r♦❧❧❛r② ✭✸✳✸✮ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ηM ∈ Irr(J1

M | θM)✱
❛s ✇❡❧❧ ❛s ❛ ✭♥♦♥✲✉♥✐q✉❡✮ r❡♣r❡s❡♥t❛t✐♦♥ ηm ∈ Irr(J1

m | θm)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❝♦♠♣✉t❡

t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ηM ❛♥❞ ηm✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t η := Ind
Jm,M

J1
m

ηm ❤❛s t❤❡ s❛♠❡

❞✐♠❡♥s✐♦♥ ❛s ηM✱ ❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t η ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM✳ ❲❡ ❝❛♥ t❤❡♥
❛♣♣❧② ❛ ❣❡♥❡r❛❧ ❧❡♠♠❛ t♦ ❝♦♥❝❧✉❞❡ t❤❛t ηM ❤❛s ❛♥ ❡①t❡♥s✐♦♥ η̂M t♦ CKl′ ✳ ❋✐♥❛❧❧②✱
✇❡ s❤♦✇ t❤❛t ❜② ❝❤♦♦s✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s θM ♦❢ ψβ ❛♥❞ ❛❧❧ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s

η̂M ♦❢ ηM✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ❛❧❧ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ Irr(CKl′ | ψβ)✱ ✇✐t❤♦✉t

r❡❞✉♥❞❛♥❝②✳ ❙✐♥❝❡ CKl′ = StabGr (ψβ)✱ ❛ st❛♥❞❛r❞ r❡s✉❧t ❢r♦♠ ❈❧✐✛♦r❞ t❤❡♦r②
t❤❡♥ ②✐❡❧❞s ❛❧❧ t❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gr ✇✐t❤ ♦r❜✐t Ωr ❜② ✐♥❞✉❝t✐♦♥
❢r♦♠ CKl′ ✳

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s ❛♥❞ ♣r♦♦❢s ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥✳ ❙♦♠❡ ♦❢ t❤❡ st❡♣s ❝❛♥
❜❡ ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ ❣r♦✉♣s ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❛❧❣❡❜r❛s Am ❛♥❞ AM s✐♠✉❧t❛♥❡♦✉s❧②✳
❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ ❧❡t A ❞❡♥♦t❡ ❡✐t❤❡r Am ♦r AM✱ ❛♥❞ ❧❡t P ❜❡ t❤❡ r❛❞✐❝❛❧
✐♥ A✱ ✇✐t❤ e = e(A)✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ s✉❜❣r♦✉♣s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② U i✱ H1✱ J1✳

▲❡♠♠❛ ✹✳✶✳ ❚❤❡ ❝❤❛r❛❝t❡r ψβ ❤❛s ❛♥ ❡①t❡♥s✐♦♥ θM t♦ H1
M✳ ▼♦r❡♦✈❡r✱ θM ❤❛s ❛♥

❡①t❡♥s✐♦♥ θm t♦ H1
m✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✶ ✭✐✐✮✱ ✐❢ ✇❡ t❛❦❡

m = el′ + 1, n = 2m− 1 = e(r − 1) + 1,

t❤❡♥ t❤❡ ❝♦s❡t β +Pel′ ❞❡✜♥❡s ❛ ❝❤❛r❛❝t❡r ♦♥ Uel′+1✱ tr✐✈✐❛❧ ♦♥ Ue(r−1)+1 ❜② t❤❡
s❛♠❡ ❢♦r♠✉❧❛ ❛s t❤❡ ♦♥❡ ❞❡✜♥✐♥❣ ψβ ✳ ❙✐♥❝❡ Pel′ = pl

′

A✱ ✇❡ ❤❛✈❡ ❛ ♠❛♣

A/Pel′ −→ gr/p
l′gr,

✇❤✐❝❤ s❡♥❞s β+Pel′ t♦ β+ pl
′

gr ✭♥♦t❡ t❤❛t t❤✐s ✐s ♥❡✐t❤❡r s✉r❥❡❝t✐✈❡ ♥♦r ✐♥❥❡❝t✐✈❡✮✳
❚❤✉s t❤❡ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢ ❧✐❢t ♦❢ t❤❡ ❧❛tt❡r ❝♦s❡t ❣✐✈❡ t❤❡ ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ♦❢
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❡①t❡♥s✐♦♥ ♦❢ ψβ t♦ Uel′+1✳ ❖✉r ❡❧❡♠❡♥t β ∈ A t❤❡r❡❢♦r❡ ❣✐✈❡s r✐s❡ t♦ ❛♥ ❡①t❡♥s✐♦♥

✭✇❤✐❝❤ ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② ψβ) ♦❢ ψβ t♦ Uel′+1✱ ❞❡✜♥❡❞ ❜②

ψβ(1 + x) = ψ(̟−r tr(βx)), ❢♦r x ∈ Pel′+1.

❲❡ ♥♦✇ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡①t❡♥s✐♦♥s θM ❛♥❞ θm✳ ■❢ c ∈ C ∩ U1 ❛♥❞

x ∈ Pel′+1✱ t❤❡♥

[c, 1 + x] ∈ c(1 + x)c−1(1− x+Pe(r−1)+2)

= 1 + cxc−1 − x+Pe(r−1)+2.

❙✐♥❝❡ ✇❡ ❤❛✈❡

✭✹✳✶✮ Ue(r−1)+1 ⊆ Kerψβ ,

✇❡ ♦❜t❛✐♥

ψβ([c, 1 + x]) = ψ(̟−r tr(β(cxc−1 − x))) = ψ(̟−r tr(cβxc−1 − βx)) = 1,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t c ❝♦♠♠✉t❡s ✇✐t❤ β✳
❚❤✉s C ∩ U1 st❛❜✐❧✐s❡s t❤❡ ❝❤❛r❛❝t❡r ψβ ♦♥ Uel′+1✱ ❛♥❞ s✐♥❝❡ C ∩ U1 ✐s ❛❜❡❧✐❛♥✱

t❤✐s ✐♠♣❧✐❡s t❤❛t ψβ ❡①t❡♥❞s t♦ H1 = (C ∩ U1)Uel′+1✳ �

❘❡♠❛r❦ ✹✳✷✳ ❚❤❡ ❡①t❡♥s✐♦♥ θM ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝❤❛r❛❝t❡r θ0ψβ ✱ ✇❤❡r❡ θ0 ∈
Irr(C ∩K1) ✐s ❛ ❝❤❛r❛❝t❡r ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ ψβ ♦♥ C ∩Kl ❛♥❞

θ0ψβ(zk) := θ0(z)ψβ(k),

❢♦r z ∈ C ∩K1 ❛♥❞ k ∈ K1✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❧❛t❡r ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✾✳ ❖♥❡
❝❛♥ ✇r✐t❡ θm s✐♠✐❧❛r❧②✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t❤❛t✳

❲❡ ✜① ❛r❜✐tr❛r② ❡①t❡♥s✐♦♥s θM ❛♥❞ θm ❛s ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛✳ ❋♦r ∗ ∈ {m,M}✱
✇❡ ✇✐❧❧ ♥♦✇ ❝♦♥str✉❝t t❤❡ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s η∗ ♦❢ J1

∗ ❝♦♥t❛✐♥✐♥❣ θ∗✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ηM ♦❢ J1

M ❝♦♥✲
t❛✐♥✐♥❣ θM✳ ❲❡ ✇✐❧❧ tr❡❛t ❜♦t❤ ❝❛s❡s s✐♠✉❧t❛♥❡♦✉s❧②✱ ❞❡♥♦t✐♥❣ ❡✐t❤❡r θm ♦r θM ❜② θ✳
❲❡ ♥❡❡❞ t♦ ✈❡r✐❢② t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❈♦r♦❧❧❛r② ✸✳✸✳ ❚♦ t❤✐s ❡♥❞✱ ✜rst ♥♦t❡ t❤❛t θ ✐s
st❛❜✐❧✐s❡❞ ❜② J1✳ ■♥❞❡❡❞✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t Uel′ st❛❜✐❧✐s❡s θ✳ ❋♦r x ∈ Pel′ ✱

c ∈ (C ∩ U1) ❛♥❞ y ∈ Pel′+1✱ ✇❡ ❤❛✈❡

[1 + x, c(1 + y)] ∈ (1 + x)c(1 + y)(1− x+ x2 +Pe(r−1)+1)(1− y +Pe(r−1)+1)c−1

⊆ (c+ xc− cx+ cy)(1− y)c−1 +Pe(r−1)+1

⊆ 1 + x− cxc−1 +Pe(r−1)+1.

❍❡♥❝❡✱ s✐♥❝❡ ψβ ✐s tr✐✈✐❛❧ ♦♥ Ue(r−1)+1 ✭s❡❡ ✭✹✳✶✮✮ ❛♥❞ c ❝♦♠♠✉t❡s ✇✐t❤ β✱ ✇❡ ❤❛✈❡

θ([1 + x, c(1 + y)]) = ψβ([1 + x, c(1 + y)]) = ψ(̟−r tr(cβxc−1 − βx)) = 1,

t❤❛t ✐s✱ θ ✐s st❛❜✐❧✐s❡❞ ❜② t❤❡ ❡❧❡♠❡♥t c(1+y)✱ ❤❡♥❝❡ ❜② ❛❧❧ ♦❢ J1✳ ❲❡ s❛✇ ❛t t❤❡ ❡♥❞
♦❢ ❙❡❝t✐♦♥ ✸ t❤❛t J1/H1 ✐s ❛♥ ❡❧❡♠❡♥t❛r② ❛❜❡❧✐❛♥ p✲❣r♦✉♣✳ ❉❡✜♥❡ t❤❡ ❛❧t❡r♥❛t✐♥❣
❜✐❧✐♥❡❛r ❢♦r♠

hβ : J1/H1 × J1/H1 −→ C
×, hβ(xH

1, yH1) = θ([x, y]) = ψβ([x, y]).

▲❡t Rβ ❜❡ t❤❡ r❛❞✐❝❛❧ ♦❢ t❤❡ ❢♦r♠ hβ ✱ ❛♥❞ ❧❡t Rβ ❞❡♥♦t❡ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ Rβ ✉♥❞❡r
t❤❡ ♠❛♣ J1 → J1/H1✳ ■❢ ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② ✇❤✐❝❤ ♣❛r❛❜♦❧✐❝ s✉❜❛❧❣❡❜r❛ A∗ ✇❡ ❛r❡
✇♦r❦✐♥❣ ✇✐t❤✱ ✇❡ ✇✐❧❧ ✇r✐t❡ Rβ,∗✱ Rβ,∗✱ ❢♦r ∗ ∈ {m,M}✳ ❋♦r ♦✉r ♣✉r♣♦s❡s✱ ✇❡ ♥❡❡❞
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t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ η ∈ Irr(J1 | ψβ)✱ ✇❤✐❝❤ ❜②

❈♦r♦❧❧❛r② ✸✳✸ ❡q✉❛❧s [J1 : Rβ ]
1/2 = [J1/H1 : Rβ ]

1/2✳
■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ r❛❞✐❝❛❧ ♦❢ t❤❡ ❢♦r♠ hθ✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✹✳✸✳ ▲❡t x, y ∈ J1 ❛♥❞ ✇r✐t❡ x = z1(1 + s) ❛♥❞ y = z2(1 + t)✱ ✇❤❡r❡

z1, z2 ∈ C ∩ U1 ❛♥❞ s, t ∈ Pel′ ✳ ❚❤❡♥

θ([x, y]) = ψβ(1 + (st− ts)).

Pr♦♦❢✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② s1, s2 ∈ Pel′ ✇❡ ❤❛✈❡ z1s1s2 ∈ s1s2 +Pe(r−1)+1 ❛♥❞

z1s1z2s2 ∈ z1(s1 +Pel′+1)s2 ⊆ z1s1s2 +Pe(r−1)+1 ⊆ s1s2 +Pe(r−1)+1.

❚❤✉s

[x, y] ∈ z1(1 + s)z2(1 + t)(1− s+ s2 +Pe(r−1)+1)z−1
1 (1− t+ t2 +Pe(r−1)+1)z−1

2

⊆ (z1z2 + z1sz2)(1 + t)(1− s+ s2)(z−1
1 z−1

2 − z−1
1 tz−1

2 + z−1
1 t2z−1

2 ) +Pe(r−1)+1

⊆ (1− z1z2sz
−1
1 z−1

2 + z1z2tz
−1
1 z−1

2 − ts+ z1sz
−1
1 + st

− z2tz
−1
2 + st− t2 − st+ t2) +Pe(r−1)+1

⊆ 1− z1z2sz
−1
1 z−1

2 + z1z2tz
−1
1 z−1

2 + z1sz
−1
1 − z2tz

−1
2 + st− ts+Pe(r−1)+1.

❯s✐♥❣ t❤❡ ❢❛❝ts t❤❛t z1 ❛♥❞ z2 ❝♦♠♠✉t❡ ✇✐t❤ β ❛♥❞ t❤❛t Ue(r−1)+1 ⊆ Ker θ✱ ✇❡ ❣❡t

θ([x, y]) = ψβ(1 + (−z1z2sz
−1
1 z−1

2 + z1z2tz
−1
1 z−1

2 + z1sz
−1
1 − z2tz

−1
2 + st− ts))

= ψβ(1 + (st− ts)).

�

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐♠♣❧✐❡s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦r♠ hβ ♦♥ t❤❡ ❡❧❡♠❡♥ts
x = z1(1 + s) ❛♥❞ y = z2(1 + t) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ z1, z2 ∈ C ∩ U1✳ ❈♦♥s✐❞❡r t❤❡
♠❛♣

ρ : Uel′ −→ Uel′/Uel′+1 −̃→ A/P,

✇❤❡r❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✐s ❣✐✈❡♥ ❜② (1 + ̟l′x)Uel′+1 7→ x + P✳ ▲❡t β + P ❜❡ t❤❡
✐♠❛❣❡ ♦❢ β ✐♥ A/P ✉♥❞❡r t❤✐s ♠❛♣✳

▲❡♠♠❛ ✹✳✹✳ ❲❡ ❤❛✈❡

Rβ = (C ∩ U1) · ρ−1(CA/P(β +P)).

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥✱ x ∈ Rβ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ([x, y]) = 1 ❢♦r ❛❧❧ y ∈ J1✳ ❲r✐t✐♥❣
x = z1(1 + s)✱ y = z2(1 + t) ❛s ✐♥ ▲❡♠♠❛ ✹✳✸✱ ✇❡ ❤❛✈❡

θ([x, y]) = ψβ(1 + (st− ts)) = ψ(̟−r tr t(βs− sβ)),

s♦ θ([x, y]) = 1 ❢♦r ❛❧❧ y ∈ J1 ✐s ❡q✉✐✈❛❧❡♥t t♦ ψ(̟−r tr(Pel′(βs − sβ))) = 1✱

t❤❛t ✐s✱ βs − sβ ∈ (Pel′)⊥ = Pel′+1 ✭s❡❡ ▲❡♠♠❛ ✸✳✶✮✳ ❚❤❡ ❧❛tt❡r ✐s ❡q✉✐✈❛❧❡♥t t♦

ρ(1+s) ∈ CA/P(β+P) ❜❡❝❛✉s❡ ✐❢ ✇❡ ✇r✐t❡ s = ̟l′s0✱ ✇❡ ❤❛✈❡ ρ(1+s) = s0+P ❛♥❞

βs−sβ ∈ Pel′+1 ✐s t❤❡♥ ❡q✉✐✈❛❧❡♥t t♦ βs0−s0β ∈ P✱ t❤❛t ✐s✱ s0+P ∈ CA/P(β+P)✳

❚❤✉s ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t x = z1(1 + s) ∈ Rβ ✐❢ ❛♥❞ ♦♥❧② ✐❢ 1 + s ∈ ρ−1(CA/P(β +
P))✳ �

▲❡♠♠❛ ✹✳✺✳ ❲✐t❤ ♥♦t❛t✐♦♥ ❛s ❛❜♦✈❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✐✮ [J1 : Rβ ] =
∣∣∣ A/P
CA/P(β+P)

∣∣∣✳
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✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t A = AM✳ ❚❤❡♥ t❤❡ ❢♦r♠ hβ ♦♥ J1
M/H

1
M ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳

❚❤✉s✱ ❢♦r ❡✈❡r② θM✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ηM ∈ Irr(J1
M | θM) ❛♥❞

dim ηM = qN(N−1)/2.

✭✐✐✐✮ ❙✉♣♣♦s❡ t❤❛t A = Am✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ❡①t❡♥s✐♦♥ θ̃m ♦❢ θm t♦ Rβ✱ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ ηm ∈ Irr(J1
m | θ̃m) ❛♥❞

dim ηm =

h∏

i=1

qdimi(di−1)/2.

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✹✳✹✱ ✇❡ ❤❛✈❡

J1/Rβ
∼=

Uel′

(C ∩ Uel′)ρ−1(CA/P(β +P))
=

Uel′

ρ−1(CA/P(β +P))

∼=
Uel′/Uel′+1

ρ−1(CA/P(β +P))/Uel′+1
∼=

A/P

CA/P(β +P)
.

◆❡①t✱ s✉♣♣♦s❡ t❤❛t A = AM = gr✳ ❲❡ t❤❡♥ ❤❛✈❡ A/P = g1 ❛♥❞ β + P = β̄✳ ❇②
▲❡♠♠❛ ✹✳✹✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ρ−1(Cg1

(β̄)) ⊆ H1✱ ❛♥❞ t❤✐s ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡ ♠❛♣

✭✹✳✷✮ CKl′ (β) −→ Cg1
(β̄)

✐♥❞✉❝❡❞ ❜② ρ✱ ✐s s✉r❥❡❝t✐✈❡✳ ❚♦ s❤♦✇ t❤❡ ❧❛tt❡r✱ ✜rst ♥♦t❡ t❤❛t t❤❡ ♠❛♣ CKl′ (β) →

Cgl
(βl)✱ 1 + πl′x 7→ xl ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ◆♦✇✱ Cgl

(βl) ✐s ❛♥
ol✲♠♦❞✉❧❡ s♦ t❤❡ ♠❛♣

Cgl
(βl) −→ Cg1

(β̄) ∼= Cgl
(βl)/pCgl

(βl)

❣✐✈❡♥ ❜② x 7→ x̄ = x + P ✐s s✉r❥❡❝t✐✈❡✳ ❍❡♥❝❡ t❤❡ ♠❛♣ ✭✹✳✷✮ ✐s s✉r❥❡❝t✐✈❡✱ s♦ t❤❡
❢♦r♠ hβ ✐s ✐♥❞❡❡❞ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ♦♥ J1

M/H
1
M✳ ❇② ▲❡♠♠❛ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

ηM ∈ Irr(J1
M | θM) ❛♥❞ ❜② ✭✐✮ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✳✼✱ ✐ts ❞✐♠❡♥s✐♦♥ ✐s

dim ηM = [J1
M : Rβ,M]1/2 =

∣∣g1/Cg1
(β̄)
∣∣1/2 = qN(N−1)/2.

❋✐♥❛❧❧②✱ s✉♣♣♦s❡ t❤❛t A = Am✱ ❛♥❞ ❧❡t θ̃m ❜❡ ❛♥ ❛r❜✐tr❛r② ❡①t❡♥s✐♦♥ ♦❢ θm t♦ Rβ ✳

❇② ❈♦r♦❧❧❛r② ✸✳✸✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ηm ∈ Irr(J1
m | θ̃m) ❛♥❞ ❜② ✭✐✮ t♦❣❡t❤❡r ✇✐t❤

▲❡♠♠❛ ✷✳✼✱ ✐ts ❞✐♠❡♥s✐♦♥ ✐s

dim ηm = [J1
m : Rβ,m]

1/2 =

∣∣∣∣
Am/Pm

CAm/Pm
(βm)

∣∣∣∣
1/2

=

(∏h
i=1 q

d2

imi

qN

)1/2

=

h∏

i=1

q(d
2

imi)/2
h∏

i=1

q−dimi/2

=

h∏

i=1

qdimi(di−1)/2.

�

❘❡♠❛r❦ ✹✳✻✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t
t❤❛t t❤❡ ♠❛♣ C

U
eMl′

M

(β) −→ CAM/PM
(β̄) ✐♥❞✉❝❡❞ ❜② ρ ✐s s✉r❥❡❝t✐✈❡✳ ❲❡ r❡♠❛r❦

t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣ C
Ueml′

m

(β) −→ CAm/Pm
(βm) ✐s ♥♦t s✉r❥❡❝t✐✈❡ ✐♥ ❣❡♥❡r❛❧✳

❈♦♥s❡q✉❡♥t❧②✱ ηm ✐s ♥♦t t❤❡ ♦♥❧② r❡♣r❡s❡♥t❛t✐♦♥ ❝♦♥t❛✐♥✐♥❣ θm✳ ❚❤✐s ✇✐❧❧ ♥♦t ♠❛tt❡r
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❢♦r ✉s✱ s✐♥❝❡ ✇❡ ✇✐❧❧ ♦♥❧② ♥❡❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ηm✳ ❍♦✇❡✈❡r✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢
ηM ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛ ✐s ❝r✉❝✐❛❧✱ ❜❡❝❛✉s❡ ✇✐t❤♦✉t ✐t ✇❡ ✇♦✉❧❞ ♥♦t ❜❡
❛❜❧❡ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ η ❞❡✜♥❡❞ ❜❡❧♦✇ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM✳

◆♦t❡ ❛❧s♦ t❤❛t ❛ q✉✐❝❦❡r ♣r♦♦❢ ♦❢ t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛❝② ♦❢ hβ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢
t❤❡ ❧❡♠♠❛ ✐s t♦ ♦❜s❡r✈❡ t❤❛t [J1

M : Rβ,M] = [J1
M : H1

M]✳ ■♥ t❤❡ ❛❜♦✈❡ ♣r♦♦❢✱ ✇❡ ❤❛✈❡
❡♠♣❤❛s✐s❡❞ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ ✭✹✳✷✮✳

❲❡ ♥♦✇ ♣r♦✈❡ ❛ s❡r✐❡s ♦❢ ❧❡♠♠❛s ✇❤♦s❡ ♣✉r♣♦s❡ ✐s t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥
❡①t❡♥s✐♦♥ ♦❢ ηM t♦ CKl′ ✳ ❖♥❝❡ t❤✐s ✐s ❛❝❤✐❡✈❡❞✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ❡❛s✐❧② ❝♦♠♣❧❡t❡❞✳

▲❡♠♠❛ ✹✳✼✳ ▲❡t

η := Ind
Jm,M

J1
m

ηm.

❚❤❡♥ dim η = dim ηm ❛♥❞ t❤✉s η ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM✳

Pr♦♦❢✳ ❲❡ ✜rst ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝❡❞ r❡♣r❡s❡♥t❛t✐♦♥
●✐✈❡♥ ▲❡♠♠❛ ✹✳✺✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥❞❡① [Jm,M : J1

m]✳ ❲❡ ❝❧❛✐♠ t❤❛t

C ∩Kl′ ⊆ Ueml′

m ✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❡ r❡❧❛t✐♦♥s

C ∩Kl′ = 1 + pl
′

ρ−1
r,l (Cgl

(βl)) ⊆ 1 + pl
′

Am,

✇❤❡r❡ t❤❡ ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t β ∈ Am t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✭✷✳✻✮✱
❣✉❛r❛♥t❡❡✐♥❣ t❤❛t ρl,1(Cgl

(βl)) ⊆ Am✱ ❛♥❞ s♦ ρ−1
r,l (Cgl

(βl)) ⊆ ρ−1
r,1(Am) = Am✳ ❲❡

♥♦✇ ❤❛✈❡

Jm,M/J
1
m
∼=

Kl′

(C ∩Kl′)Ueml′
m

=
Kl′

Ueml′
m

,

✇❤❡r❡ t❤❡ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❜♦✈❡ ❝❧❛✐♠✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❛♣

Kl′

Ueml′
m

−→ g1/Am, (1 + πl′x)Ueml′

m 7−→ x̄+ Am

✭r❡❝❛❧❧ t❤❛t Am ✐s t❤❡ ✐♠❛❣❡ ♦❢ Am ✐♥ g1✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ❛♥❞ ✇❡ ❤❛✈❡

∣∣g1/Am

∣∣ = qN
2

qN2/2
∏h

i=1 q
d2

imi/2
= qN

2/2
h∏

i=1

q−d2

imi/2.

❚❤✉s✱ ❜② ▲❡♠♠❛ ✹✳✺✱ ✇❡ ❤❛✈❡

dim η = dim ηm ·
∣∣g1/Am

∣∣ =
h∏

i=1

qdimi(di−1)/2qN
2/2

h∏

i=1

q−d2

imi/2

= qN(N−1)/2 = dim ηM.

❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ η ❝♦♥t❛✐♥s θM ♦♥ r❡str✐❝t✐♦♥ t♦ H1
M✳ ❍❡♥❝❡✱

t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ η|J1

M

❝♦♥t❛✐♥s θM ♦♥ r❡str✐❝t✐♦♥ t♦ H1
M✳ ❇② ▲❡♠♠❛ ✹✳✺ ✭✐✐✮ ηM

✐s t❤❡ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ J1
M ✇❤✐❝❤ ❝♦♥t❛✐♥s θM✱ s♦ ✐t ❢♦❧❧♦✇s t❤❛t η ❝♦♥t❛✐♥s

ηM ♦♥ r❡str✐❝t✐♦♥ t♦ J1
M✳ ❚❤❡ ❡q✉❛❧✐t② ♦❢ ❞✐♠❡♥s✐♦♥s dim η = dim ηM t❤❡♥ ❢♦r❝❡s

η|J1

M

= ηM✱ s♦ t❤❛t η ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM✳ �

▲❡♠♠❛ ✹✳✽✳ ▲❡t G ❜❡ ❛ ✜♥✐t❡ ❣r♦✉♣✱ N ❛ ♥♦r♠❛❧ p✲s✉❜❣r♦✉♣ ♦❢ G✱ ❛♥❞ P ❛ ❙②❧♦✇
p✲s✉❜❣r♦✉♣ ♦❢ G✳ ❙✉♣♣♦s❡ t❤❛t χ ∈ Irr(N) ✐s st❛❜✐❧✐s❡❞ ❜② G ❛♥❞ t❤❛t χ ❤❛s ❛♥
❡①t❡♥s✐♦♥ t♦ P ✳ ❚❤❡♥ χ ❤❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ G✳
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Pr♦♦❢✳ ❇② ❬✶✶✱ ✭✶✶✳✸✶✮❪✱ χ ✇✐❧❧ ❡①t❡♥❞ t♦ G ✐❢ ✐t ❡①t❡♥❞s t♦ ❡✈❡r② H ⊆ G s✉❝❤ t❤❛t
H/N ✐s ❛ ❙②❧♦✇ s✉❜❣r♦✉♣ ♦❢ G/N ✳ ❇② ❛ss✉♠♣t✐♦♥✱ χ ❤❛s ❛♥ ❡①t❡♥s✐♦♥✱ s❛② χ̃✱ t♦
P ✱ s♦ ✐❢ Q ✐s ❛♥② ♦t❤❡r ❙②❧♦✇ p✲s✉❜❣r♦✉♣ ♦❢ G✱ t❤❡♥ Q = gPg−1 ❢♦r s♦♠❡ g ∈ G✱
❛♥❞ s♦ gχ̃ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ χ t♦ Q✱ ❜❡❝❛✉s❡ gχ = χ✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t P ′ ⊆ G ✐s
❛ s✉❜❣r♦✉♣ s✉❝❤ t❤❛t P ′/N ✐s ❛ ❙②❧♦✇ p′✲s✉❜❣r♦✉♣ ♦❢ G/N ✱ ❢♦r s♦♠❡ ♣r✐♠❡ p′ 6= p✳
❚❤❡♥ p ❞♦❡s ♥♦t ❞✐✈✐❞❡ t❤❡ ✐♥❞❡① [P ′ : N ]✱ s♦ ❜② ❛ t❤❡♦r❡♠ ♦❢ ●❛❧❧❛❣❤❡r ✭s❡❡ ❬✻✱
❚❤❡♦r❡♠ ✻❪ ♦r ❬✶✶✱ ✭✽✳✶✻✮❪✮ χ ❡①t❡♥❞s t♦ P ′✳ ❚❤✉s χ ❡①t❡♥❞s t♦ G✳ �

▲❡♠♠❛ ✹✳✾✳ ❲❡ ❤❛✈❡ CKl′ = StabCKl′ (ηM)✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t ✇❡ s❛✇ ✐♥ ❙❡❝t✐♦♥ ✭✷✮ t❤❛t H1
M ❛♥❞ J1

M ❛r❡ ♥♦r♠❛❧ ✐♥ CKl′ ✳

▲❡t g ∈ CKl′ ✳ ❙✐♥❝❡ ηM ✐s t❤❡ ✉♥✐q✉❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(J1
M | θM)✱ ✇❡ ❤❛✈❡

g ∈ StabCKl′ (ηM) ✐❢ ❛♥❞ ♦♥❧② ✐❢ g ∈ StabCKl′ (θM)✱ s♦ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t g

st❛❜✐❧✐s❡s θM✳ ❚♦ t❤✐s ❡♥❞✱ ✇r✐t❡ g = zu ✇✐t❤ z ∈ C✱ u ∈ Kl′ ✱ ❛♥❞ x = z′v ✇✐t❤
z′ ∈ C ∩K1✱ v ∈ Kl✳ ❚❤❡♥

gxg−1 = z′ · z([z′−1, u](uvu−1))z−1,

✇❤❡r❡ z([z′−1, u](uvu−1))z−1 ∈ Kl✳ ❲r✐t❡ θM = θ0ψβ ❛s ✐♥ ❘❡♠❛r❦ ✹✳✷✳ ❚❤❡♥

θM(gxg−1) = θ0(z
′)ψβ(z([z

′−1, u](uvu−1))z−1)

= θ0(z
′)ψβ([z

′−1, u])ψβ(v)

= θM(x)ψβ([z
′−1, u]),

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s s✐♥❝❡ CKl′ st❛❜✐❧✐③❡s ψβ ✳ ❚♦ s❤♦✇ t❤❛t θM ✐s
st❛❜✐❧✐③❡❞ ❜② g ✐t t❤✉s r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ψβ([z

′−1, u]) = 1✳ ❚♦ t❤✐s ❡♥❞✱ ✇r✐t❡

u = 1 + s✱ ✇✐t❤ s ∈ pl
′

gr ❛♥❞ ♦❜s❡r✈❡ t❤❛t

[z′−1, u] = z′−1(1 + s)z′(1− s+ s2) = z′−1(1 + s)z′ − s,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t z′−1sz′s = s2✳ ❚❤✉s ψβ([z
′−1, u]) = ψ(̟−r trβ(z′−1sz′ −

s)) = ψ(̟−r tr(z′−1(βs)z′ − βs)) = 1✱ ❛s r❡q✉✐r❡❞✳ �

❚❤❡♦r❡♠ ✹✳✶✵✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ♦r❜✐t Ωl′ ❝♦♥s✐sts ♦❢ r❡❣✉❧❛r ❡❧❡♠❡♥ts ❛♥❞ ❧❡t
β ∈ Ωr ∩ Am✳ ❚❤❡♥✱ ❢♦r ❛♥② ❡①t❡♥s✐♦♥ θM ♦❢ ψβ✱ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ηM ❤❛s ❛♥

❡①t❡♥s✐♦♥ η̂M t♦ CKl′ ✱ ✇❤❡r❡ C = CGr
(β)✳ ❆♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(Gr | ψβ) ✐s

♦❢ t❤❡ ❢♦r♠

π(θM, η̂M) := IndGr

CKl′ η̂M,

❢♦r s♦♠❡ θM ❛♥❞ η̂M✱ ❛♥❞ ✐❢ ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ π(θ′M, η̂
′
M) ∈ Irr(Gr | ψβ) ✐s

✐s♦♠♦r♣❤✐❝ t♦ π(θM, η̂M)✱ t❤❡♥ θM ∼= θ′M ❛♥❞ η̂M ∼= η̂′M✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❛ss❡rt✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✳✽✱ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✽✱ ▲❡♠♠❛ ✹✳✾
❛♥❞ ▲❡♠♠❛ ✹✳✼✳

❈❤♦♦s❡ β ∈ Ωr✳ ■❢ G ✐s ❛ ✜♥✐t❡ ❣r♦✉♣ ✇✐t❤ ❛ ♥♦r♠❛❧ s✉❜❣r♦✉♣ N ✱ s✉❝❤ t❤❛t G/N
✐s ❛❜❡❧✐❛♥ ❛♥❞ χ ∈ Irr(N) ❤❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ G✱ t❤❡♥ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(G |
χ) ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ χ❀ s❡❡ ❬✶✶✱ ✭✻✳✶✼✮❪✳ ❚❤✉s✱ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(H1

M | ψβ) ✐s
♦❢ t❤❡ ❢♦r♠ θM ✭✐✳❡✳✱ ❛♥ ❡①t❡♥s✐♦♥✮✱ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(J1

M | θM) ✐s ✐s♦♠♦r♣❤✐❝

t♦ ηM ✭❜② ❝♦♥str✉❝t✐♦♥✮ ❛♥❞ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(CKl′ | ηM) ✐s ♦❢ t❤❡ ❢♦r♠ η̂M
✭✐✳❡✳✱ ❛♥ ❡①t❡♥s✐♦♥✮✳ ❚❤✉s ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(CKl′ | ψβ) ✐s ♦❢ t❤❡ ❢♦r♠ η̂M✳
❇② ❛ st❛♥❞❛r❞ r❡s✉❧t ❢r♦♠ ❈❧✐✛♦r❞ t❤❡♦r② ♦❢ ✜♥✐t❡ ❣r♦✉♣s ❬✶✶✱ ✭✻✳✶✶✮❪✱ t❤✐s ♠❡❛♥s
t❤❛t ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(Gr | ψβ) ✐s ♦❢ t❤❡ ❢♦r♠ π(θM, η̂M)✳
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❙✉♣♣♦s❡ t❤❛t π(θM, η̂M) ❛♥❞ π(θ′M, η̂
′
M) ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ❇② ❬✶✶✱ ✭✻✳✶✶✮❪ ✇❡ ♠✉st

❤❛✈❡ η̂M ∼= η̂′M✳ ❚❤✉s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥s ηM ❛♥❞ η′M ❛r❡ ✐s♦♠♦r♣❤✐❝✱
❛♥❞ s✐♥❝❡ t❤❡s❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡ θM ❛♥❞ θ′M✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ♠✉st ❤❛✈❡ θM ∼=
θ′M✳ �

◆♦t❡ t❤❛t ❡✈❡♥ t❤♦✉❣❤ η ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM t♦ Jm,M ❛♥❞ η̂M ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢

ηM t♦ CKl′ ✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇✱ ❛♥❞ ❞♦ ♥♦t ♥❡❡❞ t♦ ❦♥♦✇✱ ✇❤❡t❤❡r η̂M ✐s ❛♥ ❡①t❡♥s✐♦♥
♦❢ η✳

✺✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ ♦❜str✉❝t✐♦♥ t♦ ❡①t❡♥❞✐♥❣ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(Kl′ | ψβ) t♦ CK
l′ ✐s ❣✐✈❡♥

❜② ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ❙❝❤✉r ♠✉❧t✐♣❧✐❡r H2(Fq[β̄]
×,C×)✳ ❚❛❦❛s❡ ❝♦♥❥❡❝t✉r❡❞ t❤❛t ❢♦r

p = charFq ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤✐s ❡❧❡♠❡♥t ✐s tr✐✈✐❛❧❀ s❡❡ ❬✷✸✱ ❈♦♥❥❡❝t✉r❡ ✹✳✻✳✺❪✳ ❯s✐♥❣
♦✉r ♠❛✐♥ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ ❛ str♦♥❣ ❢♦r♠ ♦❢ ❚❛❦❛s❡✬s ❝♦♥❥❡❝t✉r❡✱ ✈❛❧✐❞ ❢♦r ❛♥② ♣r✐♠❡
p ✭t❤✐s ✐s ❛❧s♦ ♣r♦✈❡❞✱ ❢♦r p 6= 2✱ ✐♥ ❬✶✷❪✮✳

❈♦r♦❧❧❛r② ✺✳✶✳ ❙✉♣♣♦s❡ β ∈ gr ✐s r❡❣✉❧❛r✳ ❊✈❡r② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(Kl′ | ψβ)

❡①t❡♥❞s t♦ CKl′ ✱ ❛♥❞ ❤❡♥❝❡ ❚❛❦❛s❡✬s ❝♦♥❥❡❝t✉r❡ ❬✷✸✱ ❈♦♥❥❡❝t✉r❡ ✹✳✻✳✺❪ ❤♦❧❞s ❢♦r Fq

♦❢ ❛r❜✐tr❛r② ❝❤❛r❛❝t❡r✐st✐❝✳

Pr♦♦❢✳ ▲❡t σ ∈ Irr(Kl′ | ψβ)✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ ✭❝❢✳ ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷❪✮ t❤❛t t❤❡

❜✐❧✐♥❡❛r ❢♦r♠ hβ ♦♥ Kl′/Kl ❞❡✜♥❡❞ ❜② ψβ ❤❛s r❛❞✐❝❛❧ (CGr
(β) ∩Kl′)Kl/Kl✳ ❲❡

❤❛✈❡

|(CGr
(β) ∩Kl′)Kl/Kl| = |Cg1

(β̄)| = qN ,

s♦ t❤❛t ❜② ❈♦r♦❧❧❛r② ✸✳✸✱ σ ❤❛s ❞✐♠❡♥s✐♦♥ qN(N−1)/2✳ ▲❡t σ̃ ∈ Irr(CKl′ | σ) ❜❡ ❛

❝♦♥st✐t✉❡♥t ♦❢ IndCKl′

Kl′ σ✳ ❇② ❚❤❡♦r❡♠ ✹✳✶✵✱ ❛♥② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(CKl′ | ψβ)✱

s♦ ✐♥ ♣❛rt✐❝✉❧❛r σ̃✱ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ Irr(J1
M | ψβ)✳ ▲❡t

ηM ∈ Irr(J1
M | ψβ) ❜❡ s✉❝❤ t❤❛t σ̃ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ηM✳ ❇② ▲❡♠♠❛ ✹✳✺ dim ηM =

qN(N−1)/2✳ ❚❤✉s✱ σ̃ ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐♠❡♥s✐♦♥ qN(N−1)/2 ✇❤♦s❡
r❡str✐❝t✐♦♥ t♦ Kl′ ❤❛s ❛ ❝♦♥st✐t✉❡♥t σ ♦❢ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥✳ ❚❤✉s σ̃ ✐s ❛♥ ❡①t❡♥s✐♦♥
♦❢ σ✳ �

■♥ ❬✷✶❪ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s♣❧✐t r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GL2(or) ❛♣♣❡❛❧❡❞
t♦ ❍✐❧❧✬s ❝♦♥str✉❝t✐♦♥ ❬✽✱ ❚❤❡♦r❡♠ ✹✳✻❪✳ ❙✐♥❝❡ ❚❛❦❛s❡ ❬✷✸❪ ❤❛s r❡❛❧✐s❡❞ t❤❛t t❤✐s
❝♦♥str✉❝t✐♦♥ ❞♦❡s ♥♦t ♣r♦❞✉❝❡ ❛❧❧ t❤❡ s♣❧✐t r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✱ ♦♥❡ s❤♦✉❧❞ ✈✐❡✇
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ❛s s✉♣❡rs❡❞✐♥❣ t❤❛t ♦❢ ❬✷✶❪✱ ✇❤✐❧❡ ❛t t❤❡ s❛♠❡
t✐♠❡ ✉♥✐❢②✐♥❣ t❤❡ s♣❧✐t r❡❣✉❧❛r ❝❛s❡ ✇✐t❤ t❤❡ ❝✉s♣✐❞❛❧✳

■♥ ❬✶✷❪ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ t❤❡ r❡❣✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢GLN (or)
✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r p 6= 2✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❞♦♥❡ ✉s✐♥❣ ❚❤❡♦r❡♠ ✹✳✶✵✱ ❛♥❞ ♦✉r ❝♦♥✲
str✉❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ❢♦r♠✉❧❛s t❤❡r❡ r❡♠❛✐♥ ✈❛❧✐❞
❢♦r p = 2✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❈❤r✐st♦♣❤❡ ❇r❡✉✐❧ ❛♥❞ ❆r✐❛♥❡ ▼é③❛r❞✳ ▼✉❧t✐♣❧✐❝✐tés ♠♦❞✉❧❛✐r❡s ❡t r❡♣rés❡♥t❛t✐♦♥s ❞❡GL2(Zp)

❡t ❞❡ Gal(Qp/Qp) ❡♥ l = p✳ ❉✉❦❡ ▼❛t❤✳ ❏✳✱ ✶✶✺✭✷✮✿✷✵✺✕✸✶✵✱ ✷✵✵✷✳ ❲✐t❤ ❛♥ ❛♣♣❡♥❞✐① ❜② ●✳
❍❡♥♥✐❛rt✳

❬✷❪ ❈✳ ❏✳ ❇✉s❤♥❡❧❧ ❛♥❞ P❤✳ ❈✳ ❑✉t③❦♦✳ ❚❤❡ ❆❞♠✐ss✐❜❧❡ ❉✉❛❧ ♦❢ GL(N) ✈✐❛ ❈♦♠♣❛❝t ❖♣❡♥ ❙✉❜✲
❣r♦✉♣s✱ ✈♦❧✉♠❡ ✶✷✾ ♦❢ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥✱
◆❏✱ ✶✾✾✸✳



❘❊●❯▲❆❘ ❘❊P❘❊❙❊◆❚❆❚■❖◆❙ ❖❋ GLN ✷✵

❬✸❪ ❈♦❧✐♥ ❏✳ ❇✉s❤♥❡❧❧ ❛♥❞ ❆❧❜r❡❝❤t ❋rö❤❧✐❝❤✳ ●❛✉ss ❙✉♠s ❛♥❞ p✲❛❞✐❝ ❉✐✈✐s✐♦♥ ❆❧❣❡❜r❛s✱ ✈♦❧✉♠❡
✾✽✼ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✽✸✳

❬✹❪ ❍✳ ❈❛r❛②♦❧✳ ❘❡♣rés❡♥t❛t✐♦♥s ❝✉s♣✐❞❛❧❡s ❞✉ ❣r♦✉♣❡ ❧✐♥é❛✐r❡✳ ❆♥♥✳ ❙❝✐✳ ➱❝♦❧❡ ◆♦r♠✳ ❙✉♣✳ ✭✹✮✱
✶✼✭✷✮✿✶✾✶✕✷✷✺✱ ✶✾✽✹✳

❬✺❪ ❩❤❡ ❈❤❡♥ ❛♥❞ ❆❧❡①❛♥❞❡r ❙t❛s✐♥s❦✐✳ ❚❤❡ ❛❧❣❡❜r❛✐s❛t✐♦♥ ♦❢ ❤✐❣❤❡r ❉❡❧✐❣♥❡✕▲✉s③t✐❣ r❡♣r❡s❡♥t❛✲
t✐♦♥s✳ t♦ ❛♣♣❡❛r ✐♥ ❙❡❧❡❝t❛ ▼❛t❤✳ ✭◆✳❙✳✮✳

❬✻❪ P✳ ❳✳ ●❛❧❧❛❣❤❡r✳ ●r♦✉♣ ❝❤❛r❛❝t❡rs ❛♥❞ ♥♦r♠❛❧ ❍❛❧❧ s✉❜❣r♦✉♣s✳ ◆❛❣♦②❛ ▼❛t❤✳ ❏✳✱ ✷✶✿✷✷✸✕✷✸✵✱
✶✾✻✷✳

❬✼❪ P❛✉❧ ●ér❛r❞✐♥✳ ❈♦♥str✉❝t✐♦♥ ❞❡ sér✐❡s ❞✐s❝rèt❡s p✲❛❞✐q✉❡s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s
✹✻✷✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✼✺✳

❬✽❪ ●r❡❣♦r② ❍✐❧❧✳ ❘❡❣✉❧❛r ❡❧❡♠❡♥ts ❛♥❞ r❡❣✉❧❛r ❝❤❛r❛❝t❡rs ♦❢GLn(O)✳ ❏✳ ❆❧❣❡❜r❛✱ ✶✼✹✭✷✮✿✻✶✵✕✻✸✺✱
✶✾✾✺✳

❬✾❪ ●r❡❣♦r② ❍✐❧❧✳ ❙❡♠✐s✐♠♣❧❡ ❛♥❞ ❝✉s♣✐❞❛❧ ❝❤❛r❛❝t❡rs ♦❢ GLn(O)✳ ❈♦♠♠✳ ❆❧❣❡❜r❛✱ ✷✸✭✶✮✿✼✕✷✺✱
✶✾✾✺✳

❬✶✵❪ ❘♦❣❡r ❊✳ ❍♦✇❡✳ ❚❛♠❡❧② r❛♠✐✜❡❞ s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gln✳ P❛❝✐✜❝ ❏✳ ▼❛t❤✳✱
✼✸✭✷✮✿✹✸✼✕✹✻✵✱ ✶✾✼✼✳

❬✶✶❪ ■✳ ▼❛rt✐♥ ■s❛❛❝s✳ ❈❤❛r❛❝t❡r ❚❤❡♦r② ♦❢ ❋✐♥✐t❡ ●r♦✉♣s✳ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ◆♦✳
✻✾✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✻✳

❬✶✷❪ ❘♦✐ ❑r❛❦♦✈s❦✐✱ ❯r✐ ❖♥♥✱ ❛♥❞ P♦♦❥❛ ❙✐♥❣❧❛✳ ❘❡❣✉❧❛r ❝❤❛r❛❝t❡rs ♦❢ ❣r♦✉♣s ♦❢ t②♣❡ An ♦✈❡r
❞✐s❝r❡t❡ ✈❛❧✉❛t✐♦♥ r✐♥❣s✳ ❛r❳✐✈✿✶✻✵✹✳✵✵✼✶✷✳

❬✶✸❪ P✳ ❈✳ ❑✉t③❦♦✳ ❖♥ t❤❡ s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gl2✳ ❆♠❡r✳ ❏✳ ▼❛t❤✳✱ ✶✵✵✭✶✮✿✹✸✕✻✵✱
✶✾✼✽✳

❬✶✹❪ P✳ ❈✳ ❑✉t③❦♦✳ ❖♥ t❤❡ s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ Gl2✳ ■■✳ ❆♠❡r✳ ❏✳ ▼❛t❤✳✱ ✶✵✵✭✹✮✿✼✵✺✕
✼✶✻✱ ✶✾✼✽✳

❬✶✺❪ ❚✳ ❨✳ ▲❛♠✳ ▲❡❝t✉r❡s ♦♥ ▼♦❞✉❧❡s ❛♥❞ ❘✐♥❣s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✾✳
❬✶✻❪ ●✳ ▲✉s③t✐❣✳ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ r❡❞✉❝t✐✈❡ ❣r♦✉♣s ♦✈❡r ✜♥✐t❡ r✐♥❣s✳ ❘❡♣r❡s❡♥t✳ ❚❤❡♦r②✱ ✽✿✶✕✶✹✱

✷✵✵✹✳
❬✶✼❪ ❱②t❛✉t❛s P❛s❦✉♥❛s✳ ❯♥✐❝✐t② ♦❢ t②♣❡s ❢♦r s✉♣❡r❝✉s♣✐❞❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLN ✳ Pr♦❝✳ ▲♦♥❞♦♥

▼❛t❤✳ ❙♦❝✳ ✭✸✮✱ ✾✶✭✸✮✿✻✷✸✕✻✺✹✱ ✷✵✵✺✳
❬✶✽❪ ❏♦s❡♣❤ ❆✳ ❙❤❛❧✐❦❛✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t✇♦ ❜② t✇♦ ✉♥✐♠♦❞✉❧❛r ❣r♦✉♣ ♦✈❡r ❧♦❝❛❧ ✜❡❧❞s✳

■♥ ❈♦♥tr✐❜✉t✐♦♥s t♦ ❛✉t♦♠♦r♣❤✐❝ ❢♦r♠s✱ ❣❡♦♠❡tr②✱ ❛♥❞ ♥✉♠❜❡r t❤❡♦r②✱ ♣❛❣❡s ✶✕✸✽✳ ❏♦❤♥s
❍♦♣❦✐♥s ❯♥✐✈✳ Pr❡ss✱ ❇❛❧t✐♠♦r❡✱ ▼❉✱ ✷✵✵✹✳

❬✶✾❪ ❚❛❦✉r♦ ❙❤✐♥t❛♥✐✳ ❖♥ ❝❡rt❛✐♥ sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐rr❡❞✉❝✐❜❧❡ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s♦♠❡
p✲❛❞✐❝ ❧✐♥❡❛r ❣r♦✉♣s✳ ❏✳ ▼❛t❤✳ ❙♦❝✳ ❏❛♣❛♥✱ ✷✵✿✺✷✷✕✺✻✺✱ ✶✾✻✽✳

❬✷✵❪ ❆✳ ❙t❛s✐♥s❦✐✳ ❯♥r❛♠✐✜❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ r❡❞✉❝t✐✈❡ ❣r♦✉♣s ♦✈❡r ✜♥✐t❡ r✐♥❣s✳ ❘❡♣r❡s❡♥t✳
❚❤❡♦r②✱ ✶✸✿✻✸✻✕✻✺✻✱ ✷✵✵✾✳

❬✷✶❪ ❆❧❡①❛♥❞❡r ❙t❛s✐♥s❦✐✳ ❚❤❡ s♠♦♦t❤ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GL2(O)✳ ❈♦♠♠✳ ❆❧❣❡❜r❛✱ ✸✼✿✹✹✶✻✕✹✹✸✵✱
✷✵✵✾✳

❬✷✷❪ ❆❧❡①❛♥❞❡r ❙t❛s✐♥s❦✐✳ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ GLn ♦✈❡r ✜♥✐t❡ r✐♥❣s ✲ ❆♥ ♦✈❡r✈✐❡✇✳ ■♥ ❆r♦✉♥❞
▲❛♥❣❧❛♥❞s ❈♦rr❡s♣♦♥❞❡♥❝❡s✱ ✈♦❧✉♠❡ ✻✾✶ ♦❢ ❈♦♥t❡♠♣✳ ▼❛t❤✳✱ ♣❛❣❡s ✸✸✼✕✸✺✽✱ ✷✵✶✼✳

❬✷✸❪ ❑♦✐❝❤✐ ❚❛❦❛s❡✳ ❘❡❣✉❧❛r ❝❤❛r❛❝t❡rs ♦❢ GLn(O) ❛♥❞ ❲❡✐❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦✈❡r ✜♥✐t❡ ✜❡❧❞s✳ ❏✳
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