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Abstract

In this paper we study the Reidemeister spectrum of 2-step nilpotent groups associated to graphs.
We develop three methods, based on the structure of the graph, that can be used to determine
the Reidemeister spectrum of the associated group in terms of the Reidemeister spectra of groups
associated to smaller graphs. We illustrate our methods for several families of graphs, including all
the groups associated to a graph with at most four vertices. We also apply our results in the context
of topological fixed point theory for nilmanifolds.

1 Introduction

In this paper we will be studying Reidemeister numbers (this is the number of so called twisted conjugacy
classes) of automorphisms of a wide class of 2-step nilpotent groups. Twisted conjugacy finds its origin
in topological fixed point theory (see below) but pops up in several branches of mathematics, such as
representation theory ([OV90], [Spr06]), Galois cohomology ([Ser02]), cryptography (JGK16]), ...

Our own main motivation comes from topological fixed point theory, more specifically from Reidemeis-
ter-Nielsen fixed point theory. We give a short overview of the main aspects of this theory and refer the
reader to [IMO06, [JTia83] [Th89] for more details.

Let f : X — X be a map on a closed manifold X and denote with Fix(f) = {z € X | f(z) = =} the
set of fixed points of f. The main objective of Reidemeister-Nielsen fixed point theory is to find a good
estimate for the minimal value of #Fix(g) where g is a map which is homotopic to f. Let us call this
value MF(f).

To study the fixed points of f one considers the universal covering space p : X — X of X. Then f
can be lifted to a map f: X — X (with po f=7f op) and it is easy to see that p(F1x(f)) C Fix(f).
In fact, Fix(f) is the union of all p(FlX(f)) where the union is taken over all possible lifts f of f. The
group of covering transformations of the universal covering is isomorphic to the fundamental group of X
and so we denote the group of covering transformations by 7(X). For any o, € 7(X) and any lift f of
f it holds that a o f o 3 is again a lift of f. It follows that 7(X) acts on the set of all lifts f of f via
conjugation, so y- f = v o fon ~1. We denote the orbit of f by [f] and call this the lifting class of f.
Then we have that for all f/ € [f] it holds that p(Fix(f")) = p(Fix(f)) while p(Fix(f")) N p(Fix(f)) = 0
in case [f’] # [f]. From this we can conclude that

Fix(f) = Up(FiX(f))

which is a disjoint union. So in this union we consider one subset p(Fix(f)) for each lifting class [f] and
we call this the fixed point class of f determined by the lifting class | f] Note that a fixed point class
can be empty, but we still consider two empty fixed point classes different in case they are determined
by a different lifting class. Hence, the number of fixed point classes is the same as the number of lifting

classes and this number is called the Reidemeister number of f and is denoted by R(f).
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There is an algebraic way to count the fixed point classes of a map f and this goes as follows. Fix
one lifting fo of f. Then any other lift of f can be written uniquely as a composition o o fo for some
a € m(X). So the set of liftings of f is in one-to-one correspondence with the fundamental group 7(X).
The lift fo determines an endomorphism f, of m(X) by the relation f.(a)o fo = fooa (for all & € w(X)).
Note that under the right identification of 7(X) with the fundamental group of X, f, is just the usual
induced endomorphism of f on the fundamental group of X.

Now a0 fo =~o (8o fo)oy~tif and only if v = vy o Bo f,(y™!). In this case, we will say that a and 3
are twisted conjugate with respect to f.. Being twisted conjugate is an equivalence relation on 7(X) and
the number of equivalence classes is called the Reidemeister number of the morphism f, and is denoted
by R(f«). From the above we have that R(f) = R(f.) and so counting twisted conjugacy classes is an
algebraic way of counting fixed point classes (or lifting classes).

Although the Reidemeister number of a map gives already some information about the fixed point
classes of f, in general this number does not really give information on MF(f), the minimal number of
fixed points in the homotopy class of f. There is a second number, the Nielsen number of f which does
provide more information, but unfortunately is much more difficult to compute in general. To define the
Nielsen number, there is a way to attach to each fixed point class an index, which is an integer. It would
lead us to far to explain this index in more detail, but the idea is that a fixed point class has index 0
if it can disappear (become empty) via a homotopy. A fixed point class is called essential (resp. non
essential) if it has an index # 0 (resp. = 0). The Nielsen number of f, denoted by N(f), is then the
number of essential fixed point classes of f. This Nielsen number (and also the Reidemeister number)
is a homotopy invariant and by a result of Wecken ([Wec42]) it is known that MF(f) = N(f) for all
manifolds of dimension at least 3.

The focus of this paper lies on the class of nilmanifolds, these are obtained as quotient spaces X =
N\G, where G is a simply connected nilpotent Lie group and N is a uniform lattice of G. Such a uniform
lattice N is a finitely generated torsion-free nilpotent group and m(X) = N completely determines the
nilmanifold X = N\G up to diffeomorphism (see e.g. [Rag72, [OV93]).

For the class of nilmanifolds, there is a very strong relation between the Reidemeister number and
the Nielsen number of a map f on such a manifold. Indeed, we have that (see [HK97]):

{N(f)ZR(f) — R(f) <o
N(f)=0 = R(f)=o

As a conclusion we see that for nilmanifolds, we obtain a full understanding of the minimal number of
fixed points (MF(f) = N(f)) in the homotopy class of a map f by studying the Reidemeister number
R(f) of that map and hence by studying the number R(f.) of twisted conjugacy classes of the induced
endomorphism f.

It is not so difficult to see that for any nilmanifold N\G and any non negative integer n there is a self
map f of N\G with N(f) =n ([DTV20, Theorem 6.1]). The situation for self homeomorphisms (or self
homotopy equivalences) is much more subtle and corresponds to the case where f, is an automorphism
of N. The set of all possible Reidemeister numbers one can obtain for these self homotopy equivalences
f (automorphisms f) is called the Reidemeister spectrum of the manifold (or of the fundamental group
N). In this paper we study this Reidemeister spectrum for groups N which are 2-step nilpotent and are
associated to a graph. The nilmanifolds with such a 2-step nilpotent fundamental group have been the
object of study in many geometric contexts and form a rich family of interesting examples. We refer to
[CdBR21l [Ova20, [Nik20l, [DDM18] for some recent examples in this direction. Moreover, results on 2-step
nilpotent groups can be used to study general nilpotent groups by considering their 2-step nilpotent
quotient.

In the next section we recall some preliminaries on nilpotent groups and twisted conjugacy. Thereafter,
we describe the class of 2-step nilpotent groups associated to a graph. In the next three sections we
develop each time a general method, based on the structure of the graph, that can be used to determine
the Reidemeister spectrum of the associated group, by reducing it to the situation of smaller graphs. We
end by illustrating our methods in some general examples and give a full list of Reidemeister spectra for
all graphs with at most 4 vertices.



2 Preliminaries on nilpotent groups and twisted conjugacy

2.1 Nilpotent groups

For any group G we denote with +;(G) (for ¢ € Ng) the lower central series of G, i.e. the nested series of
subgroups of G defined by v1(G) := G and 7,41 (G) := [7:(G), G] (for i € Ny). The group G is said to be
c-step nilpotent if v.(G) # 1 and v.41(G) = 1. Tt is generally known (see e.g. [KMT79, Theorem 17.2.2])
that any finitely generated nilpotent group G has a series 1 = G; <G < -+ - <G5 = G with cyclic factors,
ie. Git1/G; is cyclic for any ¢ = 1,2,...,s — 1. The Hirsch number h(G) of G is the number of infinite
cyclic factors in such a series. The next lemma describes some properties of the Hirsch number.

Lemma 2.1 ([Seg83l page 16]). If G is a finitely generated nilpotent group, then the Hirsch number is
well-defined (meaning that it is independent of the choice of series of G with cyclic factors). If H C G is
a subgroup of G and N < G a normal subgroup, then the following holds:

(i) h(H) < h(G)

(ii) h(H) = h(G) < [G: H] < o
(i1i) h(G) = h(N) + h(G/N)
(v) h(G) =0 <= |G| < >

In section [B] we describe how to associate a finitely generated torsion-free 2-step nilpotent group to
any finite undirected simple graph. The next two lemmas will be used frequently.

Lemma 2.2 ([KMST76]). If G is a 2-step nilpotent group, then [.,.]: G x G — G is bilinear, i.e. for all
91,92, 91,95 € G it holds that

(9192, 9195] = 91, 95] - (92, 95] - [91, 91] - [92, 9]

Lemma 2.3. If G is a finitely generated torsion-free nilpotent group and ¢ : G — G is a surjective
morphism, then ¢ is also injective. In particular, ¢ is an automorphism of G.

Proof. Since ¢ is surjective, it follows by the first isomorphism theorem and Lemma [Z] (iii) that
h(Ker (¢)) = h(G) — h(G/Ker (¢)) = h(G) — h(Im (p)) = 0.

So Lemma [ZT] (iv) implies that Ker (¢) is finite. However, since G is torsion-free we obtain that Ker (¢)
is a finite torsion-free group. Hence, Ker () is trivial. O

Fix any endomorphism ¢ € End (G). We denote with ¢; € End (v:(G)/7i+1(G)) (for i € Nyg) the
induced morphisms on the factors of the lower central series of G. Since the terms of the lower central
series are characteristic subgroups of G, these induced morphisms are well-defined. Moreover, if G is a
finitely generated c-step nilpotent group, then these factors are finitely generated abelian groups (see for
example Lemma 17.2.1 in [KMT79]).

In case v;(G)/7i+1(G) is a free abelian group, so isomorphic to Z* for some k, we can describe ¢;
by a k x k matrix over Z and in this way we can talk about the eigenvalues of ¢; and the determinant
of ¢;. In case v;(G)/vi+1(G) has torsion, we can still talk about the eigenvalues of ¢; by which we

mean the eigenvalues of the induced endomorphism on the torsion-free quotient % (where

T(7i(G) /7i+1(G)) denotes the torsion subgroup of v;(G)/vit+1(Q)).
The next result will be needed later on.

Lemma 2.4. Let G be a finitely generated torsion-free nilpotent group and ¢ : G — G a morphism such
that v1 : G/v2(G) = G/v2(G) is an automorphism. Then ¢ is an automorphism.

Proof. Since (; is surjective, it follows that

G Im () 72(G)
w@ TG
So it holds that Im (¢) v2(G) = G. Since G is nilpotent, this implies tat Im (¢) = G (see e.g. [KMT79,
Theorem 16.2.5]). Hence, ¢ is a surjective morphism and thus Lemma 23] yields the result. O



2.2 Twisted conjugacy

In the introduction we already considered the notion of twisted conjugacy. Let us now define this concept
in some more detail. Let G be a group and ¢ € End (G) a group endomorphism. Two elements a,b € G
are called @-conjugate or twisted conjugate (denoted by a ~, b) if there exists some third element ¢ € G
such that a = cbp(c)~!. This induces an equivalence relation ~, on G. The equivalence classes are
called the Reidemeister classes of ¢ and the number of equivalence classes is called the Reidemeister
number R(p) of ¢. The collection of all Reidemeister numbers, by only considering automorphisms of G,
is called the Reidemeister spectrum of G and is denoted by Specg (G). Formally, we define Specg (G) :=
{R(p) | ¢ € Aut (G)} € No U {o0}. If Specr (G) = {o0}, then G is said to have the R —property. If
Specr (G) = No U {0}, then G has a full Reidemeister spectrum.

The Reidemeister spectrum of a group is in general difficult to compute. However, when working with
finitely generated nilpotent groups, there are some well-known techniques to study their Reidemeister
spectrum.

We list two theorems without a proof.

Proposition 2.5 ([DGI4, Lemma 2.2] and [Rom11l Corollary 4.2]). Let G be a finitely generated c-step
nilpotent group and @ an automorphism of G. Then the following are equivalent:

(i) R(p) = o0
(i) There exists some i =1,2,... ¢ such that ¢; has 1 as an eigenvalue.
(iii) There exists some i = 1,2,...,¢ such that R(p;) = 0.

Theorem 2.6 ([DGO21] Proposition 5] and [Rom11l Lemma 2.7)). Let G be a finitely generated nilpotent
group. Let
G=G12G22G32...2G.2G41 =1

be a central series of G and ¢ € Aut(G) such that the following holds:
1. All the factors G;/Giy1 (withi=1,2,...,¢) are torsion-free.
2. For all terms G; (withi=1,2,...,c+ 1) it holds that o(G;) = G;.
Then it holds that:

R(p) = _H R(pi)

where @; : G;/Giy1 — G;/Gip1 (withi=1,2,...,¢) are the induced automorphisms on the factor groups
Gi/Gis1.

Remark 2.7. Note that in Theorem we used the notation ¢; to denote the induced automorphisms
on the factor groups of the given central series of G. However, whenever we do not mention a central
series, we reserve this notation for the induced automorphisms on the factors of the lower central series
(as we introduced above Lemma 2.4]).

When describing the Reidemeister spectrum of a group we will frequently use the map |- | which is
defined by
|| ifxz#0

oo ifzx=0

|-|OO:Z—>N0U{OO}:90>—>|$|OO::{

where | - | denotes the absolute value.

3 2-step nilpotent groups associated to graphs

To any undirected finite simple graph I'(V, E), we can associate a finitely generated 2-step nilpotent
group. We do this by considering the 2-step nilpotent quotient of the right angled Artin group associated
to I'. More precisely, the idea is that we take the vertices (which we denote with ;) as generators of our
group and require that two of these generators commute if the corresponding vertices are connected via
an edge. We denote with y; ; = [z}, x;] the commutators of two vertices that are not connected via an
edge. At last, we make the group 2-step nilpotent by adding the constraints that the y; ; commute with
all the vertices. The formal definition is given below.



Definition 3.1. Let I'({x1,2,...,2,}, E) be an undirected finite simple graph. We define the group
Gr by setting

1,2 T ['Tjawi] =1 ifx;z; € £
1,L2, vy , ! . ‘
Gr = < Yij if ziz; anE and 7 < j [zj, i) =vyi; oz, dEandi<j >

[zyi)=1 1=1,2,....n;zz; € Eand i <j

From now on, we will use I' to denote an undirected finite simple graph. Note that if I' is the complete
graph on n € Ny vertices, then the associated group Gr is isomorphic with Z". The Reidemeister spectrum
of Z" is well-known (see for example [Rom11l Section 3]) and is given by

{2, 00} ifn=1

NoU{oc} ifn>2" (3.1)

Specg (Z") = {
If on the other hand T' is the graph on n vertices without any edges, then the associated group Gr is
isomorphic with F,, /vs(F,) (where F,, denotes the free group of rank n). These groups are also known as
the free nilpotent groups of rank n and nilpotency class 2 and are frequently denoted by IV, ». K. Dekimpe,
S. Tertooy and A.R. Vargas extended in [DTV20, Section 4] the result from V. Roman’kov (see [Rom11)
Section 3]) to

2Ny U {OO} ifn=2
SpecR (Nnﬁg) = (2N0 — 1) @] 4N0 @] {OO} ifn=3. (32)
No U {OO} if n > 4
Denote with N := |{(¢,7) | z;z; ¢ E and ¢ < j}|. To simplify notation, we fix an order yi,y2,...,yn
to denote the elements y; ; where we define y; := y;, ;. Using the definition, it follows that any element
of G can be uniquely written as 23232 ... a2yl yb> .. yf{,\” with z;,t; € Z and that the multiplication in
Gr is given by
(7 oazryl Ly (Y ) = AL .xi""'”"'yil-i_sl—i_vhzh .. .yj\J,VJrSNJrviNZjN

for z;,v;,t;, 8 € 7.
Using the operation in Gr, we obtain expressions for the center and commutator subgroup of Gr.

Lemma 3.2. With the notations from above, we have that:

N

Z(GF) _ >< <yz> > >< <1,z> o~ ZNJr(the number of vertices of degree n—1)
=1 i=1,2,...,n;
deg(z;)=n—1
N
and vo(Gr) = X (y;) = ZN

(2

Il
-

Note that Lemma implies that if I" is not a complete graph, then the associated group Gr is a
finitely generated torsion-free 2-step nilpotent group. Hence, we can apply Theorem to the lower
central series of Gp. Combined with the well-known description of the Reidemeister spectrum for finitely
generated torsion-free abelian groups (see e.g. [GW09]) we obtain the next result.

Lemma 3.3. For any ¢ € Aut(Gr) we have that:
R(p) = R(p1) R(p2) = |det(Id — ¢1)|oo |det(Id = ¢2)]o0

where ¢1 : Gr/7v2(Gr) — Gr/v2(Gr) and 2 : 72(Gr) — 72(Gr) are the induced automorphisms on the
factors of the lower central series.

We abuse notation and also denote with ¢ (respectively s) the matrix corresponding to the map
1 (respectively ¢2).

It is clear that if two graphs are isomorphic, then the associated groups are isomorphic. Also the
converse is true. This can be proven by using the argument for the associated right-angled Artin groups
in [Dro87]. In his argument Droms actually shows that when the 2-step nilpotent quotients of the right-
angled Artin groups associated to the two graphs are isomorphic, that it follows that the graphs are
isomorphic. However, since Gr is precisely the 2-step nilpotent quotient of the right-angled Artin group
associated to I', this argument suffices to conclude the proof of the following Lemma.



Lemma 3.4. Let I'y and I'y be two undirected simple graphs. The graphs I'y and I's are isomorphic if
and only if Gr, = Gr,.

4 The first method: degree of the vertices

Recall that we want to determine the Reidemeister spectrum of the finitely generated 2-step nilpotent
groups associated to graphs. To do so we develop three methods. For the first method we describe
characteristic subgroups based on the degree of the vertices. The other two methods allow us to partition
the graph by using the simplicial join or the disjoint union.

For any graph I'({x1,z2,...,2,}, F) and any d € {1,2,...,n — 1} we define the vertex set

Va={z;]i=1,2,...,n and dega; > d}

Ziyt1 € Z} .

We argue that these subgroups Hy are characteristic subgroups of Gr. For this, we need two lemmas
that describe the Hirsch number of the centralizers of elements of Gr.

and the subgroup Hy C Gr by

N
Hy ::{ H x;t Hyf’
=1

T, €Vy

Lemma 4.1. For any z;,,t; € Z (for some ig =1,2,...,n and any l =1,2,...,N) with z;, # 0 it holds

that
N
h <ZGF (w I1 yf)) = deg(wi,) + N + 1.
=1

Proof. By the operation in Gr, it follows that the centralizer of x := xfgo Hl]\il yf’ has the following form

n

N
Zgr(z) ={g9 € Gr|lg,2] =1} = {HSE?’ 1T
=1

=1

Vi, S| €L
2oV =0 if wjox, & Eand ig #1¢ [

Since z;, # 0, this precisely means that

N
— Vi Sy
Zep(x) = H x; Hyl Vi, 81 € L
i=1,2,...,n; =1
Tiw; €E or i=ig

Using Lemma 2.7] it follows that

hZg.(z))=N+|{i=1,2,...,n|z,x; € Eori=i}|=deg(z;)+ N+ 1.

Lemma 4.2. For any z;,t; €Z (fori=1,2,...,n and 1 =1,2,...,N) it holds that

n N
h (ZGF (H z} H%l)) < min{n — 1, lzlngmn deg(z;)} + N + 1.
i=1 =1 2190
Proof. Denote x =[] ; z}’ Hf\il yi'. If all z; are equal to zero, then Zg, (z) = Gr and thus h(Zg,.) =
n—+ N and the result follows. So suppose that not all z; are zero. We can assume without loss of generality
that
zi#0 <<= i€{l,2,...,k}

for some k € {1,2,...,n} and that

deg(r1) = min deg(;).

i=1,2,....k



We denote with m the number of z;’s (with j = 2,3,...,k) such that z12; € E. Without loss of
generality, we can assume that

riz; € E (with j € {2,3,...,k}) <= j=2,3,...,k—m.
By the operation in Gr, we obtain that
N v;, 81 € 7
o v; sy 2105 = V125 (V_j 22,3,...,/€—m)
ZGF('T) - Hzi Hyl Z;V5 = V25 (V’L,j = 2,3, ceey k with Tij Q/ FE and ¢ 75 _j)
=1 =1 . . .
ziv; =0 Vi=1,2,....k;j=k+1,...,n with z;2; € E)

We define the subgroup H C Gr (that contains Zg,.(x)) by setting

n N ’Ui,SIGZ
H:= l_[il';jZ Hylsl 2105 = V1%j (V_j = 2,3,...,/€—m)
i=1 =1 ziv; =0 Vi=1,2,....kj=k+1,...,nwith z;,z; ¢ E)

By Lemmal[2.T] (i) it suffices to argue that h(H) < deg(z1)+N+1. Since 21 # 0, the equations z1v; = v 2;
(with j = 2,3,...,k —m) can only be satisfied if

Z1 22 Zk—m

E,E,..., d

(vl,vg,...,vk,m):/\( ) for some \ € Z

where d := ged(z1, 22, . . ., 2k—m). Since all the z; # 0 (for | = 1,2,...,k), it follows that v; = 0 for all
j=k+1,k+2,...,n with 2;2; ¢ E for some i = 1,2,..., k. Hence, we obtain that

k—m vo k N
zi/d v; v s
H = x; H x; lej] Ilyll Vo, Vi, V5,51 € L
=1 =1

i i=k—m+1 jeJ

where we defined
J={j=k+1,k+2,...,n|zz; € Eforalli=1,2,...,k}.
By using Lemma 2Tl we can indeed conclude that

hMH)=14+m+|J+N<1+m+N+|{j=k+1,k+2,...,n|z12; € E}|
=1+m+N+|{j=2,3,...,n|x12z; € E}|—m
=deg(x1) + N + 1.

Theorem 4.3. The subgroups Hy (for any d =1,2,...,n — 1) are characteristic subgroups of Gr.

Proof. Fix any d = 1,2,...,n — 1, an automorphism ¢ € Aut(Gr) and any z;, € V. Suppose by
contradiction that o(z;,) & Hy. Hence, there exists some x;, & Vg and z;,t; € Z with z;, # 0 such that

n N
o) = [T TTu
i=1 =1
By using Lemma [Tl and Lemma [£.2] we now obtain that

d+ N+1<degzi, + N+1=h(Zg.(zi,)) = hM(Za (¢p(zi,))) < degay, + N+1<d+N+1

which is a contradiction and thus ¢(z;,) € Hy. By Lemma and since v2(Gr) is a characteristic
subgroup of Gr, it now follows that p(Hy) C Hy. We can use completely the same argument to argue
that ¢~ 1(Hy) C Hy and thus we can conclude that p(Hy) = Hy. O



Theorem (3] provides extra information about the automorphisms of Gr. Therefore, we will use it
frequently in the rest of the paper to determine the Reidemeister spectrum of groups associated to graphs
and to develop new methods to do so. Moreover, Theorem 3] can be used to describe graphs for which
the associated finitely generated 2-step nilpotent groups have the R.,—property.

Theorem 4.4. Let T'({x1,xz2,...,2,}, E) be an undirected simple graph which has mazimal degree n — 2
and for which this degree is attained only once, then Gr has the Ro,—property.

Proof. Take any ¢ € Aut (Gr). Assume without loss of generality that z; is the one vertex having degree
n — 2 and that z120 € E. Since H,_s is a characteristic subgroup of Gr (by Theorem 3], it follows
that ¢1(2172(Gr)) = =7 ' 72(Gr).

Fix any j € {3,4,...,n} and denote ¢(z;) = [[;_, «}’ Hl]il y)'. Since z1z; € E, we obtain (by
Lemma [2.2)) that

n n
1= o([z;,21]) = [H iﬂfiaﬁll = [[lzi, 21 = w2, 21]*.
i=1 i=1
Hence, we obtain that ze = 0. Since this argument is valid for all j € {3,4,...,n} and since @ is an
automorphism, it follows that the matrix of ¢; (with respect to {z172(Gr), z2v2(Gr), ..., 2nY2(Gr)})
has the following form:

+1| b C
O [£1]0 ... O
0 b3
Col A
0 by
where B := (by +£1 b3 ... bn)T e 771 A e z0=2x(=2) and C € Z'*("=2) Since ¢; is an

automorphism, it holds that A € GL,,_2(Z). Applying Lemma B3] yields
R(p) = R(p1)R(p2) = [£1 — 1] [£]1 = 1]oo [det(A — T —2) |00 R(p2).

If one of the two +1 is equal to 1, then we get that R(p) = oo and the result follows. Hence, we can
assume without loss of generality that the two +1 in the matrix representation are both equal to —1.
However, by Lemma we now obtain that

pa([e, 21]) = [2h wg 2 oalr o7 = [z, @] 7 e, 20 ) YD [, 2] 7 L g, 2] T
= [x2, x1].

This implies that [x9, 1] is an eigenvector of w9 with corresponding eigenvalue 1 and thus by Proposition
2.3 it follows that R(y) = oco. O

Example 4.5. If T is the graph in Figure[Il then Gr has the R..—property.

E—)
@) @

Figure 1: Graph for which the associated group has the R.,—property.

Corollary 4.6. Let I'({x1,x2,...,2,}, E) be an undirected simple graph which has mazimal degree n —2
and for which this degree is attained only once and let M be the nilmanifold with fundamental group Gr.
Then any self-homotopy equivalence of M is homotopic to a fized point free map.

Remark 4.7. The nilmanifold M whose fundamental group is the group Gt of Example is an 8-
dimensional (since h(Gr) = 8) example of a 2-step nilmanifold for which every self-homotopy equivalence
is homotopic to a fixed point free map. In Remark [T.8 we mention that the group associated to the
cycle graph on four vertices where we remove one edge also has the R.,—property. Hence, this provides
a 7-dimensional example. One can prove (see [Lat21l Example 8.2.2]) that this is a sharp bound when
considering groups associated to graphs. Moreover, we will show in a forthcoming paper that this is a
general lower bound in the sense that there do not exist 2-step nilmanifolds (so also not associated to a
graph) in dimensions < 6 having the R.,—property.



5 The second method: simplicial join
There are several ways to combine graphs. We discuss the simplicial join and the disjoint union.
Definition 5.1. Let k € Nyy and T';(V;, E;) (with ¢ = 1,2,...,k) be graphs.

e The disjoint union I_Ilel"i of the graphs I'1,I's, ..., 'y is defined by

k k
|_|rz-< Vi, |_|Ez->.
i=1 i=1 =1

k

e The simplicial join x¥_;T'; of the graphs I'1, T, ..., is defined by

%
i=1 i=1

k k
k
. ; ) e | e P : <ic i< )
_flI‘Z(Lle,UElU{xe”xZGVZ, :EJEVJand1_2<j_k:}>

The group associated to the simplicial join of graphs can be written as a direct product. The next
result follows almost immediately by using the definitions.

Lemma 5.2. IfTM and I'® are two undirected simple graphs, then the group Grare associated to the
simplicial join of T and T'3) is isomorphic with the direct product Gpa) x Gre) . This can be generalised
to the simplicial join of any finite amount of undirected simple graphs.

In order to study the endomorphisms of a direct product, we introduce some notation (which coincides
with the notation from [Sen21]).

Notation 5.3. Let G = Xf: G; be the direct product of k groups G;. For any ¢ = 1,2,...,k we denote
with m; : G — G; the canonical projection and with e; : G; — G the canonical inclusion using the direct
product. For any endomorphism ¢ € End (G) and any ,j = 1,2,...,k, we denote with ¢;; : G; — G
the morphisms defined by
piji=mopoe;: Gj = Gy.

Note that if ¢ € Aut (Grw,re@) is an automorphism, then ¢; € End (Gre)) (for ¢ = 1,2) is not
necessarily an automorphism of Gru). However, the following lemma tells us something about the images
of pi;. We refer to [Sen21] Lemma 2.2] for a proof.

Lemma 5.4. Let p € Aut (szl Gi) be an automorphism of szl Gy, then for alli =1,2,... k it holds
that G; is generated by Im (i), Im(pi2), ..., Im(pir).

In order to describe the Reidemeister spectrum, we introduce some (obvious) notation.
Notation 5.5. Let M, N C Ny U {oo} be two subsets. We define the product set M - N by

M- -N:={mn|meM,nec N}.

To avoid confusion, we only use this notation when we express the Reidemeister spectrum of a group.

If T(V,E) is a graph and V/ C V a subset of the set of vertices, then we denote with I'(V’) the
subgraph induced on V'. This subgraph of T' is defined by means of the vertex set V' and the edge set
{vw € E|v,we V'}.

A first step in studying the Reidemeister spectrum of the group associated to the simplicial join of
graphs is to get rid of the vertices that are connected with all other vertices. Recall that these vertices
are precisely contained in the vertex set V,,_;.

Theorem 5.6. Let T'(V = {x1,22,...,2,}, E) be an undirected simple graph with r .= |V,_1|. If r < mn,
then it holds that

Specg (Gr) = Specr (Z7) - Specr (GF(V\VMI)) )



Proof. Note that I' = I'(V,,—1) * I'(V \ V,,_1) and thus by Lemma [5.2]
G = Grw, ) X Gronv,) L X Granv, )

Fix any automorphism ¢ € Aut (Z’” X GF(V\anl)). Since none of the vertices of I'(V'\ V;,—1) is connected
with all the other vertices of T'(V '\ V,,_1), it follows by Lemma [3.2 that

O(Z" x 1) CQ(Z" x Z(Grnwv,_ 1)) = Z(Z" x Grany,_y)) = Z" X 72(Grpnw,_,))-

Denote with (¢;;)1 and (p;;)2 (with ¢, 7 = 1,2) the morphisms induced on the first and second factor of
the lower central series. Since Im (p21) € 7v2(Gr\v,_,)) it holds that Im ((21)1) = 1. Hence, (©21)1 is
the map sending everything to 172 (Gr\v,_,)). So LemmaB.4limplies that (22)1 is surjective. Applying
Lemma’s and [2.4] yields that o2 is an automorphism of G\, _,)-

By taking a particular generating set of Z" and Gpr(y\v,_,) it follows that the matrix of ¢, (with
respect to this generating set) is of the form

A B
(6 )

where A, B and C' are the matrices representing respectively (¢11)1, (¢12)1 and (¢22)1. Since ¢1 and
(p22)1 are automorphisms, we can conclude that also (11)1 is an automorphism. Remark that since Z"
is abelian, it holds that (¢11)1 = ¢11-

Note that

Im ((¢12)2) = Im ((p21)2) =1
and thus R(y2) = R((p22)2). By Lemma we can conclude that

R(p) = R(p11) R((p22)1) R((p22)2) = R(p11) R(p22)-
Since 11 € Aut (Z") and oo € Aut (GF(V\anl)) it follows that

SpecR (GF) = SpecR (ZT X GF(V\Vn,l)) - SpecR (ZT) . SpecR (GF(V\Vn,,l)) .
The other inclusion is well-known (see e.g. [Sen21l Corollary 2.6]). O

Notation 5.7. Using Theorem [5.6] we can restrict ourselves to look at graphs for which none of the
vertices is connected (via an edge) with all other vertices. Let I' be such a finite undirected simple graph.
Assume that I' = *i.“:ll“(i) and that I' cannot be decomposed any further using the simplicial join. We
use the superscript “(i)” to denote similar properties as before, but related to the graph r@ (e.g. V@),
;cg” and n(V). Applying Lemma yields that Gp = szl Gre . For any component ¢ = 1,2,...,k we
define the subgroup H® C Gr by
_ i—1 k
HY := X 75(Grom) x Gror x X 72(Grom) = Groy2(Gr).
m=1 m=i+1
Definition 5.8. Let I'(V, E) be an undirected simple graph. The complement I'¢ of the graph I is
defined by
IV, {vw|v,w € V,v # w and vw ¢ E}).
The following lemma will be needed later on.

Lemma 5.9. IfT = *lel"(i) cannot be decomposed any further using the simplicial join, then (F(i))c 18
connected (for alli=1,2,...,k).

Proof. Fix any i = 1,2,...,k and denote for the sake of simplicity ') = X (V, E). Suppose by contra-
diction that X¢ is not connected. So there exist two subgraphs X;(V1, E1) and Xo(Va, Es) of X ¢ that
are not connected with each other (with V' =V, UV; and with E; U Ey the edge set of X¢). This implies
that V1, Vo C V are non-empty sets of vertices such that

{®i,zi, | i, € V1 and x;, € Vo} C E.

Thus, we obtain that
X =XW")*xX (V)

which contradicts the assumption. Hence, all the complements (F(i))c are connected. [l

10



Lemma [5.9] allows us to describe the automorphisms of Gr.

Corollary 5.10. Let T(V = {x1,2a,...,2,}, E) be an undirected simple graph such that T = x¥_ T0)
[Vie1|= 0 and T’ cannot be decomposed any further using the simplicial join. Then, for any automorphism
v € Aut(Gr) there exists a unique permutation o € Sy such that

(i) ¢ (HD)=HCO) for anyi=1,2,... k.
(ii) The corresponding components are isomorphic, i.e. T = T@W) (for anyi=1,2,... k).

Proof. Fix any component ig € {1,2,...,k} and denote with d := degp (xgio)) the degree (in T") of xiio).
Define for any i = 1,2,..., k the integer d®¥) by

k
dV:=d-> n =d—n+n®.
Jj=1,
J#i
Note that degpo) (1)) equals d(i0).
Since ¢ is an automorphism, it follows by Theorem [£.3] that ga(zgio)) € Hq\ Hgqy1. Thus we can fix some
component i; € {1,2,...,k} such that go(:ngio)) has a non-zero exponent for some vertex of V(1) of degree

d in T. By Lemmal4J] it holds that h(Zg,. (cp(xgm)))) =d+ N + 1. However, by applying Lemma [£.2] we
obtain (by also using Lemma 211 (¢)) that

W Za,,, (m;(())))

M- 107

d+ N +1=h(Za (p(z})))) =

< (d(il) L1+ N(il)) 4 (n(j) + N(j))

,;.

<

<
oy

k
=) 41— pl) 4 Z(n(j) + Ny =d) 41 —p) 44 N
j=1

=d+ N+1.

So equality must hold throughout the calculations and thus for all j = 1,2, ...,k with j # 4, this implies
that N | |
W(Za,,) (mi(p(@(®))) = n + N,

Since there are no vertices of degree nt¥) — 1 (in T'¥)), Lemma B2 implies that 7; ((p(xgm))) € v2(Grw)
for all j = 1,2,...,k with j # 1. So #; is the unique component such that @(xgm)) e H) and
thus we define o(ig) := i;. Repeating this argument for any ip € {1,2,...,k} yields a unique map
o:{1,2,...,k} = {1,2,...,k} such that

SD(:L.Y)) c H(‘T(l)) for all 7+ = 1’ 2, ey k.

Fix any component 7y and any vertex $§i°) of that component (with j # 1) such that xgio)xyo) ¢ E.
Using the same argument as in the beginning of the proof, we can derive that <p(x§-i°)) e H) for some

unique component 4. Since [xgio), zgi(’)] # 1, it follows that

i i io o(i Y2(Gretoy)  if io = o(io
1#@@?&@A“ﬂaﬂmiﬂ“W={l(F°) st

Thus we obtain that 7o = o(io) and so <p(x§-i°)) € H@00) If we fix any vertex ;C;io) (with j # 1), then
by Lemma there exists a path in (F(i“))c that connects zgi") and zgi"). We can now use the previous

argument inductively together with this path to conclude that @(xgio)) € H(@(0)),

11



Hence, we can conclude that ¢(H (i)) C H@®) for all components i. By construction of this unique
map o and since ¢ is an automorphism, one can derive that ¢ € Sy and @(H(i)) = H@®) for all
components 7. The second item follows directly by applying Lemma [3.41 O

Using this description, we are now able to describe the Reidemeister spectrum of Gr. We subdivide
this description in two theorems, but we prove them at once.

Theorem 5.11. Let T T®@) . T®) be isomorphic finite undirected simple graphs with at least 2
vertices that cannot be decomposed using the simplicial join. Then

k k i
Specr (G*g_.e:lrm) = Specr (X GF“)) = U { R
m=1

i=1 i=1

R, € Specr (GF(l))} .

If we divide a graph using the simplicial join, then we say that two components are of the same type
if they are isomorphic. If s is the amount of different types, then we fix some order to be able to address
components of type j (with j =1,2,...,5).

Theorem 5.12. Let T'(V = {x1,z2,...,x,}, E) be a finite undirected simple graph. Assume that T'(V \
Vie1) = 5 T and T(V \ V1) cannot be decomposed any further using the simplicial join. Denote
with s the number of types of components. Then, the Reidemeister spectrum of Gr is given by

components i
of type j

Specr (Gr) = Specr (2V=1) - T] Speen | X Gro
j=1

Proof of Theorems 511 and [512. By Theorem[B.6lwe can assume that |V,,—1|= 0. Fix any automorphism
€ Aut (Gr). Take o € S, as described in Corollary FI0l Define the map @ € End (Gr) by setting

k
©:Gr = Gr:(91,92,---,9k) |—>H(1,...,1, oyilgi) s 1,5 1).
i=1 S
position o (i)
Since the components I'® and T'(°()) are isomorphic, we view ©o(i)i € End(Grw ). Since o(H®) =
H@®) (for alli=1,2,..., k), it follows that if i5 # o(i1) then the induced map (g;,i, )1 is the zero map.
Hence, by using Lemma 5.4, Lemma 23] and Lemma 2.4 we obtain that ¢,;); is an automorphism of
Gra for all components ¢ = 1,2,...,k and thus ¥ is an automorphism of Gr. By using the definition
of the automorphism @, one can derive that (%); = ¢1 and (¥)2 = p2. Applying Lemma B3] now yields
that R(p) = R(®) and thus it suffices to consider the automorphism %.

Since ¢ maps components to isomorphic components, we are able to write p = E(l) X ¢(2) X ... X E(S)
for some automorphisms @m on the groups associated to the graph consisting of the simplicial join of
the components of type j (with j =1,2,...,s). It is known that R(®) = H§:1 R(@Y)) (see e.g. [Sen2]
Corollary 2.6]). So it suffices to prove Theorem [E.111

To limit notational complexity, we assume that there are only & = 2 components. The general case
can be proven similarly. We refer the interested reader to [Lat21, Proposition 8.1.11].

Assume that I' = ') « T (and T' cannot be decomposed any further using the simplicial join)
where 'V = T'®) are isomorphic finite undirected simple graphs with at least 2 vertices. We argue that
Specr (Gray,r@ ) = Ule {H:n:l R, ’ R, € Specgr (Grm)}- First we assume that ¢(g1,1) € 1 X Gpe)
and that ¢(1,g2) € Gray x 1 for all g; € Grey (in particular, o = (12) € S3). We define a new set of
generators for Gru and G by setting

, ) ifi=1
QI &) L for all j =1,2,...,n')
<,021(5Ej ) ifi=2

. (1) if i =1
g .= Y s for all j =1,2,...,N®,
po1(y; 7)) ifi=2

12



One can check that this is well-defined since ¢ is an automorphism. Hence, there exists some automor-
phism ¢ € Aut (Grq)) such that the matrix of o; (with ¢ = 1,2) with respect to this new set of generators

has the following form
0 A
1 0

where A; is the matrix of the induced automorphism ;. By Lemma we now obtain that

R(pi) = |det <11 - (g %)) ‘m — [det(T — Ag)|oo= R(:)

and hence R(p) = R(v).
If on the other hand ¢ = @11 X2 (and thus o is the identity permutation), then R(p) = R(¢11)R(p22)
(see e.g. [Sen2ll Corollary 2.6]). Combining these two cases, we obtain that Specr (Gra,r@) C

U?:l {Hl Ry, ’ R,, € Specr (GF(I))}. One can prove the other inclusion by using the same ideas

m=1
for constructing the desired automorphisms. O
Using Theorem [5.12] we can now construct more 2-step nilpotent groups having the R.,—property.

Corollary 5.13. Let TV, E) be a finite undirected simple graph such that T = +F_ T@) (where T' cannot
be decomposed any further). Then the following statements are equivalent

(i) There exists some i =1,2,...,k such that Gpw) has the Ro,—property
(i) Gr has the Roo—property
As a direct consequence of this we now also find the following result.

Corollary 5.14. For any n > 7 there exists a 2-step nilmanifold M, of dimension n such that any
self-homotopy equivalence of M, is homotopic to a fized point free map.

Proof. Indeed, for M7 we can take the 7-dimensional manifold of Remark[£7l For anyn > 7,let k =n—7
and take M,, = T x M;, where T* is the k-dimensional torus. Then, we have that the fundamental
group of M, is Z* x Gr, where T is the cycle graph on four vertices with one edge removed. It follows
that the fundamental group of M, is then the group associated to the simplicial join of I and k graphs
consisting of just one vertex. By the previous corollary, we know that Z¥ x Gr has the R.,—property
from which the result follows. O

In order to illustrate Theorem [5.11] and Theorem [B.12] we give some examples.

Example 5.15. Consider the cycle graph C4 on 4 vertices in Figure Zal Note that Cjy is the simplicial
join of twice the graph with 2 vertices and no edges. Hence, we can use Theorem [5.11] and equation (3.2])
to conclude that

= (2N0 U {OO}) @] (4N0 @] {;O}) = 2Ny U {OO}

Let us consider the graph I' in Figure 2Bl Hence, it follows that V;,—1 = {z;} and thus Theorem [5.12
(together with equations (B)) and (B:2])) yields that

Specr (Gr) = Specr (Z) - Specr (N3,2) = ({2,00}) - ((2Ng — 1) U4Ng U {oo})
= 2(2Np — 1) U8Ng U {o0}.

(a) Cycle graph (b) Simplicial join of 1 vertex and 3 vertices

2 i
Specr (G¢,) = Specr (N2,2 X Na2) = U { B
m=1

R,, € SpeCR (N272>}

Figure 2: Illustration simplicial join on graphs with 4 vertices
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6 The third method: connected components

Let T'(V, E) be a finite undirected simple graph. Denote with I'® the induced subgraph T'(Vp \ V3)
consisting of vertices of degree zero and with T'™ (for i = 1,2, ..., k) the connected components of T'(V;).

It follows that ' = Uf:o '™, We use the superscript “(i)” to denote similar properties as before, but
related to the graph T'Y). Define for all i € {0,1,...,k} the subgroup H® of G by

n(® () N

HO — H (z?) ! Hyltl z]@,tl €7 p = Grov2(Gr).
=1

j=1

As with the simplicial join, it turns out that any automorphism of Gr maps the subgroups H (% (with
i=1,2,...,k) to such a subgroup associated to an isomorphic component. In order to prove this, we
need the following lemma, which studies the centralizers of elements of Gr.

Lemma 6.1. IfT(V, E) is a finite undirected simple graph such that T = |_|f:1 '@, then for any zj@, t €

7, with some i1 # i2 and j1,j2 such that z(”), ](;2 £ 0, it holds that:

HH (xy ) - ﬂy N <HH (x;i))zy)/d> x v2(Gr) = ZN

NO)

where d := ged, ; z; .

Proof. Without loss of generality we assume that i1 = 1,i5 = 2 and j; = j» = 1 (and thus z§1), z§2) #0).
To make notation more clear, we denote

,r:l:[l:[(acy) Hytl.

Using the operation in Gr, we obtain that

’U(-i) ,S1 EZL
o & L6, (i2) _ 61) G2)
J s 71 12 71 12 ep - . . .
Zar(x HH( ) H?Jll Zj Vs 1 “je if i1 # d2; Vj1, jo
=1 NMOMO! ()., (3) z) (z)
J1 ’sz - Uh j2 if .Z‘ ¢ E

Since z%l), 252) # 0, the equations of the form zgl)v§i) = vil)z](i) (with i = 2,3,...,k) and the equations

of the form 252)v§1) = v§2)z§1) can only be satisfied if there exists some A € Z such that

foralli=1,2,...,k andj:1,2,...,n(i)

where d := ged, ; zj(z) This solution satisfies all the other conditions in the expression of the centralizer

of x and thus we can conclude that

ECIAANE N 289
ZGF(ZC) _ HH($§Z)) J /d lHyil 00, S1 c7 _ <HH($§’L)) j /d> X72(GF)§ZN+1-
T Z1 i

O
Lemma allows us to study the automorphisms of Gr.

Corollary 6.2. Let T'(V, E) be a finite undirected simple graph. Denote with I'© the induced subgraph
(Vo \ Vi) and with T the connected components of T(V1) (where i = 1,2,...,k). Then for any auto-
morphism ¢ € Aut(Gr) there exists a unique permutation o € Sy such that:

14



(i) o (HD)=HO) for anyi=1,2,... k.
(i) The corresponding connected components are isomorphic, i.e. 1@ =~ @) (foranyi=1,2,...,k).

Proof. Fix any component ig € {1,2,...,k}. Since ') is a subgraph of T'(V}), it follows by Lemma 1]
that
h(Zar (p(x())) = deg(al) + N +1> N + 1.

Lemma [6.Tl now implies that @(xgi“)) can only have non-zero exponents for vertices from one component.

Recall that H; is a characteristic subgroup (see Lemma [£3]). Hence, we obtain that there is a unique
component o(ig) € {1,2,...,k} such that <p(x§1“>) e H(@(0))  Repeating this argument for any iy €
{1,2,...,k} yields a unique map o : {1,2,...,k} — {1,2,...,k} such that

SD(-TY)) c H(‘T(l)) for all 7+ = 1’ 2, ey k.

Fix any component iy € {1,2,...,k} and some vertex xg-i“) of that component such that xgi”)x;i”) € E.

Using the same argument as in the beginning of the proof, we can derive that @(xgi“)) € H) for some
unique component ig € {1,2,...,k}. Since zgi") and xgi[)) commute, it holds that also gp(z&i")) and

gp(z§i°)) commute. However, since @(x&io)), gp(z§i°)) & v2(Gr) and vertices from different components are
not connected via an edge (and thus the corresponding group elements do not commute), we obtain that
io = o(ig) and thus (p(xyo)) e H(olo) Tf $§_zo) is any vertex of component 7o, then there exists a path
in I'() connecting xgi[)) and xg-i”). Using the previous argument inductively with this path we can derive
(i0) '

that p(z;°’) € H(oG0)), | |

Hence, we can conclude that o(H (1)) C H@@) for all components i. By construction of this unique
map o and since ¢ is an automorphism, one can derive that o € Sy and @(H®) = H@®) for all
components i € {1,2,...,k}. The second item follows directly by applying Lemma 3.4 O

In contract to the situation for the simplicial join, it is not possible to give a nice general description
of the Reidemeister spectrum of a group Gr in terms of the Reidemeister spectra of the groups associated
to the connected components of I'. Nevertheless, in practice Corollary [6.21is very useful to determine the
Reidemeister spectrum in concrete cases.

Indeed, fix any automorphism ¢ € Aut (Gr). Corollary [6.2] allows us to describe the matrices corre-
sponding to ¢ and 5. These matrices will have the following form

(AM), 0 . 0 0| % *
1 . . .
A 0 ... 0 * 0 (A(Q))g

2) . _ _ . .

0 A and : . .. 0 . :

0 0 e 0 (A®) |0 *

\o ... ... 0 [AD®) 0 0 01 *
0 0 0] 0 [ (A©),

where (as with the simplicial join) we use s to denote the number of types of components. The matrices
with a superscript correspond to automorphisms on the induced groups associated to the disjoint union
of the components of a particular type.

The matrix T" can be described by using blocks corresponding with the commutators between different
connected components of I'(Vy). Each column of this block matrix consists of all zeros except at one
position. The matrix at this spot can be described by means of the tensor product of two matrices.
Similarly, the matrix 7" can be described by using blocks corresponding with the commutators between
I'(Vo \ V1) and the connected components of I'(V}). Each column of this block matrix consists of all zeros
except at one position which can be described by using the tensor product of some matrix with A®©).
For the precise description of the matrices corresponding to 1 and 2, we refer the interested reader to
[Lat21l Application 7.1.6]. We illustrate this full description by considering two graphs with four vertices.
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Example 6.3. Let us consider the graph I' in Figure Bal Hence, I' = I'© U T'™M where T and T
denote the induced subgraphs I'(Vp) and T'(V4 \ Vp). Fix any automorphism ¢ € Aut (Gr). Using the full
description it follows that the matrices of ¢1 and - have the following form

A * q AL g AO) %
0 A®) 0 det(A©)

where AN A©) € GLy(Z).

Consider the graph T in FigureBHl Thus T’ = T UT(®) where T and I'® denote the two connected
components of I'(V; \ V). For any automorphism ¢ € Aut (Gr) we obtain by Corollary that either
o(HMD) = H® and o(H®) = HD or that o(H®) = H® (for i = 1,2). In the first case, the matrices
of ¢1 and o have the following form

0 AY Y
<A<1> 2] (—af e aD))
1
where Agl), Aél) € GL2(Z). In the other case, the matrices of 1 and @9 have the following form
AW 0 . L
(47 ) w0 (aro )
2

where A, AV € GL,(2Z).
For the details of these two examples we refer the reader to [Lat21, Theorem 7.2.2 and 7.2.3].

(a) Only one edge (b) 2 edges and 2 components

Figure 3: Illustration disjoint union on graphs with 4 vertices

7 Examples

We illustrate the results from the previous sections by determining the Reidemeister spectrum of some
families of groups associated to graphs. We first introduce some notation.

Notation 7.1. Let T'({x1,22,...,2,}, E) be a finite undirected simple graph and denote with A =

()\1 Ay ... )\n)T € Z"™*! some vector of integers. We introduce the notation (zy,...,7,)* to de-
note xi‘lxg‘Q c.xpn. If A€ Z7" then we denote by A.; (respectively A;.) the i-th column (respectively

row) of A (with ¢ =1,2,...,n).

7.1 Disjoint union of a complete graph and an isolated vertex

Denote with T',, (for n € N55) the disjoint union of the complete graph on n — 1 vertices and an isolated
vertex. We assume that z,, is the isolated vertex (and thus I'({z1,2z2,...,2,-1}) is a complete graph).
Denote with y; := [zy, ;] (for i =1,2,...,n — 1) the commutators of Gr,,.

Theorem 7.2. The Reidemeister spectrum of the groups associated to Ty, (for n € Nso) is given by

2N2 U 2|N? — 4| U{cc} ifn=3

Specr (Gr,,) = {2(2N0 —1)U8NgU {occ} ifn>4

where N? (respectively N3 ) denotes the squares (respectively non-zero squares) of integers.
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Proof. We use a similar approach as in [DTV20l section 4] where they determine the Reidemeister
spectrum of N, » for r € N>o.
Fix any automorphism ¢ € Aut (Gr,). Corollary [6.2] implies that the matrix of ¢; has the following

form
A *
0 «

where x € Z("=D*1 A € GL,_1(Z) and o € {—1,1}. Note that by Lemma 22 for any i = 1,2,...,n—1
it holds that

@(yl) = [W(zn)v 90(:61)] - [50%7 (xlv s 73571*1)14:1.] = (ylv RN yn71>aA:i

and thus the matrix of ¢ is equal to awA. Using Lemma [3.3] it follows that
R(p) = |det(1y—1 — A)|oo |1 — oo [det(1,,—1 — @A) co-

If we assume that R(p) < oo, then we obtain that & = —1. We denote with p4 € Z[z] the characteristic
polynomial of the matrix A. Hence, we get that R(¢) = 2|pa(1)pa(—1)|cc-

To any matrix A € GL,_1(Z) we can associate an automorphism of Gr, with Reidemeister number
2lpa(D)pa(—1)|co. Indeed, fix any matrix A € GL,,_1(Z). Define the map ¢ : Gr, — Gr, by setting
(withi=1,2,...,n—1):

o(x) = (x1,..., 2n_1)

plzn) = 23!

o) = W1, Y
and extending it to Gr,,. One can check that ¢ € Aut (Gr,, ) and that R(p) = 2|pa(1)pa(—1)|ec. For any
monic polynomial p(x) = 2" ! + a,_22" "2 + -+ + ag € Z[z] (with ap = 1) we consider the companion
matriz Cp, of the polynomial p, i.e. the matrix defined by

)~

[0 ... 0] —ag

—a1

—0p—2

Note that Cp € GL,_1(Z) and its characteristic polynomial is equal to p. Thus using the matrix C,
and the above argument, it follows that there exists an automorphism of Gr, with Reidemeister number
2|p(1)p(—1)|oo. Hence, we obtain that

Specr (Gr,,) = {2|p(1)p(—1)|so | p(z) € Z[z] is monic, deg(p) =n — 1 and p(0) = £1}.

Fix any p(z) = 2" ! + ap—22" 2 + - + ag € Z[z] (with ap = £1). If n = 3, then

2|a?| 0 ifag=-1
Dp(—1)|eo=2|(1 + a1 + 1—a;+ o=
P(DP(=D)loe= 21(1 + 01+ a0)(1 = a1 + ao)| {2|4 . et
Using this, it indeed follows that
Specr (Gr,) = 2N3 U 2|N? — 4], U {oo}.
If n > 4, then one can check that
2
2| (14 22 en) - (Syasen)® | itn=2me
2[p(1)p(—1)]oc= ) o
2 ‘(Z:ﬁsl (121') — (1 + Z:Z_ll 0,21',1) ifn=2m

So in both cases the Reidemeister spectrum is two times the difference of two squares. Note that the
difference of two squares is always a multiple of four or an odd number. Hence, for any n € N>4 it holds
that

SpecR (Gpn) Q 2(2N0 - 1) U 8N0 U {OO}
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To prove equality, it suffices to define (for any n € N>4 and k € Ny) the polynomials

(2) = 22" 4+ (k—2)2?2 + (k- 1Dz +1 ifn=2m+1
W) = 2?4 (k-2 + (k—2)x+1 ifn=2m

(@) 2?2+ (k-1 +(k—-1Dz+1 ifn=2m+1
re(x) =
¢ P ke’ + (k2o + 1 ifn=2m

and note that
2|lgk(D)gr(—1)]eo=2(2k — 1) and 2|rg(1)rp(—1)|co= 8k.

7.2 Graphs with four vertices and one or two disjoint edges

In this section we again consider the two graphs from Example [6.3] (see Figure B). We include these two
graphs to illustrate that not all Reidemeister spectra can be described using short and easy expressions.
In Example [6.3] we described the matrices of @1 and ¢y (for any ¢ € Aut (Gr)). Using these matrices,
Lemma gives us an expression of the Reidemeister number R(yp). However, this expression depends
on the tensor product of two invertible 2 x 2 matrices over Z. The next lemma follows by some easy
calculations. We refer to [Lat21l Lemma 7.2.1] for a detailed proof.

Lemma 7.3. Let A,B € GL2(Z) be invertible matrices and e = =1 and let tx = Tr(A), tg = Tr(B),
da = det(A) and dp = det(B). Then

2—1ty ifda=1
—ta if da = —1

(tB —GﬁA)Q ifdya=dp =1

—(tB +€tA)2 ifda =dp =—1

—(t4 —t4 —4) ifda=-1anddg =1
t2 —t3 +4 ifda =1 and dg = —1.

det(llgA)ltA+dA{

det(]14 — 6A®B) =

The expressions from Lemma [7.3] together with the description in Example allow us to express the
Reidemeister number R(yp) in terms of two integers. To prove that any such expression is contained in the

1

spectrum, one can use matrices of the form (0 m) € GL2(Z) (with m € Z) to construct automorphisms

1
having these specified Reidemeister numbers. We omit the details and refer the interested reader to [Lat21],
Theorems 7.2.2 and 7.2.3].

Theorem 7.4. If T is the undirected simple graph with four vertices and one edge (see Figurel3d), then
Specr (Gr) = {2|nm(n + m)?| s, 2lnm(n® —m? — 4m)|s with m,n € Z}.
If T is the undirected simple graph with four vertices and two disjoint edges (see Figure[3H), then

Specr (Gr) = Nj U {|nm(n +m)?|s, [nm(n® —m® — 4m)|s, |(n — 2)(n + 2)?|oc with m,n € Z}.

7.3 Cycle graphs

In this section we consider the cycle graphs Cy,. It turns out that for n € N>5 the associated group G,
has the Ro—property. We present the ideas behind this claim, but for the details and the proofs in this
section, we refer to [Lat21l Section 9.1].

For any n € N>3 we define the cycle graph C,, by

Cn({z1, 22, ..., 2n}, {122, X223, . . ., 1T, T X1 })-

In order to describe the Reidemeister spectrum of G¢, we need to understand the automorphisms of
Ge, . As before, one can study the Hirsch number of the centralizers of elements of G, and derive the
next lemma.
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Lemma 7.5. Let n > 5 be an integer. For any z;,t; € Z (fori=1,2,...,n andl =1,2,...,N) it holds

that
n N
i (e, (T Tt ) ) < v
=1

i=1

if there are two different indices i1,i2 € {1,2,...,n} such that z;,,z;, # 0.

By Lemma [l it holds that h(Zg., (p(x:))) = N +3 for any i = 1,2,...,n and any ¢ € Aut (G¢, ).
Hence, Lemma [ yields that o1 (z:72(Ge,)) € (Zo:)12(Ge,)) for some (i) = 1,2,...,n. Based on this
argument, one can proof the next corollary.

Corollary 7.6. Let n > 5 be an integer and ¢ € Aut(Ge,) an automorphism of G, . Then there exist
a permutation o € Sy, and €; = £1 (for all i =1,2,...,n) such that

o1(ziv2(Ge,)) = xfj(i)vg(Gcn) foralli=1,2,...,n.

Moreover, the permutation o belongs to the dihedral group D,, of order 2n. In particular, o consists of a
rotation or a reflection of the graph C,.

Corollary gives us enough information on the automorphisms to prove that G¢, has the Ro—
property for n > 5. This proof uses Proposition 23] by describing an eigenvector with eigenvalue 1 for ¢
or 9. Note that G¢, = Z3 since O3 is the complete graph on 3 vertices. We already discussed the cycle
graph Cy in Example This leads to the next result.

Theorem 7.7. The Reidemeister spectrum of the group Gc, associated to the cycle graph C, on n
vertices is given by
NoU{oo} ifn=3
Specr (Ge,) = ¢ 2NgU {0} ifn=4.
{o0} ifn>5

Remark 7.8. Using similar ideas, one can consider the cycle graph P, on n vertices with one edge
removed (also known as the path graph on n vertices). For the details we refer to [Lat21l Section 9.2].
The Reidemeister spectrum of Gp, is given by

4NgU {oo} ifn=3
Specr (Gp, ) = {{oo} ifn>4"
In [GW09, Example 4.1] D. Gongalves and P. Wong prove that Gp, has the R.,—property. We linked the
group to the path graph on four vertices to better understand its structure. The methods in this paper
provide a more general framework to consider similar groups and allow for a more elegant proof of this
result. Moreover, we presented new examples of finitely generated torsion-free 2-step nilpotent groups
that are associated to a graph and have the R.,—property.

7.4 Reidemeister spectrum of groups associated to graphs with at most 4
vertices

Looking back at the different methods we developed, we are able to describe the Reidemeister spectrum
of the groups associated to the graphs with at most four vertices. The result is summarised in Table [I]
and Table
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Graph I’ Reidemeister spectrum Specg (Gr) Graph I’ Reidemeister spectrum Specgr (Gr)

@ (2,00}

@

2Ny U {OO} No U {oo}

(2N0 — 1) U 4Ny U {OO} 2N3 U 2|N2 — 4|00 U {OO}

©)

®

T €
® © ©

E)y—~) E—y
& 4Ny U {oo} ‘ No U {oo}

)

Table 1: Reidemeister spectrum of groups associated to graphs with at most 3 vertices.
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Graph I’ Reidemeister spectrum Specg (Gr) Graph I’ Reidemeister spectrum Specgr (Gr)

o @ 2{nm(n + m)? oo,
No U {oo} { 2|nm(7.12 —m? —4m)|oo }

@ @ with m,n € Z
N v ED
nwith T:n ez @)
) —) Ep—)

‘ 2(2Ng — 1) U 8Ny U {oo} 2(2Ng — 1) U 8Ny U {oo}
@3 &) @
E)—r) E—)

{o0} ‘ 4NZ U 4|N? — 4|, U {oo}

@) @ &) @
E)—) E—r)
2Ny U {oo} v‘ 2Ny U {oo}
E)—r &) @
En—

&
&

Table 2: Reidemeister spectrum of groups associated to graphs with 4 vertices.
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