
The response of framed structures on elastic

foundations to ground motion

L.A. Dalguer, C.L. Sahlit, P.W. Partridge

Departamento de Eng. Civil, Universidade de Brasilia,

Abstract

The study of framed structures on elastic foundations subjected to ground
motion is considered using a model which combines conventional frame el-
ements with elements obtained using the Winkler hypothesis. A series of
different base excitations, including earthquake response spectra, are con-
sidered. Results are compared with those obtained for similar structures
not including the elastic foundations.

1 Introduction

The formulation to be presented is based on the beam on a continuous
elastic foundation which is a classical model of soil-structure interaction.

The first detailed studies of the differential equation of the beam on a
continuous spring considering the Winkler hypothesis of soil reaction pro-
portional to deflection are due to Hetenyi [1]. The equation in its usual
form for a beam with a uniform cross section is

^0 + ̂  = 9 (1)

where El is the flexural rigidity, k is the stiffness modulus of the foundation,
q is the variable transverse load per unit length and y is the deflection.

This work was followed by many applications to structural analysis.
Early finite element models of the beam on a elastic foundation used the
equation

u = Ac* (2)

as a starting point. In (2), A is a set of four functions which appear in the
complementary solution to (1), [2,3], a consists of four unknown coefficients
and u is a generalized displacement function. Following the usual finite
element procedure (2) is written for each degree of freedom

u" = Ca (3)

in which C is a coefficient matrix. Thus u = AC~*u™. This leads to the
following relationship for the stiffness matrix
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584 Soil Dynamics and Earthquake Engineering

K = (C-y,C/ (A'YA"̂ C-̂  (4)

where (A ) is the second derivative of the basis functions A with respect
to x, L is the length of the element and T signifies transpose. Equation (4)
does not require the calculation of a shape function, [2]. The mass matrix
can be found in a similar way, [3]. This process is described in Zienkiewicz
[4] for plate problems.

Another approach is that due to Bowles [5] in which the elastic foun-
dation is modeled using discrete springs at the extremities of the elements,
the accuracy of the results thus depending on the number of elements em-
ployed. Later, Ting & Mockry [6] calculated the matrix (4), directly using
the stiffness method, thus avoiding inverting the coefficient matrices C. The
same approach was also adopted by Wang, [7].

Recently a shape function for the beam element on an elastic founda-
tion element was developed by Lai et al [8] who then applied this element to
free vibration problems. Here forced vibration problems will be considered
in which the shape functions for beam elements on an elastic foundation
with ends clamped / clamped and clamped /hinged are used to obtain the
stiffness and mass matrices and the equivalent nodal load vector in each
case. Some examples involving ground motion will be presented.

2 Beam Elements on an Elastic Foundation

A beam on an elastic foundation is shown in fig. 1.

continuous
spring

Fig. 1 Beam on an Elastic Foundation

Equation (1) can be used as a starting point for the development of
a shape function for a beam element on an elastic foundation, from which
the mass and stiffness matrices can then be obtained, as done by Lai et al
[8] for the case of both ends of the element being clamped. For the case of
one end clamped and the other hinged, similar expressions can be obtained
[9], the shape function being given by

<^M = A,cos f — %) cosh ( -rr ) -j- B,cos ( — z) sinh ( y%) + (5)
\ -L / \ JL / \ L / \ Li /

^ • i6 {Sin ( — x ) cosh I —x
Ju
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Soil Dynamics and Earthquake Engineering 585

where A{ — «; — ̂ ,(#2/̂ 2), B{ = bi — ̂ (62/̂ 2) and C\ = c, — d^cz/d?), and

tti = 1 «2 = 0 &3 = 0 tt4 = 0

_
"i -

w(s* - 5')

dl — — T̂T~ <

= -63 C4 = -64

where s — sin(w), S — sinh(tu), c = cos(w) and C — cosh(w). In the above

0.25

(6)

is a constant which relates the soil and the structure. From equation (5) the
mass and stiffness matrices, and for forced vibrations the equivalent nodal
load vector, can be calculated for the clamped/hinged element:

K =

[L
M = / pAcj) (frdx

Jo

Q(f) = / ̂ (y(f)c&
Jo

where p represents the mass density of the material and A is the area of the
transverse section of the element.

3 Equations of Motion for Support Excitation

The equations of motion in matrix form for the general dynamic problem
are:

•• t • t i

where U\ U* and U* are vectors of total acceleration, velocity and displace-
ment, respectively. The matrices M, C and K are assembled using both
conventional beam elements and the elements including the elastic founda-
tion described in the previous section, in order to model the superstructure
and the base for a given case.

For base excitation problems, equation (8) may be rewritten as [10]

where U, U and U are now vectors of relative acceleration, velocity and
displacement and

P(t) = -(My, + MyyR)U, - (Cy, + CyyR)U, (10)
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586 Soil Dynamics and Earthquake Engineering

is the vector of effective base forces. In equations (9) and (10) / and r
denote free and restricted degrees of freedom respectively, and R collects
the pseudo-static influence coefficients which are the displacements caused
by a unit motion of one support with all other supports fixed. As the
contribution of damping to the effective base forces is, in general, relatively
small, the second term in (10) will be ignored.

Alternatively, for seismic excitation the spectral modal analysis tech-
nique may be employed. In this case the maximum displacements for each
vibration mode are given by

T jiuax
= Xn (11)

where U"^ is the vector of maximum displacements for mode n, Xn is the
mode shape associated with frequency w,,, i is the vector of pseudo-static
coefficients and (Sa)n is the pseudo-acceleration related to the frequency u;^
and to the damping ratio £^.

4 Applications

Problem 1
This example is included in order to compare results obtained using the
present formulation with those obtained by Lai et al [8]. A frame on an
elastic foundation is considered, as shown in fig. 2, having the following
properties: cross section of the girder 0.305m x 0.61m, of the columns
0.51m x 0.51 ?/?, of the footings 1.22m x 0.406m and of the foundation slab
1.22?72 x 0.305m,; E = 2.486 x lO^f w, p = 2397̂ /??f and t = 4.3 x 10?f a.

The first three natural frequencies given by this formulation are listed
together with those given by Lai et al [8] in table 1. It can be seen that the
results are very similar; in addition, one can observe that the differences in
these natural frequencies change very little when 22 elements are employed
instead of 11, demonstrating the independence of the results with respect
to the number of elements used in the discretization.

L 6/L j

9.1

4.27 .915.61
1—̂

Fig. 2 Frame on Elastic Foundation

Problem 2
In this example the frame, shown in fig. 3a, is subjected to a horizon-
tal and vertical seismic excitations represented by the pseudo-acceleration
response spectrum given in fig. 3b. The properties of the structure are
as follows: cross section of the beams 0.20m x 0.60m, of the columns
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Soil Dynamics and Earthquake Engineering 587

Table 1: Comparison of Natural Frequencies for Problem 1

Frequencies
(Hz)
UJl
W2
U>3

Present Formulation
11 Elements

2.8327
11.85GG
1G.309G

22 Elements
2.83G4
11.8194
1G.309G

Lai et al
11 Elements

2.8042
11.7G77
1G.2757

22
8
tlenient s

2.8036
11.7187
1G.2542

0.20??2 x 0.40m, of the footings 1.20m x 0.40??z and of the foundation slab
1.20m X 0.30m; Superstructure = 3.0 X lO^f a, ̂ foundation = 2.48G X lO^f (Z,
^columns = foundation = 2450Â /?7î , /^beams = 25483A:(//772̂ , t = 4.3 X lO^f A.

This problem was studied be Moller & Rubinstein [11] without consid-
ering the elastic foundation. Stress resultants for horizontal seismic excita-
tion are shown in fig. 4a for this case and compare very well with those given
in the reference. In fig. 4b similar results are presented for the same struc-
ture including an elastic foundation. For both cases, the stress resultants
have been reduced by using a ductility factor [10] of 3.5.

(a)

5 -;

3.0

3.0

Sa/g

1.05

0.35
0.3 0.6 T (sec.)

Vertical excitation: (Sa)v = 0.6 Sa

(b)

Fig. 3 Frame for Problem 2 and Response Spectrum

23.5 27.0

|~isi>-*
30.6 -;-*•

' '51.3
> 7 44.4

27.4 |
32.9-, 58.7

28.2 -'*•
23.5 j

v ' /47.0
/ 7 41.1

23.5 I
30.3 -*~r 50.9

45.4 —*
74.4 t

(a)

49.4 --
86.1 J

Fig. 4 Stress Resultants for Horizontal Excitation for Problem 2
a) without foundation, b) with foundation

Corresponding results for vertical excitation, considering the first four
vibration modes, are given in figures 5a and 5b. It may be seen that the
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588 Soil Dynamics and Earthquake Engineering

inclusion of the elastic foundation modifies considerably the response ob-
tained. This is corroborated by the results shown in figure 6, where the
variation of the maximum vertical displacement at node 3 in relation to the
stiffness modulus k of the foundation is plotted. It may be observed that
for large values of k, this displacement approaches the corresponding value
for the structure without the elastic foundation.

5.1 p
94OT

,5.27
\ 3.46

16.9
2.82 -*•

Hw
1.46 -*
22.52 j
3.25 V̂ ./ (3)

:,r
0.39 ^

Fig. 5 Stress Resultants for Vertical Excitation for Problem 2
a) without foundation, b) with foundation

with elastic foundation

L— withoulit elastic foundation

400 2000 10000 40000 100000 180000
k(Mpa)

Fig. 6 Maximum Displacement v. Stiffness Modulus of Foundation

Problem 3

In this example the structure shown in figure 7 will be considered for which
a vertical acceleration

is applied to the left footing. The properties of the frame are: E = 2.05 x
10̂ fa, A = O.OOG2m\ 7 = 1.739 x lO'^m^ and p = 7800̂ /m̂ . The
properties of the foundation are E = 2.5 x 10™Pa and p — 2200fc<y/ra^,
/ = 0.008?̂  and A = 1.5?n x OAm for the footings, and / = 0.00195?̂
and A — 1.5m x 0.25m for the foundation slab. The Winkler constant k is
9^ v i n^ P/-/£i tj s\ JL U ./ U.
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3

1.8

4.0

t".
vg(t)

JUL 3.0

Fig. 7 Frame for Example 3

The objective of this example is to show the potential of the proposed
method. Here a framed structure on an elastic foundation is considered for
which both the frame and the foundation include internal hinges. The struc-
ture is analysed with and without the elastic foundation. The horizontal
and vertical displacements at node 2 for the two cases considered are shown
in figures 8a and 8b, respectively. It can be seen that, for the structure
with the elastic foundation, the vertical displacement is much larger than
the corresponding one for the conventional frame.

u (mm)
0,2

u (mm)

0.0 0.16 0.32 0.48 0.64 0.80 0.96
time (sec.) /g\

0,04

0,02

(0,02)

(0,04) 0,32 064
time (sec.)

096

(b)

Fig. 8 (a) Horizontal Displacement v. Time;
(b) Vertical Displacement v. Time

5 Conclusions

The beam on elastic foundation elements employed here for several exam-
ples have shown themselves to be satisfactory for modelling the response of
framed structures on an elastic foundation to dynamic excitation including
ground motion.

The results show important differences in modelling the structures
with and without the elastic foundation, indicating the importance of the
inclusion of the latter in the model. The degree of influence depends clearly
on the type of soil and the structural foundation.

This study is being extended through the use of the boundary element
method to model the soil as an elastic medium.
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