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T h e  R e la t io n  o f  th e  E a r t h ’s F r e e  P r e c e s s io n a l  N u ta t i o n  to  i t s  

R e s is ta n c e  a g a in s t  T id a l  D e fo rm a tio n .

B y  Prof. J .  L a r m o r , Sec. R.S.

(Received December 18, 1908,— R ead Jan u a ry  14, 1909.)

The m odern  in v estig a tio n  of th e  w an d erin g  of th e  E a r th ’s ax is  of ro ta tio n , 

•considered as a p h y sica l p rob lem  re la tin g  to  th e  a c tu a l n o n -r ig id  E a rth , m ay  

be said to  have been  in itia te d  in  L ord  K e lv in ’s add ress  to  th e  P h y sic a l 

Section of th e  B ritish  A ssoc iation  in  1876. A fte r  re fe rrin g *  to  th e  sc ru tin y  

of th e  recorded  ob servation s of chang e  of la titu d e s , co nd ucted  b y  P e te rs  in  

1841 and  in d e p en d e n tly  b y  M ax w ell in  1851, in  sea rch  of th e  re g u la r  

E u le rian  free  perio d  of 3Q6 days  w h ich  w ould  be lon g  to  a  r ig id  E a r th , 

w ith  negativ e  re su lts , he in s is ted  th a t  th e  ir re g u la r  m o tio ns  b ro u g h t o u t in  

these  analy ses a re  n o t m ere ly  due  to  in s tru m e n ta l im p erfec tio n s, b u t  re p re se n t 

tru e  m o tions of th e  Pole, d ue  to  d isp la cem en t of te r re s tr ia l  m a te ria l. F o r 

exam ple, h e  e stim a te s  th a t  e x is tin g  sh ifts  of m a te ria l, of m eteo ro lo g ical ty p e , 

are  co m p eten t to  p ro du ce  d isp la cem en ts  of th e  ax is  of ro ta tio n  ra n g in g  from  

1 /2  to  1 /2 0  of a  second of arc. A  su d d en  sh if t o f m a te r ia l on th e  E a r th  w ill 

n o t a t  once affect th e  ax is  of ro ta tio n , b u t  w ill s ta r t  i t  in to  m o tio n  ro u n d  th e  

a lte re d  ax is  of in e rtia , w ith  a  p e rio d  of 306 d ays if  th e  E a r th  w ere  rig id , 

w hich  w ill go on d isp lacing  th e  Po le  u n t i l  i t  is dam ped  o u t by  th e  fr ic tio n a l 

•effects of th e  t id a l m o tio ns th u s  o rig in a te d . A  ra d iu s  of ro ta tio n  o f 1 second 

of a rc  w ould  ra ise  an  ocean tid e  of th e  sam e p erio d  as th e  ro ta tio n , h av in g  

as m u ch as 11 cm. of m ax im u m  rise  an d  fall. T h u s th e  m o tio n  of th e  Pole 

is to  be considered  as  c o n tin u a lly  ren ew ed  b y  m eteoro logical an d  o th e r 

d isp lacem en ts, as i t  is dam ped  off b y  tid a l a n d  e las tic  f r ic t io n ; i t  was 

therefore , pe rhaps, n o t to  be ex p ec te d  th a t  i t  w ould  show  m u ch  pe rio dic ity , 

th oug h  th e  m ov em en ts w ere e m in e n tly  w o rth y  of close in v estig a tio n . T h e ir  

n a tu re  w as ex am in ed  m ore closely  by  N ew com b a t  # K e lv in ’s r e q u e s t ; 

b u t n o t m u ch m ore h ad  been done re g a rd in g  th e ir  cause w hen  C h an d ler 

annou nced  th a t  th e  records of changes of la ti tu d e  d id  ac tu a lly  in d ic a te  

a  period  of precessio n— of 427 days, how ever, in s te ad  of th e  E u le rian  period  

-of 306 days, w hich , if any , had  prev io usly  been  ta k e n  for g ran te d . Soon 

afte r, in  1890, ob servation s w ere organised  sy ste m a tica lly  b y  th e  I n te r 

n a tio n a l G eodetic  U n io n  on th e  m o tio n  of P rof. F o ers te r, o f B erlin  ; and  

already , in  1891, he w as ab le to  in fo rm  L ord  K e lv in  th a t  a com parison

*  R e p r in t in  ‘ P o p u la r  L ec tu re s  an d  A ddresses ,’ vol. 2, see pp . 262— 272.
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90 P ro f . J .  L a rm o r . E a r t h ' s  F r e e  P r e c e s s io n a l  [D ec. 18,

o f E u r o p e a n  o b s e rv a t io n s  w i th  s y n c h ro n o u s  o n e s  m a d e  a t  H o n o lu lu  g a v e  

d i r e c t  p ro o f  of h is  c o n c lu s io n  of 1 8 7 6  { s u p r a ) ,  “ t h a t  i r r e g u la r  m o v e m e n ts  of 

th e  E a r t h ’s a x is  to  th e  e x te n t  of h a l f  a  s e c o n d  m a y  b e  p ro d u c e d  b y  th e  

te m p o ra ry  c h a n g e s  of s e a  le v e l  d u e  to  m e te o ro lo g ic a l  c a u s e s .”*

I n  th e  fo llo w in g  y e a r  th e  s y n c h r o n o u s  o b s e rv a t io n s  h a d  a lr e a d y  in d ic a te d  

p e r io d ic i ty ,  a p p a r e n t ly  in  a b o u t  3 8 5  d a y s , c o n s id e ra b ly  le s s  th a n  C h a n d le r ’s 

e s t im a te ,  w h ic h , h o w e v e r , lo n g e r  o b s e rv a t io n  h a s  s in c e  c o n firm e d  s u b s ta n t ia l ly .  

L o rd  K e lv in  r e m a r k s  in  h is  n e x t  a n n u a l  a d d re s s  a s  f o l l o w s f :— “ N e w c o m b , 

in  a  l e t t e r  w h ic h  I  re c e iv e d  f ro m  h im  l a s t  D e c e m b e r ,  g a v e  w h a t  seem s to  

m e  u n d o u b te d ly  th e  t r u e  e x p la n a t io n  of th i s  a p p a r e n t  d is c re p a n c e  fro m  

d y n a m ic a l  th e o ry ,  a t t r i b u t i n g  i t  to  e la s t ic  y ie ld in g  of th e  E a r t h  a s  a  w h o le . 

H e  a d d e d  a  s u g g e s tio n , e s p e c ia l ly  in te r e s t in g  to  m y s e lf ,  t h a t  in v e s t ig a t io n  

o f  th e  p e r io d ic  v a r ia t io n s  o f l a t i t u d e  m a y  p ro v e  to  b e  th e  b e s t  m e a n s  of 

d e te r m in in g  a p p r o x im a te ly  th e  r ig id i ty  of th e  E a r th .  A s  i t  is, w e  h a v e  n o w  

fo r  th e  f i r s t  t im e  w h a t  s e e m s  to  b e  a  q u i te  d e c is iv e  d e m o n s t r a t io n  o f e la s t ic  

y ie ld in g  of th e  E a r t h  a s  a  w h o le , u n d e r  th e  in f lu e n c e  o f a  d e fo rm in g  fo rce , 

w h e th e r  of c e n t r i f u g a l  fo rc e  r o u n d  a  v a r y in g  a x is , a s  in  th e  p r e s e n t  case , o r  

of t id e - g e n e r a t in g  in f lu e n c e s  of th e  S u n  a n d  M o o n , w i th  re fe re n c e  to  w h ic h  

I  f ir s t  r a is e d  th e  q u e s t io n  o f e la s t ic  y ie ld in g  o f th e  E a r t h ’s m a te r ia l  m a n y  

y e a r s  a g o .” B u t  “ w h e n  w e c o n s id e r  h o w  m u c h  w a te r  fa lls  o n  E u ro p e  a n d  

A s ia  d u r in g  a  m o n th  o r  tw o  o f r a in y  sea so n , a n d  h o w  m a n y  w e e k s  o r m o n th s  

m u s t  p a s s  b e fo re  i t  g e ts  to  th e  sea , a n d  w h e re  i t  h a s  b e e n  in  th e  in te r v a l ,  a n d  

w h a t  h a s  b e c o m e  of t h e  a i r  f ro m  w h ic h  i t  fe ll, w e  n e e d  n o t  w o n d e r  ” t h a t  th e  

a m p l i tu d e s  of th e  p o la r  w a n d e r in g s  “ s h o u ld  o f te n  v a ry  b y  5 o r  10  m e tr e s  in  

th e  c o u rs e  o f  a  fe w  w e e k s  o r m o n th s .”

I t  w il l  b e  r e c a l le d  t h a t  th e  m a in  o b je c t  of th e  o r ig in a l  c a lc u la t io n s  of 

L o rd  K e lv in ,  w h ic h  a s s ig n s  to  th e  E a r t h  as  a  w h o le  a n  e ffe c tiv e  r ig id i ty  o f 

th e  s a m e  o rd e r  a s  t h a t  o f s te e l ,  w a s  to  c o m b a t  th e  v ie w  th e n  p r e v a le n t  w h ic h  

a s s u m e d  fo r  th e  E a r t h  a  f lu id  in te r io r .  E v e n  a  s o lid  s h e l l  o f v e ry  c o n s id e r 

a b le  th ic k n e s s ,  e n c lo s in g  a  f lu id  co re , w a s  th u s  ru le d  o u t, u n le s s  i t s  m a te r ia ls  

w e re  p r e t e r n a tu r a l ly  r i g i d ; a n d  i t  is  c le a r  t h a t  p la c in g  a  so lid  co re  in  th e  

m id d le  of th e  f lu id  in t e r io r  c a n n o t  a ffe c t th i s  c o n c lu s io n  so lo n g  as  a n  

e q u i l ib r iu m  th e o r y  is  a p p lic a b le , i.e.,so lo n g  a s  th e  

n o t  so t h in  o r  v isco u s  as  to  p r e v e n t  i t s  a d ju s t in g  i t s e l f  im m e d ia te ly  b y  flow  

to  th e  a l t e r n a t in g  t id a l  s tre s s e s  im p re s s e d  u p o n  i t  f ro m  i t s  so lid  w alls . B y  

p a s s in g  to  th e  o th e r  l im i t ,  a n d  th u s  ta k in g  i t  so  t h in  t h a t  th e  o u te r  s h e ll

*  ‘ P r e s id e n t ia l  A d d re s s  R S . , ’ N o v . 30, 1891 ; ‘ P o p u la r  L e c tu re s  vo l. 2, p . 504. 

L o r d  K e lv in ’s in v e s t ig a t io n s  u p  to  1876 a r e  c o lle c te d  in  ‘ M a th ,  a n d  P h y s .  P a p e r s .,  vol. 3, 

e sp e c ia lly  p p . 3 12 — 350.

t  ‘ P r e s id e n t ia l  A d d re s s  R S . , ’ N o v . 30, 1892 ; loc. c it.y p . 525.
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p r a c t ic a l ly  r id e s  o n  th e  s o lid  n u c le u s ,  b u t  w i th o u t  e f fe c t iv e  t a n g e n t i a l  s t r e s s -  

c o n n e c tio n , w e  o b ta in  a  h y p o th e s i s  to  w h ic h  th i s  o b je c t io n  d o e s  n o t  a p p ly .

I n  a  b r ie f  n o te  in  ‘ M o n th ly  N o t ic e s  B .A .S .’ t h i s  y e a r  (1 8 9 2 ) , N e w c o m b  

sh o w e d , b y  a  g e n e r a l  e s t im a te ,  t h a t  t h e  e f fe c t o f e la s t ic  y ie ld in g  is  c o m p e te n t  

to  p ro lo n g  th e  f re e  p e r io d  to  a b o u t  t h e  a m o u n t  r e q u i r e d  b y  o b s e r v a t io n .  

A  fo rm a l m a th e m a t i c a l  d is c u s s io n  o n  th e  b a s e s  o f c a lc u la t io n  of t h e  

e la s t ic  d e fo rm a tio n  of a  h o m o g e n e o u s  s p h e r e  w a s  f i r s t  g iv e n  b y  M r. S. S- 

H o u g h , n o w  H .M . A s t r o n o m e r  a t  t h e  C a p e  o f G o o d  H o p e ,  in  a  m e m o ir  o n  

“ T h e  R o ta t io n  of a n  E la s t ic  S p h e ro id ,” in  ‘ P h i l .  T r a n s . /  1 8 9 6 .

H e  c o n c lu d e d  t h a t  th e  C h a n d le r  f r e e  p e r io d  r e q u i r e d  a n  e ffe c t iv e  r ig id i ty  

of th e  w h o le  E a r t h  o f  th e  o r d e r  of t h a t  o f s te e l ,  a g r e e in g  w i th  L o r d  K e lv in 's  

p re v io u s  e s t im a te s  f ro m  t i d a l  p h e n o m e n a  ; a n d  h is  r e s u l t  s e e m s  to  h a v e  

b e e n  s u b s ta n t i a l ly  c o n f irm e d  b y  m o re  r e c e n t  c a lc u la t io n s ,  g iv in g  fo r  t h e  

a v e ra g e  e ffe c tiv e  r ig id i ty  e s t im a te s  d e r iv e d  f ro m  v a r io u s  p o s s ib le  h y p o th e s e s  

a n d  s im p l i fy in g  a s s u m p t io n s  r a n g in g  b e tw e e n  e x t r e m e  v a lu e s  17  x  1 0 11 a n d  

4 -4  x  1 0 11, w h ile  H o u g h ’s e s t im a te  w a s  p u t  a t  8 ’9 8  x  1 0 11. T h is  sh o w s  a n  

e v e n  s t r ik in g  d e g re e  o f a g r e e m e n t  in  c a lc u la t io n s  n e c e s s a r i ly  v a g u e  o n  

a c c o u n t of th e  u n k n o w n  c o n s t i tu t io n  o f th e  E a r t h ’s i n te r io r ,  e s p e c ia l ly  in  so 

fa r  a s  o b s e rv a t io n s  of  th e  e q u i l ib r iu m  t id e s  o f lo n g  p e r io d s ,  a n d  o f t h e  

d e v ia t io n  of s e a  le v e l  d u e  to  t i d a l  a t t r a c t i o n  w h ic h  is  e s s e n t ia l ly  th e  s a m e  

th in g ,  le a d  to  r e s u l t s  o f th e  s a m e  o r d e r  a s  th o s e  o f f r e e  p r e c e s s io n a l  r o t a t i o n .416' 

I t ,  in d e e d , s u g g e s ts , a s  w e  s h a l l  a c tu a l ly  r e c o g n is e ,  t h a t  t h i s  i n t e r n a l  

t e r r e s t r i a l  c o n s t i tu t io n  r e a l ly  is  n o t  in v o lv e d  in  th e s e  v a r io u s  p h e n o m e n a ,  

e x c e p t  in  th e  c o m m o n  f e a tu r e  o f d e te r m in in g  th e  s u r fa c e  e ffe c ts  a r is in g  f ro m  

a  g iv e n  t id a l  o r  r o ta t io n a l  s tre ss .j*  T h e  k e y  to  t h e  m a t t e r ,  f ro m  th e  g e n e r a l  

p o in t  o f v ie w , is  c o n ta in e d  in  th e  r e m a r k  of H o u g h  t h a t  t h e  f r e e  p re c e s s io n  

of th e  y ie ld in g  E a r t h  is  th e  s a m e  a s  t h a t  o f a r ig id  o n e  o f th e  s h a p e  t h a t  

w o u ld  r e s u l t  w h e n  th e  b u lg in g  a r is in g  f ro m  th e  c e n t r i f u g a l  fo rc e  o f  d iu r n a l  

r o ta t io n  is  re m o v e d . I t  is  n o t  d if f ic u l t  to  sh o w , f ro m  g e o m e tr ic a l  c o n s id e r a 

t io n s  re g a rd in g  m o m e n tu m ,J  t h a t  th i s  r e s u l t  is  g e n e r a l ,  a n d  e x te n d s  to  

a n  E a r t h  of  a n y  d e g re e  of h e te r o g e n e i ty  o r  p la s t ic i ty .  T h e  a r g u m e n t  m a y  

b e  r e p ro d u c e d  in  a n a ly t ic a l  fo rm  a n d  r a t h e r  w id e r  sco p e , f ro m  a n o th e r  p la c e  § 

( w i th  d e f in i t io n  of I  r e w r i t t e n ) ,  a s  f o l lo w s :—

L e t co b e  t h e  a n g u la r  v e lo c i ty  o f th e  E a r t h  a b o u t  t h e  in s ta n ta n e o u s  a x is ,

*  Cf.Pr o f .  A . E . H .  L o v e , ‘ R o y . Soc. P r o c . /  , p . 73 . T o  th i s  p a p e r  I  a m  in d e b te d  

fo r  in fo rm a t io n  a s  to  r e s u l t s  o f r e c e n t  c a lc u la t io n s .

f  T h e  id e n t i ty  of th e s e  tw o  ty p e s  r u n s  th r o u g h  th e  d is c u s s io n s  in  T h o m s o n  a n d  T a i t ’s- 

‘ N a tu r a l  P h i lo s o p h y .’

t  ‘ R ro c . C a m b . P h i l .  S o c.,’ M a y , 1896, p . 185.

§ E . H .  H i l l s  a n d  J .  L a r m o r ,  “ T h e  I r r e g u l a r  M o v e m e n t  of t h e  E a r t h ’s A x is  o f  

R o ta t io n ,” ‘ M o n th ly  N o t ic e s  R .A .S ., ’ N o v .,  1906, p . 24.

1908.] N utation an d  Resistance against T ida l Deform ation. 91
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92 P ro f . J .  L a rm o r . E a r t h ' s  F r e e  P r e c e s s io n a l  [D ec. 18,

<oi, o)2, 0)3 it s  c o m p o n e n ts  r e f e r r e d  to  th e  p r in c ip a l  a x e s  in  th e  c o n f ig u ra tio n  

t h a t  t h e  E a r t h  w o u ld  h a v e  if  th e  m o tio n  w e re  s te a d y . T h e  E a r th  is 

d e fo rm e d  f ro m  th is  c o n f ig u ra t io n  b y  th e  in e q u a l i ty  of c e n t r i f u g a l  fo rce  d u e  

to  th e  d e v ia t io n  of th e  in s ta n ta n e o u s  a x is  f ro m  th e  p r in c ip a l  a x is , w ith  

w h ic h  i t  w o u ld  c o in c id e  if  th e  m o tio n  w e re  s te a d y . T h is  d e fo rm in g  fo rce  is 

th e  r e s u l t a n t  of th e  c e n t r i f u g a l  fo rce , d i r e c te d  o u tw a rd s  f ro m  th e  

in s ta n ta n e o u s  a x is , a n d  th e  r e v e r s e d  c e n t r i f u g a l  fo rce , d ir e c te d  in w a rd s  

to w a r d s  th e  p r in c ip a l  a x is  in  q u e s t io n . A  l in e a r  la w  o f e la s t ic i ty  a p p lie s  to  

th e  s m a l l  r e s u l t a n t  o f th e s e  tw o  fo rces . I f  th e  s a m e  la w  a p p l ie d  to  th e  tw o  

fo rc e s  s e p a ra te ly ,  th e  r e v e r s e d  c e n t r i f u g a l  fo rce  w o u ld  c h a n g e  th e  m o m e n ts  of 

i n e r t i a  A , B , C to  c e r ta in  v a lu e s  A ',  B ',  O ', w h ic h  m ig h t ,  u n d e r  s im p lify in g  

h y p o th e s e s ,  b e  c a lc u la te d  f ro m  th e  th e o r y  of th e  d e fo rm a tio n  of a n  e la s tic  

s p h e r e ; a n d  th e  c e n t r i f u g a l  fo rc e  d i r e c te d  o u tw a rd s  f ro m  th e  in s ta n ta n e o u s  

a x is  w o u ld  p ro d u c e  a  c e r ta in  c h a n g e  o f d e n s i ty  a t  e a c h  i n t e r n a l  p o in t ,  a n d  w o u ld  

r a is e  a  c e r ta in  p r o tu b e r a n c e  o n  th e  su rfa c e , w h ic h  m ig h t  be c a lc u la te d  b y  th e  

s a m e  th e o ry . L e t  I  d e n o te  th e  m o m e n t  o f i n e r t i a  ( a b o u t  th e  in s ta n ta n e o u s  

a x is )  o f a  m a ss  a r r a n g e d  a s  sp e c if ie d  b y  th i s  c h a n g e  o f d e n s i ty  a n d  th is  

p ro tu b e r a n c e .  T h e  in s ta n ta n e o u s  a x is  is  a  p r in c ip a l  a x is  of th i s  m a ss , a n d  

th e r e f o r e  th e  c o n t r ib u t io n s  o f  t h i s  m a ss  to  th e  c o m p o n e n ts  of m o m e n t  of 

m o m e n tu m  a re  I a n ,  Ia>2, Ia>3. T h e  c o m p le te  e x p re s s io n s  fo r  th e  c o m p o n e n ts  

h i ,  h 2, h3 o f m o m e n t  o f m o m e n tu m  a re  th e re fo re

h i  =  A 'o )i +  Io n , A2 =  B  o)2+ I a ) 2, h% C a)3 +  Ia>3.

T h e  e q u a t io n s  o f  m o tio n  r e f e r r e d  to  th e  r o ta t in g  a x e s  a re  of th e  w e ll-k n o w n  

v e c to r  ty p e ,

d h i  j  d t  — 

W h e n  A  a n d  B  a r e  e q u a l ,  th e  t h i r d  o f  th e m  is

| ( C - )  =  N ’

w h e re  C is  th e  e ffe c tiv e  m o m e n t  o f  in e r t ia  C ' +  I :  w h e n  N  is  n u l l  o>3 is th u s  

c o n s ta n t ,  s a y  XI, u p  to  th e  f i r s t  o rd e r . T h e  o th e r  tw o  e q u a t io n s  a re

~  . ( A '  + 1) o>i +  (C  — B  ) Oo) — L ,
d t

f . ( B ' +  D a ^ - C C '- A O X l o ) !  =  M ,

w h ic h  in  th e  ca se  o f a p p ro x im a te  s y m m e try  in v o lv e  a  free  p e r io d  

2 7 r ( A / +  I ) / ( C / — A ')X 1, a n d  s im ila r ly  in  th e  g e n e ra l  case , th u s  d e p e n d in g  o n ly  

o n  A ' ,  B ',  C ' w h e n  I  is  sm a ll.

T h e  r e s u l t  is  t h a t  th e  p e r io d  of th e  f re e  p re c e s s io n  is  n o t  C /(C  A )  d ay s, 

a s  i t  w o u ld  b e  fo r  a  r ig id  E a r th ,  b u t  a p p r o x im a te ly  0 / ( 0 ' — w h e re  th e
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d e n o m in a to r  is  t h a t  d if fe re n c e  o f  p r in c ip a l  m o m e n ts  o f  i n e r t i a  w h ic h  w o u ld  

r e m a in  a f te r  th e  im p o s i t io n  o f a  b o d i ly  fo rc iv e  h a v in g  a s  p o t e n t i a l

W  =  — %co2r2 s i n 2 0  =  — ^<w2r 2 ( l  — P 2),

n a m e ly , t h a t  o f th e  c e n t r i f u g a l  fo rc e  re v e r s e d ,  P 2 r e p r e s e n t in g  th e  z o n a l  

h a rm o n ic  £  (3  co s2 0  —  1 ) .

T h e  f ir s t  p a r t  o f W , th e  t e r m  — %a>2r 2, c o r r e s p o

v o lu m e , w h ic h  is  im m a te r ia l  a s  r e g a r d s  t h e  d e s i r e d  q u a n t i t y  C '— A '.  T h e  

o th e r  p a r t ,  ^a>2r 2P 2, w il l  p ro d u c e  a n  e x te n s io n ,  o f  t h e  s a m e  h a rm o n ic  t y p e  

a s  i ts e lf ,  a lo n g  th e  p o la r  a x is , w h ic h  w il l  in  t u r n  a l t e r  t h e  p o te n t i a l  o f t h e  

E a r t h ’s a t t r a c t io n  a t  i t s  o w n  s u r f a c e  b y  . P 2, w h e re  th e  v a lu e  o f k

d e p e n d s  o n  i t s  e ffe c t iv e  r e s is ta n c e  to  d e fo rm a t io n .  M o re o v e r  t h e  E a r t h ’s 

p o te n t ia l  is  a t  d i s t a n t  p o in ts ,  b y  L a p la c e ’s fo rm u la ,

w h ic h  g iv e s

/ E  A  +  B  +  C - 3 I

\ r  2 r 3

C - A
P 2 +

in  th e  p r e s e n t  s p e c ia l  c a s e ; a n d  if , a s  in  t h e  a c tu a l  c i r c u m s ta n c e s ,  f u r t h e r  

h a rm o n ic s  do  n o t  o c c u r  to  s e n s ib le  a m o u n t ,  t h i s  e x p r e s s io n  h o ld s  r i g h t  u p  to  

th e  E a r t h ’s su rfa c e . T h e  f r e e  s u r fa c e , o f e l l i p t i c i t y  e, is

r  =  

=  a ( l — f  e P 2),

w h e re  a  =  a (1  +  f£ ) . T h e  v a lu e  of e is  d e te r m in e d  b y  t h e  c o n s ta n c y  o v e r  

th e  o c e a n  s u r fa c e  of th e  to t a l  p o t e n t i a l  Y — W , a s  — W  is  th e  p o te n t i a l  o f th e  

c e n t r i f u g a l  fo rce , v iz ., o f

7 { 5  (1 +  J e P * ) - ^  p2|  + iw V ( i _ p 2) ;

w h e n c e , e q u a t in g  to  ze ro  th e  c o e ff ic ie n t o f P 2,

H - f H ( c - A ) = 0 ’

th u s  d e r iv in g  f ro m  d a ta  of th e  d i s t r ib u t io n  o f g r a v i ty ,  o r  o f t h e  fo rm  o f 

th e  E a r t h ’s su rfa c e , th e  v a lu e  of C — A , w h ic h  d e te r m in e s  th e  a s t r o n o m ic a l  

p re c e s s io n . A g a in , if  ta k in g  o ff  th e  c e n t r i f u g a l  fo rc e  w o u ld  c h a n g e  C — A  to  

C ' — A ',  i t  w o u ld  a l t e r  Y  b y  y r ~ s { (C — A ) — ( C '— A ') } P 2, w h ic h  m u s t ,  a c c o rd 

in g  to  th e  a b o v e  sp e c if ic a tio n  of k,be  e q u a l  to  k . P

C ' — A ' ,  { W a V 1 

C - A  C - A
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9 4  P ro f. J .  L a rm o r . E a r t h ' s  F r e e  P r e c e s s io n a l  [D ec. 18,

H e n c e , if  t  is th e  p e r io d ic  t im e  of a c tu a l  f r e e  p re c e s s io n  a n d  t 0 is  w h a t  i t  

w o u ld  b e  if  th e  E a r t h  w e re  r ig id ,

T 2 g 2

T h is  is  th e  fo rm u la  (1 5 )  in  P ro f . L o v e ’s p a p e r  b e fo re  r e f e r r e d  t o ; i t  is  th e re  

d e d u c e d  fro m  a  h y p o th e s is  o f c o n c e n tr ic  s p h e r o id a l  s t r a t i f ic a t io n  of th e  E a r t h ’s 

in te r io r ,  a f te r  th e  m a n n e r  of L a p la c e . W e  h a v e  fo u n d  th a t ,  l ik e  C la i r a u t ’s 

fo r m u la  fo r  g r a v i ty ,  th i s  r e la t io n  is  in d e p e n d e n t  of a n y  h y p o th e s is  a s  to  th e  

E a r t h ’s in t e r n a l  s t r u c tu r e ,  e x c e p t  s u c h  as  is  in v o lv e d  in  th e  d e f in i t io n  a n d  

v a lu e  o f  k .

A s  a P a / g  is  1 /2 8 9  a n d  r  is  fo u n d  to  b e  4 2 8  d a y s , a n d  t 0 is  3 0 6  d a y s , th is  

r e la t io n  m a k e s  k eq u a l  to  4 / 1 5 .

T h e  v a lu e s  of k  c o r re s p o n d in g  to  v a r io u s  m o d u li  o f r ig id i ty  a n d  c o m 

p r e s s ib i l i ty  o f  th e  E a r t h  c o n s id e re d  a s  a  h o m o g e n e o u s  g lo b e  m ig h t  p e rh a p s  

b e  d e d u c e d  a n d  t a b u la t e d  fo r  c o m p a r is o n , f ro m  L o rd  K e lv in ’s a n d  s im ila r  

c la s t ic  a n a ly s is .

T h e  h e ig h t  o f  th e  lo n g -p e r io d  e q u i l ib r iu m  t id e s  p ro v id e s  d if f e r e n t  d a t a ; 

c o r r e s p o n d in g  to  a n  e x t r a n e o u s  t id e - p r o d u c in g  p o te n t i a l  W 2 o f th i s  ty p e , 

th e  a b s o lu te  r is e  of th e  w a te r  is  ( l  +  k ) W 2/g,fro m  w

J iW 2J g  fo r  th e  r is e  of th e  so lid  E a r t h  d u e  to  th i s  t id e -p ro d u c in g  p o te n t ia l ,  

t h u s  le a v in g  a  f a c to r  1 + k — hfo r  th e  r e la t iv e  t id e  w h ic h  a

s u b je c t  o f o b s e rv a tio n s .  T h e  r e d u c t io n s  o f t id a l  d a ta  fo r  th e  I n d ia n  O cean  

g a v e  K e lv in  a n d  G . H . D a r w in  th e  v a lu e  2 / 3  fo r  th i s  fa c to r , w h ic h  is  

c o n f irm e d  b y  m o re  r e c e n t  d i s c u s s io n s : th e  o b s e rv a t io n s  of H e c k e r  w ith  a  

h o r iz o n ta l  p e n d u lu m  a t  th e  b o t to m  of a  w e ll, w h ic h  o b v io u s ly  d e te rm in e  th e  

s a m e  th in g ,  v iz ., t h e  c h a n g e  o f  le v e l  d u e  to  t id e -p ro d u c in g  p o te n t ia l ,  c o n c u r  

in  a  r e m a r k a b le  m a n n e r .  T h u s  h  =  3 /5 .

T h e s e  v a lu e s  o f k  a n d  h , a s  d e f in e d  in  th e  l a s t  p a ra g ra p h ,  w o u ld  n o t  be 

in d e p e n d e n t  fo r  a  h o m o g e n e o u s  in c o m p re s s ib le  g l o b e : th e y  w o u ld , in  g e n e ra l,  

r e q u i r e  fo r  th e i r  c o n s is te n c y  b o th  e la s t ic i ty  of v o lu m e  a n d  of fo rm . T h e  

p h e n o m e n a  of f r e e  p re c e s s io n  g iv e  th e  v a lu e  of k ,  b u t  w ith  re fe re n c e  to  

c o m p re s s io n  a lo n g  th e  p o la r  a x i s ; th o s e  of t i d a l  c h a n g e  o f le v e l  g iv e  th e  

v a lu e  of k  — k yo r  r a th e r  i t s  m e a n  v a lu e , w i th  r e f e r e n c e  to  c o m p re ss io n

a x e s  in  th e  n e ig h b o u rh o o d  of th e  e q u a to r .*  T h is  s t a t e m e n t  is  th e  p u r e s t  

a n d  s im p le s t  e x p re s s io n  of th e  in fo r m a t io n  r e la t in g  to  th e  so lid  E a r t h ’s 

r e s is ta n c e  to  d e fo rm in g  fo rc e s  t h a t  th e  d a ta  of p e r io d ic  c h a n g e  of l a t i tu d e

*  C f. P r o f .  L o v e , supra,p. 81, to  w h o m  t h i s  p r o p o s i t io n  is  s u b s ta n t ia l ly  d u e , h a

r e a c h e d  b y  h im  th r o u g h  a n a ly s is  a p p r o p r ia te  to  a  c e n tr ic a l ly  s t r a t i f ie d  b o d y . T h e  

q u a n t i t i e s  h  a n d  k ,  in  o th e r  n o ta t io n ,  e n t e r  e s s e n tia l ly  in to  th e  t id a l  d isc u ss io n s  b y  

K e lv in  a n d  D a rw in  in  T h o m so n  a n d  T a i t ’s ‘ N a t .  P h i l . ’

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



and of eq u ilib riu m  {i.e., lon g -perio d ) tid e s  can  sup ply , p rio r  to  a n y  hy p o th esis  

rega rd in g  th e  in te rn a l d is tr ib u tio n  a n d  th e  effective e la s tic ity  or p la s tic ity  

of its  m ateria ls.

[ A d d e d  F e b r u a ry  2 .— I t  has been  rem a rk e d , above, a f te r  L ord  K e lv in , 

a  sudden  sh if t of m a te ria l from  one p a r t  of th e  E a r th ’s surface to  a n o th e r 

w ould a lte r  th e  po sitio n  o f th e  p rin c ip a l ax is of in e r tia  ro u n d  w h ich  th e  free 

precession  of th e  E a r th ’s ax is of ro ta tio n  ta k e s  p lace, an d  th u s  cause a  sh a rp  

bend  in  th e  p a th  of th e  Pole. I f  th e  sh if t w ere m ere ly  local, su ch  as an  

ea r th q u ak e  m ay be ex p ec ted  to  produce, th e  effect w ou ld  be in appreciab le . 

T he connection  of sh arp  c u rv a tu re  in  th e  p a th  of th e  Po le  w ith  seism ic 

d is tu rban ce, if  i t  re a lly  ex ists, w ould  th u s  be in d ire c t, th e  e a r th q u a k e  being  

itse lf  s ta r te d  possib ly  b y  th e  s lig h t changes, m eteoro log ical o r o th e r, of 

d is trib u tio n  of surface load, w h ich  a re  in d ic a te d  b y  th e  d is tu rb an ce  of th e  

free  precession.

B u t i t  is to  be n o ticed  th a t  a  s u b m a r in e  seism ic subsidence, i f  uncom 

p en sa te d  by  ad jac e n t e lev a tio n , o r v ice  versd , w ould  be co m p e ten t to  produce 

sensib le  d irec t d is tu rb an ce  of th e  p a th  of th e  P o le ;  for w a te r  w ould  have  to  

flow, in  p a r t  from  d is ta n t reg ions, to  fill u p  th e  d e fec t of le v e l th u s  produced . 

The sam e w ould be tru e  for e a r th q u a k e  subsidence  n e a r  coast lines, i f  i t  is 

com pensated  by  rise  of th e  land . I n  re p ly  to  a n  in q u iry  on th is  su b jec t, 

P ro f. M iln e  w rite s  as follow s :— “ W h e n  a  v e ry  la rg e  e a r th q u a k e  occurs on 

land , we find v e rtica l an d  la te ra l d isp la cem en ts  of, le t  us say, 20  feet, a lon g  

lines  w hich m ay be one o r tw o h u n d re d  m ile s  in  len g th . T h e m a jo rity  of 

b ig  earth q u ak es , how ever, a re  sub-oceanic in  th e ir  o rig in , a lo ng  lines  p a ra lle l 

to  m o u n ta in  ridges, as, for exam ple, a t  th e  b o tto m  of th e  tro u g h  w h ich  ru n s  

p a ra lle l to  th e  A ndes. T h e  m ass m o v em en t ap p ea rs  to  re s u lt  in  th e  d eep en 

in g  of th e  tro u g h  an d  th e  rise  of th e  coast line. W e have m easu re m en ts  

w here d e p th  has in creased  as m u c h  as 200  fa th o m s : see * B rit. A ssoc. 

Seism ic B ep ort,’ 1897, for a  n u m b er o f th ese  m easu re m en ts .”

A n  e stim a te  of th e  effect of such  d isp lacem en ts  is eas ily  m ade. T hus, 

an  uncom pensa ted  subsidence of th e  ocean  floor, o f vo lu m e co rresponding  

to  a  fa ll of one foot over a  th o u san d  m ile s  square, in  m id d le  la titu d e s , 

w ould  produce* a  d irec t sh ift in  th e  Po le  of ro ta tio n  am o u n tin g  to  ab o u t 

one-eigh th  of a  second of a r c ; a n d  a t  th e  sam e tim e  th e  Po le  of th e  princ ip a l 

ax is of in e rtia , ro u n d  w hich  th e  4 28-d ay  p recession  of th e  ax is of ro ta tio n  

ta k es  place, w ould be d isp laced  in  th e  opposite  d irec tio n  th ro u g h  a n  angle of 

th e  sam e orde r of m agnitud e.

I n  connection  w ith  th e  p o ssib ility  of ir re g u la r ity  in  th e  E a r th ’s d iu rn a l

* L o c . t i t . ,  ‘ M o n th ly  N o tices  R .A .S .,’ N ov., 1906, p. 26.
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96

r o ta t io n  d u e  to  c a u s e s  o f th i s  k in d ,  s im i la r  c o n s id e ra t io n s  a r is e .*  A  s l ig h t  

s u b s id e n c e , d u e  to  s h r in k a g e  a ro u n d  th e  e q u a to r ,  u n le s s  i t  e x te n d e d  d o w n 

w a rd  a  lo n g  w a y  to w a rd  th e  E a r t h ’s c e n t r e ,  w o u ld  h a v e  n e g lig ib le  d ir e c t  

e ffe c t o n  th e  m o m e n t  o f i n e r t i a  a n d , th e re fo re ,  o n  th e  le n g th  of th e  d a y ; b u t  

i f  i t  w e re  u n d e r  s e a  i t  w o u ld  in v o lv e  t r a n s f e r e n c e  of w a te r  fro m  re g io n s  

n e a r e r  th e  E a r t h ’s a x is , in  o rd e r  to  m a k e  u p  th e  d e fic ien c y , a n d  if  th e  

e q u a to r ia l  re g io n s  w e re  a l l  u n d e r  w a te r ,  a  c o n tr a c t io n  o f 50  cm . in  e q u a to r ia l  

r a d iu s  w o u ld  in  t h i s  w a y  a l t e r  t h e  l e n g th  o f th e  y e a r  b y  a n  a m o u n t  of th e  

o rd e r  of  h a l f  a  s e c o n d  o f t im e , w h ic h  w o u ld  b e  a s t r o n o m ic a l ly  of h ig h  

im p o r ta n c e .]

Sir N . Lockyer. On Observation

N o t e s  o n  O b s e r v a t io n s  o f  S u n  a n d  S t a r s  i n  s o m e  B r i t i s h  S t o n e  

C ir c le s .  F o u r t h  N o t e .— T h e  B o t a l l e k  , ,

C o r n w a l l .

B y  S ir  N o r m a n  L o c k y e r , S c .D ., K .C .B ., F .R .S ., D i r e c to r  S o la r  P h y s ic s

O b s e rv a to ry .

(R ece iv ed  D ecem b er 8 , 1908,— R ea d  J a n u a r y  14, 1909.)

B o r la se , in  h is  “ A n t iq u i t i e s  o f C o r n w a l l ” (p . 1 9 9 ), p u b l is h e d  in  1 7 6 9 , 

r e f e r s  to  w h a t  h e  t e r m s  “ th e  c u r io u s  c lu s te r  ” o f c irc le s  a t  B o ta l le k , th e  

s e e m in g  c o n fu s io n  of w h ic h  le d  h im  to  w r i te  “ I  c a n n o t  b u t  t h in k  t h a t  th e r e  

w a s  so m e  m y s t ic a l  m e a n in g , or, a t  le a s t ,  d i s t in c t  a l lo tm e n ts  to  p a r t i c u la r  

u se s .”

F o r tu n a t e ly  fo r  s c ie n c e , h e  a c c o m p a n ie s  h is  a c c o u n t  w i th  a  p la n  e v id e n t ly  

c a r e f u l ly  p r e p a r e d  (fig. 1 ), w h ic h  is  n o w  th e  o n ly  th in g  t h a t  r e m a in s ; e v e ry  

s to n e  h a s  b e e n  u t i l i s e d  in  b u i ld in g  a n  e n g in e  h o u se , o r  in  o th e r  w ays. O n ly  

th e  s i te  is  sh o w n  o n  th e  o rd n a n c e  m a p .

A s  th e  “ c lu s te r  ” o f  c irc le s  e x c e e d s  in  e la b o r a t io n  a n y th in g  of th e  k in d  

w i th  w h ic h  I  a m  a c q u a in te d , i t  w a s  o f g r e a t  in t e r e s t  to  see  if  a n y th in g  co u ld  

b e  m a d e  of i t  in  th e  l ig h t  o f o th e r  r e s e a rc h e s  in  C o rn w a ll a lre a d y  r e fe r re d  to  

i n  p re v io u s  c o m m u n ic a tio n s  to  th e  R o y a l  S o c ie ty .f  T h e  f ir s t  p o in t  o f

*  L o rd  K e lv in ,  loc. cit ., § 38.

t  ‘ R o y . S o c . P ro c . , ’ A , v o l. 76, 1905, p. 177  ; A , vo l. 77, 1906, p. 465 ; A , vo l. 80, 1908, 

p . 285 .
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